64 3.3. Mot sb bai toan va Vi du minh hoa

Vay ta co6:
g (2n)! A 2n)12mn(n+1)...(n +m —1)
2n.ml(n —m)! 2n.ml(n —m)!(2m — DI(2n — 1)!!
22 n(n +m —1)!
= |
(2m)!(n —m)!
Bai toan 3.4. Ching minh dang thaitc:
2
n
N
2n\  (2n)!(2n + 1)!
k=0 (2k + 1
(2K + )(ka) A

Nhan zét. Day 1a mot bai toan rat kho! Tudng nhu ngoai cach gidi
bang ham sinh v& kién thitc vé chudi ham luy thita, thi khong c6 mot
phuong phép so cap nao co thé tiép can dugc bai nay!

Tac gid da kha “may man” khi tim dugc mot 15i gidi bang SPTP 3.2
sau day:

Loi giai.

Truée hét ta dua tong can tinh vé dang:

n 2 n - |
zn: (k) )kznﬂ (k> 1(2k)!(2n — 2k)!

k=0 (2k + 1) @Z kl(n — k){(2n)!(2k +1)

(Z) 1281 (2k-1) 127K (k) (2n-2k—1)!!

I
M:

kl(n—k)!(2n)!(2k + 1)

B
Il
o

n

~ (2n)! kzzo 2% + 1
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2.2. Ung dung s6 phiic 29

Loi giai.
Xét cac khai trién

(2n> (V3 kgh

B
+
=
[
S
I
) wa
S 8 S

T =

wW

2n 2n 2n 2n
n 377.71 2 3n72 4 2n
< 0 ) + x ( 9 ) + 7y + .o+t o

[(x/§ +2)" + (V3 - z)ﬂ

NN

Chon z = ¢ thi

2n
(V3 +1) =220 (cos% + ¢sin %) = 2" (cos n—; + isin %)

2n
(V3 —i)m =22 {cos (67r) + isin ((;Tﬂ =2%n (cos n?w — isin n%)

Suy ra A = 22" cos nr

V6i n = 2m, chon z =1 thi

4m 4m 4m 4m 4m
A/ — 2m 2m—1 3m—2
3 (O)+3 9 +3 4 +...+3 A — 9 + Am

— 22m71[(2 + \/§)2m + (2 _ \/§)2m]
dm dm 4m dm 2mm
__a2m _ 92m—1 2m—2 _ 4m
A=3 (O) 3 <2>+3 (4>+...+<4m) 2 cos—3

Do do

A4+ A 2
B= J; = 22724+ VBT 4 (2- VBT 44 s T8 g
Chuyén dé Ding Thicc T6 Hop A DIEN DAN TOAN HOC
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2.2. Ung dung s6 phiic

Vi du 2.11. Ching minh

(6)+ ()~ (5) = (5)
() )+ () () +
(5)+ ()= (5) + (1) +

Loi giai.
Ta co:

(2” + 2 cos %l)

-2
2”+2cosn3 7T)

—4
<2n+2cosn3 77) A

Wl Wl Wl

¥ ¥

1+ cosp+ising = 2cosf (cos—+isin—)

2 2 2

2 2
Datszcos?ﬂ'—l—ising,tacésk:1<:>k:3mva

1+6%+e% =

v6i moi k khong 1a boi cia 3.
Xét cac khai trién

1— g3k

1 —¢ek =0

9n (1+1)"=<g +<T>++(nﬁ1)+(z>
X n

arar = (o) +e(})+
(1+e)2 = (g)+52<?)+...

Ta co:

2 2m\"
(I+e)" = (1+cos;+isinﬂ) :2”COS”§ (cos@—i—isinm)

3

3 3

4 4 \" 2 2 2
(145" = <1+cosﬂ+isinﬂ> = 9" cos™ L <cosm+isinm>

3 3

T ™m .. nmw
= 2" cos” 3 (cos — —gsin —)

3

3 3 3

DIEN DAN TOAN HOC A
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3.3. Mot sb6 bai toan va Vi du minh hoa 63

Tuong tu
)l (i)
[(% n 1)!!((2;)f 2k — I | —

(=) (=1)"
(2k +3)11(2n — 2k — 3)!!  (2k + 1)!1(2n — 2k — 1)!!
(=11 (2n +2)

(2k +3)11(2n — 2k — 1)1l

Ap dung SPTP 3.2 cho Aq, ta dugc:

m

B 4 f{m—2 (—D*
A= (-1 (k - 1) @2k + D)0 — 2k — DN,

& (m-2) (DR et 2)
(") |

2 k) @k +3)1@2n—2k— )N
. (m—2>
= @n+2) 22 @kt 3)!!(2Z ok — 1)
=(2n+2)A,

... Tiép tuc qua trinh trén cho dén khi, ta dudc:

m—m
k 1
= -
— (2k +2m — D)I2n -2k — 1! (2m — D!(2n — 1)!!
Tit cac dang thic trén suy ra:

2" nn+1)..(n+m—1)
A=(2n)2n+2)...2n+2m —2).A,, = @m = 1)li(2n — )1

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



62 3.3. Mot sb bai toan va Vi du minh hoa

Xét tong:
A= kio 2k — 1 ugi>2k1)
Ta c6
(—1)k<7]’§> —A [(_1)k 1(k _11>]
A[@k‘lwgifzk—nu =

B (_1)k+1 (_1)k

T 2k+ D120 — 2k —3)!  (2k — 1)!(2n — 2k — 1)!!
_ (=1)*1(2n)

2k 4+ DN (2n — 2k — 1!

Ap dung SPTP 3.2 cho A, ta dugc:

m+1

B L (m—1 (—1)k
A= (-1 1<k - 1> 2k - D20 — 2k — 1)1, _,
= -1 (—1)k1(2n)
Z{ ( )'(2k+1)!!(2n—2k—1)!!]

o )

2k + 1)!I(2n — 2k — 1)1

k=0
= (2n)A1

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

2.2. Ung dung s6 phiic 31

Goi vé trai cac ding thiic can ching minh lan lugt 1a Sp, S, Ss thi

31 =(1+1D)"+(1+e)" + (1 +&%)" =2"42.2"cos" gcosn?ﬂ
Hay
n n n 1 nmw
== (2742 —)
<0)+(3>+(9>+ 3( + 20083
381=(1+1)"+*(1+¢e)" +e(l+e*)"
=97 +¢2 (cosn——l—z&nn—)—i—e cos%—ﬂ—i—isin%—n
B 2 3 3 3
Suy ra

(0 ()- (i oo

= 9"¢? (COS nr + i sin mr) + e | cos 2nm + isin 2nm
B 3 3 3 3

() () () () g (ronmtsie)

Nhan zét. Diém mau chot ctia 161 giai 1a sit dung tinh chat cin bac 3
cia don vi va cong thitc Moivre. Ching ta xét them mot vi du nita dé
lam r6 hon nita cach gidi dang todn nay (Hoan toan tuong tu cho 16i
giai bai todn tong quat).

Suy ra

Vi du 2.12. Tinh tong

S=(")+ (M) + (") + () +

~\o 6 12 18) 7 A
Loi giai.

Khoang cach ctia hai chi s6 trén lién tiép 14 6 nén xét s6 phiic

27r+, .27 7T+, LT
€ =Cc0S— +18in — = cos — + ¢sin —
6 6 3 3

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



32 2.2. Ung dung s6 phiic

Ta thiy €* = 1 khi vA chi khi & 1 boi cfia 6, va v6i moi k khong chia
hét cho 6 thi
1 — bk

1ok o2k 3k 4k 5k _ =0
— &

Ta co:
A+1D)"+A+e)"+(1+H"+ 14"+ A+ + 1+ =68

3 6—p

R()rangézcosg—ising,e =—1vae®=1=czEnene =¢
Do dé:
(1 +£5)" =1+ 1+ 54)” =(1 +E2)”
14+e = \/g(cos%—i-isin%)
s s
l+z — 3( T 7)
+ée \fcos6 zs1n6
s T
1+ 2 _ T tisins
€ 0083 zsm3
T T
1+72 _ T}
€ cos3 281113
Suy ra

65 =2"+(14e)"+(1+8)"+(1+H)"+ (1+&)"
=2"+ (V3)" (cosT +isinT> + (V3)" (cosT +zs1nT>

6 6 6 6
= 2" +2(V/3)" cos % + 2cos %
Vay ta co:
1
S = 3 [2"*1 + (V/3)" cos % + cos %} -

Vi du 2.13. Tinh tong

B () () e

Chuyén dé Dang Thic TS Hop
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3.3. Mot sb6 bai toan va Vi du minh hoa 61

...Tiép tuc qua trinh trén cho dén khi, ta dudc:
= (” . ”) 2k — )20 — 2k — (2n + D) = 1
k=0

Tit cac dang thic trén suy ra:
A=(2n)2n —2)..2.4, =2".n!

Vay ta co:
A n
S=—.-A=4 -

n!

Bai toan 3.3. Vdi cdc s6 tu nhién m,n thod méan n > m
Chatng minh rdng:

> (50) (n20) = oo 2t A
Lo giai.

Tu tuéng bai nay hoan toan tuong tu bai toan trén.
Ta phan tich dé bai du6i dang:

" /on n—=k
5= (2k>(m—k>
k=0
I

_ (2n)!(n — k)!
B z} (2K)!1(2n — 2k)!(n — m)!(m — k)!

(2n)!(n — k)!m!
z_: 2k k(2K — 1)NN2n—F (n — k)!1(2n — 2k — 1)(n — m)!(m — k)!m!

‘ ()

31

_Z"m'n— 'kz_o 2k — 1)11(2n — 2k — 1)!!
__ @

2n.m!(n —m)!

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



60 3.3. Mot sb bai toan va Vi du minh hoa

Ta co:
k’(") 2o ()
DRk 120 2k 1)"] (2n) (1)1 (2k— )12 2k 3)!

Ap dung SPTP 3.2 cho A, ta dugc:

n+1

b
I
—

_1\k—1 n—1 _ 1)k — 120 — — 1M
) <k_1>( 1k 2k — 1)1(2n — 2k — 1) .

SNy <" . 1) (2n) (=1)F1(2k — 1)11(2n — 2k — 3)!

= (2n) (” . 1) (2k — 1)l1(2n — 2k — 3)!!

Tuong tu:

(—1)’“(" . 1) =A {(—m1 (Z B m
A [(-1)’6(% —1)N(2n — 2k — 3)!!} _
= (2n — 2)(=1)*1(2k — 1)11(2n — 2k — H)!!

Ap dung SPTP 3.2 cho A, ta dugc:

n

Ay = (—1)k! (Z B f) (—1)F(2k — 1)!1(2n — 2k — 3)!!

k=0
- S(—U’f <" . 2) (2n — 2)(=1)"1(2k — 1)11(2n — 2k — 5)!!
k=0 o,
=(@2n-2)) <” . 2) (2k — 1)11(2n — 2k — 511
k=0
=(2n —2)A
DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop

2.2. Ung dung s6 phiic 33

Loi giai.
Trudc tien ta phai ding dao ham dé cé dugce hé s6 ding trude t6 hop.
Xét da thiic

flz) = (1+2)% = (8(?) + an (Z) o

k=1
= f'(z) = 8n(1 + z)*""1 = Zk()

Lai nhan véi = ta dudc g(z) = Sna(1 + z)% ! Zk( ):L’k Nhan
thay 75 chinh 1 phan 4o cta
g(i) = 8ni(1 +9)%" "1 = 4n. 16" + 4n.16™i

Do d6 Ty = 4n.16™
Tuong tu ta diing dao ham 2 lan dé tinh tong

92 <82") — 42 (T) + 62 <8g‘) — o (80)? <ZZ)

()£

8n
8n—1 8n\ k-1
= 8n(1+ z) —Zk<k>x
k=1
8n 8n
& 8na(1 4 z)8" 1 = k:< i >ﬂ?k
k=1
8

= Sn(l+2)¥2(1 4+ 8nz) = ; k2 (8]?> gkt

8n Sn
& Snx(l42)%"2(1 + 8nz) = k:2<

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



34 2.2. Ung dung s6 phiic

Tong can tim chinh 1a phan thuc cta

f(3) =8nf(1+3)*2(1 + 8ni) = 16" + 128n>.16"%. (]

Vidu 2.14 (T7/248-THTT).
Chitng minh ddng thic sau vdi n la s6 nguyén duong:

2 2

> )| <2 )| -

0<2k<n 0<2k+1<n

L& gidi.
Xét s6 phiic z = 1 + i, sit dung khai trién nhi thitc Newton ta c6

:(1+i)”:iik<z>

k=0
n n
= —1)k . —1)*
2. (D) <2k> T, (D) <2k+1>
0<2k<n 0<2k+1<n
Lay module hai vé
2 2
n n n
e[z [z
0<2k<n 0<2k<n
Mat khéac:
2" = [\/5 (cos% +isin%)]n = V2" (COS% —I—isin%r)

Tir d6 ta c6 |2"|? = 2", la diéu phai ching minh
Chii yj: Néu s6 phiic z = cos ¢ + isin ¢ thi:

2" = (cos ¢ + isin )" = cosny + i sin np

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

3.3. Mot sb6 bai toan va Vi du minh hoa 59

Nhan zét. Bai nay ta khong thé dem ca biéu thiic lay tong ma sai phan

duge, khi dé tong thu duge con phiic tap hon nhiéu!

Diéu tuong ti ciing xay ra khi ta dem sai phan cac thanh phan.

Vay ta phai lam thé nao?

Y tudng la ta sé bién d6i dé bai dé lam xuét hien mot biéu thic sai
n

phan quen thugc: (—1)* <k>

Lo giai.

Dé ¥ ring:

(2n)! = [1.3...(2n — 1)].[2.4...(2n)] = 2".n)(2n — 1)l (n > 0)

Con néu n = 0 thi: 1 = 0! = (2.0)! = 2°.0!1(2.0 — ! = (=1)!!
Ta viét lai tong da cho dudi dang:

=2 (00
- ;": k! /i I(n o (2/:3_(712]?/{;)!

27 n!(2n — N2 (n — k)!(2n — 2k — 1)!!
Ek!(n — k)l(n — k)!

i "(2k — )!(2n — 2k — 1)!In!
kl(n — k)n!

== <Z> (2k — 1)l1(2n — 2k — 1)1

V6i tong:

A= zn: <Z> (2k — D120 — 2k — )

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



58 3.3. Mot sb bai toan va Vi du minh hoa

2n

khi do
(W
Dé tranh diéu dé xay ra ta can phai tinh tach rieng s6 hang cudi.

Ta co6: A
n
2n—1 (—1)k< >
—2k—1
k A 2k

S=1+), n 2n
()

k=0
k

) = 0 khi k£ = 2n va phan thic khi d6 sé khong xac dinh!

. 2k —1 1
Dé dang tinh duge A <k> -
4n 2n

Bay gio, ap dung SPTP 3.2 thi ta dugc:

An\ 72" 4n
-1 k - -1 k+1
k-1 Y <2k> mt g (2D <2k+2>

1 _ .
S in <2n> o ( o >
k=0
k 0 k+1
4n
1 (=1 k+1
T = <2k:—|—2>
R DY
4dn dn  2n = 2n
k+1
4dn
1 & <_1)k<2k>
k=1
k
g1 (Them bét s6 hang k = 0)
=5 o™ ém s0 hang k =
T do6 suy ra
-1
2n —1 |

Bai toan 3.2. Ching minh ding thic:
Z”: <2k) (2n - 2k:> _
=0 k‘ n — k‘ A

DIEN DAN TOAN HOC A
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2.2. Ung dung s6 phiic

35

n

(cosp + ising)" = Z (—1)* <2k> .cos" % psin?*
0<2k<n

+ 1.

0<2k+1<n

Do d6 lay module hai vé ta co:

0<2k<n

+ > (-

0<2k<n

n

(2k+1

2

Z (—1)* <272> cos" 2 psin?t

i .
Xét p = 1 ta c6 ket qua bai toan treén.

Xétgo:gthicoszzf,

3

0<2k<n

1
2

3 (-3 (;{) +3

Vi du 2.15. Chiing minh rdang

neN 2 1]
Z <k> coskx = Z
k=0 k

Loi giai
Dt

n 2 n
A, = . <Z> cos kx, anz

k=

- (

n

)

™

3

0<2k+1<n

2k
k

V3

sin — = —
2

)

k=0

2

>' COSniQkil @Sln2k+1 (,0 — 1

nén ta c6 ding thiec:

)\ 2
(k:) sin kx

Chuyén dé Déng Thic Té Hop
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36 2.2. Ung dung s6 phiic

Ta co:

n

2
A, +iB, = Z (Z) (coskx + isinkx) =
k=0

n

k=

2
<Z> (cosz + isinz)*
0
Xét he s6 ™ tit hiing ding thitc (1+y)" (14 2y)" = [1+ (1+2)y + zy*]"

ta co |
n\ (n\ ; n! I s
2 <k>(l>z = D gmm T
k+l=n

k+l4+s=n
0<k,l<n 0<k,l,s<n

Hay viét lai dudi dang

n 2 L5
kz_o <Z> o= > <;€> (2:) (24 1) 22

[E—

Xét z = cosx +isinx thi . . .
l+z=1+cosx+isinx =2cos - (cos—+isin§> nén véi x € [0; 7]

2 2
ta co
n n 2
A, +iB, = Z (k) (cosz + isinz)*

k=0

n n 2
> ()

k=0

|5]
_ n\ (2k n—2k _k
_Z<2k><k)(z+1) z

k=0

L] n\ (2k x\n—2k x(n — 2k)
= (2 cos —) cos

2k k 2 2
k=0
— 2k
+isin z(n 5 ] (cos kx + isin kx)
—k_o ok )\ & .CO 5 co 5 1sin 5
DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

3.3. Mot sb6 bai toan va Vi du minh hoa 57

Nhan zét. D61 véi bai toan nay ta rat khé doan biét duge dau sé la
Af(k) dau sé la g(k) trong biéu thic 1ay tong.

Trong da sé trudng hop nhu vay, ta phai tiép can bai toan biang cach
gia tinh sai phan Af(k) trudc!

f(k) c6 thé 1a mot thanh phan (phtic tap nhét) hosic toan bo biéu thiic
lay tong.

Trong trudng hop nay ta sé tinh Sai phan ctia ca biéu thic lay tong.
Li giai.

Ta co:

A (_1)k<32) :(_1)k+1(2k4i2> (_1)k<32)
SN AR
Mo o) (o)

2n —k (2n 2n
k+1 \ k k

— (_1)k+1

(—1)F+14n (gg)
) (2k +1) (21?)

Nhu vay la sau khi ta lay sai phan ciia toan bo biéu thic lay tong ta

. . 4n
duge mot bieu thic mdéi, “thira ra” mot nhan ti <_2k+1>

Nhung néu ta viét:

4n
—2k—1 2k
S = kg . in A

2n
k
thi khong 6n, vi sao?
Vi khi 4p dung SPTP thi biéu thiic trong dau A sé thay k béi k + 1,

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



56 3.3. Mot sb bai toan va Vi du minh hoa

e Nhu vay ta co:

m+n+1 N (mt+n+1
S(m’")+8("’m)_z<m+1+k>+z<n+1+k>
k=0 k=0
= m+n+1> = (m—i—n—i—l)
- +Z
‘ 0( n—=k Pt n+1+k

k=0 k=n+1
(Déo chiéu) (Tinh tién n + 1)
m+n+1
1
k
k=0
2m+n+1 .

Qua nhitng vi du trén chic han céc ban da dugc thay viec ap dung
linh hoat phuong phap SPTP c6 hiéu qud manh nhu thé ndo. SPTP
sé bién déi dugce tit mot téng td hop phiic tap tré thanh mot téng don
gidn hon va duong nhién ciing dé tinh toan va tim ra két qua hon.
Bén canh viéc tinh toan thong thuong, mot so bai toan ta co thé dé
dang tim dudce dang khai quat hon tit dé bai, khi quan sat dude syt thay
doi ctia téng méi sau mot bude ap dung SPTP.

Sau day 1a mot s6 bai toan kho, duge ap dung phuong phap SPTP 3.2
dé giai.

Bai toan 3.1. Tinh tong:

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

2.2. Ung dung s6 phiic 37
Vi thé
Wy )
n = ok A cos 5 cos 5
k=0
n = o i cos 5 sin 5
k=0
Vay ta c6 dpcm. [ |
Nhan zét. Theo két qua trén thi
n 2 L%J
2k n—2k
Z (Z) sinkz = Z <2T;€> ( k> (2 cos g) sin %
k=0 =
Néu z = 0 thi
“/n\? _ L] n\ (2k gn—2k _ 2n
k 2k k n
k=0 k=0
Néu z = 7 thi
n n\ 2 0, n=2m-+1
_1)* — n N
Z( ) <k) (—1)2<n> n=2m me
k=0 n
2
Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



38 2.2. Ung dung s6 phiic

Bai tap
BA1 1. Cho n,k 1a hai s6 nguyén duong v6i n > 2k + 1, chiing minh
rang:

j=0 m=
n 2" b mr \" mnmw
b =— (1+2
) Z(ﬂk) TP (COS 2k+1> okt 1
7=>0 m=1
c) (Téng quat)
k—1
= — cos— | c¢
= (j +rk k = k

BAI1 2. Cho cac day sb ay, by, ¢, duge xac dinh theo cong thic:
an= (") (D)4 (7)) +
" \o 3 6)
b= ")+ (") (0) +
" 1 4 7) "

e (" n n L n L
n 2 5 8 e
Chitng minh rang:

a) ad 4+ b2 + 2 — 3a,byc, = 2"
b) afl + bfl + ci — apby, — bpcy, —anc, =1

BAI1 3. Cho s6 nguyén duong n va cac sé thuc x,y. Chitng minh ring:

a) Z <Z> cos[(n — k)x + ky] = 2" cos” * g Y cos n(:c2—|— v)

k=0

b) kZ:O (Z) sin[(n — k)z + ky] = 2" cos™ z ; Y sin n(x2+ v)

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

3.3. Mot sb6 bai toan va Vi du minh hoa 55

Ap dung SPTP 3.2 hoan toan tuong tu cho téng S(mn,1)

Stmn1) = =2 < m+ 2

n +T§2k<m+n—k‘>
k=0 1= m+ 2
—2
m+n+1 —.op(m+n—k
= 2
(o) 2 (M)

m+n+1
= m+ 2 + S(m,n,?)

... Thuyc hién lién tiép qua trinh trén dén khi

m4n+1\ = /m+n—k
S ) = 2
(m,n.n=1) ( m+n >+kz_:0 m+n

m+n+1 n m+n-+1
m+n m+n+1

Tt cac dang thic trén, suy ra:

m+n+1 m+n+1 m+n+1
+ ..+
m+ 1 m+ 2 m+n+1

B (m+n+1)
Pt m+1+k

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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T két qud do, chimng minh:

Stmm) + Snmy = 27 A

Nhan zét. Bai toan nay la su két hop gitta cac phép bién doi tong dai
s6 va ap dung SPTP 3.2.

Lo gidi.
e Tir dé bai ta c6: (ddo chiéu lay tong)

- +n—k " m+n—=k
— N ok =\ ok
S G B

k=0

Phan tich sai phan:

m+n—=k B m4+n+1—=k B m+n—=k
m - m+1 m+1

[

Ap dung SPTP 3.2, ta dugc

A(2F) = 2F

m+n+1-—k ntl " m-+n-—k
— ok ok
Stmm) ( m+ 1 > k:0+kzo m+1

_(mtn+l +§2k m+n—k
m+1 prt m+1

m+n-+1
= < 41 >—|—S(m7n’1)

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop

2.2. Ung dung s6 phiic 39

BAI1 4. Cho khai trién (x2 + 3z + 1)10 = ag+ a1z + asx® + ... + azz?’.
Tinh téng

a) Ty =ag+as+ag+ ...+ ag
b) T2:a1+a5+a9+...+a17

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



3.3. Mot sb6 bai toan va Vi du minh hoa 53

Loi giai.
Mot cach quen thudc, ta phan tich:

o))
A [(—l)k cos(z + Qk)] = (=) cos(z + 2 4 2k) — (—1)* cos(z + 2k)
= (—=1)**12cos(1) cos(z + 1 + 2k)

Ap dung SPTP 3.2, ta dudc
Sinz) = i " cos(z + 2k)
n,r k

k=0

— (—1)k-! <Z - D cos(x + 2k)

n+1

k=0

_ 3 k(T ) Lk cos(1) cos(z
> 1)( . >( 15412 cos(1) cos(w + 1 + 2k)
n—1

n—1
=2 1 1+ 2k
cos( )Z < " )cos(x+ + 2k)
k=0
= 2008(1)5(71—17:1:-&-1)
Do dé:
Stney = 2¢08(1)S(n_1,041) = 2? 0052(1)S(n—2,x+2) =...=2"cos"(1)S(0,0+n)

= 2" cos™(1) cos(z + n) [ |

Vi du 3.9. V§i cic s6 nguyén duong m,n

Dat:
% n—k m+k
sy =22 (" )
k=0

Chatng minh rdang:

g - (m+n+1>
(myn) =
— m+1+k

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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Lo gidi.
Ta viét lai tong da cho dudi dang:

gy ) gk

Gr1)(k+2) £ (n+1)(n+2)

k 0 k=0

() =[G
Ak)=k+1-k=1

Do dé ta co:

—_

Ap dung SPTP 3.2, ta dugc

(n+1)(n+2)S=> k(1) (Z I ;)

k=0

T do ta co:

Vi du 3.8. Chitng minh rang:

> (Z) cos(w + 2k) = 2" cos" (1) cos(z + 1)

k=0 A

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop

Chuong

Tinh tong,

chitng minh DTTH
bang phuong phap
Sai phan ting phan

3.1  Sai Phan (Difference) 42

3.2 Sai Phan Timng Phan 43

3.3 Mbt sb bai toan va Vi du minh hoa 44
3.4 Bai tap tu luyén 68

Nguyén Béo Phic (dark templar)
Tran Quoc Nhat Han (perfectstrong)
Hoang Xuan Thanh (hxthanh)

Tém tat ndi dung

Sai Phan Ting Phan (tén goi do tac gid tu dit) con duge biét dén
Véi cai ten Summation by Parts. Day 13 mot phuong phép tinh tong c6
cau tric gan giong v6i phuong phap Tich Phan Ting Phan (Integration
by Parts). Sai phan ting phan (SPTP) la mot trong nhitng cong cu so
cap khé hieu qua trong céc bai toan tinh téng hitu han. Trong khuon
khd bai viét nay, tac gia mudn gisi thieu dén ban doc mot trong nhitng
ung dung ctia SPTP dé6 la:

St dung phuong phap SPTP trong cic bai toan tinh tdng hoic ching
minh dang thic T6 Hop.

41



42 3.1. Sai Phan (Difference)

3.1 Sai Phan (Difference)

Dinh nghia 3.1 (Sai Phéan)

Cho day (k) : {f(1), £(2), ., f(k), F(k +1),..}

Khi d6 day Af(k) : {f(2) — f(1), f(3) = £(2), ., f(k + 1) — F(k), ..

dugc goi la Day Sai Phan cua f(k)
Mot cach don gian, ta goi:

Af(k) = f(k+1) = f(k)
la Sai Phan (cap 1) cta f(k)
TiNH CHAT 3.1 (CO BAN)—

A(C) = 0 (C = const)
A[Cf(k)] = CAf(k) (C = const)
Alf(k) +9(k)] = Af(k)+ Ag(k)

DINH LY 3.1 (TONG SAT PHAN)-

b+1

b
DOAf(R)=f(k)| = fb+1) - fla)
k=a

k=a

Chdng minh.

b

Y OAf(k) = [fla+1) = f@)] +[fla+2) = fla+ )] + ...

k=a
+[f(o+1) = f(b)]
=f(b+1) = f(a)

DIEN DAN TOAN HOC A

Chuyén dé Dang Thic TS Hop

3.3. Mot sb6 bai toan va Vi du minh hoa

51

Ap dung SPTP 3.2 cho S, ta dugc

n—1
n—1
=Z< i >Fk+2
k=0
:Sl

Hoan toan tuong ty ap dung SPTP 3.2 cho S1, ta duge

n—1

-1
51—Z<nk )Fk+2

k=0

S (g [

n—2
n—2
:Z( i >Fk+4
k=0

Sau n buéec ap dung SPTP 3.2, cudi cling ta thu dudc:

n n—1
- Z(_l)k <n ; 2) (—1)k+1Fk+4

n—m
n—mn
S:Slz...:Sn:Z( ) >Fk+2n:F2n
— |
k=0
Vi du 3.7 (dark templar). Tinh tong:
n k(=1)F <Z>
5= e
2
Pt k*+3k+2 A
Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



50 3.3. Mot sb bai toan va Vi du minh hoa

Ap dung SPTP 3.2 cho 57, ta dudc

o 2(=1At n—2
1= (2k + 3)(2k + 1) (k—l)

n

k=0

> n-2 —2.4
— kzo(_ )k( k > (2k +5)(2k + 3)(2k + 1)
S n—2 2.4
= kzzo(—l)k< k > (2k +5)(2k + 3)(2k + 1)
=S,

- Tiép tuc qua trinh trén, cudi cuing ta thu duge:

~— 2.4...(2n)
S=S=..=8, =S (1" "
! kzzo( ) ( k) (2k+2n+1)(2k+2n-1)...(2k+1)
o (@2n)n -
C (2n+ D!
Vi du 3.6. Cho day Fibonacci
F() = 0; F1 =1
Fn+2:Fn+1+Fn7 (TLZO)
Chitng minh dang thic:
S = (Z) F = Fy,
k=0 A

L&i gidi.
Dé ¢ ring: (—1)*.(=1)* =1 nen ta cé:

() sl (7))

A [(—1)%} = (DM B — (“1)FF = (1) F

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

3.2. Sai Phan Timng Phan 43

Vi du 3.1.

n

sz _ i(zkﬂ _9ky = zn:AQk
k=0 k=0

Theo 3.1 ta cé

n

Vi du 3.2. Vi s6 n la s6 nguyén duong

3 O N ]
-2l ()]

(G0

3.2 Sai Phan Ting Phan

Dinu Ly 3.2 (SPTP)-

b

> g(k).Af(k) = g(k) f(k)

k=a

n+1
=0
k=0 A

(]
>
| —
—
—_
N—
B
L
VRS
> 3
.
—
~~
| I
I

k=0

Chdng minh.

bat h(k) = g(k).f (k)

Ta co:

AR(k) = gk + 1).f(k+1) - g(k).f
=gk +1).f(k+1) - ( )-f
= f(k+1)Ag(k) + g(k)Af(k

()
(k+1)+g(k)-f(k+1) = g(k)f(F)
)

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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Lay tong hai vé tit @ dén b, ta dugc:

b
> glk).Af(k) =Y Ah(k) =) f(k+1).Ag(k)
k=a k=a k
b+1 b

=g f(R)| =) flk+1).Ag(k) u

b b

a

Truong hop g(k) =1 ta ¢6 duge hé qué 1a cong thic 3.1

Van dé ctia viéc tinh téng bing phuong phap SPTP 3.2 1a phai “nhin
thay” sai phan Af(k) trong biéu thic lay tong ma dé bai cho. D6 qua
thire 1a mot diéu khong hé don gidn va hét stc thi vi clia phuong phap
nay!

3.2.1 M6t s6 sai phan thudng ding

ok = A(2F) (3.4)
k= A_aa_kJ (a #1) (3.5)
mkm=L = A(:km) (3.6)
C0t(y) = sl (G0 (3.7)
("27) = 26 6

3.3 M@t sb bai toan va Vi du minh hoa

Vi du 3.3. Tinh tong:

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

3.3. Mot sb6 bai toan va Vi du minh hoa 49

Nhan zét. Phai néi 1a ta da gip may man khi tiép can bai nay theo
cach thit hai. Trong da s6 truong hop, viec “nhin thay” sai phan tit biéu
thiic 1ay téng mang yéu td quyét dinh xem c6 thé giai bai toan theo
phuong phap SPTP dugc khong!

Vi du 3.5. Tinh tong:

k1 A

oy )
k=0

Loi giai.
Ta co:

)7 () sl

A - _ __
(2k+1) 2%+3 2k+1  (2k+3)(2k+1)

Ap dung SPTP 3.2 cho S, ta dugc
e N N L n—1 —2
2k+1 \k—1/|,, = k) (2k +3)(2k + 1)

ks n—1 2
:Z(_l)k< k )(2k+3)(2k:+1)

Tuong tu, ta co:

'(,1)’“ (n];1> . (7’22) + (1) <Z‘i)
A 2 2

NERG)

(2k+3)(2k +1) (2k+5)(2k42ri)) (2k +3)(2k+ 1)

(2k + 5)(2k + 3)(2k + 1)

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



48 3.3. Mot sb bai toan va Vi du minh hoa

Quan sat sy thay ddi ctia tong sau 1 lan ap dung SPTP thi ta thiy

rang, néu dat:
p B - e ™ m+ k
st =20 (") (")

k=0

roi 4p dung SPTP 3.2 nhu trén ta sé co:
((m+Ek\ _ (m+k+1\ (m+k _Al(mTt
m N m+1 m+1) m +
_ k(™ _ (_1\k+1 m k[ ™
agty =a et )] = ()=o)

= (1)t (”” '

n—=k

Theo 3.2 ta dugc:

Stmm) = (:1’;5)(_1)’“(””_%]{;) k=0
- é(—l)k“ (e
kfj_g(—l)’“(ff DI

o
_S(

n+1

m+1,n)

Tu do ta co:

— < _ o o = k 0 0—|—k‘
S =Sl = Sno1m) = =Slomy = >_(~1) (n g 0

k=0

(Chi ¢6 s6 hang cudi cung khac 0)

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

3.3. Mot sb6 bai toan va Vi du minh hoa 45

Loi giai.
Ta co:

n+k _ n+k _ n+k+1 _ n—+k
-0 E[@ﬁ))} (Z;;))
Agk)=A(k)=k+1-k=1

T do, ap dung SPTP 3.2 ta dugc:

n+1 n
1
S:k<n+k‘> Z<n+k+ )
n+1),._; Pt n+1

S :0(—1)’“ <Z> <n Z k) R

Nhan zét. Trong biéu thic lay téng da cho, ca hai thita s6 déu co thé
dé dang viét duge dudi dang sai phan. Vi vay ta phéi can nhic viec
chon mot trong hai cach dé tiép can.

Gi4 st ta lam nhu sau:

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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Loi giai (L&i giai 1).

f(_l)k<z> :(_ij<nk;1 __(_1ﬁ:1<z__i>
_A [(_1)“ " i)] — Af(k)
S e RETORCONE
Tit d6, p dung SPTP 3.2 ta duge:
S () [y [N »E (i Ve
n—1
E (0

Quan sat sy thay ddi ctia tong sau 1 lan ap dung SPTP thi ta thiy
rang, néu dit:

S

roi 4p dung SPTP 3.2 nhu trén ta sé co:

()=o) e (1)
A [(—1)’“*’”‘1 (n ;T; 1)] — Af(k)

o= [ ()] = (i) - () = ()

Chuyén dé Dang Thic TS Hop

DIEN DAN TOAN HOC A

3.3. Mot sb6 bai toan va Vi du minh hoa 47

Theo 3.2 ta dugc:

4fn—m—1\/n+k

S m,n) — (_1)k+m 1( > < >
(m.m) k=1 )J\k+m/|,_,
_n_m(_l)k+m n—m-—1 n+k
prt k k+m+1

n—m—1
_ (—pyktmtt (T 1 n+k
— k E+m+1

n—m-+1

= S(m—l—l,n)

T do ta co:

. . . — k n n+k
§="50m = Sn = - =D (=1 ( ><k+n>

k=
(=

3
3

[en]

1)" u

Lai giai (2).
Ta co:

(") =)= —a ()] - e
a9t =a |0 ()] = o () - ()

| ()

Tit d6, ap dung SPTP 3.2 ta duoc:

= (e (e ) ()

k=0 k=0
N (1) n+1\(n+1+k
_k::O k+1 n+1

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC




