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Ta co
B it Dp—it .-
p\i)  p(p—i)i it
1 i—1 ._1! -1 1—1
BC i EDIE
1 1 (_1)1671
= 1—-— - — ... EE—
=5 stg ot (mod p)
Trudng hop 1: p = 3h + 1 thi
2p 2(3h +1) 2
k=|=|=|——2| =|2h+=| =2h
{SJ { 3 J {+3J
=p—k—-1=h=p—h=k+1
Khi do
1 1 1 1 1 1
S = L+2+3+m+k—2<2+4+m+k>
= 1+1+1—|— —1—1— l—f—l-l- +l (mod p)
= 5Tg Tt [ttty p
Tac()—lzi( od p) neé
hE o h mod p) nén
1 1 1 1 1
=1l+—-—+—-—+..+ - d
S=ltg+gtet ity ooy @edp)

Trudsng hop 2: p = 3h + 2 thi

2 2 2 1
k:{pJ:L(y%%)J:{%ﬁl+3J:2h+1¢p—h:k+1

3 3
Khi doé
S = 14ipty ooty !
o 2 3 7k 2 4 7 k-1
S I L S (L (mod p)
23 o\l 2 n) OSP
T 1 1 (mod p)
—=—— (m nén
a6 — — od p) né
1 1 1 1
S=1+-+- - d
+2+3+ +/£+k‘—i—1+ P (mod p)
DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Loi giai.
Ta co :

- ( 4dn >(k:+n>
2n — 2k n
0
B ( 4dn ><k’+n)
Pt 2n + 2k k

o~
s |

A £2n 1 2
=[] (1— )2 [(1 — ) u= (1— t)Z}
_ 2] 1 [ 1 ) t2

(1— 02T [(1— )" (1— 1)
o 1 (1 — )2+
- [ ] (1 _t)2n+l ’ 1- 2t)n+l
g 1—t

(1—2t)"*!

2n 1 2n—1 1

= [t } (1— 2t)n+1 - [t } 1 2t)n+1

2n 2n—1
:4n<3n>_4n_1(3n—1)
n 2 n
(3 g 12 (30) e 2 (30
n 2 3\ n 3\ n

Neén tit day suy ra diéu phai ching minh. [ |

:22n<n—|—1+2n—1) B 22n1<2n—1—|—n—|—1—1>

Vi du 4.20. Cho bj ba s6 nguyén (m,n,r) théaman0 <r <n < m—2.

r

Kgmw;Pmumr):§jp4ﬁcn+”_2@+lv<é)

n k
k=0

Chatng minh rdang:

ngmmzﬁjﬂ .

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



102 4.5. Bai tap minh hoa

Nhan zét. Bai Toan nay 1a mot trong nhitng bai tac gid thich nhat, vi
n6 rat dang véi dung ¥ vé ham sinh ctia tac gia khi viét chuyéen deé. R
rang cac cach khac nhu, dém 2 cach, quy nap, ... gan nhu khong hiéu
qué khi ngoai hinh bai toan qua cong keénh, rdi ram.

L& gidi.

Ta co:

1— (1 . tg)n—l-l
:[m 2] 1_(1_t2>
(1 _t)nJrl

_ [m 2] 1- (1_t2)n+1
2(1 — )"t

1— (1 . t2)n+1
(1 - t>n+1
= [t"™] ((1—1)"“ - (1 +t)”+1>

m 1
T

()=

Chuyén dé Dang Thic TS Hop

= [t"]

DIEN DAN TOAN HOC A
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Loi giai.
Ta c¢6 2 bd dé:

Py
j)'p
Vi=1l,p—1: .
J p p+J> L
. - p
J

2

Va dinh 1y Wolstenholme: < p) = 2 (mod p?) (da ching minh & bai
p

5.1)

Ap dung vao bai toan:

£
50

RO E )

. . 2
Vi du 5.13. Cho p la so nguyén to lon hon 3 va k = {??J

Chatng minh rdang:

A
Lai giai.
Dé thay p cp, Vi=1,p—1

7

Dé chiing minh (f) + <22?> + ...+ <Z> :p? ta chi cAn ching minh

S:izk;;(i?)Ep (5.3)

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC




134 5.3. CAac bai toan

va chia cho s6 (p—1)! nguyén t6 ciing nhau véi p, ta bién ddi (5.1) dudi

dang
NI] _ N
—==— (modp 5.2
= (modp) (52)

N . .
trong do P la sO nguyén bang (n) .
b p

Vay ta da chitng minh xong diéu kién khing dinh dau tién ctia bai toan.

. N . .
Neuso — = {nJ chia het cho p® thi (5.1),(5.2) van ding theo module
ey p p
N . 5
Suy ra l = (n) : p®. Vay khang dinh tht hai duge chiing minh.H
p p

Vi du 5.11 (Trudng Dong toan hoc mién Nam 2012-2013). Cho s6
nguyén té p. Chitng minh rdang

£0)01) =

i=1 A
Lo giai.
P\ _ p+i\ .
(,):0 (mod p); ( . >:1 (mod p)Vi=1,p—1
i i
Ta co: .
E)(C)-1) o7
i i .
= <p> (p—?—z = (p) (mod p?)
i i i
Suy ra:
~(P\(P+i\ _~~ (P
£0)0) £ ) war
— \ 4 i — \ § -
=0 =0
Vi du 5.12. Cho p € P va p # 2. Chitng minh ring:
P .
3 <P) (pﬂ> =941 (mod p?)
=0 M J A

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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Don+1<m—1<m=[t"](1+t)"" =0.
Nén tit day suy ra diéu phai chiing minh. [ |

Vi du 4.21 (Hoang Xuan Thanh). Ching minh rang vdi moi s6 nguyén
duong n, ta co:

2 (") = ol

k=0

Nhan xét. Tat nhién 13 so v6i nhitng bai toan néu & trén, bai nay chi 1a
bai dé. Tuy nhién, dung ¥ tac gia dua ra bai nay 1a mot muc dich khac,
titc 1a: Trong trinh bay 16i gidi, doi khi ta khong muén phai ching minh
lai cac dinh Iy A (4.2); B (4.3), khi d6, ta s& ngam dung ching va sit
dung luon két qua ham sinh tim duge dé 16i gidi ngan gon. Va ciing la
dé lam “vira ¥ nhitng nguoi doc von khong quen véi kiéu trinh bay c6
cac an u.

Chéng han véi bai toan nay: khi diing dinh 1y A (4.2), ta tim ra dugc

N t PR
ngay ham sinh can tim: f () = Fet va hé s6 can xét 1a t".

L&i gidi. Bay gio, tuy theo s6 du cia n trong phép chia cho 4, ta c6:

(Bién ddi nay thyc ra ciing la tit dinh Iy A (4.2))

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



104 4.5. Bai tap minh hoa

o 1 [ (=2 e (—20)F
:[t]l—t<z(i—t;2k>:[t]z(l(—t>3k“

k=0
= [t"]kio (1( Gy ;i:o <n_kj;2_k/jl_1>
-yt e () .

Nhan zét. O day da dung t6i khai trién quen thuoc:

(1—135)" = (n81>+<?>x+...+<n+1]§_1>x’f+...

Vi du 4.22. Chitng minh rang véi moi so nguyén duong n, ta co:

L?J (_1)k n—k\ 4n—Fk - on+1
k Jn—k n A

() =)

Ta c6 ding thic can ching minh tréd thanh:

k=0

Loi gidi. Ap dung ding thic:

(e

5]

o3t ()« (1)) e
e oty oo

Ta c6 theo dinh 1i A (4.2) thi:

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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Lai giai (2). Ta co

S (N () =S )

k=
:E":k 2n+1\ _ ¢ 2k(2n +1)! 2n+1Z
2k 2(2k)!(2n — 2k + 1)! 2k—1
k=1 k=1 k=1
Mit khac 4" = (1 + 1 (1-1)"=2
at khac (1+1)*" Z<2k:—1)

Do dé

n—1
2n+1 n—=k 2n+1 1 n_ nel * n—1
Z(Q(n_k)>( . ) 5y At =2n et

k=0

Vay ta c6 dpcm. |
Vi du 5.10 (USA MO). Cho p la s6 nguyén to ching minh

<Z> UZJ (mod 7) A
Lai giai.

Xét n s6 lién tiép n,n —1,...,n — p+ 1. Chting dong du theo module p
véi cac 86 1,2, ..., p.
Ngoai ra mot trong ching, ching han s6 N, chia hét cho p, tit do6
i

pl p
Xo6a s6 N sé dugc bo sd dong du véi hé thing du khac 0,1,2,...,p — 1
theo modulo p.
Gia st H 13 tich cach s6 con lai sau khi loai s6 N:

nn—1)...(n — 1
11 ( )]é p+1)

. N
Theé thi H = (p—1)! (mod p). Nhan véi — dugc:
p

NI _ (p-1)N

) . (mod p) (5.1)

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



132 5.3. CAac bai toan

Trudng hop 1: m =2° Dom >4 nén s > 2

=m%—3m+8=2%_32%48=32k1s

Néu s > 4 thi 2%° — 3.2° + 8 =8 (mod 16)

= 8 = 3.28717% (mod 16) = 27175 = 8 = m? — 3m + 8 = 24 (khong
c6 nghiém nguyén)

Néu s =2 = m =4 = n =3 (thda man)

Néu s =3 = m =8 = n =7 (thda man)

Trudng hop 2: m = 3.2° Lam tuong ty nhu trén ta tim duge n = 23
Vay n = 3,n = 7,n = 23 la nhitng gia tri can tim. [ |

Vi du 5.9. Chitng minh rang vdi moi so tu nhién n > 2 ta cé

n—1

Z( 2 + 1 )( Ik>34n_1

k=0 AN
Lai giai (1).

n—1 n
2n+1 n—=k 2n+ 1Y\ .
5=3 () () =2 ()

n n—1
i 0 hitc: = . Ta cé:
St dung cong thic k(k) n(k_1> a cO

" /2
Bay giv dat A =) (;).
1
i=1

Xét ham f(z) = (1 +x)?" , theo dinh li RUF ta c6:

A= () + f(-1) = 527 =an

A )
Hay S = (2n + 1)5 = (2n + 1)4" 14" Suy ra dpcm. [

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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1] 1]
n—=k k
—1)k gk — yn 1/4
(") (")
k=0 k=0
1 1 12
:4”[75"]1 t u u_l t
_ 1L _
+ 4
4
1]
— k-1 1 1 t?
(_l)k n 47 k — 4" [tn 1] o |u=
k-1 t 1+ — 1—-t¢
k=0 + 1
— 4" [tn] 4(1 B tQ)
(t—2)
Suy ra:
15] |%]
n—=k n—k—1
N gk 1)k gk
Cor (M e e (M)
k=0 k=0
— 4n+1 [tn] 2—1
(t—2)°
— g ) = v ") — = L g
2-t 2 Lt 2
2
Tit day suy thang ra diéu phai chiing minh. [

Vi du 4.23. Chiing minh rang vdi moi s6 nguyén duong n, ta cé:

3] <n—k: 68 3" 4 (-2)"
k n—*k n
k=0 A
Chuyén dé Ding Thicc T6 Hop A DIEN DAN TOAN HOC
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Loi giai.
Ta c6 :
|5] |5]
B n—Fk\ n . n—k n—k—1 k
=3 ()t =R () (5o
k=0 k=0
Ta lai co:
Bl g 6 A 1 1 N _ 1
k U1t [1—6u|  1—-t| Y '1—t—62
k=0
13] 2
n—k—1 Gké[tn_l]l 1 ot - 1-—1¢
k—1 t|1—06u 1—1¢ 1—1t—6¢t2
k=0
Suy ra
£ AT,
_ - k
ns_z( A )n_k 6
k=0
L] n—k n—k—1 k
= + 6
k k—1
k=0
2—t
_tn
[ ]—6t2—t+1
] 2—t
S (=3t (1 +2t)
e 1 n 1
N 1—-3t 1+2t
=3"+ (-2)"
3" —2)"
n
DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Loi giai.
Theo ding thitc Vandermonde :

2067007

Dé thay rang tong nay tuong duong véi

()67

i=a

<m+n—p>!p!§ () (")) = tmem

Va > 0 thi (m+nfa)!|(m+n)! va (m+nfp)!‘(m+nfb)!.
T do6 suy ra ngay dpcm. [ |

Vi du 5.8 (China MO 1998). Tim s6 tu nhién n > 3 sao cho

i1 (1) (3) + ) .

L& gidi.
Theo dé bai ta co:

1+(T)+(Z)+<Z> — 2k (0 < k < 2000,k € Z)

(n+1)(n? —n +6)
6
& (n41)(n? —n+6) = 3.261

= ok

bat m =n+1(m > 4). Khi d6 ta co
m(m? — 3m + 8) = 3.2~1

Do d6 chi c6 thé x4y ra 1 trong hai truong hop sau:

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



130 5.3. CAac bai toan

Suy ra:

nni:(_mk (Z) - (_1)m—1n<:1:11> = (—1)m—1m<;> m .

k

Vi du 5.6. Hay tim tat cd cdc s6 nguyén duong n théa man diéu kién

2 ) . 2

( n) = (Qn)k, trong dé k la so cdc udc nguyén to cla < n> A
n n

Loi giai.

s A e (2n\

Gia st p la mot wGe nguyén to cia . Goi m 1a s0 mu cua p trong
n

e e 2 . (2n

phan tich tiéu chuan cta .
n
Ta sé chitng minh p™ < 2n. Gié st ngugce lai, p™ > 2n.
2
Khi do {”J = 0.
m

p
Suy ra :

e (2] ) (2] ) (2] )

()

VéizeRtacod [22] +2>22x> [22] = |22 —2|z] <1

Do d6 tir (*) suy ra m < m — 1 mau thuan. Suy ra diéu phai chiing
minh.

Tit két qua vita chiing minh & trén ta dugc:

2 2
( ") =@2n)fek=1v ( ”) =2n&n=1
n n [ |
Vidu 5.7 (T7/245-THTT). Cho m,n,p € N théa man:
p<m+nwvaa :maX{O;p—WL}; b= min{p;n}
Ching minh:

(m-i-n—b)!p!g <’Z> <p”ji>‘(m+n—a)!

A

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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Vi du 4.24 (Hoang Xuan Thanh). Ching minh rang Vn € N* :

n ntk n+2 B n+2
50 - (7)o (5

A

Loi giai.

Day c6 1& nén 1a mot bai Toan dep ma khong qua khé. Ngoai hinh ciia
bai toan c6 thé khién ban hoi réi, nhung trude tién, theo théi quen, ta
hay lam mot bude nhd dé dua moi thit trd lai qui dao.

1 1+\/5 n+2 ™ \/5_1 n+2

(G A

) <1+\/5>n+2_(_1)n+2<\/g_1>n+2
2 2

- 1 <1+\/5>n+2 (1_\/5>n+2 . 2
= — =F.+

S

2 2

S

Ké ra ciing gon dugc mot it roi, tuy chua dang ké, cai ta mudn khit 1a
cai dau phan nguyén, von hoi khé chiu trong tinh toan. S6 2 & mau sb6

n+k .
trong {;—J gdi ¥ cho ta cach xét so du trong phép chia ctia n cho

2, no6i cach khac 1a tinh chdn 1& cta n.

Mot cach tu nhién, sau khi xét tinh chin 1é ctia n, ta chia tong ban dau
tiép thanh hai thanh phan theo tinh chin 1é ctia k, va nhu vay hién

nhién sé pha hét duge nhitng dau phan nguyén {;J . Mot § tudng
hét stic dep va don gian!
Bay gio, ta xét thit n = 2m + 1, trudng hgp n = 2m hoan toan tuong

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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t.

3

N

—

3

ww‘—&-

B

| S—

~__
\

(]

()

L2m+1+2k (| 2melekl
(a2t
t

e
Il
o

[
NE

i
o

()2 (i)

k=0

1
7:

1S

~+
3

S

1—t|1l—u

[]1[1

(1 —t>2]

t 1 t

el ot

I . 1
=g T g
_ 2t
- 1—3t+t2
_4m 2(1_t) m 3
=t ]1—3t+t2 + 1t ]1—3t+t2

= 2Fym41 + oy

= Fomt1 + (Fom+1 + Fom)
= Fomt1 + Fomyo
= Fom+s = Fomi1)42 = Fot2

Budce (*) 1a dang quen thudc ctia cac ham sinh lien quan day Fibonacci.
Nén tit day suy ra diéu phai chitng minh. Mot bai toan rat - rat dep!l
4.6 Cac bai toan khong mau muc

Bai toan 4.5. Chitng minh rang Vn € N*

> a0 () =50) X

0<k<i<n

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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Vi du 5.4 (Dé thi HSG tinh D3k L3k 2011-2012). Cho m la s6 nguyén

. 2010)! .
théa 0 < m < 2011. Ching minh rang M la mot s0 nguyén./\
m!2011!
Lai giai.
Dé ¥ rang
m+2010\  (m+2010) 2011 (m+ 2011
2010 ) m!2010!  m+2011\ 2011
Suy ra
m + 2010 m + 2011
2011 = 2011
(m +20 )( 2010 ) 0 < 2011 )
m + 2010
Thc 1a 2011 2011
c la 2011 | (m + 2011) 9010

(do (m + 2010) <m + 2011> . N>

2010 )7\ 2011 '
Vi 2011 la s6 nguyén t6 va 0 < m < 2011 nén UCLN(m,2011) = 1, tut
d6: UCLN(m + 2011,2011) = 1.

2010 2010)! .

Vay 2011‘ (m ;)10 > ha; W la mot sO nguyén. |
Vi du 5.5 (Hungari 2001). Cho m,n la cdic s6 nguyén duong va 1 <
m < n.
Chitng minh rdang

m—1 n

n (—1)k<k> m

k=1 A
Loi giai.
. n n—1 n—1
A hé thiic P 1 = oF

p dung hé thtc Pasca (k < k )+<k_1),taco

i;:<—1>k<z>=<“-1> S 0
o (27

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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dong du vé6i s6 (p — 1)! theo modulo p?.

) P % —1
Lap luan tiép duge ( p) - 2( P >
p

b1 2 (mod p?). |

Vi du 5.2. Chiing minh ring vdi n la cic s6 nguyén duong lé thi tap

{00 ()

chita 16 cic sé 1é. AN
Loi giai.
Dit

Khi dé

25, = () + (") 4.4 (")—2=2"-2=8,=2"""—1las5 18
0 1 n

Vay tap S phéi chita 18 cac s6 1é. [ |

Vidu 5.3. Chon € N;n > 1. Tim UCLN ctia cdic s6

2n 2n 2n
1/7°\3 )77 \2n—-1 A
Loi giai.
2n 2n 2n
Ta co: = 22—t
a co (1>+<3>+ +<2n—1>

. (2 2 2
Suy ra udc chung cia cac so " , " e " c6 dang 2™.
1 2 2n—1

Gia st n = 2Pq, v6i ¢ 1é.

2
Ta co: ( 1n> = 2Pt1g = udc chung dang xét s& < 2P,

op+1
)
m

Chuyén dé Dang Thic TS Hop

Ta can chiing minh u6c chung chinh la 2P,

1 1 1
Ta c6: 27g — & 2ig -1 — optl
m m m—1

DIEN DAN TOAN HOC A
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Loi giai.
Tham khao 10i giai tai dia chi

http://diendantoanhoc.net /forum/index.php?/topic/82111-sum
-0-le-k-le-i-le-n-lefti-kbinomnibinomnkright-dfracn2binom2nn /

(Bai viét s6 2).
Ta c6 déng thic sau:

()@ -Z[6) () ()

V6i mot s6 nguyén duong n cho trude, xét day s6 (by)k>0 xac dinh nhu

S 0

N .. , . o X ~ N N . 3 (]' + ‘/I:)n
Bay gio xét khai trién chudi luy thita hinh thitc cta: C(x) = T
—x
Vol |x| < 1.
Ta co:
n n n >
Clz)=(1+z+a?+--) [<0> + <1>x+---+ <n>x”] => cat”
n=0
Bang cach xem xét heé s6 clia l‘k <k<mn)taco:by=cV0O<Ek<n

. cwp =8 (ZHi)
= @) () G st

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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Bay gio so sanh he sé ctia "~ ! 6 hai vé, ta co:

n—1
2n
Z < . > (n—7) =cotn_1+ c1Cn—2 + ... + cn_1c0
r=0

S0 (0 ()]
i [(kw i (kj2) - (Z)}

= Gnp—1

Nhu vay, cong viéc con lai ctia ta la di chitng minh ding thic sau:

S e-n=2(*) )

Nén (5.1) tuong duong véi

n.22n=1 = i r (2:) (4.2)

r=0

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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+ (6) < () << (et o) = (1)

k
n m n+m o
. Z (z) <k: B z> = ( I > (Hé thitc Vandermonde)

i=0

5.3 Cac bai toan

Vi du 5.1 (Dinh ly Wolstenholme). Cho p la mot s6 nguyén to. Ching
minh rang
2p 2
=2 d
(2)- i A
Lai giai (1).

Theo hé thitc Vandermonde, ta c6

2p\ [P\ (P P P P\ (P
<p) a (0> <p> " (1> (p— 1) e (p> <0>
Ma (P) ip Wk=Tp—T.Dods (P)( P ) ip? Vi=T,p—1m
k i)\p—1
Lai giai (2).
s 4 )
Véi p = 2 diéu khéng dinh ding vi (2> — 2 = 4 chia hét cho 2% = 4.
Xét s6 nguyen tb6 p > 2, trude hét ta c6 dang thiic
2 2p—1
()==(0)
P p—1
Tit he thic (2p — k)(p + k) = k(p — k) (mod p?) ding véi moi k =
p_
1,2, ...,

(s6 p — 1 chén), ta c6 tich
2p—1)(2p—2)...(p+1)
— (20— Do+ DI~ 2)(p +2)). [<2p— p;) <p+ p;lﬂ

=0 D220 (5252 (mod )

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



126 5.2. Mot sb hé thiic co ban

Ma <p nguyén lien tiép nén (p — 1)(p — 2)...(p — k + 1):k!

k
-1 —2)...(p—k+1
Hay (p—Dp ]2' -kt
Vay ta c6 diéu c?m'chﬁ’ng minh. [ |

DINH LY 5.2 (DINH LY TUONG UNG CUA LUCAS.)—

Cho p la mot s6 nguyén to6 va n la mot s6 nguyén duong vdéi n =
(Mo —1--100) p-

Gid st i la mot s6 nguyén duong nhé hon n, viét i = ig+iip+---imp™,
Gdo0<ip,.,im <p—1.

Khi do .
() =I1() .

DiNe Ly 5.3 (DiNH LI RUF)-

Cho 56 nguyén duong n, Goi e la nghiém phate khdc 1 bat ki ctia phuwong
trinh ™ = 1.

Xét ham da thic:

o .
x) = Z a;.x"
i=0

00 1 -
thi ) aim = — (F(1) + f(e) + (%) + .. + F("7))
=0
Khi st dung dinh li nay nén chu 3 tu dinh nghia € thi ta co:

l+e+..+e"1=0 0

5.2 M@t sb hé thic co ban

. (Z) - <n " k) (Déi xting)
. (Z) - <” . 1) + <Z: D (H¢ thitc Pascal)

DIEN DAN TOAN HOC A
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Bay gio v6i r = 1;2;...;n, ta co:

2n\ _ r-(2n)! (2n)!
T(r)_r!-(2n—r)!_(r—l)!-(2n—r)!

_ 2m-(2n—1) :2n<2n—1>

(r—1)!(2n—1)! r—1

Suy ra

n0r<2rn> _ Q”i <2:L_—11> _ 2n”§ <2nT— 1)

r= r=1 r=0
2n—1
1 on —1 o1
:2n-2-20< . >:n.2
r—=

T day suy ra (5.2) dang; suy ra (5.1) ding.
Do dé6 dang thiic ban dau duge ching minh hoan toan. [

Nhan xét. Day 1a mot trong nhitng bai Toan khé nhat trong tai lieu
nay. Budc bién doi dau tien la twong déi khé dé xay dung. Ham sinh
dua ra cling khong phai 14 ham sinh tuong tng véi cd 1 day sé can xét,
ma 1n6 chi 14 ham sinh tuwong ng véi nhitng s6 hang dau tién ctia day
ma thoi. Ngoai ra, bai nay con doi héi cac ki ning bién déi thanh thao
v6i t6 hop chap (6 phan 3-4).

Nhin chung; day la 1 bai toan hay - khé - ngoan muc!

Diéu dé dang bu lai 1a k§ nang xét (C(z )) tuong doi quen thuoc.

Suy ngam vé bai toan nay ta thay, c6 mdi lien hé mat thiét v6i dinh 1y
tong ting phan

(Dinh 1y P Z fre =[t"] Q

Nhu vay, du la mQt bai toan khong mau myc nhung 15i giai trén cing
c6 nhitng co sG nhat dinh, cht khong hén 1 cam tinh va k§ nang.

Bai toan 4.6. Ching minh ring

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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($+m+1)§;)(_1)j<x:1y;j> <yj;2j> _jf; <2+j')<_4)j

L&i gidi.
T P (y+2) , X
Chi : Ham sinh tuong ting ctia day (—1)” , (j €N) la:
J

1 1—VI+4t\? 1 Vitat—1\"
m( 2(—1) )ZM( 2t >

Ta co:

wemen e () ()

=0 J
By tm41) [ (144 [\/ﬁ <V 1+in_ 1) u:t(l—i—t)}
1 (2¢)¥

= 1) [t (14 t)*tY :
@+m+ DA+ 0™ 5 s 1 o

@t mA ) [ (48—

142t
(1+t)*
= 1) [t™
(x +m+1)[t"] T
Ta ciing c6:
(x4 B 1 (1+1t)"
—4)7 =" (14+¢)” =t(14+1t)| =[t"] ——%=
]ga(m—)( PR | =] = 0
DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop

Chuong

Tj’ng dung
dang thic t6 hop
vao S6 hoc

51 Dinhly 125

5.2  M&t sb hé thitc co ban 126
5.3 Cac bai todn 127

5.4  Baitip 148

Tran Trung Kién (Ispectorgadget)
Le Kim Nha (gogo123)
Tém tat ndi dung
Trong phan nay, ching toi gii thieu mot sé dinh 1y va céc bai toan

S6 hoc sit dung T6 hop va DTTH. Dé giai dugc chiing, cic ban phai
biét két hgp cac phuong phéap, ki thuat véi nhau.

5.1 Dinh ly

DiNng 1Y 5.1

Cho p la s6 nguyén to. Khi dé (i) cpvdimoip=1,2..,p—1 O

Chdng minh.

—1)..(p—k+1 .
<z> :p(p ) ]Sj +1) Do p nguyén to va k € {1,2,....,p — 1}
nén (p,k!) =1

125
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T do suy ra:

(z4+m+1) i(—l)j <x;’:y_§ j> <y J; 2j> - zm: (;ti) (—4)’
-
+

=0 7=
= G m e D) - 1 g

(Mau s6 (1 + 2t)? chinh 1a méu chét ggi cho ta lien tudng dén vige xét
dao ham)

my (L+1)° my L+0T g (L4 1)°
@+ D Sy T s~ e
ey O 4 (QH07Y (0
= @D e T g 1+2t>_[t v
1+t)” (146" (1 +2t) = 2(1 +¢)°
(24 1) [tm](li;)t+[tm_1]< (1+1) ((112;))2 (1+1) >
e L4 0°
(1+2t)2
14 )" t(1+¢)*1 2t(1 +t)*
:(x+1)[tm](1++21+x[tm](l++;t—[tm](1(;;5))2
_[tm]ﬂ
(14 2t)2
T z—1 z
_pm @ +0* (e + 1)1 +t) +at— (1+1))
1+ 2t
= [t"] A+ L+ 2
1+ 2t
= [t (1 +t)*! = x<$T:L 1)

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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Nhan zét. Day 1a bai toan khé nhat trong chuyén dé nay!
Bai todn nay duge dua vao muc cac bai todn khong mau muyc vi phép
bién ddi trong bai nay la tuong déi la v it gap, ham sinh dua ra

Z ? 1 t x
ciing khong qua quen thuoc, du sao thi phép bién doi m [t"™] u =

142t
d /(1+¢t)* r aa
[tm 1] % <(112)t> ciing 14 phép bién doi dep va nén nhd!

Bai toan 4.7. Chitng minh ring vdi moi s6 nguyén n, ta cé:

2n
Z ( A >F2k+1 =5"Font1

k>0

Loi giai. Ta co:

2n A 1 1—wu
Z(k)FQ’““:[t%] 1—¢ [1—3u+u2

ot
1t

k>0
:[t2n] L 1-3 t
1—1¢ 1_3 (1 )
e L <1—t> —t(1-1)
1—t (1—1)2—=3t(1—1t)+t?
:[Qn] 1—2t
5t2 — 5t +1
1 — 25t
:5n[t2n] 5
t2 — /bt +1
_ 245t
5

Tic 1a ta can ching minh [ ———2 = R
g [ }t2f\/5t+1 2n+1

Chuyén dé Dang Thic TS Hop
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Loi két

Chi bing vai chyc trang thi duong nhién khong thé truyen tai hét nhitng
gl ngudi viét chuyén dé muén g gam. Tuy nhién, tac gid da c6 ging
dé c6 thé c6 mot chuyen dé co dong - dé& hiéu va dé 4p dung. Xin dugc
diém lai mot vai ¥ 16n trong chuyén dé:

e Luyén tap dé st dung thanh thao nhing dang khai trién ham
sinh co ban.

e Gidi thieu mot vai kiéu khai trién ham sinh tuong déi kho.

e Gidi thieu nhitng dinh 1y c¢6 ttng dung nhiéu trong tinh téng diing
ham sinh.

e Cac bai tap khong mau muc c6 nhiéu tng dung.

Van con nhiéu didu khac trong tinh tong ding ham sinh ma tac gia
chura thé mang dén: cic tdng c6 lien quan dén s6 nghich ddo (harmonic
number), téng lugng gidc, dang ham sinh ctia s6 phiic... Ciing nhu 1a
nhitng cach tiép can dé tim ra cy thé ham tuong tng v6i day vi du
nhu phuong phap st dung ham siéu hinh (hypergeometric function);
phuong phép st dung dinh 1y nghich dédo Lagrange (Lagrange’s Inver-
sion Theorem)... TAc gid rat tiéc nhung chua thé néi ra duge do nhing
gidi han veé thoi gian va kién thic.

Hi vong 1a c6 thé gap dugce cac ban trong mot chuyeén dé khac, ¢ thé la
1 4n pham khéc ctia VMF, téc gid c6 thé c6 dip dé chia sé va thio luan
nhiéu hon vé nhitng van dé nay. Con hién tai, néu that su quan tam, cac
ban c6 thé tim hic¢u thong qua céc tit khoa tiéng Anh ma tac gia cung
cap, hoiic trao ddi thém thong qua dia chi mail: loc_ Thp@yahoo.com

Tam biét va cdm on cic ban vi di theo doi chuyén dé. Chic cac ban
hoc t6t.

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



122 4.7. Bai tap tu luyén

BAI 4. Chiing minh réng v6i moi s6 nguyén duong n, ta cé:

S (1 Grt+je+-tjn -1 1

Trong d6 tong trén dugc lay trén tat ci cac bo sé nguyen khong
am (j1;J2; .--; jn) thod man j; + 2jo + ... + njp =n

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

4.6. Cac bai toan khong mau muc 115

Ta co:
2n 1 - 2T\/gt 2n 1- 2T\/gt
RN I
)
— [¢2n 1 - QT\/gt
o (1458) (14247
. 1
=[] <1+t1—2ﬁ> (1+t#)
_2V5 1] 1
5 (1+15558) (1+=452)
(Téi day ta dung dén cong thiic [t"] (1—|—rt)1(1+st) = Tn+;_§n+1 (1)")
()-8
ORI
o () <_¢25—1)2”(_1)2n_1
(- ()
B (1_\/5>2n+1+<\/5+1>2n+1
2 2
25 (1 - \/5>2” - <\/5+ 1)2”
5 2 2
Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



116 4.6. Cac bai toan khong mau muc

I L+ V5 2n+1 -3 2n+1
Vs WL 2 2

= Font1
Nén tit day suy ra diéu phai ching minh. [ |
Nhan zét.
. _ 25
Hay dé y ky céch xit 1y [tQ"] m, vi cach xit Iy nay ciing 1a

cach lam téng quéat véi dang phan thitc ¢6 mau thic 1a ham bac 2 ¢6
nghiém thuc.

Trong topic http://diendantoanhoc.net /forum/index.php?/topic/68310-
sum-kge-0-binom2nk-f-2k1-5n-f-2n1/ nickname hxthanh c6 dua ra mot
16i gidi kha ngdn gon dua trén nhi thic Newton va tinh toan Dai S6
thuan tuy. Tuy nhién, theo quan diém ciia ngudi viét, 151 giai tren tuy
“cdng kénh” nhung lai c6 nhiéu cai dé hoc tap hon.

Dua trén tu tuéng 16i giai trén, cac ban hay gidi bai tuong tu:

Vé6i moi s6 nguyén duong n. Chitng minh:

5 ()nr

k=0
Tuy nhién, cach nay sé khong thé ding dé gidi bai sau: V6i moi s6
nguyén duong n. Ching minh:

n

I (T

k=0

Cac ban hay ty tim cho minh céach gidi thich tai sao nhu vay. Dong
thoi gidi n6 bing cach clia hxthanh xem sao? Day c6 thé xem la mot
dip dé dbi chiéu cac cach giai khac nhau.

Bai toan 4.8. Chitng minh rang vdi moi s6 nguyén duong n,ta co :
— 3\ (3n—k—2\ = (3n

_qyn-1-kgk — K- _ AR
et (V) (0T - () s

k=0 k=0 A

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Zn: (w ;:r k) <y Iﬁ; k) = (1 —t)xﬂ (1 —1t)y+1

1
_ n
= [t"] (1— t)z+y+2
_(rty+2+n-—-1\ [(z+y+n+l
N n N n
Tit d6 ta c6 diéu phai ching minh. [ |

4.7 Bai tap tu luyén

BAI 1. Chitng minh rang véi cic s6 nguyén duong m, n thod man:
1 <m <n-—1thi ta luon cé dfmg thtc :

2n-m-1\ (n-1\ _ Z Z k+ 3\ (2n-m-2k—j-3
2n—2m-1 m) Pl k 2 (n-m—k-1)
BAI 2. Chitng minh réng v6i moi s6 nguyén duong n, ta cé :

n (n—k e nm
2 an—k< 2%k )ZQ treos ()

0<k<2

BAI1 3. Cho truée 2 s6 nguyén duong n;r véi r < n. Chitng minh rang
néu c6 cac bo sé6 nguyen khong am (ky; ko; ...; k) thda man

thi ta ludn co6

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



120 4.6. Cac bai toan khong mau muc

Xét he s6 clia 2° cd 2 vé, ta co:

ZS: r+i\(g+s—4i\ [r+q+s+1
P ) s—1 N S

slglr! S~ [+ +s—1 sl (r+q+s+1
~ j’ Z( i )(q q - 3' qs
! = !
sl(t—s—r)lr! (t—i— 1)

t! s
_sl(t—=s—r)lrl (t41)!
B t! (t+1—s)ls!
C(t=s—=r)lrl(t+1)
(t+1—s)!
t+1

t+1-1s)("%)

r

Nén tit day suy ra diéu phai chiing minh. [ |

Nhan zét. V6i cach dung ham sinh nhu trén, cAc ban hay thi luyén
tap bang cach giai bai toan don gidn sau:
Chitng minh rang v6i cac s6 nguyeén 0 < s < k < n, ta c6 :

i(t)(n—t)(n—i—l)

e S k—S k—l-l
. . p+k P

Goi y: St dung dinh ly: G (( m >> - m

Bai toan 4.10. Ching minh ring:

QUGN .

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Lai giai.
Tham khao 16i gidi (bang tiéng Anh) tai dia chi:

http://www.artofproblemsolving.com/Forum/
viewtopic.php?f=418&t=491174

(Bai viét s6 3).
Ta ¢6 tinh chat sau: (Dinh 1y Convolution (4.1))

) (F9) = 3 [¢] 500 [ o0 (4.3)
k=0

Ta thay:

e n— k 1a he s6 ctia 2" F trong khai trién

1-a)

3 . .
. 2k( ;) 1a he s6 clia =¥ trong khai trién (1 + 2z)3".

Do d6 theo (4.3), ta co:

k=0 k=1
-1
-5 (D)
Miit khac dé tinh he s6 ciia 2" trong khai trién ham f(x) = W
Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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theo céch khéc (theo hudng c6 sb 3F ) 6 vé trai, ta co Vé6ii=0,...,s, ta co:
20 (=) 4 30) " s
(1—x) (1—x) i s! (r )t —r =)t
(30 ok k41 3n—k t ol (s —1)! t!
_ nkzo<k>3x (A=) r+1
= [a"] (1— 1) _ s! (r+i) (g +s—d)!
30 oo il (s —1)! t!
= [z"] < ! )3’“9:’““ (1= g)inmhe2 sl (r+ i) (g+s—1)
k:? ot 73l (s —1)lq!
nn_ 3n n—k— slglr! (r+1\ (q+s—1
k=0
e slglr! (r+ 14 +s—1
_ 1( )ni-kgk <3n) <3n — k- 2) = ;1' < . ) (q ‘ )
o k)\n—1-k '
k=0
Suy ra :

Vay ta c6 két qua cudi cling:

n:l(_l)n_l—k?,k(g:) (3:__1"’__k>:§:(3:>(n—k)zk <§>+ <§) (%) :s!(t]:r!i ri\ (q+s—i
‘ — ' O )y ECIE)

Xét khai trién ham sinh dua trén chudi luy thita hinh thic:

—_

Bai toan 4.9. Chitng minh rang vdi moi s6 nguyén khong am r,s,t
théa mant > r + s, ta co :

5 5 5 1r++2: 17~+1 . 1

0 1 s t+1 (1—2)™ (1—2)" (1-a)

N e T e T t—s — (T ) [~ (a+1)

() () () () s () (500
o e > r+q+1+d\ ; = [r+i i > qg+i\
L(flglal. o o i o :Z< i )$_<Z< i ):E)(Z( 7 >$>
bat g =t — r — s. R6 rang ¢ 1a so nguyén khong am. i=0 i=0 i=0
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