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k=0 r=0
= n+ n+2—r r & k(T T
=> (" (~1)r Y= )k
r=0 k=0
_(n+2\ 5 n n+2 n+1 n+2\ [n+2
= x nl — x n! + n!
n n n+1 n n+2 n
2
3n+1
:%(n+2)!—%(n+2)!+ "24 (n +2)!
2 1222 — 12
:3n +n+ 12z nx(n+2)! -
24
Nhan zét.
p k
klt
Béng viéc st dung dinh ly: G (kP) Z{ } k+1 cac ban c6
=0

thé tu luyen tap bang bai toan sau:
n 2 r
n\", ., n\ (2n—k\ fr|,,
2 (1) =2 ()
k=0 k=0
Vi du 4.19. Chiing minh rdng vdi moi s6 nguyén duong n, ta cé:

i 4n kE+n _2‘471 3n
2n — 2k n 3 n A
k=0

DIEN DAN TOAN HOC A
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Nhu vay ding thiic can chiing minh tuong duong véi:

0 <Z) (k= DU =2k =0 o s

5= 2% + 1 T 2n+1)!

k=0
Ta co:
A [(Z: i) (2k — 3)1(2n — 2k + 1)!!} =
= (" 1) -2 nu— (7)o - 3cn - 26+ 10
S (Z) (2k — 3)!1(2n — 2k — 1)1

P 2k — 1
Nhu vay thita so con “s6t” lai 1a (—)

2k+1
vOi:
A(Zk—1>_2k+1+2k—1_ 4
2k +1 2k+3  2k+1 (2k + 1)(2k + 3)

Ap dung SPTP 3.2, ta dugc:

n ( )(% —)IN(2n — 2k — 1)
2%k + 1

S =

k=

(=)

1 n+1

k—l)(% 3)”(2n—2k+1)”< ;:1)

3

k=0
(n - 1) (2k — 1)1(2n — 2k — 1)11(—4)
(2k + 1)(2k + 3)

-

k=0

- 4(” N 1) (2 — 1)1(2n — 2k — 1)1
B (2k + 1)(2k + 3)

k=0

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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Quan sét sit thay déi ctia tdng thu dude, sau mot lan ap dung SPTP, ta nhan
thay dang tdng quat ciia tong can tinh la:

n—p [(2p)1]? (” . p) (2k — 1)11(2n — 2k — 1)1

Stpn) = Z p
k=0 (2p— DN [T (2k + 1+ 25)
3=0

That vay:

. Knkg 1) (2k — 3 — 2p)!!(2n — 2k + 1)!!} _

— (” _2’_ 1)(2k: —1—2p)(2n — 2k — 1)1
_ (”;pz 1)(2k—3—2p)!!(2n—2k+ nn

= (2k — 3 —2p)11(2n — 2k — 1)!! K”_z_ 1) (2k — 1 — 2p)

(”kfll)(zn%ﬂ)]

= —(2p+ 1)(":)) (2k — 3 — 2p)!1(2n — 2k — 1)

Con lai:
P . p . p .
2k—1-2j 2k+1—-2j 2k—1-2j
N | i -
[H2k+1+2j] H2k+3+2j H2k+1+2j
7=0 7=0 7=0
p—1
(2p+2)? [T (2k — 1 — 2j)
_ =0
o p+1
TT (26 + 1+ 25)
j=0
DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Trd lai v6i van dé chinh. Ta cé:

Neén tit day suy ra diéu phai chiing minh. [ |

Vi du 4.18. Chitng minh rang véi moi s6 nguyén duong n, ta co:

- 2 1222 — 12
(—1)* (”) (w— k)t = 3 +”+24$ "0 4 2)!
A

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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Loi giai.
Ta co:
z":<p—k)<q+k+1) ( ><q+k+1>
—\p—n m
E u™ t
B L R
1+8)P— (1 )™t
= ") >(1+ﬂmq1< )

— [tn7m+q+1] (1 4 t)p+q+2

. p+q+2
n—m-+14gq
Déng thitc con lai chiing minh hoan toan tuong tu.
Neén tut day suy ra diéu phai chiing minh. [ |
Vi du 4.17. Chaing minh rdng vdi moi s6 nguyén duong n, ta cé:

S (-1 (Z) (¢ — k)" = Qx; (n+1)!

k=0

L& gidi.
Trudc tién ta can diém qua bd dé sau:

BO pE 4.1-
Sor(p-for

Chdng minh.
J

ot )

k=0 k=0

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Ap dung SPTP 3.2, ta dudc:

("

Stp) = |~ TENTE 1)> (2k — 3 — 2p)11(2n — 2k + 1)1!

n—p+1

ﬁZk—l—Qj
j=02k+1+2j -

np [[(2;9)!!]2(—1) (” B Z B 1) (2k — 1 —2p)!1(2n — 2k — 1)!!
(

2 — D)1(2p + 1)

k=0
p—1
(2p+2)2 T (2k — 1 — 2j)
j=0
p+1
IT(2k + 1+ 29)
j=0

>

k=

(=)

nep—1 [(2p + 2)I1]2 (” _Z_ 1) (2k — 1)1(2n — 2k — 1)1
2p+ O TT (2% + 1+ 2))
j=0

= S(p+1.m)
T d6 suy ra:

S = S(O,n) = S(l,n) =..= S(n’n) =

_a [2n)]? ";” (2k — D120 — 2k — 1)1
)

_ (@n)]?
~ (2n+ 1)
[(2n)1°
~ @n+DlE)
2% (nt)3
 (2n+1)!

(20— 1) T (2k + 1 +2j)
7=0

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



68 3.4. Bai tap tu luyén

Nhan zét. Luyéen tap stt dung phuong phap Sai Phan Tiung Phan giup
cho ban c6 nhiéu ky niang bién déi Dai S6 v mdi khi nhin thay biéu
thiic tdng ban sé tu tin vd d6 choang ngop hon!

Bén canh d6 SPTP ciing nhu tuong tu nhu Tich Phan Tiung Phan vay,
déu c6 nhitng wu nhuge diém ctia né! Néu khong tinh ¥, ban dé roi vao
vong “luan quan” clia tong sau khi lay SPTP, hosdc sau khi lay SPTP
téng thu dugce con khé hon!

Nhuge diém 16n nhat ctia phuong phap nay la ban phai “nhin thay”
dugc Sai Phan trong biéu thic lay téng da cho, giébng nhu kiéu ban
phai tim duge nguyén ham ciia v(x) dé cho d(V(z)) = v(x)dz sau dé
méi ap dung dude cong thite Tich Phan Ting Phan. Viéc lam nay
khong phai lic nao cing thyc hién dugc!

Dé két thic phan nay, mdi cdc ban cliing luyén tap véi cac bai tap sau:

3.4 Bai tap tu luyén

BAI 1. Cho n la s6 nguyén duong. Chiing minh déng thic:

BA1 2. Tinh tong:

o)
SZ%;MHJXk+$

BAr1 3. (dark templar) Tinh tong:

)
k=0

4k? — 1

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Ta co:

(T
— 4" < <n_k>(_1/4)k

k=0

prrd k k—+1
A4”[t”]L ——1111 ! u= r
L—t | % % 1—t
4 4
1 —4(1—1¢) (1—1)
=4"[t" . 1
[]1—t t2 e a1
4
1 1
=4" [ 2] I In(— ) —2In [ ——
1—t 1t
2
(12
n+2 272 (n +2)
4n+1 _ 2n+1
T n+2
Nén tit day suy ra diéu phai chitng minh. [ |

Vi du 4.16. Cho trudc cic s6 nguyén duong p,m,q.
Chitng minh raing Vn € N*:

Zn: pk\[(q+k+1 _Zm: qgk\(p+k+1\ [ p+qg+2
Py pn m - = qn n N n-m+q+1

A

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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4.5. Bai tap minh hoa

Loi giai.
Ta co:

S

Dong thoi ta ciing co:

k=0

B

) e

1 1 ot
=1 [m 1—t]
— 4n [t
(1 —t)(1 + 3t)
1
"]

= [t"]

V(1 —4t)(1 +12¢)

VI—4t J1ti2t
1

V(1 —4t)(1 +12¢)

Tit day suy ra diéu phai chitng minh. [ |
Vi du 4.15. Chitng minh rang véi moi so nguyén duong n, ta co:
L%J L (m— k 4n7k 4n+1 _ 2n+1
(") e -
Loi giai.
DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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69

BAI 4. Tinh téng:
n (=) <Z> (22 + 5k + 2)
k+3

k=0

BA1 5. Chitng minh dang thic:

k=0 k+1)(2k+3) (2n+3)<2n;1>

n
no (=1
g (7) .
— (2
BAI 6. Tinh tong:

BAI 7. Tinh tong:

"/ on )\ 262+ k
= n+k/n+k+1

Eod

BAI1 8. Tinh tong:
2n
2n+k
S = Z(_z)k( o >
k=0

BAI 9. Véi s6 nguyen duong n va s6 thuc «. Tinh tong:

o (CDF
S_Zk+a
k=0

BAI 10. Chitng minh ding thiic:

() ()0 -

k=0

Chuyén dé Déng Thic Té Hop A

DIEN DAN TOAN HOC
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3.4. Bai tap tu luyén

BAI 11. Chitng minh déng thitc

BAI 12. Tinh tong:

2n

k=0

St (%

D

k=0

n

BAr1 13. Chitng minh dang thic:

k=0

BAI1 14. Cho day Fibonacci

{

F():O;

Chitng minh déng thiic:

n

)= ()

<Z> sin(z + 2k)

i <21:L> cos[2(n — k)] = 4™ cos?(x)

=1
Fn+2 = Fn+1 + Fn (n > O)

n
> Fyp = 2" Fyy,
k
k=0
DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Vi du 4.13. Chiing minh rang véi moi s6 nguyén duong n, ta cé:

f2 @) -2CE0E

L&i giai.
Ta co:
42(2) R e
1
=41 (1—1) (1 —5t)
— ["] .

V(1 —4t) (1 —20¢)

Dong thoi ta ciing co:

= <2n - 2k> (2k> S Cmv 1 1
—\n—k J\k VI—4t 120t

— ") -
V(1 —4t) (1 —20¢)

Neén tit day suy ra diéu phai chiing minh. [ |

- - 2 n 2
Nhan zét. C6 theé noéi, trong tong to hgp co chita (k) 14 dau hiéu hay

dé ap dung phép chuyén déi Euler. Dong thoi, cach bién déi ham sinh
dé lam mat di s6 4" ciing 13 mot ki thuat dep can luu .

Vi du 4.14. Chiing minh rang vdi moi s6 nguyén duong n, ta cé:

EO-EEDO

k=0 k=0

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



94 4.5. Bai tap minh hoa

That vay, néu tinh ¥ 1 chit ta sé nhan ra:

1 75 = > (/4 2k +1) <2kk>m’“

(1+x) =0

Ho#c néu viét theo ngon ngit ham sinh :

G ((—1/4)k (2k +1) (if)) = (1+1x)3/2

Tic 1a he s6 clia 2¥ trong khai trién thanh chudi luy thita hinh thic
, 1 . k 2k
clia ——— la (—1/4)" (2k 4+ 1) (k)

(1+42x)
Ta co:
- 2k\2k+1 g 1 1 t
_ktL (™ E _yn _
kzzo( ) (k k) 4k "= At " 1—¢
= —[t"]V1-—t
1
= —(2) (="
(2)e
_ (=)= " (2n -1
N 27!
_(2n 1
\n /4 (2n —1)
Neén tit day suy ra diéu phai chiing minh. [ |

Nhan zét. Theo quan diém chil quan clia tac gia, ban doc chi can nhé

. 1 P
that ky dang khai trién luy thtra hinh thic cia ham ————, va tat

ca nhitng day sb c6 lien quan nhu:

()bl 0 ()

Khi can thiét, ta c6 thé tu thiét lap ham sinh tuong tng thong qua céc
phép bién déi, lay dao ham tuong déi don gian.

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop

Chuong

St dung ham sinh
chithg minh dang thiic
to hop

41  Thay I5i mé dau 72
42  Nhitng bién déi dai sb thudng gip

véi () 74
k

43 Nhiing dang khai trién ham sinh can
biét 75

4.4  Nhitng dinh ly co ban trong tinh
téng dung ham sinh 76

4.5 Bai tdp minh hoa 81

46  Cac bai todn khéng miu muc 108

4.7 Bai tép tu luyén 121

Bui Duc Loc (supermember)
Lé Kim Nha (gogo123)

Tém tit ndi dung

Ham sinh (General Funtion), duge bién dén nhu 13 mot cong cu rat
manh trong cac bai toan To Hop va Roi Rac. Rat nhiéu bai toan to
hop, roi rac kho, khi dua vé ngon ngit ham sinh thi dude gidi quyét
mot cach nhanh chéng va sdng t6. Ham sinh c6 rat nhiéu tng dung,
dic biet ding dé tinh tong. Dé ban doc hiéu ré phuong phap va vai
tro ctia ham sinh trong cac bai toan ching minh DTTH, ngudi viét sé
ting bude néu lén cac bai toan, vi duy, tit don gidn dén phitc tap. Qua

71



72 4.1. Thay 16i mé dau

mdi vi du sé 1a nhitng dic két ngdn gon vé dac diém va tinh chat cia
tiing bai toan...

4.1 Thay I5i m& dau

Cau chuyén s6 1

Cach day khoang hon 2 thang (thang 11/2012), tren VMF xuat hién
bai toan sau:

Bai toan 4.1. Chiing minh rang:

Wn € N* i (—1)" <2z?>2 — (-1 <2§)

k=0 A

Bai Toan nay dugc ngudi gii dua vao box THPT va né da duge mot
s6 thanh vien VMF danh cho sit quan tam dac biét. Tuy nhién, hon
1 tuan sau dé thi bai ndy méi c6 15i giai dau tien sit dung so sanh heé
s6 trong khai trién da thic va sau d6; thanh vien perfectstrong c6 dua
them 1 10i gidi nita st dung noi suy Lagrange. C& 2 16i gidi nay déu
khong lam hai long ngudi viét chuyén de.

Thyec ra; néu ban la mot hoc sinh hoc Toan & mitc do binh thuong;
c6 thé c6 mot gis ranh rdi ¢ nha thi sé khong khé dé tim ra 1 15i giai
rat “so cap-co ban-ngdn gon” dua vao khai trién da thiec: (1 — x2)2n =
(1-— x)2" (1+ x)Q". Tuy nhién, c6 khi ndo ban ty dit minh vao hoan
canh déi dien bai toan tren trong ky thi kiéu nhu Dai Hoc: chi c6 20
phit dé lam bai nay thi sé ra sao? Bai toan nay dau kho dén mitc chiém
duge vi tri chét diém trong dé ctia bai BDT? Khong 1é cac ban chap
nhan quan diém: “Tim ra da thic dé c6 khai trién phit hgp 1a sy may
méan"? Thuyc sy thi da thic (1 — x2)2n c6 dudc 13 do may man hay 13
tit dau? Suy nghi thém vé bai nay thi cé thé thay né c6 nét hao hao

n 2

. . 2

giong bai toan rat quen thuoc: g <n> = < n) véi 101 gial dua vao
— k n

khai trién (14 2)?" = (1 + z)"(1 4 )"

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Ta cb :

"Zl An — Ak — 2\ [4k + 2
Pt 2n — 2k —1 2k +1

=[] <; <\/11—4t a \/11+4t>>2

1[752”] 1 N 1 2
1—4t ' 1+4t /1 4(42)

2
1- 161t2 - /1-40r)

1 1
2 1— 16752 1 —4 (4t2)
1

( ()

Neén tit day suy ra diéu phai chiing minh. [ |

P ) 2 1 1 1 .
Nhan zét. Cach xét (C (z))” v6i C (z) = B <\/1 = " Ui 4x> 6
day da la tuong d6i quen thudc. Cach nay nhin chung 1a hitu ich véi
nhimg tng dang Y aktn_k; Y G2kln-2ki Y G2k110n—2k—1....Cling
c6 thé dé y them la day (ag),so khong nhat thiét phai c6 ham sinh
tuong tng la ham C (x), nhu Eru’dng hop bai toan tren la mot dién
hinh.

Vi du 4.12. Chatng minh rdng vdi moi s6 nguyén duong n, ta cé:
z”: (1) (n) (2k> 2k +1 _ <2n> 1
k _ n
— k)\ k 4 n)(2n—1)4 A
Loi giai. Bai nay can mot chit “gia cb - them thit” tir khai trién quen

thudc cia ———.
1—4z

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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Loi giai.
Ta cb :
i n\/n+k—i—1 b n+k—i—1 n
_17, _ —1)?
Sev () (i e ()
=0 1=0
B |,k n+k—1 n t
R [ O ]
1
= [t (1ot .
( ) (1+1)

Voik=0:[") (1+¢)" = [t°] =) (1 -t+2-+.) =1

1+t

Con v6i k > 1 thi hién nhién bac 16n nhat clia t trong khai trién nhi
thic (1461 1ak—1.

Suy ra [tk} 1+t =o.

Nen tit day suy thing ra diéu phai ching minh. |

Vi du 4.11. Chiing minh rang véi moi s6 nguyén duong n, ta cé:

[y

n—

dn — 4k — 2\ [4k + 2 1 n 2n\ .
<2 —2k—1><2k+1> - 2(16 _(n>4>
k=0 " A

Loi giai.

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Cau chuyén so 2

Cach day ctng khodng hon 2 thang (thang 11/2012), tac gia Dark
Templar c6 dua ra bai toan sau:

Bai toan 4.2. Vdi F), la s6 Fibonacci thit n. Ching minh ring

HP
Z < k > =k n+1
k=0 A
Tac gid yéu cau mot 10i giai dya vao dai s6 thuan tuy, va nguoi viét da
dé md van dé nay trong mot thoi gian dé c6 thé tiét 16 né trong chuyen
dé nay. Thuec ra, bai toan nay ciing da rat cii, c6 thé diém ra 1 vai vii
khi dé tieu diet noé: tim cong thic truy hoi, sit dung phép dit quan
domino... Tuy nhién, néu dé ¥ ki la ham sinh cho day Fibonacci sé la
don gidn dé thiét lap. Vay tit ham sinh dé, tai sao ta khong budc them
3,
mot bude, dé 1a chiing minh Z < . ) 13 he s6 ctia 2" trong khai
) k=0
trién ham sinh d6?

That vay, theo cai cach ta thuong lam, khi dy dodn ra ham sinh tuong
tng dé chitng minh dang thitc to hgp, thuong ta bién déi ham sinh dé
theo 2 cach khac nhau - muc dich 1a dé mo td he sb cta 2" (k € N)
theo 2 cach khac nhau. O day ro rang ta da c6 1 s6 von kha 16n khi
ham sinh tuong tng va 1 cAch mo ta thi da tim ra roi. Vay chi con mot
budc khd ngdn 1a tim thém mot cach dé mo ta né ma thoi.

Trén day l1a nhitng diéu tran tréd dau tieén cia tac gia khi tiép can chuyen
dé nay. Tac gid mudn chia sé syt tran trd d6 cho nhitng ngudi sé xem,
sé nhan xét chuyén dé nay; dé tit d6 c6 nhitng syt hitng thi nhat dinh
trong viéc md nhitng canh cita ma tac gia dit cho cac ban trong nhing
phan tiép theo. Nao, tam quén va trudc hét hiy trang bi cho minh vai
thi...

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



74 4.2. Nhitng bién déi dai s6 thudng gip véi (Z)

4.2 Nhiing bién d8i dai sb thudng gip véi (Z)

Tich chéo ctia 2 hé sb td hop

()6 =0)G)

Giam ti-méau ctia hé sb té hop

()=o)

Hé sb t6 hop viét & dang truy hoi

Hé s6 to hop kem phan sb

[Tap con clia tap con]

[quy téc hut]

[Cong thic Pascal]

n—k n B n — k n—k—1
k n—k kE—1
r+k 1 B 1 x—i—k B r+k—1
k Jxz+k = k k—1

Nhan zét. Tt nay, ta can hiéu t6 hgp chap ¢ dang suy rong clia no:
Véi x 1a s6 thyc tuy y thi

T 1 véi k=0
(k) = x(x—l)(x—i?...(az—k-i—l) voi ke N*

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Vi du 4.9. Chitng minh ring véi moi s6 nguyén duong n, ta co:

> () ()7 = (5w
k=0 n A

Loi gidi. Ta ¢6 :

() )

(T42yu)" 4+ (1-2yw)*| ¢ }
2 (1 +t)?

. o (L+2vVE+ )"+ (1—-2VE+1)"

1+ V)™ + (1- V)™

|M:

=" (1 + )" {

Sy}

= [t"]

— [t2n] (1 +t>2x

- (5)

Neén tit day suy thang ra diéu phai ching minh. |

Nhan zét. V6i cung cach giai trén, ta cling gidi duge bai toan sau do
gido su H-W.Gould dé xuat:

n
z+1\ (2 —2k\ o1 2x + 2
22k +l = Vn € N
Z(%—l—l)(n—k) o + 1 "
k=0
Vi du 4.10. Chiing minh rang vdi moi s6 nguyén duong n, ta cé:

Zk: n+k—i—1 0 néuk>1
k—1 11 néuk=0 A

i=

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



90 4.5. Bai tap minh hoa

>0 ()0
=20 (x = 'k(i 1_)'k ();k!—(Z)!_(j)i n)in!

k=1
n

- WE(i;L)

k=1

[t (1 + )Y [u u= 1it]

( t tn+1 >
NI+t (14!

t

1+t
_dtly—e -, v _ [po—n y-n
= i T = [T A+

_:c!(y—x—l)!( y! (y —n)! >

_ ,n+l

Bzl (y—x—1)! u

n!(y —n)!

1—u

_al (y—x—1)!

o )

n!(y —n)! o (y—z)!  (y—a)(z—n)

-5 (6)-0)

Nen tit day suy thing ra diéu phai ching minh. [ |

Nhan zét. Cai khon khéo clia ngudi gidi toan 1a can phai linh hoat st
_ . n+l 1
dung ham % thay vi ham 1. quen thudc. Cac ban hay tu 1y
—u

gidi vi sao lai chon nhu thé.
Ngoai ra, bang cach lam hoan toan tuong ty, cdc ban hiy giai bai toan:

SO0 == (00 (6 )

Goi y: f(u) =

1—u

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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4.3 Nhitng dang khai trién ham sinh can biét

Hé sb t6 hop don gian

G <(Z>ak) = (1+at)® (keN)

Hé sb td hgp véi mau sb 1a hing sb

(1) vem

Hé sb t6 hop tang dan déu nhau & t& va miu

() = et e

Hé s6 t6 hop trung tam

() -tz v

Day Fibonacci

t
G () = F—) (n € N)
Day Fibonacci chi sé chin
G (Fan) — s meN)
= —— (n
T 3t 442
Tiic 1 hé s6 clia 2" trong khai trién chudi luj thita hinh thtic ctia ham
t s
————— bang Fy,.
T—3t+ 8

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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Day Fibonacci chi s6 1é

1-1¢

GFnn) = 150

(n € N)

Tiic 1 hé s6 clia 2" trong khai trién chudi luj thita hinh thtic ctia ham
1—t

T3i5 2 P0e Pont

Sé6 Catalan

o (1)

kri\k o (keN)

Mot s6 dang khac

co(Z) em(r) wew

() - g () e

(Chting minh bang quy nap)

kP - p k'tk dé p 13 £ irli loai
o G(kP) = kzo {k} m (trong do, {k} a so Stirling loai 2)
Chitng minh ding thic nay c6 thé dua vao dang thitc: kP =

k
Z ( ,)j! {?}, von rat quen thudc cia so Stirling loai 2. Tac gia
: J

7=1

khong mudn dé cap dén ching minh tai day vi n6é tuong déi dai
va khong di théng vao chuyen dé

4.4 Nhiing dinh Iy cd ban trong tinh tong dung
ham sinh

Quy udc: ky hiéu [t"]f(t) duge hiéu la hé s6 ctia t" trong khai trién
chudi luy thita hinh thifc ctia ham s6 f(t)

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Vi du 4.7. Chitng minh rang véi moi s6 nguyén duong n, ta co:
5] .
() ()G = G)(7)
Py 2k \ k J\J J n A
Loi gidi. Ta ¢6 :

5]

a0 - Lo

—

5] :
= (;l) 2 (Z : j) (:__2kk> gn—2k
= (Z) [t"] (1+28)" [uj(l )" =g f2t]
oo

3

(
<;z> (zn - 2])

Nén tu day suy ra dpcm. |

Vi du 4.8. Chitng minh ring vdi moi s6 nguyén duong n, ta cé:
n -1 n —1
Z 1(n x y—k _ 1 Z x+1\ [y
k\k k—1/\n—k z+1 k k
k=1 k=1
1 r\ [y
Cr—y \\n n

(x,y la 2 s6 nguyén vay >z +1>n). A

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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Loi giai.
n n
2= \2n — 2k n ) 2n + 2k + 1
A [t4n+1 t2n+l |: - t2 :|
1 t 2n+2 n+1 (1*t)2
= [ [ P ]
2n+2 (1 ’U, n+1 (1*75)2
2 2
[ ] (1 _ 2t)n+1
_ 92n n+1+2n-1
N 2n
_n 3n _n 3n
2n n
Nén tit day suy ra diéu phai chiing minh. [ |

Nhan zét. Khong phai lic nao tong to hgp cling ¢ ngay dau hieu dé ta
ap dung dinh ly. Doi khi ta can phai thuc hién mot vai bién ddi, nhu &
trong trudsng hop nay:

dn +1 R n+1 _(n+k . n—+k
a
o — 2% m+2k+1) 0\ n k
V6i bai nay, ta thiy dugce day du sitc manh clia dinh 1y A (4.2). Vi néu
theo cach lam dy dodn ham sinh ma da s6 nguoi ding thudng chon,

thi du c6 dy doan ding ham sinh: ciing rat kho dé hoan

thanh bai toan, do nhitng budc bién déi doi héi 1a tuong doi long vong,
thiéu tu nhién.

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

4.4. Nhitng dinh 1y co ban trong tinh tong dimg ham sinh 7

DINH LY 4.1 (DINH LY SO SANH HE O (CONVOLUTION))—

n

gt = [F]r @) [y g w)
k=0 U

Day 1a dinh 1y #ng dung nhiéu nhét trong giai bai toan DTTH ding
ham sinh. Ching han nhu sau:

1 Tn—i—l

T T s

Cong thiic nay doi khi rat hitu ich khi tranh cho ta khéi phai tinh toan
qué phiic tap.

DINH LY 4.2 (DINH LY A)—

n+ ak n—m+(a—b)k ¢ __ 14n e th-e
Zk:<m+bk:>z fk_[t](1_zt)m+1f<(1_zt)b> (b> a)

(fi la heé s6 clia z¥ trong khai trién thanh lug thita hinh thic cia ham
) ,
Do trong da so cac truong hop thi zét vdi z = 1 nén ta thuong dung
dinh ly ¢ dang:

n + ak on tm th—a
zk:<m+bk>fk_[t](1—t)m+1f<(1—zt)b> (b>a) O

Chidng minh.

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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Ta sé chitng minh dinh 1y 4.2 & dang tong quat.

n+ ak aner(afb)k
m + bk

— n+ak zn—m+(a—b)k
n+ak —m — bk

—n—ak+n+ak—m—0bk—1 (z)n_er(a_b)k
n + ak — m — bk

—m — bk — 1 __\(n—m)+(a—b)k
n + ak — m—bk> (=2)

—m) 1
|:t :| (1 - Zt)m+bk+l

Nhan zét. Bay gio thit dung vien kim cuong nay dé cit cai banh s 2
nhé.

Bai toan 4.3 (Bai toan 4.2). Chiing minh rang ¥Yn > 1:

5],
= ( k k> - A

Loi giai.
Ta co:

5]
(") e [l

1 t
={t"———s = [t"" ———— =F, |
Hl—t—t? [ ]1—t—t2 ntl

w3

Con gi dé no6i ngoai 2 tit “khong tudng” cho 15i gidi trén ?

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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_ (2”7; 1) [t"] (1 +¢)* (141)
_ (2”71‘ 1) T P

- (2"; 1) B ("] (1+0)*"

- <2nn_ 1) ) (nz—n1> B n?l

Neén tit day suy ra diéu phai ching minh. [

Nhan zét. Thong thuong nhing bai tinh téng c6 t6 hop chap ¢ mau
s6 sé doi hoi ky nang bién doi, vi ta thudng khong c6 ham sinh tuong
tng cho dang phan thic c¢6 t6 hop chap ¢ mau sb.

Chi y 1a trong 2 cong thitc A, B thi hé s6 can xét 1a khac nhau, can
chi ¥ dé tranh nham 1an. Ngoai ra, tit bai toan trén, céc ban hay tu
giai bai tuong tu sau:

N "\ (2n—1\ !
Chu inh rang: Vn € N* : g =2
ng minh rang: vn € 2 (k) ( k >

Vi du 4.6. Ching minh ring vdi moi s6 nguyén duong n, ta co:

" (An+1\ [(k+n (3
2n — 2k n =4 n
=0 \<" A

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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1 2 2
=7 1] +
1 L=(0" 1 ()
1 1
=5[] 2
1 —(4¢) 4. (4¢2)

Nén tu day suy ra dpcm. |

Nhan zét. Mot lan nita, ta lai stt dung khai trién quen thudc.

1
v1—A4x
Tuy c6 phic tap hon mot chit nhung ban chat thi vAn la td hop
chap trung tam (central binomial); xét phan miu s6 dé dinh huéng:
2k + (2n — 2k) = 2n. Bai nay con doi héi mot chiit khon khéo dé “loai”
ra nhimg phan t& khong can thiét trong khai trién.

Vi du 4.5. Chitng minh rang véi moi s6 nguyén duong n, ta co:

S - .

Loi giai
ik<n><2n—1>_l_ - kn'k‘(n—l—k)!
- 1 (n — k) — 1)
P k k — El'(n k) (2n —1)!
(2n—1) <2n—1—k>
pr— k
n n—=k
B (2n — In—1 U t
( n ) 10+) [(1@2 ! 1+t]
DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Tuy nhién, ngay dén tac gia ciing khong thich phai chitng minh lai dinh
Iy A (4.2). Nen néu can dung, cac ban hay dung tu tudng 1oi gidi tren
dé lach qua qué trinh ching minh lai dinh 1y, cu thé nhu sau:

t 1 1 1
w1 =] ]1442 [ ]1442 [ }1151 12
1—¢
"] |
—t i ( 1—t i (1—1)
—[t"]% t2k _LEQ:J n—2k+k+1-1
N (1 —t)r*! N n — 2k
k=0 k=0

n—=k n—=k

2 () =5 ()

k=0 k=0
(Hoi dai hon 1 chat nhung xem ra so cap hon 1 chit, dit ban chat 1a
nhu nhau)
R6 rang: 6 day ta da tan dung t6i da dudc 1gi thé ban dau 1a c6 sin
ham sinh tuong tng ctia day Fibonacci. Dinh 1y A (4.2) nay con chi ra
cach mo té mot vé cia DPTTH

DiNH LY 4.3 (DINH LY B)—

Zk: (Ziiﬁ) fe =" (A +20)" f (t*b (1+ zt)“) (b<0)

Do trong da s6 cdc truong hop thi xét véi z = 1 nén ta thuong dung
dinh lij & dang:

> <Zii’;> fo=01"1A+8)" f (t—b (1+ t)“) (b < 0)

k ]
Chdng minh.
k k
<:’1—:_abk> Zm-i—bk _ |:tm+bk} (1 + zt)n-i-ak _ [tm] (1 + Zt)n (t_b (1 + Zt)d)
[ |
Chuyén dé Ding Thicc T6 Hop A DIEN DAN TOAN HOC
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Nhan zét. Doi khi ta can can nhic lya chon gitta 2 dinh 1y A (4.2), B
(4.3) , vi doi khi c& 2 diéu kien a4p dung déu thod man.
Hiy xem con dao nay cat cii banh dau tién thé nao nhé!

Bai toan 4.4 (Bai toan 4.1). Chiing minh rang:vn € N* :

e (2,?)2 - () X

k=0
Chidng minh.
2o () S e ()

Tl

Nhan zét. Rat an tugng vdi ciing chi hon mot dong!
Quan trong hon 1 tit 10i giadi khong so cap trén, ta lai dude gai y ve 16i
giai rat so cap. Dé y ki 16i giai trén thi ré rang 14 khai trién

(1 o x2)2n _ (1 . x)2n(1 + x)2n

da & ngay trudc mat ta. Ro rang khong c6 gi 14 may man ca!

Tt nhién 14 v6i mot cong cy manh nhu dinh 1y trén thi ta da duge
tiép sttc rat nhiéu, nhung diéu d6 khong c6 nghia la khong can sy khéo
léo va xoay s6. Chang han: néu ap dung théng dinh 1§ A cho bai toan
trén thi bai todn lai di ngay vao ngoé cut!

Céc ban hay sit dung dinh 1y nay dé lam luon bai toan rat quen thuoc:

> () = (%)

DIEN DAN TOAN HOC A
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L&i giai.

., R , ny nfn-—1 N
St dung cong thtc (k) =7 (k— 1>, ta co:

t
1 t 1
— n[tm ) .
KLU e R S T
1
o m—1
=n [t ] (1— )t
<n+1+m—1—1>
=n
m—1
")
=n
n
Neén tut day suy ra diéu phai chiing minh. [

Vi du 4.4. Chitng minh ring véi moi s6 nguyén duong n, ta co:

"\ (4n — 4k> <4k:> 1 ( <2n> . n)
= 4" 416
kzo <2n —2k/) \2k 2 n A
Loi giai.
i <4n — 4.]47) (4]€> conv [tzn] (1 ( 1 . 1 ))2
£~ \2n —2k) \2k 2\V1I—4t VI+4t

1 1 2 1
=1 [£] + +

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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nhat hé s6 " nhu sau:

" "1 /26N 1 /2n—2k
1:Zakankzz4k<k>4n—k<n—k>
k=0

k=0

1 <~ [/2k\ /2n — 2k

- (1))
k=0

"L 12k [2n — 2k

= 4" =
> (1))
k=0
Va ta c6 diéu phai chiing minh. [ |

Nhan zét. Day 1a bai Toan rat co ban - dep va tiéu biéu cho viec ap
dung ham sinh chiing minh DTTH. Lai gidi dung ham sinh dya trén

1
Vv1i—=x

); dong thoi phan “mau s6” v6i k,n — k thod : k+n—k =n

. . 2 .
khai trién lién quan déen ( :) cia ham so
_
v1—A4zx

ciing gép phan dinh huéng 15i giai cho ta.
Déng thiic trén déng vai tro 13 bo dé trong nhiéu bai toan khac. Ching
han: diing déing thic nay c6 thé tinh téng:

Xn: (?) (2i — DN (2(n —i) — 1)

1=0

(hodic c6 thé Ia

(Coi (=)' =1). Goiy: = (2n)!l

Trong duong link trén, con c6 1 16i gidi rat sdng tao - dep, st dung
dém 2 cach v6i ¥ tudng la t6 mau n doan thing lien tiép bdi 4 mau
khac nhau. Loi gidi nay dep va st dung dugce 1 trong nhitng phuong
phép truyén théng clia dém 2 cich: to6 mau, chia thé,... nhung xét vé
khia canh hiéu qué thi 15i gidi bang ham sinh chi doi héi mot lugng
kién thic t6i thiéu.

Vi du 4.3. Chitng minh rang vdi moi so nguyén duong n,m, ta co:
- n\ [m m+n—1
2 K )k ) =
k=0 " A

DIEN DAN TOAN HOC A
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DiNH LY 4.4 (DINH LY E (PHEP CHUYEN DOI EULER))—

Z <Z>2n_kfk: [£"] 1—12tf<1_tzt> .

k

DiNH LY 4.5 (DINH LY P (FORMULA OF PARTIAL SUMS))—

i fr=1t"] {Et)
k=0

O

4.5 Bai tap minh hoa

Vi du 4.1. Chitng minh rang Vn € N* :

5]

> () () -5 G (2 A

Loi giai
En: n\ (2k\ E "] 1 1 = t
2 \k)\ & 1—t|/i-4 1t
1
= [t"]
(1—1t)(1—5t)
1
=" —77x
V1 — 6t + 52
1 1
o p——
1—3t +2
(1 —3t)?
Chuyén dé Ding Thicc T6 Hop A DIEN DAN TOAN HOC
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n — 2k

3n—2k n
(n—2k>

B 2k\ ok M

- (1))

Nén tit day suy ra diéu phai ching minh. [ |

2k>3n2k<2k+ 1+n—2k— 1)

Nhan zét. Bai nay c6 thé c6 cach lam khac dya trén ham sinh da
thiic. D6 1a cach xét da thic (z? 4+ 3z + 1)". Chi ¢ 1a ta c6 2 cach dé
khai trién da thic nay thong qua nhi thitc Newton: (SC2 + 3z + 1)" =

n
((ZE + 1)2 +:n) = ((:32 + 1) + 3x)n. Cu thé xét hé sd nao, xin dude

nhudng cho ban doc. Day ciing 1a 1 cach thd vi, tuy nhién theo quan
diém tac gid, thi 10i gidi ban dau nhu trén 1 ty nhién hon. Ngoai ra,
v6i cach gidi hoan toan tuong ty, ta con giai duge bai todn sau:

n 5]
2k n\ (2k
R (" = (-1)" >1
2 () () - () () o=
k=0 k=0
Vi du 4.2. Chitng minh ring vdi moi s6 nguyén duong n, ta c6 :
z": 2\ (2(n—k)\ _ o

k=0

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Loi giai.
Tham khao 16i giéi tai dia chi

http://diendantoanhoc.net/forum/index.php?/topic/
65986-cm-sum-kOn-c-2kke-2n-2kn-k4n /

(Bai viét s6 2-3)
Xét khai trién ham:

o /o1
A(z) = = (14 (—z)) V2= Z < ; >(93)” Vol |z] < 1

Trong doé

;1
o<2>:1néun:0
n

. (21> _ 2 (-3-1D)(-3-2)..(-3-n+1) (=1D)™2n -1

n n! 2nn)!
_(=Dm2r@2n -1)IY  (=1)"(2n)N(2n — 1)
4n(nl)? B 4n(nl)?
_=0reEn)!t (=D 2n)
= 4”(n!)2 =" <n> neun > 1

- 1 (2n
uy ra A(z) ngzo an" voi an = < . >

Ta c6

00 2 0o
a0 = (L) = =3 <
n=0 n=0

Nén néu van dung tinh chat ctia 2 chudi sé bing nhau, ta c6 thé dong

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



