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MG dau

Trong chuong trinh toan hoc pho thong, da thiic 1a mot chuyén dé quan
trong va c6 tng dung rat da dang va hiéu qui. Trong thyc tién, da thrc
va cac tng dung ctia né luon 1a van dé thoi sy va 1a chuyén dé hét siic can
thiét trong viec boi dudng hoc sinh giéi Toan & bac hoc pho thong, dong
thoi st phat hién cac tng dung da dang ctia n6 ciing luon dem lai sy hap
dan déi v6i nhiéu dbi tuong hoc sinh va gido vién khi nghién citu van dé
nay.

Muc tiéu ctia Luan van "Biéu dién mot sé dang da thic va dp dung
trong dai s6" nham trinh bay mot sd van dé lien quan dén cidc dong nhat
thitc dai s6 sinh béi da thic cing véi mot s6 ing dung ciia né6 nham tao
ra dugc mot dé tai phu hgp cho viéc gidng day, boi dudng hoc sinh trung
hoc phd thong.

Luan van gom phan md dau, két luan, tai lieu tham khao va 3 chuong.

Chuong 1 trinh bay téom tat cac tinh chat ctia da thiic dai s6. Trong
chuong nay ciing trinh bay mot s6 vi du va bai toan vé moéi lien he gitta
cac dong nhat thitc dai s6 ciing nhu cac ing dung clia cac dong nhat thic
nay.

Chuong 2 trinh bay biéu dién da thitc duong trén truc thuc, trén nia
truc duong, trén mot doan cho trude va biéu dién mot sé da thite dic biet
khéac (da thitc v6i he s6 nguyen, da thiic Trebyshev,.. . ).

Chuong 3 trinh bay mot s6 tng dung ctia da thiic trong tinh toan, wéc
lugng, giai phuong trinh va cac bai toan cuc tri.
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LG1 cam on

Trong sudt qué trinh lam luan van, to6i luon nhan dugce sy huéng dan
va gitp dé ctia GS.TSKH Nguyén Van Mau. Toi xin chan thanh bay to6
long biét on sau sac dén thay.

Toi xin cAm on quy thay, co giang day 16p cao hoc khoa 4 (2010 - 2012)
da mang dén cho t6i nhiéu kién thitc bo ich trong khoa hoc va cudc séng.

Mic dut da c¢6 nhiéu ¢6 gang nhung luan van kho tranh khéi nhitng thiéu
sot. Tac gid mong nhan duge nhitng ¥ kién déng gép ctia quy thay, co va
ban doc dé luan vin duge hoan thién hon.

Xin tran trong cam on!

Hai Phong, thang 05 nam 2012.
Nguoi viét Luan van

Pham Nguyén Phuong Thuy
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Chuong 1

Cac tinh chat ctia da thic dai s6

1.1 Dinh nghia. (Xem [2])

Cho vanh A 14 mot vanh giao hoan ¢6 don vi. Ta goi da thic (trén A)
bac n bién z 1a mot biéu thitc c6 dang :

P,(z) = apx™ + ap12" ' 4+ -+ a1 + ag (a, #0)

trong d6 cac a; € A dude goi 1a hé sd, a,, 14 hé sd cao nhat va ag 1a hé s6
tu do cua da thic.

Néua; =0; i=1,2,...,n—1vaay# 0 thi ta c6 bac ciia da thiic 1a 0.
Néu a; = 0; Vi = 0, 1,..., n thi ta coi bac clia da thitc 14 —oo va goi 1a
da thic khong.

Tap hop tat ca cac da thic véi he s6 lay trong vanh A dugce ki hieu 1a
Alz].

Khi A = K 1a mot truong thi K [z] 1a mot vanh giao hoan ¢6 don vi. Ta
thuong xét A = Z hoiic A = Q hoac A = R hodc A = C. Khi do ta c6 cac
vanh da thic tuong ting 1a Z [z], Q [z], R [z], C [z].

1.2 Cac phép tinh trén da thic

Cho hai da thuc

f(x) = apa™ + an 12"+ arr +ag

g(z) = bpa™ + by 12"+ + by + by
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Ta dinh nghia cic phép tinh sé hoc
flx) + g(z) = (an + b)) 2" + (an-1 + bp1) 2" 4+ (a1 + by) 2+
+agy + by
f(x) = g(z) = (an — bp) 2" + (an_1 — bp_1) 2"+ -+ (a1 — by) x+
+ap — by
f(@)g(x) = conz®™ + cop12® P+ 4 1z + ¢,

trong do6 ¢ = agby + a1bp_1 + - -+ arby, k=0,...,n.

1.3 Céac tinh chit co ban

Dinh ly 1.1. (Xem [2]) Gia st A 14 mot trudng, f(z) va g(z) # 0 1a hai
da thtc ctia vanh A [z], thé thi bao gio ciing ¢6 hai da thic duy nhéat ¢(x)
va r(x) thude A [z] sao cho

f(z) = g(x)q(x) +r(x)

voi degr(x) < deg g(z).

Néu r(x) = 0 ta n6i f(x) chia hét cho g(z).
Gia st a 1a phan ti tiy ¥ ctia vanh A, f(2) = a, 2" +a, 12" 4 - +aix+
ap 1 da thiic tiy ¥ ctia vanh A [z], phan t& f (a) = a,a® + a,_1a™ ! +
-+ 4 aja + ag c6 duge bang cach thay x bdi a duge goi 1a gia tri ctia f(x)
tal a.
Néu f (a) = 0 thi ta goi a la nghiém ctia f(z). Bai toan tim nghiém cta
f(z) trong A goi la giai phuong trinh dai s6 bac n

ap " 4+ ap 12" 4t ar +ag=0 (a, #0)
trong A.

Dinh ly 1.2. (Xem [2]) Gia st A 1a mot truong, a € A, f(x) € A[z]. Du
s0 ctia phép chia f(z) cho (x — a) chinh 1a f (a).

Pinh 1y 1.3. (Xem [2]) SO a 1a nghiém ctia f(x) khi va chi khi f(z) chia
hét cho (z — a).
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Gia st A 1a mot truong, a € A, f(x) € A[z] va m 1a mot s6 tu nhien 16n
hon ho#c bang 1. Khi d6 a 14 nghiem boi cap m ctia f(x) khi va chi khi
f(x) chia hét cho (z — a)™ va f(z) khong chia hét cho (z —a)™ "

Trong trudong hgp m = 1 thi ta goi a 1a nghiém don con khi m = 2 thi a
dugc goi 1a nghiem kép. S6 nghiem ctia mot da thiic 1a tong s6 nghiém ctia
da thiic d6 ké ca boi ctia cdc nghieém (néu c6). Vi vay, ngusi ta coi mot da
thic c6 mot nghiém boi cap m nhu mot da thic c6 m nghiém trung nhau.

e Lugc do Horner
Gia st
f(z) = apa™ + 1" P+ Faztag €A ]

(v6i A 1a mot truong). Khi d6 thuong gan diang ciia f(x) cho (z —a) 1a
mot da thic c6 bac bang n — 1, ¢6 dang :
q(z) = by 4 b+ ag
trong do
bn—1 = ap, by = abpy1 +apy, k=0,1,...,n—1
va so du r = aby + ap.

Dinh 1y 1.4 (Dinh li Viete). (Xem [2])
a) Gia st phuong trinh

ant" + ap_ 12"+ ar+ag =0 (a, #0) (1.1)
c6 n nghiém (thyc hodc phic) x1, xs, ..., x, thi
( Uy
Ei(z):=x1 4+ 20+ -+, =
Qn,
ap—2
Ey(z) :=mwo + x93+ -+ + 1y, =
X On (1.2)
ao
E,(x) :=z29. .. 2, =(-1)"—
\ an
b) Ngugc lai, néu cac sb x1,x9,..., T, théa man hé trén thi ching la

nghiém ctia phuong trinh (1.1). He (1.2) ¢6 n thanh phan va & vé trai clia
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thanh phan thi k& c6 C* s6 hang.
c) Cac ham Ey(z), Es(x), ..., E,(x) duge goi 1a ham (da thic) ddi xing
so cap Viete bac 1,2, ..., n tuong tng.

Dinh 1y 1.5. (Xem [2]) Moi da thtic bac n déu c¢6 khong qua n nghiem
thue.

Hé qua 1.1. Da thitc ¢6 vo s6 nghiém 1a da thic khong.

Hé qua 1.2. Néu da thiic ¢c6 bac < n ma nhan cling mot gia tri tai n + 1

diém khac nhau ctia déi s6 thi da thic dé 1a da thic hing.

Hé qua 1.3. Hai da thic bac < n ma nhan gia tri bing nhau tai n + 1
gia tri khac nhau ctia d6i s6 thi dong nhat bang nhau.

Dinh ly 1.6 (Gauss). (Xem [2]) Mbi da thic f(x) € C[x] bac n ¢6 dung
n nghiém (tinh ca bdi cia nghiém).

Dinh 1y 1.7. (Xem [2]) Moi da thic f(z) € R[z] c6 bac n va ¢6 hé sb
chinh (hé s6 bac cao nhat) a, # 0 déu c6 thé phan tich (duy nhat) thanh
nhan tu

f(z) = anH(x — dl)H (z* + by + cx)

v6i d;, b, cp €R, 2s+m =mn, b7 —4dcp <0, m, n € N*.

1.4 Uéc, uéc chung 16n nhat

Dinh nghia 1.1. (Xem [2]) Khi da thic

1

P,(x) = apx" + a12" " + -+ ap_1x + a, (ag #0)

dugc viét dudi dang
Po(z) = g(x)q(x)
véi degg > 0 va degg > 0 thi ta néi g 1a ude ctia P,(x) va ta viét
9(x)| P(x) hay P, (x)ig(z).
Néu g(x) |P(z) va g(x)|Q(x) thi ta néi g(x) 1a wde chung cia P(z) va

Q(x).
Néu hai da thitc P(z) va Q(z) chi ¢6 wée chung 1a cac da thiic bac 0 thi
ta no6i rang ching nguyén t6 cing nhau va viét (P(z), Q(x)) = 1.
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Dinh Iy 1.8. (Xem [2]) Diéu kién can va du dé hai da thic P(x) va Q(z)
nguyén t6 cing nhau la ton tai cip da thiic u(x) va v(x) sao cho

P(z)u(z) + Q(z)v(r) = 1.

Néu hai da thic P(z) va Q(x) (khong dong nhat véi 0) ¢6 uée chung d(x)
1a da thiic chia hét cho tat ca cac ude chung khac thi d(x) duge goi la ude
chung 16n nhat ctia P(x) va Q(x). Ciing nhu vay, ta c6 udc chung 16n nhat
cua bo nhieu da thiic.

Mot s6 tinh chat co ban.

Tinh chat 1.1. (Xem [2]) Néu céc da thitc f(z) va g(x) nguyén to ciing
nhau va cac da thic f(z) va h(z) nguyén t6 cing nhau thi cac da thic
f(z) va g(x)h(z) cling nguyén t6 ciing nhau.

Tinh chéat 1.2. (Xem [2]) Néu cac da thitc f(x), g(x), h(z) théa man
dieu kien f(x)h(x) chia hét cho g(x), g(x) va h(x) nguyén t6 cing nhau
thi f(x) chia hét cho g(z).

Tinh chat 1.3. (Xem [2]) Néu da thic f(z) chia hét cho cac da thiic
g(x) va h(x) v6i g(x) vad h(z) nguyéen t6 cing nhau thi f(x) chia hét cho
g(x)h(z).

Tinh chat 1.4. (Xem [2]) Néu céac da thitc f(z) v& g(x) nguyén to ciing
nhau thi [f(z)]™ va [g(z)]" s& nguyén t6 cung nhau v6i moi m,n nguyén
duong.

1.5 Quy tic dau Descartes

Xét day s6 thuc ag, a1, as... (httu han hodc vo han) cho trudc.

Dinh nghia 1.2. (Xem [2]) Chi s6 m (m > 1) dugc goi 1a vi tri (chd) doi
dau ctia day néu c6 a,,_1a,, < 0 hoic la

Am—1 = Am—-2 = " * = Qpm—(k+1) — 0

U@, < 0 (Mm >k >2).
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Trong truong hop thit nhat thi a,,—1 v& a,,, con trong truong hop thit hai
thi a,, 1 v& a,, 1ap thanh vi trf d6i ddu. S6 1an ddi dau (bang sb vi tri doi
dau) ctia mot day nao do van khong thay ddi néu cac s6 hang bang 0 dugc
bé di con nhitng s6 hang con lai van bao toan vi tri tuong hd clia chung.
Ta c6 cac tinh chat sau day.

Tinh chat 1.5. (Xem [2]) Cac day ag, a1, as, . .., 0, VA Ay, dy_1, - - . , Ao CO
cling mot s6 lan doi dau.

Tinh chéat 1.6. (Xem [2]) Khi gach bé cac s6 hang ctia day, s6 lan doi
dau khong tang len.

Tinh chat 1.7. (Xem [2]) Khi dit vao gitta cac sb hang clia ddy mot sb
luong tiy ¥ cac s6 hang bang 0, s6 vi tri doi dau ctia day ciing khong thay
doi.

Tinh chat 1.8. (Xem [2]) S6 vi tri ddi dau sé khong thay doi néu beén
canh mot s6 hang nao dé ctia day ta dat mot s6 hang méi ¢6 ciing dau vdi
s6 hang do.

Tinh chat 1.9. (Xem [2]) Néu py > 0, p; > 0, po > 0... thi cac day

ap, ai, as...

Qoppo, aipi, aspz. ..

c6 cting nhitng vi tri doi dau.

Tinh chat 1.10. Day ag, a1 +ag, as+ai, ..., G+ ap_1, Gy €6 s6 Vi tri
doi dau khong 16n hon so vé6i day ag, a1, as, ..., a,.

Dinh nghia 1.3. (Xem [2]) Ta goi sut ddi dau va vi trf doi dau clia da
thic
P(2) = a,2" + ap_ 12" "+ ... + a1z + ag

chinh 1a sy doi dau va vi tri doi dau cta diy he so6
Qp, Ap—1, ..., A1, AQ-

e Quy tac ciia dau Descartes
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Gia st NV 1a s6 khong diém duong ctia da thiic
P (x) = ag + ayx + asx® + ... + a,z”

va W 1a s6 lan d6i dau trong day céc hé sé ctia n6. Chitng minh ring
W > N va W — N 1a mot s6 chin.
Gidai.
1. Gia st
ay1,09,...,N
14 nhitng khong diém duong ctia da thic

P (x) = ag + a1z + asx® + ... + a,z”.
Khi do, ta co

P (z)

Q(x) (g —z) (g —x) ... (ay — 7),

trong d6 @ (x) 1a mot da thic bac n — N v6i cdc he s6 thyc. Nhan xét
rang Q () ¢6 s6 vi tri d6i dau > 0, Q (z) (o — x) 6 86 vi trf doi dau > 1;
Q (7) (a1 — o) (g — x)co 6 vi tri ddi dau > 2, ..., sau cling la

Q(z)(a; — ) (ag — ) ... (ay — 7)

c6 s6 vi tri doi dau > N va dé chinh la diéu phai chiing minh.

2. Gia st a, 1a hé s6 khac 0 dau tién ctia da thic va a, 1a hé sd khac
0 cudi cuing cia da thic P () thi khi d6 o < w (néu a = w thi diéu can
chiing minh 13 hién nhién) nén ta xét trudng hop o < w va

O<zi<ay<am<ay<..<ay<zzn<+4+00.
Hién nhién déi v6i z; di gan 0 va 29 di 16n thi
signP (z1) = signa,, signP (zy) = signay,
nén W—N 1a mot s6 chdn. Néu signP (z1) = signa,, va signP (29) = signa,,

trai ddu nhau thi s vi tri d6i dau ctia P () va s6 khong diém duong P (z)
déu cuing 1é nén W — N 1a mot s6 chin.
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Mot s6 vi du
Vi du 1.1. Cho a € R\ {0} va cho hai s6 nguyén duong m, k. Gia st da
thiic P,(z) bac n sao cho P, (z™) chia hét cho (z — a)".

Chiing minh ring P, (2) chia hét cho (z™ — a™)".
Giaz.
Theo gié thiét P, (™) thi chia hét cho (z — a). Vay nen ma™ P! (™)
chia hét cho (z —a)" ', Do hai da thic 2! va (z —a)" ' nguyen t6
cting nhau, nén P’ (™) chia hét cho (x — )" '. Tir d6 suy ra piFY (™)
chia hét cho x — a. Vay nén

P, (a") =P, (a") == PV (") = 0.
Do d6 P, (t) chia hét cho (¢ — a™)*. Thay ¢ béi 2™ ta c6 két luan P, (™)
chia hét cho (z™ — a™)",
Vi du 1.2. Cho hai da thtc

flx) = 2% — 21t 4+ 3219 + 1127 — 2% + 232 + 30;
g(x) =23+ 2z +m
Hay x4c dinh cac gia tri nguyén m sao cho ton tai da thitc g(z) dé
f(x) = g(x)q(z), Yz €R.
Gidas.
Ta c¢6 f(x) = g(x)q(x) +r(z), Vo € R, trong d6
r(z) = az® + bx + c.

Ta can xac dinh m dé r(z) = 0, titc 1a @ = b = ¢ = 0. Thuec hién phép
chia cho ta thu dudgce
r(z) = (m® 4+ 6m? — 32m + 15) 2 + (5m® — 24m?* 4+ 16m + 33) -+

+m?* — 6m? 4+ 4m? + 5m + 30.
Giai hé phuong trinh
m3 4+ 6m? — 32m + 15 =0

5m3 —24m2 +16m—+33 =0

m* — 6m3 + 4m? + 5m + 30 = 0.

ta thu ducc m = 3.
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Vi du 1.3. Chiing minh ring néu p(z) la da thiic bac n, khong ¢6 nghiem
boi, con da thitc ¢(x) bac nhé thua n, khong dong nhat bang 0 thi da thic

> (p(x)g(x)™
k=0
khong chia hét cho p(z).
Giaz.
Dat )
fla) =" (p(a)q(z))"
k=0

D thiy f(z) — /'(z) = plz)a(a).

Néu f(x) chia hét cho p(x) thi f'(x) = f(x) — p(x)q(z) cling chia hét cho
p(z). T d6 suy ra moi nghiém ciia p(x) déu la nghiem boi cta f(z).
Thé nhung p(x) khong c¢6 nghiem boi suy ra f(z) chia hét cho p*(z).
Diéu d6 khong thé xay ra vi deg f(z) < 2n = deg p?(x).

Vay f(x) khong thé chia hét cho p(z).

Vi du 1.4. Cho m € N*, n > 2, a € R. Chting minh réng da thic
P,(x) = 2" sina — zsin(na) +sin (n — 1) «

luén chia hét cho
q(z) = 2* — 2w cosar + 1.

Giaz.
Khi o = krr thi P,(z) =0 con ¢(x) = 2? + 2z + 1. Suy ra P,(x) chia hét
cho q(x).
Véi o # kr (sina # 0), ta xét da thic
: : 1
T(a) =g — Sne, s = Do w0y 4 U (1),
sin o sin o

trong dé t = cosa con U, (t) 1a da thic Chebyshev loai I1.
Cha y ring

Upi1 (t) + Uy (t) = 2tU, (t); Py(z) = sinaT,(x)

va do sina # 0 nén P,(z) chia hét cho g(x) khi va chi khi T),(x) chia hét
cho q(z).
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V6i n = 2 ta c6 Po(x) = sina (2 — 2z cosa + 1) chia hét cho ¢(z) =
z? — 2z cosa + 1.
Gia stt T,,(x) chia hét cho ¢(x). Khi d6, do

Thii(x) =2 [2" — 22U, (t) + U1 ()] + 22U, (t) —
—zU,—1 (t) — 2Up1 (t) + U, (t) = 2T (z) + U, (t) g(x)

chia hét cho g(x) theo gi& thiét quy nap. Suy ra T}, () chia hét cho ¢(x).
Theo nguyén 1y quy nap ta dugc T,(x) chia hét cho g(x) v6i moi @ € R
va v6i moi n > 2, da thic P,(z) chia hét cho ¢(x) véi moi o € R.
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Chuong 2

Bieu dién mot s6 dang da thiic

2.1 Biéu dién moét sé dang da thic duong

Trong phan nay ta xét mot s6 biéu dién ctia da thitc duong trén mot tap
duéi dang tong, hieu, tich...cta cac da thic c¢6 dang dac biét cho trudc.

Bai toan 2.1. (Xem [5]) Cho f(z) = ax®> +bx+c € R[z] (a #0) théa
méan dieu kién f(z) > 0 v6i moi & > 0. Chiing minh rang ton tai da thic
P(x) sao cho da thitc Q(z) = f(x)P(x) ¢6 tat ca cac he sd déu khong am.

Gidi. Do f(z)>0v6iVe>0néna>0vac= f(0)>0.

Néu b > 0 thi ta chon P(x) = 1 va ta nhan dugc ngay diéu phai chiing
minh.

Néu b < 0 vaa > 0 thi ta tim P(x) dudi dang P(x) = (z + 1)" véin > 2.
Ta co

Plz)=(x+1)" = zn:(]ﬁa:k
k=0

f(x)P(z) = (az* + bz +¢) (x + 1)"
= az"? + (b4 na) 2"t + -+ 3 (aCE2+bCET + cCF) 2k
k=0

+- 4+ (b+nc)x+c
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Ta chon n sao cho :
b+na >0 (2.1)
b+nc>0 (2.2)

aCr*2 +bC* 1 +cCF >0 (VE>2)  (2.3)

Nhan thay ngay riang véi n > max {_—, _—} thi cac dieu kien (2.1) va
a’ c

(2.2) duge théa man (do a > 0). Ta bién ddi vé trai ctia (2.3).
h(k)=(a—b+c)k*~fa—(n+2)b+ 2n+3)clk+c(n+1)(n+2) >0

dob<0,a>0,c>0néna—b+c>0.
Dé (2.3) dung véi moi k ta chon n sao cho biét thiic clia tam thitc bac hai
hi khong duong (Ap < 0). Ta ¢

A, = (b2 — 4ac) n? + (4b2 — 2ab — 8ac — ch) n+
+ (a® 4 4b* + ¢* — 4ab — 2ac — 4bc) .

Nhan xét rang, bieu thic ctia Ay, ciing 13 mot tam thiic bac hai theo n c¢6
hée sb cua n? 1a
b2 — dac <0

(do f(x) > 0,Vx >0; a>0). Do vay, ta c6

lim Ah = —OQ.
n—00

Do d6 véi n du 16n thi Ay, < 0. T d6 suy ra ton tai n théa man dong thoi
(2.1),(2.2),(2.3).

Bai toan 2.2. (Xem [5]) Cho da thiic
P(z) = ag + a12 + agx® + - - - + apz”, (n > 3)

thoa man dieéu kien P(x) > 0 v6i moi x > 0.

Chitng minh ring ton tai s € N dé da thitc Q(z) dang Q(z) = P(z) (z + 1)°
c6 cac he s6 déu khong am.
Gidi. Ta xét hai truong hop deg P(z) = 2m va deg P(z) = 2m + 1 v6i

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



17

m € N.
(i) Khi deg P(x) = 2m thi ta c¢6 thé phan tich

P(x) = H (aka + bpx + ck)
k=1

trong do
arpr® + bpx 4+ cp >0 (Vo > 0).

Theo bai toan 2.1 véi mdi da thiic apz? + brx + ¢ déu ton tai sb6 tu nhien
r;. sao cho da thuc

Qr(z) = (akx2 + by + cp) (x+ 1)

c6 cac he s6 déu khong am. T do
H Qk(ﬂf) = H P(;U) (gj + 1)7% _ P(ﬂ?) (ZC + 1)T1+"'+7°m
k=1 k=1

14 mot da thic ciing ¢6 cac hé s6 déu khong am.
m

Vay ton tai s6 ty nhien s = > r; v6i m = g thoa man cac dieu kién cta

i=1
dé bai.
(#4) Khi deg P(x) = 2m+ 1 thi P(z) c¢6 it nhat mot nghiem khong duong
la —a (a>0). Ta co

P(z) = (z+a)H(z)

voi H(z) >0 (Vx> 0) va deg H(x) = 2m. Do deg P(z) = 2m nén theo
truong hop (¢) ton tai s6 nguyen duong s sao cho da thic H(x) (x +1)°
c6 cac he s6 déu khong am va vi vay da thic Q(z) = P(z) (x + 1)° cling
c6 cac hé s6 déu khong am.

Bo6 dé 2.1. (Xem [5]) Gia st da thiic Py(x) € R[z] chi c6 mot nghiem
duong. Khi d6 ton tai s € N dé da thic Q1(z) dang Q1(z) = (z + 1)° P (z)
c6 day he s6 doi dau ding mot lan.

Ching minh. Gia st da thic P (z) ¢6 mot nghiem duong la o véi o > 0.
Ta co

Pi(z) = (a—x)g(x) vé6i g(x) >0 (Vx> 0).

Vi da thic g(z) > 0 (Vz > 0) nén theo bai toan 2 ton tai s € N dé da
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thitc M(x) = g(x) (x + 1)° ¢6 cac he s6 déu khong am.
Ta gia st
M(x) = ag + ar1x + apx® + - - - + a,z”

trong d6a; >0 (:=0,1,...,n—1), a, >0va M(z) >0 (Vz >0).
Xét da thic

Qi(z) = Pi(z) (z +1)°
= (a—=z)g(z) (z+1)
—x) M(z)
)
+(

/\ /\
%2

— ) (ap + a1z + agax® + - - + apa™)

aay — ag) x + (aay —ay) 2?2 + - + (aa, — a,_1) 2"—
_aner—l.

Thay x bdi ax, ta thu duge

Q1 (ax) = (a — ax) (ao + ajax + asaz® + - - - + ana”x”)

= aap + (@ay — ap) ax + - - + (aa, — ap_1) 2" — a,a" "t

13 da thitc c6 day hé s6 nhu sau

2 n n+1
Qay, (aal - CLO) &, (OéCLQ - al) s, .. (aan - an—l) -, —anpt .
Mat khéc, day hé so6 khong am
ag, a1, A9, ..., Qp_1, Ay,
c6 cling vi tri doi dau nhu déi véi day
2 n n+1
aag, (ca; — ap) a, (aag —ay) o, ..., (a, — ap—1) ", —a,o
néen
2 n n+1
aag, (ca; — ap) a, (aas —ay) o, ..., (a, —ap—1) ", —a,«
1a day cac hée s6 khong am. Vi thé day cac heé s6
2 n n+1
aag, (ca; — ag) a, (aas —ar) o, ..., (a, — ap—1) ", —a,a
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clia da thitc Q; (ax) ddi dau ding mot lan.
Do a > 0 nén theo tinh chat 1.9 thi cdc day he s6 cua da thic Q1(x) va
da thitc Q1 () c6 cing vi trf d6i dau. Vay luon ton tai s € N dé day heé
s6 clia da thitc Q1(z) d6i dau ding mot l1an.

Vi du 2.1. Da thuc
P(z) = -2+ 23 + 322 — 4z +4

(=2—2)(z+2) (e -2 +1))
c6 duy nhat mot nghiém duong la z = 2.
Ta xét cac tich sau day :

P(z)(x+1)=—a2°+42% — 2% + 4
P(z)(x+1)" = —a2% — 2% + 42* 4 32% — 2% + 4o + 4

P(z) (x41)> = —27 — 225 4+ 325 + 7o + 22% + 322 + 8z + 4.

Nhan xét ring v6i s = 3 thi day he s6 cta da thic Q(z) = P(z) (z +1)°
la

—1,-2.3.7.2,3,8, 4
doi dau ding mot lan.

Bo dé 2.2. (Xem [5]) Gia stt da thiic Py(x) € R[z] c6 hai nghiém duong.
Khi d6 ton tai s € N dé da thic Q2(z) dang Q2(x) = Po(z) (z +1)° ¢6
day he s6 doi dau diang hai lan.

Ching minh. Gia st da thic Py(x) € R[z] ¢6 hai nghiém duong la
o1, (9 (041 >0, ag > 0) Ta c6

Py(z) = (ag — ) (ag — ) g(x) v6i g(x) > 0 (Vo > 0). Nhan xét rang da
thitc Pi(x) = (o — x) g(x) chi c6 mot nghiém duong nén theo bd dé (2.1)
thi luén ton tai s € N sao cho da thtc

Ql(:E) = Pl(:c) (ZE + 1)8

c6 day hé s6 doi dau ding mot 1an, trong dé hé s6 cao nhat (hé sd chinh)
am va tat ca cac he so con lai khong am. Vi vay da thic Q1(x) ¢6 dang

Qi(z) = ag + a1z + agx® + - -+ + a2 — a2

(a; >0,i=1,2,...,m; a4 >0).
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Xét da thuc

Q2(7) = Po(x) (x +1)°
= agag + (ay —ag) x + (was — ay) 22 + -+ + (eay, — ap_1) 2"

— (a1 + ap) 2" + a2

Thay x bdi asz , ta thu duge

QQ (042$) = ap + (Oégal — ao) Qo + (a2a2 — CL1) a%ﬁ 4+ o4

+ (Qnay — p_1) 53" — (Qoapq + ay) a4

a2
la da thic c¢6 day hé s nhu sau
Qoag, (anay — ag) as, ..., (anay, — an_1) b, — (anans1 + a,) oy,
anHoz;H?.
Mat khéc, day hé so6 khong am
ap, a1, A9,y ..., Qp_1, Ap,

c6 cuing vi tri doi dau véi day he sb

a0y, (wa; — ag) g, (eag — ay) oz%, ooy (gay, —ap—q) af.
Suy ra

20, (wa; — ag) g, (eag — ay) a%, ooy (gay — ap—1) af

14 day heé s6 khong am.

Do as > 0, a,1 > 0 va a, > 0 nén an+1@3+2 > 0 va asap41 + ap > 0 hay
— (aapy1 + a,) < 0. Vi thé da thic Q2 (aex) 6 hai lan ddi dau. Mat
khéc, theo tinh chat 1.9 ta c¢6 da thitc Qo(x) va da thitc Qs (az) ¢6 cling
vi tri doi dau (ag > 0).

Vay luon ton tai s € N dé da thiic Q2(z) c6 ding hai 1an ddi dau.

Vi du 2.2. Da thuc
P(x) =a2° — 22% — 223 + 72® — 8x + 4

=(1l-z)2—2)(x+2) (2* —z+1)
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¢6 hai nghiém duong la x =1, x = 2.
Ta xét cac tich sau :

Px)(x+1)=2% —2° — 42t + 52° — 22 — 42 + 4

P(z) (x+1)° =27 — 52 + 2% + 423 — 522 4+ 4

P(x)(x+1)° = 2%+ 27 — 525 — 42 + 52t — 23 — 52 + 4o + 4

P(z) (x4 1)" = 2%+ 228 — 427 — 926 4 25 4 42* — 623 — 22 4 82 + 4

P(z) (x +1)° = 210 4 32% — 228 — 1327 — 820 + 52° — 22% — 723 + Ta?
+12z + 4

P(z) (z+1)° = 2! + 4210 4+ 29 — 152° — 2127 — 326 + 325 — 92* + 1922
+16x + 4

P(z)(z+1)" = 22 + 52! + 5210 — 627 — 362° — 2427 — 625 — 92

+1923 + 3522 + 20x + 4.

Nhan xét riing véi s = 7 thi day he s6 ctia da thic Q(z) = P(z) (z +1)°
la

1,5, 5 —6, —36, —24, 0, —6, —9. 19, 35, 20, 4
doi dau ding hai lan.

B6 dé 2.3. (Xem [5]) Néu da thitc P;(z) € R [#] ¢6 ba nghiem duong thi
ton tai s € N dé da thic Q3(z) dang Q3(x) = P3(z) (z + 1)° ¢6 day he s6
doi dau ding ba lan.

Ching minh. Gia st da thic P3(z) € R [z] ¢6 ba nghiém duong la
a1, ag, a3 (ag >0, ag >0, ag > 0).

Ta co

Ps3(x) = (a1 — z) (g — x) (a3 — ) g(x) v6i g(z) > 0,Vx > 0. Nhan xét
rang da thic Py(z) = (g — x) (g — x) g(x) ¢6 ding hai nghiem duong
nén theo bo dé 2.2 thi luon ton tai s € N sao cho da thtic

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



22

c6 day he sd doi dau ding hai 1an. Hon nita, da thitc Qo(x) c6 hé s cao
nhat duong, hé sé clia hang t ké tiép hang tit c6 bac cao nhat am va tat
cé cac heé s6 con lai khong am. Khong giam tinh tong quét, ta gid si
Q2(x) = ap + a1x + asx + -+ apx™ — ap "+ @y p0x
trong d6 a; >0, 1 =1,2, ..., n; apr1 > 0; a,.o > 0. Xét da thuc
Qg(fb) = Pg(ﬂ?) (LU + 1)8
= asag + (aza; — ag) x + (azaz — ay) 22 + - - + (aza, — a, 1) 2"

+2 n+3

1
— (311 — @) "+ (3Gp42 + Qpg1) T — apiom
Thay x bd6i agx ta thu duge

Qs (a3x) = azag + (aza; — ag) gz + (agas — ay) a§x2 4ot

+ (3a, — an_1) 52" — (3,41 + ay) afy a4

n+2 2 n+3 3
+ (a3api2 + apir) @8 T2 — ap gy P2
13 da thic c6 day hé s6 nhu sau :
2 n
Qi3ao, (043611 - ao) asg, (04302 - al) Qg, .. vy (043% - an—1) Qasg,
n+1 n+2 n+3
— (agani1 +an) oy, (aganio + angr1) o=, —an00n .
Mat khac, day he s6 khong am ag, a1, as, ..., a, c6 cung vi tri doi dau
nhu day
2 n
asag, (aza; —ag) as, (azas —ay) ai, ..., (asa, — ap—1)
vay nén
2 n
aizao, (043611 - ao) a3, (043@2 - al) LTI (043% - @n—l) Qg

13 day cac he s6 khong am. Ta ¢6 a, > 0, apqe1 > 0, apgo >0 va ag > 0

nén

— (a3aps1 + ap) @g+1 <0, (azanio + ani1) oz§+2 >0, —an+204§+3 < 0.
Suy ra da thiic Q3 (asz) doi dau dang ba lan (4, —, +, —). Theo tinh
chat (1.9) ta c¢6 cac day he s6 cia da thic Q3 (azz) va Q3(x) ¢ cing vi
tri doi dau (vi az > 0).
Vay luon ton tai s € N sao cho day hé s6 ctia da thic Q3(z) = P3(z) (z 4+ 1)°
doi dau ding ba lan.
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Vi du 2.3. Xét da thic
P(z) = —2° + T2* — 1823 + 232% — 172 + 6
=(1-2)2-2)3—2)(2* —x+1)
c6 ba nghiém duong la x = 1, x = 2, x = 3. Ta xét cac tich sau :

P(z)(x+1) = —20 +62° — 112* — 23 + 227 — 112 + 6
P(z) (x+1)° = —27 + 520 —52° — 1221 + 23 — 922 — 52 + 6
P(z) (x +1)° = =28 + 427 — 1725 — 112" — 82% — 1422 + 2 + 6.

Nhan xét réng voi s = 3 thi day he s6 cta da thic Q(z) = P(z) (z +1)°
1a
—1,4,0, =17, =11, —8, —14, 1, 6

doi dau dang ba lan (—, +, —, +) .
Ta phét biéu két qua mé rong bo dé 2.1, 2.2, 2.3 nhu sau.

Dinh 1y 2.1. (Xem [5]) Néu da thic P(z) € R[z] ¢6 k nghiéem duong
(k € N*) thi ton tai s € N dé da thitc Qi(x) dang Qi(z) = Pi(z) (z + 1)°
c6 day he s6 doi dau ding k lan.

Ching minh (bang phuong phép quy nap). Ta da chiing minh duge dinh
i 2.1 ding véi k = 1, k =2, k=3 (theo cac bo dé 2.1, 2.2, 2.3).

Gia st dinh Ii trén dang dén k : = k—1, titc 1a néu da thic P,_1(x) € R [z]
¢6 k—1nghiém duong (k € N, k > 1) thiton tai s € N dé da thitc Qj_1(z)
dang Qr_1(z) = Py_1(z) (x +1)® ¢6 day hée s6 doi dau ding k — 1 1an.
Theo gia thiét da thic Py(z) € R[z] ¢6 k nghiem duong, ta gid st
cac nghiem do 1a aq, ag, ag, ..., ag (a; >0,7=1,2, ..., k) thi da thtc
Pi(x) c¢6 dang

Pi(z) = (g — ) (e — ) (a3 — x) ... (o — x) g(x), g(x) >0 (z >0).
Xét da thic
P 1(x) = (g —2) (g — ) (g — ) ... (ag—1 — x) g(x), g(x) >0 (z > 0)

c6 k — 1 nghiem duong («aq, s, as, ..., ai_1) . Theo gid thiét quy nap,
ton tai s € N dé day he s6 clia da thitc Qp_1(z) = Py_1(x) (x +1)% ddi
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dau k — 1 lan.

Khong giam tinh tong quat, ta gia st k 1a s6 chan thi k& — 1 14 s6 18. Trude
hét, ta sdp xép da thiic Qj_1(x) theo thit ty tdng dan cta liy thia cla x
roi xét dau cac hé s6 theo thit tu dé thu dude két qua nhu sau :

- Hé s6 clia cac hang ti c6 bac khong vuot qua n déu khong am va khong
dong thai bang 0 (bai toan 2.2)

- He s6 clia hang t1t bac n + 1 mang dau (=) (b6 dé 2.1)
- He s6 clia hang t1t bac n + 2 mang dau (+) (b6 dé 2.2)
- He s6 clia hang t1t bac n + 3 mang dau (—) (b6 dé 2.3)
Tiép theo, bang phuong phap quy nap, ta c6

- He s6 cia hang ti bac n + k — 2 mang dau (+),

- He s6 cia hang ti bac n + k& — 1 mang dau (—).

Qr_1(z) = ap + ayz + agx® + - - - + a, 2"
n+2 n+k—2 n+k—1

1
_an+1xn+ + Qp42T * T Qpyk—2T — Qpyk—17

trong do
;>0 (i=1,2,....,n),a; >0 (j=n+1,n+2,....n+k—1).

Xeét da thic
Qu(z) = Pi(z) (z +1)°

= (o — ) (ag — ) (a3 — @) ... (1 — ) (i — ) g() (2 + 1)

S

= (o —x)Pr1(x+1)"n

= (o — ) Qp—1(2)-
Theo gia thiét quy nap, ta c6
(ar —2) Qr_1(x) = (ap — ) (ag + a1z + az® + - -+ + @, 2" — appr2™ ™+

n+2 n+k—2 n+k;—1)

+ap42T C T Aptk—2T — Qp4k—1T

= Qpap + (Oékal — CL()):U —+ (OékCLQ — al) 7?2 4.4

+ (pan — an_1) 2" — (Qpani1 + ap) 2" 14+

n+2

+ (akan+2 + CLn+1) x dnn (akan+k72 + an+k73) X

n+k—1 n+k

- (@kanJrk—l - an+k—2) L + Apyk—1T

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn

n+k—2



25

Thay x bdéi apx ta thu duge
Qr (o) = arag + (akar — ap) axx + (apas — ay) aje® + - -+
Aty — A1) " — (pap1 + ap) o a4

+(
+ (pnt2 + Gpgr) ZH et
+(

—(

n+k—2 k=2
Qplpik—2 + Qnip—3) ap " "t

ntk—1, ntk—1 -tk ntk
Ul ik—1 — Qpyk—2) Q2" + apyp10y "

13 da thitc c6 day hé s6 nhu sau
2
aao, (Ozkéh - ao) Ak, (&k@ - a1) Ay vy (&kan - an—1) ay,

— (Qni1 + an) O (QGni2 + ans) Q)2 L
(Qrnir—2 + aniin-3) a2 = (anih-1 — apip—2) T,

n+k
Antk—100 -

Mat khéc, day hé so6 khong am
ap, a1, A9y ..., Ap_1, Ap,
c6 ciing vi tri doi dau nhu day
n

arap, (O%Ch - ao) A, (Oékaz — al) O‘%v ceey (Oékan - an71> o,

2 n
arao, (CYkCM - ao) Ak, (Oéka2 - al) Oy ooy (&kan - an—l) ay.
13 day cac hé s6 khong am.

Tacéa, >0, a; >0 (j=n+1,n+2 ..., n+k—1)vaa;>0nén

(ozkanH + an) ntl 0, (akan+2 + CLn_H) nt2 0,

k-2 k-1
(apanih—2 + anir—3) o) >0, — (QpGnik—1 — Anyk—2) O <0,

an+k_1ozz+k > 0.

Suy ra da thitc Qy, (agz) doi dau k lan (+, —
chat 1.9 ta c6 day cac he s cia da thitc Q (agr) va Qr(x) c6 cling vi tri

, +, ..., —, +). Theo tinh
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ddi dau (vi oy > 0).
Vay luon ton tai s € N sao cho day hé s ciia da thic

doi dau diang & lan.
Tt dinh 1 2.1, ta ¢c6 mot cach xac dinh chinh xac s6 nghiém ctia da thic
chi ¢6 nghiém thuc thong qua hé qua sau day.
Hé qua 2.1. (Xem [5]) Néu da thiic P(z) € R [z] chi ¢6 cac nghiém thuyc
thi s6 nghiem duong ciia da thiic bang s6 lan doi dau cia day hé sb.
Ching minh.
Gia stt deg P(x) = n, n € N*, do da thic P(z) chi ¢6 nghiém thuc nén
P(x) ¢6 tat cd n nghiem déu thyc va viét duge dudi dang sau :
Px)=(an+2x)(aa+z)...(ap+2)2™ (B1 —x) (B2 — ) ... (B, — ),
(r+m+p=n),

trongdor, m,p € N; a; >0,Vie {1,2,...,r}; 3;>0,Vje{l,2 ..., p}.
Xét da thuc

Q(z) = (o + ) (e + ) ... (o + )

c6a; >0, Vi € {1,2, ..., r} nén sau khi khai triéen Q(z) c6 dang
Qx)=FE, +E, 12+ E, o2® + -+ Eja" ' +af

trong d6 E; (i € {1,2,...,7})1a cdc da thic dbi xing Viete bac ¢ clia

cac s6 thue duong a1, as, ..., a,. Nhan xét rang,

E; >0, Yie{l,2,...,r}

nén day hé sb ctia da thitc Q(z) khong doi dau.
Xeét tich
Qi(z) : = (b1 — 2) Q()

= (51 — .1') (ET + E,_1x+ ET_2.1'2 + o Epc“l + .Ir) .
Thay x bdi Sz ta thu duge
Q1 (B1z) = (B1 — 1z) (Br + Er1frx + B, ofBia® + - + B 8] '}

+57x")
= BB+ (E,1p1 — E;) fre + (Brafy — Ery) Bia? 4 -+

+ (B8 — By) B 2" 4 (B — Bn) Bia” — By e
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13 da thitc c6 day hé s6 nhu sau
E.pi, (E,-161 — E;) Br, (Er—ofy — Ep1) B2, ..., (ErBr — Ep) 877,
(Br — Ev) B, =B
Dé ¥ ring day hé sb
E. Ery Er s ... Ep 1
c6 cung vi tri doi dau véi day he sb
E.Br, (Ero1py — E,) Br, (Brafi — Eea) BE, ..., (B1By — Ea) B
(61 — Ev) B
Suy ra day heé s6
E B, (E,-161 — E;) Br, (Er—ofy — Ep1) B3, ..., (ErfBy — Eo) 877,
(81— E1) B

khong doi dau va déu la céc sb6 thuc duong.

Mit khac, —3""! < 0 nén day hé s6 ciia da thiic Q (8yz) doi dau mot
lan. Do hai da thitc Q1(z) va Q1 (81x) 6 cuing vi trf d6i dau nén day he
s6 clia da thitc Q1(x) déi dau mot lan.

Khong gidm tinh tong quat, ta gid si

Q1(r) = ap + a1z + apr® + - - + a, 2" — apyqz !
trong d6 a; > 0, Vo € {1, 2, ..., r, r+ 1}. Xét tich
Q2(z) = (B2 — x) Q1(2)
= (B2 — ) (CLO + a4 ax? + -+ aa” — arﬂx’"ﬂ) .
Thay x bdi ez ta dudc
Qa(x) = (Ba — Box) (ag + a1 Box + asB32% + - - - + a,Bha’
— a1 B
= apf2 + (102 — ag) o + (asfa — ar) Bia* + - - +

+ (@, B2 — ar—1) Bya" — (ar1B2 — ar) By 2™ + a, g By T,
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Dé y ring day heé sb ag, ay, as, ..., a, ay41 clia da thitc Q1(z) ¢ ciing vi
tri do6i dau nhu déi véi day hé sé

aoBa, (a182 — ag) B, (asfa —a1) B3, ..., (a.Be — ar_1) B35,

- (ar+152 - ar) §+1-

Suy ra day
apBa, (a182 — ag) B, (azfe —a1) B3, ..., (a,f2 — a,—1) B,
- (ar—&-lﬁZ - ar) 5+1

doi dau mot lan, trong d6 hé sé ciia tat ca cac hang t c¢6 bac nho hon
r + 1 déu duong, hé s6 clia hang tit bac r + 1 am. Do hé s6 clia hang tit
bac r 42 1a a,11 85" > 0 nén day heé sb ciia da thic Q (Box) ddi dau hai
lan.

Mit khéc, hai da thitc Qo(z) va Qo (o) 6 ciing vi trf doi dau nén day
hé s6 ctia da thiic Q2(z) doi dau hai 1an.

Tién hanh tuong tuy nhu trén sau p budc ta duge da thic Qp(x) c6 day
hé s6 do6i dau p 1an hay day he s6 ctia da thitc P(z) ddi dau p lan. Do da
thitc P(z) ¢6 p nghiém duong nén s6 nghiem duong ciia da thiic bang s6
lan déi dau cta day hé sb.

Bai toan 2.3. (Xem [5]) Cho da thic P(x) € R[z] va P(z) > 0 v6i moi
r € R. Chitng minh ring da thic P(x) c6 thé biéu dién duge dudi dang
2 2
P(r) = [A(z)]” + [B(x)],

trong d6 A(x), B(x) cling la cac da thic.
Gidi. Do P(x) > 0 v6i moi z € R nén da thic P(x) ¢6 bac bang 2n va

c6 thé phan tich dugc dusi dang tich clia cac nhan ti bac hai khong am,
nghia la

Ple) = [T [fase + 2 +37]

j
trong d6 a;, z;, y; €R; j=1,2, ..., n.
T hing dang thiic

(p% + Q%) (p% + q%) = (pip2 + C]1C]2)2 + (p1g2 + p2Q1)2
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ta c6 két luan :

Tich clia hai biéu thic dang [u(z)]
dang do.

Sau hitu han buéc thuc hién quy trinh dé ta thu duge biéu thic dang

2 4 [v(2)]? ciing 1a mot bidu thic ¢6

2 2
P(z) = [A(@)]" + [B(2)]".
Bai toan 2.4. (Xem [5]) Hoi ¢6 ton tai hay khong ton tai cac da thic
P(z), Q(x), T(x) véi cac hé s6 nguyén duong va thoa man he thic

x2 T 1

T(z) = (2* = 3z +3) P(x), P(z)= (2—0 T + E) Q(x).
Gidi. Viét lai cac hing dang thic ctia dé bai duéi dang

607 (x) = 60 (2° — 3z +3) P(z) = (32 — 4z +5) Q(z) (4)
Cac da thic (5132 — 3z + 3) va (3x2 —4dx + 5) vo nghiém va nguyén to cling

nhau. Vi vay tit (4) suy ra ton tai cac da thiic P(z), Q(z), T(x) théa man
dieu kién deé bai khi va chi khi ton tai da thic S(z) sao cho cac da thiic

(32° — 4a +5) S(z), 60 (2> — 3z +3) S(x)
(32° — 4z +5) (¢* — 3z + 3) S(x)

déu 1a nhiing da thtc véi hé s nguyen duong.
Theo két qua clia bai toan 2.2 thi ton tai s6 nguyén duong k; du 16n sao
cho

(32° — 4z +5) (z + )M

14 mot da thitc ¢6 cac hé s6 nguyén khong am va tit d6 dé dang suy ra
rang khong c6 hé sé ndo ciia da thiic bang 0 va ton tai s6 nguyén duong
ko di1 16n dé

(2 =32 +3) (z + 1)k

13 da thic c6 cac hé s6 déu nguyén duong. T d6 suy ra

(3x2 —4x + 5) (x2 — 3z + 3) (x + 1)k1+k2
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cling 1a mot da thic v6i hé s6 nguyen duong. Nhu vay, cau tra 10i ciia bai
toan 1a khang dinh. Chéng han ta c6 thé chon

P(z) = (32* — 4z +5) (z + 1)kt

Q(x) = 60 (22 — 3z + 3) (v + 1)

T(z) = (32% — 4o +5) (22 — 3z + 3) (z + 1),
(Bing cach thit trie tiép c6 thé thay rang ky > 3, ko > 1,5).

Bai toan 2.5. (Xem [5]) Chiing minh rang néu da thic P(x) > 0 v6i moi
x > 0 thi ton tai cic da thic A(x), B(x), C(x), D(z) dé P(x) biéu dién
duge dudi dang

P(2) = [A@) + [B@) +z {[C@)]* + [D@)]}  (5)

Giaz.

1. Trudng hop deg P(x) = 2m

Néu m = 0 thi ta dé& dang viét duge biéu dién (5).

Véi m > 1, ta ¢6 thé phan tich da thitc P(x) dusi dang

m
P(x) = H (akgc2 + brx + ck)
=1
trong d6 aj, > 0, apx® +byr + ¢, >0, Vo > 0.
Nhan xét rang v6i moi da thic
apx® + bpx + ¢ >0, Vo >0
ta déu c6 thé viét ducc

ar’ + bz +c = (wx + B)* + 2 ( + 7).,

H[ozkx—kﬁk +x(7§+5,§)]

k=1

Mat khac, ta cling c6 tich cua hai da thic dang (p2 + q2) +x (7“2 + 52)

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



31
ciing 14 mot da thitc c6 dang dé. That vay, ta c6
(7 +at) + o (rf +s1)] [(05 + 63) + 2 (13 + 53)]
= [T+ i) (03 + @) +2? (rf +57) (3 +53)] +
+x [(pf+q}) (r3+s3) + 22 (3 +@3) (rf +5%)].
Theo bai toan 2.3 thi ta c6 biéu dién
(0} +a?) (03 + @) + 2 (r} + 1) (13 + 53)] = [A(2)]" + [B(x)]",

(07 +a7) (3 + 3) + 2 (3 + @3) (r] + 51)] = [C(2)]" + [D(x)]".
Vay nén
P(2) = [A@)) + [B@)) + 2 {[C@)]" + D)}

2. Truong hop deg P(x) = 2m + 1
Lap luan tuong tu nhu déi véi bai toan 2.2 ta thu duge

P(IC) = él (CL’ + d) (CLkﬂfQ + bka: + Ck)

= [A@) + [B@) + 2 {[B@)] + [C@)}

= [B(x)]" + [C(x)]".

(Do cac biéu thiic trong ngodic nhon 14 khong am v6i moi o nén ap dung
dugc két qua biéu dién clia bai toan 2.3).

Bai toan 2.6. (Xem [5]) Cho da thic f(z) € R [z] thoa man dieu kién
f(z) >0, Ve e[-1;1].

Chting minh ring da thic f(z) c6 thé bieu dién duge dudi dang
k
fl@)=> a;(1+2)" (1—z)"
=0
véi a; >0, aj, B; € N.
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I+ t—1
Gidi. Gidsid = m. Dat =t => r=—.
idi. Gid st deg f(x) =m it T=
t—1
Doxe[—l;1]nént>0.\/'ayf(x):f(t+—1>>O, vVt > 0. Do d6 da

thitc Q (¢) voi

= (+v"f ()

1a mot da thitc thoa man dieu kien Q (t) > 0, Vi > 0.
Theo bai toan 2.2 thi ton tai n € N sao cho :

Q) =+ 0™ (1)

1a mot da thiic c¢6 cac hé s6 déu khong am. Suy ra

(t+1)™" f <t+ 1) th]

voi b; >0, Kk <m+n.
Ma

14+ 2
t+1= 1=
+ 1—:(:Jr 1—=a
nén ta thu duge
2 \"" u 1+ 2\’
=Ny,
<l—$> 1) Zj<1—x>’
7=0
Suy ra
F@) =3 g (L)) (1= )™+
7=0
S
VOl a; = min > 0.

Tt d6 ta c6 diéu phai chiing minh.

Bai toan 2.7. (Xem [5]) Chting minh réng ton tai da thic P(z) bac n
va nhan gia tri duong trong doan [—1; 1] v& né khong thé bicu dién dugc
duéi dang

Z A (1 —2)* (1 +2)”
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trong d6 Ans > 0, a+  <n; «a, B la cic s6 nguyen khong am.
Gidi. Xét da thic P(x) = 2° + ¢, trong d6 € > 0. Gia st ¢6 thé viét
P(x) duge dudi dang

P(x)=a’+e= Y Auwle)(1—2)"(1+2)" (6)

a+p5<2

trong d6 e > 0, Anp(e) >0, ava [ chay trén tat ca cic sd nguyen khong
am ma a + 3 < 2. Nhu vay, v6i € bat ki trong tong nay sé chita vira ding
sdu s6 hang. Bang cach thé z = 0 vao (6) ta nhan duge A,p () bi chin
voi 0 < € < 1. Cho ¢ dan t6i 0 sao cho ton tai ll_r% Aup (e) = A trong tat

c sau s6 hang, khi d6 chuyén qua giéi han ta nhan dugc

=Y Aas(l—2)"(1+2)".

a+p<2

Nhung v6i z = 0 thi dong nhat thic nay khong théa méan.
Vay khong phai d6i v6i moi da thiic P(x) bac n nhan gia tri duong trong
doan [—1; 1] v& déu c6 thé bicu dién duge dudi dang

Px)= Y Awp(l—2)"(1+2)", Ay >0.

a+5<2

2.2 Biéu dién mét sé dang da thic véi hé sd nguyén

Cho da thite f(z) v6i cac hé s6 nguyen va s6 nguyen t6 p. Ching ta sé xét
van dé vé su ton tai nghiém ctia phuong trinh dong du f(z) = 0 (mod p*),
trong dé6 k 1a mot s6 nguyén duong.

Dinh nghia 2.1. (Xem [5]) Cho da thitc f(z) v6i cac hé sb nguyén am
va s6 nguyen duong m > 2. Ta néi rang phuong trinh dong du f(z) =
0 (mod m) ¢6 nghiem zy € Z néu f (xy) = 0 (mod m). Néu xy € Z la mot
nghiém ctia phuong trinh f(z) = 0 (mod m) va ¢t 1a mot s6 nguyen bat ki
thi f (xg +tm) = f (z9) =0 (modm).

Dinh ly 2.2. (Xem [5]) Cho cac s6 nguyén a va m, m > 2; (a, m) = 1,
Khi d6 phuong trinh ax = b (mod m), b € Z ¢6 nghiem duy nhat xy € Z
ma 0 < xg < m — 1. Moi nghiém khac ctia phuong trinh nay déu c6 dang
Ty =9+ mt, t € L.
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Chitng minh. Néu thi ak # al (mod m). Diéu nay c6 nghia la biéu thiic
as —b, s=0,1, ..., m—1 chom s6 du khac nhau khi chia cho m. Vay
ton tai duy nhat, sao cho axg = b(mod m). Néu z; € Z la mot nghiem
clia phuong trinh dong du az = b(mod m) thi ax; = b(mod m). Suy ra
a (x1 — x9) chia hét cho m. Nhung (a, m) = 1, vay x1 — o chia hét cho
m.

Suy ra xy = x9 +mt, t € Z.

Dinh 1y 2.3 (Cong thiic Taylor). (Xem [5]) Cho da thic f(x) bacn, n > 1
v6i cac hé s6 thuc va zp € R. Khi dé

(k) (o
f(z) :f(xo)+sz—(,())(l‘—$o)k-
k=1 '

Chitng minh. Ton tai cac hing sb by, b1, ..., b, sao cho
f(l') = by, (xl — xo)n + b1 (x — xo)n_l + -+ by.
V6il <k <mn,taco

O z) =Ko+ (k+1)..2(x —20)bper +---+n(n—1)...
(n—k+1)(z—z0)" "b,.

(k)
Suy ra f*) (29) = klby, do d6 by = fT('xO).
Mat khac f (.%'0) = bo . Vay .
k) (o
fl@) = f(z0)+ ) fk—(,(’) (z1 — 20)" .
k=1 '

Dinh 1y 2.4. (Xem [5]) Cho da thiic f(x) v6i cac he s6 nguyén va mot
s6 nguyén t6 p. Néu phuong trinh dong du f(z) = 0(modp) c6 ding
r nghiém nguyén phan biét :Cg), :cgl), . 7%(”1) thudc doan [1; p] sao cho
f (xgl)) # 0(mod p), (1 <i<r), thi phuong trinh dong du f(z) =
0 (modpk) ¢6 dang r nghiém nguyén phan biét thudoc doan [1; pk] véi
moi k > 1 : xgk), Cl,‘ék), 2™ v d6i v cac nghiém nay ta c6 f’ (ng)) +
0(modp) (1 <i<r).

Chitng minh. Ta ching minh khang dinh bang phuong phap quy nap
toan hoc theo k. V6i k = 1 thi khang dinh ding. Gia st khang dinh ding
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voi. Dieu dé c6 nghia 1a trong doan [1 ; pk] thi phuong trinh dong du
f(x)=0 (modp ) c6 dung r nghiém nguyén phan biét xgk), xgk), ey a:ﬁk),
dong thoi f’( ) # 0(modp) véi 1 <7 <.

Gia st 7y € Z, 7y € [1; p"™] la mot nghiém clia phuong trinh dong
du f(z) = 0 (mod p**1'). Khi d6 f (z9) = 0 (mod pF™). Suy ra f () =
0 (mod p*). Ton tai duy nhat i € [1;7], t € Z, t € [0; p— 1] sao cho
Giési’rx:xl(-k)erkt (iell;r], teZ, te[0; p—1]) thi z € Z. Theo
cong thic Taylor c6

f(fU)If( )+f( )kt+(()>2l( B/

trong dé n la bac cta f(z).
F0) (xz('ﬂ)
J!

0 (mod p***') tuong duong véi

f (:J:Z(k)) + f <xz(k)> Pt =0 (mod p**!)

Ta ¢6 € Z va jk > k+ 1, i > 2. Phuong trinh f(z) =

hay "
k
d <;i ) + f (xl(k)) t =0 (mod pkH)
(k)
(Chu ¥ rang d (352 ) €Z)

Dt xng) _ xE )+pkti thi xgkﬂ) [1 pkﬂ} Z(l<:+1) € Zva f ( k+1)> =

0 (mod p**).

Mit khac, 2" = Il(k) (mod p). Suy ra f’( k“) =f (xgk)> (mod p).

2

Suy ra f’ (xz(-kﬂ)) # 0 (mod p) vi f’ (xz ) # 0 (mod p).
Vay phuong trinh dong du f(z) = 0 (mod p*™) ¢6 ding r nghiem nguyén

Sl I :ngﬂ), x;kH), o g , dong thoi

phan biét trong doan [1; p
7 (#) # 0 (mod p) (1 < < 7). Nhut vay khing dinh cing diing voi

k 4+ 1. Theo nguyén 1§ quy nap toan hoc thi khang dinh ding véi moi
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k> 1.

* Cho cac da thiic f(x), g(x) c6 cac he s6 hitu ti sao cho ching chi ¢6 udce
chung 1a hing s6. Khi d6 ta néi rang f(z) va g(x) nguyén t6 cing nhau
va viet (f(z), g(z)) = 1.

Dinh 1y 2.5. (Xem [5]) Cho cac da thic f(x), g(z) v6i céc he s6 hitu ti
va

(f(z), g(z)) = 1.

Khi d6 ton tai cac da thic u(x), v(x) véi cac he s6 hitu ti sao cho

u(x) f(z) +v(z)g(z) = 1.

Dinh If nay dudce chiing minh bang phuong phap quy nap toan hoc theo
tong cac bac ciia f(z) va g(z). T dinh Ii suy ra.

Dinh ly 2.6. (Xem [5]) Cho céc da thic f(z), g(x) v6i cic he s6 nguyen
va nguyén t6 cing nhau (trong). Khi dé ton tai cac da thic u(zx), v(z) véi
cac he s6 nguyén va s6 nguyen m # 0 sao cho u(x)f(x) + v(z)g(x) = m.

Dinh ly 2.7. (Xem [5]) Cho da thic f(x) khac hang s6 va ¢6 cac he sb
nguyén. Khi d6 ton tai vo s6 s6 nguyén t6 p sao cho phuong trinh dong du
f(x) =0 (mod p) c6 nghiém.

Ching minh. Gia st

f(x)=apx" +ax" '+ Fay, ¢, €Z, 0<i<n, n>1, ag#0.

Néu a, = 0 thi f(x) = xg(x), trong d6 g(x) 1a da thic véi cac he s6
nguyéen, khi d6 phuong trinh dong du x g(x) = 0 (mod p) ¢6 nghiem véi
moi s6 nguyéen to p.
Gia st a,, # 0 va phuong trinh dong du x g(z) = 0 (mod p) c6 nghiem véi
moi s6 nguyen to pi, pa, ..., pp. VOi t € Z, dat x; = pips2 ... pra,t. Khi
do

f (@) = ao (pipa - - - prant) + an—1p1pa - . . prant + ay,

:an(plpgpkB—i—l), B eZ.

Chon t € Z sao cho pips ... prB + 1 khac 1 va —1. Khi d6 f (x;) c6 udc
nguyéen to, khac p1, pa, ..., Dk
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Dinh 1y 2.8. (Xem [5]) Cho da thitc f(x) ¢6 cac hé sd nguyen, bat kha quy
trong va khong phai 1a hang s6. Khi dé ton tai cac da thic u(z), v(z) véi
cac hé s6 nguyeén va s6 nguyén m # 0 sao cho u(x) f(z) + v(x) f'(x) = m.
Ching minh. Giasu g(x) = (f(z), f'(x)) (9(z) € Q[z]). Khi d6 g(x)
la ude cua f(x) va degg(x) < deg f(x). Vi f(x) bat kha quy nén g(x)
la hang s6, g(x) = r, r € Q. Theo dinh 1{ 2.6 thi ton tai cac da thic
u(z), v(x) véi cdc he sd nguyén va s6 nguyén m # 0 sao cho u(x)f(x) +

v(x) f'(z) = m.

Hé qua 2.2. (Xem [5]) Cho da thic f(x) c6 cac hé s6 nguyen, bat kha
quy trong va khong phéai 1a hang s6. Khi d6 ton tai vo s6 s6 nguyén to p
sao cho phuong trinh dong du f(z) = 0 (mod p) c¢6 nghiém xy € Z ma

f' (o) # 0 (mod p).

2.3 Biéu dién moét sé dang da thic dac biét
2.3.1 Biéu dién da thidc thong qua cic hing ding thic

Bai toan 2.8. (Xem [2]) Cho céac da thic w;(z) = a;x + b; (a;, b, i =
1, 2, 3 1a cac s6 thyc) théa man he thiic

(w1 ()]" + [ua(2)]" = [us(z)]" (1)

Chitng minh ring cac da thitc iy c¢6 dang
ui(r) =c¢; (Az+B) (i=1,2,3)

trong d6 A, B, ¢y, cg, c3 1a cac s thuec.
Giazi.
Néu a; = ag = 0 thi cac da thic uy () va uz(x) 1a da thic hang va ti (1)
suy ra uz(x) cing la hiang s6 va vi vay az = 0. D6i véi trudng hgp nay ta
chon A =0, B =1 va cac b;, ¢; bang nhau.
Khi a; va as khong dong thoi bang 0, gid sit a; # 0, thi ta chi can dit

a; a1b; — a;b ,

uj(x) :—J(a1x+b1)+M, j=2,3.

a1 a1

Khi do

a; arb; —ajby .
uj(x):ij—i—Bj, Aj:a—i, szlja—ljl, j:2, 3; y:a1x+b1.
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Hé thic (1) c¢6 dang
y" + [Asy + Bo]" = [Asy + By]" (2)
trong d6 y = ayx + by € R. So sanh cac hé s cla liy thita clia v ta dugc
By = B, nAyBY ' =nA3By, 14+ Ay = A} (3)

ajbl

Néu By = 0 thi By = 0 va b; = ——. Khi d6 dé c6 (1) ta chi can dat
a
6121, cjzﬁ,A:alvaB:bl.
ai
P N N AQ A3 N N PPN
Néu By # 0 thi tur (3) suy ra Bs # 0 va B = B Diéu nay trai véi he
2 3

thic 1+ AL = A% cta (3). Vay truong hop By # 0 khong xay ra.
Bai toan 2.9. (Xem [2]) Hay biéu dién da thiic
f@)=a*+2* + 27 +2+1
dué6i dang hiéu binh phuong cta hai da thiic
F@) = [P — Q@)

bac khac nhau va véi cac hé s6 thuyc. Chiing minh rang, khong ton tai da
thiic g(x) v6i cac he s6 thue dé

Giaz.

Ta thay ngay riang deg P(x) = 2 va deg Q(x) < 2. Do d6
P(x)? =2+ 2%+

va

1
P(x) :x2—|—§x—l—a.

Chon a = 1 thi
1 2 /1 2
f(z) = <x2 +or+ 1) — <§\/3x>

Néu xay ra ddng thic f(z) = [g(z)]® thi g(z) phai ¢6 dang

g(x) = 2* + azx +b.
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So sanh hé s6 dong bac sau khi khai trién

x4+x3+x2+x+1:(x2+ax+b)2 (4)
ta dugc he
(1 =2a
1=a®>+2b
\ L (5)
( 1 =2ab

Nhan thay ngay rang khong ton tai cap s6 a, b thda man (5).

Bai toan 2.10. (Xem [2]) Gia sit cac da thic P(z), Q(z), R(z) va S(x)

théa man dieu kién
P(2°) +2Q (2°) + 2°R (2°) = (2" +2° + 2 + 2 + 1) S(x)
Chitng minh rang khi dé ton tai da thic dé viét duge dusi dang
P() = (¢ - 1) T(x) 7)
Gidi.
Gia st
S(x) =50+ s1x+ -+ spa”
Khi d6 theo (6) thi
(z—=1)P(2°)+2(z—1)Q (2°) +2* (x — 1) R (2°) =
= (@*+2*+ 22 +2+1) (x—1)S(z)
hay
P (2°) = (2" — 1) Si(z) =
= (2° = 1) Sa(z) + 2P (2%) + (2? — 2) Q (2°) + (2 — 2?) R (2°)
trong do

n
Si(x) = so + s5a° + s102'0 + - + S5z, m = [—} 7

So(z) = S(x) — Si(z).
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Vi vé trai ctia (8) 1a mot da thiic chi chita mit boi 5 ctia z con vé phai clia
(8) 1a da thtic khong la liy thita boi ctia 5 nén chting dong nhat bang 0.
Tu d6 ta c6 (7).
2.3.2 Da thic Chebyshev
Dinh nghia 2.2. (Xem [2]|) Cac da thic T,(z) (n € N) duge xac dinh
nhu sau
To(z) =1; Ti(z) = =z,
Thii(z) = 22T, (x) — T, 1 (), Yn>1
dugc goi 1a cac da thic Chebyshev (loai 1).
Dinh nghia 2.3. (Xem [2]) Cac da thic U,(x) (n € N) xac dinh nhu sau
Us(x) =0; Uy(z) =1,
Upi1(z) = 22U, () — Uy—1(x), Vn >1
duge goi la cac da thic Chebyshev (loai 2).
e Tinh chit ctia cac da thitc T),(z).
Tinh chat 2.1. T}, (x) = cos (narccos ) vdi moi v € [—1; 1].

Tinh chat 2.2. T, (z) € Z [x] bic n c6 cdc hé s6 bac cao nhat bang 2" !
va la ham chan khi n chan ; la ham 1é khi n Ié.
Tinh chat 2.3. T),(x) ¢é ding n nghiém phan biét tren [—1; 1] la
2k +1
2n

Tinh chat 2.4. T, () <1, Vz € [-1; 1] va T,,(z) = 1

k
khi x = cos—ﬁ, ke Z.

n

T = COS T (k=0,1,...,n—1).

Tinh chat 2.5. Da thic T*(x) = 2" T, (z) 1a da thic bac n véi he s6
bac cao nhat bang 1 va ¢6 do lech so v6i 0 trén [—1; 1] 1a nhé nhat trong
tat ca cac da thitc bac n v6i hé s6 bac cao nhat bang 1.

e Tinh chét ctia da thic U, ().
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Tinh chat 2.6, U (1) = S ICST) ootz e (=11 1),

V1—22

Pd 1
Tinh chat 2.7. U,(x) = =T/ (x) = —
n sint

c6 hé s6 bac cao nhat bang 271 v 13 ham chin khi n 1é ; 13 ham 1é khi n

sin nt

, cost = x da thic bacn — 1

chan.
Tinh chat 2.8. |U,(z)] < n,Vz € [-1;1] va |T!(x)] < n?,Vz €
[—1;1].
Xét cac ham s6

: 1 T —x 1 T —x

51nhx:§(e —e ), cosha::§(e +e )
Khi d6 véi || > 1 thi

inh (nt
T,(z) = cosh (nt), U, (z) = 220070 (1)

sinh ¢
trong d6 x = cosht.
Bai toan 2.11. (Xem [2]) Chiing minh rang da thic U, (z) ¢6 ding n — 1
nghiém thuc khac nhau trong (—1; 1).
Giaz.
Stt dung tinh chat 2 va T),(x) ¢6 ding n nghiém thuc phan biét trén [—1; 1]
nén theo Dinh 1i Rolle ta c6 ngay diéu phai chiing minh.
Bai toan 2.12. (Xem [2]) Ching minh réng
Up(x) =2U,1(x) + T,—1(x), Vn e N*, x € R.
Gida.
Ta ching minh cho truong hop x € (—1; 1). Dat x = cost (0 <t <)
va st dung cac tinh chat cia T,,(z) va U,(x) ta thu duge diéu phai ching
minh.
Véi |z| > 1 thi ta sit dung két qua ctia dang thtc (1).
Bai toan 2.13. (Xem [2]) Ching minh réng
Tri1(x) = 2Ty (x) — (1 — 2°) Up(x), Yz €R, n €N. (2)
Gidi.
Stt dung phuong phap quy nap va dya vao két qué clia bai toan 2.12 ta sé
thu dugce (2).
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Bai toan 2.14. Chitng minh rang
(1—2°)T)(x) — 2T, (x) +n°T,(z) =0, YneN, z €R.

Giaza.

Vé6i x € [—1; 1], ta stt dung tinh chat 1 ctia T),(x) va thay truc tiép bicu
thiic ctia T),(x) vao didu kién bai ra ta thay dang thic dung.

V6i |z| > 1 thi st dung (1) va két qué ciia bai todn 2.1 va cac tinh chat
ctia ham s6 sinh x va ch.

Bai toan 2.15. (Xem [2]) Chiing minh rdng véi m, n € N;n > m va
r € R thi
Toim(x) + Thop(z) = 2T, ()T, ().

Giaza.
St dung dinh nghia va phuong phap quy nap hoac sit dung cac cong thic

cos (n +m) x + cos (n —m) x = 2 cos nx cos mx

va
cosh (n +m) x + cosh (n — m) z = 2 cosh (nx) cosh (mzx) .

Bai toan 2.16. (Xem [2]) Ching minh rang
T (Th(2)) = Thn(z), Ve € R; m, n € N. (3)
Giazs.
Ta chiing minh (3) bang phuong phap quy nap theo m.
V6i n ¢d dinh tuy y va m = 0, ta ¢6 Ty (T,(x)) = 1 = Ty, (x) (theo dinh

nghia T, (z)). Vay (3) ding véi m = 0; n € N.
Gié st (3) dang t6i m. Khi d6

Lir (Ta()) = 2T0(2) T (T () = T (T ()
= 2T5(2) T (%) = Tan—1)n ()
= Tnmn(2) + Tonn—n(®) — Tinn—n()
= Tim+1)n ()

Vay
T (T(x)) = Thn(x), Y € R; m, n € N.
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2.3.3 Biéu dién da thiic va nguyén ham ctia né

Tiép theo, ta xét mot sb6 bieu dién ctia da thitc thong qua cdc ham déi
xting Viete. Ta nhac lai két qua sau dinh 1i ddo vé dau clia tam thic bac
hai.

Dinh 1y 2.9. (Xem [4]) Xét tam thic bac hai
f(z) =az’> +bx +c, a#0.

Khi d6 diéu kién can v di dé ton tai o sao cho af (o) < 01a A > 0 va
1 < o < T, trong d6 z1 9 14 cdc nghiém cua f(x).

Nhan xét rang, dinh 1f trén duge mo ta thong qua bat dang thic (két qua
so sanh biet thic A véi 0). Dinh 1i thuan va dinh 1i ddo vé dau ctia tam
thitc bac hai cho ta phéat biéu két qua biéu dién tam thitc bac hai theo cac
nghiém ctia ching.

Dinh 1y 2.10 (Dinh If Viete). (Xem [4]) Diéu kién can va di dé tam thiic
bac hai
flx)=az’+br+c, a, b ceER, a#0.

c6 nghiém thyec 1a ton tai cac s6 o1, T2 € R sao cho

= —x1 — X2

= X122

Qo |

Tuy nhién, ta ciing c6 thé phat biéu két qua tuong tu trong trusng hop
khi ta con chua tudng minh cac nghiém z1, x5 clia tam thiic bac hai. Diéu
nay rat c6 y nghia khi xét cic bai toan tam thic bac hai tong quéat. Céc
dinh 1i sau day cho ta tiéu chuan nhan biét, thong qua bicéu dién hé s6, khi
nao thi tam thitc bac hai f(z) = ax® +bx + ¢, a # 0 c6 nghiem. Khong
méat tinh tong quat, ta xét tam thic bac hai dang

f(z) =32 + 2bz +c. (2.1)

Ta chiing minh mot s6 két qua quan trong khac lien quan dén tam thic
bac hai f(x) dang (2.1).
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Dinh 1y 2.11. (Xem [4]) V6i moi tam thic bac hai f(z) c6 nghiém thuc
déu ton tai mot nguyen ham F'(x), 1a da thiic bac ba, ¢6 ba nghiem déu
thuec.
Ching minh. Khi f(z) ¢6 nghiem kép, tic f(z) = a(z — x)°, thi ta
chi can chon nguyén ham duéi dang

a

F(r) =5 (v =)’

Khi f(x) c6 hai nghiem phan biét, tic
flz)=a(x —a1)(x —22), 1 <x2, a#0.

ta chon nguyén ham F(z) thda man dicu kien

T+ X
F =0.
(")

Khi d6, ro rang ham F(z) c6 cue dai va cyc tieu lan lugt tai z1 va xo va

it —5%2’ O). Tu day suy ra diéu

diém udn ctia do thi tuong tng la M <
can ching minh.

Dinh 1y 2.12. (Xem [4]) Tam thtic bac hai f(x) = 32?+2bx +c c6 nghiem

(thuic) khi va chi khi cac hé s6 b, ¢ ¢6 dang
b=a+ B+
(2.2)

c=af+ py+ya

Chitng minh. Diéu kién di 1a hién nhién vi theo bat ding thiic Cauchy,
ta co )
A'=0*—3c=(a+B+7) —3(af+ By +a)
=a’+ 2+ 9% = (af + By +7a)

_1 2 1 2 1 2
=5@=p)y+5B-7)"+50—-a) 20

Diéu kién can. Gia stt phuong trinh bac hai c6 nghiém thuc x;, x9. Khi do,
ton tai da thiic bac ba c6 ba nghiem thuc, 1a nguyén ham cta f(z), tic 1a

F(z) = (x+a)(z+5) (z+7)
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Tit day ta suy ra diéu can ching minh.
Tiép theo ta tim cac tiéu chuan dé nhan biét, thong qua bieu dién cac he
s6, khi nao thi mot da thitc bac ba tong quat

fx)=az® +br* +cx+d, a,bc,deER, a#0

c6 cac nghiem deéu thue.
Khong mat tinh tong quat, ta coi da thic bac ba tong quat c6 dang

f(z) = —42% + 3az® — 2bx + ¢, a, b, cER.

Dinh 1y 2.13. (Xem [4]) Da thtic bac ba f(x) = —4x3 + 3ax? — 2bx + ¢
v6i hé s6 thuc c6 cac nghiem deéu thyc khi va chi khi cac hé s6 a, b, ¢ c6

dang
(a=a+[F+7+0

b=af+ay+ad+ v+ 55+~ (2.3)
c=afy+ aBfd+ ayd + vy

Ching manh.
Diéu kien di. Xét da thic F(z) = —2* + az® — b2 + cx — m v6i m la
hing s6 tuy y. Thay a, b, ¢ tit cong thiic (2.3) vao biéu thic clia F(z), ta
thu dugc

Flz)=—-2'"+(a+8+~y+06)2*

— (B + ay+ad + By + 85 + ~0) 2
+ (B + afd + ayd + Byd) x — m.
Chon m = afvd. Khi dé, ta c6
F(r)=—a2*+(a+B8+7+0) 23— (af +ay +ab + By + B+ 76) 22
+ (aBy + afBd + ayd + By8) x — aBS
=—(z—a)(@—-0)(x—7)(z-9).

Suy ra F(z) ¢6 bon nghiem thuc 1a «, 8, v, . Theo dinh 1i Rolle thi dao
ham cta né la ham f(z) = F'(x) sé c6 ba nghiém thec.
Diéu kién can. Gia st phuong trinh bac ba cé ba nghiém thuc z1, x9, 3.
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Ta chi ra rang ton tai da thitc bac bén c¢6 bon nghiém thuyc 14 nguyén ham
cia f(x), tic la

Flz)=-(z-a)(@—8)(z—7)(x—49).
That vay, ta xét ba truong hgp sau day.
i) Néu f(x) c6 nghiem boi bac ba la z thi f(z) ¢6 dang f(z) = —4 (x — x0)".
Chon F(z) :—(x—x0)4thitasécéa =f =~ =0=ux.
i1) Néu f(x) c¢6 hai nghiém phan biét thi phai ¢6 mot nghiem 1a nghiem
kép. Gia st d6 1a nghiém z, nghiém con lai 1a x;. Khong gidm tinh tong
quat, ta gid st xp = 0. Khi d6 f(x) c6 dang

f(z) = =42 (x — z1) = —42® + 42,2°.

Suy ra
4 . .
F(r) = —a* + §x1x3 + m (m 1a hang s0).
4
Chon m = 0 thi da thic F(z) = —23 <a: — §x1> sé c¢6 hai nghiém phan
biét, trong d6, x = 0 la nghiém boi ba, nghiém con lai la x = §SU1~ Khi
do, ta thu dugc

4
a=p=v=0, 5:§x1.

Nhan xét rang trong trudng hop tong quat, néu f(z) c6 nghiem kép (boi
bac hai) la xg, nghiém con lai 1a z7 thita thudusca = f = v =xy, 6 =
xo + gxl.
ii1) Néu f(z) c6 ba nghiem phan biét, thi khong gidm tinh téng quat, ta
c6 thé coi f(z) c6 dang
flx)=—4(zx+a)z(x—>b), a>0, b>0.

hay

f(z) = —42° — 4 (a — b) 2* + 4abz, a >0, b > 0.
Khi do

4
F(z) = —a* — 3 (a —b) 2 + 2abx* + m.
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Chon m = 0 thi

4
F(a:):—x4—§(a—b)x3+2abx2+m

4
:—x2[x2+§(a—b)x—2ab].
Suy ra F'(x) = 0 khi va chi khi
2.2, 4
x [x —|—§(a—b)x—2ab]:O.

Néu x4y ra truong hop 2 = 0 thi 21 = x5 = 0.
. 4
Néu:v2+§(a—b)x—2ab20thido

2 (20 + bab + 20%)
9

A= > 0

nén phuong trinh bac hai da cho c6 hai nghiém thyc phan biét 1a x3, x4
va F(z) sé c6 bon nghiem 1a

r12=0 (a=p=0), xz3 =", x4 =0.

Nhan xét rang néu da thic ¢6 nghiem x = xy boi k (k > 1) thi dao ham
clia n6 c¢6 nghiém x = xy boi bac k — 1. Két hop véi dinh 1i Rolle, ta thu
dugce két qua quan trong sau day.

Dinh 1y 2.14. (Xem [4]) Néu da thiic P(z) c6 k nghiém thyc thi dao ham
ctia n6 1a da thic P'(x) ¢6 it nhat k& — 1 nghiém thuc.

Trong truong hop dac biet, ta thu duge két qua c6 nhiéu ing dung trong
dai s6 sau day.

Hé qua 2.3. (Xem [4]) Néu da thiic ¢6 cac nghiém déu thuc thi dao ham
ctia n6 1a da thic ciing c6 cac nghiem déu thuye.

Tuy nhién, dé ¥ ring bai toan ngudc, tic 1a bai toan xac dinh diéu kien
can dé ting véi mot da thiic co6 cac nghiem déu thuc da cho sé cho ta it
nhat mot nguyén ham ciing c6 cac nghiem déu thyc 1a mot bai toan phic
tap va kho. Cac truong hgp riéng biét ting véi cac da thiic bac thap (bac

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



48

nhat, bac hai, bac ba) da dugc chung ta khéo sat chi tiét 6 trén. Tuy nhién,
tit he qua 2.3 ta c6 ngay dieu kien du c6 dang rat don gian.
Gia st cho @ 1a bo n s6 duong {aq, as,..., a,} (n>1,n € N). Khi do

flx)=(z+a) (x+az)..(r+ay)
="+ E(@)2" '+ By (@) 2" 2+ + E, ()

trong do

= Z a;, E2 (5) = Z a;iQj, ..., En (6) = a1a9...0apy. (24)
1=1

Dat ( =1. Tagoi E, (@) (r € {1, ..., n}) la cic ham (da thic) doi
p thit r (E, (@) 1a tdng clia tat ca cac tich 7 s6 khac nhau ciia

bo 6 a = {al, as, ..., ap})hay con goi la ham do6i xting Viete bac r.

"

Dinh ly 2.15. (Xem [4]) Da thic

fx)=m+ 12" —naz" '+ (n—1Daxx" ? = 4+ (=1)"a,
v6i hée s6 aq, as, ..., a, c6 dang
(a1 = F1 (T)
as = Es (T)
\ (2.5)
{ an = Eni1 (7)),

trong d6 Fj (T) 1a cdc ham do6i xiing Viete bac k theo cac bién thuc
T1, To, ..., Tpe1 luon luon c6 cac nghiem deu thuec.
Ching minh. Xét da thic

F(z)=a2"" —az" + 4 (=1)"apz + (=1)" " ap1,
trong do céac aq, as, ..., a, xac dinh theo (2.5) va

ap41 = T1X2 - - - Tp1-

Khi do, theo dinh i Viete, ta c6

F(z)=(z—21) (x —x9) ... (x — xpp41) .
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Tu F'(z) = f(z), ta ¢6 ngay diéu phai chiing minh.
Tiép theo ta xét bai toan ngude cho truong hgp da thitc bac 4 khi né c6
cac nghiem déu thuc dang

fx)=4(z—z1)(x — @) (x —x3) (x — 1), 11 <9 <3< 24
Dinh 1y 2.16. (Xem [4]) Gia st da thic
flx)=5(r—z) (v —x2)(x —x3) (T —24), 71 <o < 3 < 14
c6 cac nguyen ham Fy(x) la da thitc bac 5 véi cac he s6 thuc
Fo(z) = 20+ apxt + asa® + asx? + aygx.
Khi d6, diéu kién can va di dé ton tai hing s6 thuc ¢ sao cho nguyén ham
F(z) = Fy(x) —c
13 da thic c6 cac nghiem déu thuc la
Fo (1) > Fo (24) . (2.6)

Chitng minh. Ta xét cac truong hgp theo sy phan b cac nghiem.

Khi f(x) ¢6 4 nghiem trimg nhau thi f(z) = 5(z —21)" va hién nhien
(2.6) 1a théa man. Do Fy(z) = (x — 1)° nen chi can chon nguyen ham
ting véi ¢ = 0. Nhan xét rang ¢ = 0 14 gia tri duy nhat théa man diéu kién
cua dinh 1i.

Khi f(z) c6 2 nghiém tring nhau, chang han z; = x3 < 3 < 24

(11 < T2 < 3 = x4) va néu xdy ra Fy(x1) < Fy (z2) thi hién nhién diéu
kien (2.6) 1a khong théa man va khong ton tai ¢ dé da thic F(x) tuong
ting c¢6 5 nghiém thue. Khi Fj (z1) > Fy(z4) thi ta chon ¢ = Fy (271), ta
thu dugc da thic F(z) tuong ting ¢6 5 nghiem thuyc. Néu xdy ra 21 < x9 =
x3 < x4 thi chon ¢ = Fj (23), ta cing thu duge da thic F(x) ¢6 5 nghiém
thuec.

Khi f(z) c¢6 hai cdp nghiém trung nhau x; = x9 < x3 = x4, thi f(z) =
5(x —x1)% (x — 23)° va Fy(z) 1a ham ddng bién va duong thang di qua
cac diém ditng cat dd thi ctia da thiic Fy(x) tai 1 diém (boi bac 3), tic 1
F(x) c6 3 nghiém thyc (ké ca boi). Do do, ing véi moi ¢, cic nguyen ham
tuong ting F'(z) déu c6 khong qua 3 nghiem thue.

Khi f(x) ¢6 ba nghiém tring nhau, chang han x; = 29 = 23 < 24
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(11 < 29 = 13 = 74). Khong gidm tinh tong quat, ta coi x; = 0, tic 1a
f(x) = 52° (x — x4). Khi d6

Fo(z) = 2° — 3374564.

Do d6 Fy(z) ¢6 5 nghiem thyc. Vay ta chi can chon ¢ = 0, thi da thrc
F(x) tuong tng sé c6 dung 5 nghiém thuec.

Cudi cling ta xét truong hop khi cac nghiem ctia f(z) 14 phan biét, tic la
r1 < To < x3 < x4, thi nguyén ham dat cuc dai tai x = x1 va x = x3, dat
cyc tiéu tai z = x9 va x = x4. Néu diéu kién (2.6) dugc théa man thi ta
co

FO (561) > max {F() (ZCQ) ,F() (.764)} , F() (563) > max {F() (SUQ) , F() (5(34)} .

Suy ra
min {FO (.CL’l) , F() (.Ig)} > max {FQ (.CCQ) , F() ($4)} .

Vay ta chi can chon ¢ sao cho

CcE (max {F() (1'2) , Fo (1‘4)} , min {Fg (xl) , o ($3)})

, thi nguyén ham F'(z) tuong ting sé ¢6 5 nghiém thuec.
Tu tudng ching minh dinh If 2.16 cho phép ta phat biéu dinh 1f sau.

Dinh ly 2.17. (Xem [4]) Gia st da thiic bac n (n > 4) ¢6 cac nghiém
deéu thuc

f@)=m+1D) (D" @—z) (@ —x0) . (x =), 21 <2< <y
va ¢6 nguyen ham Fy(z) 1a da thitc bac n 4+ 1 v6i he s6 thuc

Fy(z) = (=) 2" 4 ap2” + -+ apz, Fy(0) = 0.
Khi d6, diéu kién can va di dé ton tai hing s6 thuc ¢ sao cho nguyén ham

F.(z) = Fy(z) —c

14 mot da thic c6 cac nghiem déu thuc 1a diéu kién sau day dudc thoa
man :

min { £y (z1), Fo(x3),...} > max {Fy(z1), Fo(x3),...}.
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Chuong 3

Mot s6 ap dung

3.1 Ung dung ctua da thic trong tinh toan

Bai 3.1. (Xem [2]) Tim tat ca cac da thitc P(x) bac n véi cac hé sé nguyen
khong am khong 16n hon 8 va P (9) = 32078.
Gida.
Gia st
P(z) = apa"™ + 12" P+ +ag, an #0.
Khi d6 theo gia thiét thi
P(9)=a,9" 4+ a,_19" ' + -+ ag = 32078.

Do 0 <a <8(0<k<n)vaa, # 0nén ayla sd du ctia phép chia 32078
cho 9, tic ag = 2. Nhu vay

a1 +9ag + - - -+ 9", = 3564.

Lap luan tuong ty ta nhan dude a; 1a s6 du ctia phép chia 3564 cho 9, tic
a; — 0 va
az +9az + - + 9" %a, = 396.
Tuong tu, ta nhan dugdc as 1& s6 du ctia phép chia 396 cho 9, tic as = 0
va
as + -+ 9" 3q, = 44.
Tiép theo, lap luan tuong tu ta nhan dudc as = 8 va aq = 4. Vay da thic

can tim c6 dang
P(r) = 4x* + 82° + 2.
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Bai 3.2. (Vo dich My - 1975) Da thitc P(z) bac n théa man cic dang
1
thic P (k) = o v6ik=0,1,2, ..., n. Tinh P(n+1).
n+1
Giaz.
V6i 1 <17 < n, ap dung cong thic noi suy Lagrange, ta co
I (z—1)

L Z”: ik
20 Gy ik —1 = ck (=1)" " (n — k)k!

an+1-Fk
= —1)k T —1
k—O( ) (n+1)! zl;lk( )
Suy ra
u e+ 1—Ek , - n—
Pn+1) =Y (-1) k(n+1)' n+1—i)=Y (=1)"™*
k=0 £k k=0

Dodé P(n+1)=0néunléva P(n+ 1) =1 néun chin.

Bai 3.3. (Xem [5]) Cho da thiic P(z) € R [z] théa man P(z)+P'(z) = a3
Chitng minh rang ton tai ¢ € R sao cho phuong trinh

P(z)+ce ¥ =0
c6 4 nghiém thuec.
Gidi.
Tir gia thiét P(x) € R([z] va P(z) + P'(x) = 2% suy ra da thitc P(z)
c6 dang

P(x) = 2% + asx® + a1 + ag
— P'(z) = 32% + 2a27 + a1.
— P(z) + P'(x) = 2° + (34 a2) 2° + (2a2 + a1) = + (a1 + ay) -
Mit khac, P(z) + aP'(x) = 2. Dong nhat he s6 ta thu duge
3+a=0
2a9 +a; =0

a1+a0:O.

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



53

Vay cac he s6 ctia P(x) 1a :

CL2:—3
CL1:6
CLO:—6.

Khi d6, P(z) = 23 — 32% + 62 — 6. Nhan xét riang, véi moi s6 thuc ¢ va
P.(r) =" - 32>+ 62 — 6+ ce ¥,
ta deu c6
P.(x) + P/(z) = 2°.
Vay nén néu chon ¢ = 6 thi ham s6

Ps(r) = 2° — 32° + 62 — 6 + 6,

sé ¢6 tinh chat sau :
Ps(0) =0
Pl(x) = 327 — 62 + 6 — 6e~*, PL(0) =0,

P!(z) =62 — 646", P (0)=0,
P¥(z)=6—6e*, P (0) =0,

P (x) =6e, PV (0) =6 0.

Suy ra tung véi ¢ = 6 phuong trinh Ps(z) = 0 nhan x = 0 la nghiém boi
bac 4, hay phuong trinh

P(z)+6e =0
¢6 4 nghiém thuec.
Bai 3.4. (Xem [6]) Cho day s {x,} dugc x4c dinh nhu sau :
T = 7, To = 50, Tpt1 = 4$n + 55(7n_1 — 1975 (’I'L > 2)
Chitng minh rang x1996:1997.
Giazi.
Xét day {y,} voiy1 =7, yo = 50 va

Yn+1 = 43/71 +9Yn—1+22, n > 2.
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Dé thay y, = x, (mod1997). Do d6 chi can chitng minh
Y1996 = 0 (mod1997) .
Dat z, = 4y, + 11. Suy ra 21 = 39, 25 = 211. Nhan xét rang
Znt1 = 4ype1 + 11 = 16y, + 20y,,—1 + 99 = 4z, + 20y,,_1 + 55. (3.1)

Ta lai ¢6 2,1 = 4y,_1 + 11 suy ra 20y, 1 = 52,1 — 55. Thé vao (3.1),
ta dugce
Zna1 = 42y, + 92 1.
Suy ra
Zni1 — 4z, — Dz_1 = 0. (3.2)
Phuong trinh dic trung ctia (3.2) 1a A> — 4\ — 5 = 0 c6 hai nghiém
A = —1, Ay = 5. Nghiém téng quat cta (3.2) 1

zn = (—1)"a+5"0.

faco 5= —a+58 =39,

{ 29 =+ 258 = 211,
nén o = 2, b= % Do do, ta nhan dugc

- 2 (—1)" + 2—355 (3.3)
T (3.3) suy ra

8 + 25,5199
21996 — T

Ta can ching minh
Z1996 = 11 (mod1997) .

Do
51996 _ 1 : 1997
59 —11:3
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nén 51990 — 11 3. 1997. T do, ta c6 599 = 3n. 1997 + 1, va khi do,

8, 25(3n.1997 + 1)
3 3

<1996 —

8 25
= — 4+ — +25.n.1997
3 + 3 + n

= 25.n.1997 4+ 11.
Vay, 21996 = 11 (mod1997) .

3.2 Uéc luong da thiic

Ta ki hieu Ps(x) la da thic bac < s dang sau
P,(z) = apx® + a12* P + -+ a, 17 + a,. (3.4)
Bai 3.5. (Xem [5]) Cho nhi thic f(z) = ax + b théa man dieu kien
V1—a2|az+b <1, Voe[-1;1].
Chitng minh rang khi dé ta luon co
la| < 2.

Giaz.

Diat x = cost, tit gid thiét ta 6 [sint (acost +b)| < 1, Vt, do d6 tng

Ze* ﬂ- z
Vol t = 1 ta co

b
a-+—7<1
V2
Tuong tu, ting v6i t = —, ta co
‘ + b <1
_a/_ —_—
V2|~

Tu do suy ra
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diéu phai ching minh.

Nhan xét 3.1. Néu nhi thic f(z) = axr + b théa man diéu kién

V1—2?|ax+b <1, Vee[-1;1].

thi

[flz)] <2
Bai 3.6. (Xem [5]) Cho tam thiic bac hai f(z) = ax? + bx + ¢ théa man
dieu kien

V1—a?|az® +br+c| <1, Vo e[-1;1]

Chiing minh rang
la| < 4.

Giazi.
Dat x = cost, tir gid thiét ta co

‘Sint(a0082t+bcost+c)‘ <1, Vt.

Suy ra
sinz <aC082E+bCOSE+C)‘ <1
6 6 6 -

sing (acos2g+bcosg—i—c)‘ <1,

<1

Si o7 cos? o7 + bcos o7 +
in— (a — — +tc
6 6 6

Mat khac, ta ciing co

H 4\,%( 27T+b 7r+)‘
a|l = — |sin — ( a cos” — cos — + ¢
3 6 6 6

.o o T T
—’sm—(acos ——i—bcos——i—c))-l—

2 2 2 6 6 6

, 57T< o DT 5 )
sin— [ acos®* — +bcos— +c||.

Do do
4

< -3=4
al <
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Bai toan dugc chiing minh.
Nhan xét : Néu tam thitc bac hai f(x) = az? + bz + ¢ théa man diéu kién

V1—2?|az® +br+¢| <1, Vo € [-1; 1]

thi
|f(2)| < 3.

Bai 3.7. (Xem [4]) Cho da thic P,_1(z) bac < n — 1 ¢6 he s6 bac cao
nhét ag, théa man dieu kién

V1—22|P,(z)| <1, Voe[-1;1].
Chiing minh rang khi dé

|P—1(x)] <n, Vee|-1;1].

Gidi.

Ta viét da thic da cho du6i dang noi suy Lagrange theo cac ntt noi

27 —1
suy o = coS J 7 la cac nghiém ctia da thic Chebyshev T),(z) :
n
1 < - T, (x)
_ J—1 2 I
P, 1(x) = 5;(_1) \/1—xiPa (::/;])x_xj.

Do ham s6 cos x nghich bién trong (0; 7) nén —1 < 2, < T, 1 < -+ <

T9 <11 <1 Néuzx; <x<1thi

nl < Z‘\/l—lQPnlﬁlfj‘

(do z — 2; > 0 va T,,(x) c6 dau khong doi tren (27 ; 1]).
Mat khac thi
= H T — xj),

l’

1 n
< — 35
_an—x] )

nén ta co "
n Hl (.CE o x]) n T
S A — n 3.6
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= |Un(2)| < n,
nén ti (3.5) va (3.6) suy ra
|P,1(x)| <n, Ve (r1; 1]
Hoan toan tuong tu, ta ciing co
|P1(x)| <n, Ve el[-1;z,)

Xét x, < x < x;. Khi d6 ta c6

: .o
1 — 22> 4/1— 2% =sin (arccos 1) =sin -

n
Do
sin 2
1> > =
T T
nén
T T 2 1
sin — > —.— = —
2n 2n mw n
va

—_
I
E?\')
vV
I
4
”
&
—_

<= =n.
<g=n
n

Tom lai, ta da ching minh duge rang |P,_1(z)| < n, Vo € [-1;1].
Bai 3.8. (Xem [2]) Cho da thic lugng gidc
P (t) =aysint + azsin2t + - - - 4+ a, sinnt
théa man dieu kién
|P(t)| <1, Vte R\{..., =27, —m, 0, 7, 2m,...}.

Chiing minh rang

P(t
( )‘ <n, YVt e R\{..., =27, —7, 0, 7, 2m,...}.
sint
Giadzi.
. P " . .
Nhan xét rang — .= P,_1(cost) véi P, 1(x) la da thitc dang (3.4).
sin
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Dat cost = x. Khi d6 |z| <1 va
P (t) =sintP,_; (cost) mpn 1(
Nhan xét rang P(z) thoa man céc diéu kieén ctia bai toan nén
|P1(z)| <mn, Voel[-1;1].
Do do
P (1)

sint

‘ <n, Vt e R\{..., =27, —7, 0, 7, 27,...}.

Bai 3.9. (Xem [2]) Cho da thic lugng giac

n

P(x) = Z (a; cos jx + bjsin jx)
j=0

thoa man diéu kien |P(z)| < 1 v6i moi z € R.
Chiing minh rang |P'(x)| < n v6i moi x € R.

Giaza.
Cho truée x( tuy y. Do

cos (xg — ) — cos (xg + ) = 2sinxysinz,

sin (xg + x) — sin (xg — x) = 2cosxgsinx

P:Bo—f—ZU + 3:0—:13
g(x) = ( )2 chsmjx

P’ (zog+x) — P' (zg — x)

Suy ra ¢'(z) = va ¢’ (0) = P’ (x9) .
Ta chiing minh rang |¢’ (0)| < n. That vay, g(x) 1a da thiic lugng giac
chtta thuan sin nhu trong bai toan (3.8) va

< |P(x0—|—x)—;—P(xo—x)\ <1

()] = ‘P(:l:o—l—x)—;—P(xo—x)

nén theo két qua ciia bai toan (3.8) thi

g(x)
sinx

<n, Veé¢{., —2m, —m 27, ...}
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Nhung

S0) — 0 [0 =0 0)

r—0 sinzx

nénkhix%OthidoM%g’(O) VA —
x—0 sin
9" (0)] < n.
Tu d6 ta c¢6 |P (z9)| < n. Nhung zy duge chon tuy § nén suy ra
|P(x)] < mn v6imoi x € R.

— 1 ta thu ducc

Bai 3.10. (Dinh 1i Berstein - Markov) (Xem [2])
Cho da thic

P,(z) = apa" + a1z ' 4+ -+ a,
théa man diéu kien |P,(z)| <1, Va € [-1; 1]. Chiing minh rang khi d6
P <n®, Voe[-1:1].

G1iaz.
Diat x = cosa. Khi d6 theo gia thiét thi | P, (cosa)| < 1. Ma P, (cosa)

c6 dang
n

P, (cosa) = Z (ajcosja+bjsinjo)
=0

nén ta c6 the 4p dung két qua ctia bai toan (3.9). Ta dugc

P/
IsinaP) (cosa)| < 1= +v/1— 22 Pul@) <1
n
P/
Cung theo bai toan (3.8) thi ta ¢ () ‘ < n. Suy ra
n
Py(a)] <

Ch .

Dua vao két qua ctia dinh 1i Berstein - Markov, sau khi 4p dung lién
tiép két qua ciia dinh 1f nay, ta sé thu dude két qua sau :

Néu P,(z) <1, Va € [-1; 1] thi

‘P<k>(x)‘ <lhn-1)(n-2)..(n—k+1), Voe|-1;1]
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Bai 3.11. (Xem [4]) Cho ay, as, ..., a, la cac s6 thuc > 0 va khong dong
thoi bang 0.
1) Chitng minh rang phuong trinh

" —ax" = —a, i —a, =0 (3.7)

c6 ding mot nghiém duy nhat.
2) Gid st R la nghiém duong ctia phuong trinh (3.7) va

A:Zaj; B:Zjaj
j=1 j=1
Chtng minh réng khi d6 A4 < RP.
Giaz.
1) Do > 0 nén
ap a2 an
3N 1l=—+— — =
BHe1=24 2 12 )

Nhan xét rang f(x) lien tuc trén (0; + ) va f(x) nghich bién trong
khodng (0; +00) nén ton tai duy nhat R > 0 sao cho f(R) = 1.

2) bat ¢; = fi Suyracj>0vaZcJ—1 Do ham s6 y = — Inz 16m
Jj=1

trong khodng (0; 4+00) nén theo bat dang thitc Jenxen thi

i:lcj [1n%>ln (Zn:lcj%)] = (i#)

—Inf(R)=—-In1=0

Suy ra
Z (cj In R/ — c; lnA) >0
j=1
Va n n
(In A) Z ¢i <(InR) chj
j=1 j=1
hay

Za] (In A) ]CL] (In R) (do cj = %; A> O>
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Vay
In (A") <In (R”) = A* < RP.

Bai 3.12. (Xem [5]) Cho day cac da thiuc {P,(x)} (n=0,1, 2,..

dinh nhu sau

1
Po() =0, Puni(z) = Po(e) + 5 [x = Bi(2)] (n=0,1,2,...
Chiing minh rang véi moi € [0; 1] va v6i moi n € N ta luon ¢
2
0< — P,(x) < :
S Ve hle) s o

Giaza.
Ta chiing minh bang phuong phap quy nap rang
0< Py(r) <V

That vay, v6i n = 1 thi

Pl(a:):§:>0§P1(;c)§\/E, Yz e0;1].

Gia st (3.8) ding dén n. Xét ham sb
1
f(t):t+§(a:—t2), tel0;1].

Taco f'(t) =1—t>0. Suy ra f (t) dong bién tren [0; 1].
Mat khac thi
0<t=P,(z)<Vor<1

Poyi(z) = [ (Pu(2)) < f (V&) =V
Do
Piz) <z (& x— Piz) >0)

Vay (3.8) ding véi n + 1.

Ta chiing minh
2

n+1
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That vay, ta co

\f—am=w<4%mmb—ﬁ#3“m

<va- Rl (1-57) = v (1-35)

Dat t = \/x € [0; 1]. Theo bat dang thiic gifta trung binh cong va trung
binh nhan (Cauchy) thi

n ! n+1

n —t+n<1——>
-zt -

2 n n+1
2/ n \"Y 2 n \"_ 2
n\n+1 T n+1\n+1 n+1

Bai 3.13. (Xem [5]) Cho da thic f(z) véi deg f = n va f(z) > 0 v6i moi
x € R. Chting minh réng

znj f¥ () >0 (3.9)
k=0
Gidi.
Dt )
> fP(@) = g(x)
k=0
Suy ra
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Do f(z) > 0 v6i moi 2 nén suy ra n chin va he s6 bac cao nhat cta f(z)
la duong. Néu f(x) = const thi g(z) = 0 va (3.9) diung. Néu n > 1 thi suy
ra deg f = deg g va cac he s6 chinh ctia f(x) va g(x) bang nhau. Suy ra
deg g(x) 1a chdn va hé s6 bac cao nhat ctia g(x) duong. Vay ton tai 9 € R
de g (zo) = min g(x). Nhung g (29) = f (20) + ¢ (w0) va g’ (z0) = 0, neén

min g(z) = g (z9) = f (z0) > 0

r€R
T d6 suy ra g(z) > 0 v6i moi x € R.
Bai 3.14. (Xem [5]) Cho da thitic P(x) bac < 2n thdéa man diéu kien
IP(k) <1, k=-n,—(n—1),...,0, 1, ..., n.

Chiing minh rang
|P(x)] <2", Vx €[-n;n].
Giaz.
Theo cong thitc noi suy Lagrange thi

- rwlli

k=—n Jj#k J
VilP(k)|<1lvéike{-n,—(n—1),...,0,1,..., n} nén
CEDNECV{="ED 30 (=
k=—n Jj#k k=—n j#£k
Nhan xét rang v6i € [—n; n] thi
[1le -l < (2n)
J#k
va vi vay
H x —j’ < (2n)!
in k—j|— (k+n)(n—Fk)!
Do d6
" (2n)! 2" (2n)! )
P < = = 2",
Pl < k;n (k+ 1) (n— k) Zﬁ (k+n)l(n— k)
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3.3 Mot s6 phuong trinh va bat phuong trinh cé
cach giai dac thu
Bai 3.15. (Xem [1]) Tim a dé hé phuong trinh sau c6 nghiem véi moi b :
(2 + 1)+ (*+1)" =2
(3.10)
a -+ bry + 2%y =1

Gidaz.

Gia stt da dé he (3.10) c6 nghiem (x ; y) v6i moi b. Khi d6 phuong trinh
thit hai ctia (3.10), coi la phuong trinh an b, phai c6 vo s6 nghiém. Diéu
do6 xay ra khi va chi khi

xyY =0

at+z?y =1

Nguge lai, khi @ = 1, hé (3.10) c6 dang :
(@2 + 1) + (B2 +1) =2 {x2+(62+1)y_1

<~
1+ bry + 2%y =1 zy (b+ x) =0

Dé thay hé nay c¢6 nghiem (z; y) = (0; 0) v6i moi b. Vay a = 1 1a gia tri
can tim.

Bai 3.16. (Xem [1]) Tim m sao cho VY € [—4; 6] déu la nghiem ctia bat
phuong trinh

\/(4—1—:1:)(6—:1:)§a:2—2:6+m. (3.11)
Gida.
Gia st Va € [—4; 6] déu la nghiém ciia (3.11). Khidé x = 1 (€ [—4; 6])
ciing la nghiém cta (3.11). Tic la

VU (E-1) <1221+ m=m>6.
Nguge lai, véi m > 6 ta co Véix € [—4; 6] thix +4>0; 6 —x > 0 nén
theo bat ding thic AM - GM ta c6

\/(4+x)(6—x)§4+a:;6_x:5. (3.12)
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Con
> —24m=(x—1°"+m—-1>0+6-1=5 (3.13)
v6i moi @ € [—4; 6]. Tit (3.12) va (3.13) ta ¢6 Véi m > 6 thi
V4 + 1) (6—12) <2’ -2z +mvéimoix € [—4; 6.
Vay m > 6 la cac gia tri can tim.

Bai 3.17. (Xem [1]) Giai va bién luan theo a, b bat phuong trinh :

Va2 —z+ Vbl —xz>a+b (3.14)

Giazi.
Nghieém ctia (3.14) 14 hoanh do cac diém thudc phan dusng thang
y=a+b(LLy'Oy) nam G phia dudi do thi ham s6 :

y=vat—z+ Vb —x := f(x).

a?—1>0 r < a?
=

f(z) xac dinh < {
b2 —x>0

x < b
& r<min{d®; b’} :=m ez € [m; +00).

f(z) lién tuc trén [m; +00) va ¢

-1 -1
2—$+

- 2V a 2V 0% — x

nén f(x) 1a ham s6 nghich bién. Vi vay, véi moi x € [m; +00) ta c6

f'(x)

<0, Yz € (m; +o0)

f(@) < f(m) =/la® —b?[.

Ngoai ra, do f(x) lién tuc trén [m; +o00), lim f(z) = 400 nén khi

T——00

a+b> f(m), phuong trinh

flz)=a+b (3.15)
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c6 nghiem duy nhat. Ma véi « € [m; +00), a+b > f(m), ta co
(315) > — x4+ 02—z +2/(a®2—z) 0> — ) = (a+b)°

(Doa+b>f(m)=@=F[>0=a+b>0)

& /(a2—x) (2 —2)=x+ab

= (a? —2) (0 — x) = (v + ab)’ = 2? + 2abx + aV?
s a+b)’r=0
sSr=0 (Do (a—l—b)2>0).

Vay phuong trinh (3.15) ¢6 nghiém duy nhat = 0. Tt nhan xét trén ta
ducce két qua sau :
+) Khi a+b < y/]a? — 1?|, bat phuong trinh c6 nghiem la : < min {a*; b*}.

+) Khi a+b = /]a? — b?|, bat phuong trinh c6 nghiem 1a : 2 < min {a*; b%}.

+) Khi a + b > +/|a? — b?|, bat phuong trinh ¢6 nghiem 1a : z < 0.

Bai 3.18. (Xem [6]) Cho a, b, ¢ la do dai ba canh cia mot tam gidc. Chiing
minh rang
P(a) =a’b(a—b) +b%c(b—c)+c*a(c—a) >0 (3.16)

Gidi.

Do vai trd clia a, b, ¢ 1a nhu nhau nén khong giam tinh téng quat, cé
thé gia st a = max{a; b; c}.
Dit P (a) = a®b(a — b)+b*c (b — ¢) + *a(c — a), thé thi P (a) la da thitc
bac 3 v6i he s6 chinh 1a b. Ta c¢6 P (b) = be (b — ¢)* = P (c) neén da thiic
bac ba Q (a) = P (a) — be (b — ¢)* ¢6 hai nghiem @ = b, a = ¢. Theo dinh
i Bezout, ta c6

Qa)=bla—b)(a—c)(a—z)= P(a) =b(a—10b)(a—c)(a—z)+
(3.17)
So sanh s6 hang tu do ¢ hai vé ctia (3.17) ta duge
—bex+bc(b—c)P =bc(b—c)ex= C(C—b_b)
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Thay vao (3.17) va rat gon ta duge
Pla)y=ab+c—a)(b—c)+bla—b)(a—c)(a+b—c).

Tu d6 thay ngay P (a) > 0. D6 chinh 14 diéu phéi chiing minh. Dau bang

xdy ra < tam gidc ABC déu.

Bai 3.19. (Xem [3]) Cho a, b, ¢ 1a do dai ba canh ctia mot tam giac. Ching
minh rang
a* + b+ > 1652
Gidi.
Tt hang dang thiic

25\ 2 212 — 2\
sin?C +cos?C=1= [ = | + err-C =1
ab 2ba

= 1652 + (a2 + 1 — 2)° = 4a?}?
suy ra
1652 + a* 4 b* + ¢* = 2a2* 4 20°F + 2% (3.18)
Theo bat dang thitc AM - GM ta c6
20°0° +20°c* +2¢%a* < a' +b' +b' + '+t rat =2 (o + 01+ 1) . (3.19)
Tir (3.18) va (3.19) ta dugc
165% +a' +b* + ¢t <2 (a* +b* + ') = o' + b + ' > 165? (dpem).
Dau bing xay ra < a® = b? = ¢? & tam giac ABC déu.
Bai 3.20. (Xem [6]) Cho ham s6 f(z) := 2° + g Goi g(z) 1a ham nguge
ctia ham s6 f(x). Giai phuong trinh
f(z) = g(z) (3.20)
Giazi.
Do ham s6 f(x) : R — R la ham s6 dong bién nén ton tai ham ngugc
g(z) théa man
fg9(x)) =z =g(f(x)), Vo eR.

Nhan xét rang néu x = a 1a nghiém ctia (3.20) thi

fla)=g(a)= f(f(a))=f(g(a)) = f(f(a)) =a
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= x = a la nghiém ctia phuong trinh

f(f(z)) == (3.21)

Ngugc lai, néu = a 1a nghiém ctia (3.21) thi

f(f(a)) =a=f(g9(a)) = f(a) =g(a) (do f(x) la ham so dong bién).
Vay x = a la nghiém ctia phuong trinh (3.20). N6i cach khac :

(3.20) & f(f(z)) = =
& f(z) =z (do f(x) 1a ham s6 dong bién).

3 T
S r+—-—==x

2
2 2
@szhoéexz—ghoécng.
Vay phuong trinh da cho c6 tap nghiém
2 2
I {0 V2 £} |

2 2

Bai 3.21. (Xem [1]) Giai phuong trinh
64" — 1122° — 82 + 562° + 82* — Tz — 1 = 0. (3.22)
Giaza.
Ta co

(3.22) & 6427 — 11227 + 562° — Tw = 8z* — 82 + 1.
Trude hét ta tim cac nghiém thuoc [—1; 1] ctia (3.22). Do x € [—1; 1] nén
c6 the dat z :=cost véi t € [0; 7). Khi d6 (3.22) trd thanh

cosTt = cos4t (3.23)
2km
Tt = 4t + 2kn b=—3"
(3.23) < & (k,nez).
7t =—4t + 2nm _ 2nm
11

Vit € [0; w] nén ta duge k € J_LO; 1}; n € 0..5 va ta dugc tap nghiem
t €[0; 7| cta (3.23) la

N (t) = 0;2—W;4—W;6—W;2—W;8—W;m—ﬂ.
117117117 3 ' 11° 11
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Ma ham s cost nghich bién trén [0; m] va cic nghiem ¢ € N (t) 1a doi
mot khac nhau nén tap nghiém tuong ung = € [—1; 1] clia (3.22) :

I (AR T

cling gom cac nghiem doi mot khac nhau. N6i cach khac phuong trinh
(3.22) ¢6 1t nhat 7 nghiem phan biét 1a 2 € N(z). Nhung (3.22) 14 phuong
trinh bac 7 nén n6 khong qua 7 nghiém thuc phan biét. Vay (3.22) ¢6 ding
7 nghiém z € N(x) da xac dinh & trén.

Bai 3.22. (Xem [7]) Chitng minh rang véi moi a, b, ¢ € R, phuong trinh :
a.cos3x + b.cos2x + c.cosx +sinz = 0 (3.24)

luén c6 nghiém.
Giaza.
Xét ham sb

f(x) = gsin3x+ §sin2x+c.sinaz — COS .

Ta c6 f(x) xac dinh, lien tuc va c6 dao ham bac nhat :
f'(z) = a.cos3z + b.cos2x + c.cosx +sinz = VT
v6i moi x € [0; 27]. Ngoai ra,
fO)=f@2r)=a+b+c.
Vay, theo dinh li Lagrange, ton tai ¢ € [0; 27] sao cho

fQ@m)—f(0) (a+b+c)—(a+b+c)

— = 0.
27— 0 27

f'(e) =

N6i cach khéc, phuong trinh (3.24) luon ¢6 it nhat mot nghiem (x = ¢)
no6i trén. D6 chinh 13 diéu can chitng minh.

Bai 3.23. (Xem [1]) Tim m dé bat phuong trinh
2 —2mx + 2|z —m|+2>0 (3.25)
thdéa man véi moi x € R.

Giaz.
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Ta ¢6 (3.25) & (lz — m|)* + 2|z — m| + 2 > m>.
Dat ¢t = |t —m|. Véix € R c6 t € [0; +00). Bat phuong trinh da cho
(3.25) tré thanh
f)=t*4+2t+2>m? (3.26)

(3.25) dung v6i moi x € R < (3.26) ding véi moi t € [0; +00)

& m? < min f(t)
[0 400)

Ma véit € [0; +00) c6

ft)>02+20+2=2=f(0)= min)f(t):2.

[0;+o0
Vay m2<2e —vV2<m< V2 lacac gia tri can tim.
Bai 3.24. (Xem [6]) Tim m dé phuong trinh sau c6 nghiem

VIT+vVr+4—mv4—ax=3m.

Giazi.
Dieu kién
x>0 x>0
r+4>20 (¢ >4 <xel0;4].
4—x>0 r <4
Véi x € [0; 4] ¢6 V4 —x+ 3 # 0 nén
vV 4
m:\/ijL s = f(x). (3.27)
vi—x+43

Ham s6 f(x) xac dinh, lien tuc tren [0; 4] nén
(3.27) ¢6 nghiem < %iﬁf(x) <m< 1’[](()1%(]”(:1:). Ma véi z € [0; 4] ta co

0<+x<2
= 2<VI+ VT +4<24+2V2.  (3.2)
2<Vr+4<2V2

Mat khac c6

0<3=0+3<V4—1+3<2+3=5 (3.29)
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T (3.28) va (3.29) c6

2 rTHVr+4 2422
F0)=2 < fa) = VIR L —f).
5 Vi—1+3 3
2 2+ 2v2
Vay mi == =-12¥2
ay %;li]lf(x) = r[g%cf(x) 3
2 2+ 2 .
Do déggmg%la céc gid tri cAn tim.

Bai 3.25. (Xem [7]) Tim a dé bat phuong trinh sau c6 nghiém

3
x3+3x2—1§a(\/_—\/x—1> . (3.30)
Giaz.
Dieu kién
x>0
Sz ell; +00)

r—1>0
V6i diéu kien do6 ta c6 /r + /2 — 1 > 0 nén
(3.30)

& (Wa+vr—1) (23 +322-1) <
<a(Vi—vr—1))(Ve+vr—1)=a
S a > (\/§+\/x—1>3(x3—|—3x2—1) = f(x).

(3.30) ¢6 nghiém a > [min) f(z). Mavéiz € [1; +00) ta co
1;+o00

(Vi+vVr—1)>(1+0°>=1>0

2 4+3x2—-1>134+312-1=3>0

= flx)23=/1(1)

Suy ra min f(z) = 3. Vay a > 3 1a cac gia tri can tim.
[1;+00)
Bai 3.26. (Xem [1]) Cho phuong trinh

ar® +br+c=0 (3.31)
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a b
. m—+ 2 i m+ 1 T
= 0 thi phuong trinh (3.31) luon ¢6 nghiem z € (0; 1).
Giaza.
Dat f(z) = ax™t 4 ba™ + ca™t = 2™ (ax® + bx + ¢).
Xét ham s6

Chting minh rang néu 3m > 0;a, b, ¢ € R, théa man

a b c
$m+2 xm—i—l L

:m—|—2 +m—|—1 mx'

Ham s6 F(x) xac dinh, lién tuc trén [0; 1] va ¢

a b c
Fl(z) = Vre (0;1); F(0)=0; F(1)= — =0.
(@) = f0), Ve e (0;1): F(O) =0; P = Loy Dol
Vay theo dinh li Lagrange, ton tai xo € (0; 1) sao cho
F (1) = F(0)
= = 0.
/(@) 1-0
hay 1a 2" (axf + brg +¢) = 0= axd + bxg +c=0
(Vizg € (0;1) =zt #0).
Vay, phuong trinh (3.31) luon ¢6 nghiém x € (0; 1) (dpem).
Bai 3.27. (Xem [1]) Cho phuong trinh :
an ™ + 12"t Fax +ag =0 (3.32)
Chiing minh riang néu
Qp (p—1 a1
cee =0 3.33
1 + - + + 5 + ag ( )
thi phuong trinh (3.32) luén ¢6 nghiem x € (0; 1).
Giaza.
Dit f(z) = VT (3.32). Xét ham s6
Qn,

F(x) Sl U R %x2 + apx.
n

e
Ham s6 F(z) xac dinh, lién tuc trén [0; 1] va c6 F'(z) = f(x)
Ve e (0;1); F(0)=0; F(1) =0 (do (3.33)). Vay theo dinh i Lagrange,
ton tai zp € (0; 1) sao cho
_F@) - F(0)
e
Vay, phuong trinh f(x) = 0 (3.32) luoén c¢6 nghiéem z € (0; 1) (dpcm).

= 0.
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Bai 3.28. (Xem [6]) Cho ham sb
y(z) = [32° — 62 + 2a — 1.

X4c dinh a dé gid tri 16n nhat cia ham s6 dé trén doan [—2; 3] 1a nhé
nhat.
Giai.

Dit f(z) = 32* — 62 + 2a — 1. Do y(x) = | f(z)| nén

)

max y(x) = max { ‘[rgi;r?l’] (@)

=

a f(z) 1a tam thitc bac hai véi he s6 ctia 22 1a 3 > 0 va hoanh do dinh

= max {2a + 23; 2a + 8} = 2a + 23

= g(a) := [_m2a>§]y(:€) = max {|2a — 4] ; |2a + 23|}

_ 14— 2a] + |20 +23
- 2

(do:z:,yZO : max{z;y} > x;y)

4 —2a+ 2a + 23 27
> Ho20t 204320 (o faf 1 1yl = Jo + 0]

14 — 2a| = |2a + 23|

Dau” =7 x4y ra & (4 — 2a) (2a + 23) > 0 @a:—lzg.
Vay a = 7 1a gia tri can tim.
Bai 3.29. (Xem [1]) Giai bat phuong trinh
VT +24+ Ve +5+2Va2 + T2+ 10 < 5 — 2x (3.34)

Giaza.
(3.34) & f(z) = Vr+2+vVr +5+2Va2 + 72+ 10422 <5 = f(—1)
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r+2>0 T > —2
f(z) xac dinh & ¢ +5=>0 S v >-=5
22+ 7r+10>0 r< -5V x>2

& x € [—2; +00)

f(x) lien tuc trén [—2; +00), ¢6
) 1 20+ 7
f(z) = + +
2V +2 2v/x+5 Va4 T7xr+10
nén f(x) 1a ham s6 dong bién. Bdi vay
r > —2
(3.34) & f(x) < f(—1) & & —2<z< -1
r < —1
Vay bat phuong trinh da cho c¢6 tap nghiem : T'=[-2; —1) .

> 0 véimoix € [-2; +00)

Bai 3.30. (Xem [1]) Cho da thiic P(x) = az® + bx? + cx + d thda mén :
Ve e [-1;1] : |P(x)] < 1. (3.35)

Chiing minh rang
la| + |b] + |c| + |d| < 7.
Giaza.
Do (3.35) dtung V € [—1; 1] nén (3.35) dung khi

1
xE{:I:l;:I:§}C[—1; 1].

Ta c6
P(—1)|<1=|-a+b—c+d <1 (3.36)
IP1)|<1=l]a+bt+c+d <1 (3.37)
1
‘P <—§> <l=|-a+2b—4c+8d <8 (3.38)
1
‘P (5) <l=|a+2b+4c+8d <8 (3.39)

T (3.36) va (3.37) ta ¢6

la+c|+b+d <1=|b+d +|a|—]c <1 (3.40)
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Tuong tu, tit (3.38) va (3.39) ta co
|2a + 8d| — |a| + 4 |c| < 8. (3.41)
Nhan hai vé ctia (3.40) véi 5, ctia (3.41) véi 2 roi cong lai ta dugc :
3la|+3lc|+4]b+4d|+5|b+d| < 21.

M2
41b+4d|+5b+d| = (]-b—d| +|b+4d|) + (|-b—4d| + 4|b+d|) +

+2 b + 4d|
>|=b—d+b+4d| +|-b—4d+4b+4d| + 0
= 3|b| + 3 |d|
= 3lal +3|¢| +3|b| +3|d| < 3|a|+3|c| +4[b+4d| +5[b+d| <21
= la| + [b] + |c| + |d] < 7.
Bai 3.31. (Xem [1]) Giai phuong trinh

VT +Vr+7=vx+80 (3.42)

Giaz.

Dieu kién

T >0
&z e [0; +00).
r+80>0

V6i dieu kien do hai vé ctia (3.42) cing khong am nén tit phuong hai
vé cla (3.42) ta duge
>+ f(z) =z +80 (3.43)

trong do
fl@) =dav/avr + T+ 6z (z+ 7 +4 @+ )V + (z+ 1)V + 7.

Dé thay f(z) 1a ham s6 dong bién trén [0; +00) va f (1) = 0.
Véixz=1taco (342) & V1I+J/1+7=+v¥1+80«3=23:ding.
Vay = 1 la nghiém ctia (3.42). Véi x > 1 ta ¢6

22>, f(z) > f(1) =80 = 2° + f(x) > = + 80.
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Vay (3.43) khong c¢6 nghiém théa man z > 1. V6i 0 < x < 1 ta ¢
vt <, f(z) < f(1) =80 = 2°+ f(x) < z + 80.

Vay (3.43) khong c¢6 nghiém théa man 0 < x < 1. Nhu vay phuong trinh
da cho chi ¢6 nghiém duy nhat 1a o = 1.
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Két luan

Luan vin "Biéu dién mot s6 dang da thitc va dp dung trong dai s6" da
trinh bay chi tiét mot s6 van dé lien quan dén cac dong nhat thic dai s6
sinh béi da thic cliing v6i mot sd tng dung ciia no.

Trong luan van ciing trinh bay mot s6 vi du va bai toan vé moi lién he
gitta cac dong nhat thic dai s6 cling nhu cac ting dung clia cac dong nhéat
thic nay.

Tiép theo xét bicu dién da thiic duong trén truc thuc, trén nita truc
duong, trén mot doan cho truée va bieu dién mot sé da thite dic biet khac
(da thitc v6i he s6 nguyen, da thiic Trebyshev,.. . ).

Cudi cling 14 néu mot s6 tng dung ctia da thic trong tinh toan, udc
lugng, giai phuong trinh va cac bai toan cuc tri.
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