Chuong 1
Da thitc déi xitng hai bién

1.1 Cac khai niém co ban
Dinh nghia 1.1. Mgt don thic f(z,y) cta cdc bién doc lap z,y (truong hop chung
nhit cé thé la cdc s phic) duge hiéu la ham 36 c6 dang
f(l?, y) = aklxkyl’
trong d6 ag # 0 la mét sé (hdng 55), k,l l& nhitng s6 nguyén khong am. S6 ay dugc
goi la hé sé, con k -+;l duge goi la bic cia don thice f(z,y) va duge kf hidu la
deg [f(z,y)] = deglaz*y] =k + 1.

Céc s k, 1 tuong tng dugc goi la bic cia don thic d6i véi cdc bién , y. Nhu vy, bac

cda don thic hai bién blng tong cdc bic cia cdc don thitc theo ting bién.
Chiéng han: 3z%y va -2—:::23]3 12 cc don thic theo z,y véi bac tuong tng bing 3 va 5.

Dinh nghia 1.2. Hai don thic cia cdc bién z,y duge goi la déng dang (tuong t1),
néu ching chi c6 h¢ s6 khdc nhau. Nhu vy, hai don thite duge goi la déng dang, néu
ching c6 dang : Az*y', BzFy! (A # B).

Dinh nghia 1.3. Gid st Az*y! va Bz™y" la hai don thic cia cde bibn z,y. Ta néi
rdng don thite Az*y} tr9i hon don thie Bz™y™ theo thit ty cia cde bién x,y, néu

k>m, hodck=m val>n.
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Chéng han : Don thitc zy? la troi hon don thitc z2y7, con don thie z4y® 1a troi hon

don thic z%y°.

Dinh nghia 1.4. Mgt ham sé P(z,y) dugdc goi la mét da thic theo cdc bién 6 z,y,
néu né c6 thé biéu dién duge dudi dang tong cda hiu han cdc don thite. Nk vdy, da

thite P(x,y) theo cdc bién s6 x,y la ham sé cé dang

| P(x,y) = Z dk-lxkyl' o
k+l<m

Baic lén nhdt cia cdc don thitc trong da thic dudc goi la bac cia da thic.

Dinh nghia 1.5. Da thic P(z,y) dugc goi la dbi zing, néu né khong thay doi khi
ddi ché cia z va y, nghia la

P(z,y) = P(y,x).

Chéng han :

P(z,y) =22 +zy+1?,  Qz,) =2’y + 31’
1a céc da thitc dbi xitng clia céc bién z,y.
Dinh nghia 1.6. Cdc da thic o; (j = 1,2), trong dé
o1 ‘= r+y, o092 =>a:y.
duge goi la cdc da thitc dbi zing co sd cia cdc bién z,y.

Dinh nghia 1.7. Da thic d6i zing f(z,y) dugc goi thuan nhat bac m, néu:

f(to,ty) = t™ f(z,9), V0.
1.2 Téng luy thita va cong thitc Waring

Dinh nghia 1.8. Céc da thitc s = o* +y*(k = 1,2,...) dugc goi la cdc tong lug .

thita bic k cia cdc bién z,y.
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Dinh 1y 1.1. Méi tong luj thita sy = 2™ +y™ c6 thé biéu dién dugc dudi dang mjt

da thic bac m cia 01 vé o2.
Chitng minh. Ta c6
o1sk1 = (@ +y) e+ =2F + oF + zy(@® T + 05 2) = s + oasia.

Nhu vay

Sk = 018k—1 — 028k-2- (1.1)

Cong thite (1.1) dugc goi 1a cong thitc Newton né cho phép tinh s; theo si_1 va s5_2.
V6i m = 1,m = 2, Dinh Ii 1.1 dang vi

s1=z+y= o1,

se =22 + 92 = (z +y)? - 22y = 0} — 20,.

Gid st dinh 1f da dang cho m < k. Khi d6 sk_é,sk_l lan lugt 1 cac da thitc bac
k —2,k -1 cha o1,02. Theo cong thitc (1.1) ta suy ra s 13 da thic bac k clia o1 va
02. Theo nguyén li quy nap ta c6 diéu phai ching minh.
St dung céng thic (1.1) va céc bidu thﬁc cla 31, 82 0 chitng minh trén, dé dang nhan
dugc céc biéu thic sau ' ’

s1=zx+y=o0y,

82 = 0% — 209,

83 = 03 ~ 30102,

84 = 0} — 4o?ay + 202,

s = 0% — 5odo, + 50102
Viéc tinh céc tdng luy thita s, theo cong thic lap (1.1) khong duge thusn tién vi
phai biét trudc cac tdng si vd sp_;. D6i khi ta cdn c6 bidu thic cta sj chi phu thudc
vado 01 va 0p. Cong thic tuong dng duge tim ra ndm 1779 bdi nha todn hoc Anh E |
Waring. ' ‘ ‘
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Dinh 1§ 1.2 (Céng thic Waring). Téng luj thita s, duge biéu dién qua cdc da thic
dbi zing co sd 01,02 theo cong thic: '
(/2]

1)m(k — m — 1)! m
% Z ( '3’1'((,6 ;:'l)' ) 01 02 ’ (1'2)

m=0

trong d6 [k/2) ki higu la phén nguyén cia k/2.

Chitng minh. Chiing ta s& chitng minh c6ng thic (1.2) bing phuong phép quy nap.
V6i k = 1,k = 2 cong thic tuong ing c6 dang

1. _1.2_
82—-201 o3,

8 =01, 2

Nhu vily, v6i k = 1,k = 2 cong thitc (1.2) ding.
Gia s{ cong thic Waring da ding cho sy, s2, ..., 8k—1. D& chitmg minh cong thitc dé
ding cho s chdng ta st dung cong thitc (1.1). Ta c6

-—s—l[&s 028 ]—‘

k=1 ( 1)’"(k m—2)! kom-1,
*k"zm'(kzmz)vl oF -

1)k ! k2mez
Z(m()lc( 2nn 2):) o "o} =

E( D™k —m -2 k—1) kom m_

mi(k — 2m — 1)1 oi "o

-D"(k Ik -2 n—2 n
EZ( )n('(k ﬂzn )2()! )a -2 202+1.

Trong téng thit hai thay n + 1 bdi m. Khi d6 hai tdng c6 thé két hop thanh mot nhu

sau:

_lg (=)™ -m— ww~n m
> mi(k - 2m — 1)! o1 *of -

L ()™ k= m =2k =2) 4 om
TRl oDk Sam %

o
=
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11

1a~ oum k-1
=gk m M=z
k-2 k-2m _m
+(m ~ 1)k - 2m)!]a1 A
St dung céc cong thic
1 m 1 k—-2m

m=10I ml' k-2m-1) (k- 2m)

ta co
- k-1 k-2 _k(k-m—1)
mi(k —2m -1 T (m = Dk =2m) ~ mi(k= 2m)! "

Cubi cing, vi
(k~m=-2){(k-m~1)=(k~m—1),

nén ta c6 cdng thic cdn phai chimg minh:

k/2
% (k/2) (~1)™(k ~m — 1)! k~2m m
p mi(k—2m)t % 7%

m=0

Dinh If 1.2 dugc chimg minh.

Stt dung cong thitc Waring d& dang nhan dugc céc biu thic clia sx = z* + y* theo

o1 = T + y, 02 = zy sau day:
8 =0,
sz = 0F ~ 209,
33"= 0:1’ - 30103,
84 = Ui‘ - 40‘?0’2 + 20’%,
ss = 0} — 50303 + 50103,
36 = 0} — Bojos + 90}03 — 203,
87 = 0] — Tofo, + 140{02 - 70103,
sg = 0} — 80805 + 200{02 — 160303 + 204,
89 = 0} — 90703 + 270303 — 300303 + 90104,

810 = 0} ~ 100802 + 350$02 ~ 500103 + 250203 — 203.
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1.3 Céc dinh li co ban vé da thitc d6i xitng hai bién

Dinh ly 1.3 (Dinh li co bdn). Moi da thic déi ziing P(x,y) cia cdc bién z,y déu c6
thé biéu dién dugc dudi dang da thitc p(o1,02) theo cic bién o1 = z +y vd 03 = Ty,
nghia la

P(z,y) = p(o1,02). (1.3)
Chitng minh. Trudc hét xét trudng hgp don thic, trong do luy thita cia =z va y
cuing béc, nghia 13 don thic dang az®y*. Hién nhien la

azky* = a(zy)* = aok.

Tiép theo, x6t don thic dang bx*yf(k # 1). Vi da thuc la déi xing, nén cé sb hang

dang bz!y*. D& x4c dinh, ta gid st k < | vd xét téng chia hai don thifc trén
b(z*y! + zlyk) = b ;y"(a:l"'c +47F) = boks;_k.

Theo cong thitc Waring s;_x 13 mét da thic clia cic bién 01,05 , nén nhij thitc néi

trén 14 mot da thic cha oy, 03.

Vi moi da thitc déi xitng 13 tdng chia céc sb hang'déng azky® va b(zFy! + 2'y*), nén

moi da thitc déi xitng dédu biéu dién duge & dang da thic theo céc bién o1 v 0. Dinh

If dugc chitmg minh.

Dinh 1y 1.4 (Tinh duy nhét). Néu cic da thic p(oy,02) va Y(o1,02) khi thay oy =

T +y,02 = zy cho ta cing mét da thic déi zing P(x,y), thi ching phdi tring nhau,

 nghia la p(01,02) = Y(01,02).

Ching minh. D4t ¢(o1,02) = p(01,02) — ¥(01,02). Khi d6 theo gid thiét ta co:
¢(z +y,29) = p(z +y,29) ~ $(z +y,2y) = P(z,y) - P(z,y) =0

Ta sé& chimg t6 r¥ing ¢(o1,02) = 0. D& thiy ring, sau khi md ngodc thi biéu thic

f(z,y) = (z +y)*(zy)
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la mot da thic clia céc bién z,y va c6 sb hang trdi nhét theo thit ty cac bién z,y 1a

kit

y
Gia st ¢(0),02) c6 dang

$(01,02)'= > Anotoh.
Py

Dé tim s6 hang troi nhét, ching ta s& chon trong ¢(oy,03) cac sb hang ¢6 k+1 1a 16n
nhét. Tiép theo, trong céc sé hang néi trén, chon ra cic sé hang vai gia tri 16n nhét

cta l. Vi dy, néu
- P(o1,09) = —-—ai‘ag - 40?03 + 201‘6‘2‘,,—— 601«7% + 100% — 701+ 502 +1

thi s6 hang dugc chon sé 1a 20104.

Nhu viy, gid sit chon duge don thic AoTo%. Khi d6, néu thay

01 = T+ y,02 = zy, thl s6 hang troi nhit cla ¢ sé 13 Az™t"y™. That vay, gid
s Ba{“aé la don thic tuy y khac véi Az™*+"y". Khi d6 ﬁheo cach chon ta c¢6 hodc
m+n > l+1, hoaé m+n = k+1[, nhung n > . Trong ca hai trudng hgp thi 4z™+7y"
troi hon Bzk+iyt,

Nhu vay chiing ta da chiing t6 ring Axm+nyh 1 don thic troi nhat cla ¢(z +y, zy),
nén ¢(z + y,zy) # 0,Vz,y, néu ¢(0},02) # 0. Vay, ta cé ¢(a1,02) = 0. Dinh li duge
chitng minh.

Dé minh hoa, xét vi du sau day.

Vi du 1.1. Biéu dién da thitc dbi xing
f(z,y) = 2° + 2y + 2393 + 2y + 5.
Lai gidi. Sit dung cong thic Waring ta c6
f@y) = (&®+9°) + 2y(z® + v*) + (2y)® = 55 + 0283 + 0f =

= (0% — 50303 + 50103) + a2(0 — 30103) + 03 = 0% ~ dodoy + 20102 + o3
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Bai tap
Héy biéu dién cdc da thic déi zing sau day theo cdc de thitc ddi ming co s6.

1. 23+ 3 + (z+9)%

2. 28 +yt + (z + )t

3. (z+y)% ~z8 -5

4. 2% + 723y + 92%y? + 7zy3 + 294

5. 2% + 323y? — 239° + 2oyt — T2?y? + o5 + 3228 — 5218 — 523y + 22ty

1.4 Hé phudng trinh d6i ximg hai 4n va \ng dung.

Gia st P(z,y) vd Q(z,y) 1a cdc da thic déi xing. Xét hé phuong trinh:

[P(z,y) = 0,

{Q(x, y) = 0. (14)
Bing céch djt z+y = 01,2y = 03, trén cd 53 Dinh 1f co ban, ta dua hé (1.4) v& dang:

’P(Ul, 0'2) = 01

{q(al,az) = o. (1.5)

Hé phuang trinh (1.5) thudng don gidn hon hé (1.4) va ta c6 thé d& dang tim dugc
nghiém (o7, 02). Sau khi tim duge céc gid trj clia a1, 09, cin phai tim chc gid trj cla
chc &n s6 z va y 13 nghiém cda hé (1.4). Didu nay c6 thé thyuc hién duge nhd dinh I
sau day.

Dinh ly 1.5. Gid s g, va o7 la cdc 58 thyc ndo dé. Khi dé phuong trinh bic hai

P —01z+0,=0 | (1.6)
va hé phuong trinh
r+y = oy,
{ Ty - = O3 (1.7)
lién h¢ vdi nhau nhy sau: néu 2y, z3 la cdc nghiém ciia phuang trinh (1.6), thi hé (1.7)
c6 nghiém _
I = 2, T = 2,
y = 2 y = =1
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va ngoai ra khong con cé nghiém nao khdc. Ngugc lgi, néu z = a, y = b la nghiém ciia
h¢ (1.7) thi cdc sb a,b la nghigm cia phuong trinh (1.6).

Chiing minh. Néu z;, z; 1a nghiém ciia phuong trinh (1.6), thi theo cong thitc Vidte

2y +'22 =01, 2122 = 0y,
suy ra
r = 2, 2 = 23,
Yy = 29 Ya = 2
1a céc nghi¢m clia h¢ (1.7). V&n d& khéng con c6 nghiém nao khéc s& dugc suy ra ti

ménh dé sau cling ctia dinh If va sé dugc ching minh duéi day.
Gid st z = a,y = b 12 nghiém ciia hé (1.7), nghia la

a+b=o,, ab = 0y0;.

Khi d6 ta c6

22-012+02==z2_—(a+b)z+ab=(z-—a)(z——b).

Didu d6 ching té ring céc s8 a,b 1a nghiém cia phuong trinh béc hai (1.6). Dinh If
dugc chiing minh.

Cudi cing chd ¥ ring, didu kién cin v dii dé phuong trinh (1.6) c6 nghiém la
A =o?-4g,>0. (1.8)
D& minh hoa xét vf dy sau day.

Vi du 1.2. Giai hé phuong trinh

{:v3 +y3

o
o

T+y




16 Chuong 1. Pa thic d6i xing hai bién

Loi gidi. Dt z +y = 01,2y = 03. Ta cb
23 + 4% = o3 - 30109

Do d6 ta c¢6 hé

ai’ — 30109 = 35,
gy = 8.
Tit hé phuong trinh nay tim dugc o2 = 6. Khi d6 z,y sé 1a nghiém cta hé phuong
trinh |
r+y = 5,
ry = 6.

Theo Dinh 1i 1.5, z va y 14 nghiém cda phuong trinh
22 -524+6=0
va ta tim duge cac nghiém cla hé phuong trinh da cho :
.’L‘l 2, x2 = 37
n 3, Y2 = 2.
Vi du 1.3. Giai hé phuong trinh

x3___y3=5"
Ty’ — 2%y = 1.

o

Lo gidi. Hé phuong trinh trén chua phai 13 ha déi xing. Néu dat z = —y, thi ta c6
hé phuong trinh

i

z3 4 23 5,
zy? + 122 1
12 hé d6i xitng dbi véi = va z. Dit oy = £ + 2, 02 = z2, ta ¢6 hé phuong trinh:

0’1(0’%-30’2) 5, o102 = 1,
{ g102 1,<=> 0':13~3 = b.

i

PR . 1 ) ) s
Hé cubi cung c6é nghiém o) = 2,09 = 5 Do d6 ta c6 hé phuong trinh:

z+2z = 2 z—y = 2,
Tz = L e Ty =
- 23 Y= *

1
2
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Giai he trén ta c6 cdc nghig¢m:

_ 2+ V2 2-v2
Iy = 3 ’ Ty = --—-—-—-——-2 ,
-2+ 2 ~2 -2
yl = 2 b} y2 = 2 T

Vi du 1.4 (Thi HSG ldp 10 thanh phé Ha Ngi, 1999-2000). Cho h¢ phuong trinh

2+ +r+y = 18,
zy(z+1)(y+1) = m.

a) Giai h¢ véi m = 72,
b) Tim tht ca c4c gié tri cha tham s& m dé h¢ c6 nghiém.

Ldi giGi. He phuong trinh da cho 1a h¢ déi xing theo cdc bién z,y. Tuy nhién, néu
ta dit oy = T +y, o3 = y thi s& ggp khé khan khi phai dua v& hé béc 2 theo 1,02,
nhit 1a hé c6 tham sé, D& ¥ ring, néu viét phuong trinh diu cia hé & dang

ziz+1)+yly+1)=18
thi hé ciing déi ximg theo céc bién

X=z(z+1), Y=y(y+1).

vh c6 dang
X+Y = 18;
XY = m
Ta c¢6 X,Y la nghiém ciia phuong trinh
2 -18t+m=0. (1.9)

-a) Véi m = 72, phuong trinh (1.9) trd thanh

t2-18t+72=0.

{X: 12, {X-"= 6,
Y= ¢, Y= 12

T d6 ta tim dugc

2A- CDDY D&i Xong & Ap Dyng
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Trd lai cach dit &n, ta c6 cac hé sau:
{ z(z+1)= 12, { z(z+1)= 6,
Lyly+1) = 6 yy+1)= 12.

Gidi cic h¢ nay ta tim dugc 8 nghiém cta h¢ da cho l’é:
= 3, z= 3, r= -4, z= -4,
{y= 2; {y= ~3; {y'= 2; {y: ~3;
= 2, = -3, x= 2 r= -3,
{y= 3; {y= 3; {y= —4; {y: —4.

" b) D& thay ring

x(m+1)=(x+-;—)2——>— .

Do dé6 tit cach dat &n X, Y, suy ra didu kién cha X,Y la: X > ——;11-,Y > -——1-.

4
ki hiéu ,
f(t) =1t — 18t +m.
Khi d6 h¢ ban d&u c6 nghiém khi va chi khi phuong trinh (1.9) c6 hai nghieém X;, X»
thod méan diéu kién: X; > X3 > —:11-

Tir d6 ta cé hé bat phuong trinh

A'> 0, 81—-m> 0,

1 73 73
1L.f(-=)> 0, m+-—=2 0, & -2 <mg8l.

s> - 9> ——;

27 . 4 : - 4

Vi du 1.5. Gidi phuong trinh cin thic
V97 —z + ¥z = 5.
Lot gidi. Dt ¢z =y, V97 — £ = 2. Khi d6 ta c6 hé

y+=z )
yd + 24

97.

|

28- CBDT 06i Xing & Ap Dung
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Dat o1 = y + 2,02 = yz. Ta ¢6 hé phuong trinh:
a1 = 5,
a‘f - 40%02 + 2(7% = 97
T dé ta ¢6 phuong trinh bac hai dbi véi og:
03 — 500 + 264 = 0.

Phuong trinh nay c¢6 cic nghiém: o = 6, o9 = 44. Nhu vay, bai toan din dén giai

hai hé phuong trinh:

44.

o
——
£~
+
N
[
“

y+z
Yz

Hé thd nhit c6 cac nghiém:

Y1 2, Y2
| 21 ) 22

T d6 tim duge cac nghiém cha phuong trinh da cho: z; = 16, x5 = 81. D& thdy

3,
2.

ihH
o

riing hé con lai v6 nghiém.

Vay nghiém cta phuong trinh da cho 1 z; = 16, =z, = 81.

Vi du 1.6. Giai phuong trinh

T+ V1T —22 4+ 21722 =09.

Ldi gidi. Dat y = V17 — 22. Didu kién clia 2,y 1 2| < V17, y > 0. Véi che disy

kign trén thi phuong trinh da cho tuong duong véi hé sau

r+ytzy = 9,
2?4yt = T

bit oy =z +y, o2 =zy. Khi dé ta c6 hé phuong trinh

o1+o2 = 91
o?-20; = 17
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Tit phuong trinh ddu clia hé trén, ta c6 o2 = 9 — a;. Thay biéu thitc trén vao phuong
trinh cdn lai cda hg, ta duge phuong trinh

0?4-201-35:0.

Giai phutang trinh trén ta c6 cic nghim oy =5, 01 = ~7. Véioy =5, tacb oy = 4,
véi o7 = —7, thi gg = 16. -

Véi o1 = 5§, o3 = 4, thi z,y 1a c4c nghidm ctia phuong trinh

t2-5t+4=0.

{.‘D=1, {23:4,‘
y=4 y= 1

Vé6i 01 = —7, o9 = 16, thi z,y 1a cdc nghiém clia phuong trinh

~ Giai phuong trinh ndy ta dugc

t?+7t+16=0,

D& thiy ring phuong trinh trén day vo nghiém. Vgy nghiém ciia phuong trinh da cho
laz=1vazx=4.

Vi du 1.7. Tim nghiém nguyén clia phuong trinh
B4+ +1=3zy
Lo’z gidi. Dat 01 =T +¥,02 = TY. Phﬁdng trinh tré thanh
0% — 30109+ 1 =309 & (01 + 1)(0} — 01 + 1 — 302) = 0.

Truong hgp 1: 01+ 1 =0, ta c6 z+y+ 1 = 0, phuang trinh ¢6 vo sb nghiém nguyén
(zeZ,y=-1-y). _
Truong hgp 2: 03 — 01+ 1 - 30, = 0. Ta viét phuong trinh nay & dang

d%——0'1+1=302
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vA sit dung bt déng thitc (1.8), ta c6
2 3 2, 2
o -o1+1€ g “o;—4014+4<0

<=>(01*2)2$0¢?0'1=2=>02=1.
Trong trudng hgp ndy ta c6 hé

c+y=1,
oy = 1.

He ndy c6 nghiém nguyén duy nhét 13 z = y = 1. Nhu vay, nghiém éﬁa phuong trinh

da cho la
=1, T € Z,
y=1 '  |y=-1-=z

Vi dy 1.8. Chitmg minh ring, néu céc sb u,v,z,y thod mén cdc h¢ thic u +v =
z+y, u24v?=2zx%4y?thi v6i moisd ty nhién n ta c6 u™ + v" = z™ + y".

L% gidi. Dat
oL =x+y; 02=2yY,
al=u+v) 025"“”-
Khi d6
z+y=u+v, T+y= u+v, o1= o,
@ @
Z+yi=u?+0% 4y’ -2oy= @w+v)’-2uw; \o2= oo

Theo Dinh ) co ban thl m&i da thic d6i xtitng ddu bidu di&n duy nhét qua da thitc
clia céc bién 13 cac da thitc dbi xiing co 8. Gid st " + y™ = p(01,02). Thé thi ta c6
u" + v" = g(ay, a2). Do ay = 01,2 = 03, nén ta c6 p(o1,02) = P, ag). Tt db

suy ra z" + y" = u" + o™
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Bai tap

Gidi cdc hé phuong trinh :

1 4(z +y) = 3zy, c+y+zy = T,
Ne+y+zi+y? = 26 N2 +y2+zy = 13
3 x3__y3 = 19($—y), 4 $2+y2 = 3
N3+ = 7@+y). Nz +y2 = 0.

5 o+ 22y% + 9yt = 133, 6 2+ 222 442 = 49,
N\ 2?-zy+yt = T Nzt+yt—22 -2 = 84.

p {E=-9)(=?~9?) = 16, g [ @+y)=®+y?) = 15zy,
e+ +y%) = 40 N+t +yt) = 8sa%y?.
z+y = 1, (@ + 1@ +1) = 10,

9'{w5+y5 = 3. 10'{.(w+y)(my—‘1) = 3
z+y = 10, ‘ 5
e . fy _ 5 12. {\/5+\/?7 = VIV
y r 2 , z+y = 13
13 z4+y—Jzy = T, 14' z+zy+y = 12,
2 +y*+oy = 133, Yz + YT+ 5 = O
— ' T+y = 10,
15 T+y = 20, 16. 5
YTy - 3../Ty = 4. VZ+ 7 = _2_\(;/2,—J
Gidi cdc phuong trinh:
1 1 35
7. - =, o V629 —z = 8.
o — D 18 ViT+z+ V629 -z =8
19.2V/35 — z3(x + V35 — 23) = 30, 20. 1+z+ Y1~z =2.

21.(x —a)5 + (b—z)5 = (b—a)®.

22. Tim nghiém nguyén cia phuong trinh x +y = 2 — zy + y2.




1.5. Mot s6 bai todn vé phuong trinh bac hai va iing dung

.23

1.5 Mot sb bai toan vé phu?dng trinh bac hai va \ng

dung

Nhiéu bai todn vé phuong trinh bic hai dugc gidi mét cich dé dang nho ép dung da

thitc d6i zitng. DE minh hoa, Tét mét sé vi du sau.

Pt ui el

Vi du 1.9. Gid sit 1, z2 ]a céc nghlem ctia phuong trinh bac hai
az’? +br+c=0 (a#0).

V6i n 1a sb nguyén, dgt S, = =7 + 3.
a) Chitng minh ring

aSn+2 + bSn+] + CSn = 0.

b) Ap dung: Khong khai trién, hay tinh gia tri cla bidu thic

= (142" + (1 - v2)’.

Lai gidi
a) Ta c6
n+2 + zn+2 ( n+1 + xn-H)(:L,1 + 2:2) _ (CB? + -L’g)l’lxz-
Do do
Snt+2 = Spt1(z1 + 22) — Spz129.
Trong biéu thitc trén thay r, + xo = b V4 T1Tp = € ta dugc
: a a
b
Sn+2 = “"Sn-H - _Sn,
a a
hay

aSn+2 + bSn+l + CSn = O.

b) Ditzy =1+ vV2,20=1—+2 thi .il,xg la nghiém cda phuong trinh

(1.10)
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F-(1+V2)z-(1-v2)=0&22~22-1=0.

Véi pfmcmé trinh trén hé thic trong cdu a) ird thanh
Spiz = 2;5,.+1 + Sp(Sn = 2z} + z3).
Trong ddng thic trén l8n higt cho n = 0,1,2,3,4 ta tinh duge "
S3=254+80=224+2=6, S3=25+5 =26+2=14,

Sy =253+ 8y =214+6=234, S5=25,+ 53 =2.34+ 14 = 82.

- Vay
A=(1+V2)P+(1-V2)°® =82

Vi du 1.10. Gid sit x;, z2 12 cdc nghigm clia phuong trinh az? +bx4+c =0 (a # 0).
Thanh 1ap phuong trinh bac hai ¢6 céc nghiém 12 23 va 3.

L gidi. Ditoy =21+ 173, o3 =129, S2=21+a}, s=p1+y2, p=wity. To
c6 83 = o? — 203. Theo Dinh li Viéte ta cé:

‘ b c
01 =2y 4+ Ty = ~=, 0p=2I1Tq = —,
a’ a
Do dé
g N , b c c
amsg=x§+z§x(—a).’-—2;, pzvgzxf:cgz(a)"’.
Viy phudng trinh bic hai cdn lgp sé la:
2 e
Yy —-sy+p=0,

“hay la
ay? — (b% — 2ac)y + ¢® = 0.
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Vi du 1.11. ’I“h?mh 1ap phuong trinh bac hai 22 4 pz + q = 0 ¢6 céc nghiém
2y =25 — 223, #2 = 2§ ~ 222,
trong d6 z,,z2 1A cAc nghiém ciia phuong trinh: 22 —-z-3=0.
Loi gidi. Theo Dinh .li Viéte ta c6
oy = ;n +x2=1, o09=2x129=-3.
Mat khdce, ta c6
—p=21+22 = (2 - 223) + (xg ~213) = (28 + 28) ~ 2(2? + 22) = 56 — 23, =

= (0% — 6002 + 90%03 ~ 203) - 2(0? — 20,) = 140.

g = 22z = (2} — 253)(25 - 22%) = 252§ ~ 2(«} + 2§) + 42¥scd = .
= 0f — 285 + 402 = —833.
Do dé phudng trinh cdn igp sé la
2t 4 pz +‘q = 2% ~ 140z — 833 = 0.

Vidy 1.12. Cho 1,22 1 céc nghiém cla phuong trinh z2 + pz + q = 0, trong d6
P,q 1a céc s8 nguyen. Chimg minh ring v6i moi s ty nhién n, tdng s, = 27 + 27 Ia
mdt sd nguyeén. .

- Loi gidi. Theo Dinh lf Viéte ta c6
o1 =2 +Iy=~p, 03=2Texy=q.
T dé suyraoy € Z, o02€ Z. Vdin > 3 theo (1.10), ta c6 hé thic:

8p 4+ P8p—1+ q8pn.s = 0 (n=3). (1.11)
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Vi

§1=01=—-pE Z, 82=0’%—20'2€Z,
nén ti cong thic (1.11) suy ra s3 € Z. Gid su 81,82, ..., 5n_1,Sn—2 ld cdc s6 nguyén.
Khi dé, theo cong thitc (1.11) ta ¢ 8, € Z. Do d6, theo nguyén li quy nap, sp € Z
vdi moi sé tu nhién n.
Vi du 1.13. Cho day sb6 '{un}zjg“’ duge xac dinh nhu sau:

up =2, u1 =6, uUpy1 =6u,+2up—y (n>1). (1.12)

a) Tim sb hang téng quat u,,.
b) Chitng minh ring ugy chia hét cho 2¥+1 véi moi k € N.
¢) Ching minh r¥ng v6i moi k > 1 thi wy,_; chia hét cho 2k va khong chia hét cho
ok+1 ‘ '
Lo gidi
a) Xét phuong trinh 2?2 — 6x — 2 = 0. Cdc nghiém cia phuong trinh nay la
21 =3-V11, zo=3+ \/ﬁ Ddt sp = 27 + 2%, n € N. Theo cong thic (1.10) ta
c6 |
' Sp41 = 65p + 2sn_1. (1.13)

Yiug=2=8p, u =6=s1, nén te (1.12) va (1.13) suy ra

Up = 8, = (3 — V11" + (3 + VII)™.
b) Ta cé

ugk = (3 — V11 + (34 V11)% = (20 — 6v11)* + (20 + 6v/11)* = 2%y, -

trong d6 v, = (10 — 3v11)* + (10 + 3v/11)k.
Ta cin ching mink v, ld mét s6 chdn. That vay, vi 10 — 3v/11 va 10 + 3v11 la hai
nghiém cia phuong trinh

?—-20z+1=0,
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nén theo cong thic (1.10) ta cé
Vo1 = 2005 — vy, vp=2, v =20,

Tt cong thic trén suy ra vy la sé chdn vdi moi k € N.
¢) Ching ta sé ching mink bing phuong phdp quy nap. Véi k = 1 khdng dinh la ding.
Gid si, khdng dinh ding cho dén k = m, (m > 1). Ta sé ching minh khdng dinh ciing

ding vdi k = m+ 1. That vay ta cé
. Uam+1 = Bugm + 2ugm-—1.

Theo phan b) thi ugm = 2™b, vdi b la s6 1é. Cing theo phén b ) thi ugm = 2m*la, vdi
a € N. Do dé, ta c6 ugmyy = 2™+ (Ba + b). Nhung 6a + b la sé ¢, nénv Uom+1 chia

hét cho 2™t va khong chia hét cho 2m+2,

Vi du 1.14. Kf hi¢u [z] 12 phin nguyén ctia sb thyc x. Cho m 1a sb nguyén duong.
Ching minh riing [(1 + \/§)2m+1] chia hét cho 2™*! vi khong chia hét cho 2m+2,

Lo gidi. Xét phuong trinh bic hai % — 2z — 2 = 0. Cédc nghiém cia phitong trink
naylazy =1++3, z9=1- 3.
Dit sy, = xf + 3’5, k€ N.Tacédsy=2, s3=2, sy=28. Theo cong thic (1.10), ta

2

co

Sp = 25x—1 + 2sk_0.

T d6 suy ra sy, la s6 nguyén duong chén. Ta c6
sam+1 = (L+ V3)P™1 4 (1 - V3™ = (14 V3)(4 + 2v3)™+

+H(1 - VA4 - 2v3)™ = 2 [(1 4 VB)2 + V3™ + (1 - VE)(2 - ol
= om [(2 +'\/§)m+l +(2- ﬁ)m+l] ‘__rzm [(2 + \/g)m + 2- \/g)m] -

= 2m(wm+1 - wm),




28 Chuong 1. Da thuc d6i. xiing hai bién
trong dé6 |
W = (24 V3™ + (2~ V3I)™
Vi 2+ V3 va 2 — V3 la cdc nghiém cda phuong trinh
‘ x2—4é+1=0,‘
nén theo (1.10) ta c6
Wy = 4Wpm—y ~ W2, Wo =2, w;== 4;

Tit d6 suy ra wy, 1d 86 chdn vdi moi m. V@y sam41 chia hét cho 2™, Tiép theo ta
c6
0< (V3-1)™ <1, (14 V3P _ (V3-1)H =

= (1+ V3P 4+ (1= VB™ = sy,
Do dé
[(1 + \/5)2"'“] = $2m41-

Viy, [(1 + \/5)2“+‘] chia hét cho 2™+1, Tuong ty nhu trong phén c) cia Vi dy 1.11
ta cé [(1 + \/5)2"‘"'1] khong chia hét cho 2™+2,

Bai tip

1. Gid st 71, z2 ld cdc nghiém cia phuong trinh ax? + b +c =0, a # 0. Hay thanh
lap mot phuong trinh bic hai c6 cdc nghiém la 3 va z§.
2. Thanh lap mét phuang trinh bac hai cd cdc nghiém 1a zo va x2, biét ring

x?+xg=31, 1+ o= 1.

3. Chung minh rdng néu x,,z; ld nghiém‘ ctia phuong trink bic hai z2 —~ 6z +1 =0
thi 27 + =3 vdi moi 38 ty nhién n la mot 36 nguyén va khéng chia hét cho 5.

4. Gid st phuong trinh 22 + pz +q = 0 c6 cbe nghiém 14 cdc sé duong o, 3. Héy biéu
dién Yo + /B theo .p va q.




1.6. Phuong trinh déi ximg va phuong trinh hdi quy 29

5. (Anh 1967, HSG Ldp 9 Viét nam 1993). Chitng minh rdng néu ay,ay la cdc nghiém
ctia phuong trinh 22 +pz+1 = 0 v by, by la cdc nghiém ctia phuong trinh x?+qz+1 =
0 thi

(a1 — b1)(aa — b1) (a1 + be)(az + bs) = ¢* — p*.

6. Gid s¢ 1,29 ld’ cdc nghiém cia phuong trinh 224 ax+b =0 va x3,24 la cdc

nghiém cia phuong trinh z° + ¢z + d = 0. Ching minh rling
N
2z1 + x3)(T1 + Ta) (T2 + T3)(T2 + 24) = 2(b—d)? — (a® - ) (b—d) + (a + c)?(b+d).

7. (Bungari 1980). Cho z1,x2 l& hai nghiém cia phuong trinh

1
2p ! )

Ching minh ring
i+zi>2+ V2.
8. ( Olympic Balan 1964). Gid sit 1y, 2 la cdc nghi¢m cia phuong trinh z24+pr—1=10
vdi p la s6 nguyén lé. Ching minh rdng vdi moi s6 ty nhién n thi e +a} va i a2t
la cdc s6 nguyén té cung nhau.
9. Cho z,,z, la cdc nghiém ciia phiong trinh 2 — 43z — 156 = 0. Ching minh ring
vdi moi sé ty nhién n, thi 7 + 3 la mét s6 nguyén khong chia hét cho 2005.
10. Cho déy s6 {un}}2% duge zdc dinh theo cong thic

=1, u; =35, Upy1 = O6up— Up-1.
ki hiéu {z} la phédn I€ cia s thyc x . Hay tim

i v V2n}

1.6 Phuong trinh d8i xing va phuodng trinh hdi quy

Da thic d6i zitng la cong cu hitu hiéu dé gidi cde phuong trinh dai sé bic cao, ddc
biét la phuong trinh hé sé ddi zing va phuong trinh hdi quy.
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Dinh nghia 1.9. Da thuc
f(z) = apz™ +.a1z""1 + oo+ @n-12 + anfag # 0)
duge goi la da thic doi zing, néu cdc hé s6 cach déu hai ddu bing nhau. nghia la
a0 = an, a1 =dan_1, .ag = Qp_o,...
thwng trinh cia da thic déi aung duge goi lo phuong trinh dé% zUng.

Ching han, cic da thic sau day la da thic hé sé déi zing :
22 =324 + 2284222 - 3241,
28 + 27— 625 +425 + 324 + 423 - 622 + 2 + 2.

Dinh 1y 1.6. Da thic f(2) bac n la da thitc déi zing khi va chi khi
1
nel 2\ =
z f(z) f2), z#0. | (1.14)
Chitng minh. Gid sit f(2) c6 dang
f(z2) =aoz" +a12"  + ...+ apn_172 + an. (1.15)
. . 1 ‘
V6i z # 0, trong (1.15) thay z bdi por ta dugc
n 1 n n—1
z f(;) =anz" +ap-12"" " + ... + a1z + ap. (1.16)
So sdnh (1.15)va (1.16) ta thdy hé thic (1.14) zdy ra khi va chi khi
ap = Gn, Q] = An-1, -, Gk = Qpf,
nghia la f(2) la da thic d6i ming. Dinh li duoc ching minh.
Dinh nghia 1.10. Céc da thic

ap2®™ + a1 227! 4 et ap_12" 4 an2™ + Aapo 2V + A" gy 24
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+/\"ao,
a2 44122 + o an_12" + an2™ + Aap™ + A2an_12" o+
PRl g 4 A2

trong dé ag # 0, va A # 0 dugc goi la cdc da thic héi quy. Phuong trinh cia da thic

héi quy duoc goi la phuong trinh hoi quy.
Khi X =1 thi da thitc héi quy trd thanh da thic hé sé dbi zing. Vé dy, phuong trinh
22° + 62* — 22% + 42° — 482 - 64 =0
la phuong trinh héi quy (A = —2), con phuong trinh
425 + 52° — 32% 4+ 1023 — 922 + 450 + 108 = 0
la phuong trinh héi quy (A = 3).

Dinh ly 1.7. Moi da thic héi quy bic chin 2k

2k--1

f(2) = agz®* + a1z o @12+ apZ® + Aap_ 125+ + Ne=lgiz + Meag,

déu biéu dién dugc d dang f(z) = zFh(0), trong d6o=2z+ %, h(o) la mot da thic
nao dé theo bién o va cé bic bing k.

Moi da thitc hoi quy bic Ié f(z) déu cé dang f(z) = (z + N)g(z), trong dé g(z) la da
thic hoi quy bic chdn.

Ching minh. Trudc hét zét da thic hé s6 déi zing f(z) c6 bic 2k. Vi z # 0 ta

bién doi f(z) nhu sau :

[ ok A kot A A
f(z2)==2 [ao(z +;)+a1(z +;Tc:—l')+"'+ak—-1(z+;)+ak]-

A A N :
Dito=z+2=, sp=2F+ ot Ta sé ching té rang sy la cdc da thitc bac k theo o. -
z

. A
Thdt vay, néeu ditx = 2,y = . thitac6o=z+y =01, =2y =09, s =zF+yF
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Do dé theo Dinh li 1.1, cdc téng luj thita s;. la cdc da thitc bic k theo cdc bién 01,02,
hay li theo cdc bién o va A\, nghia la chi thea bién o. Phédn thit nhat ciae dinh i dé
duge ching minh. ‘

Xét da thic dbi Titng bic lé 2k + 1:
g
f(z) = a0zt +a12% + ..+ ap_ 1252 + a2t + Aap2t + Aaak-lzk’;l + ..+

A g ARG

Véi z # 0 ta bién déi f(z) nhu sau:
F(2) = ap(z®FY + N+ L4 2(2%1 4 A1) fag2?(2 3 L A% 4 4

+apz(z + A).

St dung héng ddng thitc
o/

z2m+1 + l\2m+1 = (Z + A)(sz - z?m-rll\+ z?m—2,\2 - +22A2m—2 - z’\ﬂm—l_‘_

+,\2m)’

ta co
ao(z2FH AT = g (2 4 M) (2% - 2N 4 22202 o 4 202 )2kl

+A%)

a12(z% 71 4 A1) = gy (2 4+ M) (27! — 272N 4 L = 203 g 022
k — k
arz (2 + A) = ax(z + A)z".

Cong timg vé cdc ddng thic trén va dua ra ngodi déu ngogc nhén ti chung (z + A),
ta dugc ’

f(z) = (2 + Mg(2),
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trong dé g(z) la téng ciia cic da thic

a,o(z'Zk - Z.Ek ~-1)\ + z2k—2/\‘2 —_ 2‘2/\‘2k—~2 . z/\2k-1 + /\‘Zk,)’
(11( J2k-1 z2k—<2/\ - :2/\2k—»3/+ z/\2k—2),
apz”.

Dé dang thay ring g(z) la da héi quy bac 2k. Nhu vay ménh dé thit hai cia dinh i da
i - i .

dugc ching minh. Djinh i 1.7 duoc ching minh.
Vi du 1.15. Giai phuong trinh

\ 'y >
421 44219 - 2129 — 2128 4 1727 41728 + 1725 + 172 — 2128 ~ 2122 4 4z 44 = 0.

Lon gidi. Day la phuong trinh déi zing. Theo Dinh li 1.7. phuong trink dé cho tuong

duong vdi phuong trinh :
(z4+1)(42"% — 2128 +17:% + 1724 — 2122 + 9) = 0.

Nhu vay. phuong trink da cho duge phéan ra thanh hai phuong trinh

4210 — 2128 4+ 1725 + 1724 — 2122 + 4 = 0.

Phuong trinh thit nhit cho nghiém 2z, = —1. Phuong trinh thit hai la phuong trinh dbi
zung bic 10. Vi x = 0 khéong phdi la nghiém cia phuong trmh nén chia hai vé cia

phuong t7mh cho 2% va bién déi phuong trinh nay vé dang
1 1 1
4(z5 + =) - 21(2% + =) +17(z + =) =0.
S dung cdc cong thic

1 1
2+ =0, z +~—3:a3—-30, T+ = o° — 50% + 50

3A- CDBT D6 Xing & Ap Dyng - *

!
t
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ta dua phuong trinh trén day vé dang
o(40* — 410% + 100) = 0.
Nghiém cia phuong trinh nay la
5
0':0, 0’=:+:2, o==%-.
_ 2
Do dé, dé tim nghiém cda phuong trinh da cho, ta cd cdc phuong trinh
1 1 1.5
24 -=0, z+~-=22, 24 -==*2.
z z z 2

T céc phuong trinh trén ta tim dugc cdc gid tri cia z la nghz’ém ctia phuong trinh
da cho la:
1
z2=+1, z=2%2, z=-_.
‘ 2
Vi du 1.16. Giai phuong trinh
228 — 927 + 202° — 3325 + 462* — 6623 + 80z® — T2z + 32 = 0.
Lai gidi. Day la phuong trinh bac tdm truy hoi vdi A = 2 vi ¢cd thé viét lai & dang

228 — 927 + 2028 — 332 + 46x* — 33.2¢% + 20.222% — 9.2%z + 2.2* = 0.

R6 rang la x = O khong phdi la nghiém cia phuong trinh dé cho. Chia hai vé cia

phuong trinh cho x* va bién doi fvé\ dang
16 8 4 2
4 3 2 —
2z +—x—4)—9(w +—3) +20(z +;)—33($+;)+45—0-
A
Ddta=x+—=x+z.Khid6
x z ‘
4
m2+—2=02——4, m3+§§=03—-60, $4+-1-§-=04—802+8-
z T x

nén phuong trinh cudi cing cé dang

204 — 90% + 40% + 216 -~ 18 = 0.
38- CBDT B4i Xing & Ap Dyng
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Dé dang tim dugc cdc nghiém ciia phuong trinh nay la

Nhu vay. phuong trinh dé cho tuong duong vdi td hop cdc phuong trinh:

2 2 2
T+ - =1, 3;—1—2:2, T+ — =3, a;+—=—§.
N T z 2

Gidi cdc phuong trinh trén ta tim duge cdc nghiém cida phudng tri'nh.dd cho la 1 =

1, x,=2.
Vi du 1.17. Biét ring phuong trinh
| $4+b:r:3+cz2+bx+1:0
¢6 nghiéin. Chitng minh ring
16

b+ (c—2)% > <

Lot gidi. Gid sit xo la nghiém cia phuong trinh da cho. Khi dé xg # 0 va phuong

trinh da cho tuong duong vdi

, 1 1, '
a:5+p+b(wo+x—0)+c=0. (1.17)
0

‘ 1 1

Pat tg = zo + —. Khi dé. ta cd |to] > 2 va 2} + = =t — 2. Phuong trink (1.17)
o Ty -

tré thanh

t2+btg+c—2=0.

Tit ddng thitc cudi cing suy ra
to = (bto + ¢ — 2)2,
Theo bat ddng thitc Bunhiacdpski ta cé

to= (bto+c~2)2 < b2 + (c - 232 + 1).
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Suy ra

thi

That vdy, bét ddng thic trén tuong duong vdi

‘ 4 ‘
5t — 4)(t2 + 5) >0,Vt2 > 4.

Tit d6 suy ra diéu phdi ching minh cia bai todn.

Vidu 1.18 (JMO, 1982, Hungari dé nghi). Hay xac dinh tit ca clia tham s6 a, sao

cho phuong trinh

16z — a2 + (26 + 17)2% —az + 16 =0
¢6 bén nghiém thyc 1ap thanh mot cAp sb nhan.

Ldi gidi. Dé thdy ring x = 0 khéﬁg phdi la nghiém cta phuong trinh da cho. Vi
z # 0, phuong trinh dd cho tuong duong vdi
16(z% + -%) ——a(a:+l)+2a+17=0.
x x’ -
Ditt=z+ % Khi dé |t] > 2 va phuong trinh trén trd thanh

16t2 —at +2a+ 15 =0.

Trude hét ta tim diéu kién can cia tham sé a. Gid s phuong trinh da cho cé 4 nghiém
thuc lap thanh mot cbp sé nhan. Khi dé phuong trinh cudi cing phdi ¢ hai nghiém

. . r . . 1 c .
t1,t2, trong dé t; cho hai nghiém z,, —, con ty cho hai nghiém zo, —. Khong mat tinh
T ' , )
) 1 1

tong qudt, ta cd thé gid st |x1| > 1, |xa] > 1. Khi dé ta'cé chp s6 nhan zy, T3, —, —.
. Iy T1

Theo tinh chit cla cip s nhin ta cé

1 ’ 1 1
——=x%=>x1=:z:g=>x1+——=x‘3+—§ét1=t%—3t2.
Ty z z3
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Madt khdc, theo Dinh li Viéte ta c6

oa 2a 4+ 15
t1 +'t2=—1_6, bty = T

Tit d6 ta tim duoc a = 170. Véi a = 170 phuong trinh da cho trd thanh
162" ~ 17023 + 3572 — 170z + 16 = 0.

Phuong trinh ndy cé bén nghiém lap thanh mét cdp sé nhan : 8,2,

N
ol —

Vay gid tri cia tham sé a la a=170.

Bai tap

Gidi cdc phuong trinh hé sé déi mmg o

1.zt +52% — 1222 + 5z + 1 =0.

2.2+ 22 + 323 + 32?2 + 20 +1 =0.

3. 925 - 1825 — 7321 + 16423 — 7322 - 182+ 9 = 0.

5. 28 +426 - 1029 4422 +1=0.

Gidi cdc phuong trinh hoi quy :

6. 2% + 32% — 22° — 62 +4=0.

7. 225 + 62* — 22% + 2% — 48z — 64 = 0.

8. 425 + 52° — 3z + 102® — 922 + 45z + 108 = 0.

9. Chitng minh rdng da thic f(z) bac n la da thic hé sé dbi ming khi va chi khi
S =1G), Yz A

T dé suy ra, néu f(z) va g(z) la hai da thic hé sé déi zing va f(z) chia hét cho

g(z) thi h(z) = —’{—((j—; cting la da thic hé sé dbi zung.

10. Chung minh ring cdc nghiém cida phuong trinh
az® +bz* + cz® + ez + bz +a = 0(a #0).

6 thé tim dugc bdng bbn phép tinh sé hoc va khai can bic hai.
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1.7 Phan tich thanh nhan t va ap dung

Trong muc nay trinh bay hai phuong phdp phan tich da thitc déi zitng thanh nhan ti.
.le(mg phdp thit nhat thé hién & ché biéu dién da thic di cho theo cic da thite ddi

Ting cd sd oy, 09. Phuong phdp thit hai la phuqng phdp hé s bat dinh.
Vi du 1.19. Phan tich da thitc sau thang nhan tt
f(z,y) = 10z — 2723y — 11022y? — 27232 + 10y7.
L gidi. Ta c6
fz,y) = 102! + y*) = 27wy (2? + 9?) — 1102%y? = 1084 — 270355 — 11‘()0%.
Thay | |
§2 = of — 209, s4= U‘f - 40’?0’2 + 20%

vao biéu thuc trén ta duge

f(x,y) = 100} - 67020, — 3603,

"

p - £ ogA s £ - . N . . A [0 2
Da thic trén c6 bic bang 2 doi voi o5 va ¢d cdc nghiém : oy = —20%,02 = g—Garf, do
do

) = (202 + 02)(50% — 3603).

flx,y) = —36(02 + 20%)(02 — %o%

Thay oy = x + y,00 = xy, ta ¢
f(x,y) = 2(x + y)* + zy][5(z + y)‘2 — 36zy] =
= (22% + 5zy + 2y?) (522 — 262y + 54°).

M&i biéu thitc trong ngodc la mot tam. thic bic hai va cé thé duge phan tich thanh
nhan t. Thi du, 2x% + Szy + 292, zem nhu mot tam thic bac hai déi vdi x. c¢d cde

1 ‘
nghiém la x = —2y,x = -—Ey, nén do do

. 1
222 + Say + 2y = 2(z + ay)(w +2y) = 2z + y)(z + 2y).
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Tuong tu ta cé

) 522 — 26zy + 5y° = (x — 5y)(5z — y).
Nhu vdy, cudi cing ta co
f(z,y) = 102* — 2723y — 1100%¢% — 272y + 10y% =
=2z +y)(z + 2y)(z — 5y)(5z — y).
Vi du 1.20. Phéan tich da thitc sau thanh nhan ti:
flz,y) =2zt + 3x3Q + 69r’2y2 + 3xy® + 2%,
L&i gidi. Biéu dién cia da thic theo cdc don thic déi ming co 56 c¢é dang

flx,y) =207 — 50%02 + 402,

Day la mot da thic bic hai theo oy va khong ¢ nghiém (nghiém thuc). Vi vdy ching

ta van dung phuong phdp hé sé bat dinh, nghia la th biéu dién da thitc da cho ¢ dang

221 4 323y + 62%y% + 3zyd + 2yt =
= (Az? + Bxy + Cy?)(Cz* + Bzy + Ay?). (1.18)

Ta sé tum cdc hé s6 A, B,C vdi nhan zét rang ding thic (1.18) thod man vdi moi
r,y. Voéiz=y=1 .ta cé '

16 = (A+ B+ C)?,
suy ra

A+B+C=+4.

thn zét rdng cic hé s6 A, B,C dugc zdc dinh chinh zdc dén ddu cia ching, vi néu
thay doi ddu cia tdt cd cic sé nay thanh nguge lai thi (1.18) vén khong thay déi. Vi

vy, khong mdt tong qudt, ta cé

A+B+C=4.
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Tiép theo, véixz = 1,y = —1, ta c6
" 4=(A-B+0C)?,
suy ra
A-B+C=%2.

-Cuébi ciing, choz =0,y =1, ta c6 AC = 2.

Nhu vy, dé zdc dinh cic hé s6 A, B,C ta co"hé phuong trinh .

A+B+C = 4,
{A~B+C = %2,
AC = 2

Néu vé phdi ciia phuong trinh thit hai cia hé ldy ddu(+) thi dé dang tim dugc nghiém
cia hé la A=1,B =1,C = 2. Néu nhu vé phdi cia hé lay ddu (=) thi hé vo nghiém
(nghiém thyc). Ching ta cé két qud
2z + 323y + 6229% + 3y + 2t = (2% + 2y + D) (22 + 2y + ).

Vi du 1.21. Phan tich cac da thitc sau thanh nhan

a) f(z,y) = (z +y)° —2° —

b) g9(z,y) = (z +y)°® — 2° — ¢°;

c) h(z,y) = (z+y)" — 2" —y".
Li gidi
a) Ta cé

f=@+y)P - @*+93) =0} 55 = 0} — (63 - 30102) = 30102 = 3(z + y)zy.

b)g=(z+y)®—(z®+9°) =0} — 55 = 0} - (0% — b5o3oy + 50102) = 50102(0? — 03)

= 5(x + y)zy(a® + 2y + yP).

c)h=(z+y)" - @ +y") =0] - sy =07 — (6] — Tojos + 140302 — 70,03)

= T0102(0] — 20202 + 02) = To109(0? — 09)% = 7(z + y)zy(z? + zy + v*)%




1.7. Phan tich thanh nhan ti va 4p dung

41

Vi du 1.22. Rt gon biéu thitc

_ @y’ a2 -y
S @tytratyt

Lai giai. Dat o) = x +y, o9 =xy. Theo cong thic Waring ta cé

(z+y) + 2 + 9 = o + (o} — 4030y + 202) = 201 — 4o%aq + 203

=2(0} - 03)% = 2(z? + zy + y*)%.
(x+y)" = (@"+y") =0l — 87 =07 — (0] — T30, + 140302 — T0103)
= To109(0} — 20302 + 02) = To109(0% — 03)? = T(x + y)ay(z? + 2y + v*)2.

Do dé ta cé

. A= —;—(rr + y)zy.

Vi du 1.23. Rit gon bidu tlnte

1 1 1 3 1 1 6 1 1
B= | + = ——| ——| =+ ).
(@t b (w+p)+ @+ 0) (Z+p)+ (@t by (+3)
Lot gidi. Trudc hét bién déi biéu thite da cho vé dang

a4+ b8 3(a? + b?) 6
3B (a+b)3 T a?2(a+b)t T abla + b)T

Dit oy = a+b, o2 = ab. Theo cong thiic Waring ta cé

‘ B = 83 3s9 6 o183+ 30282 + 6a3
. Rl P Bl v Ry 13 ,
192 192 102 0103
o1(03 — 30102) + 302(0% — 203) + 602 _ 11
- olo3 o2 a?b?

Bai tap

Phan tich cdc da thitc sau day thanh nhan tu :
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i

1. (z+y)t+z* +yh
2. 221 + 723y + 92%y? + Tryd + 294
3. 3zt — 8x3y + 1422y? — 8xy® + 3yt
4. 2% + 2y + 3y + 2% + 2yt + 9.
5. 28 4+ 2By + 2%y? + 223y% + 2%y + xy® + 8.
1,1

T T
Riit gon cdc biéu thic , C

(a+b)®-a®—b® (a+b)"—a” -b" !

“(a+b)P —at b (a+b)°—ad -0’
1

A2 R U NS S R A R S
" (a+b)3\at WA (a+b)t\a® b3 (a+b)5\a? = b2 aba + b)5"
9. Ching minh dong nhat thic :

3 _ 3.3 3___23 3
3, 3(4 2P) _ 3 3(? Q)
p +q (p3+q3 q +p p3+(13 )

1 .
10. Cho a — — = 1. Chitng minh rdng vdi meoi n € N ta c¢d
a .

a2n +

1 (1+ \/5)2n+ <1 - \/3)27{

an 2 2

1.8 Chia da thic d6i xiing

Trong muc nay ching ta sé xét mot sé bai todn vé chia hét cﬁa cdc da thitc doi zing.

. Vidu 1.24. Chitng minh ring 22" + z™y™ + y?" chia hét cho 22 4 xy + y? khi va chi
khi m klll(‘)ng phéi 1a boi cia 3.

"L gidi. S dung cic cong thic

-y = (z - y)(@ + a2y +¥P),

af —yF = (x - y)(xk‘l‘+ 24 Lyt D
dé dang thdy ring x3F — y3* chia hét cho 22 + xy + y%. Xét cic truong hop sau
1) n =3k. Ta co

1_27% + mnyn + y2n = pb% + :L'Bky3k + y6k — (.Z‘Gk _ y6k) + (ka - ySk) + 3y6k.
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T dé suy ra 2™ + Y™ + y®™ khong chia hét cho z° + zy + y2.
2)n=3k+1. Ta cé '

12211 n n+y2n - 16k+2+x§k+1

+ My Bkl o 6k+2

y

= 2?(2% ~ %) + 2y (@ - ) + 4% (@ + 2y + o).

Suy ra trong truong hop nay 2" + ™y + y** chia hét cho 22 + zy + y2.
3)n=3k+2 Tacé

2 + l.nyn + y2n - x6k+4 + .’133k+2y3k+2 + y6k+4 — xll(xﬁk __ yﬁk)+

+x2y3k+2(a:3k _ y3k) + y6k(x4 + 1'2'!/2 + y4) —
— :E4(.’L'6k _ y(ik) + ‘,L_2y3k+v2(x3k _ y3k) + yﬁk(m2 + z2y2y4)(x2 —zy + y2).

Suy ra 2" + 2"y" + y** chia hét cho 22 + zy + y2. Vay diéu kién can va di dé

2 4 g™y + Y2 chia hét cho 22 + zy + y? la n khong phdi la boi ctia 3.

Vi du 1.25. Chiing minh ring v6i moi n € Z*, da thitc 22 — z"y™ + y** khong chia

hét cho 22 + 2y + y>.

2n 2n

Lai gidi. Gid s¢ 2*" — 2"y" + y*" chia hét cho 2% + zy + 2, tuc la

1‘2” _ m.fly" +‘y2n = (3;2 + xy + y2)Q(zv y)’

trong dé q(z,y) la da thic déi ming vdi hé s6 nguyén (do hé s6 chinh cia da thic chia
bing 1, con cic hé s6 cia da thic bi chia va da thic chia la céc sé nguyén). Trong
ddng thic trén cho z =y = 1, ta dugc 1 = 3¢(1,1), vé li vi q(1,1) la mot s6 nguyen.

Diéu nay ching té da thic %" — z™y"™ + y*" khong chia hét cho z2 + zy + y2.

Vi du 1.26. Véi n € Z* ndo thi 22" + z™y™ 4+ y?" chia hét cho 22 — zy + y2?
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Lot giai. Gia su

.2n n.n 2n __ 2 ., 2 ,

2+ 2y 4y = (27 - ay +y (e, ), (1.19)
trong dé q(x,y) la da thite déi xing vdi hé s6 nguyén.

Ta zét hat truong hop:

1) n la s6 1é. Trong dang thite (1.19) thay x bdi —z ta dugc

2 — 2"yt Y = (2 + 2y + a2, y).

Theo Vi du 1.25 ddng thitc nay khong thé zdy ra.
2) n la 6 chin. Trong (1.19) thay x bdi —z, ta dugc

x2n + x’ny" + y2" = (.’[,‘2 + xy + yz)q(—-.’[, y)‘

Theo vi du 1.24 thi ding thic trén ding khi va chi khin = 3m + 1 hodc n = 3m + 2.
Néun =3m+1, thi don la s6 chdn, nén m phdi la sé lé, hay m = 2k + 1, do dé6
n = Gk + 4.

Néun = 3k + 2, thi do n la s6 chdn, nén m phdi la s6 chdn, hay m = 2k, do dé
n =6k +2. ‘ |

Vay 22" 4 2™y + y® chia hét cho 2% — zy + y* khi va chi khi n = 6k + 2 hodc
n=06k+4,vdikcZneZt.

Vi du 1.27. Véi n € Z* ndo thi 22" — z™y™ + y®* chia hét cho a2 — zy + y??
Ldi giGi. Gid st
22 "y + y‘ln - (£L‘2 —zy + yz)q(:v,y), (1.20)

trong d6 q(z,y) la da thic dbi zitng vdi hé s6 nguyén. Xét hai truong hop cian.

1) n la sé chén. Trong (1.20) thay z bdi —z, ta dugc

2" — "y + Y™ = (2% + 2y + yP)a(—x,y).
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Theo Vi du 1. 25, ding thic nay khéng thé zdy ra.

2)n la sé lé. Trong (1.20) thay © bdi —x, ta dugc
‘,L.‘Zn + :L.1zy1z + y2n — (.’E2 +zy + y2)q(_1,’y).

Theo Vi du 1. 24. ddng thic trén dunq khi va chi khin = 3m + 1 hodc n = 3m + 2.
Néun =3m+1, thi don la s6 Ié, nén m phdi la s6 chén, tiéc la m = 2k va khi d6
n =6k + 1. |

Néun = 3m +2, thi do n la s6 Ié, nén m phdi la s6 Ié, tic la m = 2k — 1. Khi d6
n =6k — 1.

'

Vay 152"'—w"y"—i—ym1 chia hét cho 22 —2y+y? khi va chi khin = 6k+1, k € Z,n € Z+.
Vi du 1.28. Xac dinh n dé (z + y)” + 2" + y™ chia hét cho z2 + zy + y?
Loi gidi. Gid st (x + y)™ + 2™ + y™ chia hét cho 2% + xy + y>. Khi dé ta c6

Ve

(+y)"+z"+y" = (2? + 2y + ¥ (2, y), 0 (1.21)

trong dé q(z,y) la da thic déi zing véi hé s6 nguyén. Trong (1.21) thay x,y tuong

ing bdi 2°,y%, ta c6 (2% +y?)" + 22" + y*" = (2t + 2%9? + y')q(2?, y?),
= (2% + 2y + ¥*)(2® — 2y + ¥))e (2, ¥°). (1.22)

Ddng thitc (1.22) ching t6 (2 + y2)™ + 22" 4+ y* phdi chia hét cho 2 — zy + y2. Ta

7

co

(@ + )" = (2y)" = (@ + % — 2y)[(@® + 7)) + (@ + )R+
+H@® + ) (@y)" 7 + (@) 7). (1.23)

Tiép theo ta cé

(1,2 + y2)n + :1:2"' + y2n — [(1,2 + y2)n = (l.y)n] + (l_’zn + l.nyn + an). (1'24’)
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T (1.23) va (1.24) suy ra (z? + y?)" + 22" + y?‘ﬁ chia hét cho z? — zy + y? khi va
chi khi %" + z"y"™ + y®" chia hét.cho 2% — xy + y?. Theo Vi du 1.26 diéu nay c6 dugc
khi va chi khin = 6k + 2 hogcn =06k +4 vdi k€ Z,n € Z+.

Ngugc lai, gid thiét rang n = 2m, vdi m = 3k + 1 hodc m = 3k + 2. Thé thi

@+ +a" +y" = @+ )" + 27 + ™" = (o + )™ — (2y)"]+

+(1.2m+‘xmym+y2m)‘

Dé' Y ring
(@ + )’ = (@)™ = [+ )%™ = (z9)™] = [z + ) — 2ylp(z,y) =

= (#* + 2y + y))p(x, ),
trong dé p(x,y) la da thic déi ming vdi hé sé nguyén. Do dé (z + y)*™ — (xy)™ chia
hét cho 2% + zy + y%. |
Mat khdc, vim = 3k+1, m = 3k+2 nén theo Vi du 1.24, da thic 2™+ z™y™ 4 y2m
chia hét cho 12 + zy + y2. ‘ ‘
Két lugn : Da thitc (z+y)"+z™+y™ chia hét cho a:2+:ry+y2 khi va chi khin = 6k+2
hoicn =6k +4, véi ke Z,n e Z*. ‘
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- Bai tap

1. Chitng minh ring (x + y)® — z™ — y™ chia hét cho z* + xy + y? khi va chi khi
n=06kx+1, ke Z/neZ".

2: Chitng minh ring (z+1y)?" ! 4272y 2 chia hét cho x®+ay+y? vdi moin € Z*.

3. Ching minh ring néu f(z) va g(z) la hai da thitc héi quy va f(z) chia hét cho g(z)

thi h(z) = f((z)) ciing o da thite hoi quy.
g(z : ‘
4. Chitng minh réing mot da thite dbi zing thudn nhdit theo cdc bién x,y :
P(x,y) = ploy,03) chia hét cho x? + xy + y? khi va chi khi tong cdc hé s6 cia da

thite p(oy, 02) bidng khéng.
1.9 Chiing minh bat ding thitc
Vdi hai s6 thuc x,y, ta dit oy = x +vy, o0y =xy. Khi dé ta cé
(zr;y)220@(x+y)2—4.’cy20<:>a%—402'20.
Vay tav c6 két qud |
Ménh dé 1.1. Chox,y € R. Dit oy =z +y, oy =2xy. Khi do
af > 409. \ (1.25)

Ddng thitc zdy ra khi va chi khi x = y.

Y

Gid st can chiing minh bét ddng thite f(x,y) > 0 (vdi moiz > 0,y > 0 hodc z+y > a,
tugy thudc vao bai todn). trong dé f(x,y) la da thic doi xing. Dé ching minh. trude
hét can pﬁdz’ biéu bién f(z,y) theo oy vi og. Sau d6 trong da thie vita nhan dudc thay
g bdi oy. Chi y bét ddng thite (1.25). ta dit op = i( 2 —2) vdi z > 0. Déi khi lai
can biéu dién 0? qua oy theo cong thitc 0? = z + 40,.

Ménh dé 1.2. Néu oy > 0, thi vdi moi n nguyén duong cé bat ddng thic

n

s > ] (1.26)

— 2n_1 ’
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trong dé sy, o1 tuong ung la tong liy thita va da thic déi xing co sd bic mét.

Chitng minh. Ching ta sé chitng minh (1.26) bing quy nap. DE thdy ring vdin = 1,
bét ddng thitc (1.26) trd thanh ddng thic. Gid st (1.26) ding cho dén n = k. Xét

n =k + 1. Theo cong thitc truy hoi (1.1), bdt ddng thic (1.25) va gid thiét quy nap.

ta co
o¥ af op! af“
Skl = O18p — 028n_ 1>012k T~ 3 k2 T ok

Vay (1.26) dugc ching minh.
Ménh dé 1.3. Vi cic ki hzéu va diéu kién nhu trong ménh dé 2 ta cé

25m+4n 2 SmSn. : | (1.27)
Ching miﬁh. Theo gid thiét ta c6

z+y=0, >0.

Diéu kién nay cho thdy trong hai s6 x,y cé it nhat mét sé khong am. Khong mét tinh
tong qudt, gid st x > 0. Xét hai truong hop.

Néu z,y > 0, thi vdi moi m,n € N, ta cé
(@™ =y (2" — y") > 0 & x4y > gy 4 pTy™
T dé6 suy ra
227 4y 2 Gy g T (T by, (128)

tic la 2.sm+n > smsn

Néuz >0,y <0, thzm> —-b=1{b > 0. DodovdszN ta cé
m_ym > 2™ —|y|m20-

Lip lugn tuong ty nhu phdan trén ta cé bt ding thic (1.28). Ménh dé dugc ching

minh.
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Ménh d& 1.4. Cho da thic déi xing vdi hé sé duong f(X1,Xs). Khi d6, néu
T1,72,9, Y3 la cic s8 duong thod man cic didu kién

rrs < mnya, m’ll + 1’3 < y? + yg’ Vn € Nv thi f(xlymZ) < f(yh y2)'

Ching minh. Ta cé
f(X],Xz) = Za.,xlxg = Z(a.JX1X2 +a;; X1 X3) + Za,.x,x,,
i<j
trong dé a;; > 0. Vi f ld da thic déi zing, nén aij = aji, do 46

B AEDY a,-,.<x;'xg +X1X3) + Y aisXi XS,
l<]

- }_jai,xlxg(xJ "+ X3+ Y aaxixg.
i<j

T dé dé thdy ring néu (z1,22) va (y,y2) thod mdn cde diéu kién dd néu, thi
f(z1,x2) € f(y1,y2). Ménh dé duge chiing minh. .
Xét mot vi dy minh hoa ting dung da thitc déi ming trong ching mihh bdt ddng thic.

Vi du 1,29. Ching minh ring, néu a,b vh ¢ 1a ba s thuc thod man didu kién
a+b>c>0, thi

c? ct ot
2 25 b4>-—- 8> .
a+b__2,a+ 8,a+b2128
Lot gidi. Ditey =a+b, o09=ab. Ta ¢
2 1 2. 1
ss=a’+ b =0}~ 202—01——2 (crl—~z)——-2-al+-2-z

Vi z >0, cdn theo gid thiét thi oy > ¢ > 0, nén sy > %cz, nghia ld
a®+ b >
Viin dyng bdt ddng thic trén, ta cé

1/1 2 1
at + b = (a®)? + (b?)? 25( 2) = =c.
4A- CDDY Byl Ximg & Ap Dyng
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Tuong tu ta cé

. 1 .
8 8 8
: B> b
@+ y5ge

Vi du 1.30. Cho hai s6 duong a, b thod man hé thic a + b = 1. Chiing minh ring

(a+ 2)” + (b+ %)”

véi moi n € N ta ¢6

v

1 n 1
T=a+t - y=b+5. orL=x+y, o1=aY, sp=2 +yY .

Theo gid thiét va bat ding thitc (1.26), ta c6

o1 =(a+b)(1+$) 2(a+b)(1+ a‘%'z}) = 5.

Do db’, theo bat ddng thiic (1.26) ta c6 |
o)
" Bt ddng thitc duge chitng minh.
Vi du 1.31. Chitng minh ring néu a + b > 0, thi
(a+b)(a® + %) (@® + b°) < 4(a® + b°).
Lai gidi. Theo bat ddng thic (1.27) trong Ménh dé 1.3, ta cé
(a3 + b*)(a® + b°) < 2(a® +°).

Do a +b > 0, nén nhin hai vé cia bit ding thic trén vdi a + b seu dé dp dung bit
ddng thite (1.27), ta dugc

(a + b)(a® + b3)(a® + b%) < 2(a + b)(a® + b®) € 2.2(a® + b°) = 4(a® + 1°).

Bét ding thitc dugc ching minh. |
| 48- CODT DGi Ximg & Ap Dung
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Vi du 1.32. Cho a,b > 0. Chimg minh ring
2(a” +b") z ab(a® + a%? + a2® + 1),
Lai gidi. Bt ddng thic dé cho tuong duong véi
4@’ + ") 2 (a” +a% + ab® + b7) + (a7 + a'bd + a%b + b7)
& 4(a” +b7) > (a + b)(a® + %) + @3 +b%)(a! + 54);

Ap dung bét ddné thie (1.25). ta cé

2(a” +b7) > (a +b)(a® + %), 2(a” +57) > (a3 + 8%)(a® + bY).
T dé suy ra diéu phdi ching minh.

Vi du 1.33. Cac s6 thue x1, 2, y), yp thod man céc didu kitn 1 < z; < z2, 1< €

y2. Chitng minh réng, v6i moi sb ti nhién n, ta cé

a4 gt ek +y"a"’3 S (ﬂ)mﬂl: + (yl)znwxz.

ot} 7 nIT nr; =
T +xy” Y Pty P Y2

Lai gidi. Vdi cic sé thyc z1, 9,11,y thod mén cic didu kien 1 < 1 €T, 1€

1 < Y2 va 6 ty nhién n, ta cd cdc bét ddng thic sau

P P xg:;-y:’ e [x?(uru-) - 1] < [mg(yry:) - 1],
< e 1] < [y -],
Tit dé suy ra |
aPzy 2Pl 2V + 2P < 2T 4 Ty, ( 1.29)
Ve SOV T T Syl (1.30)
Nhén theo titng vé cdc bét dzng thitc trong (1,29), ta dugc

Va1 (Y2 | oM ya(, nY nys |
i’ 2§ (21 + 2)¥) < ¥ 2P (2] +3%) & 7
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Lam tuong ti ddi véi cdc bit ddng thic trong (1.30), ta dugc

'ylm‘ + 52 > (y}_)wz*x!
W4y T\

Céng theo timg vé cdc bit ding thic trén day ta c6 diéu phdi ching minh.

Vi duy 1.34. Céc s6 thuc z1,2,y1, Y2 thod mén céc didu kien 1. € 77 € 9, n1 € Yo
Ching minh riing . | ‘ v
¥ + 2% <o + 2P

Ldi gidi. Dat t; = z¥°, ty = =¥, = 2", 7 = =¥ va zét da thic déi zing
f(z,y) = ¢ +y. Theo cong thic (1.26), gid thiét ciia Ménh dé 4 dugc thod man. Do
dé, f(t1,t2) € f(m1,72), suy ra diéu phdi ching minh.

Vi du 1.35. Hai sb khong am z,y thay déi va thoa mén diéu kién z + y = 1. Tim
gi4 tri 16n nhit va gi4 tri nhé nhit cta bidu thic

f=x(z3+w2+x+y)+y(y3+y2+y+z);
Lo gidi. To viét lai biéu thiic trén d dang
=G+ ) + @ )+ 2y
Dit oy =z +y,09 = Ty, 8 = T* + y*. Sit dung cong thitc Waring, ta cé

f =84+ 83+ 82+ 202 = (0F — 40305 +202) + (03 — 30102) + (0} — 203) + 203.

p—d

Theo gid thiét, ta c6 oy = 1. Mat khdc, tix bt ding thitc a% 2 409, suy ra g9 €'~

.&

Déu ddng thitc zdy ra khi va chikhiz =y = %.,Nhu vdy, ta cé

PN

f=20%—-T02+3, 0<o02<

Vi tam thic f(o2) = 202 — Tag + 3 nghich bién trén dogn [0, l], nén

/(o) = 10 =3, minfo) =] so/m =1

0.5
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Nhu viy. ta cé két qud
maxf=3&(z=0y=1), (z=1y= 0)7
min f = _lél. Sr=y=1/2

Vidu 1.36. z,y 1 hai sb dlrong thay déi va thod man diéu kign x +y = 1 con a la
mot s6 duong cho trudc. Hay tim gid tri nh6 nhét cia bidu thic
1 a
I=wivtay

Ldi gidi. Dt o) = z +y,02 = zy. Khi d6 ta c6

1

2+t =0l -20,=1-20 o} 2dn o< ]
1 a 1
f=iTomtey 0<e<y

1
a) Trudc het zét trudng hop a 5 Trong trudng hop nay. ta cé

1 1 a—1
f“(1~202+'27;;)+ o = 2

, 1
Ddu ding thitc zdy ra khi va chi khi oy = JeT=y=

>4+4(a—2) =2+ 4a

1
. Viy, néua > 3 thi

S0 Mo N2

mnf=2+4a r=y=

1
b) Xét truong hop a < 5 Dgtt=

1 .
. ‘T,/ < b
1T %0, acil<tg<2va

F=t+ 2at

t_l:(t-f1+z—2_—flT)+2a+l22\/55+2a+1=(1+\/—2;)2.

Déu déng thic zdy ra khi va chi khi

2a

— 2a.

T d6 suy ra

t-1  V2a
2t 2(1++v2a)

O =
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1
Viy, néua < 3 th
z4+y=1,

min f = (1+ v20)" & {xy: _.._H_..._zj_. .
2(1 + v2a)

Vi dy 1.37. 2,y I chic s6 duong thay d6i, thod man diéu kien ¢ +y < L,a v b Ia
cée sb thyc cho trudc, sao cho a> ; + 1bﬁ b > 0. Tim gia tri nho nhﬁt ctia bidu thite

L& gidi. Ddt o1 = 2 +y. 03 = zy. Theo gid thiét, ta c6 0 < oy < 1 va ti bit ddng
1 . Khi dé biéu thate da cho co d(mg

.h

thic af > 409, suyra 0 < o3 €

1
=+ = 4 by,
f a'f'j-2(72+02+ 2

Chiing ta bién déi biéu thitc nay nhu sau

e B
1= (ot a) ot )+

Ap dung bdt ddng thic giita trung binh céng vd‘trung binh nhéan va cdc hé qud, ta c6
b

Ala-1- L
fZ—4§+!)-+-—(g—-—~z§——-1-§224+~b-+4a——2~2=2+4a+~.
o 2 o7 2 4 4

1

Déu ddng thic zdy khi va chi khi
o2 = 4oy,

1
e, — = = -,
oy =1

B[ =

Vay ta céminf=2+4a+%@x=y=
Vi du 1.38. z,y 1A hai s6 duong thay d8i, thod man ding thic zy = 1. Tim gié tri
16n nhft cia bidu thic

f= T +‘ y + T
—z4+y2 y4+$2 .'L'G+y

2+y6+x2'




(1)
(41

- L.9. Chimg minh bit ding thic

Lot gidi. St dung diéu kién xy = 1, ta bién déi biéu thic dé cho nhu sau

f e Ty N Ty o x’y? + x2y? _
s ey +y Pa) + 2t i@yt i) + o
2 2

= $3+?/3.+ P
Dat oy =z +vy, 02 = zy. Theo gid thiét. ta c6 o5 = 1, va ti bt ding thitc o} > 4oy,
suy ra oy > 2.

St dung cong thate Waring va chii 704 =1, ta cé

P 2 I SR o 22
T}~ 30102 o) —d0l0y+ 20} oi-301 ol —doj+2 T

Dé théy ring. cic ham sé fi(oy) = o} — 30n, fa(or) = a} — d0? + 2 dbng bién trong

khodng [2, 20), do do
min fi(o1) = f1(2) =2, min fa(01) = f2(2) = 2.
|2,00) {2.00)

Tt dé suy ra

max f = 2 + 2 =2
ming 4oy fi(o1)  minp 4o fa(oy)

khi vé chi khi

’@x::y::l.‘

oy=x+y=2
oy =zxy=1

Bai tap

1. Cho a,b € R. Chitng minh ring
a) a* + b1 > a®b + ab’.
b) a® + 55 > a5b + ab.
c) 32(a® + b5) > (a + b)S.
2. Ching minh ring vdi mei a,b khong am cé cic bt ding thite sau
a) at + 2a3b + 2ab® + b > 60217
b) (Va + Vb)® > 6dab(a + b)2.
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c)\/gf?+@2ﬁ+ﬁ.

3. Cho 2,y > 0,z + y = 1. Chitng minh rdng

1
4 4 = >5
8(z* +y ny _'5

1
> 6.
24y ™

5. Cho hai 86 duong z,y vdi z + y = 1. Ching minh ring

4. Cho 2,y > 0,2 +y < 1. Ching minh ring ;}5 +

‘ 1
5 5 — > 85,
16(z° + y )+z3y3 > 66

6. Cho a +b = v/T0. Ching minh ring (1 + a*)(1 + b) > 45. 7. Cho hai s6 duong
a,b vdi a+b 2 1. Chitng minh rdng véi mein € N ta c6

(eo5)" s (o B (o o 2

b = gn-2'
8. Cho ab > 1. Chitng minh r:&ng

1 4 1 S 2
1442 1462~ 14ab

9. Chitng minh rding vdi moi sé thuc a,b ta c6

' |a + b ja] + 6] -
> .
%) l~|+|a;~|b| = 1|+|a|+|b|
_ a <+ al

b .
Ve STre e
10. Ching minh rdng vdi moi sé thuc a,b ta co

a? + b +ab+ 13> V3(a+b).
11. Ching minh ring néua +b > 2, thi véi moin € N ta ¢6
a® + b" < an+1 + b"+l.

12. Céc s6 thue x1,z2,y1;y2 thod min cdc diéu kien 1 € 2y < 22, 1 € 11 € ¥o.
Ching minh bdt ddng thic ‘ '
e Wk WPt 0
x?l + zg’ yfﬂ + y;l
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13. Cic sé thuc x1,x2,23,Y1, Y2, Y3 thod man cic diéu kien 1 < 1 € 72 € T3, Y1 <

y2 € y3. Chiing minh riing
¥ + ot 4+ a8 2l + ol <2l + ol +al).

14. Tim gid trj nhd nhét cda biéu thic zy(x - )2 véi _dié‘u. kién z + y = a, trong do
a la so thyc cho trudc.

15. Tum gid tri lon nhét va gid try nhé' nhdt cia biéu thic
f=a*+y" +az?y,

trong dé z,y > 0,z +y = 1, con a mét s6 thuc cho trude.
16. z,y la hai 36 duong thay d6i, thod man diéu kién z+y =1, a > 0 la s6 cé dinh
cho trude. Hay tim gid tri nhé nhdt ciia bidu thic

a 1

———

f= x?4+y?  xy

17. Cho chc 36 duong =,y thod man hé thic zy = 1. Tim gid tri nhd nhdt cia bidu

thite
_ eyt a?4y?

'f__‘ar:2;_-f~gj2 T+y

18. Cho cdc s6 duong z,y thod man diéu kién x + y = 1. Tim gid tri nhé nhdt cia
biéu thic

= (1 B0 2+ (- 2= )

19. Cho z,y la cdc s6 duong. Tim gid tri nho nhdt cia biéu thic

f= 1+ +(1+y)*

x? 4+ 32 )
20. Cho 2,y > 0,22 + 32 = zy + 1. T¥m gid tri lon nhét cia biéu thic x2y?*(z? + y?).
21. (Ngu, 1995). Véi cdc sé x,y > 0, chitng minh rdng

T Y 1
w4+y2+y4+z2<xy'
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22. Cho z,y théa man diéu kién xy = 1. Ching minh rdng r +y < 22 + y*.

: v s 1
23. Cdc 36 z,y > 0 vdi diéu kién x + y = 1. Chitng minh ring 2° + y3 > 1
24. Ching minh bt ddng thic (z + y)* > 8zy(z? + y?), Vr,y € R.

25. Cho céc sb khong 4m a,b. Ching minh ring

(@ + 1)(b® + 1) > (¢?b + 1)(b%a + 1).
26. Gid st rdng 2,y la cdc s6 duong thay di va thod méan diéu kién © + y< 1. Tim
gié tri nho nhét cia bicu thic

feaztytoto
= y T y,

27. Cho z,y la hai sé duong bit ki. Ching minh ring

z Yy dry

+ 44 > 3.
y z (z+y)?2~

1 1
vz Ty  T+zy
céc 36 duong thay doi thod mdn diéu kién 22 + y? < 2.
2 2

29. Tim gid tri nho nhdt cda biéu thic f = 1-1 + }—Q—T’ trong dé x,y la cic so
. = —

28. Tim gié tri nho nhét cia bi€u thic f =

, trong dé z,y la

thye l6n hon 1.




