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MG dau

Bat dang thiic 1a mot chuyén dé co ban ciia toan hoc. Day 1a la dang toan
rat quan trong trong chuong trinh phd thong. Cac két qua vé noi dung nay da
dudc trinh bay rat hoan chinh, day dua & nhiing tai lieu trong nudc va Quoc té.
Mat khac, trong cac ki thi tuyén sinh Dai hoc - Cao déng, dac biét 1a céc ki thi
Hoc sinh gidi, ta vAn hay gap cac dang bai toan vé bat dang thic. Dé gitp hoc
sinh pho thong tim hiéu cac két qua vé bat dang thic c6 dién clia cac nha toan
hoc da nghién citu, dong thoi ndm duge cic ki thuat chitng minh cac dang bat
déng thic cu thé va hé théng chung theo mot logic nhat dinh 13 nhiem vu ma
dé tai luan vin nay dé cap dén.

Bang cach dua ra cac dang bat dang thic vé gia tri trung binh, muc tiéu cta
ban luan vin sé gitp cho hoc sinh nam duge cac két qua day du, chi tiét va cach
thiic van dung ching dé gidi quyét mot sb6 bai toan lien quan.

Viéc xay dung cac dang trung binh dong bac khac nhau ciing nham gitp hoc
sinh nhin nhan, khéai quat héa duge nhiéu bat ding thiic ma cac hoc sinh van
thuong gap. Tu do tao cho cac em lam quen véi viéc tap dugt nghién citu cac

chuyén dé toan sau nay.

Luan van ngoai muc luc, mé dau, két luan va tai lieu tham khdo, gom 3
chuong.

Chuong 1. Cac gia tri trung binh co ban.
Noi dung chuong nay nhim trinh bay cac gia tri trung binh co ban. Bat ding
thic gitta trung binh cong va trung binh nhan (AM-GM) va cac dang trung binh
dong bac khac. Day 1a phan Ii thuyét co sé dé van dung cho cac bai toan tng
dung G chuong sau.

Chuong 2. Mot s6 dinh 1f lien quan dén biéu dién cac gia tri trung binh.

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



Chuong nay trinh bay mot s6 dinh 1i lien quan tdi cac gid tri trung binh ma truyec
tiép lien quan t6i chuong trinh toan Trung hoc pho thong. D6 1a 16p ham 1i,
ham 16m va cac ham don diéu bac cao.

Chuong 3. Mot s6 ap dung.

Day 12 noi dung ting dung ctia cac chuong 1 va chuong 2 vao viéc gidi quyét
cac bai toan vé cuc tri dai s6, cuc tri lugng giac, dong thoi ting dung dé giai
quyét cdc dang toan vé gidi va bién luan phuong trinh.

Tiép theo, néu bai tap minh hoa dugc tap hop, lua chon tit nhitng dé trong
cac ki thi hoc sinh giéi Quoc gia, ki thi Olympic khu vire va Quoc té...

Déi v6i moi dang bai tap déu cé néu phuong phap giai cu thé. Cac bai tap
dugc trinh bay theo mot hé théng véi nhiéu 16i gidi doc dao, thé hién tinh sang
tao. Luan van dugc hoan thanh dudi sy huéng dan ctia GS-TSKH, nha gido
nhan dan Nguyén Van Mau. Tac gia xin bay té long biét on sau sac t6i Gido s,
da tan tinh giap do tac gia hoan thanh ban luan van nay.

Nhan day tac gia xin chan thanh cam on Ban giam hiéu, Phong dao tao sau
Dai hoc, Khoa Toan- Tin truong Dai hoc Khoa hoc - Dai hoc Thai Nguyeén,
ciing cac thay co da tham gia gidng day 16p cao hoc Toan K2.

Tac gia xin chan thanh cam on t6i UBND Tinh, S6 GD va DT Tinh Lang
Son, Ban giam hiéu truong THPT Viet Bac Thanh phd Lang Son, da tao moi
diéu kien cho téc gia c6 co hoi dudce hoc tap, nghién ctu.

Mic du da hét stc c¢d ging, song vi khuon kho bai viét, ban luan van nay
van con nhiéu van dé chua duge dé cap t6i, va vi thoi gian va kha ning c6 han,
chic chan luan van sé khong tranh khoi khiém khuyét. Tac gid mong mudn nhan
duge nhiéu ¥ kién déng gép quy bau cua cac thay co, cing ban bé dong nghiép
dé luan van duge hoan chinh hon.

Toi xin tran trong cam on.

Thai Nguyén, 08 thang 09 nam 2010.
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Chuong 1

Cac gia tri trung binh co ban

Trong chuong nay, ta sé dé cap dén cac gia tri trung binh co ban, dinh 1 vé
bat dang thiic gid tri trung binh cong va gia tri trung binh nhan (Con goi 1 bat
dang thitc AM-GM hoiic ngan gon la bat dang thitc AG), bat ding thiic AG suy
rong va cac dang trung binh dong bac khac (xem [1]-[7]).

1.1 Ham biéu dién cac gia tri trung binh co ban

Gid st a; >0,i=1,2,...,n. Xét cac dai lugng trung binh sau

(1) Trung binh cong M; = ! 3 a;.
ni=1

(2) Trung binh nhan My = ¢ ﬁ a;.
\ i=i

(3) Trung binh diéu hoa M; = #
i=1a

(4) Trung binh binh phuong M, =, /%ié az.
Ta c6 hé thiic sau gitta cac dai lugng trung binh.
Dinh 1y 1.1. V&i moi bo s6 duong a;, i =1,2,...,n, ta luon cé
Mz < My < My < My.

Trong trudng hgp n = 2, ta c6 thé mo ta ¥ nghia hinh hoc cta dinh 1y nhu

sau.
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Xét nita duong tron dusng kinh BC, tam O. Gia st ODLBC tai O. Tt diém
E bat ki khac D, ta ké tiép tuyén v6i duong tron, cat BC kéo dai & A. Ké
EF1BC.F ¢ BC.

bat AB =a; > 0,AC = ag > 0 (a1 # ag). Khi d6, AO =

huyén 16n hon canh géc vuong). Mat khac, ta c6

al + ay

> AFE (canh

AO? — OE? = \/(AO + OE)(AO — OF) = VAB.AC = \/ajas.

Suy ra M3 = AO > AE = M, hodc AE? = AC.AB tiic 1a AE = VAB.AC (hé thiic
lugng trong dudng tron).
Tu cong thic 2(2? + y?) = (v + y)? + (v — y)?, ta ¢o

2
D — 02+0D2+\/(A0 OD)? 2(AO+OD)

|AC? + AB? + AB* _ [ai+d3 + a3 e

(3) Theo bat dang thiic Cauchy, thi My < M;.

(4) Vay nén M3 < My < My < My.

k

Vi du 1.1 (Dé thi hoc sinh gi6i nam 1980). Goi T = Y. m; (m; > 0). Chiing
i=1

minh rang

Giai. Ta c¢o

Ta co

Lai ¢6
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| =

k k
1 T? 1 k2
i—1 i—1 ; i
Do do6
k k 2 7

Z Z Skl mtiE)-

1=1 =1 'L
Vi du 1.2 (D& thi hoc sinh gi6i nam 1976). Chitng minh rang, véi bat ky diém
M nao nam trong tam giac ABC ta déu c6

853

da dbdc_?? be’

(1.2)

trong do d,, dy, d. 1a khoadng cach tit M lan luot dén cac canh BC,CA, AB;a,b,c
la do dai cac canh va S 1a dién tich cia tam gidc. Hay mé rong (1.2) cho ti dién

trong khong gian.

Giai. +) Ta c6 thé viét ad,+bdy+cd, = 25, khi xét ba tam gidc M BC, MAC, M AB.
Ap dung bat ding thic Cauchy, ta c6

d, +bdy + cd.\ > 25\ ° 3
ady bdy.cd, < [ @atbdotode T (2507 857
3 3 27
tie 1a
853
€= 927abc’

Ding thtc xay ra khi va chi khi ad, = bdy = cd,, tic la

dy.dy.d. <

C

dg dy:de =

@I»—‘
@I»—l

+) Xét 4 hinh chép MBCD, MACD, MABD, MABC, trong d6 M 13 mot diém
bat k¥ nam trong t dien ABCD, ta c6 thé viét

Sadyg 4+ Spdp + Scdo + Spdp = 3V.

Tu do6 ta co

Sadg + Spdp +Scdc+SDdD>4 B (g)4

Sady.Spdp.Scdco.Spdp = < 4 4

tic 1a
8114

dadgdedp < .
ATBECED = 9565 1S5ScSD
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Diang thiic xay ra khi va chi khi Syds = Spdg = Scdec = Spdp, tic 1a

1 1 1 1
dA:dB:dC:dD:S_A:g:S_C:%‘

Vi du 1.3 (Dé thi hoc sinh giéi nam 1981). Cho n s6 thuc ty,ts, ..., t, sao cho
O<p<tL <qvbik=12, ..., n.

Biét rang

1 R
A== : == 2.
nzt"”’ va B nzt’“
i=1 1=1
- . S A? 4pq S s N PN S 32 32 . 14 2 .
Chitng minh rang 5 > bl va tim dieu kién can va du de c6 dau dang thric.
pTq
Giai. Ta 6 .
>tk —p)(tk — ) <0.
=1
Twu do
k k
=+ te+npg <0.
i=1 i=1
Hay
B—(p+qA+pg<0.
2 2 2
B 1
vay B oo pta_ (1 pta)T (p+9) < (r+9)°
A? A? A? A 2pq 4dpq 4dpq
Diang thtic xay ra khi va chi khi
” S 2pq
t, —p)(t, —p)=0v6i k=1,2,...,n va A= ——.
(ty )t — ) L
P N . . P o l’%‘l‘l
Vi du 1.4 (Dé thi hoc sinh giéi nam 1976). Cho z1 = 2; 2,41 = o

. N 1
Chiing minh rang vn > 1 ta c6 £ <z, <2

Huéng dan. Ap dung bat ding thic Cauchy cho vé trai, vé phai. Tim diéu

kién don diéu cua z,,.

Vi du 1.5 (Dé thi hoc sinh giéi Hungary). Chiing minh réng, néu « la géc nhon

thi
1 1
<1+ | ) <1+ ) > 5
sin «v COoS (v

Huéng dan. Ap dung bat déng thitc Cauchy .
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1.2 Béat dang thiic AM-GM va cac bai toan lién
quan

Trong bai nay, ta sé dé cap dén dinh li vé bat dang thic gia tri trung binh
cong va gia tri trung binh nhan (Con goi la bat dang thitc AM-GM hodc ngan
gon la bat ding thitc AG), cac bai toan lien quan va bat dang thitc AG suy rong.

Dinh ly 1.2 (Dinh li vé cac gia tri trung binh cong va trung binh nhan ([2],[5])).

Gid st x1,29,...,x, la cdc s6 khong am. Khi dé
'I l’ DY :L‘
T > Yr1x9 - Ty (1.3)
n
Déu ding thic xdy ra khi va chi khi z1 = 9 = -+ = xy,.

Hé qua truc tiép ctia bat déng thitc AG la bat dang thic giita trung binh
nhan va trung binh diéu hoa. (Goi va viét tat 1a GM - HM hoac GH).

Hé qua 1.1 (Bat dang thitc GH). Vdi moi bo s6 duong a1, as, ..., a, ta déu cé

n

Ja1ag - Ay > T 1 T
ai az Qn
Déu ding thic xdy ra khi va chi khi oy = ag = -+ = an.

Chitng minh. St dung bat dang thitc AG dbi véi bo s6 duong x, = 1 (k =
a

1,2,...,n), ta c6 ngay bat dang thitc GH.

Cho dén nay, ngudi ta da biét dén hang tram cach khac nhau dé chiing minh
bat dang thitc gitta gia tri trung binh cong va trung binh nhan (Goi 1a bat dang
thitc AM-GM hoac AG). Sau day la mot cach ching minh dinh 1i 1.2 theo quy
nap ki¢u Cauchy. Day 1 kiéu quy nap theo cip huéng (lén-xuéng) do Cauchy
dé xuat vao nam 1821. Dé chitng minh dinh 1{ 1.2, mot s6 ngusi da loi dung tinh
hudng nay dé goi tén bat dang thiic (1.3) 1a bat dang thiic Cauchy. Tuy nhién,
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cho dén nay, theo thong le Quoc té va theo cach goi clia cdc nha khoa hoc thi
(1.3) 14 bat déng thiic gitta gia tri trung binh cong (trung binh s6 hoc) va trung
binh nhan (trung binh hinh hoc).

1.2.1 Quy nap kiéu Cauchy

T hé thiuce bac hai

u% + u% > 2uqug, Vui,ue € R. (1.4)
Ta suy ra
1 ;—xQ > /1119, V1,79 KhOng am . (1.5)

r1+ T2 T3+ T4
va
2 2

Thay x1, 22 lan lugt bang cac bién mdi , tr (1.5) ta nhan duge

r1+ T2+ T3+ 24 r1+Tox3+ 24

1
1 > 5 5 }2 >= \/T1T2X3T4.

Tiép tuc qua trinh nhu trén, ta thay bat dang thic (1.3) ding véi n = 2,4, ...
va n6i chung, dung vé6i n la iy thita ctia 2. Day chinh la quy nap theo hudng
lén trén.

Bay gio ta thuc hién quy nap theo huéng xuéng phia dudi. Ta chiing minh
rang, khi bat dang thic (1.3) ding véi n (n > 1) thi né cling dang véi n — 1.
Thay z, trong (1.3) béi — AT

: va giit nguyén cac bién z; khéc, tir
n p—
(1.3) ta thu dugc

r1+x2+ -+ Tpo1

ryt+ryt-+Tp1t
n—1 >

n

-

> (w122~ Tp—1)

SR I D SRR S A I
n—1 ’

hay

-

Z (xlxz . e xn_1>n71

1 t+x2+ -+ Tp-1 (it T\
n—1 n—1 ’
Rit gon biéu thic trén, ta thu dugc

r1t+xo+ -+ Tp-1
n—1

> "R/T1T2 ¢ T
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T két qué ching minh theo cip huéng (Ién, xudéng ), ta thu duge phép chiing
minh quy nap cua dinh 1 1.2.

Tiép theo, theo ding cach chiing minh quy nap kiéu Cauchy, ta dé& dang
ching minh duge bat dang thic sau day.

Bai toan 1.1 (Bat ding thic Ky Fan). Gid st z1,2,...,2, 1a cac sb duong

trong (0; ﬂ . Khi do

Mo -

< =

~

n n n-
(£a)  |[Ta-a)
k=1 k=1
Dau ding thic xay ra khi va chi khi 21 =29 = -+ = ,,.
Bai toan 1.2. Gia st z1, 22, ..., 2, 1& cdc s6 khong am va n = 1,2,... Khi d6

m

<$1+w2+--'+$m)n>95111+$3+“'+$Zz
pe— m M

Dau déng thic xay ra khi va chi khi 21 = 29 = -+ = 2.

1.2.2 Mot s6 dang da thiic déi xing sd cap

Da thtc "
P(xy,x9,...,2,) = ZMk(xl,xg, cey X)),
k=0
trong do
My (21,29, ...,2p) = W @) o jneN@GE=1,2,....n). (16)
k 1,42, a1 J1Int] n o ]n < )

Jrtjettin=k
Trong muc nay, ta chi quan tam cht yéu dén cac dang da thiic dong bac bién
s6 thiye va nhan gia tri thuc, dac biet 1a cac da thic doi xiing so cAp quen biét
lien quan dén cac hing dang thic dang nhé trong chuong trinh toan trung hoc
pho thong.
Truée hét, ta chitng minh lai cong thitc khai trien nhi thitc Newton

(z + a)" = zn: (Z) a"kak,

k=0
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Néu ta coi (x + a)” nhu 1 tich ctia n thita s6: (x +a)(z +a)--- (z 4+ a) thi khi
do tich )
(x+a1)(x+a) - (z+a,) = Z (Z) p?*k:ck,

=0
trong do
( ay+ag+---+ap
p1=
2 Z n
P2 = o
- 1<i<j<n o (1.7)
| P = a1az - - ap,.
Vay nén, néu cac s6 ay, as, . . ., a, déu duong (hoic khong am va khong dong thoi

bang 0) thi khong mat tinh tong quat, ta c6 thé coi cac sb p1,po,...,p, deu la
cac s6 duong (khong am). T (1.7), ta thu dugce

( aitag+ -+ an

b= 2. i (1.8)

Ta thiy, p; chinh 14 trung binh cong, p, 1a trung binh nhan, va do d6 céc p;
khac cling 1a cac dai luong trung binh can dat tén cho ching nhu 14 nhitng doi

tuong co ban can tap trung nghién ciu.
Dinh 1y 1.3. Cho @ la bo n s6 duong {a1,as,...,a,} (n>1,n€N). Khi dé
f(@)=(x+a)(@+a) - (x4 ap) = 2" + E1(@)z" ! + Ey(@)a" 2+ - + E,(a),

trong do
n
Ey(a) = Z%Ez(ﬁ) = Z aiaj, ..., En(@) = ajag - - ay.
i=1 1<i<j<n

Dat Eo(@) = 1. Tagoi E-(@) (r € {1,2,...,n}) la cdc ham (Da thiic) d6i xting
so cap tht r (E,.(@) 1a tdng clia tat ci cac tich r s6 khac nhau ctia bo s6 @).

Ki hiéu

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



12

Tinh chat 1.1. Gid stt 21, 22,...,2, 14 bo n cic s6 thue khong am (ki hi¢u béi
(T)) va y1,v9, ..., yn 12 b0 cac s6 thuc khong am khac (duge ki higu bdi ()).

Hai day (7) va () dugc goi la dong dang (va ki hieu () ~ (y) ) néu ton tai
A € R(X #0) sao cho ta ¢6 zj = A\, (j = 1,2,...,n).

Bai toan 1.3. Cho (a) 1a bo (a1, as, . .., a,) cac sd thyc duong.
Dat
Ph=1PFP. = Pk(a); E, = Er(a).
Chtng minh rang

Pp 1P <P (k=1,2,....,n—1).

(Néu cac a; duong va khong dong thai bang nhau thi ta c6 dau bat dang thic

thuc su).
Giai. Gia st
flz,y) = (2 + a1y)(x + agy) -+ - (v + any) = Eoa" + Eya™ ty + - + Epy”,

trong d6 E; 1a tong tat ca cac tich i s6 khac nhau,

kl(n — k)!
_ K =Rt

n!

Py k-

Vi tat ca cac a; > 0, t = T ovav=2=0 khong phai la nghiém ctia phuong

Yy xz

trinh f(t,1) = 0 va f(1,0) = 0, tuong tng nén — = 0 va 2 = 0 khong phai 1a
Y

8

nghiém ctia cac phuong trinh nhan tit dao ham ctia no.

Tt do, ta c6 the két luan rang cac sé6 P; duong, tiic 14 phuong trinh
Py13® + 2Pgay + Pepy® =0

nhan dugce tit f(z,y) = 0 bang cach 1y vi phan lién tiép theo z va y. Do phuong

trinh nay c6 nghiém thuyc nén
Py—1.Ppr < P
Bai toan 1.4. Chitng minh bét dang thric

Ey 1B < E2
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Giai. Tu bat dang thic trong bai toan 1.3, ta co
Py—1.Pp1 < P

Suy ra

w—1wn—h+mEmr@+1mn—k—n%%4S(mm—kny%

n! n! n!

hay
(k+1)l(n—k—1
k(n —Ek)!

T day ta c6 diéu phai chitng minh.

)! 2
Ey 1Ep41 < Ej.

Bai toan 1.5. Cho cac s6 a; >0 (i € {1,2,...,n}) va khong dong thoi bang
nhau. Chitng minh bat déng thrc

1 1 1
Py>P} >P}>--->Pr. (1.9)
Giai. Tu bat dang thic trong bai toan 1.3, ta co

Py.Py < P}

Suy ra
(Po.P3) (P1.P3)? - (Pr_y.Pry) < P2P)- - P
1 1
= Pl <Pt = pr > P
Nhan xét 1.1. Ta dé dang chitng minh P._1.P,,; < P? bang phuong phap quy

nap.

That vay, gia st bat dang thitc ding v6i n— 1 s6 duong ai, as, . . ., an—1 va dit
E', P'la cac E,, P, tao bdi n — 1 s6 ay va gia st tat cd cac s6 d6 khong dong thoi
bang nhau. Khi d6

r r
/ / / /
E,',. - anEn_l :> Pfr - EPT + Eaxn r—1-
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Tu do suy ra
n*(P,_1Pr11 — P?) = A+ Ba, + Cd2,

trong do

A={(n—r)? = 1}P_ Pl — (n—7)*P,
B=n—-r+1)(r+1).P_ P +(n—r—1)(r—1)P_yP/ ;-
=2(n —r)P 3P,

C=(r*—=1)P,_yP,—1*P%,.

Diéu nay van dang khi a1 = as = --- = a,—1. Khi d6 a,, # a;.

Tit bat dang thitc (1.6), ta thu duge bat dang thitc sau

Hé qua 1.2.
P1L=p2 2 2 DPn,
trong do
( ar+az+---+an
P1=
n
p2= Y. aia;
1<i<j<n

(Pn = /0102 -+ Op.

Dic biét, p; > p,. D6 chinh 1a bat dang thiic gitta trung binh cong va trung binh

nhan.

1.2.3 Bt dang thic AG suy rong

Mot md rong tir nhién cta dinh 1i gitta trung binh cong va trung binh nhan

cho bo s6 c6 trong 1a dinh i sau day.

Dinh 1y 1.4 (Bat dang thitc AG suy rong). Gid st cho trudc hai cdp day so
duong x1,xo,...,Tn;D1,02,- .-, Pn. Khi do

g R (x1p1+xzp2+---+xnpn

p1t+p2+-+pn
Ty &y )
p1+p2+--+Dn

Déu ding thic xdy ra khi va chi khi 1 = 29 = - -+ = .

Nhan xét 1.2. Cac phuong phap da néu § trén dé chitng minh bat dang thic
AG déu c6 thé sit dung (c6 cai bién) dé chitng minh bat dang thiic AG suy rong.
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Chiing minh. Dat
o — T1p1 +x2p2 + -+ Tppn
pL+p2+---+pn '

St dung bat dang thic

Ta thu dugc hé

Ty
1] < s.es !
2, < s.es1
n =
Suy ra
)
_71 pl
' < sPre\ s
(5-)
abr < gPn e\ s
Vay nén
pr P2 . ,..DPn P14+pate+Dn x1p1+$2p2§+m+$"m—(p1+p2+-~~+pn)
Ty Ty "t <8 e : :
hay
P P2 aPn < PPt tpn
Ty Ty Tyt S8 :
£ 2 - 2 . < o . l']. xXr
Dau dang thic xay ra khi va chi khi = =... == =1
s s
hay Tl =Ty ="++"= Tp.

1.3 Cac dang trung binh déng bac khac

Xét ham s6 mo ta cic trung binh bac tuy § doéi véi cap s6 duong a,b cho
truée sau day

al + bt
Sa7b(t> = ( 2

Khi d6 S, p(—1), Sap(1) va Sep(2) lan lugt 1a céc gia tri trung binh diéu hoa,

)1, 04teR.

trung binh cong va trung binh bac hai ctia cip s6 a,b va
lim S,4(t) = min{a,b}, lim S,,(t) = max{a,b}, lim S,,(t) = Vab.
t——o0 t—+oo t—0

Vay nén

min{a,b} < Sa,b(_1> < Sa,b(o) < Sa,b<1) < Sa,b(z) < max{a,b}
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2 1 p2
m1n{ab}<—<\/—<a+b \/a;—b < max{a,b}

chinh 1 nhitng bat déng thic gitta cac dai lugng trung binh co béan.

hay

Tong quét, ta xét bat dang thic giita cac trung binh bac k. Trong phan nay,
ta xét cac biéu thtc trung binh duéi dang

1
af + a5+ +al\*
Ty, = -

va chitng minh céc bat dang thiic lien quan giita ching.

Dinh nghia 1.1. Ta dinh nghia

oyt +a”) la trung binh

n

i) Véi k € N ta goi biéu thiic dang Tj, = <

lay thita bic k ciia n s6 khong am ay,as, . .., ay.

i) To = (a1a9 - --an)% goi la trung binh nhan cia n s6 khong am.

1
—k 4=k gk F
ii) Vdi k € N, ta goi biéu thic dang T_; = (al tay - ta, ) a
n

trung binh ldy thua diéu hoa bac k cia n so6 duong ai,as, ..., ap.

Tinh chat 1.2. Cho n s6 duong ay, as, . . ., a, thi bat ding thitc sau day nghiem
ding

1 _1

k k k\ % k—|—1 k+1 k+1\ k1

ay +ag +---+a +ay "+ ta 4

(1 2 ”’) §< n ) vOl ke Z*.
n n

Truong hop dac biet Ty < Ty < T.
1) Xét truong hop k € Z, k > 1.
Bét dang thtc can ching minh tuong duong véi
k+1 k
(ﬁ+a§+~+a@ sn@ﬁ4+@“+~~+¢“>.
Ap dung bat ding thic Bunhiacopski mé rong, ta c6

k+1 k+1
(a’f+a§+--~—|—alfl> :(1.a’f—|—1.a§+---—|—1.aﬁ> <
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§(1+1+__'+1><k+1+ak+1+ , +a§+1) . (k+1+ak+1+ , +a§+1>

k
:n< Rl ghtly . +a'fb+1>
hay
k1 k
(a’f+a’§+~~+aﬁ) Sn(k+1+a§+1+ : +a,’3“> .

2) Xét truong hop k+1 < —1.
1 _
Dat b; = —,i = T, n. Khi d6 o¥ :b;”C véi —k >0 va —k > —(k+1) >0, suy ra

7

1 1
— < ——A ong h 1 ¢
0< P <k+1 p dung truong hop (1), ta co
1 1
(b;’“+b;’“+--~+bgk> k:>(bl(’““)+b2(k+”+~-+bn(k+1)> k+1
n - n ’

hay

1

=1 1
(al_k+a2_k+~--+agk> k < < k+1_|_a12<:+1+__,_|_a17§+1)k+1
n o n

3) Cudi cung, ta ching minh 7_; < Ty < Ty tng véi k= —1,k =0

=ttt ¢/arag -~ a, = Ty (ding theo bat dang thiic Cauchy)

n

ol tayttrapt)
To = Yaras -+ an > 1 2 L =T 4.
n

Thuc vay, ap dung bat dang thitc Cauchy cho n s6 a7t ay?,.. ., a;!

-1 -1
a _|_a
1 2 _ 1 -1 1

- > \/al a2 = (\/al (e an> .

1, 1
Tu d6 suy ra (al oy *

n

—1
+ a;1>
S n/alaz ce Ay
Vay tinh chat duge chiing minh.
Dau ding thic xay ra khi va chi khi a; = as = - -+ = an,.

Bai toan 1.6. Cho AABC nhon. Chitng minh béat dang thiic

A+ B

A B
i’/tan?’g—irtan?’g 1+ V/8cot3 A+ 8cot3 B> V2cot
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Giai. Ap dung bat déng thic trung binh dong bac, ta c6

i/cot?’A +cot3B \/1<coté+cot 5)3
2 = 4 2 2

A+ B A+ B
\/—Cot3 + \3/§cot Z .

Tong quat

N A B N A+ B
\/tanna—i—tan”?—l—\”/2ncot"A—|—2”cot”BZ V2 cot + .

Cach giai hoan toan tuong tir bai toan 1.6.

Bai toan 1.7. Cho A, B la hai goc théa man 0 < A, B < g Chitng minh bét
déng thic

A+ B

\/tan"§—|—2"cot”B+ \/tan”§+2”cot"A2 V2 cot

Giai.

A " B " A B
VTZd(tan§+2cotA> +(tan§+200tB> :dcotng—l—cotng

o o 1 (AL tB”_ 1 AL B > 3o ATB
_271_1002(:02 —WCOQCO 1

Vay bat dang thitc da cho duge ching minh.

Bai toan 1.8. Ching minh rang
2|sinx\ + 2|cos:p| > 3’ vz € R.

Giai. Khong mat tinh tong quat, c6 thé coi z € [0; ﬂ . Khi d6 bat dang thiic
da cho c6 dang

2SiH.CL‘ 4 Qeos® > 3, Vr € R.
Theo bat dang thiic gitta trung binh cong va trung binh nhan, ta c6
QSina: + QeosT _ 251111‘ + 12005m > 3\3/W'
9 =
Do z € [0; g] nén

sinx +cosx — 2 > 0,
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Vi vay
OSINT | 9COST > 3 \/p e R.
Dang thiic xay ra, chang han, khi 2 = ;, keZ.

Bai toan 1.9. Xét day s6 thuc {z,}(n = 1,2,...,2004) théa man dicu kieén

<Z1,T9,...,Tp <

e
e

Tim gi4 tri 16n nhat cta bicu thic

. . : 1 1 1
?JZ(Slﬂm+S1H$2+---+S1nxzoo4)(. + = +-~-+,—).
sinxr] SNy SIN L9004

Giai. Ta co

s s 1 . e

<< -<sng; <1voit=1,2,...,2004

6 2 2

. 1 ) . 9 3 . 1

& sing; — 3 (sinz; — 1) <0 < sin xi—ésmxi—l—éﬁo
. 3 e
Ssine; — - + —; <0voiet=1,2,...,2004.
2 2sinux;
Do do

2004 12004 1 3
Z;sma:ﬁ—ﬁzgsmxi < 2004.. (1.10)
1= 1=

Mat khéc, theo bat ding thic gitta trung binh cong va trung binh nhan, ta cé

2004 2004 2004 2004

1 1 1 1
i I > 1 ;= . .
;Slnxl+2;sinxi > 2 251111'2228111% (1.11)

Tu (1.10) va (1.11) suy ra

1 1 9 9
inx;,.— < —=.2004~.
Zsmxz 2 Zl sinx; — 8

=1 1=

Dau bang x4y ra khi va chi khi dau bang ctia (1.10) va (1.11) x4y ra, tic 1a

1 .
sinx; = 5 hoac sinz; =1v6ii=1,2,...,2004

va 2004 2004
1 1
E SIMT; = < E ; .
2 £~ sin x;
=1 1=1
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. N A , . N 1 ~ N FS , . > z
Goi p 1a s0 cac sinx; bang — va ¢ la sO cac sinz; bang 1, ta ¢6
2 )

p+q:2004 = 92004
1 1 @{“q 00 & p=q=1002.
pta=5(2p+aq) p+29=2p+q

. . £ o S 9 o . % S N %
Vay gia tri 16n nhat cua y bang 5.20042 khi c6 1002 sO z; bang g va 1002 so z;
N s
bang —.
ang

Bai toan 1.10. Chitng minh rang, trong tam giac nhon ABC ta luon c6
tan A tan B tan C' > 3v/3. (1.12)

Giai. Vi AABC la tam giac nhon nén 0 < A,B,C < g Do d6 tanA > 0,
tan B > 0, tanC' > 0.

Theo bat dang thiic gitta trung binh cong va trung binh nhan, ta c6

tan A + tan B + tan C' > 3vtan A tan Btan C.

Mat khac

tan A +tan B +tan C =
anA -+ tan 5 +tan cos Acos B cos Acos B

—cos(A+ B) + cos Acos B

= tan A tan B tan C.
cos Acos B

=tanC

T do suy ra

tan Atan Btan C > 3\3/tanAtanBtanC’,

hay
(tan A tan B tan C)® > 27 tan A tan B tan C.

Suy ra
tan Atan BtanC > 3v/3.

Dau bang xdy ra khi va chi khi tan A = tan B = tan C hay AABC la tam giac

deu.

Bai toan 1.11. Cho AABC. Chitng minh rang véi n 14 s6 nguyeén duong, ta
luon co

tan”" A + tan” B + tan" C > 3V 3™.
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Giai. Theo bat dang thic gitta trung binh cong va trung binh nhan, ta c6

tan” A + tan™ B + tan™ C' > 3/(tan A tan Btan C)" > 31/ (3v/3)".

Theo bai toan 1.10, ta c6 tan Atan Btan C' > 3/3.

Vay ta c6
tan”" A + tan” B + tan" C > 3V 3™.

Dau bang x4y ra khi va chi khi tam gidc ABC 1a tam giac deéu.

Tt d6, ta c6 cac bat dang thic
tan® A + tan® B + tan® C > 9,

tan® A + tan® B + tan® C' > 9\/§,

tan* A + tan* B + tan* C > 27,

tan”" A + tan” B + tan" C > 3V 3™.

Bai tap ap dung

Bai 1.1. Cho a,b,c¢ > 0. Chitng minh rang
a* bt c a? 4 b2 4 2

>
bz—bc+02+02—ac+a2+a2—ab+b2 2

Bai 1.2. (Trich dé thi vo dich ctia M§) Cho a,b,¢,d > 0. Chiing minh bat dang
thiic
a b c d

9
> —,
b+2+3d ct2d+3a d+2a+3b at2b+3c=3

Bai 1.3. V6i moi a,b,c > 0. Chiing minh ring

2
B+ + B> a%%?@.
Bai 1.4. Cho cac s6 thyc duong m,n,p. Chitng minh ring v6i moi tam giac
ABC, ta déu c6

sin A N sin B N sin C'
m n
sin Bsin C sin C'sin A psin Asin B

> 2¢/mn + np + pm.
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Chuong 2

Mot s6 dinh 1y lién quan dén bieu
dién cac gia tri trung binh

2.1 Biéu dién ham 16i, ham 16m

Dé don gian cach trinh bay, néu khong cé chi thich dic biét, ta chi xét 16p
cac ham 16i (16m) khé vi bac hai. Nhu vay, ham f(r) don diéu tang trong khodng
I(a;b) khi va chi khi

f'(x) >0, Ve l(a;b)

va ham f(x) 10i trén I(a;b) khi v& chi khi
f7(x) >0, Vxel(ab).

T d6, ta c6 nhan xét. Ham f(z) 161 trén I(a;b) thi dao ham bac nhat ctia n6 1a
mot ham don diéu tang.

Do vay, ta c6 thé phat biéu tinh chat biéu dién ham 16i nhu sau.

Dinh ly 2.1. Ham f(z) loi trén I(a;b) khi va chi khi ton tai ham g(z) don diéu
tang trong I(a;b) va s6 c € (a;b) sao cho

T

f(z) = f(0) + / g(t)dt

C
Tiép theo, ta con rat nhiéu cach tiép can khac dén 16p cac ham 16i va ham
16m va ngudi ta tim ra cach biéu dién ching theo nhitng muc tiéu khéac nhau dé
gidi quyét cac bai toan thuc tién.

Trong muc nay, ching ta diic biét quan tam dén mot dang biéu dién ham 16i va
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ham 16m thong qua cac ham sé bac nhat, vi 16p ham nay don gian va dé tinh
toan trén tap gia tri cia ching.
Dé ¥ riang, néu f(x) 1 ham 16i, lién tuc trén [a;b] va véi mot cap so duong (o 3)

véi a + 8 =1 xdy ra dang thic

af(a) + Bf(b) = f(aa + (b)

thi f(z) 1a ham s6 (da thic) bac nhat.
Vi vay, khi ham s6 f(x) 16i va kha vi trén I(a;b) thi do thi clia né luon thuoc
nita mit phang tao nén baéi tiép tuyén tai méi diem tuy ¥ cho trude ctia dd thi

d6. Noi cach khac, néu f(z) 16i trén I(a;b) thi moi cip zg,z € I(a;b), ta déu c6

f(x) > f(xo) + f'(x0)(x — z0). (2.1)

That vay, ta c¢6 (2.1) tuong duong véi

f'(z0) < M, khi > zo; x0,2 € I(a;b) (2.2)
T — X0
va
f'(z0) > w, khi x < xo; 0,2 € I(a;b). (2.3)
— X0

Cac bat dang thic (2.2) va (2.3) 1a hién nhién. (Theo dinh 1i Lagrange)
Dé nhan thay riang (2.1) xay ra dang thiic khi 2o = =. Vay ta c6 thé viét (2.1)
duéi dang

fl@)= min [f(u)+ f'(u)(z—u)].

u€l(a;b)
Tuong tu, ta ciing c¢6 bicu dién déi véi ham 16m.
Khi ham s6 f(x) 1om va kha vi trén I(a;b) thi do thi ctia né thudc nita mit
phang duéi tao béi tiép tuyén tai moi diem tuy thuoc do thi, tic 1a véi moi cap

xo, 7 € I(a;b), ta déu co

f(@) < flwo) + f'(wo)(x — w0). (2.4)
Dé nhan thay riang (2.4) xdy ra dang thiic khi 2o = =. Vay ta c6 thé viét (2.4)
dué6i dang
J— / J—
o) = o (70 + £ @)~ ) (2.5
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Vay, chiing ta da c6 mot dang biéu dién ham 16i va ham 16m thong qua cuc tri
clia cac ham s6 bac nhat phu thudc vao tham bién. Phép biéu dién nay duge goi
14 (Theo Bellman) biéu dién 4 tuyén tinh va né déng vai tro quan trong nhu la
mot cong cu hitu hiéu trong nhiéu bai toan cyc tri va toi wu.

Tuong ti, ta ciing c6 thé biéu dién déi véi 16p ham 16i nhiéu bién.

Xét ham s6 thyc nhiéu bién F(xq,z9,...,2,). Giad st, tng v6i moi bo s6
(21,22, ...,2y) MA 21 > 29 > - > 2z, ta déu co6
n
or
F(z1,29,...,2n) > F(21,22,...,2n) + ZZ;(Q:Z — Zi)azi'

Khi d6, hién nhien

2.2 Biéu dién cac ham don diéu bac cao

Tiép theo, ta xét cac 16p ham 10i bac cao vd mot s6 tinh chat co ban cia
ching. Truéc hét, ta nhic lai cac tinh chat dic trung va ciing 14 dinh nghia ctia

ham dong bién va ham 10i quen biét. D6 1a

Tinh chat 2.1 (Dang noi suy). Ham s6 f(z) dong bién trén I(a;b) khi va chi

khi v6i moi cap s6 phan biét z1, 2 € I(a;b), ta déu co

flo) | f2) (2.6)

r1 — T2 Iro — I1
Tinh chat 2.2 (Dang noi suy). Ham s6 f(z) 16i trén I(a;b) khi va chi khi véi

moi bo s6 phan biét xg, z1, 22 € I(a;b), ta déu c6

f (o) N f@1) n f(z2) > 0. (2.7)

(xo — z1)(zo — x2) (21 —22)(z1 —20) (22 — o) (22 — 1) —

Chting minh dugc suy tryc tiép tit tinh chat tuong duong sau day ciia ham

161.
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Tinh chat 2.3. Ham s6 f(z) 16i trén I(a;b) khi va chi khi véi moi ciip s6 phan
biét xg, z1, 12 € I(a;b),r1 < 12, ta déu co

ro — T r — I

fz) <

flz) + f(x2), khi 21 < 2 < x9.

xro — I To — I
Tit cac tinh chat da néu nay, goi ¥ cho chiing ta c6 thé ngam coi ham dong
bién nhu mot ham 16i "bac 0", con ham 16i thi ciing c6 thé coi la "ham dong
bién bac hai". V6i cach ngam hic¢u nhu vay, ta c6 thé phéat bic¢u dinh nghia ham

16i bac cao (bac 1é, k € N*) tiy ¥ nhu sau.

Dinh nghia 2.1. Ham s6 f(x) dugc coi la ham n-1oi trén I(a;b) khi ing vdi moi
bo n+ 1 so phan biét trong I(a;b), ta déu cé

f(z;)
Sy =

n
f[l'(),l’l,...,l’n] - Z
7=0

trong do

£
O

I
=

(z — k).

Tuwong ty, ta ciing c¢6 dinh nghia ham 16m bac cao.
Dinh nghia 2.2. Ham s6 f(x) dugc coi la ham n-lom trén I(a;b) khi tng vdi
moi bo n+ 1 s6 phan biét trong I(a;b), ta déu cé

f[$0,$1, - ,xn] = Z j/((:;])) <0
j=0" "

trong do
n

w(x) = H(x — T).

k=0
T dinh nghia n-16i (16m) trén I(a;b), ta dé dang chiing minh céc tinh chét

Sau.

Tinh chat 2.4. Néu ham s6 f(z) 14 ham n - 16i trén I(a;b) véi n > 2, thi ton
tai f®)(z), V 1<k <n—2vaham s g(z) = f®(z)1a ham n— k - 1i trén
I(a;b).
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Tinh chat 2.5. Néu ham s6 f(z) c6 dao ham bac n trén I(a;b) khi va chi khi
F™(z) >0, Vael(ab).
Ciing tuong ty nhu phép bi¢u dién ham 16i (16m) thong thusng, ta cé.

Dinh 1y 2.2. Néu ham so f(z) la ham n - 107 trén I(a;b) thi ton tai ham so g(x)
va da thic P(x) bac khong qua n— 1 sao cho

[ (z— 1!

f(z)=P(x)+ / Wg(t}dt. (2.8)

a

Chting minh duge suy true tiép tit bidu dién ctia ham 16i f(*~2)(z)

T

£ () = ag + / g(t)dt

a

va lay tich phan n — 2 1an lién tiép, ta thu dugc (2.8), diéu phai chitng minh.
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Chuong 3

Mot s6 ap dung

3.1 Bai toan cuc tri dai s

Trong muc nay néu cach thic van dung bat ding thic AG trong thuc hanh

nhu 13 mot cong cu trung gian dé giai quyét mot s6 dang bat déang thiic quen biét.
3.1.1. Diéu chinh va Iya chon tham sb

Ciing nhu cac tng dung déi véi bat dang thiic Cauchy, mot so bat dang thic
dong bac dang khong déi xitng ¢ muc nay duge xét khi dau dang thitc trong cac
bat dang thitc xay ra khi gia tri clia cac bién tuong ting khong bing nhau. Vi
vay ki thuat dé giai cac bai toan cuc tri dang khong doéi xtng la rat can thiét.
Mot trong nhitng ki thuat co ban nhat chinh la xay dung thuat toan siap thi
tu gan déu. Trong truong hop dang bac hai thi st dung phuong phap mién gia
tri nhu da néu 6 trén. Trong phan nay, ta néu thém mot s6 ki thuat nita nham
chinh tinh déu bang tham s6. Ta dua vao cac tham s tu do can thiét, thuong
la cac gia tri trung gian duge xac dinh sau theo cach chon dic biet dé tat ca
cac dau ding thic dong thoi xay ra. Tham s6 phu thude duge dua vao hop 1i dé

phuong trinh xac dinh ching c6 nghiém.
Bai toan 3.1. Xét bo s6 thuc 1, x9,...,2,(n > 2) théa man cac diéu kién

{x1+x2+---+xn:0
|z |+ x|+ + |z |= 1.
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Tim gi4 tri 16n nhat cta bicu thic
H ’ T — Ty ’ .
1<i<j<n
Giai. Véi n = 3, khong gidm tong quét, ta gid st 21 < 29 < 23. Ta ¢

P ( )atg—ml
— = (92—
2 27T

(x3 — x2).

St dung bat dang thitc AG cho 3 s6 khong am ta nhan duge

3

r3 —
P (w2 —21) + 32 1—|—(l‘3—$2)
— <
2 = 3
Hay
£< 3 — <1
2 = 2 -8
Suy ra
1
P<-.
!
Dau dang thic xay ra khi va chi khi
—1
r1+aa+a3=0 1=
|21 [+ |z |+ ]23[=1 Hay { 2o =0
(s —m1) = 2 = (w3 — ) !
Vay Max P =~ Khi oy = —, 29 = 0,25 —
e T1 = —.To = xrq = —.
1y 1 1 2,2 » L3 5

V6i n = 4, mot cach tu nhién, ta c6 thé du doan ring
MaxP dat ducc khi z1 = —X4,To = —I3.
Giad stz < 29 < 23 < 24. Khi d6 thi 29 — 21 = 24 — 3. Chon hiéu z9 — 21 = 24 — 23
1a don vi v dit 3 — 29 = a, thi ta sé ¢6 bo bién dé biéu thic P dat Max, can
thoa man diéu kién

3 a+l  a+1  a+t2’

T2 —T1 = T4 — T3 =

Tt cach phan tich trén, ta c6 16i giai cia bai toan trong trucng hgp n = 4 nhu
sau

Véi glé thiét 1 <19 < w3 < 14, A CO

P = (x9—x1) (3 —x1) (x4 — 21) (3 — x2) (x4 — 22) (x4 — x3) .
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Do do

(z3 — 21) (w4 — 21) (23 — 22) (T4 — 72) (g4 —x3) <

r (22 — 1)
=(x9—x
2 2 ! a—+1 a—+ 2 a a—+1

ala+2)(a+1)

6
S R e R =)
Suy ra
a(a+2)(a+1)2x

P < G

1 1 1 1 6
_ 14+ —— - 1 _ .
X{(“ xl)( +a+1+a+2>+<a+a+1 )@3 M)}

Ta chon a sao cho

e ) o (L Ly
a+1 a+2) \a a+1 '
Hay a = v2 — 1. Khi d6

1 1 1 1 3v2
1 — (= 1) = 22
(+a+1+a+2> <a+a+1 ) 2

Va ta thu ducc

2
(o) (1) (F) pe [

1
Dau dang thic xay ra khi va chi khi

1+ +ax3+x4=0

—xl—x2+x3+x4:|x1]+|x2|+|x3|+|x4|:1
r3 — T2 r3 — I Ty — T2 Ty — 1

X9 — X1 =24 — T3 = = = = .
S Y, N TN V2 2+t

Giai hé phuong trinh ta nhan duge
2—1/2
4
V2
T

Ty = —X1 =
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Vay gia tri 16n nhat ciia biéu thic hay MazP = 2l8 khi cac bién théa man dieu
kién (3.1).

Xét truong hop n = 5.

V6i gia thiét o1 < 2o < 23 < 24 < x5, ta du doan bo s6 tuong tng dé P dat Max
la 25 = —21,24 = —29,23 =0

Do vay zo — 1 = 5 — &4 VA &3 — 29 = x4 — x3. Tl d6, ta c6 thé doan nhan ring
néu hiéu zs — z; bang don vi vd 23 — 22 = a thi bo s6 dé P dat Max can phai
thoa man dieu kién

To—T] T4—T3 T3—Ty T3—T] X5—T3 T4— T

1 a a a+1 a+1 2a
Try5 — T2 T4 — Tq T — I Ty — T4
T 2u+1  2a+1  2a+2 1
Tt cach phan tich trén, ta suy ra loi giai bai toan trong truong hgp n = 5 nhu

Sau.

Khong gidm tong quat, ta gia st z1 < z9 < 23 < 24 < x5. Tt d6 suy ra
P=(x9—x1) (3 —x1) (x4 — x1) (x5 — 1) (23 — 22) (x4 — x2) (x5 — 22) X

X (£C4 — x3) (Z‘5 — £C3) (1'5 — 1'4) .

Xét biéu thic
B P
da? (a+ 1) (20 + 1)

Viét Q dudi dang
o= () () () () (22) -
() () () () ().

Stt dung bat dang thitc AG cho 10 s6 khong am trén, ta c6

1

Q< W[M]10~

Trong do
- (520 (500 () (55 - (22
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()= () - () - () - ().
2a 2a 41 a a-+1 1
Dau dang thic xay ra khi va chi khi

.
QJ3:O
r1+ax2+ 23+ 24 +25=0

—x)—xet+ w3 tastaos =l |+ |z |+ 23|+ |za|+|25]=1

Tr3 — I1 T4 — T1 5 — T1 r3 — I

_m—xz_:U52—a:2_x4—x3_135—x3_x52—x4
1 2 1 3 1

\ 2 2

Giai hé phuong trinh ta nhan duge

3
Tl = —x5 = —§
ry=—ay= - (3.2)
xr3 — 0.

.z . 2, £ 2 - 2 . N 27 . 2 < L 2 ~ [N
Vay gia tri 16n nhat cta biéu thic la MaxP = 522 khi cac bien thoa man dieu

kién (3.2).
Nhan xét 3.1. Bang phuong phéap tuong tu sé tim dugc 161 gidi tng véi n > 6.
Bai toan 3.2. Xét bo ba s6 thic duong a, b, ¢ théa man diéu kien
21ab + 2bc + 12ca < 12.
Tim gi4 tri nhé nhat cia biéu thiic

1 2 3
P==-+4+>+-=
a b ¢

Giai. V6i z,y, 2 l1a cac s6 thyc duong tuy y (sé duge chon sau), a4p dung bat
dang thic AG suy rong, ta co

2y 3 1\® (2\? [ 3\ 7=
P:£+—y+—zz(x+y+z) — — —
ar by cz ax by cz

rT+y+=z

1

abzy a beyz B <cazx)mg+z T
2 6 3
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(z+y+2)°
_xy(x+y—z)ab+yz(y+z—a:)bc+zx(z—l—x—y)ca
4 12 6
Suy ra
(r+y+2)°
= (x+y—2) 2(y+z—x) zx (24 x —y)
TR I TR P CRE

Chon cac s6 z,y, z théoa man dicu kien

vy(r+y—2) yzy+z—2) zx(z+x—y)
4.21 - 12.2 B 6.8 '

Hay (z,y,2) = (6,5,4).
Thay (x,y,2) = (6,5,4) vao (3.3), ta nhan dugc

P>
2
Dau dang thic xay ra khi va chi khi
1
r 2 3 0= -
6a  5b_ 4c 2?
1 _
15ah — 100 _ o Hay b_§
21ab + 2bc + 8ca = 12. c=—

. o 15 (143
Vay MinP = 5 khi (a,b,c) = <3, 2 1).

Bai toan 3.3. Xét bo ba s6 théa méan cac diéu kién

z,y,2 € [1,3];u,v,w € [5,7];a,b,¢c €[9,11]
a+b+c+r+y+z+u+ov+w=060.

Tim gia tri 16n nhat cta
F = abcryzuvw.

Giai. Theo bat déng thiic AG cho ba s6 duong, ta cé

3
P< at+bt+cr+ytzutvtw .
- 3 3 3

Dau dang thic xay ra khi va chi khi dong thai cé

r=y=z,u=v=w,a=>b=c.
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at+b+c
x+%+z
u+%+w
3
Khi dé thi

pell,3];q€[57);rel911]

p+qg+r=20

F < (pqr)’.

Xét m>n>1,taco

7mem+r>3 (p+q+r m—1 n—1>3
- - — q

(mp) (ng) r < ( !

3
20 m-—1 n—1
< | —= 3 7] .

_(3+ 3 ° T3 )
Suy ra

F <

1 (20+3(m—1)+7(n—1))9
(mn)’ 3 '
Dau dang thiic x4y ra khi va chi khi

r=y=z,u=v=w,a=b=c
mp=nq=r;p=3,q="T;p+q+r=20

Hay
r=y=z=3u=v=w=T,a=b=c=10
10 10
m=—n=—.
3’ 7
Thay m, n vao ta dugc F < (210)%.

Két luan MaxF = (210)®, dat duge khi va chi khi
r=y=z=3,u=v=w=7,a=b=c=10

10 10

m=-—-—,n=—

3 7
Bai toan 3.4. Cho a, b, c 1a cic s6 thyc duong. Chiing minh rang
@M P (M S g L p e e (g,

Giai. Theo bat dang thitc AG, ta co

m.a™ T 4+ n M

Y

m-+n
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m.b"mtn o et
m-+n
m.c™t 4 p.gm Tt

m+n

?

Cong ba bat déng thtc trén ta thu duge bat déng thic can chiing minh.

Bai toan 3.5. Cho a, b, ¢ 1a cac s6 thuc duong. Chitng minh rang
5 15 5
a b c 3 .3 3
b_2+c_2+?2a +b° 4 c”.
Giai. Theo bat déng thic AG, ta c6
5
2—2 + ab? > 2a3,

b5
— + bc* > 20°,
C
5

c
— + ca® > 203,
a

a® 4+ b+ S > ab® + be? + ca’.
Cong bén bat dang thtc trén chiing ta thu duge bat déng thiic can chiing minh.

Bai toan 3.6. Cho a, b, c 1a cic s6 thyc duong. Chting minh rang
a@ D

——+—>d+P+ A
bc  ca ab

Giai. Theo bat dang thitc AG, ta ¢
5
a + abc > 2a3,
be

b5
— + abe > 203,
ca
5

< + abec > 2037
ab

a® + 0%+ > 3abe.
Cong bén bat dang thitc trén ching ta thu dude bat dang thitc can ching minh.
Bai toan 3.7. Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh réng

a5 b5 5 3 b3 3
b—3+c—3+a—>—+—+—.
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Giai. Theo bat dang thitc AG, ta cb

5 3
Z—S +ab > 2%.
T day suy ra
CL5 CL3 CL3
Mat khac, ta lai co
a®  a? a? 9
— 4 — b>— + 2a”.
b + b +ab > b + 2a
Nén
5 3
%—i—?abz %—1—2@2,
bP b3
c—3+2bcz ?+2b2,
5 3
6—3—1—20@2 C—+202,
a a
va

2(a2+b2+c2) > 2 (ab+bc+ca).
Cong cac bat dang thic trén ching ta thu dudc bat dang thic can chiing minh.

Bai toan 3.8. Cho a, b, c 1a cic s6 thyc duong phan biét théa man diéu kién

102 b102 102

a &
+

p100 + <1

100

100

Chting minh réng luén ton tai cdc sd tur nhien k (0 < k < 99) sao cho bat dang
thic sau day duge thoa man

k+3 bk+3 k+3 1 k42 bk—|—2 k42

b +ck

a C
bk+1 + Clc—H + ak—H < 100

a C

+ +

ak .
Giai. Vi a, b, ¢ 1a cac s6 duong phan biét nén ta co thé sip tht tu day bat

déng thic sau

9 b2 5 Cl3 b3 CS &4 b4 C4 a102 b102 0102 )
a”+0" +c <?+?+E<b_2+c_2+ﬁ<'”<bwo+ +a100< .

100

N N 1
Ta chia [0;1] thanh 100 doan nhé bang nhau c6 do dai bang 100"
Suy ra theo nguyén li Dirichle, trong 101 biéu thitc ctia day bat ding thic trén
phai c6 it nhat hai biéu thic thudc ciing mot doan. T két luan nay, ta thu duge

diéu can chiing minh.
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Nhan xét 3.2. Khi st dung bat dang thitc AG can chi ¥
1. Lua chon thita s6 dé dam bao dau dang thic ctia bat ding thic xay ra.
2. Bo sung thém mot sb6 s6 hang dé sau khi st dung bat déng thic AG ta khit

duge méu sé clia biéu thic phan thiec.

Bai toan 3.9. Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh réng

a3 n b3 . 3 >1
a+2b b+2c c+2a 3

(a2 + b+ 02) :
Giai. Theo bat dang thitc AG, ta co

9a®
a+2b

+ a(a + 2b) > 6a?,

93
b+ 2¢
9¢3

+b(b+ 2c) > 6b%,

. + ¢(c+ 2a) > 62,

2(a2+b2+c2) > 2 (ab+bc+ca).
Cong bén bat dang thic trén ching ta thu duge bat déng thic can ching minh.

Bai toan 3.10. Cho a, b, ¢ 1a cac s6 thyc duong. Chiing minh ring

3 b3 A3
+ 2
(a+ D)

(b+c)? " (c+a)?

(a+b+c).

N

>

Giai. Theo bat déng thic AG, ta c6

8a3
(b+ c)?

+(b+c)+ (b+c) > 6a,

83
(¢ + a)?
83

m—l—(a—l—b)+(a+b)26c.

+(c+a)+ (c+a)> 6,

Cong cac bat dang thic trén ching ta thu dudc bat dang thic can chiing minh.

Bai toan 3.11. Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh rang
a? n b . 3 S 1
b(c+a) cla+b) alb+c) 2

(a+b+c).
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Giai. Theo bat dang thitc AG, ta cb

3
b(c+a)

+2b+ (c+a) > 6a,

A4b?
cla+b)
4¢3
a(b+c)

+2c+ (a+b) > 6b,

+2a+ (b+c¢) > 6¢.
Cong cac bat dang thic trén ching ta thu dudc bat dang thic can chiing minh.

Bai toan 3.12. Cho a, b, ¢ 1a cac s6 thyc duong. Chiing minh ring

el C st
=t —=t+—5>a c.
b2 ca?  ab® —

Giai. Theo bat déng thic AG, ta c6

4

a
— +b+c+c>4a,
bc? -

b4
— +cta+a>4b,
ca

4

C

Coéng cac bat dang thic trén ching ta thu dudc bat dang thic can chiing minh.

Bai toan 3.13. Cho a, b, ¢ 1a cac s6 thyc duong. Chitng minh rang
a’ b3

03
@t (bro) T

+ >1(a—|—b—i—c)
b+c)(c+a) (c+a)(a+b) — 4 '

Giai. Theo bat dang thitc AG, ta c6

a3
(a_i_biw—f‘(a—f-b)—i-(b—i-@ 26@,
8b3
(b+c)(c+a)
83
(c+a)(a+0)

Cong cac bat dang thic trén ching ta thu dudc bat dang thic can chiing minh.

+(b+c)+ (c+a) > 6b,

+ (c+a)+ (a+b) > 6e.
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Bai toan 3.14. Cho a, b, ¢ 1a cac s6 thyc duong. Chiing minh ring
a ¥ 9
CEE Ry

Giai. Ta st dung bat dang thic
¥ooSd  ad

¥+b—2+c—22a+b+0.

1\? 1?3 1\?
»¥ooS dd b c a 1 1 1 9
St 4= = + + >4 >

ZTptaT 1\2 1\ 2 N2 "a b ¢ T atbtc
@ G G

Cong cac bat dang thic trén ching ta thu dudc bat dang thic can chiing minh.

Suy ra

Bai toan 3.15. Cho a, b, ¢ l1a cac s6 thuc duong thda man diéu kien
a+ b+ c = 3abc.

Chtng minh rang

be ca ab
> 1. .
a3(c+26)+b3(a+20)+03(b+2a)_1 (34)

Giai. Truéc hét ta ching minh bat dang thic
3
a

b+ 2¢) > 6a?
b+20+a( +2c) 2 6a7,

9b?
c+2a
9¢3
a+ 2b
3 (a® +b% +c*) > 3 (ab + be + ca) .

+b(c+ 2a) > 6b°,

+ ¢ (a+ 2b) > 6¢2,

Cong bon bat dang thitc trén ching ta thu duge bat dang thic (3.4).
T (3.4) ta thu dugce

1 1 1
a3 b3
T 2" 7T 1

++2
b ¢ a a b

1

c
1/1 1 1 1 fa+b+c
_3(ab+bc+ca) 3( abe )
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Bai toan 3.16. Cho a, b, ¢ 1a cac s6 thyc duong. Chiing minh ring

5 5 5
a b c
b—2+c—2+§2ab2+bc2—l—ca2.
Giai. Ta co
5 5 5
a b c 3 3 3
b—2+c—2+¥2a + 0%+ ¢”,

a®+ b3+ 3 > ab® + b? + cd?,

tu day suy ra
5 5 S

a4 +—2+—22ab2+b02+ca2.
c a

b2
Bai toan 3.17. Cho m,n € N* va cho da thiic

1

P(x)=a2"+a12" " + -+ a1+ 1 € Rz,

véia; >0(i=0,...,n—1). Biét rang P(z) c¢6 nghiém déu thyc. Chitng minh rang
P(m) > (m— 1)"

Giai. Doa; >0 =0,...,n—1) vavi P(0) =1 > 0 nén cac nghiém cta P(x)

déu am. Goi cac nghiém cta P(x) 13
—Z1,—x2,...,—Ty (z;>0,i=1,...,n).
Theo dinh 1y Vi-et thi
129 Ty = 1.

Vi hé s6 bac cao nhat clia P(z) biang 1 nén

n

P(z) = [[(z + z:).

i=1

Theo bat déng thic giita trung binh cong va trung binh nhan thi
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Bai toan 3.18. Cho da thiic
P(z) = 22+ agn_ 12?4 agx + ao,
c6 cac nghiem déu duong. Chitng minh ring
N2
| don_i |> (cn) lag| Vk=1,2,...,2n.
Giai. Theo dinh ly Vi-et thi
‘ ao2n—k ’:| Zx’hmh © Loy ’ .

Trong d6 tong chita 022;}_’“ s6 hang. Theo bat dang thiic gitta trung binh cong
va trung binh nhan ta dugce

1

oy et 2n—k
| azn— [= (H x; Csn "

)
D
<\
=
v
=
a

c2n—k _ 2n o k-1
2n - n — k 2n—1

Tw do suy ra
2n —k

| agn—k [= (H 5171) 2n ok,

Tuong ty, ta cing c6
k

| ak [= (H xz>% C3,.
T do suy ra
2
s |> (CE) Jao | Vk=1,2,....20,
3.1.2. Bai tap
Bai 3.1. Cho a, b, ¢ 1a cac s6 duong théa man diéu kien a + b = 2. Chiing minh
rang
:C3y3(x3 _|_y3) < 2.
Bai 3.2. Cho a, b, ¢ 1a cic s6 duong thoéa man diéu kién abc = 1. Chiing minh

rang

1 L 1 n 1 3
adb+c) B(c+a) Ala+b) ~ 2
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Bai 3.3. Cho a, b, ¢ 1a cac s6 thyc duong. Chitng minh ring
a b c
\/m+ Vb2 4 8ca - V2 4 8ba =
Bai 3.4. Cho a, b, ¢ la cac s6 thuc duong. Ching minh rang
a? b 3 3
m+m3+@+@3+@+@325

Bai 3.5. Cho a, b, ¢ 1a cic s6 duong théa man diéu kién abe > 1. Chiing minh
rang

a® — a® n b — b2 n & —c S

adb+b2+c2 VHc2+a? AS+a+bh? T

Bai 3.6. Cho x, y, z 1& cac s6 thic thdéa man diéu kien

0.

{x+y+z,u:v:wzo
24,24 2
x°+y° 4+ 2* = 0.

Tim gi4 tri 16n nhat cta bicu thic
F= mQy + y22 + 22z
Bai 3.7. Cho ham s6 f(z) = az® + ba? + cr + d thdéa méan diéu kien
| flz) [<1, Veel-11]
Chting minh rang
la|+]b|+|ct]d|ST.

Bai 3.8. Cho n € N;n > 3.Chitng minh rang n"*! > (n + 1)™.

Bai 3.9. Cho z,y, z > 0. Chiing minh rang

z+y+z
2y > (ryz)

Bai 3.10. Cho z,y > 0;2 + y = 1.Tim gia tri 16n nhat va gia tri nh6 nhat cta

x y
P = .
P R

Bai 3.11. Gi4 stt phuong trinh a2+ b2z? 4+ cx+d = 0 ¢6 3 nghiém, ky hieu m, n, p.
Chitng minh rang

3%

<m?+n®+p

2+¢§+vz+¢§
n p
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Bai 3.12. Cho a,b, ¢ > 0;abc = 1.Chiing minh réng

) b ()

Bai 3.13. Cho z,y,z > 0. Chiing minh rang
1) A+ z2)1+y)(1+2) > (1 + Yzyz)s.
. T Y z rT+y+z
hd 4 Z) > 7 7).
(11) (1 + y) (1 i z) (1 * a:) 2 2 (1 * NAT R )
Bai 3.14. Cho f(z) = 42 4+ az® + bz 4+ ¢. Tim a, b, ¢ dé

| f(x) |1, Vzel-1;1].

Bai 3.15. Cho a,b,c,d > 0. Chitng minh rang

a b c d
b i 2ct3d ct2et3a dr2ai3b  ar2bt3e

> 2
-3
Bai 3.16. Biét ring phuong trinh 23 — a2? + bz — 1 = 0. ¢6 ba nghiém duong.
Chtng minh rang

2a%(a +1) > 9(3b — 1).
Bai 3.17. Cho AABC ngoai tiép duong tron ban kinh R = 1. Goi p 1a ban kinh
duong tron noi tiép tam gidac A’B’C’, trong d6 A’, B’, C’ 1a chan cac duong cao
ha tit A, B, C ctia AABC. Chitng minh ring

1

Bai 3.18. Tam gidac ABC c6 dién tich S. Trén cac canh BC = a;CA = b; AB = ¢
lay céc diém D, E, F sao cho tam gidc DEF déu. Chitng minh ring

\/a2+62—|—c2+4\/552—

2v/28
DE -

Bai 3.19. Cho tam giac ABC. Chiing minh ring déu kién can va du dé VP e
mp(ABC), ta luon c6 PA+ PB+ PC > CA+ CB la goc ABC > 120°.

Bai 3.20. Tt giac ABCD théa méan dicu kién
(i) AB = AD + BC.
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(ii) Ton tai diem P & trong t giac c¢6 khoang cach dén CD béing x sao cho AP
— x4+ AD: BP = x + BC.
Chtng minh rang
1 1 1
—= 2 + :
V@ = VAD  VBC

Bai 3.21. Cho mot s6 tam gidc nhon. Tit cidc canh clia tam giac d6 dung mot

tam gidc méi A theo quy téc sau. Canh nhé nhat ciia A bing téng céc canh
nhé nhat ciia tam giac da cho. Canh "trung binh " clia A béang tong cac canh
trung binh ctia tam giac da cho. Canh 16n nhat ctia A bang tong cac canh 16n
nhat clia tam gidc da cho. Goi a 1a goc 16n nhat trong tam giac A. Chitng minh

rang cosa > 1 — /2.

Bai 3.22. Cho tam giac ABC théa méan diéu kién 6(a + b+ ¢)r? = abe. Lay diém
M bat ky thuoc dudng tron noi tiép tam giac. Ha MD, ME, MF lan lugt vuong
goc voi BC, CA, AB. Goi S, S7 lan lugt 1a dien tich tam giac ABC, DEF. Tim
gia tri 16n nhat, nhé nhat clia ty s6 Sil

3.2 Bai toan cuc tri trong luogng giac

Cac bai todn sau (tit bai toan 3.19 dén bai todn 3.23) c6 thé giai dugc tric
tiép bang phuong phap tam thic bac hai hodc phuong phap mién gia tri cia

ham phan thic ma ti thitc va mau thic 1a da thitc bac nhat hosc bac hai.

Bai toan 3.19. Cho cac s6 thuc a, b. Tim gié tri 16n nhat va nhé nhat ciia ham

On

S
y =asinx + bcosz.

Giai. Céach 1. Véi Cosg =0 tic la x =7+ k2n(k € Z), thl y = —b.

Khi z # 7 + k27(k € Z) thi stt dung cong thiic bién ddi theo tangla

i 2t L= it tan
SIMM¥ — ———,CO0ST = —m—= = tan —
1+ t%’ 1+4t2’ 2
ta nhan dugc bai toan circ tri co ban ctia ham phan thitc dang
_ bP42at+b
v= 142
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Cach 2. Bién doi y = asinz + beosz = Va2 + b2sinz + ¢, trong dé
a b

———;sin -
Ve YT UE»

Tt d6 suy ra gia tri 16n nhat va gia tri nhé nhat clia ham s6

cos p =

y=asinx +bcoszx
lan luot 1a Va2 + b2 va —va? + b2.
Bai toan 3.20. Tim gia tri 16n nhat va nhoé nhat ciia ham s6

Y= asin® z + bsinz cos x + ¢ cos® .

Giai. Céach 1. Véi cosz = 0 tife la o = g +kr(k € Z) thi y = a.

=1+tan?z

Khi z # g + kn(k € Z) thi sit dung cong thiic s

Thu duge bai toan cie tri cg ban ctia phan thic dang

at> +bt+c .
:W vOl t = tan x.

Cach 2. Bién déi

2

asin?z + bsinz cosz + ccos®x = Asin2x + Bcos 2z + C.

g,B - C;a,cz G;C. Tit d6 dua vé bai toan 3.19.

Trong d6 A =

Bai toan 3.21. Cho cac so6 thuc ag, by, c1; a2, b, co. Tim gia tri 16n nhat va gia
tri nhé nhat ctia ham sb

ar1sinx + by cosx + ¢

assinz + bacosx + co

—b1 + 1

. —by + o .
Khi cos B #£ 0, tic 1 x # 7+ k27 (k € Z), thi sit dung cong thitc bién ddi theo tan B

Giai. Véi cosg —0,titc e =7+ k2r(k €Z) , thiy =

_ o 1—¢2
SINX — ———= . COST —
1+ ¢2’ 1+1¢2

Khi d6 ta nhan dugc bai toan cuyc tri ¢ ban ciia ham phéan thic dang

véi t = tan ~
= tan —.
2

B (01 - bl)t2 + 2a1t + b1 + 1
(ca — b2)t? + 2agt + by + ¢
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Bai toan 3.22. Cho céc s thuc aq, by, c1; ag, ba, co. Tim gia tri 16n nhat va gia
tri nhé nhat ctia ham sb

al sin?z + by sinz cos z + ¢1 cos? x

a9 sin? x + by sin z cos T + ¢ cos? x

Giai. V6i cosx =0, tic la z = g +kn(keZ),thiy= iy
az

Khi cosz # 0, tic la z # g + kn(k € Z), thi ta chia cd t1t vA mau cho cos?z, ta

nhan duge bai toan cyc tri co ban ctia ham phan thitc dang

B &1t2 +bit+ ¢
4= agt? + bat + ¢

61t = tan —
Vi = tan —.
2

Bai toan 3.23. Cho cac s6 thuc a, b, c. Tim gia tri 16n nhat va gia tri nho nhat
cia ham sb

y = a(sinz + cosx) + bsinz cosz + c.

Giai. Dat sinz 4 cosz = ¢ thi | ¢|< /2 va ta nhan duge bai toan cic tri co ban
cua tam thic bac hai

b
y:atig(tz—l)—i—c.

Bai toan 3.24. Cho z,y € R théa méan dieu kién 0 < z < y. Tim gi4 tri 16n nhat

ctia bicu thiic
1
f(x,y) =zcosy —ycosz + (x —y) (—xy — 1) )
z

Giai. Trudc hét ta nhan xét rang
(i) Néu g¢(¢) 1a ham s6 lien tuc va dong bién trong [0;y], thi véi moi = sao cho

0 <2<y, taludn co

T

y
y/g(t)dt Sxo/g(t)dt. (3.5)

0
(ii) Néu g(¢) 1a ham s6 liéen tuc va nghich bién trong [0;%], thi v6i moi x sao cho

0 <z <y, ta déu c6

y [ gt)dt >z [ g(t)dt. (3.6)
/

O\@
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That vay (i) Xét truong hop g(¢) lien tuc va dong bién trong [0;y).
*) V6i « = y hodic # = 0 thi (1) hién nhién ding.

*) V6i 0 < ¢ < g, ta xét ham s

[ g(t)dt
F(z) =2 -
Co6 )
zg(x) — [ g(t)dt
Fl(x) = xQO

Do ham s6 g(t) dong bién trong [0;y] nén véi t € (0;z) C (0;y), ta co

x x

[ ottt < [ gt = zg(a)

0 0

Vay F'(x) >0 v6i 0 < z < y, tiic 1a F(z) dong bién trong (0;y). Do d6

Fatyde [ a(tydt
0 <0
Ty

T day dé dang suy ra (3.5).
(i) Déi véi truong hop g(¢) lien tuc va nghich bién trong [0;y] thi véi ¢ € (0;z) C
(0;), ta co

/g(t)dt > /g(x)dt =zg(x).

0 0
Vay F'(z) <0 v6i 0 < z <y, ttic 1a F(z) nghich bién trong (0;y). Do do
Y

[ g(t)dt

0

o 4
=)
—~
~+
N
IS
~+

Tu day dé dang suy ra (3.6).
Xét ham s6 g(t) = sint +¢. Ta thay g(¢) 1a ham lién tuc va dong bién trong [0; ],
nén theo (1) v6i moi z sao cho 0 < x <y, ta déu 6

T

y
y/(sint—i—t)dt < a:/(sint+t)dt
0

0
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2\ |* t?
&y | —cost+ — <zx|—cost+ —
2/ 1o 2/ o

22 Y2
<:>y(—cosm+7+1> Sx(—cosy+—+1)

Y

2
x2y ny
=4 —ycosx+7+y < —xcosy+7+x.

Ha
' 2 zy?
xcosy—ycosx—i—T—T—Fy—ng.

Suy ra
1
zcosy —ycosw + (x —y) (§xy— 1) <0.

Vay gi tri 16n nhat ctia f(z,) 14 0 ting v6i 2 = 0,5 > 0 tly ¥ hodc z = y.

Bai toan 3.25. Tim gi4 tri nho nhat ctia ham s6

y=+Vsinz + v/cosx VGl moi x € [0; g] )

e . ™ N . R . .
Giai. Khio<z < 5 thi 0 < sinz < 1 nén V/sinz > sin®z.
Do 0 < cosz < 1 nén ¥cosx > cos? z.

Suy ra
Yy = Vsinx + v/cosx > sin? 2 + cos?z = 1.

Vay Ymin = 1 khi x = 0 hoac z = g

Bai toan 3.26. Tim gia tri 16n nhat va gia tri nhé nhat clia ham so6
1 1
y=1+cosz+ §COS2JJ—|— gCOS?)x.
Giai. Xét ham s6
1 1
y=14cosx + §COSQ£L’ + gcos3x

1 1
=1+ cosx§(2 cos>z — 1) + §(4cosgx — 3cos )

= —-cos"x +cos“x+ —.
3 2
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C e 4 o TN el i1
Dat t = cosz, |z| < 1. Khi d6 y = §t3 +12 4+ 7 Bai toan tré thanh tim gia tri 16n

nhat va nhoé nhat ciia ham sb

4 1
y = §t3 +12+ 3 trong [—1;1].

) . 1
Ta c6 y' = 4t> + 2t. Suyray’:Okhltzovat:—i.

U R : [N 2ona
Ta c¢6 ¢/ doi dau tr duong sang am tai ¢t = —5 Va y' doi dau tur am sang duong

tal t = 0 nén

1 7 1
yep=vy(—3)=13 vCT = y(0) = 5"
Suy ra
1 17 .
yma = mar{y(~1), y(~5),y(1)} = - khi £ = 1(z = kom, k € 7).
va

Ymin = min{y(=1), y(0), y(1)} = é Khi t = —1(z = 7 + k2, k € Z).
Bai toan 3.27. Tim gia tri nhé nhat ciia ham s6
Yy = —Ccos 3T + 2 cos 2x + cos x.
Giai. Xét ham s6
Yy = —cos3x + 2cos2x + cos T

= —40053$+40082m—|—4cosa:—2.

Diat ¢ = cosz, [t| < 1. Khi d6 y = —4t3 4+ 4¢% 4 4t — 2. Bai toan trd thanh tim gia

tri nhé nhat ctia ham sb
y = —4t> + 4% + 4t —2  véi dieu kien |t| < 1.

Lam tuong tu nhu bai toan 3.26, ta dugc

74

. 1
Ymin =~ 57 khicosz = —3

Bai toan 3.28. (Dinh ly Feje'r).

Chting minh rang véi moi z € [0; 7] vA v6i moi s6 nguyén duong n, ta déu co

1 1 1
sinx—i—isin2x+gsin3x+~~-+—sinnx20. (3.7)
n
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Giai. Ta chi can xét 0 < z < .
bat

1 1 1
Sp(x) =sinx + §sin2x+ §sin3:c+~~—l— — sinnx.
n

Ta chiing minh bang phuong phap quy nap theo n va phan chiing.

*) Véin =1, ta c6 Si(z) = sinz > 0 véi z € (0;7) hién nhién ding.

*) Gia st (3.7) dang véi n, tic la Sy, (x) > 0 v6i z € (0; 7).

Ta ching minh (3.7) ding véi n + 1.

That vay. Gid st ton tai g € (0;7) sao cho S,.1(w) < 0. Khi d6 (vi Sp41(7) 1a
mot ham lién tuc trén [0; 7)), Spo1(x) ¢6 gia tri nhé nhat 1a mot s6 am, va ta co
thé chon zg sao cho

min Sn+1($) = Sn_|_1(.1'()) < 0.
xo€[0;7]

Ham S,,41(z) c6 dao ham tai moi diém z € (0; 7).

2n+3)r | «x
, sin ~——— —sin —
Spi1(x) = cosx + cos 2x 4 cos 3z + - - - 4 cos(n + 1)z = 22 = 2
sin —
2

va nhan gia tri nhé nhat tai diém zg € (0;7). Vay tai zg, ta cé

/ 2n+ 3
Spy1(®o) =0, tic la sinw = sin% >0 (Do zg € (0;m)).
Suy ra
2n + 3 2n+3
COSM = \/1—51112M = 1—sin2@ :cos@ > 0.
2 2 2 2
Theo dinh nghia, ta c6
g ()_S()+sin(n+1)x
n+1\T) = on(T ntl
Suy ra
(n 4+ 1)(Sn+1(x0) — Snlzo)) = sin(n + 1)zo
. (2n+3)xo 0 (2n+3)xo . o
= sin ————— cos — — cos ——— sin —
2 2 2 2
2
> sin%cos@ — COSM sm% =

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



50

. 2o xo . X0 xo
— sin — cos — — sin — cos — = 0.
2 2 2 2

Suy ra
Sp(z) < Spy1(wo) < 0, (trai véi gia thiét S,(z) >0, Va € (0;7)).

Vay, ta phai c6 Sp41(z9) >0, Vz e (0;7).
Bat dang thitc (3.7) duge chiing minh.

Bai toan 3.29. Chitng minh ring v6i moi x € R v v6i moi s6 ti nhién n, ta c6

1 1 1
1—|—COS£B—|—§COSQI—|—§COS3ZE—I—---—|——COSTL.TZO.
n

Giai.
*) V6i n = 1, ta thay két qua trén la dung.
*) Ta xét v6i n > 2. Dat

1 1 1
Sp(z) = 1+COSI’+§COSZ£L'+ gcos3m+---+—cosnm.
n

Cac ham S, (z) tuan hoan vé6i chu ki 27, va 1a nhitng ham chén, vi vay ta chi can

xét nhitng ham d6 trén doan [0; 7). Ta c6

(2n+ 1)z (2n +3)x x
08 ———— —I—COST — 2COS§
Sn(@) + Sy (@) = T
2sin —
2
cos(n+ 1)z —1
= = <0, xz€(0;m).
tan —
2
. 2 P > . ~. .2 e 2/{771' <
Bieu thiic cos(n + 1) — 1 bang 0 tai nhiing diém rdi rac x = 1 (k € Z) va
n

cos(n + 1)z — 1 < 0 trén khoang (zy;xg41). Suy ra ham S, (z) + Sp+1(z) 1a ham

nghich bién trén [0;7]. Do vay

Sn(x) + Spt1(x) = Sp(m) + Spy1(m)

1 1 1 1
=2(14cosm+ = cos2m + - cos3m + - - - + —cosnm) + cos(n+ 1)w
2 3 n n+1

1 1 1 1
:2(_00527T+—COS37T+---+—COSn7r)+w_
2 3 n n+1
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Vi coskm = (—1) nén véin =2m (m > 1), ta c6

1 1 1 1 1
>0(2 — S 4. Il N .
ng(ib'> + SQm-H(x) - 2(2 3 + om — 1 + 2m) 2m+ 1
M3t khac
B (2m+ 1)z
Som(x) + Som+1(x) = 259, () + cos 1
Theo (3.8) thi
1 1 1 1 1
Som() + Samy1(2) 22(§—§+---— zm_1> S
Hay
1 1 1 1 1 2 1
Som(@) >z —= 4+ — 1 l4cos(m+1)x
2 3 2m —1 2m 22m+1)

(i)t (s ) >0
2 3 2m—2  2m—1 '

Tuong tu, ta cing co

2m +1
Som () + Som+1(z) = 2S9m+1(x) — cos %

Theo (3.8) thi

Som(x) + Somi1(x) > 2 (1 _

2

1

3
S (L Y (N — >0
2 3 2m —2 2m—1 ‘

Vay bai toan duge chiing minh.

Bai toan 3.30. Tim gia tri 16n nhat ctia ham s6

f(z) = V2sinz + \/15 — 10v2cos .
Gidi. Nhan xét rang ham s6 da cho xac dinh trén tap s6 thuc R va
f(xz) = vV2sinz 4+ v51/3 — 2v/2cos .

Tiép theo ap dung bat dang thitc Bunhiacopski cho hai bo s6 (1;1/5) va
(V2sinz;v/3 — 2v/2cosz), ta nhan dugc

[f(x)]? < (1+5)(2sin?z+3 - 2\/§cosx)
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=66 — (V2cosz 4 1)%] < 62
Do d6 f(x) < 6 Dau "=" xdy ra khi va chi khi

V2cosz+1=0
\/isinx B \/3—2\/§COS$
1 V5

CcoST = —
= 1
sing = —

V2

Sl

3
Hay z = f +kor, (k € Z).
Bai toan 3.31. Xét day so6 thuc z,,n =1,2,3,...,2004 théa man diéu kién

< X1,22,. .., %2004 <

e
bo | 3

Tim gia tri l16n nhat ctia bicu thiic

. . : 1 1 1
y:(Smwl+Sln$2+“'+81nl‘2004)(. + = +et >
S T S T 2004

Giai. Ta co

—_

<z < 5=

bo |

% 5 Ssina; < 1v6ii=1,2,...,2004
) 1.,. . 9 3. 1
<:>(smxi—§)(s1nxi—1) <0 & sin xi—ésmxi—i-é <0

o 3, 1
inz; — =
ST S T S i

<0, véii=1,2,...,2004.

Do do
2004 1 2004 1 3
Z; sinz; + - Z; o, S 20045, (3.9)
1= 1=

Mat khac, theo bat dang thiic gitta trung binh cong va trung binh nhan, ta cé

2004 1 2004 1 2004 1 2004 1
Z;Slnxi+§z;sinmi > 2 lemxia;sinmi' (3.10)
1= 1= = 1=

T (3.9) va (3.10) suy ra

2004 2004
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Dau bang xay ra khi va chi khi (3.9) va (3.10) xay ra dau " =", titc la sinx; = 3
h 2004 12004
ac sinx; =1, v6i i =1,2,...,2004 va inxr; = - )
odc sin x; , VO i 2., va Z; sinw; = o Z; s

. N ES , . N 1 ~ N FS , . > ,
Goi p 1a s0 cac sinx; bang — va ¢ la s0 céc sinz; bang 1, ta ¢6
2 )

1 1
p+q=(2p+q)

{p+q: 2004
2 2

p=q=2004
pP+2¢=2p+q
& p=gq=1002.
.y © 14 £ o > 9 . ;. P Y N %
Vay gia tri 16n nhat cua y bang §.2OO42 khi d6 c¢6 1002 sO x; bang % va 1002 so
N m
x; bang 5
Bai toan 3.32. Cho z,y € R théa man diéu kien 0 < < y. Tim gia tri nho
nhat ctia biéu thiic

(2% +1)Y

——— — gy(arccot y — arccot z).
CEE y( y )

f(z,y) =In

Giai. Xét ham s6 g(t) = arccot t (0 <t <y). Ta co

1
1+ ¢

gt =— <0,

nén g¢(t) lien tuc va nghich bién trong [0;y]. Theo (2) ¢ bai toan 6, Va,y ma
0<z<ythi

T

y
Y / arccot tdt > x / costdt
0 0

T

i
tdt
—l—/ ) > x(t.arccot t
0

& y(t.arccot ¢
u t2+1

y
Y +/ tdt )
t2+1
0 0
1 2 1 2
y[rarccot = + 5 In (z* 4 1)] > z[yarccot y + 5 In (y° + 1)].

zy(arccot x —arccot y) + In/ (22 4+ 1)¥ —lny/(y>+1)* >0

(22 + 1)
(y*+1)

0

Hay
— xy(arccot x — arccot y) > 0.

& In
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Vay, gia tri nhé nhat ctia f(z,y) 1a 0 ting v6i 2 = 0,y tuy ¥ thoa man dieu kién

y > x hoac = = v.
3.2.3. Bai tap

Bai 3.23 Gia stt phuong trinh 2®+az?+bz+c = 0 ¢6 ba nghiém tan a1, tan oo, tan as
va phuong trinh 22 + c2? + bz + a = 0 c6 ba nghiém tan 31, tan 3o, tan 3. Chiing
minh ring

art+as+az+ 1+ P+ B3 =kr, kel

Bai 3.24 Gia st phuong trinh 23 + 22+ 2 +a = 0 ¢6 ba nghiém tan %, tan g, tan o

véi «, 3,7 € (0; 7). Chitng minh rang
tan a 4 tan 3 + tany = tan a tan 3 tan .

Bai 3.25 Chiing minh rang ham sb
atanat + b .
f(t) = m vOl ad — be # 0
thoa méan hé thic

fltr+1) — fltz+t)f(ta+1t) — flta+t)  f(tr) — f(t3)f(t2) — f(ta)

flta+1t) = fltzs+t)f(t1+1t) = f(ta+t)  f(t2) — f(t3)f(t1) — f(ta)

v6i moi bo s6 phan biét ¢, tq, to, t3, t4.

Bai 3.26 Cho

sin(fz —a) _a
sin(z — () b
cos(z—a) A
cos(r — ) B’
Chting minh rang
aA+bB
aB oA~ cosla=h)

3.3 Giai va bién luan phuong trinh, bit phuong
trinh

Phuong phap bat dang thic dé giai phuong trinh, bat phuong trinh dua vao

cac nhan xét sau.
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Bo dé 3.3.1 Néu véi moi z € (a,b) € Dy N Dy, ta luon co.

{f(fc) <A
g(z) > A

(v6i A = const cho truée € R), thi trong I(a;b) ta co

1) f) =g = {10 74

2) ) 2 g0) = {0 7 (1) = ot

3) f(z) > g(x) khong c¢6 nghiém z € I(a;b).

v

4) f(z) < g(x) luon ding v6i moi x € I(a;b).
Bo6 dé 3.3.2 Néu v6i moi = € I(a;b) C Dy N Dy ta luon c¢6 f(z) < g(z) (I) va dau
bang trong bat dang thiic (I) xay ra khi va chi khi = théa man diéu kien («) thi
trong I(a;b) ta co

1) f(a) =
2) flx) =

3) f(z) >
4) f(z) < g(x) luon ding v6i moi x € I(a;b).

)
g(r) & (a) ( X&y ra dau bang trong (*)).

g(r) & f(z) = g(z) & (a) (Xay ra dau bang trong (*)).
g(x) khong c¢6 nghiém z € I(a;b).

Nhan xét sau 1a hé qué tryc tiép ctia nhan xét (4). Phuong phap giai phuong
trinh, bat phuong trinh diya vao nhan xét nay con dudc goi 1 phuong phap tong
cac s6 hang khong am hay 1a phuong phéap tong binh phuong.

B6 dé 3.3.3 Néu véi moi z € I(a;b) ta luon c¢6 A > 0; B > 0;C > 0 thi trong

A=0
I(a;b) ta1u6n06A+B+CO®{BO
C =0.
Dac biét
A=
1) A2+BQ+020<:){BO
C=0.

2) A4 2(“/§+C|0<:>{

QW
|
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Bai toan 3.33. Giai phuong trinh
2 +1=+V1-sin*z. (3.11)

Giai. V6i moi x thudc tap xac dinh, ta luon c6 VT(3.11) > 1, dong thoi
VP(1) < 1. Do d6

T R ET M

VP(3.11) =1 V1—sintz=1
Vay phuong trinh (3.11) ¢6 nghiém z =0
Bai toan 3.34. Giai phuong trinh
2sin®  + 3 cos® v = 5. (3.12)

Giai. V6i moi z thudc tap xac dinh R, ta luén c6

5L < _
{QSm TE2L=2 0 yp(312) <21 431 =5 = VP(3.12),

3cosPr <3.1=3

Dau béang x3y ra

{ig;iiill = {ilor;fczll = 1=sin’z +cosz =2 (voly).
Vay phuong trinh (3.12) vo nghiém.
Bai toan 3.35. Giai phuong trinh

6 — 2% — 2= |z — 1| + |z — 2| + |22 — 3| + |4z — 13| (3.13)
Giai. V6i moi z thudc tap xac dinh R, ta ludn c6
VP(3.13) = |z —1|+|z—2|+|22 - 3| +|13—4z| > |[r—14+2—2+22 -3+ 13 —4z| = T.

VT(3.13) =7

vp(3.13) =7 TTT

Con VT(3.13) =7— (z—3)* luon < 7 nén (3.13) & {
Vay phuong trinh (3.13) ¢6 nghiém z = 3.
Bai toan 3.36. Giai hé phuong trinh

2y? — 22 +y? =0 (o)
{2x2—43:+3+y3 =0 () (3.14)
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Giai. Néu y = 0 thi tut (a)ta ¢c6 x = 0. Thay vao (3) duge 3 = 0 (vo ly). Vay
y # 0.

Coi (a) l1a phuong trinh bac hai an 2. Ta c6

(@) c6 nghem & A =1-y'>0=-1<y<l (al)

Tuong t, coi (3) 1a phuong trinh bac hai an z. Ta ciing c6

(3) ¢6 nghem < Al(ﬁ) =22 >0=y<-1. (B.1)

T («.1) va (5.1) ta duge y = —1. Thay vao («) ta duge z = 1.

Cac gia tri nay théa man hé phuong trinh (3.14) .

Vay hé phuong trinh (3.14) ¢6 nghiém (z;y) = (1;—1).

Bai toan 3.37. Giai phuong trinh

3
Sin21‘—\/isinx+tan2x—2tanx+§:0_ (3_15)
Giai. Ta co
? V2
2 V2
(3.15)@<sinx—§> +(tanz — 1)2 = 0 & { ST~ 7 =0
tanz —1 =0
V2

o ST = 2 (:)x:%—l—kmr (keZ).
tanz =1

Vay phuong trinh (3.15) c6 nghiém z = % + k21 (k€ Z).

Bai toan 3.38. Giai phuong trinh

cos T + cosy — cos(z + y) = ; (3.16)

Giai. Ta co
Tty r—=y

VT(3.16) = 2 cos 5 C0S—5 —2 cos

2T +Y

STV
|

— VP(3.16). (3.17)
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Dau "=" x4y ra < (QCOS —cos = ) + sin? Z— 0
Hay
2 cos —cosx;y:O cos =Y =0 TV ok
<~ 54
. - r+y 1 T—y m
-0 _ = — 4240
sin cos 5 5 3—1— nmw
(V6i k,neZ).
Thc 1a . .
r=—-+4+2(n+ k) r=—=+4+2(n+k)r
hoac 2
y:§—|—2(n—k)7r y:—§+2(n—k)7r
2 2
x:l+2(n+k)ﬂ m:—j+2(n+k)ﬂ
hoac 2?7)7 hoac Q%r
y:?+2(n—k)7r y:—?+2(n—k3)7r

(V6i k,neZ).

Vay phuong trinh (3.16) (xay ra dau biang trong bat dang thiic (3.17)) c6 nghiém

xz%—l—?(n%—k)# . x:—%+2(n+k)7r
va
y:§+2(n—k)7r y:—g—i—Z(n—k)W
2m U
r=—+2(n+k) r=——+2(n+k)r
va o va 5
2m i
y=?+2(n—k)7r y=——+2n—k)r

trong do k,n € Z.
Bai toan 3.39. Giai phuong trinh
4cos? x4 3tan?z — 4v/3cosz + 2v/3tanz + 4 = 0. (3.18)

Giai. Didu kien cosz £ 0 < z # g +km, (k € Z)

(3.18) & (4cos®z — 4v/3cosx + 3) + (3tan®z + 2v/3tanz + 1) = 0

& (2cosz — V3)? + (V3tanz + 1) = 0

V3 _ .7
{2COSI—\/§:0 o COSI':? - x:l:6+li2ﬂ'
\/gtanx+1 =0 tanx = —L tany = ———
V3 V3
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@x:—g—l—kﬂﬂ.

Vay phuong trinh (3.18) ¢6 nghiém z = —% + k2.

Bai toan 3.40. Giai phuong trinh

1
sin? 4 1 sin? 3z = sin z sin? 3x. (3.19)

Giai. Ta co

2
1 1
(3.19) & <Sin:1: ~3 sin 3x) +7 sin? 3x(1 — sin? 3x)? = 0

.9 sin3x =0 3sinz — 4sin®z =0
sin“3x =0 . .
.9 sinz = 0 sinz =0
sin“3x =0 . 9 . = 3,02
1 A sin“3z =0 < (3sinz —4sin’z)* =1
sinz = = sin? 3z . 1 ) 1
2 Smxza smx:§

sinz =0 T 5
&9 1 e xe{km—+2km;— + 2knlk € Z}.
sinx = 3 6 6

Bai toan 3.41. Giai phuong trinh
cos 2z — cos 6z 4 4(3sinz — 4sin® z + 1) = 0. (3.20)
Giai. Ta co
(3.20) & (1 + cos2x) + (1 — cosb6x) + 4sin 3z + 2 = 0.

& 2c08?x + 2sin?3x +4sin3z+2=0

cos? x4 (sin3z + 1) =0

N cosx =0 o sinx = —1 hodc sinz =1 o sing — —1
sin 3z = —1 3sinw —4sin’x = —1 B
@x:g+2lm,(l¢eZ).
Bai toan 3.42. Giai phuong trinh
2% 4 2xsinz — 2cosx + 2 = 0. (3.21)
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Giai. Ta co
(3.21) & (2® + 2z sinx + sin® z) + (cos?x — 2cosx + 1) =0

& (z+sinz)? 4 (cosz —1)> =0

{x+sinx:0

S MTT T L sin?r 4 costa = ()2 + 12 =1
cosx—1=0

cosx =1
< x=0.

Bai toan 3.43. Giai phuong trinh

1
\/sin2x—sinx+z7—|—\/COSQx—\/gcosx—k?:E). (3.22)

Giai. Ta co

2

2
(3.22)@\/(sinx—%> +4+ <COSZ’—\/7§) +9=5

. 1 .
sing —==20 sinx =

1
2 2 T
& /3 <:>x—6—|—2k7r,(k€Z).
cosx—7:O cosx:T

w

Bai toan 3.44. Giai phuong trinh

1 1
cos x4/ — 1+ cos3x —-1=1. (3.23)
COS ¥ cos 3x

Giai.
1 1—cosz
. . -1= >0 0<cosz<1
Dieu kien: 4 €037 - 1% ¢os 3z >0 {0 < cos3z < 1. (3:24)
cos 3x cos3x
V6i dieu kien (3.24) , ta c6
/ . 1\* 1
cos T =VCosST —CoS“ T = 4[— — cosx—— < =
COS T 2 2
/ 1N\ 1
cos 3z Cosgx—l—\/cosiix—cosQ?)x— 4_1_ (cos3x—§) §§
/ 1 1
= -1 3 — 4=
CoS T + cosJox o3 SI 2 2
cosT = coszT =
Do d6 (3.23) & 2 | e 2 | < Vo nghiem.
COS3$+1:§ 4decosdr — 3cost = —

Vay phuong trinh (3.23) vo nghiém
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Bai toan 3.45. Giai phuong trinh
tan? z 4 2(siny + cosy) tanz + 2 = 0. (3.25)
Giai. Ta co
(3.25) « [tanz + (siny + cosy)]> + 2 — (siny + cosy)* = 0

& (tanx +siny + cosy)? + 1 — 2sinycosy = 0

& (tanz + siny + cosy)? + (siny — cosy)? =0

o siny —cosy =0 tany =1 -
tanx + siny + cosy = 0 tanz = —/2sin(y + =)

4
T T
y=—+km y=—+2nﬂ;tanx:—\/§:—tana
& 4 T {
tanx:—\/isin(§+k7r) y:Z+(2n+1)7r;tanm:\/§:tana
yzz+2mr;x:—a+m7r 0<a<f
& { véi 2 ,(mneZ).
y:Z—{—(2n+1)7r;J::0z+m7r tan o = /2
Bai toan 3.46. Giai phuong trinh
tan® z 4 tan®y + cot?(z +y) = 1. (3.26)
Giai. Ta c¢6
1 I t
cot(z +y) = = antiany
tan(z +y)  tanz + tany
= cot(z + y)[tanz + tany] = 1 — tan z tany (3.27)

& tanx tany + tany cot(x + y) + cot(z + y) tanx = 0.
Lay cac vé tuong ting ctia (3.27) trit cac vé tuong tng cua (3.26), ta co

1
5[(tanx — tany)? + (tany — cot(x +y))* + (cot(x + y) — tanz)?] = 0

1
Tt i tans = tany = cot(a +9) = -
tan®x + tan® y + cot?(z +y) = 1 tanz = tany = cot(z + y) = _L.

V3
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Xét he
(t ! (t L
an’r = — any = —
\{5 \{3 tanx = i
tany = — & tany = — & \{§
\/§ \/g tany: N
1 1 —tanztany 1 V3
cot(x +y) = — -
\ V3 [ tanz +tany /3
s
rT=—=+mr
& 0 (m,n € 7).
y=_—-+nm
6
Xét he
(t 1 't 1
anr = ——= anT = ——=
\{§ \{3 tanx = —i
tany = —— S L tany = ——— & \{E
V3 tany = ———
1 1 —tanztany 1 V3
cot(z +y) = ———= =——
L V3 ( tanz + tany V3
r=——=+mmn
& 0 (m,n € 7).
Yy=——=-+nm
6
Bai toan 3.47. Cho bat phuong trinh
1
\/§Sin2x+§sin2x > m. (3.28)

1) Tim m dé bat phuong trinh vo6 nghiem.
2) Tim nghiém ciia bat phuong trinh
1 N .
V3sin?x + 5 sin 2 > /3 théa man diéu kien lg(z? + = + 1) < 1.

o . R 1-— 2 1 .
Giai. 1) Bat phuong trinh (3.28) < /3 ( 0205 x) + 5 sin 2r >m
1
(:)66082:16——81112:1:2ﬁ—m@£—m<—l©m>1+£.
2 2 2 2 2
2)V61m:\/§
T V3 5 s T
2 —><—— T k<2 + L < T 4o
écos(a:—l—G_ 5 @64— 7r_x—|—6_6+ s
©g+kw§x§g+lm,kez. (3.29)
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Ta ¢co

lg(x? +z4+1) <1

s22+r+1<10

@x2+x—9<0@_1+ﬁ<x<#ﬁ. (3.30)
Tit (3.29) va (3.30) =z € [—%ﬂ; —g} U [% g] .
Bai toan 3.48. Tim a dé bat phuong trinh sau nghiém ding Vz € [0; %]
sin® z 4 cos” 2 — a(sinz + cos ) > sinz cos 2(sin x + cos ). (3.31)

Giai.
VT (3.31) = (sin? z + cos® z)(sin® 2 + cos® ) — sin?  cos® © — sin® z cos® 2—
—a(sinz + cos x)

2 2 2

— (sinz + cos x)(sin? z + cos? 2 — sin x cos ) — sin?  cos? z(sin . + cos z)—

—a(sinz + cos x)
2 2 )

= (sinz + cosz)(l —sinx cosz — sin“zcos“z — a

Do do ta c6

(3.31) < (sinz 4 cosz)(1 — 2sinz cos z — sin’ z cos® z — a) > 4. (3.32)

Visinz +cosx >0, Vxée [O; ﬂ nén

(3.32) & sin?2z + asin2z +4(a—1) <0 Vze [0; %] :
Diat t =sin2z & f(t) =t + 4t +4(a—1) <0 Vo € [0;1]

£(0)
“ {f(l) =

4(a—1)<0 1
< o1
l+4a<0 9573

Bai toan 3.49. Tim a dé ham s6 sau c6 tap xac dinh 1a R

y = Vsin®z + cosb  + asinz cos z.
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Giai. Yeu cau bai toan < sin®z + cos® 2 + asinzcosz >0, Ve eR

. 3 . . .
& (sm2 x + cos? :C) — 3sin® z cos? :c(sm2 z + cos? xr)+asinzxcosr >0 VreR

3
<:>1—Zsin22x+gsm2xzo Vz € R.

bat ¢t = sin2z
& ft)=3t2—2at —4<0 te[-1;1]
3f(—1) <0 fl-1)=2a—-1<0 1 1
—— <a< -
(:){Bf(l)g() @{f(1):—2a—1g0 T ==
Bai toan 3.50. Giai bien luan bat phuong trinh
(m+ 1) cos 2z +m(1 + sin 2z) < 0. (3.33)

Gidi. Xét cosz = 0 hay z = g — kr 1a nghiem ctia (3.33) . Vi khi d6 cos 2z = —1
va sin2z = 0, khi d6 (3.33) & —(m+1)+m = —1 <0 (luon dang)
Xét cosz # 0 khong 1a nghiém cua (3.33) . Dat

t = tanx = sin 2 2t 2 1
= tanx SIN ZX — ——=;COS LT = .
] 1+ t2’ 1+12
Bat phuong trinh (3.33)
1—¢2 2t
= 1 <0
(m + )1+t2+m1+t2

s m+1)1-1)+mt+1)2%<0
&S (t+1)(—t+2m+1)<0. (3.34)

Xét f)=(t+1)(—-t+2m+1) =01t =—1;ta =2m+ 1.
+) Néum > —1 thi tg =2m + 1 > —1 = ¢, khi d6 ta c6
(334)& (t<—-1)U(t>2m+1)
s m s
<:)<—§+k:7r<a:<—z+k7r>U<a+k:7r<x<§+k7r>.
Trong d6 tana =2m + 1 v6i a € <—g,g>
+) Néum = —1thit; =ty =—1, khi d6 (3.34) & (t +1)2>0
<:>t7é—1<:>tan$7é—1<:>x7é—%+k7rvéx7ég+k7r (keZ).

—|—) Néu m < —1 thi t1 =ty < —1 = t1, khi do (334)@

(2m—|—1)U(t>—1)<:>(—g+k7r<x<a+k7r)u<—%+kﬂ<x<g—I—kW).
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Bai toan 3.51. Tim «,b dé bat phuong trinh sau luén ding véi Va € R
|cos2x + acosx +b—1] < 1. (3.35)

Giai. Gia st bat phuong trinh ding véi Vo € R.

Cho
r=0=|a+b<le-1<a+b<1. (3.36)

Cho
x:g:>|b—2|§1<:)1§b§3. (3.37)

Cho
r=n=b—a<le -1<b—a<l (3.38)

Lay cac vé (3.36) cong vdi (3.38)

<2 bl (3.39)
Tir (3.37) va (3.39) = b= 1.
Thé b= 1 vao (3.36)
= a <0. (3.40)
Thé b = 1 vio (3.38)
~a>0. (3.41)

Tir (3.40) va (3.41) = a = 0.
V6i a = 0,b =1 thi bat phuong trinh (3.35) < |cos2z| <1, Vx eR.

Bai toan 3.52. Tim a dé bat phuong trinh sau luon ding véi Vo € R

3sin? 2 + 2asinz cos ¢ + cos® x + a| < 3. (3.42)
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<3

Giai. Ta co6 (3.42)< |3 +asin2x + ———— +a

1 — cos2x . 1 + cos 2z
2 2

& |lasin2x — cos2z +a+2[ <3

Va? + ( _sm2x _cos2x>+a+2'§3.

bDat cosa = sino = khi do

\/7 \/7
|[Va? 4+ 1sin(2z —a) +a+2] <3

S —a—-5<vVa?+1sin(2z—a)<1l-—a

=

—(a+5) l1—a
& ————= <sin(2z7 — o) < ————.
T S-S e 1
—a
—>1
£ < . az+1 l—a>Va2+1
Bat phuong trinh (3.42) ding Vz € R & _(a+5)<_1 @{a+52m
a?+1
—0<a<
{1—aZO;a+5ZO S
)2 > g2 . —5)2 > 42 >
(1-a)*>a"+1;(a=5)">a"+1 100> —24
12
&S —— < a<0.
)
Bai toan 3.53. Cho
f(x) = 3cos & — 5cos 3z — 36sin 2 — 15 cos z + 36 + 24a — 124°. (3.43)

Tim « dé bat phuong trinh f(z) >0 Vz eR.
Giai. Bién doi
(3.43) & f(z) = 3cos z — 20 cos® z + 36 cos z + 24a — 12a°

1
— cos’x {(\/gcos:c — 7%) + 21 + 24a — 12a2.

Ta ¢co

f(z)>0 VxER(:)mmf( )=24a—12a> >0 0<a < 2.
reR

3.3.3. Bai tap
Bai 3.27 Giai phuong trinh

21+$ + 21—1‘ + 31+ZE + 31—33 — 51+$ + 51—1"
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Bai 3.28 Giai phuong trinh
gsin’ e 4 geos™ T _ 10 1 cos 2y,
Bai 3.29Giai phuong trinh
162* — 7223 + 8122 — 28 + 16(x — vz — 2) = 0.
Bai 3.30Bién luan theo a s6 nghiém ctia phuong trinh
V2 —22sinz + 2+ 22cosx = la+ 1]+ |a — 1.
Bai 3.31Tim m dé bat phuong trinh sau c6 nghiém
cos2x + (m — 1) cosz +3m —2 > 0.
Bai 3.32Tim m dé bat phuong trinh sau c6 nghiém
sin 2z — v/2(2m — 1) sin (x - %) > 1.

Bai 3.33Giai va bién luan

1) asin®z + (2a% + a) cosz — a® — a® + a > 0.

(\V]

acos?r — (2a® —a)sinz —a® +a® +a <0.

2> (1 —a)cos 2.

4

)
3) a(sinz + cos x)
) (a+3)tan’z — 2tanz +a — 3 < 0.

Bai 3.34Tim tat ci cic cip s6 (z,y) dé bat phuong trinh sau nghiém ding
Va € R
1
sin?(z + a) + sin(y + a) +sin(2x —y + a) + 1 > 0.

Bai 3.35Tim a, b biét rang
asinz +bcos’z >0 VreR.
Bai 3.36 Tim a,b, ¢, d biét rang

asinz +bcos2x +csinxz +dcosz >0 Ve eR.

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



68

Két luan

Luan van nham trinh bay theo huéng hé thong cac tinh chat ciia cac dang

trung binh dong bac va cac ting dung lién quan.

Trinh bay bai toidn tong quat vé cac trung binh dong bac. Chi ra cach sip
thit ti cac dai luong trung binh. T d6 néu chi ra moéi lien hé giita ching véi
cac bat dang thitc co dieén da biét va van dung dé giai quyét mot sé bai toan

lién quan.
Tiép theo, xét mot s6 ap dung trong dai s6 va lugng giac.

Tic gid mong mudn luan van sé phuc vu thiét thuc cho viéc gidng day bat
déng thitc trong nha truong, ¢ hién tai ciing nhu trong tuong lai.

Dt ban than da hét stc c¢d6 gang va nghiém tac trong qua trinh hoc tap,
nghién citu, song thoi gian va kha nang c6 han, chic chin luan van sé khong
tranh khéi khiém khuyét. Tac gid mong muén nhan dude nhiéu y kién déng goép
quy bau ciia cac thay co, cting ban bé dong nghiép dé luan van duge hoan chinh

hon.
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