M@t sé dinh 1y dung cho chitng minh FLT

Pinh 1y 2.1 Néu a,b,m va n l1a nhitng s nguyén, va néu c|a va c|b thi ¢c|ma+nb

Dinh1y 2.2 Néu a, b va k l1a nhitng s6 nguyén thi GDC(a +kb,b) = GDC(a,b).

Hé qua2.2.1 Néu GDC(a,b)=1 thi GDC(a+b,b)=GDC(a—b,b)=1.
Pinh Iy 2.3 Néu GDC(a,b) =1 va c|a thi GDC(c,b) =1.

Dinh 1y 2.4 Néu a,b va ¢ la nhimng s nguyén sao cho GCD(a,b) =1 va a|bc,
thi ajc.

Pinh 1y 2.5 Néu a,bva c la nhiing s nguyén sao cho GDC(a,b) =GCD(a,c) =1
thi GDC(a,bc) =1.

Hé qua 2.5.1 Néu GDC(a,b)=1 va n,m la nhirng s6 nguyén ty nhién thi GDC(a",b™) =1.
Dinh 1y 2.6 Néu a,b 1a nhitng s6 nguyén duong sao cho a|bva b|a thi a=b.
Dinh 1y 2.7 Néu a,b 12 2 s chin 1é khac nhau va GDC(a,b) =1 thi GDC(a+b,a—b) =1.
Pinh 1y 2.8 Néu a,b déu l¢ va GDC(a,b) =1 thi GDC(aTH),aT_b)zl.

a+b a-b

Pinh 1y 2.9 Néu a,b déu 1é va GDC(T,T):l thi GDC(a,b) =1.

a’+b?

Dinh Iy 2.10 Néu a,b déu lé va GDC(a,b) =1 thi GDC (ab, )=1.

Pinh ly 211 Néu GCD(a,b)=1 va n, m la nhing sé nguyén ty nhién thi
GCD((a+b)",b™)=1and GCD((a—b)",b™)=1.

Dinh Iy 2.12. Néu a,b chin 1¢ khac nhau vd GDC(a,b) =1 va n la mot sb nguyén tu nhién
thi GDC(a" +b",a" —-b") =1.

Dinh 1y 2.13 Néu k la mot s nguyén ty nhién ¢ va m 1a mot sb nguyén ty nhién thi
a™ +b™ 1a mot udce sb cia a™ + b "



Dinh Iy 2.14 Néu k la mot sb nguyén ty nhién chin va m 1a mot sé nguyén ty nhién thi
a™ +b™ 1a mot ude sb ciia a™ —b .

Pinh 1y 2.15 Cho phuong trinh a,x™ +a,x™* +...+a,_,x+a, =0 (1), trong d6 m Ia mot s6
nguyén tu nhién va a,,a,....a, la nhimg s nguyén véi a, =0 va a, #0.
ko A e - T R A
Néu — la mot nghiém hitu ty ctia phuong trinh (1) , trong d6 s 1a mot so nguyén tu nhién, k
s
la mot s6 nguyén va GCD(k,s) =1 thi k va s lan lugt 1a wéc s6 ctia a, va a,

Pinh 1y 2.16 Cho x*+y®+z*>=m? V6i z lé va GCD(x,y,z)=1, ton tai cic s6 nguyén
u,v,w va t sao cho

X =2(uw—vt)

y =2(ut +vw) 2.1)

22 =u?+vi—w?—t?
m? =u®+v:+w* +t?
Fermat’s Last Theorem
Khong c6 diém hiru ty khac zero trén dudng cong X" +y" —1=0 voi bat ky sb nguyén
n>2.

Chirng minh
R6 rang néu FLT ding véi N nao d6 thi nd ciing s& dung véi moi sé mii 12 boi sb cua
n. Boi vi moi s6 nguyén n 16n hon 2 déu chia hét cho 4 hay cho mdt s6 1¢ nao d6 cho nén

chling ta chi cdn chig minh dinh Iy khi n 12 mot s6 1¢ bt ky 16n hon 2 va khi n=4.

Chang ta s& ching minh FLT bang phan chirng, nghia 1a chiing ta s& gia dinh ton tai
mot diém hitu ty khac zero nao d6 trén dudng cong X" +y" —1=0 sau d6 chi ra rang diéu nay
dan dén mot phurong trinh bac 2 ma ca hai nghiém ctia no déu bi loai bai tinh vo Iy cia chung.

Gia str rang voi N 1a mot s6 1é bat ky 16n hon 2 hay n=4, ton tai mot diém hiru ty khac
zero nao d6 M (X,,Y,) trén duong cong (L):x"+y"~1=0 . Khdng mat tinh tong quét, gia sir

b .. N A . 5 A b A
X, =0 Yo =7 Voi a,b,c la nhitng s6 nguyén khac zero va nguyén to sanh doi.

Vi GCD(a,b) =1 nén chi cd thé ton tai hai trudng hop:

Trudng hop 1: Hai sé a,b chin 1¢ khac nhau.
Trudng hop 2: Ca hai sé a,bdéu lé .

Chung ta nhan xét truong hop 2 nhu sau:

Véi n la mot s6 1é bat ky 16n hon 2, néu a"+b" =c" thi ta c6 a" =c"+(-b)". Pat A=c,
B=-b,C=athi A"+B"=C", trong d6 A, B la chin 1¢ khac nhau. PAy la truong hop 1.



Néu a*+b*=c* thi ¢ chin. Pat c=2u, trong d6 u la mot sé nguyén khéc zero thi

4 4 4 4
a* +b* = (2u)* hay 22 _ 8¢ Didu nay v6 Iy boivi 2

la mot sb 1 trong khi 8u* la

mot s6 chan.

Vi vy, chung ta chi quan tam trudng hop 1. Tir ddy vé sau chung ta gia sir rang a,b 1a hai s6
chin 1¢ khac nhau va nguyén t6 sanh doi.

Dat m:ﬁ:% thi d& thdy m=0,m =1 and m = —1.
Yo

Trong mat phang Oxy, néu goi (A) la tiép tuyén véi (L) tai M,(x,,Y,), (C) la vong

tron tam O di quaM,(X,,Y,). (6) 1a tiép tuyén véi (C) tai M,(x,,Y,) thi phuong trinh cia
(A) va (8) lan Tugt 12 y=-m" (x=x,)+Y, , y=-m(X—X,)+Y,. Chliing ta s& khao st su
twong giao ctia duong thang (A) va vong tron (C).

Néu duong thing (A) tring véi dudng thing (5) thi

-m" =-m (3.1)

hay
m"?-1=0 (3.2)

Boi dinh Iy 2.15, nghiém hitu ty cua phuong trinh (3.2), néu ton tai, chi ¢6 thé 14 m=1 hay
m=-1 nén dudng thing (A)phai cit vong tron (C) tai hai diém phan bigt M (x,,y,) V&
M, (x.,y,) sao cho

(M*"? —1)x, +2m"ty,

= 3.3
X1 m2n_2 +1 ( )
2m"'x, + (1-m* %)y
= OmZn—Z " g (3.4)
Tir (3.3),(3.4) Va y, =0,
2n-1 n-1__
b _mo+am -m (35)
Yo m= < +1
y, —-m*"?4+2m"+1
2= T (3.6)

Néu x, =0 thi m*?2+2m"2-1=0.
Néu y, =0 thi m*?-2m"-1=0.
Hai phuong trinh nay khéng c6 nghiém hiru ty. Vivay x, #0 va y, #0.



. d . r , < £ A ,
bat X ¢ va ﬁ:—, trong do d, e, r, s la nhitng sO nguyén khac zero sao cho
S g g guy

Yo € Yo
GCD(d,e)=1 va GCD(r,s)=1. Tu (3.5) va (3.6), chung ta c6 hé¢ phuong trinh sau:

em®* —dm?® 2 +2em" ' —em—-d =0 (3.7)

2n-2

(r+s)m*"=—-2sm"+r-s=0 (3.8)

Vi m :% I& mot nghiém hiru ty cua phuong trinh (3.7) , boi dinh ly 2.15, ta ¢6 d = pa va

e=qb, trongdo p, q 1a nhiing s nguyén khac zero va GCD(p,q) =1. Do do,

2n-1 n-1
e gb g m"* +1
Khir m 0 ¢ hai vé phuong trinh (3.9) ta duoc
2n-2 n-2
p_mTr2m ol (3.10)
q m= - +1
hay
(p—g)m*?-2gm"*+p+q=0 (3.11)
Néu r+s=0 thi tir (3.8) taco
m"+1=0 (3.12)
Néu r—s=0 thi tir (3.8) taco
m"2-1=0 (3.13)
Néu p+q=0 thitir (3.11) ta co
m"+1=0 (3.14)
Néu p-q=0 thi tir (3.11) taco
m"2-1=0 (3.15)

Nghiém hitu ty cia bdn phuong trinh ndy, néu ton tai, chi c6 thé 1a m=1 hay m=-1. Do d6
r+s,r—s, p+q va p—q phai 1a nhitng s6 nguyén khéac zero.

Tir (3.8) va (3.11),
2sm" = (r+s)m*? +r—s (3.16)

2gm" 2 = (p—q)m*? + p+q (3.17)
Nhan vé véi vé ctia hai phuong trinh (3.16), (3.17),

4sqm’™? ={(r +s)m** +r—s}{(p—q)m** + p+q} (3.18)



Pat m* 2 =t thi do (p-q)(r+s) =0, phuong trinh (3.18) c6 thé dwgc viét lai nhu 1a mot
phuong trinh bac hai ciia an t

(p—q)(r+s)t> +2(pr—gs)t+(p+q)(r-s)=0 (3.19)
Hai nghiém cua phuong trinh (3.19) la
t=-1 (3.20)
va
t, zw (3.21)
(p—a)(s+r)

Néu t=t, diéu ndy din dén m*2+1=0. Do phuong trinh nay khong c6 nghiém hiru ty nén
nghiém thr nhét bi loai bo. Ké tiép, chiing ta s& chi ra rang nghiém thir hai ciing bi loai bé bang
cach chirg minh rang n6 s& dan dén sy kién 4a"'b"*(a"? —b"?)(a" +b") khdng phai 1a mot
s6 nguyén. Thuc vay, néu t =t, thi tir (3.16) va (3.17) ta thu dugc

= 461 (3.22)
s(p—0)
mn—2 — S(p+q) (323)
q(s+r)
Chia vé vé6i vé ctia hai phuong trinh (3.22),(3.23),
m?2 :M (3.24)
s*(p*-q°)

Nang ca hai vé cta phuong trinh (3.24) dén ity thira 2(n—1),

2(n-1) nlra _ p,\n-l
maon _ 4 (s+0)" (s ) (3.25)

s (p+a)(p-a)™

Tir (3.21) va (3.25),

prafe-),_ g0 62
(p—q)(s+r) s 7(p+a)" " (p—q)

hay
SOV (p+a)" (p-a)" P =" (s+1)"(s—1)"? (3.27)

Tr GCD(p,q)=1, béi dinh ly 211, ta c6 GCD((p+q)",g*"?*)=1 va

GCD((p-09)"?%,q*"2)=1 Vithé tir (3.27), boi dinh 1y 2.4, suy ra g*" ™ 1a mot uée sb cua

s’ Hon nita, tr GCD(s,r) =1, tacé GCD((s+r)",s*"?)=1va GCD((s—-r)"?,s"?)=1.

Vi thé tir (3.27), boi dinh 1y 2.4, suy ra s2™Y 1a mot ude s6 cua g™ . Tir nhiing két qua

nay, boi dinh Iy 2.6, s209 = 2™V Chd y ring dbi véi cic phansé 2 va L chiing ta luén
q s



ludn c6 thé gia sir rang p,r la nhitng s6 nguyén khac zero va g,s la nhiing s6 nguyén duong

vi vai tro cia —p,—r 1a twong ty nhu vai trd cia p,r. Vivay tir s =q*" taco s=q.
2n-2

Do d6 tir t =m?"2 biéu thic (3.21) trg thanh

- ?(p-a)(@+n)+b*(p+a)(g-r)=0 (3.28)

= p2n-2’

Pit b"' =a" '+ f, trongdo f la mot s nguyén khac zero thi phuong trinh (3.28) tro thanh

(p+a)(g-r)f?+2a" (p+a)a-r)f+a™*{(p+a)(a—-r)-(p—-a)(g+r)}=0 (3.29)

Vi (p+q)(q—r) =0, biéu thic (3.29) ¢6 thé dugc xem nhu 1a mot phuong trinh bac hai cia an
f. Vi f la motsd nguyén khéc zero, biét thirc ciia phuong trinh (3.29) phai Ia binh phuong
caa mot s6 nguyén khéc zero (do p = q,q = r). Diéu nay c6 nghia 1a

(p*-0a’)(a*-r) =g’ (3.30)
trong d6 g 12 mot sd nguyén khac zero nio do6 .

Mit khéc, thay m =% Va0 (3.10) va (3.6) ta duoc

p m2n—2 + 2mn—2 _1 B a2n—2 +2an—2bn _b2n—2

r_ 3.31
q m2n—2 +1 a2n—2 + b2n—2 ( )
ro-m"?+2m"+1 -a*?+2a"h"’+b*"?
== 2 - 2 | p2n-2 (3.32)
q mae+1 a" +b
Tu day suy ra,
2a"?b"?(a’ +b*)q
p+r= a2 2 4 pi2 (3.33)
n-2 _ |\n-2 n n
Dt = 2@ -b"")(@"+b")q (3.34)

a2n—2 + b2n—2

R&rang p+r and p—r lanhitng s nguyén khac zero.

Véi n 1a mot s 1¢ 1on hon 2, vi GCD(a® 2 -b*?,a*" 2 +b*"?)=1 va , boi dinh ly 2.14,
a2 +b? 1a mot ude s6 ciia a® 2 —b* 2, ta cd GCD(a’ +b? a*" 2 +b*?) =1 boi dinh Iy 2.3. Tir
(3.33) suyra a®"2+b?"? la mot wéc sb cia q. Hon nita, tir (3.31) va GCD(p,q)=1taco q
la mot wée s6 cua a®™ 2 +b*"2. Vi thé, boi dinh 1y 2.6

q=a*"?+p*? (3.35)

Tir (3.33), (3.34)va (3.35) ta tim duoc
p+r=2a"’h"?*@’ +b%) (3.36)

p—r=2@"?-b"?)@"+b" (3.37)



2 2

AT qéu te.

RG rang tatca cac sé p,q,r va

Mat khac néu xem (3.28) va (3.35) nhu la mot h¢ hai phwong trinh tuyén tinh hai an a®*?

b>"? va giai ra ta dugc

422 _ (p;(c;)gqr; r) (3.38)
22 — (pz—(c:))(_qr; r) (3.39)
Nhan vé véi vé hai biéu thire (3.38), (3.39),
2 2 2 2
a2 2p2"2 — (p ;(qP)_(?_)Z_ rY) (3.40)

réi nhan ca hai vé caa biéu thirc (3.40) véi 4(p—r)> #0 ta duoc

(P -q°)(@* ~1*) = {2(p—r)a" b}’ (3.41)

Thay gid tricaa p—r o trénvao (3.41),

(p2 _ qZ)(qZ _ r2) — {4an—lbn—l(an—2 _ bn—2)(an + bn)}2 (342)
Bay gio chung ta hdy viét lai didu kién (3.30) nhu 1a

2

9>+ (g - >+w>4p”) (3.43)

2 2

p-+r

Néu g - =0, nghia 1a p?—qg®=0q?—r?, thi tir (3.24) suy ra m? =1. Diéu nay trai véi
gia thiét ¢ trén.
2 2

2 2
Néu g° - P ;rr #0 thi bo bén {g,qz— p+T

2

p2 + r2
, pr, 5 s€ 1a mot b nghiém nguyén cua
phuong trinh x* + y* + 2% = w’.
Vi a?+b?, a"?2-b"? lan lugt 1a cac wéc sb cua a®™*+b*™*, a¥*-b™* va

GCD(a™* +b™*,a*"* —b**) =1, ta c6 GCD(a’+b* a"?-b"?)=1. Hon nita, vi a’+b? ,

a"+b" lan luot 1a cic udc s6 cua a®" +b>", a®" —b®" va GCD(a*" +b*",a*" —b*") =1, ta 6

GCD(a’+b%*a"+b")=1. Vi vay, ta co GCD(p+r p ) 1. Diéu nay dan dén

2

1) 1 Vivay , boi dinh Iy 2.16, n tai

GCD(p,r) =1. Bsi dinh Iy 2.10, ta c6 GCD(pr, >

cac s6 nguyén i, j,k,1 sao cho

g =2(jk+il) (3.44)



. pPar?

q - =2(ik — jl) (3.45)
pr=i*+j* -k’ -I? (3.46)

PPHrE 5 o o
="+ ] +k°+I (3.47)

Cong vé voi vé hai biéu thie (3.46), (3.47) rdi chia ca hai vé cua phuwong trinh nhan duoc cho
2,

(%)2 _ity 2 (3.48)

Xem (3.44) va (3.45) nhu 1a mot hé hai phuong trinh tuyén tinh cia hai 4n k,| va giai ra ta
duoc

20° - p*—r?. :

Aopor g
k= — (3.49)

1"+ ]

gi_zqz_ pz_rz J
| =2 4 3.50
i’ j? (350)

Tu (3.36) va (3.37) ta tim dugc
( p; r)Z — a.2n—4b2n—4 (aZ + b2)2 (351)
2% - (p+r)?+(p-r)°
2q2 B p2 — r2 2 N—2pN-2 f AN-2 n-2 n n 2 2

= =a"b" " (@a"“-b"")(@" +b")(a" -b") (3.52)

4 4

Tir (3.30) va (3.42), ta thu duoc
{4a" 0" (@"? —b"*)(@" +b") g} {4a"b" (@ * ~b"*)(@" +b") + g} =0 (353)

Néu 4a™'b"*(a"2-b"?)@"+b")=g thi tir (3.48), (3.49), (3.50) (3.51) and (3.52)ta tim

duoc

(@"* -b"*)(@" +h"){(a’ —b*)i+ 2abj}
an—an—Z(a2+b2)2

k = (3.54)
(@"* —b"*)(@" +h"){2abi - (a’ —b?) j}

I =
a.n—an—Z (aZ + b2)2

(3.55)

Vi GCD((a"*-b"?)(a" +b"),a" %" ?(a”* +b*)*) =1, tir (3.54),(3.55) bagi dinh ly 2.4 tacé



(a® —b%)i+2abj = ha"*h"2(a* + b?)? (3.56)
2abi—(a? —b?) j = h,a"?"?(a’ +b?)? (3.57)
trong d6 h, va h, 1a nhiing sé nguyén khac zero.
Binh phuong ca hai vé ciia biéu thirc (3.56),
{@ —b2)i}2 +2(2abj){(a® —b?)i} + (2abj)* = h?a’ *b*"*(a® +b%)* (3.58)
Binh phuong ca hai vé cuia biéu thirc (3.57),
(2abi)® - 2(2abi) {(a® ~b*) j} +{(a® ~b) j}2 —h%a*"“b*"*(a? +b?)* (3.59)
Cong vé vai vé hai biéu thie (3.58),(3.59) ,
{(2ab)* +(a® —b)*} (i” + j°) = (h +h,?)a”*b*"* (@’ +b?)* (3.60)
Tur (3.48), (3.51) and (3.60), chiing ta dé tim ra
h?+h?=1 (3.61)
Diéu nay vo ly !

Néu 4a™h"(a"? —b"?)@" +b")=—g thi tr (3.48), (3.49), (3.50) (3.51) and (3.52) tatim
duoc

(@"* —b"?)(@" +h"){(a’ —b*)i - 2abj}

‘- a" " (a? +b7)’ (362
-2 pn-2yian L pn s
B i) 6
Vi GCD((a"*-b"?)(a" +b"),a" %" ?(a”* +b*)*) =1, tir (3.62),(3.63) bsi dinh Iy 2.4 ta ch
(a® —b?)i — 2abj = h,a" %" ?(a® +b?)? (3.64)
2abi + (a® —b%) j =h,a"*h"?(a® +b?)? (3.65)
trong d6 h, va h, 1a nhitng s6 nguyén khéc zero.
Binh phuong ca hai vé cuia biéu thirc (3.64),
{@ —b2)i}2 —2(2abj){(a® —b?)i} + (2abj)* = h’a™ *b*"*(a’ +b*)* (3.66)

Binh phuong ca hai vé cuia biéu thirc (3.65),



(2abi)® +2(2abi) {(a® -b*) j} +{(a’ ~b )j} h,2a®"*h*"*(a? +b?)* (3.67)
Cong vé vai vé hai biéu thic, (3.66), (3.67),
{(2ab)’ +(a® =b%)*} (i* + j°) = (h +h,”)a*" ™ (a* +b°)* (3.68)
Tur (3.48), (3.51) and (3.68) ,chiing ta dé tim ra
h2+h?=1 (3.69)

Diéu nay vo ly !

Véi n=4, (3.31), (3.33) va (3.34) tré thanh,

a® +2a’h* -b°
212 (A2 2
pir=22 baﬁ"jt;b ) (3.71)

_ 2(a>-b?*)(a* +b*)q

3.72
a® +h° (3:72)

Vi a’-b* 1a mot uwdc s6 coa a®—b® va GCD(a®-b® a®+b®)=1, ta ¢
GCD(a? —b?,a° +b°) =1. Hon nita, vi a*+b* , a®+b°® lan lugt la cac udc sb cua a' +b*,
a” —b” va GCD(a”-b",a” +b") =1, ta c6 GCD(a“+b*,a®+b®)=1 . Tu (3.72) suy ra
a®+b® 1a mot wdc sb cua q. Hon nita, tir (3.70) va GCD(p,q) =1, ta thdy g 1a mot ude sd
ciia a® +b°®. Vi vay, bédi dinh 1y 2.6 ta co

g=a’+b° (3.73)
Tu (3.71), (3.72) va (3.73) chung tatim ra
p+r=2a’h’(@+b%) (3.74)

p—r=2(a’-b*(a"*+b") (3.75)

RO rang GCD(p+r p ) 1. Didu ndy din dén GCD(p,r)=1. Bai dinh 1y 2.10, ta co

2 2

GCD( pr, ) =1. Tuong tu, truong hop ndy ciing din dén mau thuin boi nhitng 1ap luan
d& dugc dung trong chirng minh cua trudong hop trude.

Dinh ly d& dugc chirng minh [



