PHUONG TRINH HAM
FUNTIONAL EQUATION

§ 1. PHUONG TRINH DANG f(A) =

bat A =
Suyra x theot;
Réi thay vao A, B

* Vidu 1: Tim ham s6 f(x) néu biét, véi moi x #0 f(l) =X + V“ + x2.
X

Giai:
bat: t = l = ! thay vao ham s6 dé bai
X t

, t2
f(t)=%+ l+l % )

t kK

1+t'
—_———— néut>0
Tuddo: f(x) = =
1 - I -
———l————— néut <0

* Vidu 2:
Tim: f(x+]) néu bigt, véix 20  f( 2 )y = x2-1
X+ 1
Giai:
- -4t
Pat t= —2 = x= 2°'  Tuds: fo= 22
x +1 t t°
4 - 4x X+ 1 - 4x
= f(x) = . S . f =
0 x? nAh ( X ) x? + 2x +1

*Vidu3: Timtatcahams6 f: {0, 1]—)[0 1] thoa man:
1. f(x) #f(y) véi moi x =y ;

2. 2x-f(x) e [0, 1] vé6imoi x € [0, 11;

3. f2x - f(x)) =x,vdimoi x € [0,1].




Giai:
Thay x bdi f(x), thi thu duge Vx € [0, 1] f2f(x) - f(f(x))) = f(x).
Vi fdon anh, nén: 2f(x) - f(f(x)) =x.
Thay x bdi '(x), thi ¢é: 2f"*'(x) - "**x) = f(x)
= "*(x) - 'x) = PNX) - P(x) = ... =f(x)-x.
Tudé: f'(x) =n(f(x) - x) +x. Sau do, lay x c6 dinh.
Néu f(x) > x thi véi n du1én,thi f/(x)>1:vely.
Néu f(x) <x thi véi n di1dn, thi f'(x)<0:voly.
Vay: f(x) = x.
*Vidu4: Chohamssf: (0, + o) — R thoa diéu kién:

f(tg2x) = tg*x + T Vxe O, E).
tg”x 4

Chitng minh rang: f(sinx) + f(cosx) =196, Vx € (0, Zzt—) .

Giai :
bat t =tg2x, thi: t= Ztgx, :,Z =—]——-tgx:> —‘;—=-——12——+tg2x-2.
l-tg°x ¢t tgx t° tgx
4 ] 1 2.\2 1 4
Suyra: (— +2) =(—-—2— + tgx)” = —— T X+ 2.
t* tg°x tg"x
Tir d6: l7f—+ 1—56—4—2 = —1r+tg4x.
t t tg”x
L e 16 16 ..
Do d6, ham s6 tré thanh @ f(t) = - 7 - + 2,v0it>0.
t t
Nhu vay: f(sinx) + f(cosx) = 16 + ]3 + 1? + 12 +4
sin"x cos"x sin“x cos“ X
1 1 1 1
= 16(—— + —5—)+ 16(———+ ——)+4
sin" X  cos” X sin” x cos“ x
2 2
> 16, ——— + 16— + 4
sin? xc032 X SIN X COsS X
=16.—§——+16.4 +4 >216.8 +16.4 +4 = 196.
sin? 2x sin 2x

Dau “=*“xay rakhix =

13

*Vidus:
C6 t6n tai chang mot ham s6 f: R — R thoa diéu kién:
f(f(x)) = x* - a, Vx € R v6i a> 1 1as6 thuc cho trude.
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Giai:
Goi g(x) = x* -a,thitacé: g(g(x)) = x < (x*-a - a-x =0
o XP-x-a)x*+x-a+1) =0 (H
Goi m, n 12 hai nghiém ctia phuong trinh x*-x-a=0;
Goi p,qlahainghiemcha x>+ x-q+1=0.
Gia dinh c6 ham s6 f sao cho f(f(x)) = g(x).
Néu f(m) =k thi f(k) = f(f(m)) = g(m) = m.
Suy ra: g(k) = f(f(k)) = f(m) = k.
Dodé: k = m hay k =n.
Néu f(p) =r= f(r) =f(f(p)) = g(p)= q.
Néu f(q) = s = f(s) =f(f(@)) = g(@) = p.
Tacé: g(r) = f(f(r)) = f(q) = s va g(s) =r.
Giadinh: r =q thi: g(r) = g(q) = f(f(q)) = f(s)r = p.
Dodé: p=q:voly.Chonén: r£s va r#p.
Nhu th€, (1) c6 5 nghiém : v6 1y vi n6 1a phuong trinh bac bon.
Vay, ham s6 thoa diéu kién dé bai khong t6n tai.

* Vidu 6:

0 néu x=-72£+k1t
Chohams6: f(x) = 1 n , Véi keZ.
néu x¢5+k1t

12+ tgzx
Chimg minh ring ham s6 g(x) = f(x) + f(ax) 1a tuén hoan khi va chikhiae Q.
Giai:
Néu: a= 2 véi peZviqe N*,
q

tacéd: Vx, g(x +qn) = f(x +qn) + f(ax +pn) = g(x).
=> g 12 ham s6 tudn hoan, chuky qn .

Bay gidrcho alas6 voti. Dé y ring g(0) = f(0) +f(0)=1.
Néu g(t) = 1v6i t#0ndodsthi tgit= 0va tg’at = 0,
nghiala t = nk va at = zh.

Nhung, t#0,nghiala a= :voly,viavoti.
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BAI TAP TU LUYEN

L. Tim f(x) bi€trang: (/1 +x)

2. Tim f(x) biétrang: f(1 + -1—)
X

3. Tim ham s6 f(x) biét ring: f(x + ) =
. X

4. Tim ham s6 f(x) biét ring: f(

5. Tim ham s6 f(x) , biét ring: f[

\/l+x2 ,Vx2-1.

X3 - 1,¥Vx#0.

1 ..
X2+ — véi x 2 0.

)

N
3x -1 - X+l vi X #-2; x =2 1.
X +2 X -1
X oxt
1+x2 x?
]
* ]




§2. PHL{ONG TRINH CHUA
HAI BIEU THUC f(A) ; £(B)

* Tur phuong trinh da cho, thay gid'tri thich hop
dé thu duoc thém maot phuong trinh khéc.

* Tir hai phuong trinh da cho suy ra f(A) hoidc
f(B) ta trd lai dang trén.

*Vidul: Tim f(x) néu biét, véi moix #0, f(x) + 2f(l) = X.
X
Giai:

Thay x bdi l , tadugc : f(l) + 2f(x) = —1— .
X X X

X

f(x) + 2f(——)
Nhur thé ta dugc hé: X

’ _ 2
1 o fx) = 22X
2f(x) + f(—-] = —
X X
* Vidu 2: Tim f(x) néu biét, véi moi x = 0, f(x)+ ( )= x+1- —]— .
- X X

Giai:

x —1 x? =3x +1

Thay boi x taduge: f(x) + f( ) =

1-x X x(x = 1)
Lay phuong trinh da cho trir phuong trinh nay thi dugc :

— 1
(——) - 2=y =« -
1 -x X

x-1

Trong phuong trinh nay thay 1—1—— bdi x thi thu dugc:

—x2+x—1 1

f(x)-f(-i—) z= — = - X+1 - —.
l-x X X

x -1

R6i tir phuong trinh dé bai va phuong trinh nay suy ra: f(x) =

*Vidu3:
Tim tat ca céc ham s6 f(x) 14y gid tri nguyén va xé4c dinh trén tap hop céc s6
nguyén sao cho 3f(x) - 2f(f(x)) = x v6i moi s6 nguyén x.




Giai:
Ham s6 f(x) = x théa man diéu kién cha bai todn.
Cho f(x) 1a mdt ham s& thoa man diéu kién dé bai. Cho g(x} = f(x) - x .
Diéu kién c6 thé dugc viét lai nhu sau: 2f( f(x)) - 2f(x) = f(x) - x ,
N6 tuong duong véi: g(x) = 2g(f(x)).
Tl d6 ta dugc: g(x) = 2g(f(x)) = 2°g(f(fix))) = 2g(f(f(f(x)) = ...
Vi:cdc s6 g(f(f(...f(x)...) lacdc s6 nguyén, nén: g(x) chia hétcho 2" véi
moi s6 nguyén x va moi s6 tu nhién n. Diéu nay chi c6 thé xdy ranéu g(x) = 0.
Vay: f(x) =x la nghiém duy nhét clia bai todn.

*Vidu4: Timhiams6é f:R — R thoa f(x) = x> + f(-x),Vxe R.
Giai:
Khoéng tdn tai vi: x* = f(x) - f( - x). VT 12 ham s6 chdn, VP lahaim s6 1é .

*Vidu5: Timhams6 f: R — R thod, véi a, b, ¢ 1a cdc hdng s6 cho trudc ma:
b’#1, VxeR, f(x) = a- bf(c-x).

Giai:
Tir diéu kién dé bai, ta ¢ véi moi x.
flc-x)= a- bf(x) & f(x) = a-b(a-bf(x)) = f(x) = g%.‘{ :
* Vi du 6:
Tim hAm s6 f: R > R thoa: f(x) + f(i—): sin(x®> + %),Vxe R \ {0}.

X
Giai :

Tir gia thiét, ta c6 v6i moi x # 0 : sin(x*> + —%) = sin(a’* + —12—).

Néu a=# 1:khong tén tai ham s thoa diéu ltién dé bai. '

Néu a = 1 : diéu kién dé bai trd thanh: f(x) + f(%) = sin(x® + ;%—) .

o(x) néu |x| <1,

Tu d6, tacéd:  f(x) = < —1-sin2 né’u|x| =1, (%),

sin[x2 + Lz) - ¢(x) néu x| <1
| <2 )
trong dé6 @ : (-1, 1) => R lahdm s6tuy y. Dao lai, néu f(x), @(x) thoa (),

thi d& dang kiém ching ring f(x) + f(l) = sin(x* + Lz) )
X X
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§3. HE PHUONG TRINH

* T mot trong hai phuong trinh, thay gid tri thich hop
dé duge mot phuong trinh khiéc.

* Tir hai phuong trinh ndy thu duge f(A) hoac g(A)
* Trg lai dang 1.

*Vidul: Tim f(x): g(x) néu biét, vdimoi x,y € R

X + 2

f(x +6) + 2g(2x + 15) =

f(";2]+g(x+5) - x+4

Giai :
Trong phuong trinh thit hai, thay x bdi: 2x + 10 thi h¢ da cho twong duong véi :

X+ 2
f(x + 6) +2g(2x +15) = 5T o g2x + 15)= -3x - 26
f(x +6) +g(2x +15) = 2x + 14 2
va: f(x+ 6) = Tx+34 = f(x) = 7x;l2
. =3x =17
va: g(x) = .
g(x) 1

*Vidu2: Tim: f(x); g(x) néubiét véimoi x,y € R
f(x+1) + xg(x+1) = 2x
f X +1 g X +1 = x—1"
x =1 x—1
Giai:
Thay x + 1 boi x trong phuong trinh dau ;

thay il : bdi x trong phuong trinh thit hai thi thu dugc hé:
x -

f(x) + (x = Dg(x) = 2(x-1 N
f(X)+g(x)=;2__.l. = f(x) =-2; g(x) = =




* Vi du 3:

Cic ham sé: f, g : R — R khéng phai 12 nhitng ham héng thoa man hai d6ng
nhat thirc sau:

fix +y) = f(x)gly) + g(x)f(y),

gix+y) = gx)gly) - f(x)f(y) véi:x,yeR.
Tim tét ca cdc gid tri c6 thé c6 cha f(0) va g(0).

Giai:

Chox =y=0, duge: f(0) = 2f(0)g(0) N
va: g(0) = (g(0)* - f(0)") ()

bé y rang g(0) = % , nén(1) = f(0) = 0.2)= g(0)=1

hay: g(0)=0 (loai). Vay: f(0)=0; g0)=1.

BAI TAP TU LUYEN

f2x - +g(l-x) = x+1

1. Tim f(x); g(x) néu biét: f I + 2 i -3
X+ 1 2x +2

2. Tim f(x); g(x) néu biét:
f3x -1) + g6x—-1) = 3x
{ fx+1 + ng(2x+3) = 2x% +x
3. Tim cac ham s6 f(x) ; g(x) néu biét :
xf(x—2) + 2g2x +1) = 2x% - 8x +2
{ fQx+1) + gdx +7) = =3 '




§4. PHUONG PHAP QUY NAP

Khi ham s6 can xdc dinh trén N hoac Z ,

néi chung thudng sir dung quy nap;

Nhiéu bai todn ciing phai xdc dinh ting budc
N—>Z->Q->R.Ritngbubctr Q > R
can thém tinh lién tuc clia ham sé.

* Vidu 1: Chohams6 f xéc dinh véi moi x € R va:
Vx,y f(xy) = f(x)f(y) - f(x+y) + 1
f(1) = 2

Hay xdc dinh f(m) ; f(°2) v6i meZ ;n e Z* .
n

Giai:
Trude hét: f(0) = f(1)f(0) - f(1+0) + 1 = f0) = 1.
Gia dinh: fim) = m + 1. Th€thi: f(m.1) = fm)f(1) -f(m+ 1) + 1
= fm+1) =fm) + 1 =m + 2.
Viy:v6imoi m e N: f(m) = m + 1.
Bay gio: f(0) = f(1-1) = f(-1).f(1) - f(-1) + 1 = f(-1) = 0.
Talady -m e N: f(m) = f[(-1)(- m)] = f(0).f- m) - f(-1-m)+ 1 =0+ m+1 .
Nén, v6i me Z, f(m)=m+ 1.
Saudé vé6i me Z, n € Z*,x € R batky
fx + 1) = f(Hfx) - f(I1.x) + 1 = f(x) + 1.
Tird6 v6i moi m quinaptaduoc: fix+m) = f(x) + m,

fm) = fn =) = of( ) - fn-D=m+1 = ()= +1.
n n n n

* Vidu 2: Choham s6 f khong déng nhit khong, x4c dinh trén R bai:
Vx,y € R, 2fx)f(y) = f(x + y) + f(x - y)

a. Ching minh ring f(x) 2 -1 véimoi x.

b. Cho f(3) = 0. Tinh f(1992) ; f(1995) ; f(1998).
Giai:

a.Lay y = Othitacé: f(x)[ f(0)- 1] =0 véi moi x.

Vi f khong d6ng nhat Onén suyra f(0) = 1.

Lai ldy x va y déu biing % thé thi: 2[f(-;—)f = fx)+120 = f(x)=-1.
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b. Tacé f(x + y) = 2f(x)f(y) - f(x - y) .
Nén: f(6) = f3 + 3) = 2f(3)f(3) - f{3 - 3) = -1
f(9) = f(6 + 3) = 2f(6)f(3) - f(6 - 3) =0
f(12) = f(9 + 3) = 2f(9) f(3) - f(6) = 1
Giadinh f[3(2k + 1)] = 0, théthi:
fI32k + 3)] = f[32k + 1) + 6] = 2f[32k + 1)| f(6) - f[32k-1)] = 0.
Gia dinh f(3.4k) = 1, théthi:
f[3(4k + 4)] = f[3.4k +3.4] = 2f(3.4k)f(3.4) - f[34k-1)] =2-1=1.
Gia dinh f[3(4k +2)] = - 1; théthi:
fl3(dk + 6) = f[3(4k +2) + 12] =
= 2f[3(4k + 2)] f(12) - f3(4k - 2)] = 2(-1).1 -(-1) = -1.
Ma: 1992 = 3.4(166) = f(1992) =1 ,
1995 = 3(4.166 + 1) = f(1995) = 0 ,
1998 = 3(4.166 + 2) = f(1998) = -1.

* Vidu 3: Cho f(x) 1a ham s6 x4c dinh trén R va thoa man diéu kién:
Yu,v € R: f(u + v) = f(u) + f(v)
a.Ching minhrang Vx e R ,Vre Q tacé: f(rx) = rf(x).
b. Néu gia dinh thém f(x) lién tuc tai x = 0, hdy xac dinh f(x).
Giai :
a. Trudc hét, bing qui nap ta thu duge: Vx € R, Vn € N, f(nx) = nf(x) .
Ré6i v6i m, n nguyén duong va x bat ky:
mf(ixJ = f(m.ixj = f(nx) = nf(x) = f(—rlx] = Lf(x) .
m m

m m
tic 12 véi r hitu ty duong bat ky ta cé : f(rx) = rf(x), Vx.
Saudé: f(0) = f(0+0) =f0) + f(0) = f(0) = 0

vai: 0= f(0) = f(x-x) = flx+(-x)] = f(x) + f(-x) = f(-x) = -{(x) .

Nhu viy r6t cuc tathu duge: Vre Q ;Vx € R: f(rx) = rf(x).
b. Bay gid, theo gia thiét limo f(x) = f(0) = 0 .

Ta chon x, c6 dinh thi:
lim f(x -xy) = lim f(x) - lim f(xy). = lim f(x) - f(x,)

X =X, X ~» Xg, X =¥ Xy

va lim f(x-x,) = lim ‘Uf(x-xo) =0 = lim f(x) = f(x,)

X = Xq X - Xy o X > Xy




= ham s06 lién tuc tai X, = ham s6 lién tuc trén R .
Sau dé ta 1y x bat ky thi ton tai ddy céc s6 hiru ty (r,)

saocho x = lim r, thi:

n—» o

f(x) = f(x.1) = f[(lim rnj.]:l = lim r, .f(1) = x.f(1).

Goi a =f(1), th€1a taduge f(x) = ax.

*Vidud4: Cho f(x) 1a haim s6 xdc dinh trén R* va thoa man diéu kién:
Yu,ve R* fluv) = f(u) + f(v).
a. Chimg minh ring v6imoi x € R* vamoi Vre Q tacé f(x) =rf(x).
b. Néu gia dinh thém: xliin‘ f(x)=0, hay xdc dinh f(x).

Giai:
a. N&u f(x) dong nhat O thi bai todn duge giai xong.
Ta gia dinh f(x) khéng dong nhat O .
Tir gia thiét, tacé véi moi x: f(x) = f(1.x) = f(1) + f(x) = f(1) = 0.
Béng qui nap ta chimg minh duoc: Vx>0 ;VneN f(x") = nf(x)
Hon nita v6i moi neN, 0= f(1) =f(x".x™) = f(xn) + f(x™) = nf(x) +f(x™).
Nén taclingcévdimoi ne Z: f(x") = nf(x).
Sau d6 véi moi m nguyén va n nguyén duong :

mf(x) = f(x™) = fﬁx“j } = nf[x?] .

Nhu thé€tathuduge: Vx > 0 ;Vre Q:  f(x') = rf(x).

b. Liy x, bitky, véi x>0, theo gia thi€t lim f(—"—] =0

X = X, Xy

= lim f(x) = lim f(xo—x—J = lim [f(xo) + f(iﬂ =
X — X, X = X, Xq X - Xg XO
X

X = Xq

= f(x,) + lim f(
xO

] =f(x,) = ham s6 lién tuc trén R.

Sau d6, tir déng thitc f(x") = rf(x) da ching minh ta cé:
f(2") = rf(2) = Ar ; véi A = f(2).

16




R&i vi x >0 c6 thé duoc viét thanh dang: x = 2°%* |

Goi (r,) 12 ddy cdc s6 hitu ty c6 gidi han log,x thé thi: 2" —x = 2.

Nén: lim f(2™) = f(x). Talaicé: f(2™") = Ar, - Alog,x

n-—>%

= f(x) = Alog,x véi x > 0.
Vi f(x) khong déng nhat 0, nén A # 0.

1
Goi a =22 . Thé€laa > 0; a=1va f(x) = logx

* Vidu 5: Tim tat ca cdc ham s6 lién tuc f : R — R thoa:
{f(x +y) =f(x)+ f(y)

Vx,y € R.
f(x.y) = f(x).f(y) ‘

Giai:
Véi y=0 = f(x) = f(x) + f(0) = (0) = 0.
Liayy=1cho f(x) = f(x).f(l) = f(1) =0 hay f(1)=1.
+Neéu f(l) 21: f(x) = 0,VxeR.
+Néuf(l)=1:tacé6véimoi xeR, f(x+1)=f(x)+1.
Bing qui nap, dé dang suyra: f(n) = n v6imoi ne Z.

Saudé: f(O !

) = f(n+ 1).f(l‘) = (n+1)fl)
n n n

= f(l+l) = f(1) + f(—l-) =1+ f(l) = nf(l) =1.
n n n n

Tir dé : f(l)= —l—,Vn #0. Va, r6ivéimoi pe Z, ne N*:
n n
1 1
Py = fipfi—y=p - = 2.
n n n n

Nhuthé: VxeQ: f(x) = x.
Sau cling vdi tinh lién tuc ta dugec Vx e R: f(x) =x.
Vay, c6 hai ham s6 thoa diéu kién dé bai: f(x) =0 ; f(x)=x. Vx € R.
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BAI TAP TU LUYEN

1. Cho ham s6 f(x) x4c dinh trén N béi :
f(0) =2 ;f(1) =3
{Vn >1 f(n+1) = 3t(n) — 2f(n - 1)
Chimg minh ring f(n) = 2" + 1.
2. Cho ham s6 f(x) xdc dinh trén N* bai :

f(l) =2
{Vn >1 f(n) =3f(n -1 + 1
Hiy tinh téng: S = f(1) + f(2) + . . . + f(n).
3. Cho ham s6 f(x) xac dinh trén N* thoa mén:

f(l) =1
{‘v’n>l f(n) = fn = 1) + a" "'
v6i a 14 s6 thuc duong cho truée. Hiy tim f(n) .
4. Tim tdtcAham s6 f:Z* — R thoa man déng nhat thitc
fm+m)+f(n-m) = f3n) ;n,me Z"; n2m.
5. Choham s6 f : Z — R thoa min diéu kién :
{ n—-10 néu n> 100 .
fin) = . VOl neZ .
f(f(n +11)) néu n < 100

Ching minh ring véi moi gid tri n £ 100tacé f(n) = 91.
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§5. PHUONG PHAP CHON GIA TRI PAC BIET

* Phat hién mot s6 gid tri dac biét lam co sd
ban dau cho phép ta tim dugc ham s6.

*Vidul: Himsé f: R — R thoa min déng nhat thic:

f(xy) = f) + 1) X,y € R ; x+y=0.
X +y :

C6 t6n tai gid tri x € R saocho f(x) # 0 ?
Giai:

f(x) + f(1)
X +1

Lay y = I, taduge: f(x) = (x=1) => xf(x) = f(1).

Ldy x = 0 thithuduoc f(1) =0 = Vx # -1, 0: f(x) = 0.
Hon nita thay vao h¢ thitc banddu x = 2; y. = 0 thi thu dugc:
o)
f(0) = ﬁ_‘)__;ﬂ = f(0) =f2)=0.
Sau cung, thayy = 0 ; x = -1 thi dugc:
f(0) = -f(-1) - f(0) = f(-1) = -2f(0) = 0
Nhu vay f(x) 1a ham s6 déng nhat khong.

*Vidu 2: Tim tatca cic hams6 f: R - R thoa man déng nhat thic:
xf(y) + yf(x) =(x + f(x)f(y); x,ye R.
- Giai:

Trong hé thitc da cho, lay x =y =1 thi dugc: .

2f(1) = 2(f(1)y* = f(1) = Ohay f(1) = 1.
Ta xét timg trudng hop:
a. N&u f(1) = O thi lay trong hé thitc y = 1, thi ¢é f(x) = 0.
b. Néu f(1) = 1, lai 14y y = 1 thicé:

f(x) + x = x + Dfx) = x(f(x) - 1) = 0.
Tuddé, véi x = 0 tacé f(x) = 1.
Nhu vay:

1 véi x =0
hoac f(x) = 0, hoiac f(x) = aeR .

a voi x=0
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*.'Vi du 3: Ching minh ring moi hams6 f: R -»R thoa min mat trong hai
déng thitc sau thi né ciing thod man dang thic con lai:
f(x +y)=1f(x) + f(y); x,y €R
f(xy + x +y) = f(xy) + f(x) + f(y) x,yeR
Giai:

Néu f(x) thoa man hé thitc thit nhat, thi:
fixy+x+y) = f(xy) + f(x+y) = f(xy) + f(x) + f(y) x,yeR
= f(x) thoa hé thirc thit hai.
Bay git cho f(x) thoa man hé thitc thit hai, dat: y =u + v+ uv, thi dugc:

f(X + u + v+ xu + XV + uv + xuv) = f(x) + f(u + v + uv) + f(xu + xv + xuv)
& f(x+ u+ v+ xu+ xv+ uv+ xuv)= f(x)+ f(u)+ f(v) + fluv) + f(xu + xv + xuv) (1)
Hoén déi vi tri cia bién s6 x va u trong biéu thifc (1)
f(x+ u+ v + xu + xv + uv + xuv) = f(x)+ f(u) + f(v) + f(xv) + f(xu + uv + xuv) (2)
Tir (1) va(2) taduge: f(uv) + f(xu + xv + xuv) = f{xv) + f(xu + uv + xuv)  (3)
Trong (3) lay x = 1 thiduge: f(uv) + f(u+v+uv) = f(v) + f(u+2uv)
< fuv) + fu) + f(v) + f(uv) = f(v) + f(u + 2uv)
< f(u) + 2f(uv) = f(u + 2uv) 4)
Trong (4) 1a8y u = 0 thi duge: f(0) = 3f(0) = f(0) = 0 (5
Trong (4) 1dy v = - |, thi dugc: f(- u) = f(u) + 2f(-u) = f(-u) = -f(u) (6)

Trong (4) lay v = - jl)- thi duoc: f(0) = f(u) + 2f( - _;_)

P

St dung (5) va(6) tacé: f(u) = 2f(~;—) hay f(2u) = 2f(u) )

Tu (7) va (4) tacd: f(u+ 2uv) = f(u) + fuv),

trong nay lai lay: 2v = t thicd: f(u +ut) = f(u) + f(ut) (8)
Nhu vay ta thu duge dong nhat thic: f(x +y) = f(x) + f(y)

Vi th&, khi x = 0 thi dong nhat thic nay trd thanh (5),

ma véi x # 0 thi ta ¢é tir déng nhat thuc (8)

fix +y) = f(x+x.—ii) = f(x)+f(x;}:—)= f(x) + f(y)

* Vidud4: Choham sé fcé tinh chit :

(i) Vx,yeR ; Ja f(x +y) = f(x)f(a - y) + f(y)fa - x),
] -

i f0)y = —.

(1) £0) )

Chitng minh ring f 13 hdm sd hang.
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Giai:
Cho x =y = 0 thi: f(0) = f(0).f(a) + f(0O)f(a) = f(a) = é— .
Cho y = 0 thi: f(x) = f(x)f(a) + f(O)f(a-x) = f(x) = f(a -x), (H
va: f(x +y) = 2f(x)f(y) 2)
Ldy y = a thi f(x+a)= f(x);
lay x =-x trong (1) thidugc: f(x) = fla+x) = f(x) .
Ldy y =-y trong hé thirc dé bai thi :
f(x-y) = {(x)fa+y) +f(-y)fa -x) = 2f(x) f(y)
= f(x +y)=f(x -y) viimoi x,y.

Sau ciing, 14y x =y = % thi thu duge két qua: f(x) = f(0) = %

*Vidu5:

Cho A ={1,2,...,m+ n},trongdémva n lacéic s6 nguyén duong va
chohams6 f: A -> A dugc xdc dinh bdi cic phuong trinh: fi)= i+ 1,
vgi: i=1,2,..., m-I,m+1t,..., m+n-1

fm) = 1 vi fm+n=m+1.
a. Ching minh ring n€u m va n 1& thi t6ntaimot ham s6 g: A > A,
saocho: g(g(a)) = f(a) véimoi ae A.
b. Chimg minh ring néu m chdn, thi m = n néu va chi néu t6n tai mot ham s6
g: A > A saocho: g(g(n))=f(a)véimoia € A.
iai:

aChom=2p+1,n=2q+ 1 va

gi)=p+i+1vé i=1,2,...,p;

gi)=q+i+1 Vv i=m+1 m+2,...,m+gq;
g2p+ D=p+1; gp+1)=1;
gm+2q+1)=m+qg+1; gm+q+ 1) =m + 1.

Dé dang kiém tra dugc g( g(a)) = f(a) véimoi ae A.

b.Chom=n va: gli)=m+ivé i=1,2,...,m;
gm + i) =i+ 1vé i=1,2,...,m-1;
g(2m) = 1.

Paolai cho: M = (1,2, ..., m}.

Suy ra theo dinh nghia clia f ring cdc phdn tir cha M vén thuéc M qua lién ti€p
nhiéu f . Hon nifa, anh ldy hét M. Diéu tuong tu ciing ding véi taphop A\ M.
Cac haim s6 f 12 song 4nh trong A va néu tdn tai g thoa diéu kién, thi g ciing la
song anh.

Ta s& chiing minh réng: g(M)"M = @
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Suy ra tir ménh dé dao ring tén tai mot i € M saocho g(i) e M.

Xétdayi, g@i), g’(i), . .. vadiyconi, f(i), (i) , ...

Dé thdy ring: g(M) = M.

Ta suy ra ring tén tai moét hodn vi a,,a,,... , a, cdc phin tir cia M sao cho:
gla)=a,, v6ii=1,2,...,m-1; g@,) =a va flay. ) = ay,,
v6i i=1,2,..,s-1; f(a, ) = a,,trongd6é: m = 2s.

Diéu nay trdi véi tinh chdt cha f di néu trén.

Vay: gM)"' M = .

Tuong tv: g(A\ M) = A\ M,néu: g(i)e A\ M véi i e A\ M. Saucungta
hdy dé y riing khi bat ddu tir mot phdn tr cia M va 14y nh qua g thi vio AAM
nhung khi 14y 4nh qua g ldn thi hai thi tré lai M. Diéu tuong tu ciing ding véi
taphgp A\ M . Tirdé vavi g song dnh suy rarang M va A\ M c6 cling s6
phan tir, nghiala n = m.

*Vidu 6: Tim tdt ca cic ham s6 f: R — R thoa:
f(xy)(f(x) - f(y)) = (x - PIE)f(y) v6imoix,y.

Giai:
Ta mudn tim t4t ca cdc ham s6 14y gi4 tri thuc va mién xdc dinh thuc thoa :
f(xy)(f(x) - £(y)) = (x - y)OOL(y) (1) véimoix,y thyc.
Thay y=1vao (1) chota: f(x)2= xf(x)f(1). )

Néu f(1) = 0, thi f(x) = Ovéimoi x.

Diéu nay thoa (1), cho ta d6 1a mot nghiém.

Gia dinh, sau d6, ring f(1) = C #0.

Phuong trinh (2) suy raring f(0) = 0.

Bay gi goi G 1a mot tap hop céc di€ém x saocho: f(x) =0.
Theo (2): f(x)= xf(1) v6imoi xe G.

Nhur th€ (1) c6 thé chi dugc thoa bdi cdc ham s6 nghiém ding:

Cx néu xeG
f(x) = 3
() {0 néu x ¢ G )

Ta phai xé4c dinh c4u triic clia G sao cho ham s6 dinh boi (3) thoa (1) véi moi s6
thue x, y . D& dang kiém ching ring néu x # y vaca x vaydéu 1a cic phén tir
ctia G, thi ham s6 dinh béi (3) thod (1) néu vachinéu xy € G. Néuca xvay
khong phai 1a phén t&r chia G thi (1) dugce thod. Do tinh d6i xing, trudng hop duy
nhat khic ta can phai xétdénla: xe G,y ¢ G.

Trong trudng hop nay, (1) din dén rang: f(xy) f(x) = 0,

chinh diéu nay lai suy rarang: f(xy)=0.

Nhuthé, néu: xe G,ye¢ G, thi xy ¢G. (4)

Diéu nay cho ta cdc dac trung cia G la:
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a. Néux € G,thi 1/x e G. Diéu ndy ding, vi néu trdi lai, (4) s€ chota 1 ¢ G,
day 12 diéu khong thé xay ra (nhéc lai ring ta da gia dinh f(1) =0, nén 1 € G).
b.Néux,ye G,thi xye G.Do(a)trén, 1/x € G,nénnéu xy ¢ G, thi tir
@ taduge y = (xy)(1/x) ¢ G, voly.
c.Néux,y e G,thi x/y € G.Diéu ndy dugc suy tir (a) va (b) mot cich dé dang.
Nhu vay: G 1a moét tap hop chira 1, khong chita 0, va khép kin d6i v6i phép nhan
va chia. D& dang kiém ching ring moi tap hgp nhu thé s& thoa (a) & trén.
(vi: 1 € G)va (4): Néu G khép kin dudi phép nhan va phép chia va x € G,
y ¢ G, théthi: xy ¢ G, vinfunguoge lai tacé: y-(xy)/x e G,voly.
Do d6, tinh khép kin dudi phép nhan va phép chia di dac trung hoan toan G, vata
c6 thé c6 15i giai ddy di cha bai todn :

{Cx néu xeG

f(x) = .
0 nluxeG

Trong d6: C1a mot s6 thuc c6 dinh bat ky, va G 12 mot tap hop con cha R khép
kin dudi phép nhan va phép chia (nghia 12 nhém con céc s6 thuc khac zero duéi
phép nhan). Luu y ring C =0 1a nghiém “tdm thuong" da rit ra duoc tir trén.

® K X

BAI TAP TU LUYEN

1. Cho ham s6 f(x) xdc dinh trén R thoa man:

Vx,y e R f(xy) = f(x)f(y) + f(x) + f(y)-f(x+ y).
Chitng minh rang f(x) =0 hoac f(x) = x.
2. Cho ham s8 f xac dinh véi moi x € Q va thoa:
HVx,yeQ f(x +y) = f(x) + f(y) + xy,
(i) f(2000) =200100. Tinh: f(19—9§]

1999
3. Hay tim ham s6 f, biét: f(xy) + f(x -y)+ f(x +y+1) = xy+2x + 1
4. Chohamsé f: (0, + o) > (0, +o).
Chiing minh rang hai ménh dé sau tuong duong:
(i) Vx,y >0 fxf(y) = yf(x),
(ii) {Vx ,y>0 f(xy) = f(x)f(y)
Vx>0 f(f(x) = x

5. Tim tat ca cac ham s6 f(x) cé tinh chat: Vx, ye R

xf(y) - yf(x) = (x - y).
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§6. PHUONG PHAP HAM LIEN TUC

* Ham s6 f(x) lién tuc tai X,
& lim f(x) = f(x)

X Xy

& moi day (r,) c6 gidi han x, thi ddy tuong tmg (f(r,)
c6 gidi han f(x,)
f( lim rn)= lim f(r,),véi lim r, =X, .
f(x)lién tuc trén [a,b] va f(x) # 0 Vxe[a,b] thi f(x)>0 hodc
f(x)<0 Vxela,b]. )
f(x) lién tuc va don anh trén [a,b] thi f(x) don di¢u trén [a,b].

*Vidu 1:
Tim ham s6 lién tuc f(x) thoa man: f(x).f(x)=1 véimoi:x € R
Giai:
Tir gid thiét, tacéd @ f(x) # OvxeR; f0)==%1va f(l) = +1.
Talai c6: f(xHf(x) = | =f()f(-x) ,VXx eR = f(-x) = f(x) ,Vx €R
Do d6 ta chi can xéttrén R”".
* Xét 0 <x <1
f(x) = ——1— - fx) = fx*) = ... = lim f(x") = f(0) = £ 1.
(X') n—>®w

* Tuong ty véi x 2 1 :

] i
f(x) = —_]_T— = f(x“] =...= nli_gr[nf(x"} =f(l) =% 1
f(xz]

f(x) =1 Vx
Vay : ¢
(x) =-1Vx

*Vidu 2:

Cho o € R , o # = 1. Timtdtcd hams& f(x) xdc dinh va lién tuc trén R”
thoa man diéu kién: f(x*) = f(x) véimoix e R".
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Giai:
* Néu |al<1 thitheo gia thiét ta cé:
f(x) = f{(x* = ... = f(x“n) , Vxe 3" ;VneN.
Suy ra: f(x) = lim f(x“") = f(1), Vxe R*.

n—r

* Néu Ial > 1, taciing thu dugc :
1 i
()
f(x) = fx*) =...=f(x* ), Vxe R*; Vne N.
Ill
()
Suyra: f(x) = lim f(x © ) = f(l) Vxe R* .

i —» ®©

Vay: f(x)=ce R wyy.

*Vidu 3:

Tim c4dc hdm s6 f(x) xdc dinh va lién tuc trén R va thod man diéu kién:
(). fx+y) +f(x-y) = 2f(x)f(y) Vx,y €eR,
(). f(0) =1, 3x, eR : [fx)] < 1.

Giai:
Vi: f(0) = 1va f(x) liéntuctrénR.
Nén: 3¢ >0 saocho f(x) > 0,Vx e (-¢,¢) )

Khi d6 theo (1) v6i n, e N dulénthi: f(—XT"-) > 0.

Dé y ring: f( J <1l,VneN.

That vay, néu: f( ] > 1 vé6innguyén duong nao dé, thi theo dé bai ta c6 :

fz): l) [f(-;%ﬂ-IZI
f( o
i .

= 2
2
f( =2 IJ-IZI’
2" 2"

f(x,) = 2[f(—29 } 121,

trdi v6i gia thiet: |f(x)] < 1.
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Vay t6n tai x, # 0 saocho: 0 <f(x,) <1 va f(x)>0, Vxe (- |X1|,|x,|)

(chicln chon x, = % ). Dat: f(x,) = cosa, O<a < g
Tir gia thiét suy ra: f(2x,) = 2[f(x,)]*- 1 = 2cos’t - 1 = cos2a.
Gia dinh: f(kx,) = coska ,Vk =1,2,...,n e N".
Khidé: f((n+ 1)x,) =f(nx, +x,) = 2 f(nx,) f(x,) - f((n- 1)x,)
= 2cosna cosa - cos(n - Do = cos(n + Da .

Tir d6 suy ra: f(mx,) = cosma , Vm € N*
Mat khdc, déi vai trd clia x va y trong hé thic dé bai, ta c6:

f(x-y) = f(y-x),Vx,yeR.
Do d6 f(x) 1a ham s6 chan trén R va nhu vay: f(mx,) =cosma ,Vme Z (2)

Cho x=y=§2-'- ,

ta dutoc: [f(x,)] _ 1+f(x,) _ l+cosa _ cos? &

= EI{T , vé ta thu duoc:

o

X 2 i X 1+ cos-z—" o
()] )-SR
Nhu thé : f(—;—) =cos% ,vVne N 3

(2) va (3) cho: f(%’j-‘): cos'—;‘nE ,VneN*,VmeZ (4
Vi f(x) vd cosx 1a cdc ham s6 lién tuc trén R

Nén: (4) < f(x,t) = cosat < f(x) = cosax, véi a = g—,Vx
X

i

Thir lai ta thdy f(x) = cosax (a # 0) thod min cic di¢u kién da néu cla bai toén.
Vay: f(x) = cosax, a € R\{0}.
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* Vidu 4: Tim tat ca ham s6 f(x) xdc dinh trong tap hgp céc s thuc va sao cho:
f(x) = f(x2 + %) , VGi moi s6 thuc x.
Giai :
Cho f(x) 12 mét ham s6 thoa man diéu kién cla bai todn. Hién nhién f(x) 12 mot
ham s6 chan. Cho: x, = 0. C6 hai truong hop:
@M. 0 =x, £ 1

5 . Xétday: (1) Xg, Xy5 --- >Xpn > -0-
dinh bi céc ding thitc:  x,,, = X2 + % .
Dé thdy bing quinaprang 0 < x; < % véi moi n.
Honnita: x,,, - X, = x% - X t il xp - %)2 > 0,

din dén rang (1) 12 mot ddy tang don diéu.
Vi né bi chin, nén 1la mot day hoi tu.
1

Goi: lim x, = o.Théthi aZ - o+ — =0, choa:l.
n—o 4 2

Mat khéc, vi f(x) 1a mot ham s6 liéntuc, lim f(x,) = f(l) .
) n—o 2

Nhung: f(x,,,) = f(x2 + %) = f(x,) v6i moi n.

Vay f(xg)

f(x;)= ... diéudécénghiala f(xg)

1 1
f(=)vgimoi xg € [0, —1].

(2) o1 Xg €[ 2]
(ID). x0>%. Xétdaysau:(2) Xg , Xy, xn,..;

1
n+l = xn—_'

4
Nhu trudng hop trén, ta ching t6 rang (2) 1a ddy hdi tu

dinh bdi:  x

va: lim x, = l Lai nita: lim f(x,) = f(l)
n-—>w 2 n—w . 2

1
vavi: f(xp,)) = fX3 41 + Z) = f(xp)
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Véimoi ntacd: f(xg) = f(%).

Vi thé f(x) 12 mot ham hang trong khoang [0, + o¢ ), va vi n6 1a ham chan, nén né
ciing la ham hang véi mot x.
Nguoc tai, moi ham hing thoa diéu kién ctia bai todn.

*Vidu S:
Choalaséthucma O0<a<1vad hamsd f lién tuc trén [0, 1] thoa f(0)= 0,

f(1) = 1va f(”y

) = (1 -a)f(x)+af(y),véimoi x,ye [0, 1]va x<y.
~ 7 . 1
Hay xac dinh f( 7) .
Giai:
Trudc hét d€ y rang chi c6 mot f thoa man diéu kién dé bai.

That vay, cdc gid tri cia fdugc c6dinhtai 0,1, =

13
2747477

nghia la tai moi —kn— . Vi f lién tuc, nén n6 phai 1a duy nhat trén ca [0, 1] .
2

Ciing thé f(x) = f(y) chi véi x =y vinéu f(x) = f(y) véi x <y s& dan dén
f(z) = f(x) v6i moi z € [X, y] var6t cuc la véi moi z € [0, 1] .

-0
= Af(Bx+C) + D.

0-0)

Ta thiy rang g(0)=0, g(l)=1va:
g(x;y] = Af(B";y +cj+ D= Af(BX;C +BY+Cj+ D

Goi: g(x)=

2

o

= (1 - a)Af(Bx + C) + (1 -a)D + aAf(By + C) + aD = (1 -a)g(x) + ag(y) .
Piéudécénghiala g=f.

(-G
ey o by AT 8. gy =
Cho nén: f(;) = g(7) = - (]) ; Hay: f(7) I (l) .
LA, 1= = +f| -
4 8 v 4 8

N i 1 5 o1 3 1
dng f(4) = a. f(~) = a®, f(L)=a>. Nen: f(2) = ——— .
Pé y ring f(2) 1,f(4) a (8) a’ . Nén (7) a2 a3
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* Vidu 6:

Cho f 14 ham s6 tir R vao R sao cho: {(1) = 1, f(a + b) = f(a) + f(b) véi moi a, b
i

va: f()f(X)=1 véimoi x 0. Chimg minhrang: f(x)= x,Vx e R.

Giai:

Dé thay rang f(0)=0va f(- x) = - f(x) véi moi x .

Béng qui nap theo n ¢é f(nx) = nf(x) véi moi n nguyén duong va moi x.

Nén f(n) = nf(1) = n véi moi nguyén.

= f(l) =1 véi moi n nguyén #0.
n f(n) n
Teds: f(2) = 2 vai moi s6 hitu ti Ll
n n n
Roérang: f(x)#0néu x= 0. Nén: f(a) = f(b)cho f(a-b)=0, néna=>b.
Do dé néu: a#a thi: ! = ! = f(_l. + _l_]
f) - f@?) fad-a) (a 1-a

] + ] - I .
f(a) 1 - f(a) f(a) — (f(a))z
Vay f(a®) = f(a)’ véi moi aeR.
Néu a<b thi b-a =x*> vi x eR.
Do dé f(b) - f(a) = f(x?) =f(x)* = f(a) < f(b).
Sau cliing, v6i x € R thi ton tai céc ddy (a,) , (b,) cdc s6 hitu ty sao cho x 12 s6
duy nhat thoa a, < x < b, véi moi n nguyén duong.
Viay la: Vn e N* a, =f(a,) <f(x)< f(b,) = b, = f(x) =x VxeR.

*Vidu7:

Tim ham s6 lién tuc f: R — R thoa: Vx,y € R f(xy) = f(x)f(y)
Giai:

) Néu f 1aham hing thi f(x) =0 hay f(x)=1.

Q Néu f khong phai 1A ham hang.

f(x) = f(x).f(1) Vx =1f(1) = 1;

f(0) = f(x).f(0) Vx= f(0) = 0;

f(1) = (f(-1)) =1.
. Truong hop 1 : f(- 1) =1 = f(-x) =f(x), Vx.
Tacé, vGi: x > 0, néu f(x) <0, f(1)>0, doflién tuc,
néncod: ex0,ee(x, )= f(e)=0. '
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Tt do: f(l)=f(8).f(-l-) =0:vély. Dodé: f(x)>0 véimoix>0
€

= f(x)>0v4imoix#0.
Do f khéng hing, néncé: t>0,f(t) =1, f(t)>0. f(t") =(f(t)" ,VneN .
P P . P

Réi: f(t") = (f(t"))q = (FO)P = ") = (@) .

Nhu thé: Vs e Q, f(t) = (f(1))°.

Bay gid, vdi m > 0, thé thi ton tai mot day cic s6 hitu ty (s,)

Ma: lim s, = logm.

n—w

Tacé: f(m)= lim f(t*™) = lim (f()* = (f©)'8™ = m'&f® = u*

n->»a n—x

x% néu x> 0;

Do dé: f(x) = 10 nfux=0;
o n
[x] néu x <90
Thi 1ai, ta thdy ham s& trén thoa diéu kién dé bai.
. Truong hop2: f(-1) = -1 = f(-x)=-1(x), Vx=#0.
x% néu x >0;
Ching minh nhutréntacé: f(x)= |0 néux=0; .
a .
- |x| néu x <0
Vay nghiém cta bai todn la:
< f(x) =0hay f(x)=1 Vx;
fx) = |x|*vx20va f(0)=0;
e f(x) = (sgnx). |x|“vx=0va £(0)=0 .

*,
o

*Vidu8:

Tim t4t ca cdc ham s6 thoa man déng thdi cdc diéu kién:
a. f(x) xdc dinh va lién tuc trén R .

b. V6i m&i bo s6 gébm: 2n+ 1 gidtri X, , Xy, - ., Xpnyy
ma: X, <X,<... <Xy, thitaluéncé:

f(Xyy 0 3) = —2—1—(f(xl)+f(x2)+ B+ R )+ T (X ) + o (Ko ) 3
n
c.f(x) > Ov6imoix € Z va f(2002) = 10g,,2002 .
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Giai:
Cho u < v 12 hai s6 thuc bat ky, xét by cdc s6: u=X; <X3<...<Xp41 =V.
Cho x, —» u va X,,; — v ,vi flaham s6 lién tuc nén chuyén qua gidi han,

tacéd: f(v) 2 -;—(f(u) + f(v)) = f(v)= f(u).
Nhung, néucho: x,,; = v va x,,, >V
thi duge: f(u) = %(f(u) + f(v)) = f(u) = f(v).

Nhu thé f(u) = f(v) = f(x) 1a ham hang. Do diéu kién (c), thi f(x) = 10g,,,;2002 .
% ok ok

BAI TAP TU LUYEN

1. Tim ham s6 lién tuc f(x) thoa man: | f(x) - f(y) | <(x-y)* v6imoi x,yeR.
2. Tim ham s6 lién tuc f(x) thod min: f(x*) + f(x) =x*+x véimoi x € R.

3. Cho ham s6 f(x) xdc dinh véi moi s6 thuc x va thod man diéu kién:

f(x +y) =f(x) + f(y) v6i moi x,y, vd ngoai ra biét ring tn tai mot s6 M sao
cho: f(x) £ M khi 0<x <1.Chimg minhring: f(x)=Cx, véi C lahing sé.
4. Tim t4t ca ham s6 f(x) xdc dinh va lién tuc trén R thoa man diéu kién:

f(x)f(—l—) =1 véimoi x € R\{0}.
X

5. Tim cac ham s6 f(x) x4c dinh va lién tuc trén R va thoa man diéu kién:
a) f(x +y) +f(x-y) = 2f(x)f(y) , Vx,ye R ;
b) f(0) = 1,3x, e R: f(xy) > 1 .
6. Tim cdc ham s6 f(x) xac dinh va lién tuc trén R va thoa min diéu kién :
f(x +y) = M— Vx,ye R .
1+ f(x)f(y)
7. Tim céc cap ham s6 f(x) va g(x) xdc dinh va lién tuc trén R va thoa mén cic
diéukién, V x,y € R
a) f(x = y) = f(x)g(y) + f(y)a(x),
b) g(x +y) = g(x)g(y) - fx)f(y) .
8. C6 t6n tai chang ham sé lien tuc f: R = R thoa cic diéu kién:
a) f(1995) < f(1996) ;
b) f(f(x)) = 1995 *, Vx eR.
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§7. PHUONG PHAP DAO HAM

* T4t nhién & day khong xét dén phuong trinh vi phéan.
Cic bai todn & day mang tinh so cip hon.

*Vidu 1:

Tim ham s6 f(x) kha vi thod man véimoix = 0

T'(x) + xM"x)=-1; f(H=1; f(-2) =-1
Giai:

V& trai chinh 1a: [ x*f '(x)]' ; cho nén, tir gia thiét:

IXFO) = -1 Xf00 = -x + C, = F(0) = = + =
= f(x) = 1. C', + GC,.
X 3
c,-S <o
Cho x = 1; x = -1, thi dugc: 2
e G __1
- 8 2
= C = ———4va C,= — . Nhuvay: f(x) = —l—+ 2, 2
3 X 3~ 3

* Vidu 2: Tim tat ca cic ham s6 kha vi f: R — R thod mén dong nhat thiic
f(3< + y) _ () + f(y)

, X, yeR, x#y.
> > y y

Giai:
Lén luot 14y dao ham hai vé ctia biéu thitc di cho theo x vay ta c6:

lf’(u) = %’9 VX €R

2 2
—]—f'(—-—x s y) - Ty Vy eR
2 2 2

Suyra: f'(x) = f'(y) Vx,y eR = f'(x) =C (hing s6) .
Nhuvay: f(x) = ax + b.
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*Vidu3: Timhiams6 f: R — R x4c dinh va kha dao thoa man diéu kién:
f(x + y) = f(x)f(y) Vx,y €R
Giai :
Pé y ring f(x) = 0 la mot nghiém clia phuong trinh da cho.
Ta xét trudng hop f(x) # 0. Khi déténtai xoe R dé f(x,) # 0
Theo gia thiét : f(x,) = f(x + (Xo-X)) = f(X)f(x,-x) # 0 ,Vx eR.
Suyra: f(x) # 0 ,VxeR .

Mt khic, tir gia thiét tacé: f(x) = (f(%))2 >0 ,YxeR.

Lan lugt 14y dao ham hai v€ clia hé thitc dé bai thi dugc:

f'x +y) = f'(x)f(y), Vx,y€eR.

f'x +y) = ff'(y), Vx,yeR.

Tir d6 suy ra: M = E—(y—) ,Vx,ye R & (Inf(x))'=a < f(x) = e rh,
f(x) f(y)

Vay: f(x) = 0 hay f(x) = e™*" .

* Vidu4: Ham s6 f(x) xdc dinh vakha vitrén R vathoa min: Vx,y € R

(x- Pfx +y) - (x + Pix - y) = dxy(x* - y).
Hay xac dinh ham so dy.

Giai:
Twdébaisuyra, vxzy: O I&x=9) _ 4, )
X+Yy X—-y
< f(x) .
bat g(x) = —x— ,thi: (D& gx+y) - gx-y) = 4xy. 2)
. h h ~ 2 ~
Sau d6,dat: x = a+ 5 , Y= —2— , thi (2) tro thanh:
ga+h) - ga) = 4@a+ %)% = g(“hh) “8®) _ a4t

Choh — 0, thi duoc g’(a) = 2a.
Nhu thé: g(x)= x>+ C , v6i Cla hing s6. Vay: f(x) =x> + Cx .

Vidu 5:
Tim céc ham s6 f(x) = 0 xdc dinh va kha vi trén R* va thod man diéu kign:

f{w’ﬁ‘_;_yn_J = \ﬁf(x)]z ; [f(y)]z Vx,y € R.
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Giai:
Pao ham hai v& déng thitc da cho theo x , r6itheoy:

P ’x“ +y" nx" ' f(x)f'(x)
SR D LS AP L (YRt (0
2 2
. P x" +y" py" ! _ f(f'(y)
SR N S AN Ll GO (07!
2 2
Suyra: foOf () = feOf(y) , Vx,y>0.
xn—l yn—I
Tir dé: f(’i._)ai(TQ = C (hing s6) = f(x) = 3\/ax" . Thir lai, nghiém ding.
X" n
L .
BAI TAP TU LUYEN
1. Tim ham s6 f(x) kha vi thoa man:
() fOf'(x) = —= véi moi x.

(i) f(0) = 1.
2. Tim tat ca cdc ham s6 kha vi vo han 14n f: R = R thod min déng nh4t thic:
f(x+y) = f(x) + f(y) + 2xy v6i X,y € R.
3. Tim tat ca cdc ham s6 kha vi f: R — R thoa min déng nhat thitc:
f(u) _ fy) - fx)
2 y - X 4
4. Tim cdc ham s& f(x) x4c dinh va kha vi trén R va thoa min diéu kién:
f(xy) = f(x) +f(y) Vx,y eR.
5. Tim cdc ham s6 f(x) xdc dinh v kha vi trén R* va thoa man diéu kién:

tlfxy) = JEGHG) vy eR.

x,y eR,x=y.
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§8. PHUONG PHAP QUY VE HAM CO BAN

Néu biét duge mot s6 ham co ban, thi khi c6 thé din bai
todn vé mot tinh hudng don gian hon nhiéu, ching han:
* Ham lién tuc thoa f(x +y) = f(x) + f(y) 12 ham s&
c6dang: f(x) = Cx. (xem §4 vi du 3)

* Ham lién tuc thoa f(x +y) = f(x). f(y) 1a ham s6 ¢6
dang f(x) = a*.(xem §7 vi du 3) '

* Ham lién tuc thoa f(xy) = f(x) + f(y) 1a ham s6 c6
dang: f(x) = logx .(xem § 4 vi du 4)

* Ham lién tuc thoa f(xy) = f(x)f(y) 12 ham s6 c6 dang
f(x) = x*.(xem 8§ xviduy)

*Vidu 1: Xéc dinh ham s6 f(x) lién tuc trén R thoa man diéu kién:

M fx -y) = X gy eR
f(y)
(1) f(x) # 0 VxeR.
 Giai:

bat x -y = z thi x = z + y vi heé thitc dé bai
& f(z) = f(_z+_y) Vz,y e R

f(y)

f = f(z)f

Tuds: { 2T =@ o LR

f(x) # 0

Theo két qua bai todn §7. 3taco,vi f(x) 20, f(x) = a*,a> 0.
* Vidu 2: Xd4c dinh ham s8 f(x) lién tuc trén R* thod min diéu kién:
f(i) = f(x) - f(y) Vx,y eR*.
' Giai:

bat: =t = X = ty vahe thitc dé bai trd thanh:

X
y .
f(t) = fty) - f(y) & f(ty) = f(t) + f(y) ; Vx,y e R.
Theo §4.4 thi ta dugc f(x) = blnx,Vxe R*,VbeR.
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*Vidu5: Chohams6 f: R-- R, vas6thyc a>0,a #1.
Chitng minh ring c4c ménh dé sau twong duong:
(i) Vx e R, f(x) = f(ax);
g(flog, x}) néu x>0
(it) f(x) = m néu x =0
h({loga( - x)}) néu x <0
trong dé m 13 hing s6 vd g, h: [0, 1) -— R 12 ham s6 batky .
Giai:
(i) = (i): Trudc hét dé y rang, néu f(0) = m bat ky, déu thoa man.
Bay gid, tir gia thiét, ta cé:
f@) = f@'*") va f(-a) = f(-a'*") , VieR.
Sau d6, Vx =0, tdn tai t dé x=+a'.Nen VteR
f@) = f@'*h) ; f(-a) = f(-a'*").
p(log, x) néu x >0

Goi p(x) = f(@") : q(x)= f(-a"), thi: f(x)= {q(loga( %) néux <0

Pé y ring p, q : R — R 12 cdc ham s6 tudn hoan céchuky 1.
Neén tén tai g, h: f0’, 1) &> R sao cho: - -
VxeR, p(x)= g({x}) ; q(x) = h({x}).
g(flog, x}) néu x>0
Vay: f(x) = m néu x =0
h({loga( - x)}) néu x <0
(ii) = (i) : Hién nhién cé f(x) = f(ax).

* Vidu 6: Timhamsé f: R -— R, thoa man diéu kién:
Vx e R ,f(x) = 2f(2x) + 1.
Giai:
Tix gid thiét, tacé, Vx e R, f(x)+ 1 = 2[f(2x) +1] .
VGix=0thi f(0)=-1.
|log2|x|| 11032I2x||
VGix=0: 2 fx)y+1) =2 - (f2x)+1).

|log2lxll .
Pbat: g(x) = 2 fx)+1),v6 x=0.

Thi c6 hai ham s6 h, k:[0,1) >R dé:
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_ h({log, x}) néu x >0
B = {k({logz( —x)}) néu x <0

=i !
2 [ogzlx‘]h({logz x})-1 néu x>0
Vay: f(x) = ¢ —1 néu x =0
=i |
2 [ogZIX']k({logz( -x)})-1néu x <0

*Vidu7: Timhams6 f: R -— R, thoa man diéu kién:
vx € R, f(3x)= - f(x).

Giai:
Néu: x=0=1(0) = 0.
[log{3x|1 Hog 3 |x{}
Néu: x#0, tacé: (-1) f(3x) =(-1)
log 3 |x]1
Nén, dat g(x) = (-1) f(x) .

Thi: Vx 20, g(3x) = gx) .

(-1 8™ h({logs x}) néu x>0
Do dé6: f(x) = 0 néu x=0
(-1)"83" K (flog; 1x ) néu x>0

Trong d6: h, k:[0, 1) > R batky.

2

*Vidu8: Chohams6 f: R-—-R vas6thiica>0, a= 1.

Chimg minh rang cdc ménh dé sau tuong duong:
(i). xeR,f(x)= f(-ax);

f(azx) néu x>0
f( ~a’x) n€ux <0 '

g({—;—loga x}) néux>0

(iii). f(x) = m nfux=0 ,

1 1 .
g({i + —z—logalxl}) néu x < 0

trong d6 g: (0, 1) > R 12 ham s6 va m 12 hang s6 bat ky.

(ii). f(x) =
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Giai:
(i) = (ii) : Hién nhién.

(il) = (iii) : Vx € R , f((a®)*) = f(@>(a)") = f((@>**)).

Dit: g(x) = ) & f(x) = gllog o X) = &(5 logix).

Th€ thi: Véi x>0 f(x) =f(a’x) => g(x + 1) = g(x).
Dodécéhams6h: [0, 1) > R saocho g(x)=h({x})

= f(x)=h({%logax}). Véi x<0:f(x) = f( - ax)

. 1 1 1
= f(x)= h({ =log,(-ax)}) = h({ = + —log, |x]).
(x)= h({ - logy( - ax)D) = h({ > 2oglxl)
(iii) = (i) : Hién nhien.
*Vidu9: Timhams6 f: R -— R, thoa mén diéu kién:
VxeR, f(2 -3x)= f(x).

Giai:
Goi: f(x+a) =f(2-3(x+a)) = f(-3x+a+2-4a)

= 2-4a=0 > a=—;- . Th€thi: Vx eR , f(x+%) =

bat: g(x) = f(x + -;—) < f(x) = gx - %),

vataduge: Vx € R g(x) = g(-3x).
Dodécéhamsd h: [0, 1) - R va hidng s6 m sao cho:

h({—;-log3 x}) néux>0;

g(x) = < m néux=0

h({-;—+—-log3lxl}] néux <0
h( logg x—— }} néux>—;

Vay: f(x) = A m néu

1
hj{— +lo
L ({2 g9

Nlt—-

x—_

)

1
f(-3x+ —-).
(X2)
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BAI TAP TU LUYEN

1. Tim ham s6 f(x) xdc dinh va lién tuc trén R * thoa man diéu kién:

(/) = \/[f(x)]z P gy ere

2
2. Xéc dinh tat cd cdc ham s6 f: R \ { - 1}-> R thoa min diéu kién:

N |
(P2 2 o), vx#- 1.
X + 1

3. Tim ham s6 f(x) x4c dinh va lién tuc trong R\ { O } thoa man diéu kién:

2 | . \/[f(x)]z FOF . Vxy: x+y=0.
! 2

1
- + _—
X y
4. Tim ham s6 f(x) x4c dinh va lién tuc trén R thoa man diéu kién:

xf(y) + yf(x) = fxX).fiy)x +y) . Vx,y ; x +y = 0.
5. Tim ham s6 f(x) x4c dinh v lién tuc trén R thoa diéu kién:

f(l(——;—y) = Iy Vx.y eR.

6. Tim ham s& f(x) xdc dinh va lién tuc trong R\ { O } va thod man diéu kién:

fL 2 = 2 ; VX, y; x +y =0

1 1 1 1
- + - — + e m——
X X f(x)  f(y)
7. Tim him s8 f: R-— R ,thoa mén diéu kién:
VxeR, f2 -2x)=-f(x+1).
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§9. HAM SO CHAN - LE

* f(x) la ham s6 chan trén (a, b)

- X € (a.b)
f(-x) = f(x)
* f(x) la ham s6 1é trén (a, b)

[ - x € (a,b)
1f(=x) = - f(x)

& Vxe(a,b) {

< Vxe(ab)

* Vidu 1: Cho cdc ham s6 f(x), g(x) thoa madn v4i moi x, y
{f(x +y) = fx)gy) + f(y)gx)
gx +y) = g)gy) - fof(y) ’

trong d6 f(x) laham s6 1, f(0) = O va f(x) # 0 vé6i x =0 . Ching minh rang:
a. g(x) 1a mot ham chan va g0) = L.
b. £3%(x) + g'(x) = 1 ;

f(3x) = 3f(x) - 4f*(x) ;

g(3x) = 4g’(x) - 3g(x) véimoi x.

Giai:

a. V&i x # Obatky,ldy y = O trong hé thitrc thit nhat

f(x) = f(x+0)) = f(x)g(0) + f(0)g(x) = f(x)g(0)
vi f(x) # Onéntacé g(0) = 1.Matkhic,véi x = 0
0= f0) = f(x + (-x)) = f(x) g(-x) +f(-x)g(x)

= f(x)g(-x) - f(x)g(x) = gx) = g(-x)
nén g(x) 1a ham s& chan.
b. Tir hé thirc thir hai, ta ¢6 véi moi x
0= g(0) = g(x +(-x)) = gx)g(-x) - f{XF(-x) = g(x) + fXx)
va: f(2x) = f(x + x) = 2f(x)g(x)

g(2x) = g(x) - F(x).

Tur d6 suy ra diéu phai chimg minh .

* Vidu 2: C6 ching mot ham s6 1é thoa man diéu kién:

fix - 1) + Bf(l

1 - x

=1-2x,‘véi:x¢il?
- 2x 2
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Giai:

Déyrang voi: x = 1, taduge: f(0) + 3f(0) = 1 = f(0) = ;11—

Ma mot ham sd 1€ thi phai ¢6 f(0) = 0.

*Vidu3: Cho hamsé f:R —» R.

Ching minh riang cdc ménh dé sau tuong duong.

(Yvx eR, f(x) = f(-x);

(i1) Vx € R f(x) = g(x) + g( - x), v6i g : R = R 12 ham s6 bat ky,
g(x) néu x20

g(—x) néu x <0’

Giai:

(i) Vx e R f(x) =

véi g: [0, + ®) = R 13 ham s3 bat ky.

1) = (1) :f(x) = %(f(x) + f(-x)), gx)= %—f(x).

(it) = (iii) : L&y g(x) la cdi thu hep cia f(x) trén (0, + ),
g(x) néu x 20
g(—X) néu x <0
(i) > (1): ¥Vx20:f(-x) = g(-(-x)) = g(x) = f(x);
Vx<0:f(x) = g(-x) = f(-x).
Vay Vx e R: f(x) = f(- x).

thi: f(x)=

*Vidu4: Tim hams6 f: R — R dinhbdi: Yx e R, f(x)=x+ f(-x).

Giai:
Ta viét lai hé thic dé bai : f(x) - § = f(-x)+ 32‘- (1)

Goi: g(x) = f(x) - -’2(- < f(x) = g(x) + —;— .

Thé thi (1) cho g(x) 1a ham s6 chan.
Do dé theo vi du 3, g(x) c6 thé viét thanh:
g(x) = h(x) + h(-x), véi h(x) la ham so6 bat ky nao dé6.

Vay ham s6 phai tim [a: f(x) = —;— + h(x) + h(-x), trong dé6 h(x) ia ham s6 bat

ky (ching han f(x) = = +sinx).

2o | <
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*Vidu5: Chohamsd ¢: R—>R . Timhams6f: R —> R thoa:
VxeR, f(x) = ox)+ f(-x) .
Giai:
Tir gia thiét ta c6: f(x) - f( - x) =@(x), 46 1a ham s6 le.
Do d6 : Néu @ khong phai 12 ham s6 1é: v6 nghiém.
Néu @ laham s6 1é : tacé @(x) = %(p(x) - —;—(p( -X).
Thé thi tir gia thiét ta dugc, theo vidu 3, Vx € R

f(x) - —;-m(X) = f(-x)- %(p(-X)
< fx) - %(p(X)=g(X) + g(-x),

Vay f(x) = %(p(x) + g(x) + g(-x), trong d6 ¢ 1a ham sd bat ky. _

* Vidu 6:

Timhams6 f: R — R thoa: Vx e R, f(x) = (2003 -x) .
Giai:

Véi x thue bat ky, tacd:  f( 2)50—3— +x) = f{( 2—02@— -X).

2
Goi g = (22 40 & fx) = gx- 22,
thi g(x)lahams6létrénR vatirdé Vx e R, g(x) = h(x) + h(-x).

Suy ra: f(x) = h(x - 202—02) + h( - 2%3 -Xx),véi h:R — R 1a ham s6 bat ky.

*Vidu 7:

Timhims6f: R-—>R thoa: Vx e R, f(x) = f(2-x) + x-1.
Giai:

Ta ¢, tir diéu kién dé bai :

fx+1) = f(-x+1) + x & fx+1) - %: f(-x+l)+%.

X ' ' X 1
Gol = f -~ f = -D+ -+ - .
ol g(x) (x+1) > (x) g(x-1) > 3
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Thé thi, g 12 ham s6 le, nén theo vi du 3, g(x) = h(x) +h( - x)

Viy, v6i h: R — R la ham s6 bat ky, f(x) = h(x-1) + h(1 -x) + +

X
2

19| —

*Vidu8 Chohamsé f:R - R .

Ching minh ring cdc ménh dé sau tuong duong:

(1. vx e R f(x) = -f(-x).

(ii). Vxe R f(x) = g(x) - g( - x), v6i g: R—> R f(x) = - f(- x) 1a ham s6 bat ky.

X l g(x) néux20 .. . .
(i1i). vx € R i(x) = ) , V6i g:[0,+ o) > R 1aham so bat ky.
ig(—x) néu x <0

Giai:

Tuong tu vi du 3.

*Vidu9:

Timhamsd f:R —- R thoa: VxeR, f(x) = 2- f(-x) .
Giai:

Ta cé, véi batky x € R, tir gia thigt: f(x) -1 = - [f(-x)-1].

Goi g(x)= f(x)-1 & f(x)=gx)+ 1.

Thitaco6Vx € R, g(x) = -g(-x).

Nén theo vi du 8: g(x) = h(x)-h(-x), Vx eR.

Vay, véihlaham s6 R - R batky f(x) = 1 +h(x) - h(-x).

* Vidu 10: Véi ham s6 ¢ cho trude, hdy tim hamso f: R - R
thoa: Vx e R, f(x) = o(x) - f(-x) .
Giai:
Tir diéu kién dé bai, tacé véi moi x € R: @(x) = f(x) - f(-x)
12 ham s6 chin. Cho nén: Néu @(x) khong phai 1a ham s6 chan: vé nghiém.
Néu @(x) 12 ham s chén, ta viét: '

fx) + (- %) = (x) = %(p(x) + %w(-x)
& f(x) - -;—qn(x) = - ) - %—@(X)l .

Do dé, theo vi du 8, trong d6 h: R —> R bitky: f(x) = —lz—(p(x) + h(x) - h(- x) .
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*Vidull: Timhamsé f: R > R thoa: Vx e R, f(x) =a-f(b-x).

Giai:
Tir hé thitc dé bai, tacé, Vx € R, '
b . b b a b a
f(—+x) =a-f(-x+ =) fx+=)- =—=-[f(-x+=) - —1].
(2 ) ( 2) (x 2) 5 [f(-x 2) 2]

Goi g(x) = f(x + %) - % ,thi g 1a ham sé Ié.
Nén, theo vi du 8,tacé v6i h: R > R 12 ham s6 bat ky: g(x) =h(x) - h( - x) .
a b b
Suyra: f(x) = — + h(x-=) - h(-x+ =).
y (x) > ( 2) ( 2)

%k ok

BAI TAP TU LUYEN

1. Cho ham s6 f xdc dinhtrén I=(-2,¢),véi £>0.
Ching minh rang ham s8 dinh trén I boi:
f(x) - f( - x) 1a ham s6 1¢ ;
f(x) + f( - X) 1a ham s6 chin .
2. Cho a € R. Hay xdc dinh tat ca ham s6 f(x) sao cho:
fla - x) = f(x) ,Vxe R.
3. Cho a,b e R. Hiay xdc dinh tat ca ham s6 f(x) sao cho:
fla-x) +f(x) =b ,Vxe R.
4. Timham s6 f: R — R dinh boi: f(x) = f(-x) + cosx.
5. C6 tén tai mot ham s6 f: R — R thoa véi moi s6 thuc x
f(x)= f(-x) + 2002 ?
6. Timhams6f: R — R dinh bdi: f(x)= 2f(-x).
7.Timhamsd f: R — R dinh bdi: f(x) = 2f(1-x) + 1.
8. Timhams6 f: R — R dinh bai: f(x)= 2x- f(-x) .
9. Timhaimsdf: R — R dinhbagi: f(x)= - f(1-x) .
10. Chocichamsé ¢:R — R, y:R — R va clahéang s6 thoa:
y(x)y(c-x) #1,Vx € R.Timhamsé f: R — R sao cho:
Vx e R f(x) = ¢(x) - y(x)f(c-x).

*

45




§10. HAM SO TUAN HOAN

* Ham s6 f(x) xdc dinh trén (a, b) duoc goi 1a ham
tudn hoan, néu t6n tai s& t sao cho:

Vx e(a,b) f(x + 1) = f(x)

S6 t > 0 bé nhat thoa man diéu kién d6 duge goi
1a chu ky ham s6.

* Vidu 1: Tim ham s6 f(x) xdc dinh trén R , biét ring:
f(x) + f(x + 1) =1 vavéi 0 < x <1 thi f(x) = x.
Giai:
Thay x bdi x + 1, tacé:
fx+D+fx+2))=1ofx+2)=1-fx+1)=1x).
Vay f(x) 1a ham s6 tudn hoan , ta chi can xét trén khoang [0, 2)
Véi: 0 £ x < 1thi f(x) = x
nén: fx + ) =1 -f(x) = 1-x.
bat: t=x+ 1=>1<t< 2 tacdé f(t) =2 -t.
{ x khi 0<x <1
Vay: f(x) = ) .
2 -xkhi 1 £x<?2
*Vidu 2:
Ham s6 f(x) dugc xdc dinh véi moi gid tri thuc ctia x 13y gid tri thuc va thoa man

diéu kién: f(x +a) = -;— + AJf(x) - f?(x) trong d6 a la mot s6 duong khéng

phu thudc vao x. Chimg minh ring f(x) 1a mét ham s6 tudn hoan. Tim vi du vé
ham f(x) v8i cc tinh chat ddnéu khia = 1 ; vA f(x) khong phai 1a ham hing.

Giai:
a.VxeR,vi f(x + a) > % cho nén: (f(x +a) — %J = f(x) - (f(x))
o (f(x + a)? - f(x +a) = f(x) - Fx))? - i_

Thé thi: f(x + 2a)=% + \/f(x +a) - (‘f(x + a))?
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1 ) 1 l 1
= — R f _ = - —_—— = .
> + \/(f(x)) (x) + 2 2(f(x) 2) f(x)
b. Céc vi du:

1
— ¥ <
fx) =| 3 néi 2n £ x <2n+1
1 nfu 2n+1<x<2n+2

£+—l-—n néu 2n <x <2n +1
(ii) f(x) = 22

_JrJﬁ_n—(i—n)2 néu 2n +1 <x<2n+2
2 2 2

* Vidu 3: Ching minh rang ham s6 f(x) x4c dinh trén R va thoa man:
VxeR fx+1)+ fx -1 = vrif(x) la ham s6 tudn hoan. Xéc dinh chu
ky ctia né.
Giai:

Ta ¢6 véi moi x:
fx +2) + f(x) = V2f(x + 1) = V2 (V2 f(x) - f(x - 1))

= 2f(x) - V2 f(x - 1)
= f(x+2) = f(x) - V2f(x - 1)
Suy ravéi moi x: f(x + 4) = f(x + 2) - V2 fix + 1)

= f(x) - V2[f(x - 1) + f(x + D} = - f(x)
T do, véimoix: f(x + 8) = -f(x + 4) = f(x)
Dé y ring, ching han, ham s6: f(x) = sinz? thod man diéu kién dé bai.

*Vidu 4:

Choham s6 f: R —» R. Cho cdc ménh dé:
i).VxeR f(x+1) = f(x);
(i)). Vx e R f(x) = g({x});
(iit). Yx e R f(x +a) = f(x);

(v).VxeR fx) = g({ X 1):
a

Trong d6: a = 012 s6 thuc cho trude, g: [0, 1) — R 1a ham s6 bat ky.
Ching minh rang :
a. (i) tuong duong véi (ii) ; b. (ii1) tuong duong (iv).
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Giai:
a. (i) = (ii) : Bang qui nap, dé dang suy tir diéu kién dé bai,
ring: VX e R,VneZ :f(x+n) = f(x).
Tir d6, véi moi x thuc: f(x) = f({x} +[x]) = f({x}) .
Goi g:[0,1) > Rlacéithu hepcia fvao [0, 1).
Thi: Vx e R, f(x) = g({x}). (ii) = (i) : Hién nhién.
b.Tacd, Vx e R f(x +a) = f(x) < f(ax +a) = f(ax) . (%)

bat: g(x) = f(ax) < f(x) = g(i). The thi: (%) <> g(x) = gx+1).
a

Ap dung két qua cau a thi dugc diéu phai chimg minh.

*Vidu 5:
Timhams6 f:R = R dinhbdi: Vx e R, f(x+2) =1+ f(x).
Giai:
Tir diéu kién dé bai ta thu duge, Vx € R
f(x+2)--;—(x+2)=f(x)- %x. (%)

bat:  g(x) =f(x) - %X.Thé’thi, theovidu4, Vx e R
gix +2) = g(x) < gx) = h({%})-

Vay, v6i h:[0,1) - R 1aham s6 bt ky, f(x) = %x DS

* Vi du 6:
Timhams6 f: R — R dinhbdi Vx e R, f(x +2) =1+ 2f(x).
Giai:

Tir diéu kién dé bai ta thu duge, Vx e R, f(x +2) + 1 = 2[f(x) + 1].

—»!«(x+2) "‘I'X

it gx) =2 > [fx+2)+1]1 =2 2 [fx)+1]. (%)
The thi: (%) < g(x +2) = gx) < gx) = h({%}).

1

2

! X
Vay, véi h:[0,1)—> R 1ahams6 batky, f(x) = 2 h({%)) - 1.
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*Vidu7:

Timhamsoé f:R - R dinhbdi: Vxe R, f(x+2) =1+2x+ f(x).
Giai:

Tir diéu kién dé bai ta ¢4, Vx € R

f(x+2)+a(x+2)+b=2[f(x)+ax+b]+(2-a)x+(1 +2a-b).

2-a =0 a=2
jumd .
1+2a-b =1 b=5
Nhu thé: f(x +2)+ 2(x +2)+5 = 2[f(X) + 2Xx + 5]
—l(x+2) —lx

o2 [(fx +2)+2(x +2)+5] = 2 2 [f(x)+2x +5].
|

- X
pat g(x) =2 ° [f(x)+2x +5].
T x
Thi, véi h: [0, 1) > R laham s6 bat ky: f(x) = 2 h({E})—Zx-S.
*Vidu8:
Timhams6 f:R — R dinhbdi:VxeR, f(x+1) =-f(x).
Giai:
N . . . Ix +1] Ix]
Tir diéu kién dé bai ta thu dugc, Vx eR, (-1 fx+D=(-1) fx).
Ix] .
Pat: g(x)=(-1)  f(x). Thethi: g(x+1)= g(x) < gx) = h({x}).

: - [x]
Vay, véi h: [0, 1) > R laham s6 batky: f(x)= (-1) " h({x}).

*Vidu9:
Cho f 1a mot ham sd tir tap hgp cic s6 thuc R-vao chinh né sao cho véi moi x € R,

ta cé: 1f(x)|s 1 va: f(x + %) + f(x) = f(x + é).,.f(x + %),

Chimg minh rang f 12 mot ham s6 tuan hoan.
Giai:
Dat a = 1/6,b = 1/7 thi a+ b = 13/42.
Thay xbdi x+a, x +2a, ..., x + 5aldn lugt réi 14y t6ng tat ca céc phuong
trinh nay thi thuduogc: f(x + 1 + b) + f(x)= f(x + 1) + f(x + b).
Bay gi%, thay x bdi x+b,x +2b,. .., x + 6blan lugt va ldy tdng thi dugc:
f(x +2) + f(x) = 2f(x + 1).
Vigtlai: f(x+2) - fix+1)=f(x + 1) - f(x) .
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Néutadat f(x +1) - f(x) = c thi dé dang qui nap theon,

tadugc: f(x + n) - f(x + n - 1) =c.

Didudésuyra: f(x + n) - f(x) =

Diédu d6 chimg t6 ring néu c= O thi f(x + n) khong giéi nOn, trdi véi dxeu kién
|f(x)| < 1 véimoi x.

Vithe: ¢ = 0 va: f(x +1) = f(x), chﬁ'ng t& tinh tudn hoan cla f(x) .

Chii gidng : Néu f:R — R laham s6 giéi ndi va a, b la cdc s6 thuc khéc zero
sao cho a/bhituti va: ’

f(x + a +b) + f(x) = f(x + a) + f(x +.b) ,¥xeR, thi f tuidn hoan.

* ok ¥

BAI TAP TU LUYEN
1. Cho ham s6 f(x) x4c dinh trén R va thoa man:
Vx,y f(x +y) + f(x - y)=20)f(y).

a. Chitng minh rang hoac | fx)| < 1 hoac lfx)] = 1 v6imoi x.
b. Chitng minh ring f(x) tudn hoan, néu mot trong cic diéu kién sau dugc thoa:

(1) téntai rﬁot s6 a saocho f(a) = 0.

(1) t6ntaisd b # Osao cho"|‘f(bb)| =

(1ii) tén tai hai s6 c, d véi |c| #ld l sao cho If(c)l = |f(d)| .
2. Mot ham s6 f(x) c6 tinh chat sau: tén tai mt s6 a# 0 saocho:
f(x) -1
f(x) +1
tai t4t ca nhitng diém x sao cho f(x) va f(x +a) dugc xac dinh.
Chitng minh riing f(x) 12 ham s6 tudn hoan va néu ra mot vi du vé ham s6 f(x) véi
tinh chat néu trén.
3. Tim ham s6 f(x) x4c dmh tren R biét:

fix + 1) = 2f(x) - f(x -1),

fx) =1 v 0<x <. . : »
4. Tim ham s6 f: R — R biét ring: Vx € R f(x+ D = -2f(x).
5.Timhams6 f:R — Rbiétring: Vx e R f(x +2) = - 2f(x).
6. Timhams6 f:R— Rbiétring: Vx e R f(x+2) = -3f(x) +1.

. - N ‘ *
%* %*

f(x + a) =
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§11. DAY CAC HAM (f,)

* Vidu 1: Cho day cdc ham s& (fn(k)) thoa man diéu kien:

i fx) = x,
1
0 f et
(i) f, . (x) T~ L)
Hay tinh f,450(1999) .
‘Giai:
Tacé:fi(n) = n; fy(n) = T—l-— ;‘
n-1
fy(n) = n; f(n) =n.
n

Va ching minh d& dang rang: f,,, ,(n) = n , véi keN.
Matkhdc: 1999 = 666.3.+ 1. Nén: f,0,(1999) = 1999

*Vidu2: Cho M Iatap hop céc ham s6 f:Z — R thod man diéu kién:
f(0) # 0 va déng nhat thic: f(n) f(m) = f(n + m)+f(h - m) nnme Z.

Tim: a. T4t ca ham s6 f(n) € M .saocho f(1) = % .
b. T4t ca ham s6 f(n) € M saocho f(1) = V3.

Giai:
Trong déng nhat thitc ban ddu tathay n=m=0, .
thi thu dugc : (f(0))> = 2f(0). Nhung: f(0) # O,nén f(0) = 2.
Vélai, khithay m=1,thidugc: f{n)f(1) = fn + 1) + fn - 1), ne Z.
Néu gid tri cha ham s6 f(n) tai n = 0 vA n = 1 d4 cho trudc, thi n6é x4c dinh mot
céch duy nhét céc gid tri f(2) va f(- 1) tir d6ng nhat thic da cho, r6i thi xdc dinh
dugc f(3) va f(-2), ... tic la tat ca cac gid tri cua f(n) véi n € Z . Nhu vy ham
s6 f(n) xdc dinh mot cich duy nhdt tir diéu kién cia bai toan, nhu the :
£(0) = 2 va f(1) = % hay f(1) = /3.
Ta cu6i cung chi cdn kiém ching cdc ham s6:

fn) =2"+ 2" va f(n) = Zcos% , thod man céc diéu kién dé bai .
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*Vidu3:

Goi n > 1 1a mot s6 nguyén c6 dinh. Cho cdc ham s6 fy(x) =0, f(x) =1 - cosx
va v6i k>0, f, (x) = 2f(x)cosx - f,_ X).

Néu: F(x) = f,(x)+f(x)+...+f(x),hdy ching minh ring:

0<F(x) <1 v6i 0<x < ——,
n+1

Tt
<X< — .,
n+1 n

Giai:
Nghiém t8ng qudt ctia phuong trinh sai phan la:

va: Fx) > 1 véi

. s L. T
f(x) =c,e®+ ce ™ v6i 0 < x < — .
n
s fy(x)sin kx
Cac gid tricha fy, f, chota: fi(x) = —'—(—2——— .
sin x

sinx + sinnx - sin(n + Dx
2(1 = cosx)

X
Cos| — +nX
(2 ]

20‘05-)£
2

n
Tir déng thite: ) sinkx =
k=1

Taduge: F (x) = %

Vi: cos(% + nx) +cos% = 2cos(n + Dx cosﬂz)i >0

Khi: O<x<n/(n+1), tacé F(x)<1, diéu nay chitng minh cau (i) .
Khi: t/(n+1) < X <z/n tacd nx/2 < nf2 < (n+ 1)x/2

. x e X X . . )
va vi thé: cos( —2- +nx) + cosz < 0, va cau (ii) dugc chitng minh.
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BAI TAP TU LUYEN

1. Cho hai ham s6 h, g xdc dinh trén {- 1,1 }:
g(l) =h(-1) =1 vag(-1)=h) =-1

Giadinh f, ,f, , f, ,... ,f, 1acdc ham s6 trong d6 mot s bing g , s6 con lai
bing h, thoda man cdc diéu kién:

f(1) =-1; f(1) = (1) = 1.

f(f,(1)) = - 1.

f (D)) = - L.
Hoi trong cdc hams6 f, (i = 1,2, ..., 7)c6 bao nhiéu ham s6 bang g ?

2

x- +1

2.Goi f(x) = v6i x # 0.Taxécdinh f(x) = x

va f™(x) = f( f" "(x)) véi moi s6 nguyén duong n va x # 0.
Chitng minh ring véi moi s nguyén khong am n vax #-1;0 hay 1 thita cé:

(n)
7 (x) 1+ 1

f(n+l)(x) - f x_-{-—l— 2n :
x—1
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§12. HAM NHIEU BIEN

*Vidul:

Xét ham s& khOng phai 12 ham hang f(n,m) x4c dinh trén tap ho‘p cac cép s6
nguyén, nhan gia tri nguyén va thoa mén dong nhat thic:

f(n, m)— —[f(n 1, m) +f(n +1,m) + f(n,m- 1)+ f(n, m + 1)} n,m eZ

Ching mlnh rang:
a. Ham s6 nhu thé t6n tai.

b. V6i moi k € Z mbi ham nhu th€ nhan ca gia tri k 16n cﬁhg nhu k bé.
Giai :
a. Ching han hAm s6: f{(n,m)=n (n,m € Z)
thoa man t4t ca cic diéu kién da néu.

b. Cho khéng dinh khong diing, tic 12 vdi s6 k € Z nao dé thi tat ca gid tri cua
mot s6 ham f(n,m) thoa man dléu klén bai todn, ching han, khong vuot qué k. Khl

dé trong céc gna trif(n,m);n,meZ; ta tim duoc s6 16n nhat £ = f(n,, mo) .

Vi thé gid tri ndy bing tdt ca s6 f(n, £ 1, mo) f(ny, my + 1),
vi néu nguoc lai thi :

f(ny,, my) = i—[f(no- 1, mg) +f(ng+ 1, my) + f(ny, my- 1) +f(ny, m+ 1) ] < £

Lap luan tuong ty c6 thé thu dugc déng thirc :
¢ =f(n,, mg) =f(ngt1,my) =f(ny£2,my) =
=f(ngt n,my) =f(ngt n,myx 1)
=f(nptn,my+t2) =... =f(ngx n,my+m) véimoigidtri n,m e N.

Nhu vay: f(n, m) = /£ : trdi gia thiét bai todn.

* Vidu 2:
Véi tap hgp con S ciia tap hop cdc cap s6 nguyén, ta goihams6 f:S— S 1la
phé quét, néu né kha dao va véi moi cap (n, m)e S diéu kién sau duge thoa man:
fln,m)e {((n-1,m);(n+1m);(nm-1);(n,m+1) }.
Chitng minh ring n€u tén tai mot ham s6 phd quét, thi tdn tai ham phé quét
f(n,m) thoa diéu kién : f(f(n, m)) = (n,m), (n,m)eS.
-Giai:
Ta goi ciip (n, m) € S1a chdn hay 1é tuy theo tén n + m 1a chin hay 1é.
Cho ring t6n tai hAm phd quét g(n, m), khi d6 ham: g"' (n, m) ciing phé quat.
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Ta xét ham xdc dinh nhu sau:
f(n, m) = {g(n ) né diém (. Chén v&i: (n, rh) €S
"(n,m) néu dlém (n m) lé ;
biém g(n,m) va g'(n,m) cé tmh chén Ié tréi nguo’c v6i diém (n, m)
Vi thé véi diém (n, m) e S bit ky ta thu dugc:
£ 3n.m) = {g"(g(n,m)) =(n,m) néu c’iié.m‘(n,m) chdn .
' g(g™'(n,m)) = (n, m) néu diém (n;m) 1é
Nhu vay ta da chimg minh duge: f%(n, m) = (n,m) véi: (n,m) € S

Tir d6 suy ra tinh kha d4o clia ham f(n, m) , va dé chu‘ng minh tinh phé qudt clia
ham s6 ndy chi cdn dé § ring céc ham s6 g(n, m) va: g'(n, m) déu phé quat.

*Vidu3:
Goi T 12 tap hop tat ca cic bo ba thit ty (p, q; r) cic s6 nguyén khOng am.
Tim tat ca cdc hams6 f: T — R sao cho:

0 néu pqr= 0

1+ l{f(p'+ 1,q -1, 1)+ f(p-1.q+1,r) +
f(p,q.r) = { 6
+ f(p-Lq,r+1) + f(p+1,q,r—-1+

+ f(p, 1,r=D+ f(p,q-1,r+1)} n€u nguoclai
Giai:

Trude hét, ta sé chitng minh ring t6n tai qua 14m mot ham s6 thoa man céc diéu
kién di néu. Gia dinh réng: f; vaf, 12 hai ham s6 nhu the.

Taxéthams6: h = f; - f,. Th€thi h: T > R thoa:
0 néu pqr-O

h(p,q,1) = 1+—{h(p+1,q -1, r)+h(p-*-1 q+1.r) +h(p-1,q,r+1)

+h(p+1,q, r=1) + h(p, 1, r—=1)+h(p,q-1,r+1)} né€u nguoc lai
béy y ring diéu kién th hai c6 nghia 1a h(p, q, r) bi’mg trung binh cong cla céc gid
tricha h taissudiém (p+1,q-1,0,v.v.
Chiing 12 cdc dinh cia mot luc gidc déu c6 tam tal (p,q. 1) ném trong mt phing:
x+y+z=p+q+r. Chicdn chu‘ng mmh ring h =0 tai moi diém trong T.
Goi n la mot s6 nguyen duong.
Xét tapcon H chia mit phing x +y + z=nma né n&m trong géc phén tim
“khong am" {(x,y,2): X,y ,2 20}. ’
Gia dinh h dat glé tri 16n nhat trén HATtai(p,q,1).
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Néu: pqr = 0 thi gia tri lon nhatcia htréen HNT 1a 0. N
Néu: pqr # 0, thi tinh chat trung binh cia h din dén rang gié tri clia h tai séu
diém (p+1,q-1,r),v.v...bang h(p,q,r) . (Casdu diém déu &trong H).
Néi riéng, h cling dat gid tri I6n nhat tai (p+1,q-1,r).
Lap lai 1y luan trén (néu cdn) bing cich dung (p+1,q-1,r) latam diém,
ta thdy ring: h(p,q,r) = h(p+1,q-1,r) = h(p+2,q-2,1).
Tiép tuc qua trinh nay, ta két luan rang: h(p,q,r) = h(p+q,0,1= 0.
Nhu thé gi4 tri 16n nhit ciia htren HN T 1a 0. Bang cich dp dung lap luén trén
vao ham s6 h=f, - f, , ta thdy rang gid tri bé nhat ma h dat dogc ren H T ciing
bang 0.
Do d6 : h =0-tai moi diém trong H N T . Bing cich thay déi gid tri n, ta két
luan ring h = 0 tai moi diém trong T .
Ta sé hoan t4t 10i giai bang cdch chi y rang f: T — R dinh bdi:
0 néu pqr=0
fip,q.r) = {_3par
p+q+r

néu trdi lai ’
thoa mén ca hai diéu kién ctia bai todn, va 12 nghiém duy nhat .

*Vidu 4:
Véi mbi diém (x, y) trén mat phéng toa do, cho tuong tng v6i mot s6 thuc f(x,y) .
Biét rang: ‘
(i). f(x, 0) = ax véi a 1a hang s6 khéc zero ;

(ii). Néu (x,,y,) va (X,,y,) 12 hai diém khéc nhau trén mat phéng toa do
sao cho f(x,,y,) = f(x,,y,) thi f(x,y)cé gid tri khong ddi tai moi diém (x, y)
clia dudng thing di qua hai diém dy.
Chimg minh rang:
a. Véi moi s6 thuc m, tap hop céc diém (x, y) thod f(x,y) = o la mét dudng
théng (d,) va tat ca cdc dudng thing (d,) ing véi nhitg gid tri khac nhau cia m
déu song song véi nhau.
b. Véi moi x, y tacé f(x, y) = ax + by, trong d6 b 1a hang s6.

Giai:

a. Ki hieu f(x,y) = f(M), trong d6 M 1a diém c6 toa do (X, y).
Néu: A, B, Cla ba diém phan biét sao cho:
f(A) = f(B) = f(C) = m , thi: A,B,C thang hang.
That vay, néu A, B, C khong thang hang, thi tir gia thiét, ta c6:
f(M) = m khi M & trén cdc dudng thing AB, BC, CA
nén: f(M) =m, v6i M batky = f(x,y) 12 ham hang : vo ly.
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Bay gio, goi I(0, 1).Giadinh f(I) = b.

Thé thi v&i diém J( -:‘1 ,0), taco: f(J) = b.

Lai goi (d) 12 dudng thiang IJ . Xét trudng hop a#b .

Véi: A(—r;l ,0)= f(A) = m.Dodé Ag(d).

Goi: (d’) 1a dudng thang qua A va song song v&i (d) va P 1a diém bat ky trén (d’).
Néu: f(P) =n # m thi dudng thing PB vdéi B(g— ,0) cat (d)tai K.

Théla: f(K) = f(B) = f(P) = n. Do: Ke(d)= f(K) = b= b =n.
Tudé: b=n= Pe(d): voly,vi Pe(d’). Vay f(P) = m.

Do dé, v6i moi s6 thuc m, tap hgp (d,,) 12 dudng théng song song véi (d).

Néu m=#n thi (d,) # (d,)
= (d,,) vd (d,) 12 hai dudng thing song song véi nhau.

b. Xét diém M(x, y) bat ky.
Goi m = f(M) = dudng thang MA , trong dé6 A(™ | 0) song song véi (d).
a

Réi xét diém: X(x, 0), ta c6 hai tam gidc AXM va JOI déng dang.

m b

x__., [E——
HA _ OJ a _ a

——— = & =
HM Ol y 1
Vay: f(x,y) = ax+ by.

= m = ax + by.

*Vidu5:
Tim tat ca cdc cap s6 nguyén khdc zero m < n, thod man bat dang thiic m+n#0
va dong nhat thite: f(x, Yf(x,y) = fu.(x,y) x,ye R xy(x+y) =0,

D+t

trong d6 ky hiéu : fi(x,y) = (x* + y* + K

).

Giai:
Néu c6 cap s6 nguyén (m, n) khic (2,3) va (2, 5) thoa diéu ki¢n dé bai.
Véi: y=y,#0 cd dinh ta cé:

. k
Néu: k<0= lim x= lim (x+yp* = 0 = lim fi(xyp) = 2.
X —>® X0 X-—>® k
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' k—l . . .
Néu k € N vachdn thi: f(x,,y) = %(2xk+ 2y + Z cixlyk 1)

i=1

k
o lim SEYO) o 26 y=0ikeN vaklé %1
X —> 0 x K k
k-1 . koo
=>fk(x,y)=--'l-z P xiy Tt = lim M”"&Ci_]=')’o-
k 3 x> xk-1 k
Ta xét cdc trudng hop : | | |

l.m,ne N vachin:

fn‘l +n(x,)'o)

m+n

Ta cé: 2 = lim
m+n x-—»w© X
f (x,
- gim oY) o faC0¥e) 4
x—o x™M x> = x" “mn

2 4

Vi: f,(1,Df(1,1) = %1- # 1—3—9— = fy(1, 1).

2.m,neNvélé‘: |
Thethi: lim & YOfGYe) |y 1 fm (Yoo (X:¥o)

x> xm+n: : X —> 00 X2 1 xm—l.x"_l
fm+n(X,¥0) 2
. m+n\tJ0 TR T R R
= lim = : vo 1y, vi trdi gia thiét .
x—0 xM*n m+n

3. mneN vimchin;nlé:
Thé thi: n>1, néukhong = f(1,1)=0

2_2m+n
=fanl,1) = ———— =0: voly,vim+n>1.
m+n ‘
Do d6: lim fm(x’yo)fn(x’)'O) = lim fm(X’YO)fn(X’Yo) =. 2y0
X —® xm+ n-1 : X ~» xm ‘xn—l m
. f (X,YO) .
= lim —'"—%1-'1—“-_-1—- =-Y,. Suyra m=2.

X —> 0 X.
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222 g =t = 222
2+n

=32+n)(1 -2 Y =n(1-2"*"") = 3+n=(6-n)2""2.

Turdé:n<6vavi nléva>1nén n{=3hayVn=?5:itréigiéthié’t.

4 m<0, neNvichin:

Thé i ta duoc:

f X,
Vi: n> m+n,néntacd: lim M:
X —> 0 x"
Thethi: lim mEYO&YO) 0) faxoyo) _ 298 4.
X —» 0 x " X —> 00 x" m
5. m<O.,neNvalé:
Néu: n=1  thi: f(1,1)=0
_1ym+nam+n oo R
Cho: £, (=307 277 5 velyvi: m+n<0.
m+n
' ( , ‘m+l ‘
Nen: tim fin (X, ¥0)fn (X,¥0) _ lim £.(x , yo) Yo) Yo Lo
X —»® x“' X —>® x" -1 m
Mit khdc,néu m<-1=> n-1>m+n,
f X,
vitacé: lim M:O:kmngxéyra.
X —> 00 xn—l ,
f X,
Nhu thé€: m=-1= m+nchianva: lim m+n(X-Y0) = 2 .
X - xn-1 n-1
Nhu th€ v6i méi y, # 0 ta duoc: LI voly.
yO n-1
6. m,n<0:
ym+n m+n
Tacéd: lim f (%, yo) . f,(X.y0) = , var lim f (X, ¥0) =
X > ®© mn X —® m+n
) m+n ym+n
Nhung ding thic: Y = khéng xay ra.
mn m+n

Vii mn>0, connm+n<0.
Do d6, diéu kién bai todn chi thoa véi hai cap (2, 3) va(2,3).
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BAI TAP TU LUYEN

1. Chimg minh rang né€u ham s6 f(x, y) xédc dinh trén tap hop t4t ca cic cap s hitu
ty va chi nhan gid tri duong, thoa man ba déng nhét thitc:

f(xy, z) = f(x, 2)f(y, z) ;

f(z, xy) = f(z, x)f(z, y);

f(x,1-x) =1 X,y,ze Q.
Thi cic d6ng nhét thitc sau cling ding :

fix,x) =1 ;f(x,-x) = 1;

f(x.y) f(y,x) = 1 X, yeQ.

2. Cho n 12 s6 tu nhién khong 16n hon 44. Chimg minh ring véi ham s6 bat ky
xdc dinh tren N 2 va 14y gié tri trong tap {1, 2, ..., n},
thi ¢6 bén cap thi tu: (i, j) ; (1, k) 5 (1, ) vad, k)
sao cho: f(i, j) = f(i,k) = f(l,j) = f(1,k),
trongdéi,j,k,11acéc s sao cho ton tai cic s6 tu nhién m, p thoa:
1989m < i <1 < 1989 + 1989m
1989p < j< k<1989 + 1989p.
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§13. SUDUNG LY THUYET SO

* Céac ham s6 trén N, Z thuong dugce sir dung cic
két qua cha ly thuyét s6 nhu 1y thuyét déng du,
phan tich s& thanh thira s6 nguyén t6.

*Vidul:
Cho Q" 1a tap hogp cédc s6 hitu ty duong.
Dung ham s6 f: Q" — Q" sao cho: f(x f(y)) = ) Vx,y € Q.
y
Giai:
Néu f(y,) = f(y,), tir phuong trinh ham suyra y, =y, .
Lay y=1thidugc f(I)=1.

Lay x =1 thi duge f(f(y)) = 1 véimoi y € Q*.
y

Tac dung f vio né thi duge f(l) = ?(1— véimoi y e Q*.
y

1
Sau ciing cho y =f(-) , thi thudugc: f(xt) = f(x)f(t) véi moi x, t € Q.
t

Nguoc lai dé thdy rang voi f bat ky thoa: f(xt) = f(x)f(t) ; f(f(x)) = 1 ,
X

vdi moi x, t € Q* 12 nghiém cuia phuong trinh ham da cho.
Mot ham s6 f: Q" — Q' thoa (a) c6 thé duoc dung bang cdch xdc dinh tuy y
trén cdc $6 nguyén t6 va mo rong nhu sau:
fip" p3? - p*) = fip)™ fp)™ ... f((p) ™ .
trong d6 p; ki hiéu s6 nguyén t6 thi j va n; e Z.
Mot ham s6 nhu thé sé thod (b) néu va chi néu né théa (b) vdi méi s6 nguyén t6.
Pj.+) néuj lé
Mot cich dung kha di 1a nhu sau: f(pj) =

néu j chin -
Pj-1
M® rong né nhu trén thi duge mot hams6 f: Q" — Q.
Ro rang 1a f(f(p)) = 1 voi méi s6 nguyén t6 p nhu thé f thoa mén phuong
p .

trinh ham d4 néu.
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*Vidu2: S T v

ChoN={1,2,3, .. }.Hiy x4c dinh xem c6 tén tai chang mot ham s6 déng

bién chat ché f: N. — N sao cho hai tinh chét sau dugc thoa :

f(1) =2 ; f(f(n)) = f(n)+n VneN.
_4 - Giai:

Goi: a = -;-(JE +1).Vial-a+1=0

thi ham s6: g(x) = axthoavéimoi n € N: g(g(n)) - g(n)-n = 0
Goi [x] 12 phin nguyeén cia x , nghia 12 s6 nguyén k sao cho:
k -1<x <k ding . Ta s& chimg minh ring ham s¢:

f(n) =[g(n) + %] thoa céc doi hoi. Ta nhan thdy ring:

1. f déng bi€n chat ché, vi a > 1 thi g+ 1)>gmn)+1 ding.

2.Vi 2<a<1/2+3diing,nén f(1)=2. '

3. Theo dinh nghia cua fva g: lf(‘n) - g(n)l < 1/2 diing v6imoi n e N..'

Bay gid tinh diing dén cla (2) suy tir sy kién: f(f(n)) - f(n) - nlamot s6 nguyén
va ta udc lugng: :
| f(fn)) - f(n) -nl= |g(g(n)) g(n) -n - g(g(n)) + f(f(n)) - f(n) + g(n) |

= |ggm) - ff@) + ) - g |

| 5em)) - g(fm) + gE) - KEM) + @) - gm]

(- D(g(n) - o) + g(fm) - (i)

l(a - D(gm) - fm)] + Ig(f(n)) - f(f(n))l < —(a -+

IA

1 a
— — <1.
2 2 -
*Vidu 3
Ki hiéu N, 1a tap hop cdc s6 nguyén khong &m. Tim tdt ca cdc ham s6- f tr N,
vio chinh né sao cho: f(m + f(n)) = f(f(m)) + f(n) , Vm,n € N,.
Giai:

Patm=n= O ta duogc: f(O) 0vé do dé: f(f(n)) = f(n) v&i moi neN,.
Nhur th€ phuong trinh ham da cho tuong duong vcn :

fim + f(n)) = f(m) + f(n) , f0) =

Ta ciing dé y rang néu f(x) khong phai 1a ham zero th1 f c6 cac diém c6 dinh khic
zero. Goia 12 diém c6 dinh khéc zero bé nhét cla f.

Néu: a=1 thidéthdyrang: f(2)=2

Vi theo qui nap:  f(n) =n,véimoi n€ Ny

Gia dinh a> 1 . Ciing theo quinap f(ka) = ka véimoi k 2 1.

Ta s& ching minh ring cdc diém c6 dinh cha f déu cé dangka véi k2 1.
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Truéc tién dé ¥ ring téng hai diém c6 dinh cda f lai 12 mot diém c6 dinh.
Cho b 12 m¢t di€m c6 dinh bat ky cia f. :
Chon céc s6 nguyén khéng 4&m q,r saocho: b = ag+r,0<r«<a.
Thé€thitacé: b= f(b)= f(aq + r) = f(r + f(aq)) = f(r) + f(aq) = f(r) +aq.
Suyraring: f(r) = r vi vi r<a ta phaicé: r = 0.
Diéu d6 ching té ring cc diém c6 dinh déu c6 dang ka .
Vitap hop {f(n) : n € Ny} 12 mot tap hop céc diém c6 dinh cta f nén noéi néng
f(i) = an; v6iméi i<a , véi ng = 0 vane/,. ,
L4y s6 nguyén duong n bt ky vaviét: n = ka+i , trongdé: 0 <i < a.
St dung phuong trinh ham ta cé;
fin) = f(i + ka) = f(i + f(ka)) = f(1)+ka na + ka = (n +Kka.
Ta kiém chitng ring ham f nhu the thoa phuong trinh ham di cho:
Lay: m =ka+i, n /a+1 » 0,1, j<a.
The€thi: f(m + f(n)) = fka +i + f(¢a +j))

= f((k +£+ nja + i) = (k + £ + n; + n)a= f(m) + f(n).
Nhu th€ néu f khong déng nhit zero, thi f cé dang nhu sau:

Cho aeN van,,n,, ..., n, € N dugc chon bat ky ;
th€ thi: f(n) = ([E} + n;Ja».

a |
*Vidu4:

X4c dinh gi4 tri bé nhat clia f(1998) , trong dé f 1a mot ham s& tir tap hop N
céc s6 nguyén duong vao chinh né sao cho:
Véimoi: m,n e N, f(n? f(m)) = m[f(n)].
Giai:

Goi S 1a tap hop cdc ham sé dugc xét.
Lay f 1a ham s6 bat ky trong d6, va dat f(1) =
Chon=1vam=1 thidugc: :
f(f(m)) = a’'m , f(an®)=[f(n)]* v&imoi m,n e N.
Cac két qué nay cung véi phuong trmh ban dau cho ta:
[f(m) f(n)]*= [ f(m)]* f(an’)=f(m*f (f( an’))) = f( m%a%an’)

= f(a(amn)?) = [f(amn)]*.
Suy raréng: f(amn) = f(m)f(n) véimoi m, n ;
noi riéng: f(am) = af(m) , va vithé: : :
af(mn) = f(m) f(n) véimoi: m,n e N. =~ s ¢))
Bay gid ta chimg minh ring f(n) chiahétcho a v6imdin e N.
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Vé6i s6nguyénté p cho trude, ki hiéu p* va p” 14n luot 12 iy thira cao nhat
cha p ma chia hét cho a vaf(n) .

Suy ra bing phép qui nap tiéu chuén va (1), rang:

[f(n)]* = a* 'f(nk) vé6imoi k e N.

Liy thira cao nhat cia p chia hét [f(n)]* 1a P

Lily thita cao nhat cha p chiahét a* ~'1a p* -

Chonén: kB > (k - Do véimoi k € N, diéu nay chi xdyranéu: § 2 a.
Két luan diing véi s6 nguyén t6 p bat ky, va vi thé, a chia hét f(n).

Nhur vay ta cé thé dat: g(n) = f(n)/a .

Nhu thé duoc mot ham s6 méi g tir N vao chinh né.

Céc két qua da chimg minh trén d6i v6i f dugc dién thanh:

g(a)= a, gmn) = g(m) g(n), g(gm))=m (2) véimoi: m,n eN.
That vay: g(mn) = g(m)g(n) tuong duong véi (1),

con: g(g(m)) = m suy ur

f(f(m)) _ a’m -
a

ag(g(m) = g(a)g(g(m)) = gag(m)) = g(f(m)) = = =am,

Dé dang suy tir (2) réng:

g(n® g(m)) = g(n®) g(g(m)) = mlgn)* véimoi m,n e N.

Neén, g ciing 1a mot ham s6 trong S, va céc gid tri clia n6 khong vuot qud cic gid
tri twong umg cha f . Vay thi ta cé thé thu hep chd y vao cic ham s6 g thoéa mén
(2). Diéu chd yéu cin dén 12 mdi ham s6 kiéu nay 14y gia tri nguyén (6 tai s6
nguyén t6.

That vay, goi p 12 mot s6 nguyén t6, va goi g(p) = uv véi s6 nguyén duong u, v
ndods. Théla: do (2) , p = g(gp)) = gluv) = g(u)g(v)

Vi thé: mot trong cdc s6 g(u) va g(v) bang 1.
Titc 13, néu: g(u) = 1,thi u = g(g()) = g1)
Piéu d6 cé nghia la g(p) la s6 nguyén t6.

Dé xéc dinh gi4 tri bé nhét cdn thiét, 18y mot ham s6 g bat ky théa man (2).

N6 1a mot don dnh (g(m) = g(n), dan dén:

m = g(g(m) = g(g(n) = n), vath&lané ldy céc gia tri nguyén t6 phan biét tai
céc sd nguyén t6 phan biét.

Vay, mot chan dudi cho: g(1998) = g(2.3%.37) = g2)[eB3)1e(3D),

c6 duoc khi: g(2), g(3), g(37) 12 ba s6 nguyen t6 bé nhat 2, 3,5, v6i g3)=2.
Vay: g(1998) > 3.2*.5 = 120 véi mbi g € S. C6, tuy nhién, mot ham s6 ge S
véi g(1998) = 120, diéu ndy chimg t6 ring s6 bé nhat trong bai todn Ia 120 .
Pat g(1) = 1, va xéc dinh g trén céc.s6 nguyén t6 nhu sau:

g(2)=2,g3) =2, gb5) =37,g37) =5 vagp) =p

v6éi mbi s6 nguyénts: p=2,3,5, 37.

1

]
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Dinh nghia nhu thé, dugc m& rong toi s6 batky: n= ppy* ... pi* €N,

oy

bing cdch dat: g(n)=g(p"p;* ... pi*)= &(P)"&(py)
Diéu kién trong (2) dugc thdamdn (v6i a = 1),nén ge S.
RS rang: g(1998) = 120, diéu nay hoan tat ching minh.

a,

. g(p)*

*Vidu5:
Ham s6 F duoc xac dinh trén tap hop cdc s6 nguyén khong am va 1y gid tri
nguyén khéng am cic diéu kién sau: véi moi n20
(i) F(4n) = F(2n) + F(n) ,
(ii) F@n +2) = F@n) + 1,
(iti) FQ2n + 1) = FQ2n) + 1.
Chimg minh rang véi méi s6 nguyén duong m, s6 cic s6 nguyén n,
véi: 0 < n<2" va F@dn) = F3n) bing F2™*").
Giai:
y ring F dugc xdc dinh duy nhat véi cic gid tri
8 9 10 1112 13 14 15 16 17.
34 45 5 6 6756...

fl =fi=1,fi=h. + f, ., (n 2 3) xudt

hién nhu la gid tri cha n = 2r;

Ta cé F(O = 0 do (
ddu: n=0123

FQ" = £ + 1 (r > 0),suyratx (1) bang qui nap.
Téng quat néu n c6 biéu dién nhi phan:

n=sk2k+ sk_,2k'l+...+szl+ g ,V61 g =0 hayl,

th€thi: Fn)=gf,,, + & . fcx +..-+ &fr + & . )

Ta kiém chiing truc tiép ring chiing thuc su théa diéu kién da néu.

Ta dé y ring: Néu trong biéu dién nhj phan cia n khéng ¢6 hai 6" 1 nao xudt
hién & vi tri ké nhau (ma ta goi la "1 bi ¢6 ldp "), thi: F(3n) = F(4n) .
Vikhinhan s6 n 4y véi 3 (viét &nhiphanla 11) méi s6 01 (va s6 1 ddu)
duoc thay bdi 11, khong xdy ra viéc “nhd*, mot cdch tuong tng dé c6 F(3n)
mdi f ., trong (I) dugcthaybdi: f,,, + f.. = fi.; ,din dén gid tri F(4n).

He thitc ding trong trudng hgp n = 0 1a dé thdy r6i sau dé dé thuan tién ta sé
coi s6 1 bicoélapnhula 0.

Ta s& chimg minh nguoc lai ring: Vi n 2 0 , F(3n) < F(4n) va néu dding
thite diing thi cdc s6'1 trong n déu ¢é ldp .

Ta chitng minh bing qui nap theo m > 1 riing diéu d6 diing v6i moi n thoé:
0 <n <2m . Véi céc gid tri ddu clia m, didu d6 thdy dugc trong bang trén.
Gia dinh n6 ding v6i m nao d6. '

Bdy giodcho: 2" < n < 2™*!

65




vadat: n=2" +p, 0 < p < 2™, chonén,do (I)
Fdn) = FQ"*® + 4p) = f,,, + F(dp) .
Cé ba truong hop :
(@) Néu 0 < p < 2m/3 th€thi 3p < 2m nén biéu dién nhj phan cha 3p khéong
nhd sang 3.2m . Réi thi suy ra dugc tir (I) va gia thiét qui nap rang:
F(3n) = F3.2") + FGp) = f, ., + F3p) < fn., + Fdp) = F(4n).
Ding thic ding néu: FL(3p) = D(4p),
nghialanéu p c6 s6 1 co6 lap (lai theo gia thiét qui nap).
(b) Néu 2"/3 < p < 2™ * '/3 thé thi biéu dién nhi phan clia 3p s& nhé 1 sang
32m va tacé: FGn) =f, ., + (FGp) - f..)
= fos2 + FGp) < f,.; + F4p) = F(4n).
() Néu 2"*'/3 < p < 2™ thi biéu dién nhi phan cha 3p nhé 10 sang 3.2"
vatathdy rang: FGn) = f, .5 + f, .\ + (FGp) - fo. D)
= 2fn.1 + FGp) <f..5 + F@p) = F@n) .
Nhuvay F(3n) < F(4n) trong moi trudng hop.
Ding thitc F(3n) = F(4n) xdyra néuvachinéu0< p < 273 va p di co lap
cic sO 1.
R6i thi chif s6 nhi phan thit hai cla n 12 0, vi th€ n ciing di c6 lap cac s6 1.
biéu d6 hoan tat phép qui nap .
Két cuc, chi con phai ching minh rdng ¢6 f, , , = F(2™*') s6 nguyeén véi cic s6
1 bi ¢6 1ap trong c4ch bi€u dién nhi phan clia chiing trong [0,2™], m < 1.
That vay, ki hi¢u s& luong ca ching béng u,, .
Trong cdc s6 ndy ¢é u,, ., s6 bé hon 2™ ',
S6 con lai ¢6 s6 1 & m - 1 vitri ddu, va né theo sau bdi mot s6 nhi phan ciing
mot ki€u bé hon 2™ "%, cé dén u, _, s6 nhuthé.
Nhuvay: u, =u, , +u, ,vé6im 2 3;
cingcéd u; = 2=, u, = 3 =f, , vathu duogc két qua .

* Vidu 6:
Tim tat caham s6 f:Z —> Z saocho: f(1995) = 1996
VmeZ,néu f(m) =n thi: fm) = n va f{n+3) = m-3.
Giai:

Tir diéu kién dé bai suyra: Vne Z f(f(n)) = n va f(fn)+3) = n-3.
Tudé: f(n-3) = f(f(f(n) + 3)) = f(n) +3 , VneZ.

| f(0) -3k néu n=3k
Suyra: f(n) = {f(1)-3k nfun=3k+1 , véi keZ.

f(2)-3k néu n=3k +2
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Vi 1995 : 3 nén, tir f(1995) = 1996 = f(0) - 1995 = 1996
= f(0) = 3991 (1) = 0 = f(3991).

Ma: 3991 =3.1330+ 1 nén 0=1(1)- 3990 = f(1)=3990.
Néu: f(2) 3t,teZ ,thi:

2 = f(3t) = f(0)-3t = 2991 -3t=> 3989 = 3t => 3989:3.
b6 ladiéuvoly,nén f(2) #3t,t e Z.

Néu f(2)= 3t+1 thi 2 = f3t+1) = f(1)-3t = 3990 - 3t = 3988 = 3t
=3988:3:voly.

Dodé f(2)#3t+ 1. Nhuvay f(2) = 3t+2.

3991 - n néun = 3k+2
3t-n+4 nfun=3k+2’

v6i t nguyén bat ky va k nguyén. Thir lai, ta dugc ham s6 trén 12 nghiém bai toén.

Tém lai, ta duge: f(n) = {

*Vidu7:
Hay x4c dinh tat ca ham s6 £ : N* — N* sao cho:
fn) +f(n+ 1) =f(n + 2)f(n + 3) - 1996 ¥n € N* .

Giai:
Tir gia thiét, ta c6 Vn € N*
fn+ D+f(n+2) = f(n+3)f(n+4) - 1996. )]
fn)+f(n+1) = f(n +2)f(n+3) - 1996. )

Lay (1) trir (2) ta dwoc: f(n +2) - f(n) = f(n+ 3)[f(n +4) -f(n +2)].
Tur d6, qui nap theo n , dé dang ching minh dugc:
f(3) - f(1) =f(4) . f(6) ... f2n + 2)[f2n + 3) - f2n + 1)] ; 3)
va: f(4) -f(2)=£(5) . (7D ... f2n + 3).[f2n +4) - f(2n + 2)] . “4)
T d6, taco: £(3) = f(1).
Vi néu, ngugce lai: f(3) < f(1) , thitr (3) suyra f2n-1)>f2n+1).
Do dé s€ cé vo s6 s6 nguyén duong & trong khoang [1 , f(1)]: voly.
Xét hai truong hop : f(3) = f(1): Tk (3)tacé, Vn € N*
fCn+3)-f2n+1) =f3)-f(1) = 0 =f2n-1)= f(1). &)
Do (4) ,taduge: f(4) - f(2) = [f(D]". [f2n +4) - f(2n +2)] 6)
*Néuf(l) = 1: thitlr (6)suyra f(2),f4),...,f(2n), ... lacapsd cong.
Thay n=1 vao (1) thi dugc: f(4) =£(2) = 1997 va diéu nay cho thdy 1997 1a cong sai
cua cap s6 cong ndi trén. Tir d6 ta dugc:
1 néunlé
fm) = a+ (2 - 1).1997 néu n chin °’

Lo

trongdé a e N* batky .
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* Néu fil) > 1: thitkr (6) tacé ,Vne N*

f4)- f2) = fCn+4)-f2n+2) = 0 = f(2n) = 1(2). )
Thay vao (2), thu duoc:
f(l) + f(2) = f(1).f2) - 1996 < [f(1) - 11If(2)-2] = 1997. (8)

Vi 1997 1a mot s6 nguyén td nén : (8) < {f(1),f(2)} = { 1, 1997} .
Do dé, ta duogc cic ham s6:

{ 2 néunlé {1998 néu n'lé
f(n) = i . hay f(n) = i L.
1998 néu n chan 2 néu n chan
f3)>f(1):trB)suyra, Vne N* f2n-1) < f{2n+1).

Vi, do (4) ta duoc: ,

f(4) - f(2) = f2n+4) - f{2n+2) = 0 = f(2n)=1(2) 9
va: f3)-f(1) = [f)]". [fCn+3) - f2n+ D] = f(2)=1(1).
Do d6, day f(1),1(3), ..., f(2n+ 1) 1a cdp s6 cong.

Thay n=1 vao (2), thi thu duogc: f(3) - f(1) = 1997.
= cip 56 cong trén c6 cong sai 1a 1997. Do dé ta duge cdc him s6 :
1  néu n chan

fn) = -1 o, d6 ae N* batky.
(n) a + n .1997 néu n le frong do a € y

* Vidu 8:
Véi s6 nguyén duong k c6 trude ta ki hiéu binh phuong cla tdng cdc chir s6 cla
né bdi f,(k) va goi: f,, (k) = f,(f(k)). Hiy x4c dinh gié tri clia f 45,(2"").
Giai:
Truée hét dé y rang v6i k dii 16n thi gié tri (k) bé hon k nhiéu.
Vi f, khong don diéu, nén ta phét biéu diéu nay dudi dang:
néu A <Bthird raing: f,(A)< 81(1 +logB)’ < (4log,16B) .
Sir dung bt ding thitc nay hai 14n thi thu dugc mot uéc lugng khé hop 1y cho
620 1,2 < 2519942 < 2% 5 1,20 < (4.30)* = 14 400 .
Bay gi0 téng cdc chit s6 cua f—_,(2’990) khong qua 36 va vi thé:
(2" <36 =1296 ; 1,27 <(©+9+97=729 ; f£;2'*°) <25,
Bay gid, xét gid tri cha f, theo modulo.
Vi: fi(k) = k? (mod 9) ta c¢6 chubi sau :
1> 1 «-1;254 -2« -47 350« -3
t
0
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Pén day 2'°" = -2 (mod 9) vadodé talot vao chu trinh 4 néu n 1é
2.6 (21990) = 4 (mod 9) , cho nén: £5(2'**%) =4 (mod 9) va 2" < 24°.
Néu x° =4 (mod 9) va x <24 ,thirdrang la x>eH,
trong d6: H={4,49,121,256,400 } .
Pon gian thi duge fith) = 169 vai méi he H.
Tir day ta & vio chu trinh 169 256 suy ra rang v6i n 28
£ 2190 = {169 néu n chan .
256 néu n le

Trong trudng hop da néu flg(,,(Z"‘m) 1a 256 .

BAI TAP TU LUYEN

1. Dung ham s6 x4c dinh vdi moi gid tri thuc, sao cho v6i x batky f(f(x)=-x
va f(x) nhan gid tri nguyén khi X nguyén.

2. Cho a 12 s6 nguyén duong. Tim tét cd cdc ham s6 f: N —> N thoa:
f(n + 1) > f(n) v4i moi n nguyén duong ;
f(f(n)) = n + a véi moi n nguyén duong.

3.Ché a, b la cidc s tynhign véi 1<Sa< b vA M = [%—tl] .

. . n+anfun<M
Xdc dinh ham s6: f:Z — Z baoi: f(n) = ; .
n-bnéunzM
Goi: f'(n) = f(n) ; F*') = f(f(n), i=1,2, ...
Hay tim s6 ty nhién k bé nhat sao cho: £0) = 0.
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§14. BAT PHUONG TRINH

*Vidu 1:
Tim t4t ca ham s6 lién tuc f: [0, 1] R thod man: f(x) > 2xf(x?) Vxe [0, 1].
Giai:
Tur gia thiét, thay x =0 va x =1 thi thu dugc:
f0O)=20, f(1) <0, vdi: 0<x<—;¥. (1)
R6i, bang qui nap, ta dugc v6i moin > 1
f(x) 2 2xf(x) 2 (2x)". x2 " lix?y . )
Vi: 0<2x <1, nen: lim [(2x)".x2 " 'fx?" )] = 0.
n—x
Do dé, tr (1) va (2) suy ra: f(x) ZOVxe[O,%)_ . 3)

Mat khéc, véi O<x <1, thi:
1

Jx) < f(x2n)
X

f(VX) = 2% f(x) = f(x) < ¢ L@
2Jx oL
2" x 2n
L
. f(x2n) s
Vi: lim — =0, néntr (4)suyra: f(x) <0 Vxe(@©0,1). (5
n—w 1= -—
2".x 2n

2

Véimbi x € [—;— ,1),t6ntai ne N dé: x "< % (chéng han n > log2(log ' 2)).

2

Tir 2),tacé: f(x) = 2".x2 'fx2) = 0.
Vay I3, f(x) 20, Vxe [%,1). Do (5), thi duoc: f(x)=0, Vx e [%,1).

).

Vay f(x)=0véimoi x € [0, 1
0,véimoix € [0, 1].

Vi f lién tuc nén f(x) =
* Vidu 2: Chohams6 f: R — R thod man :
a. |f(x)-f(y)| < |x-y| Vx#y ;
19° 19°
b. f(f(f(1992°7 ))) = 1992°7 .
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Giai:
Diéu kién dé bai twong duong véi: | f(x) - f(y) < |x-y| :
Ddu “=“xayrakhi x=y.
Dat: f(1992'95)=u ; f(u) = v.
Tac: f(v) = 1992' = |u - 1992'% |2 |fu) - £1992'%)| = |v-ul
19° 19° 19°

> fv) - fayl = 11992" - vz [£1992'7) - fw)| = [u - 1992'% |,
Suy ra, & tt ca cac dau bat ding thic déu xay ra dau “ = .
Diéu d6 xdy rakhi: u =1992'% = v.

' 19° 19°
Vay: (199277 ) = 199277 .

*Vidu3:
Cho R* la tap hop tat ca s6 thuc duong. Ching minh ring khong tén tai ham s6 f :
R*—=R* sao cho: (f(x)) 2> f(x + y)(f(x)+ y) v6i moi s0 thuc duong x va y .
Giai:
Gia dinh t6n tai mot ham s6 nhu thé thoa diéu kién di néu.
f(x)y

Ta viét dang thic ban ddu dudi dang: f(x) - f(x +y) 2 .
f(x) +y

Trudc hét ta ching minh rang: f(x) - f(x+1) 2 -;— véi x>0.

Hién nhién f 12 mo6t ham s6 don diéu khéng déng bién.
C6 dinh x >0 va chon mot s6 tu nhién n sao cho:
nfx + 1) 21.Khi k=1,2,...,n-1,

k)1
filx+—|—
k +1 ( n)n 1
)2 >

no f(x+l—(—) +
n

Ta cé duge: f(x + 1(—) - f(x +
n

m - 1

Dodé: f(x)-f(x+m)= Y (f(x +i) - f(x +i+1) 2 % > f(x).
i=0 :

Vathéla: f(x + m) <0.

Nhung diéu nay tréi véi gia thiét rang f duong hén.
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*Vidu 4:
Cho haim s6 f: R — R‘thOE’l man: {f(x +3) < f)+3 , VxeR.

f(x+2)=2 f(x)+ 2
Ching minh rang ham s6 g(x) = f(x) - x tuln hoan.

Giai:

Tir gia thiét, ta c6 Vx € R
gx+6)= f(x+6)-x-6 < f(x+3)-x -3 < fx)-x = g(x),
va: g(x+6)= f(x+6)-x-62 f(x+4)-x-4 2f(x+2)-x-22 f(x)-x= g(x).
Suy ra: g(x+6) =g(x), Vx:dpcm.

*Vidu 5:
X
Tim tit cAhdim s6 f: R — R thoa man: fx)z e , VX,ye R.
f(x +y) 2 f(x)f(y) :
Giai:
bat: f(x) = e'g(x) , tacdvéimoix,y:

(i) gx)y=1;

(i) gx+y) 2 gx) gy -
Thay x =y = 0, thi thu duoc:

g(0) =1 va g©0) 2 [gO) = g0)=1va g0) <1.
Dodé: g(0) =1.Suyra: 1=g(0) = g(x-x) = g(x)g(-x).
Vi: g(-x) 21nén gx) <1 = gx)=1. Dodé f(x) =e".
Thir lai thdy nghiém ding. Vay nghiém cha bai todn: f(x) = e".

* Vidu 6:

Xdc dinh tat ca cdc ham s6 f: (1, + o) = (1, + o) thoa diéu kién:
| !

f(x™y") < f(x) am f(y) n véi moi s6 thuc x ,y > 1 va cics6 m,n >0.
Giai:
Lidy x=y>lvam=n = —; , V01 $>0:
1 4
Tacé: f(x*) < f(x)". Thay s bai i- thi ¢6 : f(y) < f(y%* (1)

Vi (1) ding véimoiy > 1, nén v6imoi x> 1
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1

Tacé: f(x)< fixD) = f(x)~ < fxY. )
1

Tur (2) suy ra:  f(x°) = f(x) " véimoi x>1, s<0.
pit x =e, s = 16n nhat thi thu duoc:
! I

() = fie)™ = fy = C™ Lvéi C = fe)>1.
!
Pio lai, ham s f(t) = c™ , v6i C 12 hang s6 bat ky I6n hon 1, thoa diéu kién
dé bai. Tacé, v6i x,y>1 va m,n>0:
L ! 1 i

+
4minx  4niny

fx™x) = YD o eminxeniny o o = 100 " fp "
%k %k
BAI TAP TU LUYEN

1. Chom, n, p, q 1a cdc s6 nguyén thoa cic diéu kién:
nz0,q#0 va meP,
n o q
f(x +n)<f(x)+q

Goi f:R — R 12 ham s6 thoa mén, véi moi x e R : .
f(x +m)=2f(x)+p

Chimg minh rang ham s6 g(x) = f(x) - 9% 12 ham s6 tudn hoan.
n

2. Tén tai chang ham s6 khdc héng, f: R —» R thod min bét phuong trinh :
(fx) - fy)P? < Ix-yI* , vx,yeRr?
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BAI TAP TONG HOP

Bai toan 01:

Tim tit ca cac ham s6 f: R = R thoa min déng nhét thic :

f(x +y) =f(x)+f(y) + f(axy), Vx,y e R, a= 0 Ia héng s6 thuc cho trude.
Giai:

Thay: x bdi > vay bdi ¥, tadwoe: f(> + L) = (X)) + £(L) + £ X),
. a a a a a a a

va: f(x+y)= f(x) +f(y) +f(xy).
véi: f(x) =f(X).Cho y=0= £(0) = 0, réicho y=1
a

=>fPx+1D)=+ (1).
Suyra: f(x)+ (1) = 2"[f'(x-n) + f'(1)], VneN. €))
Cho y=-1,thidugc f'(x-1) = f'(x) + £(-x)+ (- 1)
=f(x-n-1)=fxX-n+f(n-x)+ £°(-1).

Tur (1), taco: E;I;T[f’(x)ﬁ’(l)]-f’(])
= -2'1;[f’(x)+f’(l)]-f’(1)+2n[f’(-x)+f’(1)] PP

S 2[F(-x)+ )] = P)-F(-1)- —z-,f—+—,[f’(x)+f’(1>1

22 P+ (D] = 2" [P - P(- D] - IP(x) + ()]
2Pl +Px) = @ -2 ey -2t ).
Suyra: 2" 'P(x)+fP(-x) = "' - 22 Py -2t ).
Cho x=0=2""' - 2*_ HP)-2"*'f(-1) = 0, VneN.
= (-1)=(1)=0.
Dodé: 2 P (-x)+f(x)=0 va2"* IP(x) + (- x) =0

= P(x) = f(-x) = 0.
Vay f'(x)=0,Vx.Suyra: f(x)= 0, Vx.

Bai toan 02:
Tim tdt ca ham s6 lientucf: [0, 1] - R

sao cho: f(x) = %[f(—;—) + f(1 *X

)] , Vxe[0,1].
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Giai:
Goi f(x) l1a ham s6 thoa min diéu kién dé bai .

Khi dé: f(0) = f(%) = f(1) . Taching minh rang: f(x)=f(0) Vx € (0, 1).

That vay, gia dinh ton tai x, € (0, 1) sao cho: f(x,) = f(0).
a Trudng hgp f(x,) > f(0):
Viham s6 f(x) lién tuc trén [0,1] nén tén tai x, € (0, 1)

sao cho: f(x|) =2 f(x) Vx € [0, 1] (f(x,) = max f(x)) .
: x €[0,1}

Dit: M = f(x,),tacé6 M > f(0).

Goi: P = {xe(0,1)/f(x)=M}.Vi x, € Pnén P2 Q.
Hon nita P bi chan. Do d6 ¢6 d = supP.

Hién nhién d<1va d>0.

) Néu d < I : Khi d6 t6n tai ddy s6 (x,) sao cho:
x;,€ P, VneN* va lim x, =4d.
n-—w
Vi: f(x) lién tuc trén [0, 1] nén lim f(x,) = f(d)
n-—»®w

Vi: x,ePVne N* =f(x,) =M, VneN* = f(d) = M.
Mat khac: vi de (0, 1), nén:

1..d 1+d
f(d) = El_f(2)+f(—~2‘

)l :>f(%)=Mv51 f(Ltz—g)zM

(Vi: f(%) >M va f(l—“;—‘i) < M)

1+d 1+d 1+d

Do: 0< <1véf(———2—)=Mnén—2——eP.

Mat khc: 1—’;‘1- > d : trdi v6i dinh nghia ctia d .

. Néu d=1thi M=f(1)= f(0): voly.

Q Trudng hop f(x,) < f(0) cling duoc xét tuong tu .

Viay, f(x) = f(0) Vx e (0,1) = f(x)= fO)Vxe[0,1].

Do d6 f(x) = a( hang s6). Thir lai, ta két luan ham s6 phai tim 1a: f(x)=a.

Bai toan 03:
Tim tat ca ham s6 f: R — R sao cho:
f((x+ Df(y)) = y(f(x) + 1) Vx,y € R.
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_ Giai:

Thay x =- 1 vao he thitc dé bai:
fO) = y(f(-1)+1) VyeR = f0) = 0 va f(-1) = - 1.
Tur d6 , thay x = 0 trong hé thic dé bai: f(f(y))= y,VyeR (1)
Trong heé thic dé bai, 1dy x=-2, y=-1:

f()=-f(-2)+1)= f(l)=-1 hay f(1)=1.
Néuf(l) =-1: 1= ff(1)=f(-1)=-1: voly.
Do d6 f(1) = 1. Nhu thé, trong hé thitc dé bai thayy=1:
fx + D=f(x) +1,¥VxeR '
= f(xy) = f(x . f(f(y))) = f(y)f(x) - 1)+ 1) = f(y)f(x) Vx,y eR.
Tirdé, Vx 20 thi f(x) = [(Vx)]? 2 0 va: f{(x)=0 <>x=0 2)

Laicovéi y=0: fx+y) = f((Z + Dy) = f(X + Dffy))
y y

= f(y)(f( 3 )+ 1) = f(y) f(%) +f(y) = f(x) + £(y) .
Nhu thé, cung véi f(0) =0, taduge: f(x +y) = f(x) + f(y) Vx,y e R.
Saudé,tacé: Vx,yeR; x>y

= f(x)-f(y) = f(x-y) = [(Yx —y)* >0
= f(x) 1a ham s6 d6ng bién trén R.

Nhu the :
J Néu cé x5 € Rma f(xg) > x4 thi xg = f(f(xg) > f(xg): vOly.
o Néu c6 x5 € Rma f(xg) < xo thi xy = f(f(xg) < f(xg): vOly.

Do dé: f(x) = x, Vx. Thirlai, ham s6 trén nghiém ding .

Bai toan 04:
Tim tdtcdcichams6f: R—> R, g: R — R saocho:
f(x + g(y)) = xf(y) - yf(x) + g(x) véimoi x, y e R.
Giai:
Trude hét ta tim cdc ham s6 f va g béang cdch gia dinh rang g 14y gid tri 0, va réi
ching minh ring thuc sy g 14y gid tri nay.
Thé 13, 14y o 12 s6 sao cho g(a) = 0.
" Pat:y = a trong phuong trinh di cho ;
didunay chota: f(x) = xf(a) - af(x) +g(x),
nén: g(x) = (a + Df(x) - fla)x . m

76




R6i thi phuong trinh di cho trd thanh:

fix + gy =(a + 1 - yfx) + (f(y) - fla))x (2)
Bay gio,dat y = o + | trong (2). Tadugc: f(x + n) = mx

Trongdé: n = ga +1) . m = fla +1) - f(a).

Do d6 f(x) 1a mot ham s tuyén tinh.

Bay gio (1) suyraring g(x) ciing 12 mot ham s6 tuyén tinh .

Cho: f(x)=tx+r, gx) =px +q .

Thay céc biéu thitc ndy vao phuong trinh da cho va so sdnh véi céc hé s6 cia hai

v€thithudugc: t= p+r , tq+r =q , tp =-r1 .
Suy raring p # - 1, vatacé thé bied thi t,r, q nhu sau:
2
t = P ;= - P q=-p2
p+1 p+1
p 2
Nhu thé: f(x) = . -P , gx) =px-p° ; pe R\{-1}.

X

p+1 p +1
Bay gid ta chimg minh rang g(a) =0 véi o nao dé .
Néu: f(0) = 0, thi bing cich dat y =0 trong phuong trinh di cho ta duoc:
f(x + g(0)) = g(x) v6i moi x, chonén: g(- g(0)) = f(0) =0, nhu doi hoi.
Tur day ta gia dinh ring: f(0) = b # 0.
Chon: x = 0 va kihiéu g(0) la a, tadugc: f(g(y)) = a-by. 3)
Do b # 0, (3)din dén ring g1a .don 4nh va f 13 toan 4nh.
Ké& dén, thay x bdi g(x) trong phuong trinh di cho thi dugc:

f(gx) + g(y) = gxf(y) - yf(g(x) + glg(x)) 4)
Do tinh d6i ximg: f(g(y) + g(x)) = g(y)f(x) - xf(g(y)) + gg(y)) (5)
Cho vé phai clia (4) va (5) bang nhau va sit dung (3), at thu duoc:

gxf(y) - ay + g(g(x)) = gf(x) - ax + g(gly) (6)

Vi: f 1a toan dnh , nén t6n tai mot s6 ¢ saocho f(c) = 0;

bat: y=c trong (6). Thé thi: g(g(x)) = kf(x)-ax + d .
Trong dé: k = g(c), d = g(g(c)) + ac. :
Bay gid (6) trd thanh: g(x)f(y) + kf(x) = g(y)f(x) + kf(y).
Véi: y = Otacd: g(x)b + kf(x) = af(x) + kb,

T dé: gx) = a—;-Ef(x)+ K.
Péyring: a -k # 0 vi: a=gO0) ; k = g9),
trong khi gladondnh,vd ¢ # 0 (f(c) = 0 = (0)).

Vavi f 12 todn 4nh, ta thdy ring g ciing |2 toan dnh.
Va nhu vay né phai lay gia tri 0.
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Bai toan 05:

Tim t4t ca cdc ham s6 f: R — R thoa:

f(x - f(y)) = f(f(y) + xf(y) + f(x) - 1 v6imoi x,y eR.
Giai:

Goi A 1a mién gid tri cdaham s6 va ¢ = f(0).

bit x =y = Othiduoc: f(-¢) =f(c) +c-1,nénc=0.

Dé dang tim dugc cdi thu hep flA: lay x = f(y) s€cé:

2

c+r 1 3‘_2- véi moi x thudc A . (1)

f(x) = 5
Budc chi yé&u 1a chimg minh rang: A-A = R.

That vay, véi y=0 ta duoc:

(fx - ¢) - fx) [xeR} = {cx + fc) -1 | xeR} =R
vi ¢ khong bing zero. ‘

Bay gid ta c6 thé ¢6 dugce gid trj ciia f(x) véi x batky:néuchon y,,y, € A
saocho: x =y, - y, vasudung(l)thi:

f(x) = fly, - y) = f(y)) + yyy, + f(y) -1 (2)
c+1 y2 c + 1 y2
2 ]
= - - == + 2 + - - - 1
2 , TV 2 2
_ 2 2
RN il 7D AR S
2 2
2

So sdnh (1) va (2) thidugc c =1 vath€la: f(x)=1 - % véimoix € R.

Bai toan 06:

(a) C6 tén tai cic hams6 f: R > R va g:R - R saocho:
f(g(x)) = x* va g(f(x)) = x’ véimoi x € R ?

(b) Cé tén tai cdichamsé f: R &> R va g:R > R saocho:
fg(x)) = x* va g(f(x)) = x* véimoi x € R ?

Giai:

(a) Giadinh ring f va g 1a nhitng ham nhu the.

Suy tir phuong trinh thit hai ra rang: f(x,) = f(x,) khi x, = x, ...

Dic biét: f(0), f(1) va f(- 1) 1a ba s6 phan biét.

Mt khdc, ca hai phuong trinh két hop cling suy ra:

X))y} = f(g(f(x))) = f(x"). Ldy: x =0, x =1 vax = -1
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ta suy ra rang m&i mot trong ba s6 f(0), f(1) va f( - 1) bing véi binh phuong cta
n6, va nhu the phai bang 0 hay bing 1. Mau thuin 4y chimg t6 ring khong c6
ham nao théa diéu kién dé bai ca.
(b) Céc cap ham thoa cic phuong trinh clia (b) 1 tén tai.
Mot ti€p can kha thi dé xay dung moét vi du 1a nhu sau.
Bit ddu, ta chi y dén khoang (1, o)
vathirtim ham F, G : (1,0) — (1, c0) thda cic phuong trinh:

F(G(x)) = x* va GF®x) =x* véi x >1 (1)
y d6 1a bién ddi nhimg ham nay thanh nhitng ham loga. Loga s& bién cac phép
todn binh phuong thanh nhan déi va nhan d6i (hay nhan v6i mot hing s6 tuy y)
thanh dich chuyén mét héng s6. [Vi ta ¢6 y dinh 4p dung bién ddi loga hai 14n, nén
gid tri cta bi€n s6 phdi I6n hon 1 ; d6 14 1y do ma ta phai xét tru6c hét cdc ham
xdc dinh trén (1, ) . D€ m& rong né 1én tdan bo dudng thing thuc, 13 van dé hoan
toan tiéu chudn, né s& dugc thuc hién & budc cudi cling cha bai giai]
Vath€ 13, gia dinh rang cdc hAm F, G: (1, ©) —> (1, o) théa diéu kien (1).
Ta xdc dinh mot cap ham méi ¢,y : R — R bdi cdc cong thitc:

¢(x) = loglog F(2 2x) va: y(x) = loglog G(22X ) v xeR.

Tir day vé sau, loga déu 1dy theo co s6 2.

Nhitng ham nay thoa cic phuong trinh:

e(y(x)) = x+1 va wye(x)) =x+2 vd x € R 2)
Vangugce lai,néu ¢ , y : R = RIa cédc ham bat ky thoa (2),

thi ta c6 thé xdc dinh cichim F, G: (1,0) — (1, ) bang cdch dit :

o(loglog x) y(loglogx)
Fx) =22 va G(x) =22

va nhitng ham nay thoa hé (1).

Céc vidu vé ham @,y thoa cdc phuong trinh (2) c6 thé tim thdy ngay trong 16p
ham don gian nhét d6 1a 16p cdc ham tuyén tinh. Tam goi ¢(x) = ax + b va
W(x) = cx + d, va nhét nhimg biéu thitc ndy vao c4c phuong trinh (2), ta s& tim
thdy rang cac phuong trinh 4y thda man néu va chi néu:

(3)

a= —,c=2va 2b+d=2.
Lay, ching han: b=1 va d =0 ta thu dugc theo cic cong thitc ciia (3) cap:

|
1 + —loglogx -
‘ 2 2 log log x
Fx) =22 vai. G(x) =22
Ching xdc dinh trén khoang (1, o) va thdéa méan cac phuong trinh (1) d6. Can phai
luu ¥ ring cic cong thic xdc dinh né c6 thé don gian thanh:
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I 2
F(x) = 22Er by Gx) = 20eX)™ ygi x > 1 4)

Viéc con lai 12 mé rong mién xédc dinh chanéléncaR.

Piéu nay cé thé thuc hién nhu sau, ta dinh nghia:

J F(x)  véi xe(l,0)

=~ 1
F(x) = e véi xe(0,1 ;
%) F(1/x) ©.1
1 véi x =1
G(x) véi xe(l,0)
G(x) = ] vgi xe(0,1)

G(/x)
1 vl x =1
varéi: fx) = F(Ixl), gx) = GdxD)

véi: x € R\{0} : f(0) = g(0) = 0.
Dé thdy rang nhitng ham naly thod cdc diéu kién doi hoi.

Bai toan 07:

C6 16n tai chang mot ham s6 f: R — R thoa mén dong thoi ba diéu kién sau :
(a) C6 mot s6 duong M saocho: -M < f(x) £ M véi moi X .

(b) f(1) = 1.

2
() Néu x #0 thi: f(x+ %) = f(x) + [f(l)] .
X X

Giai:
Mot f thoa man déng thdi ba diéu kién da néu la khong ton tai.
Gi4 dinh nguoc lai ring f : R — R thod diéu kién dé bai .
Goi clacantrén bé nhatcua {f(x):x €R }.

Tacé c= 2 vi: f(2) = f(1 + i—lz—) = f(1) +[f(1)]2 = 2.

Ciing th&, vi c 1a can trén bé nhat, nén cé mot day: x, , k= 1,2, ... céc s6 thuc

|
sao cho f(x,) 2 ¢ - * véi moi k.

Thé& thi: ¢ = f(xk + %]: f(x,) + [f(%]i\ >c - _1_ + l:{_l—ﬂ )
’ X1 X k x2
K K k
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2
1 1 1 1
Nhu vay: | f| — < — chonén: f(—) 2 - —= .
“xﬁﬂ k ok

ro) oy 1 fe=1Y
Vacingcd: c=>f 5= f(-—) + [f(x )" = - -—ﬁ(: +( .

Xk+X|\ Xk k)
1 1 c—-k-2 k-2
Suy ra rdn _ - — C > s
Y SN k k
hay 1(—-\/1(—_1 c=2.
k(k =2)

Diéu nay khéng con ding nita néu k di 16n.

Bai toan 08:
Cho f va g 12 hai ham s6 ¢6 gid tri nguyén xédc dinh trén tap hop tat ca cdc s6
nguyén sao cho: f(m + f(f(n))) = - f{f(m+1))-n Vm,neZ;
g 12 mot ham da thirc véi hé s6 nguyén va g(n) = g(f(n)) Vne Z.
Hay xdc dinh g(1991) va dang téng qudt nhat cla g.
Giai:
Goi f*(n) thay cho f(f(n)). Tt (a), thay m bdi f*(m) thi dugc:
(F m) + £) = - F(Em) + 1) -n.
Thay d3i vai trd gillam va n thi: f(f (n) + 2 (m)) =- £ (F @)+ 1)-m.
Tir hai hé thic nay taduge: 2 (P (m)+1) - £(F () + 1) =m-n.
Lai theo (a): 2 (F(m) + 1) = f(E(m)+1)) = f(-m- £(2)
Vatwong ty, tacé: 2 (FF(n) +1) = f(-n-f(2))...
bat f2(2) = k, thiduoc: f(-m-k) - f(-n-k) = m-n,
v6i moi s6 nguyén m van . Thay m bdi -m -k va n boi -k,
tadugc: f(m) - f(0) = -m-k+k = -m.
Dodé: fm) = -m +f(0) véimoi me Z.
Cho nén: f(f(m)) = - f(m) + f(0) = m - f(0) + f(0) = m.
Nhu thé 2 (m) =m v6i moi s6 nguyén m.
Str dung két qua nay vao (a) thi duge f(m +n)=-m- | -n v6i moi s6 nguyén
mva n.L4ay m=0thidugc f(n) = - n- 1 v6i moi s6 nguyén n.
Nhu thé: f(1991) = - 1992 . .
Tir (b) ta dugc g(n) = g(-n- 1), véi mei s6 nguyénn .
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Vi g la mot da thire trén tap cdc s6 nguyén, md rong ham téi céc s6 thuc cho mot
da thie g(x) thoa g(x) = g( - x - 1) véi moi 50 thuc x.

Mot da thite theo x ciing c6 thé biéu dién dugc thanh da thic theo: x + A v6i moi
sO thire A. LAy, dac biét: A = /2 thi duge g(x) = P(x + 1/2).

Thay xbdi -x-1,taduge g(-x-1) = P(-x-1/2).

Nhu vay P(x +1/2) =P(-x-1/2).

Do dé g la mot da thic theo (x + 1/2)” = x> + x + 1/4 v vi thé 1a da thirc
theo x> +X . Dang t6ng quit nhat clia g s& la:

gn) = ag+ an(n+ 1) - an” (- 1% + ...+ an"(n+ 1),

trong d6 cidc a; 1a nhitng s6 nguyén.

Bai toan 09:
Chonlas6énguyénduong, X = {1,2,...,n} va k 1asdnguyén duong sao
cho % < k < n. Xdc dinh s6 tat ca cdc ham s6 f: X — X sao cho cdc diéu

kién sau dugc thoa :
(). = f,
(i1).  S& phan tir cha mién gid tri cha f lak.
(iii).  V6i mdi y thudc mién gia tri cha f, s6 tat ca cdc diém x thudc X sao cho:
f(x) =y lakhoéng qua 2.
Giai:
Véi f:X o X, £ =f o f(fx)) = f(x) véi moi x € X, nhur thé thi :
- =1 f(y) =y véimoiy € E;, E, ding dé chi mién gi4 tri cta f.
So tat catdp con Y clia X sao cho:
| Y| = kbang C¥,trongdé |Y/| ki hiéu s6 phdn tircha Y .
Cho Y X véi |Y] =k.Thélavéi f:X - X ma E; = Yva f(y) = y véi
moi y e Y,tacé fthoa (iii) néu vachinéu véix : x> e X\Y, x #x"din dén
f(x) #f(x’) trong ¥ . Dodés6tdtca cic f: X - Xsaocho Ef = Y,
fly) = yv6imoi y € Y va fthoa (iii) bing kk-1)...(k-(n-k-1)).
Vithésétatca f: X — Xthoa (i), (ii) va (iii) bang véi:
CKk(k-1)(k-2) ... (k-(n-k-1)
n!
———k(k - 1)}k -2) ... (Zk-n+1)
(n — k)!k! ( X .
n!
T (n-K)IQRk-n)!
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Bai toan 10:
Chohamsé f: N — N sao cho:
). f d6ng bién chat ché;
@1). f(mn) = f(m)f(in) Ym,ne N ;
(i1i). Néu m=#£nva mn = nm thi f(m) =n hay f(n) =m.
Hay xac dinh f(30) .
Giai:
Pé y ring v6i m #n, c6 mot cap duy nhat {2,4} thoa m" = n
Vithé f(4) = 2 hay f(2) = 4.
Nhuag f(4) = 2 la khong duge vi f dong bién chat ché .
Vi: f(30) = f(2)f(3)f(5) nénta phai tim f(3) va f(5).
Trudc hét ta sé€ tim f(3) .
Theo (i): 4= f(2) < f(3) < f(4) = f(2%) = (f2))* = 16.
Goi f(3) = k,trongdé: 5< k < 8,
Theé thi : f(9) = f(3)f(3) = k> < 64, nhung: f(8) = f2*) = (f(2))’
thi trdi v&i diéu kién (i), cho nén trudng hop nay khong xady ra dugc.
Néu f(3) =10, thi f(3°) = £(243) = 100000.
Nhung f(2%) = £(256) = 4® = 65 536 la diéu khong thé dugc,
vay la f(3)=9. K&do, tatim f(5).
Theo (i): 16 =1(4) < f(5) < f(6) = f(2)f(3) = 36.
Néu 17 < f(5) <24 thi 289 < f(25) £576.
Nhung f(24) =f(3)f(8) = 576 la diéu khong thé dugc.
Neéu: 27 < f(5) < 35 thi 729 < f(25) < 1225.
Nhung f(27) = {(3%) = 729 1a khong duge.
Nhu vay ta phai cé f(5) =25 hay 26.
Néu: f(5) = 26 thi f(125) =f(5") = 26 = 17576.
Nhung: f(128) = f(2") =4’ =163841avoly.
Do dé: f(5)= 25.Vay f(30) = 4x9x25 = 900.

m

64
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CAC DINH NGHIA BO SUNG

* Cantrén, can dudi : Cho ECR,E# Q.

N . , x<a VxeE
1. o 1a cn trén ding cua E & .
Vd>0,3xeE:a~-0<x

N 4 \ x2p VxeE
2. B 1a can dudi ding cia E < .
Vo>0,3xeE:f+8>x
Kihiéu: a =supE; B = infE.

CAC DINH LY BO SUNG

* Can trén, can duéi :
1) ChoEcCR,E=O.
Néu E bi chin trén (didi) thi t6n tai can trén (dwéi) ding ciia E .

2) ChoEcR,E=J.

Néu E c6 a = supE (f = infE) thi t6n tai day s6 (x,) sao cho:

x,€eE,VneN¥* va lim x,=a( lim x,=P).
n—»o n-->w
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HUOGNG DAN GIAI

LI f(x) = Jx* —2x2+2 .

'
1.2, f(x)= --’5-1-35
(x-1
3. f(x) = x*-2.
14, foo = 23
X —2
_ 2
15, o) = - zx
X
2 ——
21 fx)= X - 3x+2 . Thay x b&i -x.
] —9x
22, f(x) = ! . Thay x bdi l
: I-x X
2.3.  Goi phuong trinh dé bai 1a (1) .
Thay x bdi , thi dugc: f( ! )+f("‘1) - ! Q).
1 -x 1-x X 1-x
— 2 —
Lay (1) trir 2) cho:  f(x) - f(A—1) = X 2%+ 3).
X x -1
— 2 —
Thay x b&i ~1 trong (3) s cé: f(l——l—)- f = =X+ @),
X - X X

R6t cuc (1) va (4) cho f(x) = =1

2.4. Thay x bai 3

32 thi phuong trinh dé bai trd thanh:

— — 2 -—
35 X )+2f(3x 2)= 5x° +17x 6.
x-1 2x +1 3)(2 - 2x
Tir d6 suy ra: f(—x——-) = x -1 . Vay: f(x) = 1 .
x—1 X X
5 :
2.5. Thay x boi trong phuong trinh dé bai (1),
a-x
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2 .2 2
thi duge: f(——) + f(X "2 y -2 (9.
a—X X a-—X
2

Thay x bdi —— trong (2) thi duo:

2 v a2
f(ax a_) () = ax —a 3.
X X
3.2 3
()+2) - (3) cho: f(x) = ~—2%*2
2x(x — a)
26. f(x) = (x_"_i)_?l‘ll‘ _
X“+3
2,7. Thay t= 1 , r0i thay x = t=2 :
X t+1
28. Thay t= ! .
x -1
| Y |
29, f(x) = 55m[x +;—2—) x#0
m x=0
2.10 fi - JCOSZX'*'COSZL x#0
d0. f(x) = X .
m x=0
3.1. Thay "1 bdi 2x - 1, thi phuong trinh thit hai trd thanh:
X+

f(2x - 1) + 2g(1 - x) = 3. Taduge f(x)=x,g(x)= x+1.
3.2. Thay 3x-1bdi x + 1, thi phuong trinh thit nhat trd thanh:
fx+1) + g2x+3) = x+2.Suyra g(x) =2, f(x) = x-1.
33. Thay 2x+1 bdi x-2.Taduge f(x) = 2x,g(x)=2-x.
41. fo+DH=32"+ D -2+ 1) =2"""+1.
42, fm)=3""")+ 3" 2+3" 4 4341=3" TR+ -3—n-3—-l—-111- .
a" -1
a-1" '
4.4. f{(3n) + f(n) = f(6n); f(5n) + f(n) = f(9n)
= f(n) + f(3n) = f(5n) + f(15n) - f(4n)

43. fn) =

86




= f(5n) + f(15n) - fOn) + f(2n) = f(Sn) + f(n) + f(2n)
= f(9n) + f(2n) = f(3n) ={(2n).
= f(2n) +f(10n) = f(18n) = f(12n) = f(2n) + f(6n)
= f(6n) = f(10n) ; f(bn) = f(9n) = f(9n) = f(15n).
Suyra f(i5n) - f(Sn) = f(n) =0.
4.5. f(f91) = FEF(102))) = *(f(92)) = ... =f(f(100))
= f(f(F(111)) = QD).
Laidéyring v6i n<100thi n+11< 111.
Nén cac qud trinh 14p lai tuan hoan.
5.1. x=y=0= f(0) =0,va y=1
= f(x+1) + f(x) = f(x)+{(1) + f(x)f(1) = f(x+1) = f(D[f(x) + 1].
x=-1= f(0)= f{(HIf(-1)+1] = 0
. f(-H=#-1=f1)=0 = f(x) =0.
. f(-1)y=-1:f(-2) = - f(-1)-1;£2) =fD[f(1)+1].
f(-2) =1f[(-2).1] = ...=-(1 +1(1))

= f(1)=1 hay f(1)=-1.
< f(h=-1=>fx+)=-fxX)+ ) =>fx+2)=...=(x).

f(2) =f(0) =0 ; f(x + 2) + f(2x) = f(x) + f(2) + f(Of(2) = {(2x) =0

= f(1)=0:voly.

<> f(h=1 =>fx+)=fx)+1;

fx(y + D) + f(x(y + 1)) =...=1f(x) + f(y) + 1 + f{(x)f(y) + f(x)
Sfx+y)+ 1+ f(xy+x) =fx+y)+f(xy)+1+f(x)

= f(xy + x) = f(x) + f(xy) .

Patu=xy;v=x= f(x +y)=f(x) + f(y) va fx)f(y) = f(xy) = f(x)=x.

5.4. Néu f(xy) = f(x) f(y) va f(f(x)) = x,thi f(x.f(y) = f(x).f(f(y)) = fx)y.

Dao lai, f(1. f(y) = yf(1), Vy; f(x f(1) =f(x), Vx
= ff(x))) = f(x) = f(x).f(1) = f(x). Dodé: f(x) #0=>1f(l)=1.
vy, f(f(y)) = yva f(x)f(y) = f(xf(f(y))) = f(xy).
Tir d6: f(xf(y)) = yf(x) .
55. Liyy=1= xf(1) - f(x) = (x- Dix) = f(x) = 1.
Vav. f(x) = aVx=0
y, f(x) = {b =0
6.8. f(x) = f(y) = f(f(x)) = f(f(y)) = 1995 * = 19957
= x=y.Dodé fdon éanh. )
Do (i) = fdéng bién, may=1995"" 12 nghich bién ..
7.2.Chox=y=0=f0)=0.
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f(x +y) - f(x)

Tur gia thi€t = f’(x) = lim

y—90 y
= lim (DY o im DT r0)
y—>0 y y—>0 y

= f(x) =x> + fO)x.
Vay ham s6 phai tim : f(x) = x* + ax , v&i a 12 hing s& bat ky .

4x - 2 ,
8.2. =x=> x=lhayx=2=f(1)=12)=0.

x +1

M — —
patx = 2=l b -2 5, 1
P =1 x+1 3t

2

-1
R 1 1 3t
Phuong trinh & f(2 + ———) = 2f(2 + ;——]—) = g(~2—) =2g(ty (%)

3

2

2452 . N :
log,,, h(t) véit=#0 va g(0) =

vai g(t) = ltl
(%)= h(%t) = h(t),t#0.

Vay: f(t) = g(—x——_—% Ykhi x21,x22 va f()=1f2)=0
x-—

trong dé g(t) = |t| logmzh(t) v6i t#0 va g(0)=0.
8.8. Tir hé thac dé bai, ta cé:
f(x+a) = - f2-2(x+a-1)) = -f(-2x+a+4-3a).

Liy a = -;}-,thiduqc: f(x +i) = —f(-2x+§~)

(—l)llogl’mI ( i) néu x ;t — (—-I)Il()gzl_zx|I f( -2Xx + i) néu x # 4
= 3 | 3 3
0 éu X = 0 néu X = i
3 3
. {log, Ixl| 4 “032"“ i” 4
bat g(x) =(-1) f(x + S-)cf(x):(- D) g(x- —~)

Thé thi: g(x) = g(-2x) v6i x#0. 4
9.2. f(x) = h(x - %)+h(- % -X) , véi h bat k.
9.6. f(x) = 0.
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9.7. f(x)=-1.
9.8. Khong t6n tai, tinh chén 1¢ khic nhau.

9.9. f(x) = h(x - 71;)- h(-x+ %),véihléhémsé’bfﬁky.

C L 1 1
Pévrang: f(— +x) = - f(— -x).
y rang (2 ) (2 )

13.1.Kihiéu [,=(n,n+1]véine N*.

x + 1 néu x € I, khi n chdn

fx) = -x+1 néuxel, ’khi nlé .

néu x =0

'—f(— x) néu x <0

13.2. (i) =>f(n+ 1) 2 f(n) + 1

=n+a =f(fn+ 1)) 2 f(fn)+ 1) > f(f(n))+1 =n+a

=>fn+ D=fn)+1

Tiedé f(n)=f(1)+n-1= f(n)-n =1(1)-1

= f(f(1))-1=f(1)-1. Nén,a-f(1)= f(1)-1 = f(1) =(a+ 1)/2.

Vay: f(n)=n+ (a- 1)/2.

13.3. Chi cin xét trudng hgp (a,b) =1 .

Goi S 1a tap hop cdc s6 nguyén n saocho M-b<n< M+a-1.

Théthi f(S)c S, va 0 e S.Giadinh k>1va f(0) =0.

Vi f(m) = m+a hay f(m)=m-b, k cé thé dugc viét thanh:

k=r+s vira-sb = 0.Do(a,b)=1=> k=2 a+n.

Mat khéc lai c6 : **P(0) =ra-sb,trongdé r+s=a+b.

= f'*P0) =ra-sb = (A+b)a-s5).Vif'*"0) =€8,

va chi boi ciia a+bthuoc S1a 0= £¥°%0) = 0.

Suy ra s6 tu nhién bé nhat k saocho f(0) = 01a k=a+b.

Trong trudng hop tdng quét, k bé nhat la (a + b)/(a,b) .

f(x) - f(y)
X-Yy

Nén chi ¢6 him s6 hing thoa diéu kién da néu.
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14.2 Tir gia thiét = < |x-y|" > 0 khi x> y.
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BAI TAP LAM THEM

1. Cho ham s6 f(x) xdc dinhtrén N bdi :
f(0) =0; f(1) =1
{Vn >1 f(n+1) = 3f(n) = 2f(n - 1) '
Chimg minh rang f(n) = 2" - 1.
2. Chiing minh ring t6n tai mét ham s6 f: N — N thod mén d6ng nhat thiic :
f(f(n)) = n*>, neN.
3. Timham s6 f:R — R thoa diéu kién:

Vxz20 f(1-x) = 2f(—1—) + I
X

4. Cho f(x) vd g(x) 1a cdc ham s6 lién tuc trén R sao cho: f(g(x)) = g{f(x)), Vx.

Ching minh rang néu phuong trinh: f(x) = g(x) v nghi¢m thi phuong trinh:
f(f(x)) = g(g(x))cling vo nghiém .

5. C6 t6n tai chang mot ham s8 lién tuc f trén R sao cho:
ff(x))=-x,Vx?
6. Tim ham s6 f(x) x4c dinh va lién tuc trong R\ {0} thoa man diéu kién:

—| = Vx,y ; x +y =0
| i o TRy x Ty

,,l_._ + —— - +
X y f(x) f(y)
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