PUGNG PANG GIAC, PUONG POI TRUNG

Nguyén Ting Vil

1 Duodng dang giac

1.1 Dinh nghia

Pinh nghia 1. Cho géc Zx0y. Ta néi hai duong thang di va ds la cdc duong dang gidc trong
goc da cho néu ching cung di qua dinh O va doi zing vdi nhau qua phan gidc clia géc do.

Vidu 1.
(a) Mot truong hgp tam thuong la: Duong phan gidc la dang gidc vdi chinh né.

(b) Trong mot tam gidc vuong, duong cao va trung tuyén zuat phdt t dinh géc vuong la hai
duong dang gidc.

(c) Tong qudt hon, néu tam gidac ABC ngi tiép trong duong tron (O) thi AO va duing cao
ha ti dinh A zuong canh BC' la hai duong dang gidc cia goc ZBAC.

Ban doc c¢6 thé kiém tra mot cach dé dang cac vi du trén.

1.2 Cac tinh chét co ban
1.2.1 Tiéu chuin dé hai dudng thing 13 ding gidc cha mét géc

Dinh 1y 1 (Dinh Iy Steiner). Cho tam gidc ABC va hai diém D, E trén canh BC. Khi dd,
AD va AFE la hai duong ding gidc cia goc ZBAC khi va chi khi
BD BE AB?
DC EC AC*
1Gido vien truong Phd thong Ning khiéu, thanh phé H6 Chi Minh.

(1)
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Chiing minh.

B C
D E

(a) Phan thuan. Gia st AD va AE la hai dudng dang gidc ctia géc ZBAC, ta sé chiing minh
dang thitc (1) cling duge théa man. Ta c6

BD  Spap AD-AB-sin/BAD AB sin/BAD @)
DC  Spac AD-AC -sinZDAC ~— AC sin ZDAC’

Tuong tu, ta cling co

BE AB sin/ZBAE

EC AC sinZEAC )
Mat khéac, do AD, AFE la hai dudng dang giac ctia géc ZBAC nén
/BAD = /FAC, /DAC = /BAE. (4)

Tit day két hop véi (2) va (3), ta thu duge ngay dang thic (1).
(b) Phan ddo. Gia st AD, AE théa (1), ta chiing minh AD va AFE 1a hai duong dang gidc
ting v6i goc A. Vé AD' 1a dudng dang giac ctia AE (D' € BC). Khi d6 ta c6 he thic

BD' BE AB?

DC EC ACY

Két hop véi (1), ta c6 % = g;DC'. Suy ra D = D', titc AD va AFE 1a hai duong dang giac. [

Dinh 1y 2. Cho géc ZxOy va duong thing d, qua O, A la mot diém bat ky trén dy. Goi H, K
lan gt 1o hinh chiéu cia A trén Ox, Oy. Khi do, duong thing do la duong dang gidc ctia dy
ung voi goc ZxOy khi va chi khi dy qua O va vuong goc voi HK.

Chitng minh. Chiing minh dinh 1§ nay kha don gian, dé thuan tien ta st dung géc hinh hoc.
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(a) Phan thugn. Gia st dy la duong dang giac ciia dy, ta sé ching minh dy L HK. Ta ¢6
OHAK la t1 giac noi tiép duong tron duong kinh OA nén

/AOH = /AKH.
Mat khac, ta lai c6 ZKOB = ZAOH, nén tit trén suy ra
/KOB=/AKH.

Vi ZAKH + ZHKO = 90° nén ta ¢c6 ZKOB+ ZHKO = 90°, tit d6 suy ra OB | HK.

(b) Phan ddo. Gia stt dy di qua O va vuong goc v6i K H, ta sé chiing minh dy 14 dudng dang
gidc ctia d;. Goi dudng thing d’ 1a duong dang gidc ctia d; ting véi géc ZxOy. Theo phan
thuan ta c6 d L HK, suy ra d’ tring d,. Vay dsy 1a dudng dang gidc clia d;. O

Heé qua 1. Goi Ay, Ay lan luot la diem doi zing cia A qua Ox va Oy. Khi dé, duong trung
truc cla doan Ay As la duong ding gide ciia OA.
1.2.2 Céc tinh chat ca ban

Dinh 1y 3. Cho géc Zz0y. A va B la hai diém sao cho OA, OB la hai duong ding gidc ting
vdi goc LxOy. Ay, Ay lan lugt la hinh chiéu cia A trén Oz, Oy va By, By lan lugt la hinh
chiéu cia B trén Oz, Oy. Khi dé, ta cé cic dieu sau:

(a) Bon diém Ay, Ay, By, By cung nam trén mot duong tron cé tam la trung diém clia AB;
(b) AAl : BBl - AAQ . BBQ
Chitng minh.

(a) Ta co
OA; = OAcos ZAOA,, OB; =0Bcos/ZBOB;

va

OAy = OAcos LZAOA,, OBy = OB cos ZBODB.

Suy ra OA; - OB; = OAy - OB,. Do do, bén diém Ay, Ay, By vd By cing thudoc mot dudsng
tron. Hon nita tam clia dudng tron nay chinh la trung diém ctia AB.

(b) Két qua nay dudc suy ra tryc tiép tit dinh nghia duong ding giac. O
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Dinh 1y 4. Cho tam giic ABC. Cdc cip duong thang d,, d., la duong ding gidc ing vdi géc
A, dinh nghia tuong tu vdi dy, dj va d., d.. Khi dé, d,, dy, d. dong quy tai P khi va chi khi d.,,
1, d. dong quy tai P’

Ching minh.

P/

B Y C

Stt dung dinh 1y Ceva dang lugng gidc ta chiing minh dinh 1y 4 nhu sau: Gia st d,, d;, d. dong
quy tai P, ta co
sin(d,, ¢) sin(dy, a) sin(d., b)
sin(d,, b) sin(dy, ¢) sin(d,, a)
Lai ¢6 (d,, ¢) = —(d,, b) va (d,, b) = —(d,,, ¢) nén
sin(d,, ¢)  sin(d,, b)
sin(d,, b)  sin(d’,, ¢)’

—

).
)

Tuong tu, ta cling co
sin(dy, a)  sin(dy, ¢)  sin(d., b)  sin(d., a)
sin(dy, ¢)  sin(d), a)’ sin(d,, a)  sin(d., b)’

T nhitng két qua nay, ta suy ra
sin(d.,, b) sin(dy, ¢) sin(d., a)

: = 1.
sin(dl,, ¢) sin(d}, a) sin(d., b)

Do d6 d.,, d;, d., dong quy. Dinh 1y dugce ching minh. O
Tt dinh 1y 4, ta ¢6 dinh nghia sau:

Dinh nghia 2. Hai diém dugc goi la hai diém dang gidc néu cac cip duong thang noi ching
vdi moi dinh la nhing cap duong ding gidc.

Vi du 2. Trong mot tam gidc thi tam duong tron ngogi tiép va truc tam la hai diém ding gidc.
Ap dung dinh 1y 3 ta ¢6 dinh ly sau:

Dinh 1y 5. Cho P va P’ la hai diém dang gidc doi vdi tam gide ABC. Goi X, Y, Z lan lugt
la cdac hanh chiéu cia P trén cic canh BC, AC, AB va X', Y', Z' lan luot la cdc hinh chiéu
ctia P’ trén cdc canh BC, AC, AB. Khi dé, siu diem X, Y, Z, X', Y', Z' cung ndm trén mot
duong tron.

Mot hé qua ctia dinh 1y 5 1a dinh 1y vé duong tron Euler:

Dinh 1y 6. Trong mot tam gidc, chan cic duong cao va trung diém cdc canh thi cing thuoc
mot duong tron, tam duong tron Euler chinh la trung diém cia doan thdng néi truc tam va
tam ngoai tiép tam gidc.
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1.3 Mot sb bai toan ap dung

Bai toan 1. Cho tam gidgc ABC. Duong tron thay doi qua B va C cit cdc duong thing AB va
AC tai D va E. Chimg minh riang tam I cia duong tron ngoai tiép tam giac ADE di chuyén
tren mot duong thdang co dinh.

Ching minh.

Ta c6 tam giac ADE va tam gidc ACB dong dang, suy ra hai tam giac AID va AOC dong
dang, do d6 ZDAI = ZOAC. Két qua nay cho thay Al va AO la hai dudng dang giac déi véi
géc A. Ma duong cao AH cta tam gidc ABC va AO ciing la hai duong déng giac. T day suy
ra I € AH c6 dinh. O
Nhan zét. Day la bai toan thi vao truong Pho thong Nang khiéu nam 2011 va la mot bai
toan kha dé. Ta khong can phai sit dung t6i khai niem ding gidc. Tuy nhién, qua bai nay ta
c6 mot dau hien dé nhan biét duge hai dudng ding gidc: Cho hai diém D, E thuoc cic duong
thang AB va AC sao cho AADE ~ ANACB. Khi dé cic duong thang tuong ting clia hai tam
giac ADE va ABC qua A la hai duong ding gidc cia goc ZBAC.?

Cu thé hon: Cho tam gidgc ABC. Néu DE la duong doi song ciia BC' thi trung tuyén (duong
cao. .. ) zudt phdt ti A cia tam gidc ADE va tam gigc ABC' la hai duong dang gidc.

Day 1a mot y kha hay dé ta gidi dudc cac bai toan. Ta xét vi du sau:

Bai toan 2. Chiing minh ring trong mot tam gidc, cic duong thang ké ti tam cia duong tron
bang tiép trong moi goc, vuong géc vdi canh doi dién, dong quy tai mot diém.

Chitng minh.

2DE va BC dudc goi 1a hai dudng dbi song.
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Goi 1, I, I. 1an lugt 1a tam duong tron bang tiép ting v6i dinh A, B, C. Dé dang chiing minh
I,A, I,B, I.C 1a cac dudng cao clia tam giac I,II.. Vi BC va I, 1, 1a hai duong ddi song nén
theo tich chat trén ta c6 duong thang qua A vuong goéc véi BC va dudsng thing I, A 1a hai
duong dng gidc tng véi goc IyI, 1. Ap dung dinh 1y 4, ta ¢6 didu can ching minh. O

Bai toan 3 (Nga, 2010). Pudng tron noi tiép ctia tam gidc nhon ABC tiép xiic vdi cdac canh
AB, BC, AC lan lugt tai Cy, Ay, By. Cdc diém As, By lan lugt la trung diém cia cic doan
BiC1, A1Cy. Goi P la giao diém ciia duong tron noi tiép va CO, vdi O la tam duong tron ngogi
tiép tam giac ABC. Goi N, M la giao diém thit hai ciia PAy, PBy vdi duong tron noi tiép.
Chitng minh rang giao diém cia AN va BM thuoc duong cao ha tw C cia tam gidc ABC.

Chitng minh.

. C

Ta biét rang duong cao ha tit C' va CO la hai duong dang giac. Cac duong thing CO, BP,
AP c&t nhau tai P. Do vay, ta chi can ching minh (AP, AN) va (AP, AM) la cac cip dudng
ding giac tng v6i géc A vi B clia tam giac ABC.

Tu day, ta di dén 10i gidi cho bai toan nay nhu sau: Goi I 1a tam dudng tron noi tiép tam giac

ABC, K la giao diém ctia AN va BM. Ap dung phuong tich ctia diém P d6i véi dudng tron
(I) va duong tron ngoai tiép tit giac AC 1By, ta c6

Aol - AsA = AyCYy - AyBy,  AsCh - AyBy = AN - Ay P.

T do6 suy ra

AQN . AQP == AQ[ . AQA

Ding thitc nay cho thay ANIP la tt gidc noi tiép. Hon nita /N = I P nén ta c6 Al la phan
gidc goc ZNAP, do d6 AN va AP la hai duong dang giac ting véi goc A.

Chitng minh tuwong ti ta ciing c6 BM va BP la hai duong dang giac ciia géc B. Ma AP, BP,
CO dong quy tai I va AN, BM cit nhau tai K, nen CK la dudng dang giac ctia CO. Suy ra
K thuoc duong cao ha tit C' cua tam giac ABC. n
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2 Duong d6i trung

2.1 Dinh nghia

Dinh nghia 3. Trong mot tam gidc, duong ding gidc vdi trung tuyén zudt phdt tu mot dinh
duoc goi la duonmg doi trung ciia tam gidc.

Vi du 3. Trong mot tam gidc vuong thi duong cao zuat phdt tw dinh chinh la duong doi trung.

2.2 Cac tinh cht co ban

Duong déi trung 1a dudng dang gidc véi trung tuyén neén sé co cac tinh chat ctia cip dudng
déng giac. Tit cac dinh 1y 1, 2, 3, 4 va 5, ta c6 cac tinh chéat sau:

(1) Cho tam gidc ABC. Ta c6 AD (D € BC) la dudng doi trung khi va chi khi:

DB ABQ.

(a) DO~ AC?

(b) sin ZDAB _ AB
sin/DAC  AC’
DH AB

(c) DK AC

(H, K 1an lugt 1a hinh chiéu cta D tréen AB, AC).

(2) Cac dudng doi trung giao nhau tai mot diem goi 1a diem Lemoine. Chi ¥ ring:

(a) Diém Lemoine va trong tam la hai diém ding giac;

(b) Diém Lemoine c6 nhiéu tinh chat hay, ta sé xét cac tinh chat d6 trong phan bai tap.

2.3 Céach dung duong d6i trung va ap dung
Drta vao cac tinh chat clia duong ddi trung, trong phan nay ta sé xét xét cac cach dung duong

déi trung. Qua do, ta xem xét mot vai vi du lien quan t6i duong doéi trung clia tam gidc.

Bai toan 4. Cho tam gidc ABC. Trén duong thing AB ldy mot diém D va trén duong thing
AC lay mot diém E sao cho DE la duong doi song cia BC. Chimg minh rang trung tuyén
ctia tam giac ADE la duong doi trung cia tam giac ABC.
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Bai toan nay c6 thé dugc ching minh dya vio nhan xét sau bai toan 1 (ban doc c6 thé tu
chiing minh).

Bai toan 5. Cho tam gidc ABC. Tiép tuyén tai B va C ciia duong tron ngoai tiép tam gidc
ABC' cdt nhau tai P. Chitng minh rang AP la duong doi trung cia tam gidge ABC.

Ching minh.

(a) Cdch 1. Goi D la giao diéem ctia AP va BC, ta c6

DB Supp AB-BP-sin/ABP _AB sin/ACB AB?
DC  Sacp AC-CP-sinZACP  AC sinZABC — AC?’

Do d6 AP 1a duong doi trung ctia tam gidc ABC.

D¢

(b) Cidch 2. Goi D, E la giao diém ctia AB, AC v6i dudng tron tam M ban kinh M B va O 1a
tam dudng tron ngoai tiép tam giac ABC. Ta can ching minh DE 1a dudng kinh ctia dudng
tron. That vay ta co

/BOC  /BPC

/DBE = /BAE + ZAEB = 5 + 5~ 90°,

nén DFE la duong kinh va P 1a trung diém ctia DE. Tit day, dé dang suy ra AP la dudng doi
trung ctua tam giac ABC. O

Sau day ta xét mot vai vi du c¢6 lien quan dén duong doi trung.
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Bai toan 6 (Dé chon doi tuyén trudng Pho thong Nang khiéu, 2010). Cho tam gidc ABC ngi
tiép duong tron (O) c6 A co dinh va B, C thay doi trén (O) sao cho BC luon song song vdi
mot duong thang co dinh. Cdc tiép tuyén cia (O) tai B va C cdt nhau tai K. Goi M la trung
diém cia BC, N la giao dieém cia AM vdi (O). Chitng minh dudng thing KN luon qua mot
diém c6 dinh.

Chitng minh.

Goi D, P lan lugt 1a giao diém ctia KN, AP va (O). Vi BC c6 phuong khong d6i nen KM 1a
dudng thang cb dinh. Theo trén, ta thay AK la duong déi trung, suy ra ZBAP = /NAC. Tut
d6 ta ching minh duge P, N déi xting nhau qua duong thing KM cb dinh. Khi d6 dé& dang
suy ra D dbéi xing véi A qua dudng thang KM nén D cb dinh. O]

Bai toan 7. Cho tam gidc ABC. Mot duong tron thay doi qua BC' cit cic canh AB va AC
tai D va E. Tiép tuyén tai D va E cia duong tron ngoai tiép tam gidc ADE cdt nhau tai P.
Chitng minh ring P luon thuoc mot duong thang co dinh.

Chitng minh. Nhan xét P thuoc duong ddi trung ciia tam giac ADE. Ma BC' 1a duong doi
song clia DE nén trung tuyén AM clia tam giac ABC' 1a duong d6i trung ctia tam giac ADE.
Do dé P thuoc AM cb dinh. O

Bai toan 8. Cho tam gidc ABC nhon khdc tam gidc can. M la trung diém cia BC. D va E
la cdc diém thuoc AM sao cho AD = BD va AE = EC. DB cit CE tai F. Mot duong tron
qua B va C cat cic canh AB, AC lan lugt tai H va K. Chiing minh rang AF di qua trung
diém cia HK.

Chitng minh.
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P

Ta thay ring HK la dudng dbi song ctia BC nén dé ching minh AF qua trung diém ctia HK
thi ta chi can ching minh AF la dudng déi trung ctia tam gisac ABC. Ap dung dinh 1y sine
cho tam gidc ABF va tam gidc ACF, ta c6

AB B sin ZAFB sin ZAFB

AF  sin/ABF sin/BAD (1)

va

AC B sin ZAFC B sin ZAFC
AF  sin ZACF  sin ZEAC’

Ma D, E thuoc trung tuyén AM nén ta cé

sin Z/DAB B AC
sin/EAC  AB’

Tu (1), (2) va (3), ta suy ra sin ZAF B = sin ZAFC, tiic

LAFB = /ZAFC. (4)
Mat khac ta lai c6

/BFC =/FDE+ /FED =2/BAD +2/FAC =2/BAC = ZBOC.
Két hop vdi trén, ta dugc

LAFB = /ZAFC = 180° — ZBAC.

Nhu vay, ta c6
/FAC+ /FCA=/BAC = Z/BAD + ZCAD.

Ma LFCA = ZCAD nén LFAC = ZBAD. Vay AF la duong dbi trung ciia tam giac ABC.
Tu dé suy ra diéu can chiing minh. O

Nhan zét. Sau khi da chi ra duge ZBFC = ZBOC' thi ngoai céch chiing minh nhu trén, ta
con c6 mot cach khac dé hoan tat bai toan nhu sau: Tit ZBFC = ZBOC, ta c6 tit gisc BFOC
noi tiép. Goi P la giao diém ctia AF va (BFOC). Tit (4) suy ra PB = PC. Diéu nay chiing t6
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OP la duong kinh va PB 1 OB, PC 1 OC. Suy ra PB, PC la tiép tuyén cia (ABC) va nhu
thé, AP la duong do6i trung ctia tam giac ABC. Tt day ta c6 ngay diéu phai chiing minh.

Qua cach chitng minh nay, ta thay OF 1L AF va F thudc duong tron duong kinh AO. Day
chinh la noi dung ctia bai toan thi Olympic Toan toan nuée My nam 2008: Cho tam gidc ABC
nhon va khong phdi tam gidc can, duong trung truc cia AB va AC cdt trung tuyén AM tai D
va E. F la giao diém cia BD va CE. Goi N, P lan lugt la trung diém AB, AC va O la tam
dugc tron ngoai tiép tam gidc ABC. Chaing minh ring bon diém N, F, O, P cung nam trén
mot duong tron.

3 Bai tap tu luyén

Bai tap 1. Cho tam giac ABC c6 O la tam duong tron ngoai tiép. Goi O,, Oy, O, lan lugt 1a
tam duong tron ngoai tiép cac tam giac OBC, OAC va OAB. Chiing minh ring AO,, BO,,
CO, ddng quy tai diem K, va K la diém dang gidc clia tam dudng tron Euler ciia tam giac
ABC. (K, dugc goi la diem Kosnita.)

Bai tap 2. Cho tam giac ABC noi tiép duong tron (O) va P la diém sao cho PB, PC la cac
tiép tuyén véi duong tron (O). Trén AB va AC ta lay cac diém K va H sao cho PK || AC va
PH || AB. Chitng minh rang céc diem H, K va trung diém cic canh AB, AC ciing nam trén
mot dudng tron.

Bai tap 3 (APMO, 2010). Cho tam gidac ABC nhon thoa diéu kien AB > BC, AC > BC.
Goi H va O lan lugt 1a tric tam va tam dudng tron ngoai tiép tam gidc ABC. Gia st duong
tron ngoai tiép tam gidc AHC cat duong thing AB tai diém M khac A, va dudng tron ngoai
tiép tam giac AHB cit dudong thang AC tai diem N khac A. Chting minh ring tam dudng
tron ngoai tiép tam giac M N H thuoc duong thang OH.

Bai tap 4. Cho tam giac ABC can tai A, va P la mot diém nim trong tam gidc sao cho
/PBA = /PCB. Goi M la trung diém ctia BC, chiing minh ring

LAPC + ZMPB = 180°.

Bai tap 5. Cho duong tron (O) va hai diém A, B ¢6 dinh trén dudng tron, M la trung diém
ctia AB. Diém C thay déi trén cung l6n AB. Duong trung triuc cia AC va BC cit CM lan
lugt tai D va E. Goi F la giao diem ctia AD va BE. Ching minh ring C'F luén di qua mot
diém c6 dinh khi C' thay doi.

Bai tap 6 (Nga, 2010). Mot diém B thay doi tréen day AC ctia dudng tron (w). Dudng tron
duong kinh AB va BC' ¢6 tam 1a Oy va O, cit (w) lan lugt tai D va E. Tia O;D va OoF cit
nhau tai F, tia AD va C'E cit nhau tai G. Chiing minh ring FG di qua trung diém ciia AC.

Bai tap 7. Cho tam giac ABC. Mot dudng thang (d) thay ddi luon song song véi BC' cat AB
va AC lan lugt tai M, N. Goi I la giao diém ctia BN va C'M. Dudng tron ngoai tiép tam giac
BIM va CIN cét nhau tai P (khac I). Chiing minh ring P luon thuoc mot duong thang cd
dinh khi (d) thay doi.

4 L&i két

Bai viét nay khong di sau nghién citu céc tinh chat ciia duong dang giac, diém ding gidc, ma
chi néu lén mot khai niem kha pho bién trong hinh hoc nhung c¢é thé con la 1am véi nhiéu hoc
sinh, qua dé gitup cho cac em ¢6 thém mot huéng nhin khi giai cac bai todn hinh hoc. Ban nao
yeu thich c¢6 thé nghién ctu thém trong cac tai lieu tham khao.
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