. Dinh nghia

Phwong trinh nghiém nguyén |la phwong trinh ma cac nghiém cuda noé
|a cac so6 nguyeén.

Vi du: Phuwong trinh x + 2y = 3 v&i x,yeZ la phwong trinh nghiém nguyén.
Phwong trinh nay c6 nghiém (1; 1), (-1; 2),...

1. Nhan xét

1. Vé sw can thiét cua cac phwong phap qidi phwong trinh nghiém
nguyén: Do ddc diém cua cac phwong trinh nghiém nguyén nén khi
giai cac phuwong trinh nay doi hoéi chang ta phai van dung linh hoat cac
phwong phap gidi phwong trinh dai s6 da co, két hop voi cac phwong
phap giai riéng biét cua phuwong trinh nghiém nguyén. B&i vay, viéc
nam virng cac phwong phap co ban dé giai cac phwong trinh nghiém
nguyén co vai trd dac biét quan trong trong viéc giai cac bai toan s6 hoc
noi chung va phuwong trinh nghiém nguyén nai riéng.
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2. Vé céac vi du va bai tdp néu ra: Cac VD va bai tdp néu ra minh hoa céc

phwong phap néi chung kha don gian. Co nhirng vi du, bai tap la nhirng khé
khan mdi, nhitng dang phwong trinh m&i cing dwoc gidi bang modt phwong
phap da néu nhwng dodi hdi HS phai c6 sw tw duy nhat dinh.

3. Vé phwong phéap day chuvén deé: “cac_phwong phap giai phwong
trinh nghiém nguyén” cho HSG:

+ Trong chuy@n dé nay, cac kién thirc néu ra mang tinh chat co s& phu hop
v&i dbi twong HS va c6 sw han ché vé sb lwong cac vi du. GV nén dwa trén
co sé& cac phwong phap dé dé ra thém bai tap nham rén luyén thém ki nang
cho HS.

+ GV nén dé HS gap cac kho khan khi tiép can véi cac VD sau néu chi van
dung may moc cach gidi ctia cac VD trwde. Sau dé GV hwédng dan HS tim
khé khan ctia VD minh gdp phai, xac dinh rd nguyén nhan dan dén khé khan
do, tr do6 dinh hwéng cach khac phuc trén co s& cach gidi cac VD co trude
(néu khong thé dwoc thi lic d6 GV néu cach khac phuc cia minh dé HS
tham khao va ghi nh¢).
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l1l. Cac phwong phap co ban giai phwong trinh nghiém nguyén

1. Phwong phéap tach phan nguyén

Co’ s& ctia PP nay la tdch céac biéu thdrc phan thiec thanh phan nguyén
va phan phan. Sau dé ddanh gia phan phan dé tim ra cic nghiém cda

phwongtrinh.

2X+3
Vidu 1: Giai phwong trinh nghiém nguyény = ;-

Hwéng dan (HD): Ta co: y = 2 + 1/(x+1). T x,yeZ = l(x+1)eZ = x+1 la
wdccla 1 = x+1 =1 hoac x+1 =-1 = x =0 hoac x = -2.

Thay lai PT ta dwgc nghiém: (x; y) = (0; 3), (-2; 1).
Nhan xeét:

Trong VD trén, phan nguyén cda phan thire (2x+3)/(x+1) la 2 va phéan phan 1a
1/(x+1). Viéc tach dé duoc phdn nguyén nhw thé goi la tach phédn nguyén.



X+3

Vidu 2: Gidi phwong trinh nghiém nguyén sau: y = o 7E"

HD: Ta c0 2y = (2x+6)/(2x+5) = 1+1/(2x+5). T X, yeZ = 1/(2x+5)eZ = 2x+5
la wéc cia 1 = 2x+5 =1 hodc 2x+5 =-1 = x = -2 hoac x = -3.

Thay lai x = -2 va x = -3 ta dwg'c cac nghiém cua phuwong trinh trén la:

x;y) = (-2; 1), (-3; 0).

Bai tap van dung: Giai cac phwong trinh nghiém nguyén sau:
_ X+1004

a)y= .
)Y 2X+5
b) xy—2x -3y +1=0.

c) y\/§:1—x.

dxy+y=x2+x+1.

e) Xy — 2x = y?2—2y + 3.

Hyx2+y=x3-—x2+2x +7.



Chuay:
1) Sau khi hoc xong phuong phap nay, GV nén két ludn cho HS cac dang PT
c6 thé gidi quyét duoc:

a) PT dang: y = f(x) (1) v&if(x) 1a cac phan thire hitu ti c6 méu bac nhat.

b) PT dang: g(x) = 0 (2) v&i g(x) 1a da thire hai bién bac hai ma sé mi cua 'y
(hodc x) chi |a bac nhat,...

2) Céan lvu 'y cho HS: Néu khi &p dung céch gidi cac PT co dang trén gadp kho
khan, thi phai cdn ctr vao chinh khé khdn dé dé tim nguyén nhan khdc phuc,
hodc co thé phéi &p dung mét phuong phép gidi khac.

3) V&i PT (1) - khi méu la céc da thire bac hai va PT (2) - khi sé md cda X, y
déu bang 2, thi rd rang phuong phap trén khdng du dé gidi quyét cac bai toan
dang (1) va (2) (tir ddy thay rd han ché cua phuong phap tach phan nguyén);
khi d6 ta can mét phuong phap mdéi két hop véi phuong phap tach phén
nguyén dé gidi cac PT dang nay.



2. Phwong phap str dunqg bat dang thirc dé han ché mién nghiém

Co s& cia phwong phap nay |a st dung cac bat dang thirc dé han ché
mién nghiém, sau dé xac dinh cac gia tri nguyén va thd cac gia tri dé
vao phwong trinh.

X+1

X2+1

Vidu 1: Tim nghiém nguyén dwong cua phwong trinh: y =

HD: Vi xeN" nén ap dung béat dang thirc cosi ta co: x2 + 1> 2x. VAy:
O<y<(x+1)/2x <1.Vayy=1.
Khiy = 1 thay lai phwong trinh ta duwoc: x2—x =0 < x =0 (loai) va x = 1.

Vay phuwong trinh c6 nghiém nguyén dwong la (x;y) = (1; 1).

- X ;
Vidu2: TimxeR*dé y =— la s6 nguyén.
X*-2X+2

HD: Ap dung BDT Cési ta dwoc: x3+2=x3+ 1+ 1>3xnén: x3—2X + 2 > X



+V¢oix =0 tadwec: y=0.

+V6ix>0:0<y<1=y=1 V&iy=1taduwoc: x3—-3x + 2 =0. Phwong trinh
nay co nghiém nguyén x =-2vax=1.Vay x=0, x =-2, x = 1 la cac gia tri
can tim cda x.

Chay:

+ V&i phuong phap nhuw trén GV c6 thé tao ra cac bai tdp cho HS béng céach
dira vao cac BOT quen biét.

+ Phuwrong phap BDT con duwoce st dung trong I&p bai toan sau:

Vidu 3: Gidi cac phwong trinh nghiém nguyén sau:

a) X2+ 2y2—2xy + 2x -10y =-17 ().

b) - 5x% — 2xy — 2y? + 14x + 10y > 16 (2).

C) 10x2 + 20y2 + 24xy + 8x - 24y + 51 <0 (3).

d) x2 +6y2 + 1472 - 8yz + 6Xz + 4xy <2 (4).
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HD: Ap dung céc phép bién dbdi dang thirc theo cac hang dang thirc dang nhé
ta co:

a)(1) e x-y+1)°+(y-4=0<
oXx—-y+1=0vay-4=0<(x;y) =(3; 4).

b) (2) < 25x2 + 10xy + 10y? -70x — 50y — 80 <0 <
SBXx+y—-7)2+By—-6¢2<0Bx+y—-72+By-6)2°=0<
<3y—-6=0vabx+y—-7=0hayy=2vax=1.

c) (3) < 25x? + 50y2 + 60xy + 20x — 60y + 127,5<0 <
< (Bx+6y+2)2+14y—-3)2<25=>
—=y—-3=0va5x+6y+2=0=y=3vax=-4 Thi lai thay dung.
d @) < (X-2y+32)2+2(y+2)2+322<2
= 322<2=27z=0=>x-2y=0vay=0= x=y=2z=0. Th® lai thay
dung.



Nhan xét: Co thé nbi moi dang PT, BPT dang bac hai v&i x vay, c6 hé sbé cua
X2 va y2 cung déu, déu co thé gidi dura trén phuong phap nay.

Vidu 4: Giadi phwong trinh nghiém nguyén sau sau: XY Y2 =X =3.
Z X Yy

HD: Diéu kién x.y.z # 0.

Vi céc biéu thire: xy/z, xzly, yz/x ciing dau nén ta co:
3=|xylz+yzIx+zxly | =|xylz |+ |yz/x |+ |xzly | > 3«3“ xyz|23.

Vay: | xylz | +|yzIx |+ |zxly | =3 < | xylz|=|yzIx|=|zxly | = | xyz | =1 <

| x|=]y|=|2z]=1 Th lai phwong trinh trén ta dwoc cac nghiém cua
phwong trinh la: (x; y; z) =(1; 1; 1), (1; -1; -1), (-1; -1; 1), (-1; 1; -1).

Chu y: Phuong phap nay hay duwoc ap dung trong cac phuwong phap khac va
nhiéu PT nghiém nguyén khéng méu muc. GV co thé dua trén cac BDT dé tao
ra cac PT, BPT st dung phuong phap nay nhdm cing c¢b cho HS céac kién
thire vé bat dang thire.



Bai tap ap dung: Giai cac phwong trinh nghiém nguyén sau:
1) X2+ 3y?2+4xy +2x + 4y — 9 = 0.

2) X2+ 2y?+322—-2xy +2zx—2x—-2y -8z + 6 =0.

3) xy+3y=8x+1(X,ye N.

4) yx2+x+1)=3x2-x+1(y € 2).

5) (x*+y)(y* + z°)(z* + x°) < 16.

6) x3—y3=2xy + 8.

Nhan xét:

+ CAc phuong trinh nghiém nguyén dang y = (ax2 + bx + c)/(dx2 + ex + f) co thé
st dung phuong phap mién gia tri.

+ Cach giai cac phuwong trinh dang P(x,y) = ax? + by? + cxy + dx + ey +f=0
cho ta phuong phép gidi cac bai toan vé tim gia tri Ién nhét va nhé nhét cua
cac biéu thirc dang P(x, y).
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3. Phwong phap khir an bang bat dang thiec luy thira

Phwong phéap khir an bang bat dang thire liy thira c6 co sé li thuyét 14
cac nhan xét sau:

Véin, aeN; a,n>1vax,ynguyén. Taco:

+) Néu: x" < y" < (x+a)" thi: yn= (x+i)" véii =1, 2,..., a-1.

+) Néu: X(x+1)...(x+n) < y(y+1)...(y+n) < (x+a)(x+a+1)...(x+a+n) thi
y(y+1)...(y+n) = (x+)(X+i+1)...(x+i+tn) véii =1, 2,..., a-1.

Vidu 1: Giai phwong trinh nghiém nguyén: 1 +x + x2+x3 =y3 (1).

HD: Dé thdy: x2+ x + 1 > 0 nén x2 < y3 (a).

Mat khac: 5x2+1Ix +7>0= y3< 1+ X+ X2+ x3+ (bx2 + 11x + 7) = (x+2)3 (b)

Tw (a) va (b) suy ra: x2 <y3 < (x+2)2 = y3 = (x+1)3 = y = x+1. Thay lai phwong
trinh ta dwgc: (X+1)3 = 1+x+x2+x3 < x =0va x = -1.

Vay phuong trinh (1) c6 nghiém la: (x; y) = (0; 1), (-1; 0).
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Vidu 2: Giai phwong trinh nghiém nguyén:
X*=y4+ 7%+ 2x222+ 3x?+ 472+ 1 =0 (2).

HD: (2) © y* = x4 + 24 + 2x?z22 + 3x?2 + 422 + 1 (2)).
Vi3x?+4z2+1>0vax?+3>0nén:

X4+ 74+ 2X%22 + 3x2+ 4722 + 1 - (X2 + 422+ 1) < x*+ 24 + 2X%22 + 3x? + 4722 + 1
< (X*+ 24+ 2X222 + 3X2 +4z22 + 1) + (X2 +3) = (X2 + 22)? <(Y?)? < (X2 + 22 +2)>.

Vay: y2=x2+ 22+ 1.

Két hop voi (2) taduwoc: x2+222=0=2z=x=0=y2=1=y =+1.

Vay (2) c6 hai nghiém: (x;y; z) = (0; 1; 0), (0; -1; 0).

Vidu 3: Giadi phwong trinh nghiém nguyén: x3—-y3-2y2 -3y -1 =0 (3).
HD: (3) © x3=y3+ 2y? + 3y + 1.

Viy? =0 vaby?+ 2> 0néntaco:

(Yo+2y2+3y+1)-(By? +2) <y>+2y*+ 3y + 1= (y° +2y?+ 3y + 1) + y* =

2



= (y-1)3 <x3 = (y+1)® = x3 = y3 hoadc x3 = (y+1)3= x =y hoac x = y+1.
+Véix =y, thay lai (3) taduwoc: 2y?+3y+1=0=>y=-1= x=-1.

+Vo&ix =y+1, thay lai (3) taduoc:y?=0=>y=0=>x=1.

Vay (3) co hai nghiém la: (x; y) = (-1, -1), (1; 0).

Vidu 4: Gidi phwong trinh nghiém nguyén : x4+ x2—-y2+y + 10 = 0 (4).
HD: (4) < y(y - 1) = x* + x2 + 10.

VIX?(x2 +1) < x*+ x2 + 10 < (x* + X% + 10) + (6x2 + 2) = (X2 + 3)(X* + 4) nén:
X2+ 1) <y(y—1) < (x*+3)(x* +4) = y(y — 1) = (x* + 1)(x* + 2) hoac

y(y — 1) = (X2 + 2)(x?+ 3). Thay lai (4) ta dwoc x> = 4 hoac x?=1 = x = 1
hoac x = +2.

Voix=+1ltadwgcy =3 hoacy =-2. Voix =+2 tadwocy =6 hoac y = -5.

Vay (4) co cac nghiém la: (x; y) = (1; 3), (1; -2), (-1; 3), (-1; -2), (2; 6), (2; -5),
(-2; 6) va (-2; -5).
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Vi du 5: Cho p la sé nguyén té 1é. Tim p biét tong cac wéc dwong caa luy
thira bac 4 cta p 1a mét s6 chinh phwong.

HD: Vi p la sd nguyén té nén p* c6 cac wdc duwong la: p4, p3, p2, p, 1. Theo bai
ra thi phwong trinh sau phai cé nghiém nguyén: p* + p3 + p2+p +1 = y?
(5) v&i p nguyén t6 18, y 1a so tw nhién.

Taco: (B) < (2y)2=4p* +4p2 +4p2 +4p + 4 (5).

Vi(2p% + p)2 <4p*+4p3 +4p? +4p + 4 < (2p? + p + 2)2 nén (5) suy ra:
(2y)?=(2p? + p + 1)%. Thay lai (5’) ta dwoc: p?=2p + 3 < p =3 (p = -1 loai).
Bai tdp ap dung: Giai cac phwong trinh nghiém nguyén sau:

1) y3—x3=3x.

2) (x—2)=x*=y5

3) y3=x3+2x+1.

4) x8—4x4 —4y3 =2 + 3y + 6y~
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4. Phwong phap st dung tinh chia hét dé han ché mién nghiém

Néi dung chinh ctia phwong phap 1a dwa vao tinh chia hét dé han ché
mién nghiém, tir dé xac dinh gia tri cac an réi tha lai phwong trinh.

Vidu 1: Giai phwong trinh nghiém nguyén:
3X2+y2+4xy -8x =2y =0 (1).

HD: Bién d6i (1) @ (2x +y-12 - (x+2)2=-3 < (X +y-3)(3x +y + 1) = -3.
Cé cac trwong hop sau xay ra:

+)X+y—-3=1va3x+y+1=-3<x=-4,y=8.
+)X+y—-3=-1lvad3x+y+1=3<x=0,y=2.
+)Xx+y—-3=-3va3x+y+1=1<x=0,y=0.
+)X+y—-3=3vadx+y+l=-1<x=-4,y=10.

Vay phwong trinh (1) c6 cac nghiém (x; y) = (-4; 8), (0; 2), (0; 0), (-4; 10).

Vidu 2: Gidi phwong trinh nghiém nguyén: x2=3y2+2xy+2x—4y—7 = 0 (2).

15



HD: Bién d6i (2) @ (x +y +1)2—(2y+1)2 =7 < (X +3y + 2)(x —y) = 7.
Cé cac trvdng hop sau xay ra:
H)X+3y+2=7vax-y=1 <ox=2,y=1.
H)X+3y+2=1vax—-y=7 <x=5y=-2
H)X+3y+2=-lvax—-y=-7T<x=-6,y=1.
H)X+3y+2=-7Tvax—-y=-1<x=-3,y=-2
Vay phwong trinh (2) cé cac nghiém la (x; y) = (2; 1), (5; -2), (-6; 1), (-3; -2).
Vidu 3: Tim nghiém nguyén dwong cua phwong trinh sau:

Xy —2x -3y +1=0(3).
HD: Taco:xy—3y=2x-1=y (x-3)=2x-1.

+) X = 3 khdng la nghiém (3).

+)V&ix#3thi:y=(2x-1)/(x-3) =2 +5/(x - 3).

X,y €Z = 5/(x-3) 1a s6 nguyén. C6 cac trwdng hop sau xay ra:
e \V0Oix—3=1 =>x=4,y="7.

e \VOix—3=-1=>x=2,y=-3.
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eV@ix-3=5 =>x=8,y=3.

e \VOix-3=-5=>x=-2,y=1.

Vay (3) c6 cac nghiém la: (x; y) = (8; 3), (-2; 1), (4; 7), (2; -3).

Vidu 4: Tim nghiém nguyén dwong cua phwong trinh: x2 — y2 = 1999 (4)
HD:

Taco: (4) < (x—-y) (x+y) =1999.

Vi 1999 1a s nguyén td nén wdc sb nguyén clia 1999 chi co thé [a + 1; +1999.
T d6 suy ra nghiém nguyén dwong cua (4) la : (x; y) = (1000; 999).
1 1 1

Vidu 5: Giadi phwong trinh nghiém nguyén dwong: —+===(5).
X'y p

(trong d6 p 1a s6 nguyén to)
HD: (5) < xy = px + py = (x - p)(y - p) = p*.
Vi p 1a sb nguyén té nén wéc sd nguyén cda p? chi co thé la: + 1; + p; + p2.
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Ther 1an lwot voi cac wdce trén ta dwoec cac nghiém cua (5) la:

X y)=@E+1p+p?) (2p; 2p), (p+p5p+1).

Bai tdp van dung: Giai cac phwong trinh nghiém nguyén sau:

1) x2—3y?+ 2xy —4x —16y — 12 = 0.

2) (xX2+y2+1)2-5x2—-4y>-5=0.

3) 1/p = 1/x? + 1/y? v&i p 1a sb6 nguyén td, x, y la cac sb nguyén duwong.
4) (X% + 4y? + 28)2 = 17(x* + y* + 14y? + 49) vé&i X, y nguyén khéng am.
5) 2X + 2¥ + 2¥ = 2336 V&i X, Y, z la cac s6 nguyén dwong.

6) Tim mot sb co ba chir sb biét rang sb6 d6 bang 1,5 lan tich cac giai thira cia
ba chi¥ s6 cua no.

Nhan xét: Khi st? dung phuong phap nay ngudi ta thuong bién déi mét vé vé
dang tich, vé con lai 1a mét sé co thé phan tich dugc thanh tich cac thira sé
nguyén té don gian.
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5. Han ché tap hop chira nghiém dwa vao diéu kién cta cac an

Vidu 1: Tim nghiém nguyén dwong cua phwong trinh sau:

K+fy=0 Q.

HD:
Thay ngay 0 <x, y < 50. Tw Jy =+/50 -/x ta cé:

y =50+ X - 24/50X =50+ X -10+/2x
Vi y nguyén nén: 2x = m? = 2|m? = 2|m = m = 2k = 2x = 4k? = x = 2k?v0i
k € Z. V&i 2k? < 50 = k2 < 25 = k chi ¢6 thé nhan gia tri: 0, 1, 2, 3, 4, 5.

Lwa chon k trong céc sé trén dé thda man phwong trinh ta dwoc cac nghiém
(x;y) cta (1) la: (0; 50), (2; 32), (8; 18), (18; 8), (32; 2), (50; 0).

Vidu 2: Giai phwong trinh nghiém nguyén dwong 1 +l — - (2.

o C XY
HD: Bién doi (2) thanh: xyz = x + y. Nhan thay rang vai tré cua x, y trong

phwogn trinh 1a binh dang nén ta co thé gid sk x <v.
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Voix<ytacO xyz=x+y<y+y=2y = xz<2.

Ta lwa chon nghiém trong cac trwdng hop sau:
x=1,z=1:x=2,z=1;x=1,2z=2

Tw d6 suy ra nghiém cuaa (2) la: (x;y; 2) =(2; 2; 1), (1; 1, 2).

Nhan xét: Trong phuong phap nay c6 mét cach dé han ché mién nghiém kha
hiéu qua |1a dwa vao cach sap thi tw cac bién déi xtirng. Nho c6 sw sdp thi tw,
sé luong cac truong hop phai xét gidm di rat nhiéu, do dé chi can xét rét it
truong hop. Tinh sdp thir tw chi cd durore khi vai trd cta cac bién 1a nhuw nhau.

Vidu 3: Gidi phwong trinh nghiém nguyén dwong: £+E+l =1 (3).
X Yy z

HD: Do x, y, z ¢ vai trd nhw nhau nén co thé gia thiét: 1 < x <y < z. Ta thlr cac
trwo'ng hop sau:

+V&ix = 1 thi 1ly + 1/z = 0: (3) V6 nghiém.
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H)Véix=2thilly+1/z=1/2 = (y - 2)(z - 2) = 4.

Vio<y-2<z-2vauwdccua4dlal, 2,4 nén suy ra nghiém (x; y; z) la
(2; 4; 4).

+) V@i x = 3 thi 1l/y + 1/z =2/3:

eNéuy=3thiz=3.

e Néuy>4thi Ly + L/z <1/4 + 1/4 < 2/3: (3) VO nghiém.
+)Voix=4thil/x+1ly + 1/z<1/4 + 1/4 + 1/4 < 1: (3) VO nghiém.

Vay ta dwoc cac nghiém (x; y; z) 1a: (2; 3; 6), (2; 4; 4), (3; 3; 3), (4; 2; 4),
(4: 4; 2), (2; 6;3), (3; 2;6), (3; 6; 2), (6; 2; 3), (6; 3; 2).

Vidu 4: Tim nghiém nguyén dwong cua phwong trinh sau:
X2 +y2+ 272+ xyz =20 (4).
HD: Do vai tro binh dang clia x, y, znén co thé gid st 1L <x <y < z. T do:

X2+ Y2 +2722+Xyz> 32+ X2 =4x°2 = 4x° <20 => X2 <5 = x <L 2,
21



Xét 2 trwdng hop sau:

a)Voix=1thi: y2+22+yz=19=5y2+y?2+y?2<19=y2=19/3 =y <2,
+Néuy=1=22+2=18 = z(z + 1) = 18 : (4) V6 nghiém.
+Néuy=2=22+2y—-15=0 =z = 3: (4) C6 nghiém la (1; 2; 3).

b)Voix=2thi:4+y?+22+2yz=20=>y2+22+2yz =16 = y? + y2 + 2y?> <16

= 4y?<16 =>y<2.Véiy=2tacd: z?2+4z =12 = z = 2. Phwong trinh (4) c6
nghiém la (2; 2; 2).

Hoan dbi vai trd cla x, y, z ta cé cac nghiém (x, v, z) la:

(1,2,3),(1,3:2),(2,1,3), (2,3, 1), (3,2, 1), (3, 1, 2), (2, 2; 2).
Bui tEp .p dong: Gifii ph-—ng trxnh sau:

(x+y +z +1)2=n?xyztviin=2, 3, 4.
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6. Phwrorng phap gian wéc cho wée sé chung

Phwong phép nay st dung cho cac phwong trinh c6 dang déng béc (bac
cta cac so6 hang bang nhau).

Vidu 1: Giai phwong trinh: x2+ y2= 3272 (1) v&i X, Y, z 14 cac s6 tw nhién.
HD: Trwdc hét ta thay 3|(x2 + y2).

D& chirng minh rang: 3|(x2 + y2) khi va chi khi 3|x va 3|y. Suy ra: x = 3x;, y
= 3y, V&I Xy, Y, la cac sb tw nhién. Thay lai (1) ta dwoc: 3[(x)2 + (y1)3 = z2 (1)
= 3|22= 3|z = z = 3z, Vi z, 1a sb tw nhién. Thay vao (1') ta dwoc:  (X))? +
(y1)? = 3(z)? (2). Nhw vay néu (x; y; z) la nghiém cta (1) thi (x/3n; y/3";
z/3") cling la nghiém cua (1). Vay x=0,y=0, z=0.

Két luan: (1) c6 nghiém duy nhét 1a (0; 0; 0).

Vi du 2: Giai phwong trinh x4 + 4y4 = 2(z4 + 4t%) (2) v&i X, v, z, t 14 cac s6
nguyén dwong.

HD: Gia s (X; y; z; t) la mét nghiém cua (2) va d = UCLN(x, vy, z, t). Khi do:
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Xx=d.Xy; ¥y =d.yq; z=d.z;; t =d.t;. Thay lai (2) ta dwgc:

(X0)* + 4(y)* = 2[(z)* + 4(t)4 (2) = (x)* + 4(y1)* chan = (x))* chan = x,
chan = x; = 2x, thay lai (2') ta dwoc: 2[4(X,)* + (y1)4] = (zo)* + 4(ty)?. Lap luadn
twong tw trén ta dwoc: z, = 2z,, y; = 2Y,, t; = 2t, = (X4, Y1, Z1, t) # 1. Trai voi
gia thiét d 1a wéc chung Ién nhat cda x, v, z, t.

Bai tap van dung: Giai phwong trinh x* + y* + z4 + t4 = 2008xyzt v&i X, vy, z, t
|a cac sb ty nhién.

Nhan xét:

+ Pay la mét phuong phap hay va khé. Tuy theo trinh dé cua HS ma giao vién
c6 thé lira chon day phuong phap nay hay khong.

+ Xét vé bac cua cac biéu thirc, thi cac biéu thirc trong phuong trinh néu ra
déu phai cd bac bang nhau, béi khi dé ta méi co thé gidn wéc cho wéde chung
dé dang va phuong trinh con “nguyén dang” ci. D6 1a co sé& dé cac GV cob thé
sang tao thém bai tdp dang nay.
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7. Phwong phap dwa vé trwérng hop riéng
Vidu 1: Tim nghiém nguyén khéng am cua phwong trinh:

\/x+\/x+...+ X =Yy
(trong do6 & vé phai c6 n dau can, n > 0)

HD:

Tathay ngay (x; y) bang (0; 0) la nghiém ctia phwong trinh trén.
a)Neun=1thi /x =y« x=y?(y eN) . Vay nghiém (x; y) la (t% t),t € N
b) Néu n =2 thi \Jx+yX =y < x+JX =y2 & Jx=y?-x =X lasb tw nhién.
vakhidot(t+1) =y2 Nhung t?2<t(t+ 1) <(t+1)2nént2<y2<(t+ 1)? voi

JXx =t, teN . Didu nay khéng xay ra véi t > 0 va phwong trinh chi c6 mét
nghiém la (0; 0).
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c) V&in > 3 ta co: \/x+\/x+...+«/; =y2-x trong do vé trai c6 n — 1 dau can.

P&t y2 — x =y, la sb nguyén dwong. Tiép tuc lam nhw thé n — 2 1an dan dén
phwong trinh «/x+\ﬁ =y’ -x - Nhw vay ta lai tr& vé trudng hop b) va chi
c6 nghiém la (0O; 0).

Bai tap ap dung: Tim nghiém nguyén dwong cua phwong trinh:
1+2+3+..+xl=y2
Két luan

Trén day 1a mét sé phwong phap gidi cac phwong trinh nghiém nguyén
thwong gap. Pé thdy dwoc cac wng dung cla no ta xét mét sd dang
phwong trinh hay gap trong céc ki thi chon HSG céap THCS: dang toan vé
cau tric sb, vé phuong trinh phan nguyén va bai toan vé hé phwong trinh
dong dw nhw mdt minh hoa cho cac phwong phap néu trén. Cac dang bai
toan nay dwoc mé rong dé s dung trong ki thi gidi todn trén may tinh
casio trong nhirng nam qua.
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Phan 2

Mot s6 dang ctia phwong trinh

nghiém nguyén
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|. Cach tim cac chir sé ciia mot sd

1. Loai 1: Lan Iwot tinh tirng chir sé bang cach xét chir sé tan cling cda
méttich c6 chira chi s6 can tim.

Vidu 1: Tim s6 abcd biét rang: abcd+bcd+cd+d=4574

HD: Viét gia thiét trong dang: 1000a + 200b + 30c + 4d = 4574 (1).
Xét hang don vj thay tich 4d c6 tan cling l1a 4, suy ra d bang 1 hoac 6.
e Néu d = 1 thay vao (1) ta dwoc: 100a + 20b + 3c = 457.

Xét hang don vi thay 3c c6 tan cing 1a 7, suy ra ¢ = 9. Thay vao dang thirc
trén ta dwoc: 10a + 2b = 43. Vé trai chan con vé phai 1& nén phwong trinh nay
vO nghiém.

e Néu d = 6 thay vao (1) ta dwoc: 100a + 20b + 3c = 455 (2).

Tich 3c c6 tan cung la 5 nén ¢ =5. Thay vao (2) ta dwoc: 10a + 2b =44 (3).

Tich 2b c6 tan cung 1a 4 suy ra b bang 2 hodc 7. Thay vao dang thirc (3) dwoc
hai nghiém gpcd la 4256 va 3756.
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Vidu 2: Tim sé abcd biét ring: abc.c=dac
HD: Tw gia thiét c6: 100ac + 10bc + ¢2 = 100d + 10a + ¢ (1).

Vi ¢2 ¢6 tan cung la ¢ (khac 0) nén ¢ chico thé 1a 1, 5, 6.

e Néu c = 1 thi abc = dac = v6 nghiém vi a, b, d khac nhau.

e Néu c = 5 thay vao (1) ta dwoc: 50a + 5b +2 =10d + 2 (2).

suy ra a = 1. Thay vao (2) ta dwoc: 50 + 5b + 1 = 10d.

Luc do tich 5b co6 tén cung la 9 = vo nghiém.

e Néu c = 6thay vao (1) dwoc: 60a + 6b + 3 = 10d + a.

suy ra a = 1. Lac do6 tich 6b (<30) c6 tan cung la 8 = b chi c6 thé 1a 3.
Vay abcd = 1386.

Chu y: dé xét chi¥ sé tan cung duoc thuén loi, ta ludbn tach ra cac sbé chén
chuc. Chdng han & (2) cua loi gidi vi du 2, néu viét 49a + 5b + 2 = 10d sé khé
tim huedng giai hon.
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2. Loai 2: Str dung tinh chat chia hét.

Vidu 3: Tim cac chir s6 a, b, ¢ sao cho: abbc=ab.ac.7

HD: T gia thiét viét dwoc:

100.ab+bc = ab.ac.7
< bc = ab(?.ac-lOO) (1)

Tir (1) ta thdy pc chia hét g va thwong k=7 ac -100 <9 Suyraa=1.
Taco: 7c=30+k<39nén c =5, k=5. Thay vao (1) duwoc:
10b+5=(10+b).5=5b=45=b=0.

Vay 1995 = 19.15.7.

1 11

Vidu 4: Tim cac chirsb a, b, ¢ sao cho: ——+——+——
ab.bc bc.ca ca.ac 3321

HD: Quy ddng mau sb duorc:

81.41(ca+ab+bc):11.ca.ab.bc (1)
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Do 41 |a s6 nguyén tb va la wéc cta vé phai (1) nén 41 phai 1a wéc cia mot

trong ba sb ca,ab,bc , chang han ca:41. Xét 2 tredng hop:
®ca=41 hay c=4,a=1.Thay vao (1) dwoc: 81(41+1—b+b71):11_1—b_b71 (2)
Ta thdy 81 1a wére sb clia 1pjpa Ma 1p khong thé chia hét cho 27 nén p4

phai chia hét cho 9, suy ra b = 5. Thay vao (2) théa man. Lap luan twong tw
khi ab : 41 hodc bg : 41

*ca=82 hay ¢ =8, a = 2. Thay vao (1) duoc: 81(82+2b+b8)=22.2b.b8 (3)
Vé phai clia (3) chdn nén & vé trai b phai chan. T 81 1a wdc sb ctia 2b.b8
ma 2p khdng thé chia hét cho 81 nén pg phai chia hét cho 3. Vi b chdn nén
chi cé thé b = 4, nhung khi dé 24.48 khéng chia hét cho 81.

Bai toan co6 nghiém (a, b, ¢) la (1; 5; 4), (5; 4; 1), (4; 1, 5).
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3. Loai _3: Uéc Iwong gia tri cta biéu thirc nao doé chira cac chiy s6 dé

giam bét cac trirdng hop can xét.

Vidu 5: Tim s0 ahcd sao cho: abcd +abc +ab +a=4321
HD: T gia thiét viét dwoc: 1111a + 111b + 11c + d = 4321 (1).

Vib, ¢, d déu nhé hon 10 nén 3091 < 1111a < 4321 = a = 3. Thay vao (1) ta
dwec: 111b + 11c + d =988 (2).

Lap luan twong tw co: 868 < 111b < 988 = b = 8. Thay vao (2) ta duoc:
11c+d=100ma90<1lc <100 =>c=9vad=1.

Vay abcd=3891

Vidu 6: Tim cac chir so x, y, z biét rang:

X...y = Y...y = z..z

Trong d6 céc sO x...y, y...Y, z...z dwoc viét b&i 2n chiv s6 x, n chir
s6y, n chir so z.
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HD: P&t t =1...1= (10" — 1)/9 dwoc viét b&i n chir s6 1. T gia thiét ta co:
X.1.10" + X.t — y.t = z2.12

= X 10"+ x -y =272t

= 9x.10" + 9x — 9y = z2 (10" - 1)

= 9(2x-y)=(10"-1) (z2-9x ().

D0 9. | 2x - y | < 180 nén sb & vé phai co it hon 4 chir sb, suy ran < 2.

eNéun=1tr(l)co: 2x—y=22-9x = 1Ix =22 + y (2).

Cho z bang 1, 2, ..., 9 thay vao (2) dwoc cac nghiém (x; y; z) 1a (1; 7; 2),
(1;2;3), (2; 6;4), (3; 8;5), (4; 8;6), (5; 6; 7), (6; 2;8), (8, 7; 9).

eNéun=2tr(l)co2x -y =11 (22— 9x)  101x = 1122 +y (3).

Cho z bang 1, 2, ..., 9 thay vao (3) dwoc cac nghiém (x; y; z) 1a (1; 2; 3),
(4; 8; 6). Thir lai thay dung. Bai toan c6 10 nghiém nhuw trén.
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4. Loai 4: Giai phwong trinh bac hai néu gia thiét c6 biéu thirc chira binh
phwong cua céc chir sé.

Vidu 7: Tim s6 abc biét rang: abc :11(a2 +b? +c2)
HD: Bién dbi diéu kién dé bai thanh:
99a+ 1lb + (a+c-b) =11 (a2 + b2 + c?) (1).

Tl d6 phédi cé a+ b — ¢ chia hét cho 11. Do -8 < a + ¢ — b < 18 nén xét
hai treo'ng hop:

eNéua+c—b=0hayb=a+c. Thay vao (1) duoc:
10a + ¢ = 2a? + 2¢? + 2ac (2).
Ta thay c phai chan, c = 2d < 8. Thay vao (2) dwoc:
batd=a?+4d’*+2ad (3)  4a+d =a(a-1)+4d? + 2ad.

Tl do ta thay, d phai chan ma d < 4. Thay d 1an lwot bang 0, 2, 4 vao (3) va
gidi phwong trinh bac hai 4n a ta dwoc chi mét nghiém nguyén ng voi
d=c=0;a=5;b=5.
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eNéua+c—-b=11hayb=a+c-11. Thay vao (1) ta dwoc:
2a? + 2ac —32a +2c2=23c —-131 (4)
Tw (4) tathdy c phai 18, c = 2n + 1 < 9. Thay vao (4) duwoc:
a’?—15a+2an+4n2-19n+55=0 (5)

Thay n lan lwot bang 0, 1, 2, 3, 4 vao (5) va gidi phwong trinh an a ta
dwoc chi mot nghiém ingvéin=1,c=3,a=8, b=0.

Bai toan co hai nghiém la 550 va 803.

Bai tap van dung: Tim céc s x,y thda man phwong trinh sau:

a) XXyy =XX +YVyy.

b) XX = XyyX.

c) abcdef =a.(1000.cc” - co).
d) 2.Xxyz=3.
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11. Mot s6 phwong phap giai phwong trinh cé chira phan nquyén

1. Phwong phap 1: Dung dinh nghia dé khi dau phan nguyén

[X]=h&neZvans<x<n+l&eneZvalsx-n<l,

Vidu 1: Giadi phwong trinh: [3X5+1}:2x-1 (1)

HD: (1) ©@2x—-1e€Zva0<(3x+1)/5-2x+1<1
< 2x—1e€Zval0<L(-7x+6)/5<1l<2x-1eZval<-7x+6<5
&S 2X—1eZvabl7>x> 17 < x=1/2.

Vidu 2: Tim nghiém nguyén cta phwong trinh: {g}[g}:ﬂ (2)

HD: Tac6 0 <x/2—[x/2]<1va0<x/3-[x/3]<1

= 0<X2+XxI3—-([x2] +[x/3])<2=0<5x/6-17<2=102<5x< 114
— 102/5 < x < 114/5. Két hop voi x € Z , ta dwoc x = 21; x = 22.

Th lai: x =21 théa man. Vay nghiém nguyén cua (2) la x = 21.
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2. Phwong phap 2: Pat an phu dé khir dau phan nguyeén.

Vidu 3: Giai phwong trinh: [7)(3'5}:16);3 (3)

HD: Dat (16x + 3)/5 =y (y €2).

Taco: x = (5y - 3)/16 = (7x - 5)/3 = (35y - 101)/48.

Do d6: [(35y - 101)/48] =y < 0<[(35y-101)/48] -y <1
< 0<-13y—101 < 48 < -101/13 > y > 149/13
<y=-8;-9;-10; -11 (doy €2).

e /@iy =-8thi (16x + 3)/5=-8 < x=-43/16

e \Voiy=-9thi (16x + 3)/5=-9 < x=-3

e /@iy =-10 thi (16x + 3)/5=-10 < x =-53/16

e V&iy =-11 thi (16x + 3)/5 =-11 < x = -58/16.
_58__53__43__3}
16" 16 16’
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Vidu 4: Gidi phwong trinh: x2-6[x] +5=0 (4)
HD: Dat[x] =y (y €Z) thitr (5) tacd: 6y =x2+ 5. Suyray > 0.
LaicOy<x<y+1nény?+5<x2+5<y?2+2y+6 < y?+5< 6y <y?+2y+6

{y2—6y+530

<1<y<5
y° —4y+6>0

Doy eZval<y<5nény e({l, 2;3; 4, 5}.
eVoiy=1thi[x]=1vax?2=1 ox=1
e Voiy=2thi[x]=2vax2=7 o2<x<3vax=+J7 ox=7
eVoiy=3thi[x]=3vax2=13 <3<x<4vax=tf13 <x=413
o V&iy =4thi[x]=4vax?=19 o4<x<5vax=+419 <x=419

eVoiy=5thi[x]=5vax2=25 «<x=5

Vay tap nghiem clia (4) : {1;/7 ;413,419 ;5|
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Bui tEp VENn dong: Gifii ¢,c ph--ng trxnh phCn nguy2n sau:

1) |:2-5X_ _ x

2x-1 x+1}_

2)

3) |1- X}

4) 1-[x+1]=

5) x4:2x2+[x ;
6) x* -3x2- [x] = 0.
7) X2 - 2007[x] + 2008 = 0.
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11l. So lwore vé phwong trinh va hé phwong trinh dong dw bac nhat

mét an
1. Phuwongtrinh déng dw bac nhat mét an
a) Dang phuwong trinh: ax =b(mod m) (1), a 0.
b) Piéu kién c6 nghiém va sé nghiém:
+ Néu (a,m) = 1 thi (1) c6 dung mét nghiém.

+ Néu (am) = d thi (1) c6 nghiém khi va chi khi d|b va khi d6 (1) c6 ding d
nghiém.

c) Tim nghiém: Xét (1) khi (a,m) = 1. Néu x, 1a mét s6 thod man (1) thi céac
nghiém cua (1) la x =xy(mod m).

Chu y: Viée tim x, cO thé nhd may tinh cdm tay dé xac dinh, va do dé bai toan

nay rat co Y nghia khi st dung may tinh Casio.

Vidu: Giai phwong trinh: a) 9x=6 (mod 15) (1); 2) 208x=1826 (mod 1999) (2)
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HD:

1) (1) < 3x=2(mod 5) (1)).

Vi (3, 5) = 1 nén (1) c6 nghiém duy nhét.

Tathay X, =4 thod mam (1’).

Vay (1) c6 nghiém la: x =4 (mod 5).

Suy ra (1) c6 cac nghiém la: x =4 (mod 15), x =9 (mod 15), x = 14 (mod 15).
1) Vi (208, 1999) = 1 nén (2) c6 nghiém duy nhat.

Thi ta dwoc X, = 28 thoa man (2).

Vay (2) c6 nghiém la: x = 28 (mod 1999).

Bai tap ap dung: Gidi cac phwong trinh dong dw sau:

a) 6x=27 (mod 33). b) 9x = 42 (mod 52).

C) 91x = 84 (mod 143). d) 22x = 219 (mod 2003).

41



2. Hé phwong trinh dong dw bac nhat cé hé sé bac nhat banqg 1

a) Dang cua hé phwong trinh:
((x =b; (mod m,), x =b, (mod m,),..., x =Db, (mod m,)).

b) Tinh chat nghiém: Néu x, 1a mét sé thod man cac phuong tinh trén thi
X =Xp(mod m;.m,...m,) cdng thoa man cac phwong trinh trén.

c) Piéu kién nghiém: Hé trén c6 nghiém khi va chi khi (m;, m;)|(b; - by) véi moi
i Zjvai,j=1, 2, ...,n.

d) Tim nghiém: Xét hé trén voi (m;, m)= 1 voimoii #jvai, j=1, 2, ...,n.. Khi
do, néu x, thod man hé thi nghiém ctda hé 1a x =X, ( mod m;.m,...m,).

Vidu 1: (khi cac dong dw m; kha nhé). Giai cac hé phwong trinh:
a) (x =2(mod 3), x = 3(mod 5), x = 4(mod 7))-Bai toan Han Tin diém binh.

b) Tim s6 nguyén dwong x > 2008 nhé nhat co tinh chat: x chia 2 dw 1, x
chia3dw?2, x chia5dw4, x chia7 dw6.
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HD:
a) Tk phwong trinh x =4 (mod 7) ta dwgc: x= 7t + 4.

Tim X, bang cach nhap ham A= 7X + 4 v&i X =1, 2, 3, ..kiém tra: (A—2) + 3;
(A - 3) = 5. Bén khi tim dwoc sb A thod man: 3|(A — 2), 5|(A — 3) thi x, = A la
gia tri can tim.

Ta tim duoc: X, = A =53. Vay hé co6 nghiém x =53(mod 105).

b) S6 x can tim thod man hé: ( x = 1(mod 2), x = 2(mod 3), X = 4(mod 5),
X =6 (mod 7)).

Twx =6 (mod 7) ta dwgc: x =7t + 6.

Tim X, bang nhap ham A= 7X + 6 v&i X = 1, 2, 3... Vakiémtra(A-1) + 2, (A
—2) + 3, (A—4) + 5 dén khi 2|(A - 1), 3|(A-2), 5|(A - 4).

Ta tim duoc: x,= A= 104. Vay x = 104(mod 210) = x = 104 + 210t, teN. X
> 2008 < 104 + 210t > 2008 < t > 9. Vay t nhd nhat bang 10 va x nhé nhat
bang 2204.
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Vidu 2: (Khi cac déong dw m, c6 gia tri Ié&n). Giai hé phwong trinh:
(x =65 (mod 99), x =5 (mod 98), x =51 (mod 97), x = 10 (mod 95))
HD: Truong hop nay ta phai ding két qué cua dinh |i dong duw Trung Qudc:

Xét hé x = b; (mod m,) (1), x=b, (mod m,) (2) ,..., x=Db, (mod m,) (n) v&i my,
m,, ..., m, hguyén t6 cung nhau déi mét:

+ Bwdce 1. bat M, = (m;.m,...m,)/m,.
+ Buwdc 2: Timy, thoa mén: M,.y, = 1(mod m,).

+ Lap tbng X, = b.M.y; + bo.M,.y, +...+b,.M,..y, thi X, 14 mét gia tri thod man
hé phwong trinh.

Ap dung vao bai toan ta dwoc: M, = 903070, y, = 37; M, = 912285, y, = 33;
M, = 921690, y; = 24; M, = 941094, y, = 4 = x, = 3488202695. VEy
nghiOm cia hO Iu: x = 1449425(mod 89403930).
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Bai tap wng dung: Giai cac hé phwong trinh dong dw sau:

1) (x = 1(mod 99), x = 2(mod 98), x = 3(mod 97), x = 4(mod 95)).

2) x=2(mod 11), x=3(mod 12), x=4(mod 13), x=5(mod 17), x=6(mod 19)).
3) x =7(mod 9), x=2(mod 10), x =3(mod 12), x = 6(mod 15)).

4) x = 1(mod 17), x = 2(mod 23), x = 3(mod 97), x = 4(mod 307)).
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