UNG DUNG CUA PHEP NHOM ABEL!
TRONG CHUNG MINH BAT DANG THUC

D6 Trong Dat - Vit Thanh Ta - Vii Dinh Viét - Tran Trung Kién

I. L&i néi dau

Trong qué trinh lam toan, ching ta da ting tiép can vé6i rat nhiéu cac ding thitc. Tuy nhién, khi
diing truéc mdi mot dang thiic dé c6 bao gis ban tu hoi lieu né con cé ing dung gi khong, lieu c6
thé ap dung noé vao ching minh bat dang thic? Trong bai viét nay, ching toi xin gidi thieu véi cac
ban cong thic khai trién Abel.

Cho Z1, T2, ..., Tp VA Y1, Y2, ..., Yp 12 cac 56 thue tuy v.Dat ¢, = y1 +yo+...+y, Vk € R, 1 < k < n.Khi
do:

11 + T2Y2 + ..+ TpYn = (xl - 1'2)61 + (172 - :L‘S)CQ + ...+ (xn—l - xn)cn—l + TnCn

Cach phat biéu va ching minh hét stc don gian. Tuy nhién, ding sau vé bé ngoai don gidn do la
mot phuong phap kha hieu qua trong ching minh bat dang thic.Dic biet 1a cac bai toan cé diéu
kién nhiéu va phtc tap.

I1. Bai toan mé dau
Cho céc s6 thuc duong a, b, c théa a > b > 1,a < 3,ab < 6, ab < 6¢.Chiing minh rang:
a+b—c<4
Loi gidi: Bat dang thiic can ching minh dudc viét lai dudi dang:
a+b+1<3+2+c¢

Ta c6 dang thic sau:

3 3 2 3 2
3+2+c:(a—b).a+(—+5> (b—l)—f—(a‘i‘g'f‘c)

a

Nhung mat khac theo gia thiét va bat dang thitc AM-GM ta co:

(a—b).§+(§+%> (b—1)+<3 + - 2 +c) > (a—0) —|—2 b—1) \/ +3\/ >a b+2(b—1)43 = a+b+1
a \a

Vay
3424+c>a+b+1

Va ta c6 diéu phai chiing minh. O

Chac chan ngay khi doc 10i gidi cho bai toan “ don gian” nay ban c6 phan ling ting va khong
hiéu tai sao lai ¢6 thé tach dugc mot cach "hop 1I¥" nhu vay. Phai ching 1a du doan mot cach “vo

INiels Henrik Abel (1802-1829) 14 mot nha toan hoc ngusi Na Uy.



huéng” hoic ciing c6 ngudi sé nghi bai toan trén dude tao ra tit chinh bat dang thiic phu dé. Cau
tra 10i 1a hoan toan khong phai. Tt ca déu di theo 1 qui luat ciia né. O cac phan tiép theo ching

toi sé phan tich 16 hon gitip ban doc c6 thé khai quat mot phan nao dé vé phuong phap nay.

e Khai trién Abel tong quat: Cho x1, Tg, ..., Tn VA Y1, Yo, ..., Yn 12 céc s6 thie tiy ¥.
bat e, =y1 +y2+ ... +yr Vb € R, 1 < k <n. Khi do:

T1Y1 + ToYo + oo + TpYn = (01 — @2)C1 + (T2 — 23)Co + .. + (Tl — Tn)Cpo1 + TnCp

Va 2 dang thic thuong dimg 1a:

a1b1 + szg = (a1 — a2)b1 + ag(bl + bg)

a1b1 + ang + agbg = (a1 — ag)bl + (ag — ag)(bl + bg) + ag(bl + b2 + bg)

e Chiing ta sé ciing nhau dén véi 1 s6 vi du dién hinh:

II1I. Cac bai toan

Vidu 1.

Cho0 < f<y<xz,a>0wvszy>a.pf. Ching minh:
1 1 1 1
SHs< -+
oy o f

Phan tich va tim toi loi gidi

D6i v6i nhitng bai toan st dung khai trien Abel,chiing ta hay di tit vé 1én hon hoiic bing trudc,sau
d6 phan tich dé c6 xuat hien nhan ti ctia vé nhé hon hoic bing:

1 1 laxz 1wy

a B Ta yp

Néu tinh ¥,chic han cac ban ciing thay dude an y ctia khi phan tich nhu vay.Néu muén chiing minh
A4 B > X 4 Y thi cach tach hop 1i nhat dé ding khai trién Abel chinh la:

Sao cho khi dau bing xay ra thi b; = by = 1. Bay gio 4p dung khai trién Abel ta co:

z 1 1 1 1 1 [z

sl oyl (1 1Ny 1 (e y

ax By y x)B x\a p

1 1 1 1 1 1 1 1
> 4-g />SSy

y x af "y x =« r oy

Vay bai toan duge chiing minh. DAu bang xdy ra tai x = a,y = 8 O

Vi du 2.
Cho0< f<y<z,a>0wvsay+p.x>2ap.Ching minh
1 1 1 1

E—FESE—FE

Loi gidi:




Ciing tuong tu bai trén.Ta xuat phat bang phan tich:

1 1 2?1 y? 1
TRy

Sau do sit dung khai trién Abel ta co:

z? 1 y? 1 1 1Y\ o2 22 2\ 1
2o teer e 2l \aTe 2
o’z Py y> 2*) P o B

Vay nén:
1 1 2 1 1
? 2 2 g2 ?

Ta c6 dicu phai chiitng minh .Dang thitc x4y ra tai z = a,y = 8 O

Vi du 3.
1 <z <min{z;y}
Cho cdc so thuc duong x,y, z théa: T4 2.4/3>2v3 . Tim gid tri lon nhdt cia:

yV3 + 2v/10 > 2v/10

1 2 3
D:—2+—2

+
yr o 22

T

Loi gidi:

Bam sat vao Vi du 2 Ta sé giai bai toan nhu sau:

Ta sé chuyén vé 2 bai toan phu :

1 r>z>1
T+ 23 >2V3

1 1
x z
1) y=>z2>1
yv/3 + /10 > 2v/10
1 1
Tim Maz@Q = — + —
Y2 oz

1 1 1 P
I):Dudoénl\/[axdatdmjckhiz:1vax:\/§TasédiCM:—2+—2§——|—1Apdungtheom’du
x z

3
2

1+1:$_2‘i+z_2.i:(i_i)z_2 (x_Q_i_Z_Q)i
3 3 22 1 22 22 2271 3 1722
Lai c6 :
T V32 >2/36 42>
V3
2 2 2 2
:>(1+1)(%+ZT)2(%+,2)224<:>%+ZT22



Va z > 1. Vay :

LA n2 @ 2 1 12 1,

3 22 2271 3 1722 = 22 22 22 2 22
v/ 10
II)Du’doénMaxkhiz:lvay:T

1 1 3
Ta sé chiing minh: — + = +1 Ap dung theo vi du 2
y?

10
3 32 1 221 1 1. .22 32 21
2 a1 =2 s T (L S (2 2y
10+ 10y+122 (22 y2)1+(10 1)y2
Lai ¢6 :
yV3 + 2v/10 > 2V/10 S35y
V10
3y yV3 3y
= (1+1)(==+2*%) > (== >4 -+ 22>2vaz>1
1+ +z 2 apz1e Xz
3 1 1.2 32 21_1 1 1 1 1
S A R eV Y G T e S Sl ©
10+ (z2 y2)1+<10+1)y2_z2 y2+y2 Y2 22
59
D:Q+2P§1—
Vi du 4.

Cho0<y<z<a,B>0viz+y<a+p. Ching minh

2 4+ y? < a4 B2

Loi giai:

Ta xét 2 truong hop:

e Néu zy > «.f thi hién nhién ta c6 diéu can chiing minh (do (z + y)? < (o + 8)?)
e Néu zy < .3 thi lac d6 ta c6 % > 1.

Ap dung khai trién Abel ta co:

a a2 62
o + B = x+—y——2(x — %) + 2 ( + 2)
x? x x

Vay ta c6 diéu can chiing minh?

[N e 9. ~ ~ < 11X 2, = ~ ~ 2 o 2 .z «
Nhung 15i giai trén da sai lam & chd 22 — y? < 0 nén ta khong thé sit dung danh gia ﬁ(ﬁ —y?) >

2 — 2.

Vay chung ta phai phan tich sao cho dai lugng a; — as > 0 ,thuan tién cho viéc danh gia! Tu suy
nghi dé ching ta c6 phan tich:
o2 B, o

o+ B = =P+ St = — (Y - 2?) + a2t a_2+6_2
2 72 2 R

> 2 — 2?4 227 = 2% + o



Vay ta c6 diéu phai chiing minh.Dau bang x4y ra tai x = 8,y = o

Vi du 5.
ChoO0<y<z<3wvax+y<b> Tim gid tri [6n nhat cia biéu thic

Sy =2+ y% Sz =a®+ ¢

Lot giaa:
Khi d& quen véi khai trien Abel cac ban hoan toan c6 thé bat dau phan tich tit vé nhd hon hoic
bing trudc dé tao su tu nhién cho bai toan.That vay ta co:

So=xx+yy=z(xz—y) +ylr+y) <3 —y)+5y=3r+2y <13

Dau bang x4y ra tai x = 3;y = 2
Va tuong tu vay thi:

Sy =2’z +yly=2(x—y)+yl@®+y?) <9z —y) + 13y =9r +4y < 35

Dau bang xay ra tai x = 3;y = 2 O

Vi du 6.
2 3 2 N
Va”iaZbZ1Zc>0,g+c§2,——0—g+c§3.Ch12ngmmh rang:
a
1+1<1 1
a b7 ¢ 6
Lot giaa:

Khi da doc qua cac vi du trén,chic han cac ban sé khong con boi r6i khi gap bai tap nay nita.Ta
viét lai diéu phai chitng minh thanh:

S S G
c 2 3~ b ¢
1 1 1 b ab
Vatu?dleuklentaco—>1 1_E>0 E__>0 2—>1 6—>1ApdungkhaltrlenAbeltaco:
c c
1 1 1 1.1 1

1

3
. 1+1b—|—1 1
J— — _a L—
c 2 3 a

Ta c6 dieu phai chiing minh.Dau bang xdy ra taia = 3,0 =2,c =1

Vi du 7.
b

b N
Vi 0 <a<p<~,a,b,ceRT thodg+—+£23,—+£22,221.C’hz’mgmmhrdng
a oy B8 gl

AV +E>a?+ B4

Loi giai:
. . . c? VR a’> b 2
De y dieu kién,tu d6 va theo AM — G M ching ta dé dang co: 2L +5>22, 5+-+52>1
gl B o 22



o 2 2 2
Bay gio ching ta hdy tach ghép ? + b + ¢ de xuat hién cac dai lugng o?, 2,72 va ¢ c

’ &7 E? ?
That don gian,véi ¥ tudng trén va khai trién Abel ta co:
2 CQ o @
a® + b+ ¢ fy ﬂQ B + —.x
c? A a2 v A
:Qﬁ—ﬁ%;;+w?—&)<¥ﬁjﬁ)+a?( ety )
> 2 = B2+ 2(B% —a®) +3a* =7+ 2+ o

Bai toan dugc chiing minh.Dau bang xdy ra tai x = o,y = 8,2 = v
Nhan xét:Cac ban hiy chiing minh bai toan tong quat véi didu kién nhu trén
Vi du 8. (Dé thi HSG TPHCM 2007)

Cho0<az<y<z<lwvadr+22y+z<4. Tim gid tri lon nhdt cia biéu thic

S = 32% + 2% + 22

Lot giaa:
Ap dung lien tiép nhém Abel va gid thiét ta co:

S=zz+2yy+3zr=20z—-y)+ (2+2y)(y — ) + z(z + 2y + 3x)

<lz—y+(1+2)(y—a)+4de=2—y+3y—3x+4dr=2+2y+=x
1 1 1 10
3(,2 3+2y.343zx.1) = §[ 2(3=3)+(24+2y)(3—1)+(2+2y+3x).1] = §[O+2(z+2y)+(z+2y+3x)] < 5
. 1
Dau "=" Xéyrakhi:v:§v\ y=z=10
Vi du 9.

I<r<y<z<l1
Cho cdc so thiuc duong x,y, 2 théa man: 2y +2<2 . Chiing minh rang:
r+2y+2<3

7
Vaz+y? 422 < 6
Lot giai:
PN 1 1 ) N
Nhan thay dau bang xay ra khi z =1,y = 5% = g.Ta viet lai dieu phai ching minh thanh:
LR < 49
7 22 <=
AT
N . S N 2 N 2 1 2 ]' ~ ,
Va khi dau bang xay ra thi z = 1,y° = 7 z° = E.Ta phan tich:
49 1 1 1 1 1
Iy ] = 2 2 _— 2 -~
36 9 1 TRtV et et



Chéc hén khi da doc cac vi du trén,céc ban ciing ¢6 thé hinh dung tai sao lai phan tich nhu vay,minh
xin nhac lai:
Néu muén ching minh X +Y + 27 > A+ B + C thi ta sé tach:

X+Y+Z=Ab+B.by+Clbs

Sao cho khi dau bang x4y ra thi by = by = b3 = 1
Quay trd lai bai toan,sau khi tach ,ta st dung khai trien Abel va co:

1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2
x.—+y.—2+z.; (=) 2+ _x>(4_y2+;)+x(§+4_y2+W)

2 1
S .2 2 2_ .2y % 3.2 3
zy -2+ 2yz o 36121222

Nhung tir gia thiét két hop AM — GM ta dé dang suy ra 2yz < 1,6zyz < 1.Vay nén:

1 1 1 2 1
2 1 L2t L2l 2 o0 2_ 42y % 13,28
T2 Ty 42 T 2= 7Y ) 2yz o 36121222

ZZZ—y2+2(y2—m2)+3.x2:x2+y2—|—22

Vay ta c6 diéu phai chiing minh. B

Vi du 10. (Tuyén sinh 16p 10 Chuyén DHKHTN Ha Noi- 2012)
Gid st a,b,c la cic so thuc duong théa min a < b <3 <c;c>b+1:a+b> c. Tim gid tri nhé

nhét ciia biéu thic:
_ 2ab+a+b+clab—1)

@= (a+1)(b+1)(c+1)

Lot giaa:
Dau tién ta sé don gidn biéu thitc Q:

_ 2ab+a+b+clab—1)
@= (a+1)(b+1)(c+1)

1 n ab+abc—c—1
S l+4ce (IT4+a)(1+b)(1+c)

1 ab—1
:1+c+<(1+a)(1+b)“>_1
= — 1+ a +L

1+¢ 1+a 140
a b c
:1—|—a+1+b_1+c

5
Ta sé di chiing minh @ > E.That vay:

a n b c 5
1+a 1+b 1+c¢— 12




N 3—c n b—2 n a—1 >0
4(14¢) 3(b+1) 2(a+1)

Ap dung khai trién Abel ta c6 bat ding thitc tuong duong:
1 1 1 1
3— — 3— b—2 —
®B-9 (4(c+ 1) 3(b+1)) B+ (-2) (3(b+1) 2(a+1))

+((3—c)+(b—2)+(a—1))2(a—1+1)

(3—1¢)(3b—4c—1) (b+1—c)(2a—3b—1)+a+b—c
1200+ 1)(c+1) 6(b+1)(a+1) 2a+1) —
Lubn ding : doa<b<3<c,c>b+1,a+b>cl

v

0

Vi du 11.
Cho a, b, c thuc théa mdan a > 3,ab > 6, abc > 6. Chiing minh rang

a+b+c>6

Gia thiét c¢6 tong va tich goi ¥ cho ta viec sit dung bat dang thitc AM — GM. Bing cach chuyén
cac diéu kién da cho thanh déng thiic, ta nhan thay ding thic xdy ra tai a = 3,b =2,c = 1. Tt d6
ta st dung phép nhém Abel nhu sau
Loi giai:

St dung phép nhom Abel va bat déng thic AM — GM ta c6

a b a a b a b
= —. -2 d1=- — 4 = -+ = — 2\/ \/ > 24+1=
at+b+c 33+2 +c 3+(3+2>+(3+2+C> —+ 3+2+ 6

Dau "=" x4y ra khi va chi khi a = 3;b=2;c =1 O
Vi du 12. (Thi HSG ldp 12 tinh Hdi Duong nam hoc 2008-2009)
r+y+z=9

r>5x+y>8

. Chitng minh rang xyz < 15

Cho x,y, z thuc duong thoa man {

Lot giai:

Ta chitng minh bang phuong phap phan chitng. Gia sit zyz > 15.
Tacé: z2=9—z—y<l=zy>—2>15

Stt dung phép nhém Abel va bat dgng thic AM — GM ta c6

T Y T T vy Ty
— 549341 =22 2.(— —) (— Y )
Tyta= 5S84z St ()t (55t

>2— 44/ 3” ©S924443=9
5+ 15jL 15 et

Mau thuan véi gid thiét! Do d6 gid sit ban dau 1 sai vay ta c6 diéu can ching minh.

Déng thiic xay ra khi z =5;y =3;2 =1 U
Vi du 13.

Chaing minh rang néu a < 4,b < 5,¢ < 8 va a® + b*> + ¢ = 90 thi

a+b+c<16

Loi gidic



Giastngugclaia+b+c>16=b+c=16—-a>12, c=16—-a—-b>7
St dung phép nhom Abel ta co

da+5b+Tc=cT+b5+ad4=2c+(b+c)+4(a+b+c)>27+12+4.16=90
Mat khac ap dung bat dang thic Cauchy — Schwarz ta c6
(42 + 52 + 7)) (a* + b* + ¢*) > (4a + 5b + Tc)? > 902

Tu day = a® + b + ¢ > 90 mau thuln v6i gid thiét! Vay gid sit trén 1a sai hay la a + b+ ¢ < 16

(dpem)
Diang thiic xay ra khi va chi khia =4;b=5;¢ =7 U
Vi du 14.

Cho x,vy, 2 thuc duong théa man v < 2;x +vy < 5,0 +y + 2 < 10. Tim gid trj nhé nhat cia biéu

thic 11
P==+>-+=
r Yy oz

Loi giadi:
Ap dung bat ding thic Cauchy — Schwarz ta co:

1 1 1N\/z y =z 31\ ?
Src+ ) (=242 ) > (= 1
<x+y+z)(22+32+52>_<30) (1)
y 11 1 1
§+§;+§:«é;—§)x+(§-3)@+y%%?@+y+d

31
Tit (1) va (2)= P >

Déang thtic xay ra khi va chi khiz = 2;y =3;2 =5 U
Vi du 15.
» S b 3 b 3_ 3 o,
Vaza;b;c>0thoamandzeukwncz2;a+§+—23;5—1——22;—21. Tim gia try lon nhat cua
c c c
A —a?—b?

Loi giai:
St dung phép nhém Abel va bat déng thic Cauchy — Schwarz ta cé

@+ (57 + ()
PR = 2] (@ - )+ O+ (@ - )P
b 3 b 3
a+§+_ 2 §+E 2 2 2 3 2 2 2
> 3( 5 C)+23@j;q +@-—2ME)23+6+«:—2)

e —a? - <4

Qua nhiing thi du trén ta thay rat ro ing dung ctia phép nhém Abel . Diéu quan trong & day 1a
ching ta phai du dodn duge khi ndo dau ding thiic xdy ra.Sau dé, sit dung phép nhém Abel mot

9



cach linh hoat ,két hgp véi gia thiét dé thu duge két qua va doi khi can két hgp v6i phuong phap
phan chimg va cac bat dang thic quen thuoc nhu AM — GM; Cauchy — Schwarz,... Mot cau hoéi
thi vi duge dit ra 1a lieu dang thic phép nhom Abel c6 thé 4p dung duge véi cac bai toan ma vai

trd cac bién ¢ dau bai la binh ding ? Cau tra 15i 1a c6!

Vi du 16.
Cho a,b, ¢ thuc thuoc [0;2] va a + b+ c = 3. Ching minh rang a*> + >+ c* <5

Lot giaa:

Vi vai tro a, b, ¢ nhu nhau nén khong mat tinh tong quéat gid st 0 < a <b<c <2
Tacob+c=3—a<3. Ap dung khai trién Abel ta dugc a? +b* +c = c.c+b.b+ a.a

= (c—=b)c+(b—a)(b+c)+ala+b+c) < 2(c—b)+3(b—a)+3a = c+(c+b) < c+(a+b+c) <2+3=5

Dau "="xdy ra < a =0,b=1,c = 2 va cac hoan vi O

Vi du 17.
Cho a,b,c thic thuoc [0;2k] va a + b+ ¢ = 3k. Chitng minh rang

at + 0" + " < K"+ (2K)"

Voin > 2 la s6 nguyén duong, k la so thuc duong cho trude.

Loi giadi:

Vi vai trd a, b, ¢ nhu nhau nén khong mat tinh tong quét gia st 0 < b < ¢ < 2k.
Khi d6 b+ ¢ =3k —a < 3k.

Vé6i n = 2, chitng minh tuong tir vi du trén ta thu duge két qua.

Gia sit bat dang thiic ding véi n titc 1a @ + 0" + ¢ < k"™ + (2k)™.

Ta sé chiing minh né ding v6i n + 1. That vay, st dung phép nhom Abel ta co

a4 T T =l b et = (= b)) F (D) < k.t E(a" D"+ )

< k(2K) + k(K™ + (2K)") = E"T + (2k)"H!

Vay bat dang thiic ding véi n + 1. Tt d6 ta c6 didu can chiing minh.
Diang thitc xay ra < a = 0,b = [, c = 2k va cac hoan vi 0

Vi du 18. (Bat dang thitc Nesbitt)
Cho a,b, ¢ thuc duong. Chiing minh rdng
a b c 3

> =
b+c+c+a+a+b_2

Loi gidi:

Dit vé trai cia bat diing thitc 1a P. Vi vai trd a, b, ¢ nhu nhau nén khong méat tinh tong quat gia
st a > b > c. Ap dung phép nhom Abel ta co:

b c a a—b b—c c—a

P— =
(b+c+c+a+a—|—b) b+c+a—|—c+a—|—b

10



1 1 1 1 1
= (b—i—c_c—i—a) (a_b)+(c+a_a—|—b> (a—b+b—c)+a_b(a—b—l—b—c—irc—a)

(a — b)2 (b—c)(a—c)
b+octa) (atobra) ="

b c a c a b
Vay P > 1) Tuong tu ta c6 P >
4 _b+c+a+c+b+a () ng ti ta co _b+c+a+c+b+a

. 3
Cong ttmg vé (1) va (2) tac6 2P >3 < P > 2 (dpcem)

(2)

Dau "=" x4y rakhia=b=rc O

ITI. Loi két

Sau mot qué trinh tim hicu va phan tich cac bai toan, chic han ring cic ban ciing da mot phan
nao dé hiéu hon vé ing dung ctia phép nhom Abel. Con rat nhicu diéu nita  phuong phap nay cho
cac ban kham pha. Chung t6i xin két thic bai viét & day. Hy vong qua bai vét nay cic ban sé tim
them dudce nhing ¥ tudng mdi, nhitng hiéu biét mdi va hay ludn quan niém ring ding sau 1oi giai

moi bai toan 1a cd mot qua trinh du doan, thit, sai va dang.

Ching toi xin tang bai viét nay ban be VMF va tap thé 16p 10 toan 1 chuyen Thai Binh.
Cam on cac ban da theo doi chuyen dé nay.
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IV. Bai tap dé nghi

Bai1: Vsiz, e RY(i=1;n);0<y <1 <... <y,
T122...Tn 2 Y1Y2---Yn

T1T2...Tpn—1 = Y1Y2---Yn—1

Tn 2 Yn
Chting minh:
T+ T4+ T 2 Y1t Y2 T Y3+ U
Bai 2: (Dé chon doi tuyén OLYMPIC 30/4 2011-2012 Lé Hong Phong TP.HCM) Cho z,y, » 14 cac
sO thue théa x > 22 > 1,2 + 4y > 3. Ching minh rang

20 + 8y* + 42 — (v +4y+22) > 1

. S k(2k—1)(2k+1
Bai 3: (T10/412) Cho n s6 duong ay, as, ..., a,, théa man diéu kien af+ai+..4a3 < ( )@k +1)

v6i moi k = 1,2, ...,n. Tim gia tri nho nhat clia bicu thic
P:a1+2a2+...+nan

Bai 4: (T8/348) Cho n s6 thuc duong ay, s, ..., a, thoa man diéu kien Y7 a; < 2, i (i + 1) véi
k =1,2,...,n. Chitng minh réng

Bai 5: Cho a,b, c thyc théa man 0 < a < b < ¢ < 3,bc < 6, abc < 6.

Chitng minh ring: a + b+ ¢ < 6. Déng thiic x4y ra khi nao?

Bai 6: (IMO 1983) Cho a,b, ¢ la do dai ba canh mot tam gide. Chiing minh
a’b(a — b) + b%c(b — ¢) + *alc —a) > 0

Bai 7: Chiing minh réng véi moi z,y, z thuyc duong ta c6

2 2 2
T+ Yz +xz 2 +x
Yy +y i Yy

>r+y+z
y+z Z+x T4y
b b
Bai 8: Cho a, b, ¢ thuc duong thoa a + 3 + g > 3; 3 + g > 2; ¢ > 3. Chiing minh

A+ +S>36
b b ,
Bai 9: Cho a, b, ¢ thue duong thoa % +5+c¢<3 2 +e<2 <1 Timgia tri nho nhit ciia
11

P=— 4 —
Va e

Bai 10: (Rusia MO 2000) Cho —1 < 21 < 29 < ... < 2, < L vay; < 9o < ... < Yy, thuc théa man

T+ Ty + ... + 1, = 27 + 23 + ...+ 213 Chiing minh rang

x%gyl + w§3y2 + ...+ xigyn < z1Y1 + ToYo + ... + TRY,
Bai 11: Cho a,b,c,a, 3,y théa o > 8>~ > 0,a > o, ab > af,abc > afy. Chiing minh rang
atbtc>a+y+p

Dau "=" x4y ra khi nao?
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