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PHUONG PHAP GIAI PHUONG TRINH VO TI
GV NGUYEN TRUNG KIEN 0988844088- 01256813579

1. PHUONG PHAP BIEN POI TUONG DUONG
1. Binh phwong 2 vé clia phwong trinh
a)  Phwong phap

v Thong thudng néu ta gip phuong trinh dang : JA+JB =C++D , ta thuong binh
phuong 2 vé , didu d6 doi khi lai gap kho khin

v Khi gap phuong trinh dang: YA+3¥B=3C Ta lap phurong 2 vé phuong trinh
= A+B+3JAB (Q/K+§/§) = C va str dung phép thé :3A+3B =C ta duoc phuong trinh

- A+B+33ABC =C

Vi du
Vi du 1) Giai phuong trinh sau : \/X+3 +\/3X +1= 2\/;+\/2X+2
Giagi: Dk x>0

Binh phuong 2 vé khong am ctia phwong trinh ta dugc: 1+ \/(X + 3)(3X +l) =X+2, X(2X +1) ,

dé giai phuong trinh nay 14 khdng kho nhung
Phuong trinh giai s& rat don gian néu ta chuyén vé phuong trinh :

V3X+1—2x+2 =Jax —/x+3

Binh phuong hai vé ta c6 : V6X2 +8X+2 = 4x2 +12x < x =1
Thit lgi x=1 théa man.

Nhan xét : Néu phuong trinh :\/f (x) +\/g (x) = \/h(x) +\/k(x)
Maco : f (X) + h(X) =g (X) + k(X) , thi ta bién d6i phuong trinh vé dang :
\/f (X) —\/h(X) = \/k(X) - \/g (X) sau d6 binh phwong ,giai phwong trinh hé qua khi giai

xong nh¢ kiém tra lai nghém xem c6 thoa mén hay khong?
Vi du 2) . Giai phuong trinh sau :

1+\/x+1:\/x2—x+1+ X+3

Giai:

Diéu kién : X > -1

Binh phuong 2 vé phuong trinh ?

Néu chuyén vé thi Chuyen nhur thé nao?

3 .\/X+3 =/X* —X+1+/X+1, tir nhan xét ndy ta c6 1oi giai nhu sau :
+
—X+3 =X —x+1-x+1

Tacé nhan xét :

(2=



3 X=1-+/3
X +1=x2—x—1<:>x2—2x—2=0<:> V3

X+3 Xx=1++/3
Thirlai : X =1—+/3,x=1++/3  Inghiém

Qua loi giai trén ta c6 nhan xét : Néu phuong trinh :\/f (X) +\/g (X) = \/h(X) +\/k(X)
Maco: f(x).h(x)=k(x).g(x) thitabiéndoi \/f(x)—\/h(x)z\/k(x)—\/g(x)

2. Truc can thirc

2.1) Truc cin thirc dé xuit hi¢n nhan tir chung

Phwong phap

Khi gap cac phuong trinh v ti ma ta c6 thé nham dugc nghiém X, thi phuong trinh ludn dua

Binh phuong 2 vé ta dugc:

vé dugc dang tich (X — X, ) A(X) =0 taco thé giai phuong trinh A(X) =0 hoac chirng minh
A(x) =0 vb nghiém,

Dé gidi quyét trigt dé ta can chi y diéu kign nghi¢m ciia phwong trinh @é cé thé danh gid

phwong trinh A(X) =0 bang phwong phap dao ham hodc siz dung céc bdt ding thiec.

Vi du 1) Giai phwong trinh sau : \/3x2—5x+1—\/x2—2=,/3(x2—x—1)—\/x2—3x+4
Giai:

Tanhan thy : (3% —5x +1)—(3x* =3x—-3) =—-2(x-2) v
(XZ—Z)—(X2—3X+4)=3(X—2)

-2X+4 3X—6

\3x2 —5x+1+\/3(x2—x+1) X 24X —3x+4

Ta c6 thé truc can thire 2 vé :

=0

-(x=2)

2 3
+
\/3x2—5x+1+\/3(x2—x+1) X2 =2 +x2 =3x+4

Dé dang nhan thdy x=2 1a nghiém duy nhét cia phuong trinh .
Vidu 2) Giai phuong trinhsau : VX +12 +5=3x++/x* +5

Gidi: P& phuong trinh ¢6 nghiém thi : VX* +12 —/x* +5=3x-5>0 < ng

Ta nhan thdy : x=2 14 nghiém ctia phwong trinh , nhur vy phuong trinh ¢6 thé phan tich vé dang
(X - 2) A(X) =0, dé thuc hién duoc didu d6 ta phai nhoém , tach nhu sau :

2 2
S +12-4=3x—64C+5 -3 X% _g(x_2)4 X%
VX*+12 +4 (x-2) VX*+5+3

@(x—z)[ X+2 x+1 J=o©x=2

- -3
VX2 +12+4 X*+5+3




X+2 X+2

VX2 +12+4 x*+5+3
Vidu 3) Giai phuong trinh : /x> =1+ x=+/x>~1

Giai :Pk x> 32

Nhan thay x=3 1& nghiém cia phuong trinh , nén ta bién d6i phuong trinh

N, J —~3)(x*+3x+9
3X2_1_2+X_3: X3_2_5<:><X—3) 1+ 2X+3 :<X )(3)( +oX+ )
i/(xz—l) +23x%-1+4 N

Dé dang chirng minh duoc :

-3<0, VX>§
3

2
X+3 14 X+3 <2<x +3X+9

2 - 2 I3 _o.E
(¢ -1)" +28x -1+ 4 (\3/x2—1+1) 3 VX’-245
Vay pt ¢6 nghiém duy nhat x=3
Vi du 4) Giai phwong trinh: x—2 ++/4-x =2x*-5x-1
Giai:
Diéu kién: 2< x < 4 . Nhan thdy phwong trinh trén c6 nghiém x = 3 nén ta nghi dén cach giai
phuong trinh trén bang phuong phap nhan lugng lién hop

PT o VX2 —14/A—x—1= 2% —Bx—3e X5 X3
x=2+1 A-x+1

Ta chirng minh : 1+

=(x—3)(2x+1)

X=3
= 1 1
- =2x+1(*
VXx=2+1 ~4-x+1 )

1 1 1
<1 > =J2-1=VT (%) <2-2
Vx=2+1 "a-x+1 V241
Mat khac x> 2 =VP(*) =2x+1>5= (*) v0 nghi¢m
Vay phuong trinh d4 cho c¢6 nghiém duy nhat x=3.
Vi dy 5) Gidi phwong trinh: xX* + x—1=(x+2)y/x* =2x+2

PT & x*—2x-7+3(x+2)—(X+2)Vx*—2x+2 =0

Ta co:

(x+2)(x2 —2x—7)

S X =2X=T+(x+2 3—\/x2—2x+2):0<:>x2—2x—7— =0
( )( VX2 =2Xx+2+3
X+ 2 (x-1)" +1-(x-1)
o (xF-2x-7)| 1- =0 (X*-2x-7 =0
( )[ \/x2—2x+2+3j ( ) VX2 =2Xx+2+3
<:>(x2—2x—7)=0© K=1e47
x:l—ﬁ

Tai sao ta phat hién ra lugng x* —2x -7



Ta thiy x=-2 khong la nghiém ciia phuong trinh nén ta chia hai vé phurong trinh cho x+2 ta ¢6

2
X“+x-1 _. 3 o 5 L Z N A P
VXP—=2x+2 = 12 Gia str ta can thém vao hai vé phuong trinh mot lugng mx+n khi d6 ta

X+
2 —
\/xz—2x+2—(mx+n)=LX21—(mx+n)©
X+
co
(1-m?)x* =2+ mn)x+2-n*  (1-m)x? +(1—2m—n)x—1—2n

X2 = 2x+2 — (mx+n) X+2
1-m>  2(+mn) n*-2
1-m  2m+n-1 2n+1
Vi du 6) Giai phuong trinh: v/x—2 ++/4—x ++/2x—5 = 2x* —5x

Ta cin chon m, n sao cho Tir @6 ta c6 m=0, n=3

Giai: Piéu kién xac dinh: gs x<4
PT & (Vx=2-1)+(VA=x~1)+(v2x=5-1) = 2x* ~5x-3

o X8 . 8-x 2(x-3)
Jx-2-1 Ja-x-1 2x-5-1

c>(x—3)[ 1 1 2

=(2x+1)(x—-3)

+ +
Jx-2-1 J4-x-1 +2x-5-1
*\/6i x—3=0<« x =3 (thoa min diéu kién)
2

1 1
+ =
Vx=2-1 2x-5-1 +4-x-1

V6i diéu kién gé x<4,taco: VP cua (2)>2x+1> 2.g+1:6;VT(2)<1+2:3

JRESIE

* Néu x—3=0 thisuyra:

+2x+1 (2)

Do d6 pt(2) vo nghiém. Hay pt(1) khong c6 nghiém khac 3. Vay pt(1) c6 nghiém duy nhat x =3
Vi du 7) Giai phuong trinh sau: ~/2x° +4x2 +4x —16x% +12x% + 6x—3 = 4x* + 2x* - 2x —1
Giai: Diéu kién: 2x°+4x* +4x 20 < X(2x* +4x+4) 20 < x 20

Phuong trinh duoc viét lai nhu sau:

[\/Z(x 1)+ 25C —1—(2x+1)}+[(2x +1) - (@x+1)7 +4(2x° —1)} - (2¢-1)(2x+1) &

2x -1 4(2¢-1)
A B
V6i A= 2(x+1)2 +2X° —1+ (2 +1)

= (2x3 —1)(2x+1) = (2x3 —1)(%—%—(% +1)j =0

B = (2x+1)? + (2x + 13/ (2x +1)° + 4(2x° -1) +§/[(2x +1)° +4(2x° —1)}2

Vi x>0=> A21;B>0:>%—%—2x—1<0

Suyra PT ©2X3_1:0©X:£



2.2) Puwa vé “hé tam
a) Phwong phap

% Néu phuong trinh V0 ti c6 dang \/K—i—\/g =C,ma: A-B=aC
& day C co thé 1a hang s6 ,co thé 1a biéu thirc cua X. Ta cd thé giai nhu sau :

- A+VB=C
izC:\/K—\/Eza,khidétacé hé: \/— \/— :>2\/K=C+a
JA—JB JA-JB-a
b) Vi du
Vidul)Giéiphuongtrinhsau:\/2X2+X+9+\/2X2—X+12X+4
Giai:

Tathiy : (sz +x+9)—(2x2 —x+l)=2(x+4)

X =—4 khdng phai 1a nghiém
Xét X =4

2X+8
V22 +X+9 —2x2 —x+1

0

2%+ X+9-2X*—x+1=2
Vaytaco hé: v v = 22X +X+9=x+6 8
-

Truc can thirc ta ¢é : =X+4:>\/2X2+X+9—\/2X2—X+l=2

VX4 X+9 42X —x+1=x+4 X=

. ) . 8
Thir lai thoa; vady phuong trinh ¢ 2 nghiém : x=0 v x=7

Vi du 2) Giai phuong trinh : \/ZX2 + X+1+\/X2 —X+1=3x
Tathiy : (ZX2 + X +1) —(X2 - X +1) = x* +2X, nhu vy khong théa man didu kién trén. Tuy
nhién

Ta cd the chia ca hai ve cho x va dat t = — thi bai toan tro nén don gian hon
X

Nhan thay x=0 khong phai 12 nghiém, chia hai vé pt cho x ta c6 \/2+3+i2 +\/1—3+i2 =3
X X

bat t = — ta c¢6 phuong trinh méi la VP +t+2 42 —t+1=3 Vviéc giai phuong trin.h nay la
X
hoan toan don gian.

Taco (\/t2 142+t —t+1)(\/t2 142 —AJt? —t+1):2t+1:> Ve +t+2-JtP—t+1=

2t+1

Tur do6 ta c6 hé sau :

JE+t+2 42 —t+1=3 t=1 x=1

ot 41 = VP +t+ :2t;10© 1= _.8

JE+t+2 -Jt2—t41=



Vi du 3) Giai phuong trinh: +/x° —9x + 24 —/6x* —59x +149 =5 — x
Giai:

Phuong trinh x&c dinh véi moi x thuoc R

Phuong trinh cé dang:

— — 2 —
5(-X) =5-x o (5—x)£l+ 5(0-%) ]z 0
UX? =9+ 24 ++/6X% —59x +149 X2 —9X +24 ++/6x% —59x +149

Xx=5
dE 5(5-x)
X2 —9x+ 24 +/6x% —59x +149
(*) /X2 —9X + 24 +~/6X2 —59x +149 = 5(x —5) . Két hop véi phuong trinh & d& bai ta ¢ hé :

X> —9X + 24 ++/6x* =59x+149 =5(x -5
{\/ v ( ):>\/x2—9x+24=2x—10

X2 —9% + 24 —/6x% —59% +149 =5— X

=0 (9

K>5 X =4(L)
= =
X* —9x+ 24 = (2x —10)? x:%(I'M)

Vay phuong trinh ¢6 2 nghiém 1a : x=5;x = %

3. Phuong trinh bién ddi vé tich

% Sir dung ding thirc

) u+v=1+uv e (u-1)(v-1)=0

*) au+bv=ab+vu < (u-b)(v-a)=0
*) AZ — BZ

Vidu 1) Giai phuong trinh 1 3/X+1+3/x+2 =1+3/x* +3x+2
x=0
Gidi: PT <:>(\3/x+1—1)(\3/x+2—1)=O<:{

Xx=-1
Vi du 2) Giai phuwong trinh : /X +1+3/x* = x +3x% +x
Giai:

+ X =0, khdng phai 1a nghiém

+ x£0, tachia hai vé cho x: 3% + X =143 x+1@[s X+1—1)(§/§—1)=0<:>x=1
X

X
Vi du 3) Giai phuwong trinh: /X +3 + 2XJX+1 =2X+/X* +4x+3

Giai:biéu kién: x > -1

T (Vi3 2 (Vi -1) -0 | X

x=0



Vi du 4) Giai phuong trinh @ v/X+3+ 4x = 4Jx

VX+3

Giai:
bk: x>0
2
Chia ¢4 hai vé cho v/X+3:1+ ax =2 4x = 1- ﬂ =0 x=1
X+3 X+3 X+3

Vi du 5) Giai phuong trinh: X+ 27 —x = 2JX—1+/x2 +8x—7 +1

Giai: bieu kién 1< x<7.

Pit a=vV7-x,b=vx+Lab>0=ab=+-x2+8x-7

Phuong trinh dé cho tro thanh: b? +2a=2b+ab < (a-b)(b-2)=0<a=bvb=2
- Néu a=b thi v/7—x =/Xx+1 < 7—x = x+1< x =3 thoa méan diéu kién dé bai

- Néu b=2 thi Vx+1=2<x=3 ,

Vay phuong trinh da cho ¢d nghiém duy nhat x=3.

« Dung hing ding thirc
Bién déi phuong trinh v& dang : A = B
Vi du 1) Giai phuong trinh : \/\/5— X = X\/\/§ + X
Giai:
Pk: 0< X <+/3 khidé pt d cho tuong duong
1 T 10 Y10 -1

X+—| = & X=
J3) 33 NE
Vi du 2) Giai phwong trinh sau : 2/X+3 =9x* —x—4
Giai:
Pk: X > -3 phuong trinh tuong duong :
Xx=1
2 VX+3+1=3x
(1+\/3+x) =’ & & _5_.97
VX+3+1=-3x X:T

Vi du 3) Giai phuong trinh sau : 2 + 33/9x° (X+ 2) = 2X +3\3/3X(X + 2)2
Giai : PT< (¥/x+2 —%/3_x)3 0o x=1

X3+ 3x2+x—\/§=0<:>(

IL. PHUONG PHAP PAT AN PHU

1. Phwong phap dat an phu théng thwong

* Doi véi nhidu phuong trinh v0 V0 ti, dé giai ching ta cd thé dat t= f (x) vachd y diéu kién
cta t néu phuong trinh ban dau tré thanh phuong trinh chira mot bién t quan trong hon ta c6 thé
giai dugc phuong trinh d6 theo t thi viéc dat phu xem nhu “hoan toan ” .N6i chung nhing
phuong trinh ma c6 thé dit hoan toan t = f (X) thuong 13 nhitng phuong trinh dé .



Vi du 1) Giai phuong trinh: \/X—\/X2 -1 +\/X+ x2-1=2
Diéu kign: X >1

Nhan xét. \/x—\/xz—l.\/x+ x2-1=1
Pt t =yx—vx* -1 thi phuong trinh cé dang: t+%=2<:>t=1

Thay vao tim dugc x =1
Vi du 2) Giai phuong trinh: 2x* —6x —1=+/4x+5
Gidi

A qen 4
bicu kién: X > —g

2

bat t =+/4x+5(t >0) thi x=t

t*-10t> +25 6

16 4
o (2 +2t-7)(t*-2t-11) =0

Ta tim dugc bon nghigm 1&: t, , = —1+ 2v/2; t; , =14 24/3

Do t >0 nén chinhan cac gaitri t; = -1+ 2\/§,t3 =1+ 2\/§

Tur d6 tim dugc cac nghiém cta phuong trinh I: X =1-+2 vax=2+3

Céch khac: Ta co thé binh phuong hai vé cta phwong trinh véi diéu kién 2x% —6x-1>0

Ta duge: X2(x—3)% —(x—1)?> =0, tir d6 ta tim dugc nghiém tuong Gng.

Pon gian nhit 14 ta dit : 2y —3=+/4X+5 va dua vé hé dbi xtng (Xem phén dit 4n phu dua

ve h¢)

Vi du 3) Giai phuong trinh sau: X++/5+ Jx-1=6

Diéu kign: 1< x<6

Pit y=+/x—1(y = 0) thi phuong trinh tré thanh:

y2+y+5=5< y*—10y? -y +20 =0 ( vsi

. Thay vao ta c6 phuong trinh sau:

2. (t?-5)-1=t = t*—22t> —8t+27=0

1++/21 . -1++17
y<VB) & (Y +y-4)(y*-y-5=0cy= ;F(Ioal)A/:Tr
Tur d6 ta tim duwoc cac gia tri ciia X = #

2
Vi du 4) Giai phuong trinh sau : X = (2004+ \/;)(1—\/1—\/;)
Giai: dk 0<x <1
Pt y=y1-vx PTe2(1-y)’ (Y +y-1002)=0s y=1c x=0



. X [ 1
Vi du 5) Giai phuong trinh sau : X* +2X,[x——= =3x+1
X

Gidi:
Diéu kién: -1<x<0

Chia ca hai vé cho x ta nhan dugc: X—i—Z,fX—1 =3+E
X X

1 .
bat t = Xx——, ta giai duogc.
X
Vi du 6) Giai phwong trinh : x> +3/x* = x* =2x+1

Giai: x =0 khong phai 12 nghiém , Chia ca hai vé cho x ta dugc: (X—£)+‘3/X—i =2
X X
+
Détt=,3/X—l, Taco :t3+t—2=0<:>t=1<:>x=%
X

2
Vi du 7) Giai phuwong trinh sau: x* +2x% +2x* —2x+1= (x3 + x) 1-x

X

Loi gidi: Dicu kién x e (—o0;-1) U (0;1]

Néu x<-1 thi x* +2x* +2x* -2x+1= (x2 + x)2 +(x—1)2 >0, x3+x= x(x2 +1) <0 nén phuong
trinh trén khéng c6 nghiém théa méan x<-1

Dong thoi x=1 khong 1a nghiém ctia phuong trinh nén ta chi xét x € (0;1).

Phuong trinh tuong duong véi:

X2 +1)=2x(1-x*) =(x* +1) /x(1-x*) & X+ —2 x(l—xz):1
()()()\/()mez+l

2

Pit t:)z—+]')>0,phuorng trinh trén tré thanh t—%zl@tz _t-2=0&t=2 (do t>0)
X(1-x?

Khi do
x> +1

—=2<:>(x2+1)2 = 4x(1-x*) & X* 4+ 2x* +1-4x+ 4% =0
x(l—xz)
<:>(x2+2x—1)2 0 X +2X—1=0 Xx=—1£/2

So sanh voi didu kién dd néu trén ta thdy phuong trinh trén c6 nghiém duy nht 1a x =-1++/2.

Vi dy 8) Giai phuong trinh: X +,/(1-x?)” = x,[2(1-x)
Giai: PK: -1<x<1.PT< (x+\/1—x2 )(x2 —XN1-X* +1- xz) = X2(1-x?)

2 —
vt-1_ xv1-x* . Ta c6 phuong trinh:

Pit t=x+V1-x* = 5




( t—lj =" ©t3+\/§tz_3t_ﬁ:0©(t_ﬁ)(t2+2x/§t+1)=0
{tzﬁ {t:/i

= =
2422t +1=0 |t=—2+1

Nt =+/2 & Xx+V1-x2 =42 &2 —x=+1-X? @(\/E—x)z =1-x*(do|x| <1)

<:>2x2—2x/§x+1:0<:>x:i

J2
#t=—2 -1 x+y1-x2 =—1-+/2 vb nghiém ,do VT >-1>VP
~1<x<1-+2 o Jodr_
NM=—v2+1V1I-x2 =1-2-x = o x=" V2221
xz—(l—\/z)x—\/f+1:0 2

Vay phuong trinh ¢6 2 nghi¢m X—TZ' X= 1- \/__ ' —

Vi du 8) Giai phuong trinh sau: (13—4x)v/2x—3+ (4x—3)\/5—2x =2+816x—4x*-15
Giai:
Diéu kién Sex<2,
2 2
Phuong trinh dugc viét lai nhu sau:

7(\/2x—3+x/5—2x)—2((2x—3)\/2x—3+(5—2x)\/5—2x) = 2+8/(5-2x)(2x-3)

Dit t =v2x—3+5-2x = /(5-2x)(2x-3) = 22 Piéu kién (\/_<t<2)

Phuong trinh da cho c6 dang: P-4t +t1+6= 0=>t=2=x=2
Ngoai ra ta cling co thé giai phuong trinh trén bang cach dua vé hé.

Nhdn xét : Dbi voi cach dat an phu nhu trén chiing ta chi giai quyét dugc mot 16p bai don gian,
doi khi Qhuong trinh Q(“)i voi t lai qua khé‘giéi ) ) ’

2. Dat an phu dwa vé phwong trinh thuan nhat bac 2 doi véi 2 bién :

* Chiing ta d4 biét cach giai phuong trinh: u® +ouv+ Bv> =0 (1) bang cach

- Xét v=0 thi tryc tiép

2
- Xét v # 0 phuong trinh tré thanh : (E) + a( j+ p=0
\" \"

Céc trudong hop sau ciing dua vé duoc (1)
v a.A(x)+bB(x)=c\/A(x).B(x)

v au + BV =~mu’ + nv?

Chung ta thay céc biéu thirc A(x) , B(x) boi cac biéu thirc vo ti thi s& nhan dwgc phuong trinh
vO ti theo dang nay .

10



a) Phuong trinh dang : a.A(x) + bB(X) = CJA(X).B(X)

Nhu vay phuong trinh Q(X) = am c6 thé giai bang phuong phap trén néu
P(x)=A(x).B(x)

{Q(x) =aA(x)+bB(x)

Xuét phat tir dang thirc :
x°+1=(x +1)<X2 —~ x+1)

X'+ x*+1= (x“ +2x° +1)— x> = (x2 + x+1)(x2 -~ x+1)

x*+1= (x2 —J2x +1)(x2 +/2x +1)

4x* +1=(2x2 —2x+1)(2x2 +2X +1)

Ta d3 dang tao ra nhitg phuong trinh v ti dang trén vi du nhu: 4x% — 242x + 4 =/x* +1
Vi dy 1) Gidi phuong trinh : 2(x% +2) =5¢/x° +1

Giai: Pat U =VXx+1,v=+x* —x+1

u=2v
+
Phuong trinh trerthanh : 2(u® +v?)=5uv<| 1 Timduge: X = 5_1377
u==-v
2

Vidu 2) Giai phuong trinh : X* —3x +1= —?\/X4 +x2+1

Taco Vx4 x2+1=x4 +2x2 +1— %2 =\/(x2 —x+1)(x2 +x+1)

Ta giai bai toan nhu sau:

Giasi: X*=3x+1=a(X* = x+1)+ B(X* +x+1).
a+p=1

Suyra{—a+p=-3= {a : % Phuong trinh duoc viét lai nhu sau:
a+p=1

2(x2 =X +1) = (X2 + X +1) =_—;)/§\/(x2 —X+1)(X2 +Xx+1)

Hay 6u? —3v2 = —/3uv. Dén day thi bai toan Ia don gian

Vi du 3) Giai phuong trinh sau : 2x* +5x —1=7/x> -1

Gidi:

bk: x>1

Nhan xt : Ta viét or(x 1)+ B(X* + x+1) = 7\/(x—1)(x2 +x+1)

Dong nhét thirc ta duoc: 3(X—1)+2(X2 + X+1) = 7\/(X—l)(X2 + X+l)
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Pit U=Xx-1>0,v=x>+X+1>0, tadugc: 3u+2v=7Juv < 1

Ta duoc :X=4i\/€
Vi du 4) Giai phuwong trinh : x> —3x% + 2 (X + 2)3 —-6x=0

Giai:

Nhan xét : Dat y =+/X+ 2 tahdy bién pt trén vé phuong trinh thuan nhat bac 3 ddi voix vay
X =

X*=3x°+2y° —6x=0 X* =3x(x+2) +2y°* =0 = x> = 3xy* + 2y° =0<:{ y2
X=-2y

Phuong trinh ¢c6 nghiém:x=2, X=2- 23

b).Phwong trinh dang : au + Bv =~+mu’ + nv?
Phuong trinh cho & dang nay thudng kho “phat hién “ hon dang trén , nhung néu ta binh phuwong
hai vé thi dua vé dugc dang trén.

Vidu 1) Giai phuong trinh : x? +3\/X2 -1= \/X4 —x*+1

Giai:

Ta dat u=x khi @6 ph trinh tro thanh

ada {v—m i do phuong trinh tré thanh :
v=0

U+3v=+u’-v> <10V’ +6uv=0 < 3 >v=0cx=1%1
v=—gu(\/N)

Vi du 2) Giai phuong trinh sau : v/X* +2X ++/2X—1=+/3x* + 4x +1

Giai

1 .
bk x> r Binh phuong 2 vé ta c6 :

\/(xz +2x)(2x—1) =x’+le \/(xz + 2x)(2x—1) =(x* +2x)—(2x—1)

1-5
. U= x>+ 2x ==
Ta c6 thé dat : khidotacohé: uv=u’-v’ <
v=2x-1 1++/5
u= Vv
2
Dou,v>0.u =1+2\/§v<:> x2+2x=1+£/g(2x—1)

Vi sao ta phan tich dugc nhu trén. Hay xét vi du sau:
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Vi du 3) Giai phuong trinh ; v/5X2 14X +9 —~/x% — x— 20 =5¢/x +1
Giai:
Pk x >5. Chuyén vé binh phuong ta dugc: 2X* —5X+2 = 5\/(x2 —X— 20)(x +1)

Gia sir: 2x2—5x+2=a(x2—x—20)+ﬂ(x+1)
a=2
Khidétaco: y—a+p=-5 khOngténtai a, B thdéa mén hé.
—20a+p=2
— 2_ _
Vay ta khong thé dat {U—X x=20
V=X+1
Nhung ta co : (x2 —x—20)(x+1)=(x+4)(x—5)(x+1)=(x+4)(x2 —4x—5)
a=2 _s
Gia sir: 2x2—5x+2=a(x2—4x—5)+ﬂ(x+4).Suyra —4a+ﬁ=—5:>{a:3
Sa+48=2 p=

Ta viét lai phuong trinh: 2(x2 —4x —5) +3(x+4)= 5\/(x2 —4x—-5)(x+4) . Bén day bai toan

duoc giai quyét .

Pay 1a vi du diém hinh vé phwong trinh: U + SV =~/mu®+nv’ hoc sinh cin chi y
3. Phuong phap dit 4n phu khong hoan toan
» Tu nhiing phuong trinh tich

(«/ﬁ—l)(\/x_ﬂ—x+2):0,(\/2x+3—x)(\/2x+3—x+2):0

Khai trién va rit gon ta s& dugc nhitng phuwong trinh vo ti khong tam thudng chiit nao, do kho
cua phuong trinh dang nay phu thudc vao phuong trinh tich ma ta xuat phat .
Thong thuong cac phuong trinh nay thuong xuat hién theo dang :

ax2+bx+c=(mx+n)1/px+q

ax2+bx+c=(mx+n)\/px2+qx+r

ax® +bx% +cx+d =(mx+n)\/ax3+qx2+rx+s

Dé giai cac phuong trinh dang nay ta thuong dat / f (x) =t sau d6 dua phuong trinh vé dang:
at? —(mx+n)t+g(x)=0(*) . Vin dé & day 1a ta phai chon a nhu thé nao dé phwong trinh (*)
c6 A chin

(x+h(x)?

) (Diéu kién can 14 “hé sé cua x2 trong A phai
2x+h(x)“....

Tacla A= (mx+n)?—4a.g(X) =

la s chinh phuong”) q
Phuong phap giai dugc thé hién qua cac vi du sau .

13



Vidu 1) Giai phuong trinh : X? +(3—\/X2 + Z)X =14+ 2%x* +2

Giai:

Pit: t=vx?>+2 ,tacé phuong trinh méi 1a: x% — (x+2)t+3x-1=0.

Ta can 1am xuét hién t2 trong phuong trinh ndy.

Taco

PT < at? +(x+2)t+x2 +3x—1—a(x2+2) =0 < at? +(x+2)t+(1—a)x2 +3x-1-2a =0

A=(X+ 2)2 -4a [(1—a)x2 +3x—1—2a} = (40:2 —4a +1)x2 +X(4-12a) +4a(l+2a) +4
Ta quan tim dén phan hé sé cua x? 14 (4a2 —4a +1). Nhan thay khi ¢ =1 thi

A=x?-8x+16 = (x—4)?

L (Phan con lai qua don

Tir 6 phuong trinh ¢6 dang: t? —(2+ X)t -3+3x=0< {

gian)
Vi du 2) Giai phuong trinh : (X+1)\/ X?—2x+3=x"+1
Giai:

Pit: t=vx?—2x+3, t>+/2  Khidé phuong trinh tro thnh :
(x+Dt=x"+1< x> +1-(x+1)t=0

Bay gio ta thém bot , dé dugce phuong trinh bac 2 theo t cd A chin

t=2

xz—2x+3—(x+1)t+2(x—1)=0<:>t2—(x+1)t+2(x—1)=0<:>L_x .

* Tu mdt phuong trinh don gidn : - X - + X — X —2++/1+x) =0, khai trién ra ta
inh VI-x =21+ x)(V1-x-2+1 0, khai tri

s€ dugc pt sau

Vi du 3) Giai phuong trinh sau : X +1-1=3x+ 21— X +V1-x?
Giai:

Nhan xét : dat t =+1— X, PT: 41+ X =3+ 2t +t/1+ x +1 (1)
< 33X+ (\/m+ 2)t —4/1+x+1=0Tasé tao ra phuong trinh:

at? + (W1+ X+ 2)t+3x— 41+ x —a(1-x)+1=0

Sat? + 1+ x+2t+B+a)x—41+x —a +1=0
A=X+l+4+4\/m-4a[(3+a)x—4\/m-a +1}

=(—4a2 ~12a +1)x+ (16a + 4)VX+1+5+4a? 4

2
Khi o =-1thi A=9(x+1)-12J/x+1+4= [3«/x +1—2] (TMDK)
Vay phuong trinh trg thanh: —t* + (V1+ X + 2)t + 2Xx—4J1+x+2=0
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t
Taco:
t

:—M—Z—fm‘z):zm

_ —\/x+1—2+§3\/x+1—2) _ Jxal-1

Viéc con lai 1a hoan toan don gian.

Vi du 4) Giai phuong trinh: 242X+ 4 + 44/2 — x =+/9x? +16

Gidi .

Binh phuong 2 vé phuong trinh: 4(2X + 4) +16, /2(4— XZ) +16(2 — X) =9x* +16

Tadit:t= 2(4—x2) >0. Ta duoc: 9x% —16t—32+8x=0

Ta phai tach 9x* = a2(4 —~ x2)+ (9+2a)x* —8ar lamsao cho A, ¢6 dang chinh phuong .
Cu thé phuong phap nhu sau:

Gia st phuong trinh c6 dang

mt* —16t —m(8—2x*) + 9x* +8x—32=0 < mt* —16t + (9+2m)x* —8m+8x-32=0

= A'=64-m((9+2m)x* —8m+8x —32) & A'=-m((9+2m)x* —8mx +8m?* +32m

Ta can chon m sao cho A c0 thé dua vé dang | f (X)]2 tr d6 ta suy ra

{—m(9+2m) >0

— m=—4 la mot gia tri thoa man diéu kién
-m(9+2m) =1,4;9;16.........

Ta c6 phuong trinh moi 1a —4t* =16t + x* +8x =0 <> 4t* +16t —x* -8x =0

4. Pit nhiéu 4n phu dwa vé tich
» Xuat phat tir mot s0 hé “dai so ““ dep chung ta c6 thé tao ra dugc nhirng phuong trinh vo ti
ma khi giai n6 chung ta lai dat nhiéu an phu va tim moi quan h¢ gitra cac an phu dé dua vé hé

Xuét phat tir déng thire (a+b+c¢)’ =a® +b*+¢* +3(a+b)(b+c)(c+a), Taco
a’+b’+c®=(a+b+c)’ < (a+b)(a+c)(b+c)=0

Tir nhan xét ndy ta c6 thé tao ra nhitng phuwong trinh v ti c6 chira cin bac ba .
YTx+1-Yx? —x -8+ Yx2 —8x+1=2
Y3x+1+35-x+Y2x-9-Y4x-3=0

Vidu 1) Giai phuong trinh 1 X =2 — X/3— X +4/3—=XA/5— X +/5—X/2— X
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Uu=+2-X 2—U?=UvV+VW+Wu (U+v)(u+w)=2

Gidi: V=+3-X , taco:<3-v:=uv+wW+wWu << (u+V)(v+w)=3, giai hé ta duoc:

w=+/5—X 5—w? =uv+Vw+Wwu (v+w)(u+w)=5
J30 239
U=s—— & X=—
60 120

Vi du 2) Giai phuong trinh sau i v2X2 =1 +~/X2 —3X — 2 =+/2X2 + 2X + 3+ VX? — X + 2

a=+v2x*-1
_ b=+x*-3x-2 , a+b=c+d
Gidgi . Ta dat : , khidotaco: < . 2<:>X=—2
C=v2x*+2x+3 a"-b"=c"~d
d=vx*—x+2
Vi du 3) Giai phuong trinh: 37x+1-3/x* —x—8 +¥/x2 —8x—1=2
Giai: TXD: R.Pat a=37x+1,b=—-3x?*-x-8,c=3x*-8x—1. Khi do:

{aS +b®+c%=8(1)

a+b+c=2(2)
Mat khac ta co hing déng thirc (a+b+c)3 =a’+b’+c*+3(a+b)(b+c)(c+a) (3)
a=-b
Thay (1),(2) vao (3) ta dugc: (a+b)(b+c)(c+a)=0<|b=—c
c=-a
M=3/><2—7><—8 7x+1=x*-x-8 x*—8x-9=0 =1
Vay Yt —x—8=3x2-8x-1| X} —x-8=x*—8x-1e| Tx=7 = iii

Yx? _8x—1=—Y7x+1 X*—8x-1=-7x-1 X —x=0 <=0
Thay cac gia tri —1,0,1,9 vao phuong trinh d4 cho thiy thoa man. Vay pt c6 4 nghiém —1,0,1,9.
Vidu4) Giai phuong trinh sau: J/x* +3x+ 2 (\3/x+1—\3/x + 2) =1
Giai: TXD: R . Phuong trinh viét lai: (x+1)+(x—2)+3x* +3x+ 2(\3/x+1—\3/x+ 2) =0(*)
bit a=3x+1,b=-3x+2, thay vao (*) ta dugc:

a=b

a3+b3—ab(a+b)=0®(a+b)(a—b)2=0©L{_ 1
va Yx+1=-3x+2 {x+1:—x—2 L3
ay = & xX=-=
Ix+1=3Yx+2 Ox =1(VN) 2

16



Thay x= —% vao pt d4 cho thay thoa man.Vay x = —% la nghiém duy nhat cua pt.

5. Pit in phu dwa vé hé:
5.1 bat an phu duwa vé hé¢ thong thuwdng

» Pat u=a(x),v=p4(x) vatimmbiquanhé gitta az(x) va S(x) tirdé tim duoc hé theo

uv

Vi du 1) Giai phuong trinh: X325 — x° (X +325-x3 ) =30

Pat y=335-x> = x3+y3=35

xy(x+y) =230
x3+y3=35
(%y) =(2;3) =(3;2) . Ttrc 1a nghiém cua phuong trinh la x e {2;3}

Vi du 2) Giai phuong trinh: \/\/E “1-x+¥x= %

Khi d6 phuong trinh chuyén vé hé phuong trinh sau: {

Pidu kign: 0< x <2 -1

Dit {“\/ElX_U:OSUS\/\/El,Osvs\“/\/El

x=v
1 u—i \Y;
. U+V:4— Q/E
Ta dua vé hé phuong trinh sau: {2 = . ’
2, 4 4
uZ+vt=42-1 — v | +vt=42-1
ol

2
Giai phuong trinh thtr 2: (V2 +1)> —| v+—— | =0, trdé timra v rdi thay vao tim nghi¢m
p g a5

cua phuong trinh.

Vi du 3) Giai phuong trinh sau: X++4/5+/X-1=6

biéu kién: x>1

Pit a=+/X—-1,b=+/5++x-1(a>0,b>0) thitadua vé hé phurong trinh sau:

2
b=5
TP a+b)a—b+1)=0=a-b+1=0=a=b-1
b’-a=5

Vay VX —1+1=+/5+/x—-1 <:>\/x—1=5—x:>x=¥

6 —-2x N 6+2x _8
V5-x B5+x 3

Vi du 4) Giai phuong trinh:

, giai hé nay ta tim duoc
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Giai
biéu kién: -5< x<5

Pit u=+5-x,v= \/7(0<uv<\/—)

u®+v2 =10 (U+v)* =10+ 2uv

Khi d6 ta dugc hé phuong trinh: ¢ 4 4 g8 & 2 4
———+2Uu+2z)== u+v)|1-— |=—=
u v 3 uv,) 3
] L4 1 5
Vi du 5) Giai phuong trinh: —+ [ X—— =X+,/2Xx—— (1)
X X X
1 5
Gidi: PK: x#0;x——2>0;2x——2>0
X X

Giai hé diéu kién trén ta duoc: X > \/g hoac -1<x<0 (2).

Phuong trinh (1) twong duong: \/X—— —\/ZX—— = X—ﬂ

bat u= /x——v—,/Zx—— véi u>0;v>0. Ta duge: u—v= x—— (€))

Laicod V2 —u —[2X——j—(X—£j X—— (4)
X X

Tu (3) va (4) suy ra: v> —u? =u—v<:>(u—v)(u +V+1)=0.Viu+v+1>0 nén u-v=0

X=2

Tu (3) suy ra x—£:0c>x2=4®{
X X=-2

Thir lai thdy nghiém x = —2 khong thoa min diéu kién (2), nghiém x = 2 théa min phuong trinh.

Vi du 6) Giai phuwong trinh: 324+ x ++/12-x =6
Giai: Didu kién: x <12
Pit u=324+x;v=+y12—x = u<336,v>0,taco hé phuong trinh:

u+v==6 Vv=6-uU v=6-uU
= =
u®+v> =36 u3+(6—u)2=36 u(u2+u—12)=0(*)
Phuong trinh (*) ¢6 3 nghiém u =0;u =—-4;u=3 théa mén u < 336.
Tur day ta tim dugc: X =—-24;x=-88;x=3
Vay phuong trinh da cho ¢d 3 nghiém x =-24;x =-88;x =3.

Vi du 7) Giai phuong trinh: 4/x + 417 -x =3
Giai: DPK: 0<x<2.Pat a=4x;b=417-x;a,b>0. Tacé hé:
a+bh=3 a+b=3 a+b=3 a+b=3
= 2 =
a'+b* =17 || (a+b)’ ~2ab | - a’h? —18ab+32=0

ab=2vab=16
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la+b=3 a=1 [a=2 x=1
*Vo1 = vV =
ab=2 b=2 |b=1 X =16

a+b=3
* V61 = h¢ vo nghiém.
ab=16

Vay phuong trinh da cho ¢d 2 nghiém x=1;x =16.

Nhdn xét: Khi gap phuong trinh ¢6 dang: F \/a+ f \/b— f =c (1). Taco thé dat

f(u,v)=c
u=3fa+f(x),v=gb—(x), licdo ta co hé phuong trinh: { n(U Vm)

u"+v'=a+b

Giai hé nay ta tim dugc u,v. Tur day ta tim dugc x.
Cha y: Khi tim dugc u,v dé tim x ta chi can giai 1 trong 2 phuong trinh:

va+ f(x)=u hodc gb- f(x) =

5.2 Xay dung phuong trinh vO ti tir h¢ d6i xirng loai II
> Ta hly di tim nguon gdc ciia nhitng bai toan giai phurong trinh bang cach dua vé hé ddi ximg
loai II

) (x+1)2=y+2 O .
» Ta xét mot hé phuong trinh d6i xting loai II sau : , viéc giai h¢ nay
(y+1) =x+2 (2

thi don gian
Bay gioi ta s& bién hé thanh phuong trinh bang cach dat y = f (X)
sao cho (2) luén ding, Yy = Jx+2 —1, khi d6 ta c6 phuong trinh :
(x+1)2 =(WX+2-D+1e x2+2x=/x+2
Viy dé giai phuong trinh : X* + 2X = m ta dat lai nhu trén va dua vé hé

: q (ax+p) =ay+b
Béang cach tuong tu xét h¢ tong quat dang bac 2 : , , ta s€ xay dung duoc
(ay+pB) =ax+b

phuong trinh
< a
dang sau : dat oy + f =~/ax+b , khi d6 ta c6 phuong trinh : (ax+ﬂ)2 =—+ax+b +b—£

(04 (04

a
Tuong tu cho bac cao hon : (ax+ﬂ)n =—{ax+Db +b—£
o o

T6m lai phuong trinh thudng cho dudi dang khai trién ta phai viét vé dang
(ax+pB) =p¥a'x+b'+y vditay+p="Yax+b déduavéhe,chay vé dducia o 27?2

Viéc chon o} 8 thong thuong ching ta chi can viét dudi dang :(aX + ﬂ)n =pya'x+b'+y la
chon duoc.
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Vi du 1) Giai phuong trinh: X* —2x = 24/2x -1
S g en 1
bicu kién: X > E
Ta c6 phuong trinh duoc viét lai 1a: (x—1)? —1=2y/2x -1
X2 —2x=2(y-1)

y2 -2y =2(x-1)
Trur hai vé ciia phuong trinh ta duoc (X —y)(X+Yy) =0

Pt y—1=+/2x—1 thi ta dua vé hé sau: {

Giai ra ta tim dugc nghiém cua phuong trinh 1a: X =2+ J2
Vi du 2) Giai phuong trinh: 2x* —6x —1=+/4x+5
Giai
A e S
bicu kién X > _Z

Ta bién ddi phuong trinh nhu sau: 4x2 —12x—2 = 2J4x+5 < (2x—3)%? = 2/4x+5 +11
bat 2y —3=+/4Xx+5 ta dugc hé phuong trinh
(2x—3)* =4y +5
sau:
(2y-3)* =4x+5
Voi Xx=y = 2x-3=+/4x+5= x=2++/3
Voi x+y-1=0= y:1—x—>x:1—\/§
Két luan: Nghiém ctia phuong trinh [a {1— J2:1+ \/§}
Vi du 3) Giai phuwong trinh: 8x* —4x —1=3/6x+1
Giai:
Ta c6 phuong trinh & (2x)’ —4x-1=32x+4x+1
biat u=2x;v=32x+4x+1, tacd hé phuong trinh:
uw-4x-1=v |u*-v’=v-u [u=v ,
= S5, < 8x°—6x=1(1)
vV —4x-1=u |[u’-4x-1=v |8u’—-4x-1=u
(*) Néu [x|>1=VT (1) = 2|x|(4x* =3) > 2=> (1) V0 nghi¢m.
(*) Néu |x| <1, dat x=cost,t €[0;7], ta co (1) tré thanh:

= (X-y)(x+y-1)=0

2 3 9 9 9
r

Vay phuong trinh da cho ¢d 3 nghiém: x = cos%; X= cos%[; X= cos?

Vi du 4) Giai phwong trinh: 7x* -13x+8= 2x243/x(1+ 3x—3x2)

Giai:
Ta thiy x=0 khong 1 nghiém cta phwong trinh.

20



Chia 2 vé phuong trinh cho x® ta duogc: Z—2+% = 2,3/iz+§—3
X X X X X

Dmt::l,mcé:&3—1a2+7t=2$ﬁ+3t—3cz(m—if—(ﬁ—4—1):2#Qt—n+¢2—t—1

X
Datu:=2t—Lv::$2(me4)+t2—t—1tacéhephuongtﬂnm
ul—t?+t+1=2v
Vi-t?+t+1=2u

Sul-v¥i=2v-2u

c>(u—v)(u2 INTVERYE +2)=0
Su=ve2t-1=3Jt*+3t-3 =8> -13t° +3t+2=0

t=1 t=1

< (t-1)(8t* -5t-2)=0 < =
16
Thir lai ta thiy ba nghiém thoa man phuong trinh. Vay phuong trinh ¢6 3 nghiém.

Vi du 5) Gii phwong trinh: 8x* —13x+7 = (1+£) Q/(x +1)(2x-1)+x* —x-1
X

Giai:

PT < 8x°—13x* + 7x = (x+1)3/3x* -2
<:>(2x—1)3—(x2—x—l):(x+1)§/(x+1)(2x—1)+x2—x—l
Dit u=2x-1v=1/3x* -2 taco hé phuong trinh:

{us —(x2 —x—l):(x+1)v

) (g I o

U=V 2x—1=v3x* -2 < 8x*-15x* +6x+1=0
x=1

2 —
c>(x—1)(8x —7x—1)_0© x:—%

2
(*)u2+uv+v2+x+1=0c>(v+%j +%(2x—1)2+x+1=0
u)’ u)’
@4(V+Ej +12x2—8x+7:0©4(v+§J +4x2+2(2x—1)2+5=0 vO nghiém.

Vay phuong trinh da cho ¢6 hai nghiém: x=1,x = —%

Vi du 6) Giai phuong trinh: x* —3/6+3/x+6 =6
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Ix+6=z {23—x=6
=

Yz+6=y |y -2=6

Giai: bat {
Mat khac v6i cac phép dat an phy trén, tir pt trong déu bai, taco x*—y-6=0.
x°*=y+6(1)
Nhu vay ta dugc hé pt (I): {1 y° =2+6(2)
z° = x+6(3)
Nhin thay hé trén khong thay di khi hoan vi vong quanh d6i v6i x,y,z nén khong mat tinh
tong quat, ta c6 thé gia thiét x =max (X, y,z) (x la sb 1én nhat trong 3 s6 X,y,z hay
X>Y,X>12)
Néu x>y, tr(l)va (2 suyra y+6=x>>y’=z+6=y>z
Khi d6 tir (2), (3) suy ra y+6=x* > y* = x+6 =z > x. Mau thuin vdi gia thiét x>z & trén. Do
do phaicod x=y.
Véi x=y,te(l)va(2)suyra y=z
Vay X=y=12
Phuong trinh (1) tré thanh: x*—x—6=0 hay (x—2)(x*+2x+3)=0 (4)
Vi x? +2x+3=(x+1)2 +2>0 nén PT (4) c6 nghiém duy nhat x =2.
Vi du 7) Giai phuong trinh sau: 3/81x —8 = x* — 2x? +%x— 2
Phuong trinh : < 273/81x —8 = 27x% —54x* + 36X —54 < 273/81x -8 = (3X — 2)3 -46

3
5 . 3x—-2) -27(3y-2)-46=0
Ta dat : 3y—2=</81x-8. Tir d6 dua vé hé doi xtirng bac 3. ( )3 3y=2)
(3y-2)” =81x-8
(3x-2)>=81y-8 o |
Hay 2 Dén day viée giai h¢ hoan toan don gian
(3y-2)” =81x-8

“Dang tdng quat ciia bai toan nay la:[ f (x)]" +b =ay/af (x) —b . Dé giai phuong trinh nay ta

t"+b=ay

dat t = f(x); y=yaf(x)—b Ta co hé phwong trinh sau: { X Piy 1a hé doi xirng loai
y"+b=at

(11). Trir hai phwong trinh ciia hé cho nhau ta sé tim dwoe méi lién hé t,y.
Chu y rang ta co the thay a, b bang cac biéu thirc chira x cach giai bai toan van khong thay
doi.”

% Dang hé gan doi xirng
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(2x—3)> =2y +x+1

(2y —3)% =3x+1
chiing ta van gidi hé dugc , va tir hé nay chiing ta xay dung dugc bai todn phuong trinh sau
Vi du 1) Giai phuong trinh: 4x? +5-13x++/3x+1=0

Ta xét hé sau : { (1) day khong phai 1a hé d6i xtng loai 2 nhung

2
. 1
Nhan xét : Néu chiing ta nhdm nhu nhirng phuong trinh trude :(ZX —Zgj =/3x+1 —37;3

bat 2 B =+/3Xx+1 thi chlng ta khéng thu dugc hé phuong trinh ma chiing ta cé thé giai
y 4 P g g

duoc.
Dé thu dugc hé (1) tadat: ay+ B =+/3x+1 , chon a, B sao cho hé chung ta co thé giai
duogc , (doi xteng hodc gan doi xirng )
. (ay+pB) =3x+1 a’y? + 208y -3x+ B> -1=0 (1)
Tacohé: =
4x? -13x+5=—qy—fB  |4X*-13x+ay+5+ =0 2)

Dé giai hé trén thi ta lay (1) nhan véi k cong véi (2): va mong muédn cta chiing ta 1a ¢6 nghiém
X=Y

*)

2 2
Nén ta phai co : & = 20p=3_F 1, chon dugc ngay o = -2; =3
4 a-13 5+p

Ta co 101 giai nhu sau :

Diéu kién: xz-%,f)at 3x+1=—(2y-3), (ysg)

] . (2x—3)* =2y +x+1
Ta c6 hé phuong trinh sau: = (Xx-Yy)(2x+2y-5)=0
(2y —3)% =3x+1

Véix=y:x=ﬂ

V6i 2x+2y—5=0:x=%

15—J9_7_11+\/7_3}
8 )

Két luan: tap nghiém ciia phuong trinh Ia: { 3

Vi du 2) Giai phuong trinh: %\/4x +1-9x° + 26x+3?7 =0(1)
1 ea 1
bicu kién x > 2

(1)< %\/4x+1 = (3x—4)2 —2X—%. bat 3y—-4=+4x+1,y 2%. Khi d6 hé phuong trinh thanh:
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{(3x4)2 _2x+2y+1©{(3y4)2 Axal

(3y-4) =4x+1

(3y-4)" = 4x+1 (X—y)(9x+9y—22)=0© x=y
y=% = 9x+9y—22=0
X=y
- 14+/61
— X:y X =
- X=y Jai 9
X= +
d . 9x* —28x+15=0 x=14% 12++/53
(3x—-4) =4x+1 99 9 X~
= = _ _ = = =
{9x+9y—22=0 y==%*7 y=—x+% y_10—\@
] _
I (3y-4) =4x+1 9X2_24X+%:0 12+ 53 9
i 9 X=—"3 12-+/53
L X=
9
10++/53
y:
i 9
! L la+y6l
Do 4 nén phuong trinh da cho ¢6 2 nghiém 9
J4 12-+/53
y> o
3 9

Vi du 3) Giai phuong trinh: ~ 3/3x -5 =8x> —36x> +53x — 25
Giai: TXD: R . Phuong trinh viét lai: ¥/3x—5=(2x-3)" ~x+2 (1)
3
Pit 2y—3=3x—5. Két hop (1) ta 6 hé: (2y=3) =3x-5Q)
(2x-3)" = x+2y-5(3)
Lay (3) trur (2) theo vé ta duoc:
2(x—y)[(2x—3)2+(2x—3)(2y—3)+(2y—3)2}=2(y—x)
X—y=0(4)
g 2 2
l:(ZX—3) +(2x-3)(2y-3)+(2y-3)" +1=0(5)
*Taco (4) < y = x thay vao (2) ta duoc:
(2x-3)" =3x—5 < 8x* —36x* + 54x— 27 =3x -5
X=2
& (x-2)(8x* —20x+11) =0 < L _5%\3
4
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2
* Do A2+AB+BZ:(A+2j +

5+4/3
.
Vi du 4) Giai phuwong trinh: ¥/3x+4 = x* +3x* + X -2
Phuong trinh da cho tuong duong v6i /3x+4 +2x +3=(x+1)°

Phuong trinh ¢ 3 nghiém x=2;x=

(x+@3=2x+y+4

(y+1) =3x+4
Tru hai phuwong trinh cta hé, vé theo vé ta duoc:

(=9 (=2 + (x=2)(y=2)+(y-1)" | =y

bat y+1=33x+4 . Tacé hé phuong trinh {

S X=Y

X-y=0
= (x=1)" +(x=1)(y-1)+(y-1)" =0
Suyra x+1=¥3x+4 o (x+1) =3x+4 = X +3¢ =4 = (x-1)(x+2) =0 x=1v x=-2

Thir lai thdy thoa méan.
Vay phuong trinh da cho cd hai nghiém phan biét 1a x=1 va x=-2.

IIL. PHUONG PHAP PANH GIA
1. Dung hang dang thirc :
» Tir nhitng danh gia binh phuong : A* + B? >0, ta xay dung phuong trinh dang A” + B* =0

Tu phuong trinh (\/SX -1- ZX)2 + (\/9 —5X — 2)2 ++/X—1=0 takhai trién ra co phuong
trinh :

42 +12+x—1=4 (x\/5x 1+/9- 5x)

2. DUng bt ding thirc

. L C Azm , .
» Mot s6 phuong trinh dugc tao ra tir dau bang cta bat dang thuec: {B < neéu dau bang & (1)
=m

va (2) cung dat duoc tai X, thi X, la nghi¢m cua phuong trinh A=B

Taco : V1+ X ++/1-X <2 Dau bang khi va chikhi x=0 va vx+1+ > 2, dau bang
N, N, \/_
khi va chi khi x=0. Vay ta c6 phuong trinh: ~/1— 2008X +~/1+ 2008x = 1 ex
Vx+1
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. , . Az f(x)
D61 khi mot so phuong trinh dugce tao ra tur y tuong : khi do :
B< f(x)
A=f(x
A=B< ( )
B=f(x)

*) Néu ta doan truéc duoc nghiém thi viéc dung bt ding thirc d& dang hon, nhung co
nhiéu bai nghiém 1a vo ti viéc doan nghiém khong duoc, ta van dung bat dang thiace dé
danh gia duogc

Vidu 1) Giai phuong tr‘lnh:£+\/; =vX+9

VX+1
Giai: Pk x>0
2 2
22 2 1 Jx
Tacéh: +\/; s[ 2\/5 +x+1} + =X+9
(\/x+1 ) ( ) x+1 (+Vx+1
Diu bing < 2\/5 1 X= L

= L —_
Ix+1 Jx+1 7

Vi du 2) Giai phuong trinh : 13\/X2 —x* + 9\/X2 +x* =16
Giai: bk: -1<x<1

14 9 2
Bién ddi pt ta co : X° (13\/1— x> + 9\/l+ X ) =256

Ap dung bat dang thirc Bunhiacopxki:

(VIBAI3A1- X 4334331+ X )2 <(13+27)(13-13x* +3+3x*) = 40(16 - 10x?)

2
Ap dung bt déng thirc Cosi: 10x> (16 —1OX2) < (%j =64

2
/ 2 = —
V1-x2 = 1;)( =

2
2 = — 2 X=———
10x 16 -10x \/g

Diu bing <

Vidu 3) giai phuong trinh: x* —3x* —8x+40-8Y4x+4=0

Puong trinh d& cho c6 dang: x® —3x? —8x + 40 = 8%/4x + 4

Taco: 8Y4x+4 =44/(x+1).4.4.4 <x+1+4+4+4=x+13 theo BDT Cosi
Va x> —3x* —8x+40-x-13= x> —-3x* —=9x+ 27 = (x—3)*(x+3) >0 nén VT >VP
Déu bang xay ra khi x = 3. Thir lai x=3 TMPK




Vay x=3 1a nghiém cua phuong trinh da cho.
Vi du 4) Giai phuong trinh: V3X% 144X =X — Xy X2 +1 = L(7x2 — X+ 4) *)

242

Giai: PK: x>21v x< —i
J3

Ap dung BDT Bunhiacopski cho hai bo sb (1;1;—x) va (\/3X2 —1;\/x2 —x;\/x2 +1) ta co:

VT (%) < \/(xz + 2)(5x2 - x) . DAu “=” xay ra khi x = -1

Do levxﬁ—i nén 5x% - x>0
NE
Ap dung BPT Cési ta co:
VP(*) =%[5x2 —x+2(x? +1)} 2%.2\/(5% ~x)2(x+2) = \/(5x2 ~x)(x2+2)

__9

Déu xay ra khi x=-1 va ng

Tur d6 ta c6 nghiém ctia PT(*) 1a: x=-1
Vi du 5) Giai phuong trinh:

V13x2 —6x+10 + ., [5x2 —13x+% +\17%% — 48X + 36 = %(36x—8x2 - 21)

Giai: Ta co:

52 3)?
VT:\/(3x+1)2+(2x—3)2+ (ZX—EJ +(x—§j +4/X2 +(4x— 6 > [3x+1]+ 2x——+|x|
=VT > 3x+1+2x—E+x = 6x—E 26x—§
2 2 2
Déu “=” xdy ra khi ng
. , 1 2 1 1 3
Mit khac: VP=5[12X—3—2(4X —12x+9)}:5[12x—3—2(2x—3)} S(12x-3)=6x->

% , . 3
Dau “=" xay ra khi x= r

Tur d6 ta c6 nghiém ctia phuong trinh (2) 1a: x = %

Vidu6)Giéiphu0ngtrinh:,/5\/_;7 4x=32-1

Diéu kién: x > —1. Phuong trinh ¢ dang: ,/5\/5 4]—_7 +4(x+1)=3v2+3
X+
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Theo BDT Cauchy ta c6

\/5\/§+7+\/5\/§+7+4(x+1)2’3>-§/\/5\/§+7\/5\/7Jr7 A(x+1) = 3\/ 2+7 = 3,3/ \/_+1

4(x+1) 4(x+1) 4(x+1) \ 4(x+1)

=3(\/§+1)

52 +7 —3+4/2
S X=

4(x+1) 4

3. Xay dung bai toan tir tinh chét cwe tri hinh hec

Déu bang xdy ra khi 4(x+1) =

3.1 Dung toa d cia véc to
% Trong mit phing toa d6 Oxy, Cho céc véc to: U = (X1; yl), V= (Xz; y2) khi do ta c6

v ‘G+\7‘s‘ﬁ‘+‘\7‘<:>\/(x1+x2)2 (% +Y,) s\/foryl2 +\/x§+y‘:22

Déu biing xéiy ra khi va chi khi hai véc to U, V cling huéng <> -t =L =k >0, chd y ti sb
X Y

phai duong

v ouv= ‘G‘M.cow < ‘ﬁHQ‘ , d4u bing x4y ra khi va chi khi cosa =1<>u TTv

3.2 Sir dung tinh chét dic biét vé tam giac

v Néu tam giac ABC 14 tam gidc déu , thi véi moi diém M trén mat phang tam glac ta
luén c6 MA+ MB + MC > OA+0OB +OC véi O 1a tm ctia dudng trdn .Dau bang x4y ra khi
vachikhi M =0. ‘ "

v Cho tam giac ABC c6 ba goc nhon va diém M tuy y trong mat mat phang Thi
MA+MB+MC nhé nhét khi diém M nhin cac canh AB,BC,AC duéi cling mot goc 120°

Bai tap

1) 2x? —2x+1+\/2x — x+1+\/2x + \/_+1)x+1 3

2) ‘\/x —4x+5—\/x —10x+50‘=

IV. PHUONG PHAP HAM SO ,

Xay dung phwong trinh v ti dwa theo ham don di€u nhw the ndo?
> Dya vao két qua : “ Néu y= f(t) la ham don di¢u thi f(x)=f(t)< x=t" taco the
xay dung dugc nhirng phuong trinh vo ti

Xuét phat tir ham don diéu : y = f (X) =2x>+x*+1 moi x>0 taxay dung phuong trinh :

f (X) =f <\/3X—1) S22+ X +1= 2<\/3X—1)3 +,/(8x=1)*+1, RGt gon ta duoc phuong
trinh

2X° + X2 =3x+1=2(3x-1)v/3x -1
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Tir phuong trinh  (x+1) = f (3x—1) thi bai toan s¢ kho hon
2x° +7x% +5x+4=2(3x-1),/(3x-1)

* P¢ giai hai bai toan trén ching ta cd thé lam nhu sau :

2X3 +7X* +5x+4=2y°
bat y=+/3x—1 khidd taco hé:{S e y cong hai phuong trinh ta dugc:
X-1=y

2(x+1)3+(x+1)2:2y3+y2

Vidu 1) Giai phuong trinh : (2X+1)(2+\/M)+3X(2+M)=0
Giai:

PT<:>(2X+1)(2+ (2x+1)" + ):(_3x)(z+./(_3x)2 +3)@ f(2x+1)= f (=3x)

2
, la ham dong bién trén R,

Xét ham sb f(t)=t(2+\/t2 +3) tacd fi(t)=2+t*+2+

t?+2
1 ) ,
Taco f(2x+1)=f(-3x)< x= ~¢ thirlai ta thay théa mén dicu kién.

Vi du 2) Giai phuwong trinh: X* —4x* —=5x+6 =3/7x* + 9x — 4
Giai .
X® —4x* —5x+6=
Pat y=7x*+9x—4  tacohé: y:>y3+y=(x+1)3+(x+1)
7X°+9x-4=y°
Xéthamsé: f(t)=t>+t,taco f'(t)=3t"+1 la ham don diéu tang.
X=5
Tir phuong trinh f(y) = f[(x+1)] < y=x+lo (x+1)=¥7x*+x-4 < 1445

X =
2

Vi du 3) Giai phwong trinh : 3/6x+1 =8x> —4x -1

Giai:

Phuong trinh tuong duong véi 6x +1+ 3/6x +1 =(2x)3 +2X o f (M) = f(2x)

Xét f(t) =t>+t d& thay ham sb f(t) dong bién

— 2x = 36x+1 < 8x3 —6x—1=0 < 2x(4x> =3) =VT

Néu |x| >1=>VT > 2;. Suy ra moi nghiém phuong trinh déu thudc [-11] dat x= cost t €[0; 7]
T o n

Phuong trinh tro thanh cos3t = 1 cos~ < t=—it,=—t,=
2 3 9 9 9

Vay phuong trinh cé 3 nghiém

Vi du 4) Giai phuong trinh: 3(x-1)% - 2¥/x—1—(x-5)vx -8 —=3x+31=0

Giai: Diéu kién x>8
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Phuong trinh d& cho c6 dang

-1+ Y(x-1)? —2¥x—1= (\/x——8+1)3+(\/x——8+1)2—2(\/x——8+1)

Xét hamsd f(t) =t3+t2 -2t = f'(t) =3t> + 2t —2 > OVt €[L; +0) nén f{t) ddng bién
Phuong trinh ¢6 dang: f (3/x-1)= f (Vx-8+1) < Ix-1=/x-8+1<
\/l137—7=u—1<:>u=2:>x=9 Véi (u=§/ﬁ2§/7)

Vi du 5) Giai phuong trinh: %Iogz(x+2)+x+3zlog2 2x+1 (1 —J + 24X +2
X

€ (-2;+)

] 1
Giai: bK: S Xel| =2:—=|u(0;+
- XE(—OO;—%jU(OH-OO) e( 2} (0;+0)

2
Khi d6 pt viét lai 1&: log, VX+2 —2v/x+2 +x+2= |ogz(2+3J—2(2+3)+(2+3j
X X X

Xét ham sb f( )=log,t—2t+t* vt>0. Taco:

f(t)= +2t—2>2/—2t 2= 2/——2>o

Vay ham s6 f (t) dong bién trén khodng (0;+), do dé:

() f(Vx+2)=1 (2+; o x+2 =2+§ )

V6i diéu kién x e [—2; —%j U(0;+0) , binh phuong hai vé phuong trinh (2) ta duoc:
x=-1
x+2—4+£+i©x3—2x2—4x—1<:> J13
PRV o 3i2 13

Két hop vai diéu kién, ta thiy PT d4 cho c6 hai nghiém x=-1 va x=

3+\/173
2

Vi du 6) Giai phuong trinh: (x+5)v/x+1+1=3/3x+4
Diéu kién x>-1.

Phuong trinh dé cho tuong duong véi: (X +1)vVx+1+4yx+1+1= ,3/3(\/x+1)2 +1
u’+4u+1=y(Q
Pit u=+X+1>0& Yy =3u’+1, taco hé: { Yo

3u*+1=y°(2)
Cong (1) va (2) theo vé ta duge: Y2 +y =(u+1) +(u+1)(*
Xét ham s f(t) =t>+t d& thay f1a ham dong bién trén R, do d6 tir (*) suyra y=u+1,
tir d6 thay vao (1) ta duge: U +4u+1=u+1< u(u’+3)=0<u=0 suy rax=-1.
Thir lai thiy x=-1 thoa man phuong trinh. Vay x=-1 la nghiém duy nhat.



Vi du 7) Gidi phwong trinh: (/(x+2)(2x-1) —3Vx+6 =4— /(X +6)(2x 1) +3x+2

Giai: BK: x 2%

Phuong trinh <:>(\/x+2+\/x+6)(\/2x—1—3):4 ™

Tathiy ham s6 y =v/Xx+2 ++/X+6 >0 va ddng bién con ham y =+/2x—1-3 ciing la ham ddng
bién, tuy nhi,én h,élm nay con nhan gi4 tri &m nén ta chua két luan VT(*) 1a mot ham dong bién.
Nhung ta thay néu

V2x-1-3<0= (*) v0 nghiém. Do do ta xét hai truong hop sau:

* Néu v/2x-1-3<0< x<5=VT (*) <0< 4= (*) vd nghiém.

* Néu x > 5, ta xét ham s f(x):(\/x+2+x/x+6)(\/2x—1—3) co:

f'(x)z[ L ! j(M—3)+M+ **0 .0

+
2Ux+2  2Jx+6 J2x-1
(do x>5,). Nén f(x) 1a ham dong bién trén (5;+o0) va f(7)=4= (*) ¢6 nghi¢m duy nhét
X=1. i i )
Phuong phap nay ciing c6 thé sir dung dé giai bat phuong trinh.

e 5
Vi du 8) Giai bat phuong trinh: 3v3—2X + —-2x<6
#3) Sl bat phuone Npye]

Giai: bK: E< XSE
2 2

5 . 13
Taco ham f (x)=3v3-2x + —2x la ham lién tuc trén D =(—;—} va
( ) V2x -1 2 2
-3 5 ) iy ) .
f (X) = — 7 <0= {(x) la ham dong bién trén D, dong thoi f{1)=6
VX -2 ( 2x—1)

Do d6 BPT< f (x)< f (1) < x21. Két hop v6i DK ta c6 nghiém ciia BPT:1< XS%

Vi du 9) Giai BPT: /2X° +3%° +6x+16 < 243 +/4— X
3 2 >
Giai: DK 2% T HOx+1020 5 4
4-x>0
Khi d6 BPT: <> V2 +3x% +6x+16 —/4-x <243 < f(x) <243 (¥
Trong do: f (X) =2X° +3x2 +6x+16 —4—x 12 ham lién tuc trén D[-2;4] va
3(x2 +x+1)

= +

V2x® +3x2 +6x+16  24—X
Matalaico: f(1)=2v3=(*) < f(x)<f(1)ex<l
Két hop véi diéu kién, ta co nghiém BPT 1a: —2<x <1

f'(x) >0 nén f(x) 1a ham dong bién trén D
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Vidu 10) Giai phuong trinh: 3/x+2 +3x+1=3/2x* +1+3/2x?

Giai: Vi phuong trinh ndy ching ta thyc hién céch giai nhu trén thi s& di vao bé tic.

Nhan xét dic diém cac biéu thirc dudi dau cin ta thay & mdi vé biéu thirc dudi dau can hon kém

nhau 1.
Do d6 néu ta dat: u=3/x+1,v="32x thi phuong trinh d4 cho thanh:

JuP+1+u=v’+1+ve f(u)=f(v). Trong d6 f(t)=t>+1+t
2

Taco: f'(t)= t—2+1> 0 nén f{(t) 1a ham ddng bién.
3 (t3 +1)

Do do: f(u)= f(v)<:>u:v<:>2x2:x+1©x:1;x:—%

Vay phuong trinh ¢6 2 nghiém x=1;x = —%.
Vi du 11) Gidi phwong trinh sau: 24/X—1+3+5-x +3x* -30x+71=0
Giai: Piéu kién: 1< x<5. PT dugc viét lai: 24/x—1+3v/5-x = -3x* +30x 71

Xét ham s f(x) =2+/x-1+3V5-x véi 1<x<5.Taco
f (= 2 XS —29-f[%j=2@;f(5)=4;f(1)=6

N AR = f (X)—O@X—E,
Suyra f(x)>4 véimoi 1<x<5.

Taco —3x* +30x—71=-3(x-5)°+4<4

Khi x=5<VT =VP )

Vay x=5 1a nghiém duy nhat.

Vi du 12) Giai phuong trinh sau: 4+/x+2 ++/22-3x = x> +8

Giai: Didu kién: —2<x < 2.

Phuong trinh cé dang:

4 3

ANX+2-2)+(W22-3x—4) =X’ -4 = (x-2)| x+2— + j:O
( )+ ) ( )[ NX+2+2 /22-3x+4

X=2

4 3
f(X)=x+2- + =0
) VX+2+2 /22-3x+4
. 4 3
Xéthamso f(X)=x+2- + . Tacé
) VX+2+4+2 22-3x+4

f'(x)=1+ 2 + J 5 >0VX€(—2;2—3ZJ

Jxr2(Vxe2+ 2)2 2422-3x (22~ 3x + 4)

Vay f(x) la ham dong bién trén [—2;2—32} .Tacod f(-1)=0 nén phuong trinh f(x)=0 co

nghiém duy nhat x = —1
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KL: nghi¢m cta phuong trinh la: x=-1 hoac x=2

Nhdn xét: Khi gap phuong trinh ma ta c6 thé bién doi vé dang: f (u)= f (v), thi ta c6 thé xét
ham s6 y=1(t), néu ham s6 nay ludn lién tyc va don di¢u thi f(u)=f(v)cu=v.

Ngoai ra trong mdt sé bai toan ta can sir dung tinh chit sau: Néu y = f"(x) 1& ham sé lién
tuc trén (a;b) va f™(x) =0 c6 téi da k nghiém thi phwong trinh: " (x) =0 c6 tdi da k+1
nghiém (Ky hiéu f™(x) 1a dao ham cip n ciia hamsé y = f (x))

Vi du 13) Giai phuong trinh sau: vX+2 ++/3—X = x> = x+1

Gidi: Xét ham s6 f(X) =x+2 +3/3—x —x* +x-Lxe[-2;3]

1 1 —2X+1L f'(x)=— 1 - 1 —2<0 V&i moi
2Jx+2  243-x

a(x+2)°  4J(3-x)’
xe(-2;3)

Vay phuong trinh f '(x) = 0¢6 tdi da 1 nghiém suyra f(x)=0 ¢ téi da 2 nghiém
Taco f(-)=1(2)=0
Nén phuong trinh d& cho c6 2 nghiém la x=-1;x=2

Tacd f'(x)=

V. PHUONG PHAP LUQNG GIAC HOA
1. Mét so kién thirc co ban:

1 < s a K L. - -7 . N L.
4 Néu |X| <1 thi cd mot so t voi te{7;7} sao cho : sint =X va mot sO y voi
ye[0;z] saocho x=cosy

% U L. T . N oA, & .
v Néu 0< x <1 thico motsotvmte{O;E} sao cho : sint =X vamot so y voi
T
ye{o;ﬂ sao cho X =C0Sy

Cx. X , T
4 V&1 moi soO thuce x ¢d te(—E;EJ sao cho: x =tant

v Néu: X,y Iahaisb thyc thoa: X* +y*> =1, thico motsdtvoi 0<t <27 ,saocho
X =sint, y = cost
Tiwr do chung ta co phwong phap giai toan :

> Néu:|x|<1 thidat sint=x Véite{%;%} hogc x=cosy véi y €[0;7]
4 N 4o . ,. T . L. T
» Neu 0< x<1 thidat Slnt:X,vmte{O;E} hodac x =cosy, véi ye{O;E}

> Néu: X,y lahaisé thuc thoa: x* +y* =1, thi dat X =sint,y = cost vai
0<t<2r
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X L alA 4w a iy .
> Neéu |X|2a,taco thé dat : X=_—t,V01te(—%;%) , twong tu cho truong hop
Sin

khac
A <A Ay 1.0 o1 #= T

> X laso thuc bat ky thi dat : X =tant,te (—E,EJ
Tai sao lgi phdi dit diéu kién cho t nhw viy ?

Chiing ta biét rang khi djt diéu kién x = f(t) thi phai dam bao v6i mdi X c6 duy nhat
mot t, va diéu kién trén dé dam bao diéu ndy . (xem lai vong tron lwgng giac )
2. Xay dung phuong trinh v0 ti bang phwong phap lugng gidc nhw the nao ?

Tir cong phuong trinh luong giac don gian: cos3t =sint, ta c6 thé tao ra dugc phuong
trinh v ti

Chiy: cos3t =4cos’t —3cost ta co phuong trinh vo ti: 4x° —3x=+1-x* (1)
. . 1
Néu thay X bing = talai c6 phuong trinh : 4 —3x* = x*v/x* -1 (2)
X

Néu thay x trong phwong trinh (1) boi : (x-1) ta s& ¢c6 phuwong trinh V4 ti kho:

A3 —12x* +9x—1=+/2x-x* (3

Viéc giai phuong trinh (2) va (3) khdng don gian chiat nao ?

Tuong tu nhu vay tur cong thitc  sin 3x, sin 4x,....... hdy x&y dung nhitng phuong trinh
v0 ti theo kiéu lugng giac .
3. Mot s6 vi du

Vi du 1) Giai phuong trinh sau : \1++1—X? [\/(1+ x)3 —\/(1— x)ﬂ =

Gidi:
Diéu kién :|x| <1

Vé6i x e[-10]: thi \/(1+ x)3 —\/(1—x)3 <0 (ptvn)

X €[0;1] tadat: x=cost,te {0;%} . Khi d6 phuong trinh tré thanh:

1. . NP
26 cos x(1+ Esmtj =2+sint < cost = vay phuong trinh ¢6 nghiém : X =

1 1
% N3
Vidu2)

Giai cac phuong trinh sau :

1) 1-2x ++/1+2x =\/1_2X +\/1+2X HD: tanxz\/iliZc:osx
1+2x  V1-2x 1-2cosx
2) V1++v1-x° =x(1+2\/1—x2) Ds: x=%

3) X*=3x=+/Xx+2 HD: chirng minh |X| > 2 vb nghiém
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Vidu 3)
Giai phurong trinh sau: 3/6x+1 = 2x

. . 1
Giai: Lap phuong 2 vé ta duoc: 8x° —6x =1 <> 4x® —3x = 2

. : 7 X
Xét: [x| <1, ddt x =cost,t €[0;7]. Khi do ta dugc S ={cos%;cos%r;cos§} ma

phuong trinh bac 3 ¢6 tdi da 3 nghiém vy d6 ciing chinh 14 tip nghiém ciia phuong trinh.

Vi du 4) Giai phwong trinh X [1+ 1 j

Vxi-1

Giai: dk: |X|>1, ta co thé dat x=— te(—f-f)

sint 2’2
cost=0
Khi do ptt: l+cott)=1<
P sinzx< ) sin2t=—%

Phuong trinh c¢é nghiém : X = —\/§<\/§ +l)
Vi du 5)

2
. . X“+1
Giai phuong trinh : V/X* +1= > +
X

Giai: dk x#0,x#=+1

(x* +1)2
2x(1-x)

Ta cé thé dat : x = tant, te(—z;zj
2 2

Khi d6 pttt. 2sintcos 2t + cos2t —1=0 <:>sint(1—sint—25in2t)=0

Két hop véi diéu kién ta c6 nghiém X = -

X
4x% -1

Vi du 6) Giai phwong trinh: v/1-x* =

. A 1 1
Giai: Tu diéu kién |x|£1,x¢5, va x¢—E,tada_“1t X=COSt,te[0;7r],X¢%,X¢

Thay vao pt dé cho ta dugc:

2

3
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J—costt =— % A-cos’t (40032 t —1) = cost

4cos’t-1
PN sint(4—4sin2t—1) = cost <> sint(3-)4sin’ t = cost

<> 3sint—4sin®*t =cos x <> sin 3t = cost <> sin 3t =sin(%—tj
3t:%—t+k27z (7 k.
o =N 8 2 (keZ)
3t=7z—(£—tj+k27r t=£+k7z
2 4

5z

Trén doan [0; 7[] ta nhan dugc cac nghiém t, =%,t2 = ?,ts =% nghiém cua pt da cho la:

/s S5z /8
COS—,COS—,COSZ.

BAI TAP GIAI PHUONG TRINH VO TY
BIEN SOAN GV NGUYEN TRUNG KIEN 0988844088

1)x2+3x+1=(x+3)\/m

2) \J4-3V10-3x = x—2

3) 2\/(2—x)(5—x) = x+\/(2—x)(10—x)

) +4=Ix—1+2x-3

5) Yx2 —1+/3x* -2 =3x—2

6) 2x> —11x+21-334x—4 =0

7)N2X2 —14 X2 —3X—2 =/ 2X% + 22X+ 3 + /X2 — X+ 2
8) V2x2 +16X +18 + VX2 —1 = 2x + 4

9) /X2 +15 =3x—2++/x* +8

10) 15X — 2x2 —5 = 4/2x2 —15x +11

11) (x+5)(2—x) = 3vx? +3x

12) J@+x)(2-x) =1+2x—2x>

13) X+417 %% +xy/17=x% =9

14) /3x =2 +/x -1 =4x -9+ 2/3x? —=5x + 2
15) x® +4/x* +11=31

16) 251+ x)2 +3Y1- x2 +Y(A-x)? =0

17) x = (2004 +/x)(1 - 1-/x)?
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18) (X +3/X + 2)(x + 9+/x +18) =168x
18) V1-x2 +231-x2 =3

19) V4x2 +5x+1— 24X =X +1=9x—3
20)4x% —13Xx+5++/3x+1=0

21) %(30x2 —4x) = 2004(\/30060x +1+1)

1-2x 1+2X
22)J1-2X +/1+2X = +
)\/ \/ \/1+ 2X \/1—2x

23) 2X* +8 =44+ x* +4VX" —4
24) x* —3x* —8x+40-8%4x+4 =0
25) 8+ X° ++/64—x° = x* —8x% + 28

26) V2 - x° +,/2—i2 =4—(x+£)
X X

27) % +(1- xz)3 = X2 - 2X°

28) 2x? — 2%+/30 — /2007 /30 + 4%+/2007 =+/30~/2007

12x -8
30) x—1+x+1=x32
31) Yx+3x+1=2x+1
32) VAX+5+/3X+1=/2X+7 +/x+3
33) x2+3x+1=(x+3)\/m
34) 4-3/10-3x = x-2
35) 2\/(2—x)(5—x) = x+\/(2—x)(10—x)

36) V2x? +16X+18 + VX2 —1 = 2x + 4

2
37) m:?)x +3X+2

3x+1
38) 124/X + 24/x -1 =3x+9
39) ¥Xx+1+/x =1+¥x® + %
40) 4X2 +3X+3=4x/X+3+24/2x -1
41) VX =1+ + X2+ x+1=1+x -1

42) 4(2x+4)+16,/2(4-x*) +16(2-x) = 9% +16

29) V2x+4 —2y/2—x >
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43) x* -3x+1= —?Vx“ +x*+1
44) 23(1+ x)2 +3R1-x° +\3/(l—x)2 =0

45) 2008x> —4x+3=2007/4x-3

46) 3(\/2x2 +1—1)= x(1+3x+8x/2x2 +1)
47) X* +x+12/x+1=36
48) (Ax—1)Vx* +1=2x"+2x+1

49) 2x+X—_1=\/ —i +3\/x—E
X X X

50) v/5x% —14x+9 — /X2 — x— 20 =5v/x +1
51) 3/6x+1=8x>-4x-1

52) %(30x2 —4x) = 2004(\/30060x +1+1)

4x+9

53) =7X*+7X

54) 4x* —4x—-10=+/8x* —6x—10

55) 18x% —13X + 2 = /3(81x" —108X° + 56x% — 12X +1)
56) 2(1—X)VX* +2x—-1=x*-2x-1

57) N2x+ 4 — 22— x = 28

\VOX? +16

58) 3x° —13x2 +30X — 4 = /(6X + 2)(3x — 4)°
2
50) VI_x = X+
1+Xx

60) \/1+\/2x—x2 +\/1—\/2X—X2 =2(x=1)*(2x* —4x+1)
61) (13—-4x)v2x—3+(4x—3)v5—-2x = 2 4+ 8v—4x% +16x~15

HUONG DAN GIAI MOT SO BAI PT VO TY KHO
BIEN SOAN: GV NGUYEN TRUNG KIEN 0988844088-01256813579
Cau 1) x*+3x+1=(x+3)Vx’ +1

bat VX +1=t=x*=t’-1 (t>0)



S 1P —1+3x+1=(x+3)t < t*(x+3)t+3x=0

_ X+3+X-3
==
_ X+3+3-X
S

A:x2+6x+9—12x:(x—3)2 =
=2

THL t=2ex’=1lcx=+1

TH2: t =x < +/x* +1 =X v0 nghiém
Két luan: x=+1

Cau2) y4-3J10-3x =x-2
Pit +10-3x = y:>x=10_

3J4-3y =4-y* < 36-27y=y* -8y +16
<yt -8y*+27y-20=0

thay vao ta dugc:

2 1) _(3y_2) Coes(yo 3y _4)o
Y+ 3y —Oc(y 3y+5)(y +3y 4)_0

2

y =—4loai
—J10-3x=1=x=3
caud) 2 +4=Vx—1+2x-3
PTQW—2=M—1+(2X—4)
X’ -4
\/(x +4)? L1444 \/—1+1
X=2

= X+2

\/(x +4)° v 1444 \/ 141

Tu didu kién x>1

:{yzl(TM)

+2(x-2)

2=0

:>3(x2+4)2>x:> X+2 <l=

§/(x2+4)2 +§/m+4

-2<0

X+2

,/ X? +4 +‘3/ X? +4 14 VX-1+1

KL: x=2 Ia nghi¢m duy nhat
Cau 5) x2—1++/3x° =2 = 3x -2
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A 2
bicu kién x > i/g

3_
PT <:>§/x2—1+\/3x3—2—1:3x—3c>\3/x2—1+&:3(x—1)

V3x3-2+1

2 2
Yx —1{\3/x +1+33(x—1)° {L“l—ln = 0. Ta chimg minh [’”—“1—1] >0. That vay BPT

V33X -2 V3P -2

twong duong voi X*+x>3x’ -2 & x* +2x°-2x*+2>0< (x2 —1)2 +2x°+1>0
KL: x=1 1a nghiém duy nhét.

Cau 6) 2x2 —11x+21=334x—4

D& thay diéu kién x>1 do vé trai luén duong.

Taco 3Y4x-4=3.3/2.2(x-1) <2+2+x-1=x+3 (theo bat dang thic Cauchy)

Mit khéc ta lai co: 2x* —11x+21—(x+3) = 2(x—3)2 >0=2x"-11x+21>(x+3)=>x=3 la
nghiém duy nhat. Thir lai thoa méan.

CAU7) V2X% —1+4/X2 —3X—2 =v2X2 + 2X+ 3 +~/X% — X + 2

Cach 1: PT e v/2X% + 2X+3 —/2Xx2 1 =+/X? —3x =2 = /X2 — X+ 2

- 2X+4 _ —-2x—4
V2X2 4243 442X -1 N2X2 42X+ 3+ VX2 —x+2
1 1
< (2x+4 + =0
( ){\/2x2+2x+3+\/2x2—1 V257 +2X+3++/x2 =X+ 2

— x=2 la nghiém duy nhat.
Chch 2: Dt V2x2 —1=a;x* —3x—2 =b:V2x2 +2x +3=c:/x* —x+2 =d

~ |la+b=c+d a+b=c+d
Ta co: = =a=c¢C

a’+b®>=c’+d? a-b=c-d
2x* —1=2x?+2Xx+3= x =-2 thir lai thoa man.
CAu 8) \/2x2 +16X+18 + X2 —1 = 2x+ 4
2(x2—1)

SAUXE—1=2Xx+4—-+2x* +16x+18 =
2X + 4+/2x* +16X +18

2_
e -1|1- 2yx’ -1 -0
2X +4+/2X% +16x+18

{x =+1(TM)

2X +4+/2X% +16x+18 = 24/x* —1(*)
Két hop (*) véi phuong trinh ban dau ta duoc:
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2X% +16X+18 +4/x* =1 =2x+1
v v eV -1=0<x=+1
V2X2 416X +18 +2x+4 =24x* -1

KL: x=+1

Cau9) vx*+15-4=/x*+8-3+3x-3

Tir gia thiét suy ra x>2/3
2 2
X°=1 X“ =1 +3(x—1)c>(x—1)[ X+1 X+1 3]=0

\/x2+15+4=\/x2+8+3 \/x2+15+4_\/x2+8+3_

Vi /X +15 > x:>X—+1<1:> x =1 la nghiém duy nhat.

Vx> +15+4
2
Cau 17) x:(2004+\/;)(1—\/1—\/;)
Dit ylel—x/;;\/izl—yz:>x:(1—y2)2
Do y>0&y<ls y=1= x=0 la nghiém duy nhét
Cau 18) (x+3x/;+2)(x+9«/;+18):168x

& (Vx+1)(Vx+2)(vx +3)(Vx + 6) =168x
@(x+7&+6)(x+5&+6) —168x

@[&+7+ij(&+5+ij=l68

Jx Jx
t=12
Dét\/;+i+5:t>0:>t(t+2)=168:> _
Jx t = —14(loai)
:>\/§+i+5=12:>\/—= y
Jx

y=1

c>y2—7y+6=0:{

:{X:l (TM)
X =36
Cau 20) 4x2 —13x+5++/3x+1=0 <> 4x*—13x+5=—/3x+1
Pit \/3x+1=—(2y-3)
2

6 he {(2x3) =2y +x+1

(2y-3)" =3x+1
= (x-y)(2x+2y-5)=0

15-+/97
8

114473
8

Voi X=y=>X= VOl 2X+2y-5=0=>x=



Cau 21) %(30x2 —4x) = 2004(\/30060x +1 +1)
& (15°%* ~30x) = 2004(/30060x +1+1) < (15x ~1)° = 200430060 +1+ 2005

bat +/30060x+1 =15y -1< {

2

(15x—1)" = 2004(15y —1)+ 2005
(15y ~1)° = 30060x +1

II

15y -1)° =30060x +1 (15y —1)° = 30060x +1

{15x —1)" = 30060y — 2004 + 2005 {(15x1)2—30060y+1
=
<:>(15x+15y 2)(15x—15y)=30060(y—x) <> 15(y —x)[15x+15y —2+2004] =0

{ 2002 thay vao ta tim duoc x.
au

23) 2x* +8= 4\/4+x +4\/x -

Tacd (\/4+x +\/x —4) < 2.2x* = 4x*( Bu nhi a copxky)

VP <4.2% =8x*VT =2x‘ +8-8x* =2(x* ~2) 20
— VT >VP . Diu bing xay ra khi va chi khi x> —2=0< x =12
Cau 24) x*—3x*-8x+40-8Y4x+4 =0 ; Pidukién x>-1

8ax+4 = [16.16.16.(4x+4) < 4X+4+1§+16+16 x+13 (béit déng thirc Cauchi 4 s6)

Talai c6 x* —3x* —8x +40—(x+13) = (x—3)" (x+3)>0
— VT >VP, dau bang xay ra khi x=3. Vay x=3 1& nghiém duy nhat.
Cau 25) 8+ x® +/64—x® = x* —8x2 + 28 . Pidu kién —2< x<4

:(\/8+ X +/64—x3 )2 <2(8+64)=144

Theo Bunhiacopxki VT <12; VP = x* —8x* + 28 =(x—4) +12>12
Déu bang xay ra khi va chi khi x=4. vay x=4 1a nghiém.

Cau 28) VXx* +9x—1+x/11-3x =2x+3

PK: @_S@ <=
2 3
x/xz+9x—1—(x+3)+x(\/11—3x—1):0
w10
& (3x-10) L %X |-0e| 3

2 A/ — —
VX 4Ox-14x+3 VI1-3x-1 X* +3x+ XX +9x -1 =+11-3x -1(2)

VP(2) nghich bién, VT ddng bién nén phuong trinh ¢ nghiém duy nhét.
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Cau 29) V1++1—X2 (\/1—x)3 (Vi X)S —241-%2
bat v1-x =a;VJ1+x=b
{\/1+ab(ab)(a2 +ab+b2) =a’+b®+ab

KL: x:E E
3 3

a’+b®=2

_{a2+b2+ab=0(1)
(a?+ab+b?)| (Vi+ab)(a-b)-1]|-0 |la"+b"=2
= a2+bh?=2 = Vl+ab(a—-b)-1=0
A (2)
| a +b =2

(1) v6 nghiém

4 2+\/§
2 h2 =
(Z)Q{a +b =2 _ V" 2 1

=>X=——

ab=-2 bzﬁ V2

Cau 45) 2008x* —4x+3=2007/4x-3. Dit
2008x* —t* = 2007t <> 2008x* —2008t* + 2007t — 2007t

=St=4x+3=>x=t*+3

(t2 +3)2 2 4 2 2
ZOOST—t - 2007t & 2008(t + 6t +9)—16t = 32112t
2008t* +12032t> — 32112t +18072 =0

Cau 46) 3(\/2x2 +1—1) _ x(1+ 3x + 822 +1)

2
@L: x(1+3x+8\/2x2 +1)
V2x2+1+1

x=0
< {6x = (1+3x+8\/2x2 +1)(\/2x2 +1 +1)(*)

Vi 8y2x? +1>84/2x? +1>2=Vp >(9+3x).2=18+6x > 6x Nén (*) v nghi¢m
KL:x=0 q 7
Ngoai ra ta cling co thé giai (*) theo phuong phap dat an phu khong hoan toan.

4x+9

Cau 53) =7x° +7X




1 ’ 1 1( 1 1, 1 1( 1} 1 11
<:> x+— ——=—=]= x+— +— Datu=x+—;v= || X+= |[+—=,/zU+—
T\7 4 2 7 2) 4 7 4

1
4
Ta ¢ hé sau: {

Cau 55) 18x° —13x+2:\/3 81x" 108X’ +56x ~12x+1)

bIH -bIH

o 2(3x—1)2 —X= \/3(3x—1)4 +6%°

X =—U
Dét(3X—1)2:u:>PT:2u—x=\/3u2+6x2©5x2+4ux—u2=0<:> u
X=—
5
Cau57) V2x+d— 22— x = =2X=8
VIX* +6
3
6x—4 12x-8 X=—
= & 2

T x4+ 22  Jox?
XHAFNEmX NICHIO | oy a4+ 42— x =X’ +16(%)
(*)<= 48 -8Xx +16+/8—2x* =9x* +16 < 4(8—2x*) +16+/8—2x* —x* —8x =0

t=xXx
t=2\/8—2x2;t20:>PT:t2+8t—8x2—8x=0©L_ -
Giai hai truong hop ta co cac nghiém cta phuong trinh la: x —% = ¥

Céu 58) 31 ~13x +30x—4 = |/(6x+2)(3x-4)’

Diéu kién: ngvxﬁ—%. Tacd 3x* —13x° +30x—4=2(6x+2)+(x2 —3x+2)(3x—4)

Néu XS—%;VT <0<VP = PTVN

Néu x> %; X =% khéng la nghiém nén ta chia 2 vé cho 3x-4 ta duoc

6x+2_(3 X—4) 6X+2+x2—3x+2=0;t= 6X+2

= 2t° —(Bx—4)t+x*—3x+2=0
3x—4 3x—4 3x—4

2




=x-1
= x—2 Tir d6 giai hai TH ta duogc nghiém x = 3va nghiém gan ding ciia phuong trinh

e

2
bac3 1a x ~5,362870693

2
Cau 59) - x_2x;>2<; DK: 0<x<1
X 1+Xx

Nham nghiém: x = % Ta phan tich tao ra (2x—-1)
<:>(1+ xz)\/l——x:(2x+x2)\/§© xz(\/l—x —\/;)+(\/1——x—2x\/§):0

- x* (1-2x) s 1-x—4x°
J1-x +\/; \/1—x+2x\/§
2(1— 1-2x)(2x* + x+1
x* (1-2x) +( )( )

Q«/l—x+\/; \/1—x+2x\/;

=0

= % la nghiém duy nhat.

Cau 60) PK:0 < x<2
Pt t=(x-1) 'te[O'l]

VI I—t 41—t =287 (2t-1) > t >

Bp hai vé rut gon ta dugc:

1t=2t4(2t-1) = l+ =2(2t-1)

KN

(2t-1)=>t=1=x=2

N |~

Vit<le L

1
t* B3t

MOQT SO BAI TAP CHON LQC GIAI PHUONG TRINH VO TY
GV : NGUYEN TRUNG KIEN 0988844088

2
1) \/4x+1—\/3x—2:i3 5) VX—2 ++4—-x=x"-6x+11
S 6) V2XZ +23 =4X—2+2X* +7
2) 24/3x+3 =x*+9x+20 T-x 2%+ x2
3) V2x2 +16x +18 + /X2 -1 = 2x + 4 7) X 11X’
6x -4
4) N2x+4-2/2—x = : 8) x? +¥x* —x? =2x+1
X“+4

9) V2x% + X +1++4/x% —x+1 = 3x
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10) 3x* +7x+8—(4x+2)Vx+8=0

X+2+X4/2X+1 _m
X+4/2X+1
12)

(\/x+3—«/x+1Xx2+\/x2+4x+3): 2X
13) 10x? +3x+1=/x* + 3(L+6x)
14) 3x* +2x+3=(3x+1)Vx* +3

15) 15X* + 2(X + D)X +2 +5x-2=0
16)

2X+14+ XVX2 +2 + (X+DVx* +2x+3 =0

17) x® +3x* +4=4xJ/x+3
18) V2x% +2X + (X =1)/x = x +1

11)

x>+ X+1 2
19) 2,/ AT w2 4=
) x+4 VX% +1

20) 24/x? —7x +10 = x + /x? —12x + 20
21) x* +6x2 —2x+3= (5x—L/x* + 3
22) 2x2 —7x -3+ 3Jx* +1 =0 x=0;2
23) 2x2 —x+7-3/x* +2x+3 =0

24) 2(x* =3x+2)=3Vx®+8
25)

X2+ X—6+3VXx—-1—-+/3x> —-6x+19 =0

26) 3x’ —2x—2=iox/x3+3x2 +4X+2

V30
27)
X% +14X +9 —5JyXx+1—-+/x>* = x—=20=0

28) 9x? +12x—2=+/3x+8

29) x° +3x2 —3%/3x+5 =1-3x

30) x* —4x* -5x+6=37x* +9x -4

31) 2x% +7x% +5x+ 4 = 2(3x —1)+/3x -1
32) (\/1+x—lX\/l—x+l):2x

33) VX2 X—LH+V—X2+X+1=x2—x+2

34) £+‘/X—£=X+ /2x—E
X X X

X+ =

\/;+1 5\/;—x\/;

36) 25x+9/9x% —4 = 2 4 &
X

x?+1

2
37) VX*+1+ X+1_ (XZ +1)
2

X 2x(1—x?)

35)( 5_y jz -192(+/x +1)

38)
X2x +(x=5) V5—x =11(/x +/5-x)

2
39) Xi“); ) _31-x% =0

40) —2x° +10x* -17y +8=2x°3/5x - X

41) 4J1-X —6=x-31—-x* +5J1+x

42) 4+2\/1T:—3X+5\/m+ﬁ
43) (x+4)*—6vx* +3x =13

44y 3(2+4/x=2) = 2x+/x+6

45) Jx—2 +/4—x =2x? —5x -1

46) X*+x—1=(X+2)Vx* —2x+2

47) 4% ~11x+10 = (x-1)v/2x* ~6x+ 2

48)

(x2 —6x+11)x/x2 —X+1= 2(x2 —4x+7)\/x—2

(14X ’
49) 2X+~/1+X? :%
50) Ix*+4 =Jx-1+2x-3

51) ¥x2—1++/3x° =2 = 3x—2
1+\/1—7(J1——X)3—(\/1+_X)3

:2+\/1—7

53) 3(@-1)=x(1+3x+8\/7+1)
12x-8
Jox* +6

55) (4x—1)M=2x3+2x+1

52)

54) V2x+4—2/2-x =
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56) X* —3x+1= —?Vx“ +x2+1

57)

\/1+ﬂ [\/(1+ x)3 —\/(1— x)s}

2, fi=x

+
J3 3

58) A/X+1-1=3x+ 21— x +1-x*
59) VX2 +2X +/2X -1 =~/3x% + 4x +1
60) 4x% — 242x + 4 =/x" +1

61) V2X% + X+ 9 +2X2 —Xx+1=X+4
62) VX2 +12 —y/x?* +5=3x-5

PAP SO CAC BAI TAP CHON LOC

1)BS:x=2
2) bS:VN
3) bS:ix=1;-1

9)
10) BS; x=1
11) bS:x=1;x=2

bS: x=

12)
1+\/§. _1+\/ﬁ
2 T
1

16) BS: x = _7

17) BS:x=1

18) BS:x=1

19) BS: x = +4/3
3+

20) bS:x=1;x = _;/Z;x =4+3\2

15+ 54/5

21)bS:x=Lx=

22) x=0;2
24) PS: x =3+4/13

 23+4/341

25)bS:x

26) bS:x=2,——

27)bS:x=8;x =
28)DS:X=%;X=

29) bS: x=1-2

30) bS:x =5;

31) PS:x=1
32) DS:x=0;-24/25
33) DS:x=1

34) DS: x=2

35) DS: x=9

36) DS: x =

& v &

37) DS: X =
38) DS: x=1;
39) DS x =

S

& mil-

41) PS: X=

N ‘

42)PbS: X=

NI
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x=3& 49) PS: x=0;x =~
ag)PS: 1135 B
=7 50) DS: x=2
45) DS: x=3 )
X=1++/7
46) BS: V7 56)
x=1-V7 57) BS: X =
47) PS: VN ) PS:X=Te
48) PS: x=5++/6
51) DS: x=1
1
52) PS: X=———
) 72
53) PS: x=0
54) BS: x=g;x=M
3 3

PHUONG PHAP GIAI HE PHUONG TRINH TRONG

KY THI TUYEN SINH DAI HOC
BIEN SOAN: GV NGUYEN TRUNG KIEN 0988844088
Phan mdt: Cac dang hé co ban
| . H¢ phwong trinh ddi xirng.
1.Phuwong trinh déi xiing logi 1.
a)Pinh nghia
Mot hé phuong trinh an x, y duoc goi 1a hé phuong trinh d6i xing loai 1 néu mdi
phuong trinh ta d6i vai trd cta x, y cho nhau thi phuong trinh d6 khong doi
b) Tinh chét
Néu (x,,Y,) la mot nghiém thi hé (y,,x,) ciing 1a nghiém

P=xy

Ta bién d6i dua hé da cho (1) vé hé 2 4n S, P (2) (x;y) 1a nghiém cua (1) khi va chi khi
(S,P) 1 1 nghiémc cua (2) thoai mén diéu kién: S® —4P >0 voi mbi (S;P) tim duoc ta co
(x;y) 12 nghiém cta phwong trinh: X2 -SX + P =0.
Gia str phuong trinh ¢ 2 nghiém 1a X3, Xa.

+ Néu A >0 thi X, # X, nénhé (1) c6 2 nghiém phan biét (X,;X,); (X,; X,)

+ Néu A =0 thi X, =X, nén h¢ c6 nghiém duy nhit (X,;X,).

+ Hé c6 it nhat mot nghiém thoa man x > 0 khi va chi khi hé (2) c6 it nhit 1
nghiém (S;P) thoa man.

5= ‘
¢) Céch giai { XY gidukien S2 > 4P
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A=S*-4P>0
S>0
P>0
VD 1: Giai h¢ phuong trinh
X>+yi4xy=7
{x+ y+Xy=5
VD2: Dinh m dé hé sau c6 nghiém
{x+ y+Xxy=m

Hé c¢6 nghiém 1a (1;2), (2;1)

L PS: 0<m<8
X +y =m

X+Y+2xy=2
X +y*=8
Giai: bat S =x+y,P =xy . Khi d6 hé thanh:
2-S
{S+2P=2 P=—
2 _ < _
S(s*-3P)=8 8(82_6 23sj:8

= 25°+35*—65-16=0<> (S -2)(25° +75+8)=0<S=2=P =0
= X,y langhiém cuapt X?-2X =0 X=0,X =2

Vi du 1) Giai hé phuong trinh sau: {

x=0 |[x=2
vay nghiém cua h¢ 1a v

x> +y®=19

(x+y)(8+xy)=2

Giai: bat S =x+ Y, P =xy. Khi d6 hé thanh:

S(s?-3P)=19 [SP=-8S SP =-8S S=1
=" =2 o

S(8+P)=2 $°-3(2-85)=19  |S*+245-25=0 |P=-6

:X,ylénghiémcﬁapt:XZ—X—6=0©X1=3;X2=—2

Vay h¢ da cho c6 hai cap nghiém (x;y)=(-2;3),(3;-2)

Chu y: Néu trong hé phwong trinh chira cin thirc thi ta ¢d thé dat an phy dé lam don gian
hinh thire bai toan. Khi dat an phu can xac dinh mién gia tri ctia an phu.

2(x+y):3($/E+W)
%/;+§/§=6

gidi: Pat a=3/x,b= 3y . Khi d6 hé thanh: {

Vi du 2) Giai hé phuong trinh sau: {

Vi du 3) Giai hé¢ phuong trinh:

2(a3 +b3) = 3(a2b+b2a)
a+b=6
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_ 2(S*-3sP)=3sP _ [2(36-3P)=3P _[S=6
bat S=a+b,P =ab, ta duogc: & &

S=6 S=6 P=38
= a,b la nghiém cua
) a=2=x=8 a=4=x=64
ptX“-6X+8=0= X, =2 X, =4= Y
b=4=y=64 |b=2=y=8
Vay nghiém cua hé dé cho la (x;y)=(8;64),(64;8)

X+ y—\/gz?)

VX+1+,y+1=4
Xy >0

Giai: bK: { .bat S =x+y,P=xy taco:
X,y =>-1

Vi du 4) Giai hé pt: {

s-JP=3 $23P=(S-3) 3<S5<14;P=(S-3)
= =
S+2+2JS+P+1=16 2,/3+(s_3)2+1:14_3 4(32+83+1o)=196—283+s2

3<S<14;P=(S-3) {S=6
S
S?+30S-52=0 P=9=x=y=3
X+y=m ) .
) ¢ nghiém

Vi du 5) Tim m dé hé phuong trinh: ,
X“+y =2m+1

S—m S=m

Giai: bat S =x+Yy,P =xy taco: =
' Y g {82—2P=2m+1 P=%(m2—2m—1)

H¢ c6 nghiém
&8 -4P20em’ —2(m’ —2m-1)=-m’ +4m+22 0 2-v2<m<2++2
x+£+y+£=5
Vi du 6) Tim m dé hé pt sau c6 nghiém thyc: y
3 3 1
X*+—+y +—=15m-10
X y
(PH khdi D-2007)
Giai: bat a=x+£;b= y+£:>|a|22;|b|22. Hé d4 cho thanh:
X y
a+b=5 a+b=5 o .
s L3 = = a,b la nghi¢m cua phuong trinh:
a’+b°-3(a+b)=15m-10 ~ |ab=8-m
X2-5X +8-m=0< X2-5X +8=m (1)
He¢ da cho c6 nghiém thuc < (1) ¢6 nghiém thoa |X|> 2
Xéttamthirc f (X )=X?-5X +8 véi |X|>2 taco bang bién thién:
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m > 22

Dya vao BBT suy ra (1) ¢ 2 nghiém thoa |X|>2 < | 7
—<m<2
4

X+Yy+Xy=m

X*+y?>=m

Vi du 7) Tim m dé hé pt { (*) c6 nghiém
X+Yy+Xy=m
Giai: Taco: (*) < )
(x+y) —2xy=m
S= ‘
Dét{ X*Y didukien 2> 4P,
P=xy
S, =-1++1+3m 1)
S+P=m S+P=m P =m+1-+1+3m
(*)C> 2 e 2 =
(S -2P=m  [$*+25-3m=0 {32:_1_ A+3m
2

P,=m+1++v1+3m (

H¢ pt c6 nghiém < Xay ra 1 trong 2 truong hop sau:

THL: 522 4P, & (~1+v1+3m) > 4(m+1-y1+3m)

m+2<0
(vn)
1+3m=>0
S 20143m>2m+2 < Mm+2>0 <0<m<8
4(1+3m)2(m+2)2

TH2: S2>4P, < (1—\/1+3m)2 > 4(m+1++1+3m ) < 31+3m <-m-2, d& thiy BPT
v nghiém vi —-m-2<0

Vay dé h¢ pt c6 nghi¢m khi 0<m <8.

Vidu8) Cho x+y=1. TimGTNN cia A=x>+y°

x+y=1 {5 =1 5=1

Giai: Xét hé pt: { = 1— A(X,y tontai)

o
*+y*=A |S(S*-3P)=A " |P
y (8°-3P) 3
A i ) 1-A 1
< hé c6 nghiém < S —4P20©1—4TZOQAZZ
A , 1 . 1
Vay GTNN cua Azz,datduqcka:y:E.

ChU y: Néu trong bai toan tim cuec tri ciia biéu thite A= f (X;y), trong d6 x,y théa man
g(xy)=0.Néu f(x;y) va g(xy) lacac biéu thirc d6i xtrng thi ta c thé chuyén bai

o1



f(xy)=A

g(xy)=0

duoc mién gia tri cua A va suy ra dugc cuc tri cua A.

Vi du 9) Cho céc sb thue x =0,y =0 théa man: (x+y)xy =x"+y’—xy.
1

¥y

toan vé bai ton tim diéu kién ctia A dé hé { c6 nghiém. Tir day ta xac dinh

Tim GTLN cua biéu thuc: A= is + (PH khéi A-2006)
X

a+b=a’+b*-ab

(X+ y)xy: X° 4y —xy
{ 3’ (trong do ta da dat
a’+b’=A

Giai: Xéthépt: 1 1 1
Ty
y

=A

1 1 §S=82-3pP S2=A
a=—;b=—,a,b#0). Pat S=a+b;P=ab, ta co: , S
X'y S(s?-3P)=A " |3P=52-5

Tt phuong trinh thi nhit = S >0
HE c6 nghi¢m <> S > 4P <357 > 4(S*-S) <> S <4< A=5°<16

S=4

Ping thirc xay ra < . 52_5§ C>a=b=2<:)x=y=%
===

Vay GTLN cua A=16, datdu:qckhix=y=£.

2
Vi du 10) Cho x,y théa x—3,/y+2 =3x+1—-y. Tim GTLN va GTNN cta
A=x+Yy (HSG quéc gia — 2004)

Xx—3y+2=3/x+1-y

Giﬁi:Xéthépt{ Pita=Vx+lb=y+2=ab>0

X+y=A
A
_ [at+b?-3(a+b)-3=0 [2FP=73=S
Hé thanh: , & X
a“+b°=A+3 ab:A —9A—27:P
18
S$>0 A=0

suy ra hé da cho cé nghiém < {P>0 < <A>-9A-27>0
S?2>4P 2A? —-27A-81<0

A>0
- A£9—3JﬂuA29+3Jﬂ®9+3MSAS27+9J1_7
2 2 2 4
27—2J1_7£AS27+2\/1_7
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9+321
T;maxA

Vay min A= =w

2) H¢ phuong trinh dbi xiimg logi 2. , ,
-M6t h¢ phuong trinh 2 an x, y dugc goi la doi xtrng loai 2 néu trong hé phuong trinh ta
doi vai tr0 X, y cho nhau thi phuong trinh trg thanh phuong trinh Kia.

X3 +x%y =10
VD:{ Xy y

y® +y?x=10x
b) Tinh chit.
- Néu (X,;Y,) 1a 1 nghiém ciia hé thi (y,;x,) ciing 1a nghi¢m
c) Céch giai

- Trir vé v6i vé hai phuong trinh ciia hé ta dwoc mot phuwong trinh ¢6 dang

(x=y)f(xy)]=0
X—y=0
{f(x; y)=0

) o . {3x3=x2+2y2

Vi du 1): Giai h¢ phuong trinh sau:
3y° =y*+2x°

HD: Tru hai phuong trinh cia hé ta thu dugc
3(x* —y?) =—~(x" = y*) & (x=Y)B(X* + y* +xy) + x+y]=0
H¢ da cho tuong duong voi

X-y=0
3 2 Z(I)
3y° =y +2x
3(X°+ Y +Xxy)+x+y=0
3y} =y*+2x°

Giai (I) ta dugc x=y=0 hoac x=y=1
(1)

Xet (1) Tur gia thiﬁf:t ta suy ra x, y khong 4m . Néu x, y duong thi hé vo nghiém suy ta hé
c6 nghiém duy nhat

x=y=0
Keét luan: Hé c6 2 nghiém x=y=0 va x=y=1
X2 ++/X =2
Vi du 2) Giai hé phuong trinh: Vx=2y
y2+4Jy = 2x
y=1
Tuong ng véi hai gia tri nay ta cling co: 3-5
y= B
Véy hé da cho c6 ba nghiém 1a: (x;y)=(0; o),(m),[%;%}

Diéu kién x,y >0. D& thay néu x=0 thi y=0 va nguoc lai nén hé c6 nghiém (x;y)=(0;0)
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,t>0 tathdy f'(t)=t+i>0,Vt>0 nén day

4t

t2 4/t
2

Ta xét x,y>0. Xét hamso f (t) =

14 ham dong bién

, x=f
Hé da cho duoc viet 13113{ f(y).Suyrax:y, thay vao hé da cho, ta co:
y=1I(X
x=1
x2+f:2x<:>x\/§+1:2\/§©(\/§—1)(x+\/;—1):0<:> 3_.5
X=———

2
(x—l)(y2 +6) y(x2 +1)
(y—l)(x2 +6) = x(y2 +1)
Xy? +6X—y*—6=yx*+y

Vi du 3) Giai hé pt: {

Giai: Hé < , , , . Trir vé theo vé hai pt cua hé ta duoc:
YX°+6y—X"—6=Xy" +X

2xy(y—x)+7(x=y)+(x=y)(x+y)=0<=(x-y)(x+y—-2xy+7)=0

X=y
o
X+y-2xy+7=0

X
* x =1y thay vao h¢ ta dugc: x2—5x+6=0®{

* X+y-2xy+7=0< (1-2x)(1-2y)=15 (1)

Mat khac khi cong hai phuong trinh cua hé da cho ta dugc:
X2 +y? —5x-5x+12=0 = (2x-5)" +(2y-5) =2 (2)
bat a=2x-5b=2y-5. Tur (1) va (2) ta co hé:

[fa+b=0
a’+b” =2 (a+b) -2ab=2 ||ab=-1
= =
(a+4)(b+4)=15 ab+4(a+b)=-1 a+b=-8
| (ab=31
a+b=0
* . — .2 2.
e -2 (29
a+b=-8 -
* vO nghiém.
{ab=31

Vay nghiém cua hé dé cho la: (x;y)=(2;2),(3;3),(2;3),(3;2)
2X+4y—-1=m

2y ++/x-1=m

Giai: DK: x,y>1.Pit a=vx-1;b=./y-1=a,b>0, ta co:

Vi du 4) Tim m dé hé pt sau c6 nghiém {
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28’ +b=m-2
a +b=m =2(a-b)(a+b)+b-a=0<(a-b)(2a+2b-1)=0< 1-2b
2b* +a=m-2 a=

*a=b=2a’+a=m-2=PT conghiém a>0=m-2>0<m=>2
1
*a=ﬂ:> OSbSE = hé c6 nghiém @—ESZm—SSOQQSmSE
2 4b* —2b=2m-5 4 8 2
Vay hé da cho c6 pghiém khi m>2. ’
Vi du 5) Tim m dé cac hé pt sau c6 nghi¢m duy nhat:
n {x=y2—y+m 2 {3x2=y3—2y2+my
y=x"—Xx+m 3y? = x* —2x* + mx
Giai:
1) Piéu kién cin: Gid sir hé pt c6 nghiém (X,; Y, ) thi (V,;%,) ciing 1a nghiém cua hé
nén dé hé c6 nghiém duy nhat thi trugc hét x, =y,
Thay vao hé ta dugc: x2 —2x,+m=0 pt ndy c6 nghiém duy nht
@\A':l—m:0c>m:1
Pidu kién dit: Vi m=1 h¢ tro thanh:

X=y? -y+1
{y =x*—x+1
Thir lai thay thoa mén hé. Vay m =1 1a gié tri cAn tim.

2) Pidu kién cin: Gid sir h¢ pt ¢ nghiém (X,;Y,) thi (V,;%,) ciing 12 nghiém cua hé

=X+ y?-2x-2y+2=0 (x-1) +(y-1)' =0 x=y=1

nén dé hé c6 nghiém duy nhat thi trugc hét x, =y,

X, =0

X2 —5X, +m = 0(*)

(1) c6 nghiém duy nhét thi (*) phai v6 nghiém hoic c6 nghiém kép x =0
A=25-4m<0

Thay vao hé¢ ta dugce: X —5x; +mx, =0(1) < {

= A=25—4m=0©m>§

5=0
3x° = y(y2 —2y+m): y[(y—l)2 +m—1}

Piéu ki¢n di: Voi m > 2 taco ;
3y° = x(x2 —2x+m): x[(x—l) +m—1}

=X Yy=>0

Cong hai phuong trinh ctia hé¢ voi nhau ta dugc:
X(x*=5x+m)+y(y*~5y+m)=0

5\’ 25 5 25 \
SX[ [ X=—=| +M——|[+Y||Yy—=| +M——|=0x=y=0
2 4 2 4
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Vay m> % la nhitng gié tri can tim.

Vay hé da cho ludn c6 nghiém duy nhat véi moi a=0.
2

2X* =y + a

Vi du 5) Ching minh rang hé sau c6 nghiém duy nhét véi moi a#0: yz
2y* =x+ a

X

Giai: BPK: x,y # 0. T hai pt cua hé suy ra x,y > 0. H¢ twong duong:
2x°y =y’ +a’
{2y2x=x2+a2
< x=y (do x,y>0=2xy+x+y>0).
Thay vao h¢ ta dugc: a® =2x° —x* = f (x) (*)

= 2xy(x—y)=y*—x* = (x-y)(2xy+x+y)=0

Xét ham s f(x)=2x"—x* voi x>0.Taco f'(x)=2x(3x-1)= f‘(x):OQX:%

Ma f(0)=0; f (%) = —2—17 va a? >0 nén pt(*) c6 duy nhat mot nghiém.

3) Hé phwong trinh Vé trdi ding cap bac IT
a) Céc dang co ban.

{ax2 +bxy +cy? =d

ax’ +bxy+cy’ =d,
b) Céch giai.
+ Xeét truong hop y=0 xem c6 phai la nghi¢m hay khong
+ Dat x=ty thay vao h¢ roi chia 2 phuong trinh cta hé cho nhau ta dwgc phuong trinh bac
2 theo t. Giai phuong trinh tim t sau d6 thé vao mot trong hai phuong trinh cta hé dé tim
Xy
Phuong phép nay ciing dung khi vé trai 1a phuong trinh dang cip béc n.
X2 —=3xy+y*=-1
Vi dy 1: Giai h yry
x> +2xy—-2y* =1
+ D& thiy y=0 khong phai 1a nghiém
} (o e YISy eyt =T e
+ Dat x=ty thé vao h¢ ta co chia 2 phuong trinh ctia hé cho nhau ta
t?y® +2ty* —2y? =1

co

t=1 X=
t?-3t+1 2 y NP S )
————=-12t"-t-1=0=> 1 1 tu do thé hai truong hop vao
t°+2t-2 t:_E x:—Ey

mot trong hai phuong trinh ctia hé dé giai.
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2x2 —x(y-1)+y? =3
Vi du 2) Giai hé¢ phuong trinh: (y=1)+y y
x2+xy—3y2:x—2y
2x2 —xy+y? =3y—x
H¢ da cho tuong duong voi yy y
x2+xy—3y2:x—2y
TH1: y=0=x=0

y2(2t2—t+1):y(3—t)(1)

yz(t2 +t—3): y(t-2)(2)

Tu (1) va (2) ta duge: 32 -7t2-3t+7=0te {—1;1;%}

TH2: y#0, dat t=1:>x:ty thay vao hé:
y

7 3
H¢ c¢6 4 nghiém (0;0),(L1),(-L1),| —;—
o6 4 i (0:0),(12).(-32) 155
Mot s6 dang chuyén thé ciia hé dang cap:
) o . x3+y3—xy2=1
Vi du 3) Giai h¢ phuong trinh:
AX* +y' =4x+y
Giai: Tur hé pt :>(x3+y‘°’—xy2)(4x+ y)=4x*+y*
bat x=ty (do y=0). Ta co:

y' (P +1-t)(4t+1) = y* (4" +1) >~ 4’ +3t =0 t=0,t =1t =3

y*=1
*t1=0=x=0=>1", < y=1
y =y
x*=1
*1=1=>x=0= S x=l=y
5x* =5x
25y° =1
*1=3=>x=3y=> y Sy = ! — X = 3
325y* =13y /25 /25

325" 3/25
X —8x=y*+2y
x2—3=3(y2+1)

Thir lai ta thay nghiém ciia hé 1a: (0;1),(1;1),[ 1.3 j

Vi du 4) Giai hé¢ phuong trinh: {

x*—y® =8x+2y
x*—3y° =6
dong bc nén ta nghi téi phép ddt y =tx(x = 0)

Vi x =0 khéng la nghiém cta hé nén ta dat y = tx. Khi d6 hé thanh:

Ta bién d6i hé{ , ta thiy mdi vé ctia hai phuong trinh 13 nhiing biéu thirc
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x2—3=3(t2x2+1)c> 3

x® —8x =t°x> + 2tx x? (1—t3)=2t+8 1- t44
:>—2:
x? (1—3t2)=6 1-3t 3

1
t==
1-t3) = (t+4)(1-3t?) = 12t* -t -1=
<:>3( ) (t+ )( 3 )@ 0 t__i
4
1 X2 (1_3t2):6 {X:i?)
Ft=—> X &
3
N
1 -7 13
Ft=——=
4|, 318
13

5x* —4xy +2y° >3

Vi du 5) Tim a dé hé bat phuong trinh sau c6 nghiém: 2a-1 (1)
X2 +4xy+2y° < T
a+

5% +4xy —2y* < -3

Gidi: H¢ & = 16X° +16xy +4y® <
' 21x2+12xy+6y2£3—2185 yrey
a+

18
2a+5

<:>(4x+2y)2 < -

:>2a+5<0c>a<—E
2a+5 2

—5x* +4xy -2y’ =-3 —5x? +4xy —2y*=-3
&

21x° +12xy +6y° =3

bat y=tx (do x=0), ta co:

Ta xét hé:
x> +4xy+2y* =1

— 2 _

OUAAT2 g 16t 116t + 4= 0 t=— & > x=-2y
Tt°+4t+2 2

Thay vao hé ta duge: 7x° :1@X:i%:> y:J_r%

Ta chirng minh véi a < —g thi hé (I) c6 nghiém.

—5XC +4X,Y, —2Y¢ =—3

That vy goi (X,;Y,) la nghiém ciia (*) khi do ta co: 18

212 +12x Y. +6y2 =3<3—
1 Yo +6Y, 7215

= (Xy; ¥o) la nhitng cap nghiém cua hé ().

A S s i T S
Vay a< —5 la nhitng gia tri can tim.
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PHAN HAIL: MQT SO PHUONG PHAP KHAC THUONG DUNG
TRONG GIAI HE

I) PHUONG PHAP BIEN POI TUONG DUONG

Phuong phép nay chii yéu 1a ding céc k§ niang bién dbi phuong trinh cua hé dé dua vé

phuong trinh don gian c6 thé rat x theo y hodc nguoc lai dé thé vao phwong trinh khéc
cua hé

Ta xét vi du sau:

Logi 1) Trong hé cé mét phwong trinh bdc nhit theo an x hodc dn y. Khi do ta rit x

theo y hodc y theo x dé thé vao phwong trinh con lai

X2 (y+D)(x+y+1) =3x* —4x+1(1)

Xy +y+1=x*(2)

HD: Ta thay x=0 khong phai 12 nghiém ctia phwong trinh (2) tir phuong trinh (2) ta c6

Vi du 1) Giai ghé phuong trinh {

-1 thay vao phuong trinh (1) ta co

2 X2 _l X2 1 2 3 2

| = +X |=3x —4x+1©(x—1)(2x +2X —x—1):(x—1)(3x—1)
& (x=1)(2¢ +2x* -4x) =0

X+Y+Xy(2x+y)=5xy

Vi du 2) Giai hé¢ phuong trinh:
X+Y+Xy(3x—y)=4xy
Giai: Ta c6 x=y=0 la nghi¢m.
Céc cap so (x,y) voi x=0, y= 0 hoac x# 0, y=0 khéng la nghi¢m.
i+£+ 2X+Yy=5

Xét xy = 0. chia 2 vé phuong trinh cho xy # 0 ta dugc y
—+—+3x-y=4
Xy

1 1
Suyra5-2x—-y=—+—=4+y-3x<x=2y-1

Xy

Thay x=2y-1 vao phuong trinh thi hai ta thu dugc:
2y—1+y+y(2y-1)(5y-3)=4(2y-1)y < 3y—1+y(10y* ~11y +3) =8y* -4y
& 10y° -19y* +10y -1=0 <> (y—1)(10y* -9y +1)

9+41  9-41

20 YT 20

oy=ly=
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(y=Lx=1)

, z 9+\/H \/H—l
Dapso: | y= P X =
20 10
y_9+Jﬁlx_—$ﬁ—l
20 10

Logi 2) Mgt phuong tri(lh Ciia hé cé thé dwa vé dang tich ciia 2 phwong trinh bdc nhit
hai an. Khi do ta dwa vé gidi 2 hé phwong trinh twong dwong
Xy +X+y=x>-2y*(1)

Vi du 1) Giai hé phuong trinh sau
XJ2Y — Y/ X=1=2x-2y(2)
Pidu kién 13 y>0;x>1

X=-y

thay lan luot hai truong hop
X=2y+1

Phuong trinh (1) < (x+y)(x-2y-1)=0 tur d6 ta co {

vao phuong trinh (2) dé giai

[ _ =1 [ 22 1
Vi du 2)Giai h¢ phuong trinh: XY HYx=y =leyxe =y
Vx+y =1(2)
Giai: Diéu kién x>y >0
(1)<:>(«/x+y—1)(«/x—y—1):0

X+y=1
{\/;+\/§:1

H¢ da cho tuong duong voi:

X—y=1
_{J§+J§:1
L x+y=1 x=1 _ [x=0
N N

o x-y=1 x=1
giai {&+\/§=1©{y=0

Dap s6: x=1,y=0 va x=0, y=1.

Sy k3=
M+f:x+3(2)

Vi du 3) Giai hé¢ phuong trinh:

Giai: Diéu kién x>0,y >3
y-3 _y-3
JX+Y—/x+3 X

% Voiy=3taco 2Vx+3 =0« x=-3(loai)

Taco: ()
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JX+Y —VX+3 =X
‘/x+y+\/7:x+3

Suyra X+3-/X = /x+ Yy =X+~+/X+3
Suyra v/x+3 ++/x =3 < x =1 thay vao (2) ta dugc: [y+1=3< y=8
bap so: {X =1
y=28
Cha y: Trong mét s6 bai toan nhiéu khi cac em can cong hodc trir 2 phueng trinh
cia hé sau d6 méi xuat hién phwong trinh dang tich
x*+yt+6x7y* =41
xy(x2 + yz):lO

% Voi y#3tacd {

Vi du 4) Giai hé phuong trinh : {

Gidi: Sir dung hiing déng thuc: (x+y)' =x* +y* + axy (X% +y?)+6x7y?
X' +y*+6x7y* =41

4xy(x2 + yz) =40

cong vé véi vé 2 phuong trinh ta thu dugc:

Xyt +axy (X +y7)+6x7y =81l (X+ y) =8le x+y=4+3

X+y=3
{xy(x2+y2)=10

HD: H¢ d& cho tuong duong véi {

h¢ da cho tuong duong véi

X+y=-3
{xy(x2+y2)=10

X+y=3 X+y=3 X+y=3
a) Xét )_10<:>

xy(x2+y2 xy[(x—y)2—2xy}:10c> xy(9—2xy)=10
| x+y=-3 X+y=-3
b) Xét , =
xy(x +y ):10 xy(9-2xy) =10
X2 +y% + 2 _4 1)
Vi du 5) Giai hé phuong trinh: X+y

Sy =x (2)

X+y=x’-y

Giai: bK: x+y>0

Phuong trinh thir nhit ctia hé chira 3 biéu thire X2 + y?; xy; X+ Yy ma 3 biéu thirc ndy quan

hé vdi nhau boi ding thie: (x+y)° = x*+y? +2xy nén ta s& bién doi (1) nhu sau:
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2 (2 2 2 (2 2
(1)<:>x2+y2+(x+y) (X +y)_1:0©(x+y) (x+y) (X er)+x+y—1:0
X+Yy X+Yy

2 2
<:>(x+y—1)(xxiz +1j:0©x+ y-1=0< y=1-x

2 2

ty
X+Yy

Do XY 5 0) thay vao (2) ta

x=1 =0
duge: X —(1-x) =1 X +x-2=0< =Y
X=-2=>y=3

Vay h¢ c6 2 cap nghiém (x;y)=(10),(-2;3).

Loai 3) Mgt phuwong trinh ciia h¢ la phwong trinh bdc 2 theo mjt dn ching han x Ia
an. Khi do ta coi y nhw la tham sé gidi x theo y.
y? = (5x+4)(4-X) (1)

Vi du 1) Giai hé phuong trinh sau
—5x? +y? —4xy +16x-8y+16=0 (2)

HD: Coi phuong trinh (2) la phuong trinh theo an y ta c6 (2)

< y? —4(x+2)y-5x*+16x+16=0

y=5x+4 N C 5 x ~ o a

4 thay lan lugt hai truong hop vao phuong trinh ta sé giai

y=4-X

dugc cac nghi¢m cua hé¢

Giai y theo x ta co {

) L . 2X° +2xy+y=5
Vi du 2) Giai hé phuong trinh sau:
Yo+ Xy +5x=7
Trir hai phuong trinh cia hé cho nhau ta co 2x> —y* + Xy +y—-5x+2=0<
o y+1
2X2 +(Y-5)X— Yy’ +y+2=0A=(y-5)°-8(-y +y+2)=QBy-3)°=|" 2
X=2-Yy
Thay lan Iuot 2 truong hop vao hé ta giai duoc X, y
_ . X%+ 2xy +2y% +3x =0(1)
Vi du 3) Giai hé¢ phuong trinh:
Xy +y%+3y+1=0(2)
Giai: Lay (1)+2.(2) ta du:qc:(x+2y)2+3(x+2y)+2=0<:>(x+2y+1)(x+2y+2):0
TH1: x+2y+1=0= x=-2y -1 thay vao (2) ta dugc:
y:1+\/§:>x:—3—2x/§
yzl—ﬁ:x:—3+2«/§
TH2: x+2y+2=0= x=-2y -2 thay vao (2) ta dugc:

y2—2y—2=0:>|:
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y:%:X=—3+\/§
y2—y—1:0:> 2

y:1+2\/g:>X=—3—«/§

Do do hpt dé cho c6 4 nghiém (x;y) la:

) . . (2x2—3x+4)(2y2—3y+4):18
Vi du 4) Giai h¢ phuong trinh
X+ y>+xy—7x—6y+14=0

Loi giai:

Xét ding thirc X* +y2 + Xy —7x—6y +14 =0(*)

Ta xem (*) la phuong trinh bc hai theo bién x, viét lai 1a x* +x(y—7)+y* -6y +14=0.
Phuong trinh nay ¢6 nghiém khi:

:(y—?)z—4(y2—6y+14)20©—3y2+10y—720<:>1£ ys%

Hoan toan tuong tw, xem (*) 1a Phuong trinh bac hai theo bién y, viét lai 1a:
y?—y(x—6)+(x* ~7x+14) =0 phuong trinh nay c6 nghi¢m khi:

A, :(x—6)2—4(x2—7x+14)20©—3x2+16x—2020<:>2£x£%

Ta xét ham s6 uuzzﬁ—m+4¢emz>P@)=M—3=0cw=%<1

Suy ra trén [L+o0), ham s6 nay dong bién. Ta dugc:

f(x)>f(2)=6f(y)>f(1)=3= f(x).f(y)=36=18

Tir phuong trinh thi nhat cua hé thi ta thiy déng thirc phai xdy ra, tirc 1a x=2,y=1.
Thay hai gia tri nay vao (*) ta thay khong thoa mén

Vay h¢ dé& cho vo nghiém.

1) PHUONG PHAP PAT AN PHU

Diém méu chot ciia phwong phdp nay la phdi phdt hién an phu u=f(x,y) va v=g(x,y)
ngay trong tieng phwong trinh ciia hé hodc sau cac phép bién déi

Thong thuong cac phép bién déi thwong xoay quanh vi¢c cong, trir 2 phwong trinh
ciia hé hodc chia cdc vé phwong trinh cho mét sé6 hang khdc khong cé sin trong cdc
phuwong trinh ciia h¢ dé fim ra nhitng phan chung ma sau dé ta dat thanh an phu

X +1+y(y+x) =4y @)
(x2+l)(y+x—2):y (2)

HD: Ta thay y=0 khong phai 12 nghiém ctia hé. Chia hai vé phuong trinh (1) va (2) cho y
ta co hé tuong duong sau

Vi du 1) Giai hé phuong trinh sau {
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x?+1

+X+y=4 2,1 5
Uu+v= N
y bat u=X * ; V=X+Y-2 ta 0 hé sau Giai hé timu,v
x* +1 uv=1
( J(x+y-2)=1
sau do tim x, .
4xy +4(x> +y?) + ~=7
X+ 5
Vi du 2) Giai hé phuong trinh sau (x+y) bicu kién x+y =0
2X+L=3
X+Yy
2 2 3
3(x+y) +(x-y) + ~=7
X+
Khi do ta co h¢ sau ( y) Détu=x+y+i;v=x—y
1 X+Yy
X+y+——+X-y=3
X+Yy
V6i Ju| > 2
2 2
. =13 ... ... s
Thay vao ta co {3u +V3 3 Giai hé tim u;v sau d6 thay vao tim x; y
U+v=

] e . X+ Yy X+3x°+y? +3x -2y +1=0
Vi du 3) Giai hé¢ phuong trinh:
2y® +xy* +y*—3x-3=0
: . C|(x+2) #(x+1)y2 =2y
Giai: H¢ phuong trinh tuong duong véi
(x+1)y* +2y° =3(x+1)
dat u=x+1
ud+uy?=2
Ta c6 hé mébi , y , y
uy“+2y°=3u
D& thay u=y=0 12 mdt nghiém ,
Xéty=0 dat u=ty the vao hé sau do chia hai vé phuong trinh cho nhau ta dugc phuong
trinh mot an t. , q ‘
( Pay 1a mot bién thé ctuia hé phuong trinh dong bac)
(x+y)(1+xy)=18xy
X2+ Y7 (L4+x7y? ) = 208X°y?

Giai: Ta cd x=y=0 langhi¢m. Xét xy = 0. H¢ phuong trinh tuong duong véi

(x+ y)[1+ij=18
Xy 1 1
.bat u=x+—,v=y+—taduoc

X y
(x*+ y?)(1+ X21y2 J =208

Vi du 4) Giai hé phuong trinh: {

u+v=18
u®+v? =208
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(x+ y)[1+iJ =5
Vi du 5)Giai h¢ phuong trinh X

xy+i:4
Xy
Giai:
A . 1 1 . |lu+v=>5
bicu kién xy #0. Pat u=x+—,v=Yy+—tadugc hé
y X uv==6
(5+lj(x+y):15
y X

Vi du 6) Giai hé phuong trinh : ,
XYy
[7+7j(x2 + y2) =85

Giai: bat u :1+1,v=x+y.Ta co:
y X
2 2
%Jr%:uz—z
X +y?=(x+ y)2—2xy=v2—2xy
2

2

X“+y
Xy

u= S UXy =X+ Yy

2

Suy ra u.xy = V> —2xy = xy = v
u+2

2

2
Suy ra x2+y2=v2—2V U ( vi uv=15)
u+2 u+2 u+2
uv =15

Ta duoc hé
a duoc he (UZ—Z)(:LSVJZSS
u+2

X2y + 2y + X = 4xy
Vidu7)Gidgihe: 11 1 «x
—+—+—=3

X“ Xy oy
Giai: Diéu kién xy #0.

hé phuong trinh tuong duong véi

1 1 1 u+v=4 u=2
bat u=x+—,v=—+—ta duogc: &
X Xy
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x+£:2
Hé phuong trinh tuong duong véi L );_ < (x=1y=1)

—+—=2
Xy

I11) PHUONG PHAP HAM SO ,
Logi 1) Mjt phuwong trinh ciia hé co6 dang f(x)=f(y). Mot phwong trinh cho ta biét tip
gia tri ciia x hodc y. Tvr do suy ra ham f(x) don diéu suy ra x=y

x*-bx=y*-5 1
Vi du 1) Giai hé phuong trinh sau y'=sy (1
X +yt=1 (2)

Tur phuong trinh (2) tasuy ra |x|,|y| <1 Xét phuong trinh f (x) = x* —5x voi
[ 1 ] f'(x)=3x*-5<0Vxe [ 1;1] nén f(x) 12 ham nghich bién suy ra x=y thay vao

phuong trinh (2) ta dé dang giai duoc nghi¢ém
Logi 2) Hé doi xirng ma sau khi bién déi thivong dwa vé dang f(x)=f(y) hodic f(x)=0

trong do f'la ham don diéu
X+VXP=2x+2=3"+1
y+yy -2y+2=3"+1
u+vJu?+1=3"
VvV +1=3
Trir theo vé hai phuong trinh trén ta duoc
U+VU2+1+3" =v+v2+1+3" Xét ham sb
f(X) =x++x*+1+3% f'(x) =1+

Vi du 1) Giai hé phuong trinh sau {

HD: bat x-1=u; y-1=v ta cé hé {

+3*In3>0VXx = u=v. Thay vao (1) ta cd

X +1

u+vu’+1=3"< In(u+\/u2 +1):uln3; f(u)=In(u++vu?+1)-uln3taco

' \/u +1 1
f = —In3=
= u+~u’+1 " Ju? +1

khi u=0 thi f(0)=0 nén u=v=0 la nghiém duy nhat = x=y=1 la nghiém duy nhit ctia h¢
ban dau

—~In3<0vu = f(u) 1a ham sb nghich bién. Ta c6

X*—3x*+2=y*-3y-2
Vi du 2) Giai hé phuong trinh sau: x=2 y-1
log, | — |+log,

2j:(x—zoll)2

Giai: Dt y=u-1 thay vao phuong trinh (1) ciia hé ta co x°* —3x® =u® —3u?. Ta thy bai
toan xac dinh khi
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O<x<2

X>2

y>1
luén don diéu nén
Tacd Xx=U < x=y+1 thay vao phuong trinh (2) ctia hé ta c6 x=2011 1a nghiém.
Chu y: Trong bai tap ndy ta ciing c6 thé bién ddi truc tiép phuwong trinh dau ciia hé vé
dang
x*—3x% = (y+1)3 —-3(y+1)?

{0<y<1

Trong ca hai truong hop ta thiy ham sé f (x) = x® —3x* = f '(x) =3x(x—2)

(4x2 +1)x+(y—3) 5-2y=0
A4X* +y* +243-4x =7

Vi du 3) Giai hé phuong trinh sau: {

_ 42
HD: bat w/5—2y=t:>y=5 2t

2
t Y 8P +2x=t>+t Xét f(x)=x}+x= f'(x)=3x*+1 suy ra ham

4x3+x=t(3—5_

2
thé vao

s6 f(x) ludn ddng bién tir 6 suyra t =2x <> /5-2y =2x < y = -

phuong trinh (2) cua hé ta co

5-4x2 ) 3
g(x) = 4x? +[ 5 j +23-4x-7=0 Vvoi xe [O;Z]
D& thay x=0 hoic x=3/4 déu khong phai 1a nghiém

, 5 zj 4 ) 4 . ( 3) .
X) =8X—-8x| ——2x° |- =4X(4x" -3)——=<0 V61 x| 0;— | Taco
9 [z Goax IR 1

g(%)=0:> x=%;y=2 la nghiém duy nhit cta hé.

_ 449377 = (44972 ) 702 (1)

Vi du 4); Giai h¢ phuong trinh:
A+ 4=4x+42y-2x+4(2)

Giai: DK: y—x+2>0.Dbat t=x*-2y

44377 443

7t+2 = 72t

PT (1) 4+37=(4+9).7"" < < f(t+2)=f(2t). Trong d6

£ 4+3X

( ) (—j xeR IahamSOglam(V|0<i §<1)
! 7'7

Do d6 f(t+2 =f(2)ot+2=2tt=2,tacla x’-2y=2.Suyra

D) e=2y=x*-2
Thay vao pt(2) ta co:
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B +4=4X+dX* —2-2X+4 & 4 =x-1+ (x—1)2+1c>45:s+\/sz+1,trongdé
S=X-147 =—s+~/s°+1,Vvi 4°4°° =(s+\/52+1)(—s+\/32+1):1 (3)
Tir (3) taco: 4°—47° =2s. Xétham g(s)=4"-4"-2s,seR.Taco

g'(s)=In4(4+47)-2>0;VseR (do 4°+47° >2) suy ra g(s) la ham ddng bién. Chi
¥ 9(0)=0 la nghiém duy nhét cua pt g(s)=0. Do d6 s=0 1a nghiém duy nhit cta pt(3), tic

la x—1=0.Suy ra nghiém duy nhit cta hé pt da cho la (x; y) = [1;—%).

X*+xy+x=1(1)
co dung 1 nghiém (X,;Y,) Voi

Vi du 5) Gia st h¢ phuong trinh:
y2i+xy+x+y=1(2)

X, >0 va y,>0.
cMRr: L1+ _geosZ.
X Yo 7
Giai: Trude hét ta phai lam rd hé phuong trinh cd duy nhat 1 nghiém x>0,y >0
That vay x>0,y > 01a nghiém cua hé phuong trinh, hé twong duong:

1
C1-x-x° y==-x-1(1")
=T =S lX 1
(y+1)(x+y)=1 (;—Xj(;—l}zl(?)
(2')<:>i2—£—1+x:1©x3—2x2—x+1:0
X X

bat f(x)=x"-2x*—x+1.Tacé f'(x)=3x*—-4x-1

Tir (1) 6 x<1vavei 0<x<1thi f'(x)=3x"-4x-1=3(x*-x)-x-1<0

Do d6 f(x) 13 ham nghich bién trén khoang 0< x <1

Mat khac f (0)=1, f (1)=-1. Suy ra phuong trinh f (x)=0 trong khoang 0<x <1 ¢6
duy nhét mot nghi¢m.

Chiy: 0<x <L f(x)=0nen = -2 14x=1=1 1 x+x=x

G X
:>y:£—x—1=x—x2>0:>£+£=£+ 1 2=x =i3 (3)
X x y x x(I-x) x(1-x) x

(Do f(x)=0=1-x=x*(2—-x)=x(1-x)=x*(2-X)

Xét truong hop 1 2005(0,0<g0<%. Ta cé:
X
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f (x) 2 1 1
—=1-——— 4= =1-4cosp—4cos’ p+8cos’p
X X x* X

=2(4cos® p—3cosp)—2(2c0s’ p—1)+2c0s -1

=2C0S3p —2C0S2¢p +2cosp—1

——(2c0s3p.sinp —2¢0s 2¢.sin ¢ +2c0s @.sin p —sin )
Slngo

——(sin4¢—sin 2¢p —sin3p +sin g +sin 2p —sinp) = Mzo
Slngo sin g

4p =3p+2kr (ke N") p=2r(keN)
S = n  2krm
4¢:ﬂ—3¢+2kﬂ(keN) (0=7 T(k N)

Vi 0<go<% nén (pe{%;%{}. Mat khac 0< x <1 nén

Cos —i>£—cos£:> <Z Boi va -
=072 3 P3P esy

Véy nghiém duy nhat cia PT f(x)=0 véi 0<x<1 la x, = p-
2C057

3 T
= COS—
7

\/l+x y+\/1+y )
VBx+2x% +1 =4xy +6x+1

1 \/t +1+t t| -t

Cach 1: Xét f (t)=t+vt®+1, f'(t)=1+ >0do do f(t)
\/t2 +1 \/t2 +1 \/t2 +1
ddng bién trén R.

1)<:>x+\/x2+ =—y+4yi+l= f(x)=f(-y)ex=-y

2x2 +6X+1=3x
(2) & xv/6x+2x% +1=—4x? +6x+1©(\/2x2 +6x+1—5j B
2 4 V2x% +6x+1 =—-2X

Do d6 theo (3) ta co: i+i =
O

I
X
Vi du 6) Giai hé phuong trinh: {

Giai:

N

SXx=l=y=-1

Véi V2x2 +6X+1=3x <
x>0 x>0

2x% +6X+1 = 9x? {7x2 —6x-1=0
=
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Véi

2 A2 2 oy 1_ . _
/72X2+6X+1=_2X©{2x +6X+1= 4x @{2x 6x-1=0 3-VI1_ -3+l

x<0 Xx<0 2 2

Céch 2: Bién déi phuong trinh thir nhét ciia hé thanh: X +vV1+x2 = —y ++/1+y? (1)
R6 rang (1) khién ta nghi dén ham s f (t)=t+ Vt? +1, ham nay ddng bién trén R.
Nén (1) twong duong X =—y thé vao pt thir 2 ciia hé ta duoc:

XVOX 42X +1=-4X" +6X+ . C6 1 cach giai hay d¢é giai ang an phy, nhung dé
V6X +2x2 +1=-4x? +6x+1 (2). C6 1 cach giai hay dé giai (2) b hy, nhung d
3-11

2

don gian hon ta lity thira hai vé ta tim duoc nghiém x=1;x =

3-\11. 3-11
2 2

la nghiém ctia hé

KL: (3-1),
Vi du 7) Giai hé phuong trinh sau:
log, (2x+1)—log, (X — ) = Va4x? +4x+2 —|(x—y )’ +1-3x? + y> —4x—2xy -1
log, (2x) +4x% —J4x2 +1=1-+/2
Giai: Viét pt thir nhat ciia hé thanh:
(2x +l)2 +1—(2x +1)2 —log, (2x+1) =4/(x— y)2 +1-(x- y)2 —log, (x—y) (*)
Xét hamsé f (t)=4/(t)* +1—(t)° —log, (t) voi >0

Co f'(t):;—(nljéi—&/ﬁéo nén f dong bién.
+1

(v V2
Thé thi (*) < 2x+1=x—-y (1).
Voi pt thir 2, xét ham £ (x) = log (2x)+4x° —V4x* +1 véi x>0

Co f'(x)=4x[2—;2}+£ nén f dong bién
4x“+1) X

Thé thi f Gj =1-+/2 nén x= % thoa mén pt thi 2.

Két hop vai (1) cho ta y = —% Vay (% —gj la nghiém cta hé

X2 +3x—1++/2x+1=y
y 43y —1+,2y+1=xX

Vi du 8) Giai hé phuong trinh: {
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Diéu kién: x > —i; y > 1
2 2

Xét ham sb f(t):t3+3t—1+\/2t+1 trén [—%;+ooj

Taco f'(t)=3t"+3+

1
V2t +1

la ham tang thyc sy trén [—%; +ooj .

>0Vte (—%;+Ooj va f(t) lién tuc trén [—%H—ooj nén f(t)

Gia stir —% <x <y tir h¢ phuong trinh d& cho va do f(t) tang suy ra x=y.
Thay vao hé phuong trinh d4 cho ta duoc x° +2x—1++/2x+1=0(1)
Xéthamsd g(x)=x*+2x—-1++2x+1 trén [—%; +ooj

Taco g'(x)=3x"+2+

>0We(—%;+ooj va g(x) lién tuc trén [—%H—ooj nén

1
V2x+1
g(x) la ham tang thyc sy trén [—%; +ooj , ma g(0)=0 nén phuong trinh (1) c6 nghiém duy

nhat x=0. Suy ra x=y=0. )
Thir lai hé dang. Vay hé da cho c6 nghiém duy nhat (x;y)=(0;0).

Vi du 9) Giai hé¢ phuong trinh:

471 1 3 X +/x2 41 =4 8y+3m+m

{y(x —1) 4X* +3x - 8+In(x —3x+3) 0

Giai:

Diéu kién: x>0;y>4.Dat z=y—-4,z>0. Khidé hé (I) cé dang:
{4*216 X 1= 3T e L (1)

, , ()]
7X +3x—z—12+|n(x —3x+3):0 (2)

Ham £ (t) = 4° % + 308+ 241 c6 f'(t) = 204" Ind+——+

t
2Vt 41
Va ham f(t) lién tuc trén [0;+00) nén f(t) dong bién trén [0;+00). Suy ra (1) c6 dang
f(x)=f(z) & x=22>0.
Thé z=x vao phuong trinh (2) ta c6: X° +2x—12+In(x* —3x+3)=0(3)

>0,vVt>0

bt g(x) = x*+2x—12+In(x* -3x+3),x>0
2x—3 , 2X*—4x+3

Taco g'(x)=3x2+2+2—=3x +2—>0, moi x>0
X°—3X+3 X°—3Xx+3

g(x) dong bién trén [0;+00) va g(2)=0 nén x=2 la nghiém duy nhat cia (3)
Hé (IT) c6 nghiém duy nhat x=2 va t=2 nén hé (I) c6 nghiém duy nhat(x;y) 1a (2;6).
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IV) PHUONG PHAP PANH GIA o ]
Véi phwong phap nay hoc sinh cin quan sdt nam chac cdc biéu thirc khong am trong
hé, qua do vin dung cdc bat dang thirc dé danh gid

2Xy

X+T:x2+y
. R X5 =2
Vi du 1) Giai hé¢ phuong trinh X ’ x+9
y+—— i
Jy*—-2y+9

HD:Cong 2 vé cta hai phuwong trinh véi nhau ta co
2Xy 2xy
+
Yx? —2x+9 %/y2 -2y+9

Co X2 —2x+9 = Y(x=1)* +8 2 2= VT < 2xy; x>+ y* > 2xy = VP > 2xy . DAu béing xay
ra khi va chi khi x=y=1

Keét luan: Hé c6 2 ngiém x=y=0 va x=y=1

y=—X+3x+4

X=2y'—6y—2

(y—2)=—(x+1)*(x—-2) (1)

(x-2)=2(y+1)’(y-2) (2

Néu y > 2 tir (1) suy ra x<2. Nhung diéu nay 1a vo 1y vi (2) v nghiém
Lép luén tuong tu cho truong hop y<2

Két luan x=y=2 1a nghiém duy nhat cta h¢ phwong trinh.

AL+ X)A+x)A+x) =1+’

A+ yY)A+y)A+y) =1+x’
HD: D& thay x=y=0 hoic x=y=-1 la nghiém

Xét x>0 ta co

A+ X)L+ XA+ X)) =1+ X+ X+ X+ X+ X+ X+ x >1+ X

=x*+y?* Taco x=y=0 la mot nghiém cuia hé

Vi du 2) Giai hé phuong trinh sau {

H¢ da cho tuong duong voi {

Vi du 3) Giai hé phuong trinh sau: {

=y>X
S1+y+ Y+ Y Y Y Y Y ST+ XX X XXy S 1y x>y
Vay h¢ vo nghiém. Tuong tu khi y>0 hé ciing vd nghi¢m

Xétx<-1 =1+ %x' <0=>1+y<0=>y<-1

Taco 1+ (X+x)+(C+x)+(X° +x®) +x’ >1+x" = y > x. Tuong tu khi y<-1 ta cd
x>y . Vay h¢ v6 nghi€ém

Xét truong hop -1<x<0 ching minh tuong tu ta c6 hé vo nghiém.

Két luan: x=y=0 hoic x=y=-1
Ix+432-x—y* +3=0(2)

Ix+32-x+6y-24=0(2)

Vi du 4) Giai hé¢ phuong trinh:
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0<x<32
y<4

LAy (1)+(2) vé theo vé ta c6: VX +~/32—x + ¥x +432—x = y?> -6y + 21 (¥)
Co: y2+6y+21=(y—3)°+12>12. Lai co:

Vx+32-x < J(1+1)(x+32-x) =8 = x + 32— x s\/(l+1)(\&+\/32—x) =4

Giai: bK: {

Jx =+/32-x
x =16
Vay \/§+\/32—x+i‘/§+\4/32—x£12.Do(*)néncéhépt: i‘fzf’/?aZ—X@{ B
y-3=0 -

Véy hé pt cé 1 nghiém duy nhat (16;3)

X2 +2y% = X2y + 2xy

2\/x2—2y—1+€/y3—14 =X-2

Bién déi phuong trinh dau thanh: (x* —2y)(x—y)=0 két hop diéu kién x*—2y-1>0

tasuyra x=y thay vao phuong trinh tha hai ta dugc

VX2 =2x-1>0 {xz —2x-1>0
< 2

Y -14<x-2 [X -2x-1<0

Vi du 5) Giai hé phuong trinh: {

2\/x22x1+§/x314=x2:>{ o X2 —2x-1=0

suy ra x =1+2
Vay hé 06 nghiém: (x;y) =(1-v2:1+/2 ) U (1+v2;1-42)

21 (4x-1)" = 3/4x(8x+1
Vi du 6) Giai h¢ phuong trinh: y ) m
4052 + X = yN/14x -1

2 +16x% —8x+1=3/4x(8x +1

Giai: bK: Xzi.Hécy y ( )
14 80x% +2x =2y4—x
Cong hai phuong trinh cta hé v4i nhau ta dugc:

y? —2yv14x—1+14x-1+96x* — 20X+ 2 = §/4x(8x +1)
& (y—VIAX—1) +96x* - 20x+2= J4x(Bx+1)(1)

Taco: VT (1) >96x* —20x+2 = %[3(8x—1)2 +8x+1} > %(BX +1)

1 1
= g[l6x +8x+1+2]> ?3/16x(8x +1)2 = 3/4x(8x+1) =VP(1)
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A Thir lai hé thiy thoa mén.
y=+14x-1= 73

Vay hé d4 cho c6 nghiém duy nhét

121 :
Vi du 7) Giai hé phuong trinh: X+ 2x= 9 21
X2 +y2+xy—3x-4y+4=0
Giai: Phuong trinh thir hai ciia hé tuong duong v6i y +(x—4)y+x*-3x+4=0
Day la phuong trinh bac hai theo bién y nén can c6 diéu kién

A:(x—4)2—4(x2—3x+4):—3x2+4x20<:>0£x£%

X 2 2

Do d6 X* +2x+272 < LA NP IYE :E+%+9:%
3 9 9 9

Tir bat ddng thic trén va phuong trinh thir nhat cia hé, ta suyra x = %

Do do

4 4y 4 8 16 4\ 4
‘rl=——4|y+|=| 3| |[+4=0y ——y+—=0 — | =0 y=—
y (3 Jy (?J @ Y730 Q[y 3j Y73

Vay hé d4 cho c6 nghiém 12 x =y :%

Y —Bx+9-xy+12—6x <1 0
\/Z(X_Y)Z+10X—6y+12—\/§:«/)(+2 (2)

Vi du 8) Giai hé¢ phuong trinh:

Giai: ta co:
y>0;x>-2

(x—y)2 +5x—3y+6:%(\/§+\/x+2)2 (3)

(2) & \2(x—y) +10x—6y+12 = [y + x+2

Ta co: VT(3)=x2—2xy+y2+5x—3y+6:(x—2)2—2y(x+2)+ Vo+Y+X+2
:(y—x—z)2 +(\/§)2 +(\/x+2)2 2%(ﬁ+\/x+2)2 =VP(3)
Ping thic c6 < y = X+2=(2) < y=x+2. Thay vao (1) ta dugc:

VX —4x+13 -2 —4x+12 <1t +3-3t+2>2 (4)
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Trong do: t=x* —4x+10=(x-2)" +6>6=t+2>2

Ta co: t+3:1+(\‘°’/t+2)3 :1+%(\3/t+2)3+%(\3/t+2)3 >1+ 23 t+2+('\3/t+2)2
:>t+3z(1+€/t+2)2 — Jt+3-3+2>1 (5

Ding thirc ¢6 khi t =6

T (@) va(d) =>Vt+3-Jt+2=1t=6<x=2

, [x=2
Vay hé da cho c6 nghiém duy nhat {

ye+y° 2% = /xy — x2y?

Vi du 9) Giai hé¢ phuong trinh: 1
Axy? + v+ = > 2x% 41+ (2x - y)?
YAy D yi+(2x-y)

1

2
Giai: Taco: y* +y*+2x° = %—(xy——j s%:4xy3+y3+%z Y8 +4xy® +2y° + 2x°

2

1 2
Mt khac: 4xy® +y° +=>2x% +/1+(2x - . nén
. Yy yi+(2x-y)
= 8xy’ +2y* +1> yG+4xy‘°’+2y‘°’+4x2+w/1+(2x—y)2

-2x=0
<:>12\/1+(2x—y)2 +(y3—2x2)2 @{ys ;(x—OQ{

Thtr lai ta théy hé c6 cap nghiém duy nhat (X; y) = [—% : —1)
V1+41-x* = x(1+ 21-y° )

+ =
J1+x \/1+y \/1+\/@
Didu kién: —1<x<1-1<y<1&xy>0
Tu(l)suyra 0<x<1.Dodo 0<y<1

@
(2)

. 1 1 1 1
Ta co: + <2l —+——| 3
{\/1+x ~/1+yj (1+x 1+yj ®)
1 _ 2

+ < 4
14x 1+y 1+ fxy )

Ta chirng minh dugc

That vay:
(8) & 24+ X+ y +2,/xy +/xy(x + y) < 2+ 2(x+ y)+ 2xy
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& (x=xy JVx =y | > 0 (bét déng thirc luon diing voi moi X,y  [0:1])
Tur (3) va (4) suy ra ! < 2

1
+ <
VI+x  Ll+y \/1+\/W

Ding thirc xay ra khi va chi khi x=y.

Thay x=y vio (2) ta dugc: V1+v1—x? = x(1+ NG ) 5)

bat x=sint,t € [0; %} phuong trinh (5) tré thanh: +/1+ cost = sint(1+ 2cost)

t—£+k4—”
o 2cost =2sin L.cost 142/ 1-2sin2 L c>33|n£—43|n3t—£c> 6 3(keZ)
2 2 2 2 2 2 2 T Ar
t=—+k—
2 3
t=" L
the[o;ﬂ}taduoc 6_1%77.
2 T
t=— x=1
2

V) GIAT HE BANG CACH PUA VE PHUONG TRINH CUNG BAC
Co s6 cia pp nay la khi 2 phwong trinh cia hé c6 thé dwa vé dang phuong trinh
cung béc so véi x,y thi ta dat x=ty sau do dwa vé phwong trinh mt an so6 va giai nhw
binh thwong
2 2

Vi dul) Giai hé phuong trinh sau {22( +3y2 X H3yry

X“4+2y° =Xx+2y
HD: R0 rang ban dau hé khong thudc dang dic biét ndo ca nhung quan sat ky Hs sé thiy
diém mAu chdt cia bai toan nim ¢ van dé sau
Ta thiy x=y=0 12 mot nghiém ciia hé
Xét truong hop X,y # 0 hé da cho twong duong véi

(2x+3y)(X* +2y?)=(x+2y) (x> +3xy+y?) < x® + 4y —3xy* —2x’y =0
Dit x=ty thé vao phuong trinh ta c6

t=1

1+J1_7

-2t -3t+4=0= (t-)(t*t-4) =0t =




Tir d6 ta giai hé theo 3 truong hop cia t. Sau khi giai xong cha ¥ viéc thir nghiém dé
chon nghiém chinh xac

_ 2X°y? + X +2x=2
Vi du 2) Giai hé phuong trinh sau:
2X°y =X’y +2xy =1

I 20y +(x+1)? =3 R
HD: Tathay hé tuong duong véi bat xy=u;x+1=v Ta dugc hé
2xy(x+1) —xy* =1

ddng bac
2u®+v* =3
2uv—u®=1

Trong mot sb bai tap viéc dua vé hé dong bac nhiéu khi doi hoi nhitng k¥ that tuong dbi
kho6 nhung sau do ta thuong thu dugc cach giai h¢ kha hay. Ta xét vi du sau:
X+ Y2 XY +2y+X=2
2x* —y*-2y-2=0
HD:Dit x=u-+a,y=y-+b thay viao phuong trinh ddu ciia hé ta co
(u+a)’+(v+b) +(u+a)(v+b)+2(v+b)+u+a=0 Péh¢ phuong trinh dng bic thi
diéu kién can 1a trong phwong trinh khéng c6 s6 hang bac nhit.
2a+b+1=0 a=0
Suyra =
2b+a+2=0 b=-1
X?+U’+xu=3
2x* —u? =1

x> +xy+y?=3

Vi du 3) Giai hé phuong trinh sau: {

bat y=u-1 ta c6 hé sau: {

Vi du 4) Giai hé phuong trinht:
X2 +2Xy—7x—=5y+9=0

Giai:
Cach 1: Cong theo hai vé phuong trinh cia hé ta duge: (2x+y—3)(x+y—-2)=0. Tir do
dan dén 2 truong hop.

THl:{X TXy+y 3©{X hOéc{X

y=3-2x y=1 y=-1
2 2 _ =1

THp: 1X XYY _3©{x
y=2-X y=1

KL: (11),(2;-1) la nghiém cua hé.
a®+b*+3a+3b+ab=0(1)
a®-3a-3b+2ab=0(2)

+1
hé thanh:

Céach 2: bat {
y=b+1

Cong (1) va (2) ta dugc: 2a” +b* +3ab =0 < (2a+b)(a+b)=0 suyraxvay.
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Tir d6 ta riit ra mdt kinh nghiém giai hé: Néu ta biét hé cé 1 nghiém (x,y) = (a,b)

. _ =u+a

bang phép doi bien { b ta s€ thu dwgc hé moéi don gian hon.
y=V+

X +3xy? =49

x> —8xy +y° =8y —17x

MOdi vé cua hai pt 1a nhirng biéu thirc ddng bac nén ta nghi ti dat y = tx

Vi x =0 khéng la nghiém cta hé nén ta dat y = tx. Khi d6 hé thanh:

Vi du 5) Giai hé phuong trinh: Giai hé pt: {

G4 49 49

x* (1+3t)" =49 1+3t"  49+3(t*-16) 49+3a
f—

x2(1—8t+t2):x(8t—17) o ot 8t-17 _ b

T8+l (-16)-(8t-17) a-b
(Véi a=t>-16;b =8t -17)
—49 b
- =
49+3a (a-b)’

< 49(b°+(a=b)’)+3a=0

<:>a[b2—b(a—b)+(a—b)2+3J=0<:>a=0<:>t2 =16

Thé t* =16 vao hé = x=-1=y =44,

2y(x2 —yz):3x

x(x2 —yz):loy

Ta thiy néu x=0 thi y=0 va nguoc lai nén hé phuong trinh d cho c6 nghiém (x;y)=(0;0)

Xét truong hop xy =0
Chia timg vé phuong trinh thir nhat cho phuong trinh thr hai ta dugc:

2y(x*-y*)  3x
X(x*+y?) 10y

Vi du 6) Giai hé¢ phuong trinh: {

< 20y? (x2 - yz) =3x? (x2 + y2) <3 —17x%y? +20y* =0

<:>(x2—4y2)(3x2—5y2)=0<:>x2 =§y2

2y.3y? = 3x {ZyS =X {Zy3 = {X=i2
o o o

- Néu x* =4y?, hé da cho tro thanh:
x.5y° =10y Xy =2

- Néu x? =§y2, hé da cho trg thanh:

2 , - 15
2y.3Y 3X©{4y3—9x©{4y3—9x o 24ss

_ 4_
x.% y? =10y 4xy =15 16y* =135 y=t Y135

2
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Vay hé c6 5 nghiém la

(x; y)=(o;o),(2;1),(—2;—1),[2y115375;@J{_wl%;_ﬂlz?ﬂ

V1) GIAI HE BANG CACH SU DUNG TiNH CHAT CUA SO PHUC.
2

Vi du 1) Giai hé phwong trinh véi nghiém 14 s6 thyc: {X TI=-

' y°-3x*y =—3
Giai: Day 1 hé ding cap bac ba. Tuy nhién, néu giai bang phuong phap thong thuong ta
s& di dén giai phuong trinh bac ba: +/3t> +3t? —3y/3t —1=0. Phuong trinh nay khdng c6
nghiém dac biét
Xét s phitc z=x+iy. Vi 2°=x° =3xy” +i(3x*y—y°®), nén tir h¢ dé cho ta co:

=—1++/3i = [COS?+ISIH 2?) ta tim duoc 3 gia tri cua z la:

2 . . 2m 8t . . 8x 14 14z
Y2| cos== +isin== |, 32| cos— +isin— |, 32 cos—+|sm—J
J_( 9 9) ( 9 9j 9 9
Tir do suy ra hé dé cho c6 3 nghiém la: {x =

=§Ecos%[ x=€50058§ 2COSMT7[

y=§/§sin2§ y=§/§sin8§ yzi/isinMT”

X' —6x2y2 +y* =3
Vi du 2) Giai hé phuong trinh trong tap sé phc: 1
Xy —yix ==
4
Giai: Xét s6 phirc z = x+iy. Vi z* =x* —=6x%y? + y* + 4i (3x3y— y‘°’x) , nén tr hé da cho
suy ra:
' =\3+i= 2[cos%+isin%j (*)

Céc s phuc thoa man (*):

.. 137 137 257 257 377 .. 3In
V2 cos£+|sm£ 2| cOS——+isin— 2| coS——+isin—— (‘/5 cos +1sIn
\/_( 24 24 \/_ 24 24 \/— 24 24 24 24

vay cac nghiém can tim cta hé 1a:

:i‘/§cosl X= 200513—” X = 2c0525—ﬂ X= 2c0337—ﬂ
24 . 24 . 24

} . 137 . 257 . 31x
:\4/23|n£ =4{2sin=—"— =3{2sin—— =3{2sin——
g 24 o (Y=Y Y 24
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16x 11y _

X2+
Vi du 3) Giai hé phuong trinh véi nghiém véi x,y e R: Y
_1x+16y
X*+y°
Giai: BK: x*+y? #0. Dt z=x+iy.Ta cé: 1 );_ y|2
z X+y

V1 hai s6 phtic bang nhau khi va chi khi phan thyc bang nhau va phan 4o bang nhau, nén
h¢ d& cho tuong duong véi:
| 16x— 11y ( 11x +16y
22 WY
x* +y? X +y

j:7—|©x+yl+16 AT TR A
+y X +y

16-11i
z
Phuong trinh z° —(7—i)z+16—-11i =0¢6 2 nghiém z =2-3i,z=5+2i nén hé da cho c6
cac nghiém: (x;y)=(2;-3) hoidc (x;y)=(5;2)
Chu y: Mubn giai dugc cac hé phuong trinh bang phuong phap sir dung sO phirc, can nhd
mot cdng thire co ban ctia s6 phuc, dic biét 13 voi mdi s6 phirc z = x+iy thitaco

x* +y? 1a phuong trinh mddun va 1 = i = —ly

7 1z x2+y2

=7+

—7-ie 22— (7-1)2+16-11i =0
=(7-1)

V10x (1+5 3 j=3
X+
Vi du 4) Giai hé phuong trinh véi nghiém véi X,y e R: J
SX+y

Gidi: Tur h¢ suyra x>0,y>0.
Bai hé nay khdng c6 ngay dang nhu trén, tuy nhién véi muc dich chuyén mau vé dang
binh phuong médun cia sb phire, chi can dit u =+/5x,v = \/V véi u,v>0.

u(1+ 3 j—i
u?+v? ) 2

3
v|1- =-1
( u2+v2)

Hé d& cho co dang:

bat z=u+iv. Taco: 1 UZ_VIZ . Hé d& cho tuong duong voi:
Z U’+v
ul 1+ 3 j+iv(l— 3 )—i—i©u+iv+3ﬂ—i—i
u? +v? ul+v? ) 2 ul+v? 2
@z+§ 3J— 2 & 22" (32 -2i)2+6=0(*)

80



Gidi pi(*), ta co: A'=-34-1212i = (12 —6i)2, suy ra céc nghiém 1a

z=~2-2i,2= \E;Z'

J2+2i W2 1
2

,dO do U=7,V=1:>X=—,y=l

Viuv>0nén z=

Vay nghiém can tim Ia (X; y) = (%;1}

\/Y[l— 12 j:z
3X+Yy

\/V(u 12 j=6

Vi du 5) Giai hé phuong trinh véi nghiém véi x,y e R:

3X+Yy
Giai: Trhé suyra x>0,y >0. bt u:\/3_x,v=\/§(u,v>0).

u(l— 212 2j=2\/§

u +v

12
vi1l+ =6
( u2+v2j
. . ., 1 u-vi N an ..
bat z=u+iv.Taco: == . Hé d& cho tuong duong voi:

z ut+v?

Tir d6 hé dé cho ta cd U[l—uzlzvzjw(“ 212 zjzzﬁm
+

Hé d& cho co dang:

. u—iv
S u+iv-12 5 =
us+v

o7 —2(\@+3i)z—12=0(*)

2\/§+6i©z—2=2\@+6i
Z

Gidi pt(*), ta c6 A’ = 6+ 6+/3i =3(ﬁ+i)2
suy ra cac nghiémz:\/§+3+(\/§+3)i,z=\/§—3+(3—\/§)i
Viu,v>0néntaco u=+3+3v=+3+3, suy ra nghiém cua hé

la: (x;y)= (4+2«/§;12+6\/§) .

MOT SO BAI TAP GIAI HE PHUONG TRINH
Bién soan: NGUYEN TRUNG KIEN 0988844088

x* +2x%y + x?y? =2x+9

2 3 2 5
X2+ Y+ XY+ Xy +xy=—=
1) 4 2{

2 _
x4+y2+xy(1+2x):—% X* +2Xy =6X+6
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3){><y+><+y—>< -2y 4{x2+y2+x—y=4

Vx—-1=2x-2y X(x—y+1)+y(y-1)=2
X +yi+xy=7 1+ x°y® =19x°
5) 6) , ,
X' +yt+xy? =21 y+Xy® =—-6X

2Xy +y> —2x-2y+1=0

X3 +2xy? +12y =0
10 y y
8y* +x° =12

(x+y)(1+ij=5 ,
Xy 8){xy+3y —X+4y=7
1

11)

2X> +5Xy + 2y +X+y+1=0
X — /x> —y? x+w/x2—y2 4129, yrey y
X*+Yy +4xy+12x+12y+10=0
X(X+y)+X* + xy +4 =52
X2+ y2+x-2y=2 14){\/5(x—y):\/ﬁ

13) ,
x* +y? +2x+2y 11 X°—y>=3

!

X2 +y2+ Y 1 Y4/ X° —y =48
15) X+y 16)
\/_y_xz_y X+ Y +4/X° —y =24
17) 2Xy +3x+4y =—6 18) X— y+—
X° +4y* +4x+12y =3 2%y =2y + X =0
19) X>+y>+xy=3 20) X’y +2x+3y=6
X* +2xy =7Xx+5y-9 3Xy+X+y=5
21) X>+y>+xy=3 22) 2X°y2 + X5 +2x =2
y>—xy+5x+4y=9 2X°y —x*y* +2xy =1
23) 2X° +2y? =1+2x+Yy 24 y2+yt+1=3y°
2y? +2X+y+1=6xy Xy’ +x=2y
25) 2y —X+6y” +yx—2y =0 26) Jx+y+dx-y=2Jy
JX+X=2y —x-3y=2 \/;+\/§=3
X—2y— xy 0 2X2+X—£=2
27) 28) y
Vx-1-4/2y-1=1 y—y2X -2y



29)

2

2 —
Kyry=2 30) {X3+y2x+3xz+y2+3x—2y+1=0
X

+X_12+x2y2:3 2y°+xy" +y* -3x-3=0

y =1+ =y (1)

31)

Sy 3= » {Jx+y+ x-
oy R = x+302) Ve fy 1)

Axy +4(x2 + y?) + -7

X2y + 2y + X = 4xy

2
X+
23) 2 PRI
1 —+—+—=3
2X+———=3 Xy
X+y
=x’+y
- X+/X—2x+2 =31 +1 m
y+yy —2y+2=3"+1 =y*+X
e
X+ Y+X =5x X' +y +6x2y2—41
37) y y y) y 38)
X+Y+Xy(3x—y)=4xy xy X +y

X2y +yd=x*+x°

(X+2)y+1=(x+1)

39)

y(X+ Y)Y =2(x*+D)+7y

40) x* +4y =y®+16x
1+y® =5(x* +1)

42) X2+ y? +x°y? =1+ 2xy
x+x y+Xy=y+xy’+1

a0 {x +y?+xy+1=4y

43) (45" +x) x+(y - 3)\/5——‘ 3X _y o
y-1 3

A +y +2m—7 Iogx(x_2j=(X—3)

xy _ SINX

ey =—— 4
45) siny X,y e (Oizj

3V8X* +3+1=642y* -2y +1+8y

1-x?

1+42x7y 51—2X+y:1+22>(*y+1 XT_ y _ _E
46)(34)1I22047)2 Z_XyZ

y +4x+1+ n(y + X)— (X*y +2x)° —2x°y+1-4x=0

2 8yz+1 =
2147 2 =32,y —/x) X2+ Y +xy+2y+x=2
48) 49){ Ceyiery

2(x+y)2 +g\/m:%

2X2 =2+ y*+2y
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X2 +2 2X+8y+6=0 X2 + X =3
50) +2y° +2X+8y+ 51) + Xy + Y’
X+ Xy +Y+4x+1=0 x +2y° = y+2x
52) {x +y?+2x=3 53) Xy hxy=3
X°+y° 31
2 = >
(x*+y?)+6x* =5+3(x* + y?) SRy =3
54) {x +y?=5 55) \/x —8X+9—3xy+12-6x <1
x*+y" +6x°y” +20xy =81 \/Z(x—y)z+10x—6y+12—\/§:\/x+2
56) y? +(4x-1)? = 34x(8x+1) 57) VP +y + 2 = Py -y
40X° + x = yv14x -1 4xy® +y° + >2x +1+(2x - y)
3
\/7 1+_ —9 63) l+x+~/ =2
x+y X —y*+9y = x(9+y y)
\/7 1—— =42 —y3+3y? -3x=2
X+y 64)
(x-2) (2y 1)=x*+20y-28 X +*/1 K =32y -y?
59 _ _
) 2( '—x+2y+y Ly 2 /X+3y+2 3f—\/x+
Jy-1-J4-x+8-x=

2 —4x? +3x—-1= 2x3(2— y)/3-2y
VXx+2 =314 -x/3-2y +1

60) 67)
{\/XWL\/i \/X Jy =x-y (x.y<eR) 2x—y+\/x—12\/2(x—1)+2(2x—y)2
VX*—16 =2+,]y - 3x Y2 +4x4/x-1-17=0

6§—Z= 3x—y +3y 9 NN =x(1+2 1—y2)
61)

2f3x+ By =6x+3y—4 V2~ X2y =Xy
62) 69) (x+\/l+x2)(y+«/1+y2):
2X+y+2,4x+y =1 Xy[3X—2xy +1 = 4xy +3x +1
\/46—16y(x+y)—6y+4w/4x+y:8—4y X2y +y? = x* 4+ x°

70) 1+y
2X+\1+y ="—7T—

84



72)
2—\/x2y4+2xy2 +y4—1:2(3—\/§—x)y2
Jx—y? +x=3

73)

5x°y —4xy> +3y® —2(x+y) =0
Xy(x> +y*) +2 = (x+Y)?

(x,yeR)

74) 6x2y+2y3 +35=0
5x? +5y2 +2xy+5x+13y =0

[.2

X“+2x+6=y+1

) 2 2 '
X“+Xy+ys =7

2 2

X +2xy+2y°+3x=0
76) yrey

xy+y? +3y+1=0

71){xzﬂly+l—2xy—2x =1

x®—3x-3xy =6
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77)

{,/x+ y+1+1=4(x+ y)2 +./3x+3y

12x(2x2 +3y+7xy) = —1-12y?(3+5X)

78)

2x3 —4x% +3x-1= 2x3(2— y)+/3-2y
VXx+2 =314 -x/3-2y +1

(2x2_1)(2y2_1)=gxy

X2+ y2+xy—7x—6y+14=0

2 1
y+§w/x2 ~12y+1 :E(x2 +17)

x> 2x X Xy
+ — =
8y 3 3y 4 2

79)

80)




Tai liéu tham khao:

Toan hoc va tudi tré.

Dién dan math.vn

Phuwong phap giai h¢ phuwong trinh: Thay Nguyén Minh Nhién
Tai liéu trén internet
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