Dé thi Olympic toan sinh vién cép truong dai hoc Kinh té quéc
dan Ha Noi nam 2013
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Cau 2:
Cho f: [0,1] — [0,1] 1a ham s6 lien tuc sao cho f(0) =0; f(1) =1
Dat
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Je = k

Gia sit rang ton tai s6 nguyén duong n sao cho f, (x) = x;Vze[0,1]. Chitng minh ring f(z) =
x, Vxel0, 1]

Cau 3:

Cho f:R — R 1a ham kha vi. ¢6 dao ham cap 2 khong am. Chitng minh ring

flx+ f(2) > f(z),VoeR

Cau 4:

Tim ham s6 f : R — R théa man f(zf(y) + ) = 2y + f(z),Vz, yeR
Cau 5:

a) Tinh tich phan
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b) Gia st f(z) la ham lién tuc trén [a,b] va thdéa man diéu kien f (xl + xz) <

f(x1) + f(x2)
5 .

f(“;b) (b—a)S/abf(w)dxéw(b—a)

Chitng minh rang

Cau 6:
cho f :[a,b] — (a,b) 1a ham lién tuc. Chiing minh rang v6i moi s6 tu nhién n ton tai s6 duong o va
ce(a, b) sao cho

f(O)+ fle+a) + .+ fle+na) = (n+1)(c+ Sa)
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Hon nita ,41 > u, > V2, ¥n € N Do dé {u,} 1a day don dieu. Do dé néu day {u,} bi chin trén

thi n6 hoi tu vé a hitu han suy ra
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Cau 2:
Cho f: [0,1] — [0,1] 1a ham s6 lien tuc sao cho f(0) =0; f(1) =1
Dat
fofofo.of
fe = k

Gia sl rang ton tai s6 nguyén duong n sao cho f, (z) = x; Vre[0, 1].
Chiing minh rang f(z) = z,Vze[0, 1]

Loi giai
Vé6i z,y € [0, 1] sao cho f(z) = f(y) , suy ra fu(x) = fuly) Sz =y
Vay f don dnh. Két hop gia thiét f lien tuc, suy ra f don di¢u tren [0, 1]
Co6 f(0)=0<1= f(1),dodo f don diéu tang .
Gia st ton tai o € [0, 1] sao cho f(z0) < zg

= fn(xo) < fn_l(ZL’o) < ... < f(l‘()) < g

Mau thuan !

Tuong tu vay néu c6 xg € [0,1] sao cho f(xy) > xo thi ciing dan dén f,(zo) > zo .
Vay phéi c¢6 f(x) =z ,V € [0,1]

Cau 3:

Cho f:R — R 1a ham kha vi. ¢6 dao ham cap 2 khong am. Chitng minh ring

flx+ f(2)) 2 f(x), VaeR
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Loi gii
Néu f'(x) = 0 ta c¢6 diéu can ching minh.
Néu f'(x) > 0 thi ap dung dinh Iy Lagrange cho ham f trén (z;z + f'(x)) ta c¢6 ton tai ¢ trong
khoang trén sao cho:
filo).f' (@)= flz+ f(2) - f(z)

Vi f7(x) > 0 nén ta c6: f'(x) la ham tiang hay 0 < f'(z) < f'(¢)
Suy ra diéu can chting minh.
Tuong tu véi f/'(x) <0
Cau 4:
Tim ham s6 f : R — R thoéa man f(zf(y) + z) = zy + f(z),Vz, yeR

Loi giai
Chozx=1=f(fly)+1)=y+f(Q1)

y=—fO)-1=f(=/1-D+1)=-1

bata=f(-f(1)-1)+1= f(a)=-1
Thay y = a vao phuong trinh dau:
f(0) =az+ [ (z)

Vay f(x) = ax + b Thay lai phuong trinh dau suy ra f(z) = z hodc f(z) = —x
Cau 5:

d
a) Tinh tich phan f_ll *
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b) Gid st f(z) la ham lien tuc tren [a,b] va théa méan dieu kien f (xl ; m) =

f(“;b) (b—a)g/abf(x)dxgw(b—a)

f(z1) + f(22)
5 .
Chitng minh ring

Loi gii
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b) Tir gid thiét Va,zs € [a,b], f( flz1) J2r f(2)

D61 bién x = (1 — t)a + bt

) < suy ra f 1a ham 10i trén [a, 0]

/af(x)dx:(b—a)/o f((l—x)a+bx)dx§(b—a)/0 [(1_I)f(a)+xf(b)]dx§(b_a)f(a);rf(b)
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Cau 6:
cho f : [a,b] — (a,b) 1a ham lién tyc. Chiing minh rang v6i moi s6 tu nhién n ton tai sé6 duong o va
ce(a, b) sao cho
n
fle)+ flc+a)+ ...+ f(c+na)=(n+1)(c+ Ea)

Loi giai
Ta c6: f(a) —a >0 ,f(b)—b< 0, f(x) lien tuc trén [a,b] nén f(z) — x lién tuc trén [a,b] , do d6
phuong trinh f(x) = = ¢6 nghiém trén (a, b)
Lai c6 f(a) > a , f(b) < b, do d6, trong tat cd nghiém ctia phuong trinh f(z) = x, phai c6 nghiem
Ty sao cho ton tai € > 0 di nhd (a < 29 —€ < xo+€ < b) dé Vo € (zg — €,20), f(x) > x VA
Vo € (zg,20 +€), f(z) <z

. N S ~ 7, €
V6i n 1a s6 nguyén duong cho trude, chon 0 < o < —
n

Xét gn(z) =Y 0 [f(x +ia) — (z +ia)] ,z € (a,b—na)

Dé théy ¢ lién tuc tren (a,b — na)

Chon x1 € (zg — €, 290 — na) , khi d6 ta ludn ¢6 z1 + i € (xg — €, 9) , Vi € {0, ...,n}
do do, f(x1 +ia) > x1 +ia ,Vi € {0,...,n}

= Z[f(acl + i) — (21 +ia)] > 0

< g(xy) >0

Chon xg € (xg, xg + € — nar) , khi d6 luon c¢6 xs + i € (xg, 29 +€) ,Vi € {0,...,n}
do do, f(zg +ia) < xo +ia Vi €{0,...,n}

= Z[f(azg +ia) — (z2+1a)] <0

< g(xe) <0



Vay theo dinh 1y gié tri trung gian, 3¢ € (x1,x2) ,g(c) =0
tuc

f(c)+f(c+a)+..—|—f(c+noz):(n+1)c—|—Zioz: (n—l—l)(c—k%a)

Lai giai duge thuc hién bdi cac thanh vién Ispectorgadget, phudinhgioihan,
Hoang Qubc viét ctia dién dan toan hoc VMF -

www.diendantoanhoc.net



