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Md& dau

Dinh 1y Rolle va mot s6 md rong ctia dinh 1y Rolle (Dinh 1y Lagrange,
Dinh ly Cauchy, Dinh 1y Rolle trén mot khoang khong bi chdn) 1a cac
dinh Iy quan trong vé gia tri trung binh trong chuong trinh gidi tich co
dién. Ung dung ciia cac dinh 1y nay trong chuong trinh toan Trung hoc
pho thong rat da dang v phong pht, dic biét 14 cac dang toan ve giai
phuong trinh, bién luan s6 nghiém ctia phuong trinh trén mot khodng,
ching minh bat dang thic, xét cuc tri cia ham s6... Tuy nhién, trong
cac tai lieu sach giao khoa danh cho hoc sinh pho thong thi cic ting dung
nay ciia dinh 1y Rolle chua dudge trinh bay mot cach hé théng va day du.

V6i suy nghi va theo y tudng dé, muc tiéu chinh ctia ban luan van
nay 13 nham cung cip thém cho cic em hoc sinh, dic biét 1a cac em hoc
sinh kha, gidi, c6 ning khiéu va yéu thich mon toadn maot tai lieu, ngoai
nhiing kién thic co ban con c6 thém mot hé thong cac bai tap nang cao,
qua d6 sé thay ro hon cic dang toan ting dung rat phong pht ctia Dinh
1y Rolle, Dinh 1y Lagrange va mot s6 dinh Iy md rong khac. Dic biét,
luan vin ciing dinh huéng cach giai va cach van dung cac dinh 1y da biét
dé tim toi nhitng 151 gidi hay, doc ddo dac thit cho timg dang toan cu
the, tit d6 hinh thanh ¥ thic sang tao nhing bai toan méi. Ngoai ra, day
cling 13 nhing két qué ma ban than tac gid sé tiép tuc hoan thién trong

qué trinh nghién ctu va giang day toan tiép theo & trusng pho thong.

Luan van ngoai muc luc, 16i néi dau, két luan va tai lieu tham khéo
gom bén chuong.
Chuong 1. Dinh 1y Rolle va mot s6 md rong.
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Noi dung chuong nay nham trinh bay mot cach co ban nhat cac dinh
ly vé gia tri trung binh cling mot s6 hé qua quan trong. Day 1& phan 1y
thuyét co sé dé van dung cho cac bai toan tng dung  nhitng chuong
sau.

Chuong 2. Khéo sat tinh chat co ban ctia ham sb.

Chuong nay trinh bay mot s6 itng dung tric tiép ctia dinh 1 Rolle va
dinh 1y Lagrange trong viéc khao sat hai tinh chat rat co ban va quan
trong ctia ham s6 trong chuong trinh toan THPT, d6 13 tinh dong bién,
nghich bién va tinh chat 16i, 16m ctia ham s6 kha vi bac hai.

Chuong 3. Mot s6 ting dung dinh 1y Rolle trong dai so.

Day la néi dung trong tam cua ludn van. Chung t6i néu tng dung
cua Dinh 1y Rolle va cac dinh l§ md rong trong cac bai toan giai phuong
trinh, bién luan s6 nghiém ctia phuong trinh, ching minh bat ding thiic,
sy phan b nghiém ctia da thic va dao ham. Cac bai tap minh hoa dugc
lya chon tit dé thi ctia cac ki thi hoc sinh giéi Qubc gia, cac ki thi
Olympic khu viiec va Qudc té, mot sé bai tap do tac gid tu sang tac. Doi
v6i mbi dang bai tap déu néu phuong phap giai cu thé, c6 dua ra nhiing
bai toan véi 10i gidi doc dao day tinh sang tao va bat ngo.

Chuong 4. Bai tap bo sung.

Chuong nay gidi thieu mot sé bai toan tiéu bieu da duge sip xép va
lyra chon ki ludng. Méi bai déu c6 huéng dan cach gidi nham van dung
nhing kién thic thu duge tit ba chuong truéc dé nang cao kj ning lap

luan va k¥ nang tinh toan cu the.

Luan vin dugc hoan thanh duéi sy huéng dan khoa hoc cua Nha gido
nhan dan, GS-TSKH Nguyén Van Mau, tac gid xin dugc t6 long biét on
chan thanh va sau sic téi GS - Nguoi Thay rat nghiém khic va tan tam
trong cong viéc, da truyén thu nhiéu kién thitc quy bau ciing nhu kinh
nghiém nghién citu khoa hoc cho tac gia trong sudt qué trinh hoc tap va
nghién ctu deé tai.

Tac gia xin dudce bay té long biét on chan thanh dén Ban giam hiéu,
Phong dao tao sau Dai hoc, Khoa Toan-Tin cta trusng Dai hoc Khoa
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hoc - Dai hoc Thai Nguyén, cling quy thay co gido da tham gia gidng
day va huéng dan khoa hoc cho 16p Cao hoc Toan K2.

Tac gid xin chan thanh cdm on UBND Tinh, Sé Gido duc va Dao
tao Tinh Cao Bing, Ban giam hiéu va tap thé can bo gido vién Trudong
THPT Dan toc Noi tri Tinh Cao Bang da tao diéu kién cho tac gid c6
co hoi dugc hoc tap va nghién cttu.

Tac gia ciing xin dugc cam on sy quan tam, giap dé nhiét tinh cua
cac ban hoc vién Cao hoc Toan K1, K2, K3 truong DHKH - DHTN déi
v6i tac gid trong sudt qua trinh hoc tap va nghién citu khoa hoc.

Dé hoan thanh luan vin nay, tac gia da tap trung hoc tap va nghien
cttu khoa hoc mot cach nghiém ttc trong suét khéa hoc, ciing nhu rat
can than trong khau ché ban LaTex. Tuy nhién do con han ché vé thoi
gian, kha ning va hoan canh gia dinh nén trong qué trinh thyc hién
khong tranh khoi nhitng thiéu sét, tac gid rat mong nhan dugce sy chi
bao ctia quy thay co va nhitng gép ¥ ctia ban doc dé luan vin dugc hoan
thién hon.

Thai Nguyén, thang 09 nam 2010.
Ngusi thyc hién
Nguyén Thi Duong Kiéu
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Chuong 1
Pinh 1y Rolle va mot s6 ma réng

Trong chuong nay chung t6i gidi thiéu néi dung Dinh 1y Rolle va mot
s6 m6 rong ctua dinh 1y Rolle (xem [3]-[4]-[8]-[10]-[11]). Mot s6 hé qua
quan trong cling dugc trinh bay 6 day dé thuan lgi cho viéc van dung
gidi cac bai toan dudgc trinh bay trong hai chuong tiép theo.

1.1 Dinh ly Rolle

Co sd ctia dinh 1y Rolle dya vao hai dinh 1y co ban nhat ctia Weier-
strass déi v6i ham lien tuc khing dinh ring khi f lién tuc trén doan
[a,b] thi n6 phai dat gi& tri 16n nhat va gi& tri nh6é nhat trén doan do6
va dinh Iy Fermat vé diém cuc tri cia ham kha vi khing dinh ring néu
ham kha vi g(z) trong (a,b) dat cyc tri (cuc dai hodc cic tiéu) tai mot
diém trong khodng d6 thi dao ham tai diém dé bing 0.

Dinh ly 1.1 (Dinh 1y Rolle). Gid s¢ f la ham lién tuc trén doan |a;b]
va ¢6 dao ham tai moi x € (a;b). Néu f(a) = f(b) thi ton tai it nhat
mot diém c € (a;b) sao cho f'(c) = 0.

Chitng minh. Vi f lién tuc trén doan [a; b] nén theo dinh 1§ Weierstrass

ham f phai dat gia tri cuc dai va gia tri cyc tiéu trén doan [a; b], tic 1a
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ton tai cac diem x1, x5 € (a;b) sao cho

flan) = min f(z) = m, f(z) = max f(z) = M.

C6 hai kha nang:

a) m = M. Khi ay f(x) = const trén doan [a;b], do d6 f'(x) = 0 v6i
moi x € (a;b) va c 1a diem bat ki trén khodng dé.

b) m < M. Khi d6 vi diéu kién f(a) = f(b) nén it nhat mot trong
hai diém 1, 25 sé khong tring véi cdc dau mit ctia doan [a; b]. Gid sit
x1 € (a;b), theo dinh Iy Fermat thi dao ham bang 0 tai diém nay.

Dinh ly d& dugc chiing minh xong.

Nhan xét 1.1.

1) Dinh ly Rolle néi chung sé khong con ding néu trong khodng
(a;b) c6 diém ¢ ma tai d6 f/(c) khong ton tai. Ching han, xét ham
f(z) =2 — Va2 x € [-1;1]. D& thay f(x) théa man cac didu kien: f(x)
lién tuc trén (—1;1) va f(—1) = f(1). Ta xét dao ham f'(z) = 3

ro rang tai zgp = 0 € (—1;1) dao ham khong ton tai, nén ham s6 khong
thod man du cac diéu kién cia dinh 1y Rolle.

2) Diéu kién lién tuc trén doan [a;b] ddi v6i ham f(x) cling khong
thé thay béi diéu kién f(z) lién tuc trong khoang (a;b). Chang han, xét
ham

1, néu z=0,
flz) = )
z, neu O0<zxz<1.
O day « = 0 1a diém gidn doan. Khi d6, r6 rang khong ton tai o € (0, 1)
dé f'(xg) = 0.

3) Y nghia hinh hoc: Néu céc diéu kién ciia dinh 1y Rolle dugc thoa

man thi trén do thi cla ham s6 y = f(z),Vz € [a;b] ton tai diém

M(c; f(c)),c € (a;b) ma tiép tuyén tai d6 song song véi truc hoanh O,

Hé quéa 1.1. Néu ham s6 f(z) c6 dao ham trén khoang (a;b) va phuong
trinh f(z) = 0 c¢6 n nghiém phan biét thudc khoang (a;b) thi phuong
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trinh f'(z) = 0 ¢6 it nhat n — 1 nghiém phan biét thugc khoang (a;b).
(Phuong trinh f(k)(x) = 0 ¢6 it nhat n — k nghiém phan biét thuoc
khoang (a;b), véi k =1,2,...,n).

Chitng minh. Gié st phuong trinh f(x) = 0 ¢6 n nghiém phan biét
thuoc khoang (a;b) da dugc sap tht tu z; < 29 < -+ < x,. Khi d6
ap dung ding 1y Rolle cho n — 1 doan [x1; 5], [x9; 23], . .., [Tn_1;z,] thi
phuong trinh f'(z) = 0 ¢6 it nhdt n — 1 nghiém thudc n — 1 khodng
(x1;9), (x2;23), ..., (Tph_1;75). Goi n — 1 nghiem d6 1& &,&, ..., &1
thi ta cé
fl(&)=f(&) == f(§&-1)=0.

Tiép tuc ap dung dinh 1y Rolle cho n — 2 khoang (£1;&2), ..., (&n_2;&n1)
thi phuong trinh f”(z) = 0 c¢6 it nhat n — 2 nghiém trén khoang (a;b).

Tiép tuc Iy luan trén, sau k budc phuong trinh ) (2) = 0 ¢6 it nhét
n — k nghiém phan biét trén khoang (a;b).

Heé qua 1.2. Gia stt ham s6 f(z) lién tuc trén doan [a;b] va c6 dao ham
tren khoang (a;b). Khi d6, néu phuong trinh f'(z) = 0 ¢6 khong qua
n — 1 nghiém phén biét trén khoang (a;b) thi phuong trinh f(z) =0 c6
khong qua n nghiém phan biét trén khoang doé.

Chitng minh. Gié st phuong trinh f(z) = 0 ¢6 nhiéu hon n nghiem
phan biét trén khoang (a;b), chang han 1a n + 1 nghiém, thé thi theo he
qué 1.1 phuong trinh f’(x) = 0 c¢6 it nhat n nghiém thuoc khoang (a;b).
Diéu nay trai véi gia thiét. Vay phuong trinh f(z) = 0 ¢6 khong qua n
nghiém trén khoang (a;b).
Tiép theo, ta xét mot md rong ciia dinh 1y Rolle.

Hé qua 1.3. Cho ham s6 f(z) thod man dong thoi cac tinh chat sau
day:

i) f(x) xac dinh v ¢6 dao ham cap n (n > 1) lien tuc trén doan
[a; b].

ii) f(z) c6 dao ham cap n + 1 trong khodng (a;b).
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i) f(a) = f'(a) = -+ = fPa) =0, f(5) =0,
Khi d6 ton tai day diém by, bs, . . ., b,11 phan biét thuoc khoang (a; b)sao
cho
B =0, k=1,2,...,n+1.

Chitng minh. Tu gia thiét f(a) = f(b) = 0, theo dinh 1y Rolle ton
tai by € (a;b) sao cho f'(b1) = 0, két hop vé6i diéu kien f'(a) = 0, suy
ra ton tai by € (a;b1) C (a;b) sao cho f”(by) = 0. Lai két hop véi dieu
kien f”(a) = 0 va tiép tuc ap dung dinh 1y Rolle ta c¢6 f”(b3) = 0 vdi
by € (a;b2) C (a;b).

Tiép tuc nhu vay, dén budc thi n, ton tai b, € (a;b,_1) C (a;b)
sao cho f(b,) = 0, két hop véi diéu kien f"(a) = 0, suy ra ton tai
b1 € (a;by,) C (a;b) sao cho f" (b, 1) = 0.

Nhu vay ton tai day diém phan biét by, by, . .., b, trong khodng (a; )
sao cho

B =0, k=1,2,...,n+1.

Chinh nhé nhitng hé qua nay ma dinh 1y Rolle tré thanh mdt cong
cu rat manh dé giai toan, dic biet 1a d6i véi dang toan vé gidi phuong
trinh va kiém ching sé nghiém ctia phuong trinh trong mot khoang nao

dé6. Cac ttng dung nay sé dugc trinh bay chi tiét trong cac chuong sau.

1.2 Dinh ly Lagrange va Dinh ly Cauchy

Tiép theo ta xét mot s6 dinh 1y lién quan mat thiét véi dinh 1y Rolle.

Dinh 1y 1.2 (Dinh ly Lagrange). Gia st f la ham lién tuc trén doan
[a;b] va c6 dao ham tai moi diem trong khodng (a;b). Khi dé ton tai it

nhat mot diém ¢ € (a;b) sao cho

fb) = fla) = f(c)(b - a). (1.1)

Chimng minh. Ta xét ham phu
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trong d6 s6 A dugc chon sao cho F(a) = F(b), tic la sao cho

Dé c6 diéu d6 chi can lay

£(b) ~ f(a)

A:
b—a

(1.3)

R6 rang ham F'(z) lién tuc trén doan [a; b], c6 dao ham trong khodng
(a;b) va F(a) = F(b), do d6 theo dinh 1y Rolle ton tai ¢ € (a;b) sao cho
F'(¢)=0. Tu (1.2) ta c6 F'(z) = f'(z) — A, do d6

Fllc)=0< fl(c) - A=0%& f(c) =

f(bl)) : Z:(a)’ hay

f(0) = fla) = f(c)(b—a).
Cong thic (1.1) duge goi l1a cong thiic s6 gia hitu han Lagrange.

Thay gia tri A tit (1.3) vao ta c¢6 f'(c) =

Nhan xét 1.2.

1) Ta da thu dugc dinh ly Lagrange nhu 1a mot hé qua cia dinh ly
Rolle. Thé nhung chinh dinh ly Rolle (vé dang clia biéu thiic) lai 1a mot
truong hop rieng ciia dinh 1y Lagrange (ting véi gia thiét f(a) = f(b)).

2) Y nghia hinh hoc: Néu ham f(z) thod man diy du cac diéu kien
ctia dinh ly Lagrange thi trén do thi ctia ham s6 y = f(z) phai ton tai
it nhat mot diém M (c; f(c)) sao cho tiép tuyén véi dd thi tai diem dé
song song véi day cung AB, 6 d6 A(a; f(a)) va B(b; f(D)).

Hé qua 1.4. Gid st f : [a;0] — R 1a ham lién tuc va f'(x) = 0, v6i
moi « € (a;b). Khi d6 f = const trén doan [a;b].

Chitng minh. That vay, gia st 7y € (a;b) 1a mot diem c6 dinh nao do6,
con z 1a diém tuy ¥ ctia (a;b). Doan thang [z; ] hodc [z; o] ndm tron
trong khoang (a;b), vi thé f c6 dao ham (va do d6 né6 lien tuc) khip noi

trén doan con ay, 4p dung dinh 1§ Lagrange ta c6

f(@) = f(xo) = f'(c)(x = x0), Ve € (o).
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Nhung theo gid thiét f'(z) = 0 v6i moi = € (a;b) nén f'(c¢) = 0 v6i moi
c € (zo;x). Vi thé ta cé f(x) = f(xg), ddng thitc nay khing dinh ring
gia tri ctia ham f(z) tai diem béat k¥ x € (a;b) ludén luon bang gia tri

cia ham tai mot diém c6 dinh. Do vay, f = const trén doan [a; b].
Hé qua 1.5. Néu hai ham f(z) vd g(x) ¢6 dao ham dong nhat bang

nhau trén mot khoang thi ching chi sai khac nhau bdi hang s6 cong.

Chitng minh. That vay, theo gid thiét ta c6

[f(z) = g(x)) = f'(z) — ¢'(z) = 0.
Theo hé qua 1.4 thi f(x) — g(x) = C (C = const) hay f(z) = g(z)+ C.

Dinh 1y 1.3 ( Dinh ly Cauchy). Gid st cic ham f, g lién tuc trén doan
[a; b] va c6 dao ham tai moi diém trong khodng (a;b), ngodi ra ¢'(z) # 0
vdi moi v € (a;b). Khi dé ton tai it nhat mot diém c € (a;b) sao cho
)= fla) _ fi(e)
g(b) —g(a)  g'(c)
Chitng minh. Truéc khi chitng minh dinh 1y ta nhan xét rang cong
thitc (1.4) ludn c6 nghia, ttc 1a g(b) # g(a). That vay, néu g(b) = g(a)

thi ham s6 g(z) thod man cac dieu kién cta dinh ly Rolle va do d6

(1.4)

ton tai ¢ € (a;b) sao cho ¢'(¢) = 0, nhung diéu nay trai véi gid thiét
g'(x) # 0,Vx € (a;b). Bay gio ta xét ham phu

F(x) = f(z) = Mg(), (1.5)

trong d6 s6 A dugc chon sao cho F(a) = F(b), tic la

fla) = Agla) = f(b) — Ag(b).

Dé c6 diéu dé ta chi can lay

(1.6)
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Ham F(z) thod man moi diéu kién ctia dinh 1y Rolle, do d6 Jc € (a;b)
sao cho F'(c) = 0. Mat khac ti (1.5) ta c6 F'(x) = f'(x) — Ag’(x) nén

f'(c)
g'(c)

F'llc) =0« f'(c) = A (c) =0& X = (1.7)

Tu (1.6)va (1.7) ta thu dugc

fb) = fla) _ f'(c)
g(b) —gla)  g'(c)

Cong thitc (1.4) duge goi 1a cong thitc s6 gia hitu han Cauchy.

Nhan xét 1.3. Dinh Iy Lagrange la truong hgp riéng cua dinh 1y Cauchy
véi gia thiét g(z) = z.

1.3 Dinh ly Rolle trén khoang v6 han

Trong muc nay, ta xét mé rong ctuia dinh 1y Rolle ra khoang v6 han.
Co s6 clia cic mé rong nay la dya vao dinh 1y Bolzano-Cauchy khang
dinh rang mién gi tri cia ham lién tuc trén doan [a, b] lap day cac gia

tri trong doan [1{111{)1]1 f(x), 1%136?]‘"(:1:)}

Dinh ly 1.4. Gid st ham s6 f(x) lién tuc trén [a;+00), ¢6 dao ham

trong (a; +00) va hI_P f(z) = f(a). Khi dé, ton tai c € (a;+00) sao cho
T—1+00

f'(e) = 0.

Chitng minh. Néu f(x) = f(a) v6i moi x > a thi lay c 13 mot s6 bat
ky 16n hon a.

Gia st ton tai b > a sao cho f(b) # f(a), chang han f(b) > f(a). Goi
p 1a mot s6 thuc bat ky thuoc (f(a); f(b)), theo dinh 1y Bolzano-Cauchy,
ton tai @ € (a;b) sao cho f(a) = p. Vi xl_l}I_Eloof(SL’) = f(a) < p nén ton
tai d > b sao cho f(d) < p. Do f(x) lién tuc trén [a; +00) nén theo dinh
1y Bolzano-Cauchy ton tai 8 € (b;d) sao cho f(f8) = u = f(«a), do do
theo dinh 1y Rolle, ton tai ¢ € (a; 3) sao cho f'(¢) = 0.
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Chuong 2

Khao sat tinh chit co ban cta ham

On

S

Tinh chat dong bién, nghich bién va tinh 16i, I6m ctia ham s6 13 nhing
van dé co ban trong chuong trinh toan THPT. Dinh 1y Lagrange dong
mot vai tro quan trong trong viéc ching minh cac dinh 1y, tinh chét co
ban trong chuong trinh. Ngoai ra, trong chuong ndy, chiing toi ciing de
cap dén khai niem do gan déu va sap thi tu cac tam gidc, ma dua vao
cac tinh chat ctia né ta c6 duge cach gidi rat tha vi déi véi mot s6 bai

toan vé bat dang thic trong tam giac (xem [2]-[6]-[7]).

2.1 Ham déng bién, nghich bién

Tu day vé sau, ta st dung ki hiéu /(a;b) C R 1a nham ngam dinh
mot trong bon tap hop (a;b), [a;b), (a;b] va [a;b] véi a < b.

Dinh nghia 2.1. Gid s ham s6 f(x) zdc dinh trén tap I(a;b) C R va
thod man dieu kién

Véi moi 11,19 € I(a;b) va 11 < X9, ta déu cé f(x1) < f(xz) thi ta
néi rang f(x) la mot ham don diéu tang trén I(a;b).

Ddc biét, khi 1ing vdi moi cip w1, T2 € I(a;b) va x1 < 9, ta déu cé
f(x1) < f(xs) thi ta néi rang f(x) la mot ham don diéu tang thuc su
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tréen I(a;b).

Ngugc lai, néu vdéi moi 1,2 € I(a;b) va 11 < T, ta déu cé f(x1) >
f(x2) thi ta néi rang f(z) la mot ham don diéu gidm trén I(a;b).

Ddc biét, khi 1ing véi moi cap x1, 12 € I(a;b) va x1 < xo, ta déu cé
f(z1) > f(xa) thi ta néi rang f(x) la mot ham don dieu gidm thuc su
tréen I(a;b).

Nhiing ham don diéu tang thuc su trén I(a,b) dudc goi la ham dong
bién trén I(a;b) va ham don diéu gidm thuc sy trén I(a;b) dudc goi la
ham nghich bién trén I(a;D).

Trong chuong trinh giai tich, ching ta da biét dén cac tiéu chuan dé
nhan biét dudc khi ndo thi mot ham sé kha vi cho trudc trén khoang
(a;b) 1a mot ham don diéu trén khodng d6. Sau day ching ta sé dung
dinh 1y Lagrange dé chitng minh dinh 1y vé dicu kién du ctia tinh don
diéu cta ham s6. Day 13 mot dinh 1y rat quan trong trong chuong trinh
gidi tich 16p 12- THPT.

Dinh ly 2.1. Cho ham s6 y = f(x) c6 dao ham trén khodng (a;b).

i) Néu f'(x) >0 vdi moi x € (a;b) thi ham s6 y = f(x) dong bién
trén khoang do.

i) Néu f'(x) < 0 vdi moi x € (a;b) thy ham s6 y = f(x) nghich

bién trén khodng dé.

Ching minh. Ly hai diém 21,22 (21 < 22) trén khoang (a;b). Vi
f(x) ¢6 dao ham trén khoang (a;b) nén f(x) lién tuc trén [z1; 2] va cb
dao ham trong khoang (z1; x2).

Ap dung dinh 1y Lagrange cho ham sb y = f(z) trén [z1; x5, khi d6

dc € (x1;22) sao cho

f(w2) = fx1) = f'(c)(xa — 1),

i) Néu f'(x) > 0 trén khodng (a;b) thi f'(c) > 0, mét khac xo—x7 > 0
nén f(xzy) — f(x1) > 0 hay f(z2) > f(z1), suy ra ham f(z) dong bién
trén khoang (a;b).
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i1) Néu f'(z) < 0 trén khoang (a; b) thi f'(c) < 0, mit khac xo—x1 > 0
nén f(x2) — f(x1) < 0 hay f(x9) < f(x1), suy ra ham f(z) nghich bién
trén khoang (a;b).

Dinh 1y 2.2 (M6 rong ctia dinh 1§ 2.1). Gid si ham s6 y = f(z) ¢6 dao
ham trén khodng (a;b). Néu f'(z) > 0 (hodc f'(z) < 0) va ding thic
chi zay ra tai mot s6 hitu han diém trén khodng (a;b) thi f(x) dong bién

(hodc nghich bién trén khodng do).

Chitng minh. That vay, dé don gidn cach lap luan, gia st rang f'(z) > 0
trén (a;b) va f'(x) = 0 tai x; € (a,b) thi khi d6 f(z) dong bién trong
tung khoang (a,x;) va (x1,b) va lién tuc trong (a,x1] va [z1,b) nén néd
ciing dong bién trong (a,z1] va [x1,b). Tu d6 suy ra n6 dong bién trén

cé khoang (a, b).

2.2 Ham 16i, 16m kha vi bac hai

2.2.1 Tinh chat ctia ham 16i, ham 16m

Dinh nghia 2.2.

i) Ham sé6 f(x) dudc goi la ham loi trén tap I(a;b) C R néu vdi
moi 1,79 € I(a;b) va vdi moi cdp s6 duong o, 8 co tong o+ B =1, ta
déu c6

flazy + Bro) < af(z1) + Bf(x2). (2.1)
Néu ddau dang thiic trong (2.1) zdy ra khi va chi khi x1 = xo thi ta ndi
f(x) la ham o1 thuc sy (chat) trén I(a;b).

i) Ham so f(x) dudc goi la ham lom trén tap I(a;b) C R néu vdi
moi x1, Ty € I(a;b) va véi moi cdp s6 duong o, B ¢ tong a+ 3 =1, ta
deu co

flazy + o) > af (x1) + Bf(x2). (2.2)
Néu ddu dang thitc trong (2.2) zdy ra khi va chi khi 11 = xo thi ta noi
f(x) la ham lom thuc su (chat) trén I(a;b).
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Nhan xét 2.1. Khi 27 < 29 thi 2 = ax; + Sxs véi moi cip s6 duong
a, B c6 tong o + B = 1 déu thudc (xq; z9) va
Tro — X ) r— X

o= ; = .
Lo — X1 To — I

Dinh 1y 2.3. Néu f(z) la ham s6 khd vi trén I(a;b) thi f(x) la ham 1o
trén I(a;b) khi va chi khi f'(x) la ham don diéu tang trén I(a;b).

Chitng minh. Gia st f(x) 161 trén I(a;b). Khi d6 véi 71 < x < w9,
(x, 21,22 € I(a;])), ta co
T9 — X r — T T9 — I r — T

> 0; >0 va + = 1.
o — Iy o — I To — I o — I1

Vi thé

To — T T —
2 f(331)+ :

flz) <
To — X1 Lo — X1

@f(fvsz = i(xl) < f(fﬂ;) - Zc"(w).

f(z2)

Trong (2.3) cho x — x1, ta thu duge

flas) = flan)

L2 — I

far) < (2.4)

Tuong tu, trong (2.3) cho z — w9, ta thu dugc

f@2) — f21)

L2 — 1

T (2.4) va (2.5), ta nhan dugce f/'(x1) < f/(x9), tic ham s6 f'(x) 1a ham
don diéu tang.

< f(x2). (2.5)

Nguge lai, gid st f'(x) 1a ham s6 don digu ting vad 71 < * < 29
(x,z1, 22 € I(a;D)). Theo dinh 1y Lagrange, ton tai x3, x4 v6i x3 € (1; 1)

va x4 € (7;x2) sao cho

fz) = f(1)

T — 11 - f/(l'g),
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DO f/(x?,) Sf/(le) nén f(x)_f(xl) S f(l'g)_f(aj)7 hay ta Cé
Tr — T T9 — T
Tro — X r— X
flz) < $2_I1f($1)+x2_$1f(332)~

Tic f(x) 1a ham 161 trén I(a;b).

Dinh 1y 2.4. Néu f(z) khd vi bac hai trén I(a;b) thi f(z) loi (I16m) trén
I(a;b) khi va chi khi f"(z) >0 (f"(x) <0) trén I(a;b).

Chitng minh. Suy tryc tiép tit dinh 1y 2.3.
Vé sau ta chi xét cac ham 16i (16m) kha vi, titc 1a cdc ham sb kha vi

bac hai c6 dao ham cap 2 khong ddi dau trong I(a;b).

Hé quéa 2.1. Néu ham s6 y = f(x) 16i hodc 16m trén I(a;b) thi phuong
trinh f(z) = 0 c¢6 khong qua hai nghiém thudc I(a;b).

Chitng minh. That vay, gid st ham s6 y = f(x) 161 hodc 16m trén
I(a;b), tic f"(x) > 0 hodc f”(x) < 0 trén I(a;b). Khi d6 ham s6 f'(z)
luon dong bién ho#c nghich bién trén I(a;b), nén phuong trinh f'(z) =0
c6 khong qué 1 nghiém trong khoang I(a;b). Do d6 theo hé qua 1.2
phuong trinh f(z) = 0 ¢6 khong qué 2 nghiém trén khoang dé.

Nhan xét 2.2. V6i hé qua nay, ching ta c6 thém mot cong cu hitu hiéu
dé ap dung cho céc dang toan gidi phuong trinh, ching minh su ton tai
nghiém cta phuong trinh... ma ching to6i sé giéi thiéu phuong phap giai
thong qua cac vi du cu thé trong chuong sau.

Dinh 1y 2.5 (Bat ding thic Karamata). Cho hai ddy so6 {xy,y. €

I(a;b),k =1,2,...,n}, thod man cdic dieu kién:

TI 2Ty 2 2 Tp, Y12Y22 2 Yn
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V4
4

X1 2 Y1,

T1+ X2 > Y1+ Yo,

rrt+xot -+ 2y Y2+ Ynoa,
(T1F et F T =+ Y2t T+ Un.

Khi dé, 1ing vdi moi ham loi thuc sy f(x) trén I(a;b), ta déu cé

fla) + flw) + -+ flan) = fly) + fy2) + -+ fa)-

Chiing minh. Truéc hét ta chitng minh bat ding thic

f(x1) = fy) + ) (@ — ), Yo, € I(a;b). (2.6)

Dau dang thiic xay ra khi va chi khi z; = y;.
That vay, ta cé

(2.6) & f(x1) = fy) = fl(y) (@1 —w1). (2.7)

Ta xét 3 truong hagp.
i) Néu z1 = y; thi ta c6 dau dang thiic, do d6 (2.7) ding.
i1) Néu x; > y; thi 21 —y; > 0 nén
o L) — ()
L1 — U
Theo dinh ly Lagrange thi (2.8) < f'(z}) > f'(y1) v6i 1 < 2} < x1. Bat
dang thitc nay luon ding vi f’(x) 14 ham dong bién do f”(x) > 0 (theo
gia thiét), vi thé bat dang thitc (2.6) ding.
i17) Néu z1 < y; thi 1 — y1 < 0 nén

(2.7) > #(y1). (2.8)

1 — W
Theo dinh ly Lagrange thi (2.9) < f/(2}) < f'(y1) v6i 21 < 2] < y;. Bat
dang thiic nay luon ding vi f/(x) 14 ham dong bién do f”(z) > 0 (theo
gia thiét), vi thé bat dang thic (2.6) ding.
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Tuong tu ta chitng minh dugc

Nhu vay ta co

f(xn) > f(yn) + f/(yn)(xn — Un)-
Do dé

Z f(zi) > Z fyi) + Z f(yi) (@i — i)
@Z f(zi) — Z fy:) > Z F i) (@i — yi). (2.10)

Xét ; i) (i — i)
Stt dung bién d6i Abel ting v6i a; = f'(y;) va b; = (z; — ;) ta dugc:

n n—1

Zf/(yz‘)(%‘ — i) = Z[fl(yz) — fly)ll(@r+ 22+ F2p1) = (n+y2+ -

i=1 i=1
+ Y1)+ )@+ 22+ Fx0) — (1 + Y2+ -+ un))-
Tu gia thiét ta c6 f'(y;) — f'(yir1) > 0 (do ham f’(y) dong bién), va
(T @+ ta) =+t 1) 20,

(@124 4x) = (Y1 +y2+ - +ya) =0.

Vi thé i
> F i) @i — i) > 0. (2.11)
1=1
Tu (2.10) va (2.11) ta thu dugc
> fla) =) fly) =0,
i—1 1—1
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tic 1a ta co

flo) + flzo) + -+ fzn) > fly) + Fy2) + -+ f(yn)-

2.2.2 Do gan déu va sap thit tu cac tam giac

Tiép theo ta néu vi du minh hoa vé cac tinh chét 16i (16m) ap dung

trong chuong trinh luong gidc bac phd thong.

Dinh nghia 2.3. Vdi moi tam gidac ABC' cho trude, ta ki hiéu
dnapc = max{A, B,C} —min{A, B,C}

va goi daapc la do gan deu cia tam gidc ABC.

R6 rang daapec > 0 va daapc = 0 khi va chi khi tam giac ABC' la

mot tam giac deu.
Dinh nghia 2.4. Vi moi cap tam gidc A1B1C1 va AsByCy thod mdan
dong thoi cic dieu kién

maX{Al, Bl, 01} S max{AQ, BQ, CQ},

min{Al, Bl, Cl} Z min{Ag, BQ, BQ}

thi ta not cdp tam gide A1B1Cy va AyBoCy la cap sdp dude thi tu va
tam giac Ay B1C, gan déu hon tam gidc Ay ByCs.

Vay trong trudng hop cé sap thit tu, néu véi mdi ciap tam gidc A, B,Cy
va Ay BsCy (voi Ay > By > C4, Ay > By > () thod man dong thoi cac
diéu kien A; < Ay, C7 > (s, thi ta sé c6 tam gidc A1 B1C; gan déu hon
tam giac Ay ByChs.

Nhan xét 2.3.
1) Tam gidc déu gan déu hon moi tam giac khac.
2) Trong tap hgp cac tam gidc khong nhon thi tam gidc vudng can

gan deéu hon moi tam giac khac.
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Trong qué trinh chiing minh bat dang thitc Karamata, ching ta da st
dung dinh 1y Lagrange dé chting minh mot tinh chat quan trong, thuong
dugc st dung trong cac bai toan vé do gan déu clia tam giadc. Ta sé nhic
lai tinh chat dé.

Tinh chat 2.1. Cho ham s6 y = f(x) c6 dao ham cap hai f"(x) trong

(a;b).
a) Néu f"(x) > 0 vdi moi x € (a;b) thi

f(x) = f(wo) + f'(wo)(x — 20), vdi x,70 € (a;b).
b) Néu f"(x) <0 vdi moi x € (a;b) thi
f(z) < fxg) + f(wo)(x — o), vdi x,70 € (a;).

Sau day, ta xét mot sé bai toan tiéu bieu nham minh hoa cac tinh

chat da néu trén.

Bai toan 2.1. Cho tam giac A3B>C5 gan déu hon tam giac A1 B:C va
cho ham s6 f(z) ¢6 f”(z) > 0 v6i moi € (0; 7). Chitng minh rang

f(A) + f(B1) + f(C1) = f(A2) + [(B2) + f(Ch).
Giai. Do f”(z) > 0,Vx € (0;7) nén theo tinh chat 2.1 ta co:
f(x) > f(zo) + f(z0)(x — x0), V,z0 € (0;7). (2.12)
Khong mat tinh téng quat, ta coi
Ay > By > C, Ay > By > Co.
Khi d6, theo dinh nghia 2.4 ta c6 A; > Ay va C7 < Cs. Suy ra

A12A27
A1+ By > Ay + By,
A+ B+ Cy = Ay + By + Cs.
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Theo (2.12) thi

f(A2) + f'(A2) (A1 — Ag),
f(B1) 2 f(B2) + ['(B2)(B1 — Ba), (2.13)
f(Ca) + [1(C2)(C1 = C).
Cong cac vé tuong tng cta (2.13), ta dugc
f(A) + f(B1) + f(Ch) = f(As2) + f(B2) + f(Ch)
+ [f(Ba2) — f(Co)][(Ar + Br) — (A2 + By)]
+ [f'(A2) — f(B2)](A1 — 4s)
> [(As2) + f(B2) + f(Ca).
Bai toan 2.2. Cho tam gidc ABC va cho ba s6 duong «, 3,7 sao cho
a+ [+ =1 Dat
Ay = aA+ BB +~C,
By = aB + BC + ~A, (2.14)
Co = aC + BA +7B.

Chitng minh rang:
sin A 4+ sin B + sin C' < sin A + sin By + sin Cy,.

Giai. Theo gié thiét ta c6 Ag+By+Cy = A+ B+C = 7 nén Ay, By, Cy

la cac géc cia mot tam giac va

A > Ay,
A—I—BZA()—f—B(),
A+ B+ C=Ay+ By + C.

V61 glé thiét A Z B 2 C, Ao 2 Bo 2 C().
Xét ham s6 f(x) = sinx, Vo € [0;7]. Ta c6

f'(z) = cosz, f'(x) = —sinz < 0,V € [0;7].
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Theo tinh chat 2.1 ta c6

f(x) < fxg) + f(w0)(x — xo), Va,z0 € [0;7].

Vay nén
sin A < sin Ay + cos Ag(A — Ay),
sin B < sin By + cos By(B — By),
sin C' < sin Cyy + cos Cy(C' — Cyp).
Suy ra

sin A + sin B + sin C' < sin Ay + sin By + sin C)
+cosCy(A+ B+ C — Ay — By — ()
+ (cos By — cos Cy) (A + B — Ay — By)
+ (cos Ay — cos By)(A — Ap).
ViA+B+C—(Ay+By+Cy) =0;A+ B > Ay + By; A > Ay,
™ > By > Cy > 0= cos By < cos Cy,

™ > Ay > By > 0= cos Ay < cos By,
nén sin A+ sin B + sin C' < sin Ay + sin By + sin Cj.

Bai toan 2.3. Chiing minh rang v6i moi tam giac ABC khong nhon,
ta luén céd 4 B o
tana —l—tan; —|—tan§ > 22 —1.

Giai. Khong méat tinh tdng quat, ta coi A > B > C. Khi d6

A>T,

A T
220
A B T T
V2 t221t%
A B C _ =« T T
2Tty =1TsTs
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Xét ham s6 f(x) = tanz véi x € <0; g) Ta c6 f"(z) > 0,Vz € <O; g)
Vay nén theo tinh chat 2.1, ta c6

F(z) > flxo) + F(ao)(x — x0), Y,z € (o; g)

Theo bai todn 2.1 thi

tan 2 4 tanZ £ tan S > tan ™ + tan & 4 tan ~
an - an - an - > tan o an8 an8.

Dé ¥ ring tang:\/ﬁ—l nén

T T T
tan — + tan — + tan — = 2v2 — 1.
an4+ an8+ an8 \/_

Do do6 4 B o
tan§+tan5+tan§ > 22 — 1.
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Chuong 3

Mot s6 ing dung dinh 1y Rolle

trong dai so

3.1 Chiing minh sy ton tai va bién luan sé nghiém
cua phuong trinh

Dé chiing minh su ton tai nghiém ctia phuong trinh, ta c6 thé sit dung
cac dinh 1§ sau la dang phét bieu khac ctia ding 1§ Rolle (xem [4]-[9]).

Dinh ly 3.1. Cho ham s6 y = f(x) lién tuc trén doan [a;b] va F(z)
la mot nguyén ham cia f(x) trong doan dé. Néu ton tai cdc sb thuc
x1,T2 € [a;b] vl ¥y < w9 sao cho F(x1) = F(x3) thi phuong trinh

f(z) =0 c6 nghiem trong doan |x1; 5| (hay cé nghiém trong doan [a;b]).

Ching minh. Gia st phuong trinh f(x) = 0 vo nghiém trén doan
[x1;29]. Vi f(z) lién tuc nén suy ra hoac f(x) > 0,Vx € [x1; 29| hoic
f(z) < 0,Vz € [x1;29).

Néu f(x) > 0,Vx € [x1; 23] thi ham s6 F(x) dong bién trén [z, x9],
tir d6 suy ra F(x1) < F(z2).

Néu f(z) < 0,Vx € [x1; x9] thi ham s6 F(z) nghich bién trén [z1; xs],
ti d6 suy ra F(x1) > F(z2).

Nhu vay, trong cd hai truong hop ta déu c6 F(x1) # F(xs), dicu nay
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trai gid thiét 1a F(z1) = F(x9).
Vay phuong trinh f(z) = 0 ¢6 nghiém trong doan [x1; xo].
Ta phat bieu két qua tréen dudi dang dinh 1y twong duong sau day.

Dinh 1y 3.2. Gid st ham s6 y = f(x) lién tuc trén doan |a;b]. Néu
ton tai cic so thuc x1,x € [a;0] ma [,° f(z)de = O thi phuong trinh

f(x) =0 co nghiem trong doan [x1; z1].

Ky thuat co ban ctia dang todn nay 1a chon ham s6 thod man diéu
kién ctia cac dinh 1y dua trén gid thiét ctia bai toan. Ching toi lya chon
gi6i thitu mot s6 bai toan trong cac ky thi quéc gia va qubc té dé minh
hoa cho dang bai tap nay (xem [1]-[2]-[5]).

Bai 3.1. Cho cac s6 thuc a, b, ¢ va cac s6 nguyén duong n thod man dieu
kién

6(a +b)
5(n+2)
Chitng minh rdng phuong trinh asin”x + bcos" x + csinz + ¢ = 0 c6
nghiém trong khoang <0; g)

Giai. Xét ham sb
2a n+2 20 n+2 2c . 4 2

f(x):n+231n I b x—|—§sin T — ccos”x.

R6 rang f(x) lién tuc va c6 dao ham trén R va

2

f'(x) = 2asin" ™ z cos x + 2bcos" ™ wsinx + 2csin® x cos & + 2csin x cos x

= sin 2z(asin" x + bcos" z + csinx + ¢).

Ta co6

™ 2a 2c 2b
f(_)_f(o)_n+2+§+n+2+c
2a 4(a +b) 2b 6(a +b)

n+2_5(n+2)+n+2_5(n+2)
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Khi d6 theo dinh 1y Rolle, dzg € <O; g) sao cho

f'(x9) = 0 & sin2xg(asin” xg + bcos” xg + csinzg + ¢) = 0
& asin” xg + beos" xg + csinxg + ¢ = 0.
(Do z¢ € (O; g) nén sin 2zy # 0).

Vay phuong trinh asin”x + bcos” x + csinx 4+ ¢ = 0 c6 nghiém trong
khoang (o; g)

Bai 3.2. Cho ag, a4, ...,a, 1 cac s6 thuc thod man diéu kién
ap Qo an as2?  as2? ap2"
a0+2+3+ +n+1—a0+a1+ 3 + A + —|‘n+1—

Chtng minh ring phuong trinh a; + 2asx + 3asz® + - - + na,z" ' =0
6 it nhat mot nghiem thugc khoang (0;2).

1 1 1
Go«ro. X,t h\ S — - 2 - 3 . TL—‘rl'
idi. Xét ham so f(z) = apzr + 5T + 3028 +--- 4 i

Ro rang f(z) lién tuc va ¢6 dao ham trén R, va ta co6:

an,T

al a9 Qp,
1: —_— —_— o« o e
f(1) ao+2+3+ +n+1’
a222 CL323 an2”
2) =2( B ).
£(2) GoFar o e

Tit gid thiét ta c6 f(1) = f(2) = 0, ngoai ra hién nhién f(0) = 0. Khi
d6 theo dinh 1y Rolle, ton tai ci, ¢ thod man 0 < ¢; < 1 < ¢y < 2 sao
cho f'(c1) = f'(c2) = 0. Tiép tuc ap dung dinh 1y Rolle cho ham f'(x)
trén doan [c1; co], xg € (€15¢2) C (0;2) sao cho f’(xy) = 0. Nhu vay xg
14 nghiém cua phuong trinh f”(z) = 0 trén khodng (0;2).

Dé thay f”(z) = a1 + 2asx + 3asz® + - - - + na,z" .

Tt d6 ta c6 dieu phai chiing minh.

Bai 3.3. Cho a,b,c tuy ¥ v& m 14 s6 duong thod man biéu thic
a b c

— =0. 3.1
m+2+m+1+m ( )

Chiing minh ring phuong trinh az?+bx +c = 0 c6 nghiém thuoc khodng
(0;1).
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Giai. b

Cach 1. Xét ham s6 f(z) = O gm0 gl O
) m 4+ 2 m+ 1 m

R6 rang ham s6 f(x) lién tuc va ¢6 dao ham trén R. Ta c6

f(x) = ax™ ™+ b™ + ca™ !,

va

£(0) =0,
b
fy=-—2 +Z =0
Theo dinh 1y Rolle, 3z € (0;1) sao cho f/(zy) = 0, tic la

:m+2+m+1 m

ax]™ + b + cxf !t =0
e (axd + brg+c) =0
Eaz] 4 brg +c = 0.
Vay phuong trinh az? + bx + ¢ = 0 ¢6 nghiém thudc khoang (0; 1).
Cach 2. Xét ham s6 f(x) = az? + bx + c. R6 rang ham s6 f(z) lién tuc
trén [0; 1]. Ta c6 f(0) = c va

) o) () oo

m + 2 m + 2 m + 2
_[(m—kl)QH a_ b c(m—|—2)]
lm+2 m+2 m+1 0 (m+1)2
_[(m+1)2H_£ c(m+2)}__ c
Ll m+2 m  (m+1)2]  mim+2)
a b c
Do (3.1 = —— ).
<O( ):m+2+m+1 2m)
m—+1 —c
Vay f(0). = <0 (d > 0).
w 104 () = gy S0 dom>0)
A _ N m+1 o ~ _m+1 N PN 2
Neéu ¢ = 0 thi f<m+2> = 0, nhu vay xy = m+% la nghiém cua
phuong trinh da cho. Hon nita dom>0nén0<m12<1
m
4 1
Mmc¢0ﬂﬁﬂmf(g$§)<0JmnmpmM%tmmfu)om
m +
hié 0;, —— 0;1).
nglemx0€<,m+2>C(,)
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Nhu vay véi gid thiét da cho, phuong trinh az? + bx + ¢ = 0 luén c6
nghiém trong khoang (0;1).
Cach 3. (Ap dung dinh 1y dao tam thic bac hai).

1) Néu a = 0, khi d6 (3.1) tr6 thanh

b

c
— +—=0. 3.2
m+1 m (32)
Ta xét hai truong hgp sau:
Néu b = 0 thi tir (3.2) ta c6 ¢ = 0. Khi d6, phuong trinh az?+bx+c = 0
nghiém ding v6i moi = € R, suy ra phuong trinh ¢6 nghiém thuoc (0;1).
Néu b # 0 thi phuong trinh az? + bx + ¢ = 0 ¢6 dang

bx+c:0<:>x:—g.

C m m
Tit (3.2) = — = en T = 0;1), do m > 0.
(3:2) b om+1 T m+1€(’ ), dom
2) Néu a # 0. Dat f(z) = ax® 4+ bx + ¢, khi d6 f(x) lién tuc trén R

va ta co:

2
m ma
m—|—1) (m—|—1)2(m+2)<0 (do a7 0,m>0)

af(0) = ac, af(

Lai c6 hai kha nang xay ra.
a) Néu ac > 0 thi af(0) > 0, suy ra (af(0)) (af<ml+1)> < 0.
Do dé

f(())f(mlﬂ) <0.

Vi f(z) lién tuc trén R nén ton tai z; € (0; %) sao cho f(z1) = 0.
m

< 1, cho nén z; € (0;1).

Ngoaira ta co 0 <
& m+ 1

Vay phuong trinh f(z) = 0 ¢6 nghiém thudc khoang (0;1).
b) Néu ac < 0 thiaf(1l) =ala+ b+ c).
a(m+1) c¢(m+1)

Tir gia thiét (3.1 b=— - . Vi thé
gia thiét (3.1) suy ra —— p- i thé

CL2 ac

af(l):m+2—a>0 (do m > 0,ac <0,a #0).
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m

Do d6 (af(1)) (af<ml+1>> < 0= f(l)f<m—+1> < 0.

Vi f(z) lien tuc trén R nén ton tai x5 € (%, 1) sao cho f(x9) =0,
m

va do 0 < m1<1nén:c2€(0;1).

m +
Nhu vay véi gid thiét da cho, phuong trinh az? + bx + ¢ = 0 luén c6

nghiém trong khoang (0;1).

Nhan xét 3.1.

1) Day 1a mot bai toan tong quat, tit bai toan nay ta ¢ thé sdng tac
duge nhitng bai toaAn méi v6i nhitng dieu kién cu thé hon. Chang han ta
c6 bai toan sau day.

b c

a
— 0. Chi
5010 " 2009 T 2008 — - Ching

minh ring phuong trinh a.ln*z + b.Inz + ¢ = 0 ludn c6 nghieém.

Gid st a, b, ¢ 1a cac s thuc thoa man

2) So sanh 3 cach giai trén, méi cach déu c6 uu thé rieng, nhung c6
1& cach 1 ngan gon hon va tranh dugc sai sét trong qué trinh tinh toan.
Tuy nhién, trong qué trinh giai toan, khong nén van dung mot cach may
méc mot phuong phap cho mot loai bai tap, vi phuong phap nay cé thé
14 hay véi bai toan nay, nhung chua han 13 hay déi véi bai khac. Chang

han ta xét bai toan tiép theo sau day.

Bai 3.4. Chiing minh rang phuong trinh
105 230
200 4 3

5 —Tx +32° +20+1=0

c6 nghiém trong khodng (0;2).
Giai.
Cach 1. Xét ham sb

105 115 1 1 1
f(ZE) = Eaﬁ — %335 + 1334 + §ZE'3 + 5&72 + .

R6 rang f(z) lién tuc va c6 dao ham trén R, va ta ¢

105 115

f/(iU) = 1—0$5—?$4+3§3—|—$2—|—$—}—1,
105 230

f”(x) = 71’4 — ?.Tg + 3.%'2 + 2x + 1.
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Dé thay f(0) = f(1) = f(2) = 0. Theo dinh ly Rolle, 321 € (0;1) va
x9 € (1;2) sao cho f'(z1) = f'(x9).

Do f'(z) cling 1a ham lién tuc trén R nén tiép tuc 4p dung dinh ly
Rolle cho ham s6 f'(z) trén [x1;29] : Ja € (z1;22) C (0;2) sao cho
f"(a) = 0. Diéu d6 c¢6 nghia « 1a nghiém ctia phuong trinh

1 2
E$4—ﬂ$3+3$2+2$+1:0.
2 3
T d6 ta c6 dieu phai chitng minh.
, ) 105 , 230 5 .,
Cach 2. Dat f(x) = 5t g + 3x° +2x + 1.
R6 rang f(z) lién tuc trén R va ta ¢
109 173
f(0) =1, f(l):—Ta f(2):T-

Suy ra f(0).f(1) <0, f(1).f(2) <0. Theo dinh ly Bolzano-Cauchy, ton
tai 1 € (0;1) va 29 € (1;2) sao cho f(z1) = f(x2) =0.
Vay phuong trinh f(z) = 0 luén c6 2 nghiém thudc khodng (0; 2).

Nhan xét 3.2. Cach 2 ctia bai toan trén cho ta két qud manh hon yéu
cau ciia bai toan va ré rang cach giai cling ngan gon hon. Nhu vay, viéc
lyra chon phuong phap phu hgp cho ting bai trong qué trinh giai toan
14 mot van dé vo cung quan trong can dudc luu § trong qué trinh giang

day, hoc tap va nghién citu.
Bai 3.5 (Tuyén tap 200 bai todn vo dich mon Giai tich). Cho ham s6
f(z) ¢6 f'(x) 1a ham dong bién trén doan [a;b], ngoai ra

f(a) = ~(a—1b)

2
1
f(b) = 5(b~a).
Chting minh réng ton tai «, 3, phan biét trong khoang (a;b) sao cho

f(@).f'(B).f'(v) =1.
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Giai. Tu gid thiét f/'(x) dong bién trén [a;b], ta suy ra
() < f'ly) khi a<z<y<b. (3.3)

Ap dung dinh Iy Lagrange cho ham f(x) trén [a;b] : 3y € (a;b) sao cho

1 1
—(b—a)——=(a—2>
f0) = fto) _ 3= male )

f(v) = P r—

_a+t b. Do f(x) lién tuc trén [a;b] (Vi f(x)

Xét ham s6 g(x) = f(z) +x
kha vi trén [a;b]) nén g(x) lién tuc trén doan [a;b]. Ta c6

b
_ o =a— Db,

o(a) = 5(a—b) +a
g(b):%(b—a)er—a;_b:b—a.

Suy ra g(a)g(b) = —(a — b)? < 0. Khi d6 Jz¢ € (a;b) sao cho g(zg) = 0,

hay
a-+b a-+b
f(afo) + x9 — 9 =0« f(xo) = 9

Ap dung dinh 1y Lagrange cho ham f(z) trén [a; 2o : 3o € (a;x) sao

— Xy.

cho
1 1
flan) = flo) 30D =500 powy

fla) = 0=

Ap dung dinh 1y Lagrange cho ham f(z) trén [xo;b] : 36 € (z0;D) sao

To—a

Tog— a

cho
Lb—a)— S(a+b)+
R T B et R R R R
f(B) = p— - i (3.6)
T (3.4), (3.5) va (3.6) ta thu dugc
f(@).f'(B)-f'(v) = 1.

Tw (3.3) ta suy ra «, 5,7 doi mot khac nhau.
Ta c6 mot bai toan tuong tu nhu sau.
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Bai 3.6 (Olympic Hoa Ky). Cho ham s6 f kha vi trén [0;1] va théa
méan
f0)=0, f(1)=1.
Chting minh rang ton tai hai s6 thyc phan biét a, b thudoc khodng (0; 1)
sao cho  f'(a).f'(b) = 1.

Giai. Xét ham s6 g(z) = f(x) + 2 — 1, r6 rang g kha vi tren [0; 1].
Ta ¢6 g(0) = —1,9(1) =1 = ¢(0).g(1) < 0 nén Je¢ € (0;1) sao cho
g(c) =0, do do

fle)+c—1=0< f(c)=1—-c

Ap dung dinh 1y Lagrange cho ham f(z) trén cac doan [0;¢] va [c; 1] thi

Jda € (0;¢) sao cho M = f'(a).
b € (¢;1) sao cho %ﬁ(c) = f'(b).
Suy ra  f'(a).f'(b) = f(cc).f(li : Z(C) = iil_—cij = 1.

Vay, da,b € (0;1) sao cho f'(a).f'(b) = 1.

Bai 3.7 (Olympic sinh vién toan qudc - 1994). Cho ham s f(z) lién tuc
va ¢6 dao ham trén khoang (0;4+00) va khong phéi 13 ham hang. Cho
hai s6 thuc a, b thod man dieu kién 0 < a < b. Chitng minh rang phuong

trinh
af(b) —bf(a)

v f(w) = f(z) =

b—a
c6 it nhat 1 nghiém trong khoang (a;b).
. 1
Giai. Xét hai ham so g(z) = @) va h(z) = —.
x x
Do f(z) lien tuc va ¢6 dao ham trén (0; +00) nén cic ham s6 g(z) va

h(z) kha vi trén khoang (a;b) va ta c6

_ z.f'(x) — f(:z:)’ W (z) = _i_

g9'(x)
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Theo dinh ly Cauchy, 3z € (a;b) sao cho
[1(b) = h(a)]g'(zo) = [9(b) — g(a)]h'(x0).

Nghia la ta c6

(1 1)xo-f(rco) — f(zo) _ {f(b) B f(a)K_ i)'

b a z3 b a 3

(@ =Blnf (o) = o)) __af(®) = b0
aba? aba?

= (b— a)lao.f'(x0) — F(z0)] = af(b) — bf(a)
o) — fan) — O b (@)

b—a
b) — b )
Nhu vay phuong trinh x. f/'(z)— f(x) = af( 2 f(a) c6 it nhat 1 nghiém
—a
trong khoang (a;b).
Bai 3.8. Chiing minh rang phuong trinh
3 oT _ BT
(3"In3+2°In2 — 5% Inb) tanx + i 5 =0
cos® x
c6 nghiém thudc khoang (0;1).
Giai. Xét ham s6

3¢ 49T _ 5
coslx

f(z)=(3"In3+2"In2 — 5% Inb5) tanx +
R6 rang f(z) lién tuc trén [0; 1] v& ¢6 mot nguyén ham la
F(x) = (3"+2" — 5") tan z.

Dé thay F(0) = F(1) = 0. Theo dinh 1y 3.1 thi phuong trinh f(z) = 0
c6 nghiém trong khoang (0;1). Suy ra diéu phai chtiing minh.

Bai 3.9. Chiing minh rang phuong trinh
2z — DInz +2ln’r = 4z (3.7)

c6 it nhat 2 nghiém phan bieét.
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Giai. Diéu kién dé phuong trinh c6 nghia: > 0. Khi dé
3.7) < 2(x —1)Inz +rlnz* — 4z =0

2(x — 1)1
P DL S Py )
x
P 2 _11
Xét ham so f(z) = (z )nx+ln2x—4.

R6 rang f(x) lién tuc trén (0; +o00) va c6 mot nguyén ham la
F(z) = (z — 1)(n*z — 4).

o 1
D& thiy F(1) = F(e?) = F( ) = 0. Do d6 theo dinh 1y 3.1, trong

—_

moi khodng (—2 ) 2) phuong trinh f(z) = 0 déu c6 it nhat mot

nghiém.
Vay phuong trinh (3.7) c¢6 it nhat 2 nghiem.

Bai 3.10. Cho céc s6 thuc aq, as, . . ., a,. Chiing minh rang phuong trinh
a1 cosT + ascos2x + -+ a,cosnr =0
luén c6 nghiém.
Giai. Xét ham s6 f(z) = a;sinz + %ag sin 2x + -+ - + %an sin nx.
R6 rang f(z) lién tuc trén R va ta co:
f'(z) = aycosx + ag cos 2z + - - - + a, cosnz.

Dé thay f(0) = f(2x) = 0. Theo dinh 1y Rolle, 3z, € (0;27) sao cho
(x9) = 0. Tic z( 1a nghiém cia phuong trinh

ajcosxr + ascos2x + ---+ a, cosnxr = 0.
Vay phuong trinh da cho luon c6 nghiém.
Bai 3.11 (Olympic sinh vién toan quoc - 1994). Cho n 1a s6 nguyén
duong; ay, by € R (k=1,2,...,n). Chiing minh rdng phuong trinh

T+ Z(ak sin kx + by, coskx) =0 (3.8)
k=1

c6 nghiém trong khoang (—m; 7).
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Giai. Xét ham so6

n
ZE2

f(x) :?-sz:;(—%coskx—k%sinkx), Vx € R.

R6 rang f(z) kha vi trén R = f(x) kha vi trén (—m;7) va

flx) =2+ Z(ak sin kx + by cos kx).

k=1
Ta co:
™ (G >
f(—m) = 5 + 2 ( - % cos(—km) + - sm(—lmr))
2 n
(g
k=1
L
f(m) = 5 T Z < — % cos(km) + — sin(lm))
k=1
2 &
=5+ (-5
k=1

Nhu vay f(—n) = f(m). Khi d6 theo dinh 1y Rolle, dxy € (—m;7) sao
cho f'(xy) = 0, hay x¢ 14 nghiém ctia phuong trinh

x + Z(ak sin kx + by, cos kz) = 0.
k=1
Vay phuong trinh (3.8) c6 nghiém trong khodng (—m; 7).
Bai 3.12. Gia st ham s6 f c¢6 dao ham moi cap trén R thod méan cac
diéu kién sau
i) Ton tai L sao cho | f™(z) |< L, Vn €N.
1
if) f(—) —0, VneN.
n
Chitng minh ring f™(0) = 0,¥n € N va f(z) = 0,Vz € R.

Gidi. Ta sé chiing minh bang phuong phap quy nap.
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) 1
Vi f lién tuc tai diém 0 nén f(0) = lim f(—) = 0. Theo dinh ly
n

n—oo
N 1 1
Rolle, ton tai x, € ( ;—) sao cho f'(z,) = 0. Vi f’ lién tuc tai
. n+1n
diem 0 va lim x, =0 nén f'(0) = lim f'(x,) =0.
n—oo n—oo

Gia st ton tai diay diém {a,} gidm nghiém ngit ctia R sao cho
lim a, = 0 vd f®(a,) = 0 véi moi n. Khi d6 theo dinh 1y Rolle, ton tai

n—oo

vy € (any1; ap) sao cho f*(q,) = 0. Hién nhien lim a, = 0. Vi f¢+1
n—odo

lién tuc tai diem O nén

FED0) = lim fE D (a,) = 0.

n—oo

Vay f®)(0) =0,k > 0, titc f(0) =0,Vn € N.
Ap dung cong thitc Taylor, ta dugc

(n)
f(:z:):f n('ex)x” (0<f<1), VexeR.
Do dé | f(x) §L|x" , VneN
n!

3.2 Giai phuong trinh va bat phuong trinh

Déi v6i dang bai tap ndy thi cac hé qua ctia dinh Iy Rolle t6 ra la
cong cu rat manh dé giai toan. Ki thuat dé giai mot sé bai trong phan
nay nhu sau:

+) Ta bién doi phuong trinh can gidi vé dang f(x) = 0.

+) Xét ham s6 y = f(z). Tim s6 nghiém cta phuong trinh f/(x) = 0.
Gia st phuong trinh f'(x) = 0 ¢6 n — 1 nghiém, khi d6 theo hé qua 1.2
thi phuong trinh f(x) = 0 ¢6 khéng qua n nghiém.

+) Chi ra cac nghiém ctia phuong trinh.

Bai 3.13. Bién luan s6 nghiém cta phuong trinh 2% = 22 + 1.
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Giai. Phuong trinh da cho dudc viét dusi dang
2" — 2 —1=0.
Dat f(z) = 2% — 2% — 1. R6 rang f(r) ¢6 dao ham moi cap trén R va
f(x) =2"In2 — 2z,

f(z) =2"In%2 — 2.

Tacoéd f'(x) =0 20 = ——.
f() In’2

> (0 nén phuong trinh f”(z) = 0 ludn c6 ding 1 nghiém. Khi

Vi
In
d6 theo hé qué 1.2, phuong trinh f/'(z) = 0 ¢6 khong qua 2 nghiém thuc

29

phan biét, suy ra phuong trinh f(z) = 0 ¢6 khong qua 3 nghiém thuc
phan biét.

Mat khac ta c6 f(0) = 0, f(1) = 0 va f(2).f(5) = —6 < 0, suy ra
dzg € (2;5) sao cho f(xg) = 0.

Vay phuong trinh da cho cé 3 nghiém phan biét

r=0,x=1,2=u1x0(zrg € (2;5)).
Nhan xét 3.3. Bai toan trén con dudc giai bang phuong phap do thi.
Bai 3.14. Bien luan s6 nghiém ctia phuong trinh

T
InT = —. 3.9
sing = 3 (3.9)

Giai. Ta c6 |sinz |[< 1,Vz € R. Vi vay, néu z thod man phuong trinh
(3.9) thi | z |< 3. Khi d6

(3.9) & 3sinx —x = 0.

Xét ham s6 f(z) = 3sinx —z. R6 rang f(x) 1a ham lién tuc, c6 dao ham
tren [—3;3] va f'(z) = 3cosx — 1. D& thay phuong trinh f'(x) = 0 ludon
c6 hai nghiém thuoc khoang (—m;x). Vi [-3;3] C (—mx;7) nén phuong
trinh f'(z) = 0 c6 khong qua hai nghiém thuoc khoang (—3;3). Do d6
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theo hé qué 1.2, phuong trinh f(z) = 0 c6 khong qué ba nghiém thudc
khoadng (—3;3). Mit khac, ta cé

f(0) =0,

f(g)f(?)) = (3—%)(381113—3) <0=3Jac (%3)  f(a) =0,
f(—g)f(—i%): (—3+g>(—381n3+3)<0

=dp e (—35—9 1 f(B) = 0.

Vay phuong trinh da cho luén c6 3 nghiém

r=0 r=a¢c (g;?)), r=0¢€ (—3;—%).
Nhan xét 3.4. Bai toan trén con dudc giai bang phuong phap do thi.
Bai 3.15. Giai phuong trinh
(1 +sinz)(2+ 4"7) = 3.45"7, (3.10)
Giadi. Dit sinz = y, véi dieu kien —1 < y < 1. Khi d6

- J(l +4)(244Y) = 3.4,

(3.10)
—l=y=<1
[ 3.4Y
_y_lzoa

&2+ (3.11)

\—1 <y<L

Xét ham s6 _ 34 1, ta cé

é amsof(y)—2+4y—y— , ta cé

6.1n4.4Y

/ -_—e—_— —

fl(y) =0< (49 + (4 —61n4d).4Y +4=0. (3.12)

Phuong trinh (3.12) 13 phuong trinh bac hai déi véi an 4Y nén c6 khong
qué 2 nghiém. Do d6 theo hé qua 1.2, phuong trinh (3.11) c6 khong qua
3 nghiem. M#t khac, dé thay phuong trinh (3.11) ¢6 3 nghiém
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Céac nghiém nay deu thod man diéu kien —1 <y < 1. Khi d6

y=0=sine=0=x=Fkm k €Z.

. . r =+ R2mkeT
y=§:>smx:§:> {x :%—l—ka,keZ
y:1:>Sinx:1:>x:g+k27T,k€Z-

Thit lai, cac gia tri ndy déu thod méan phuong trinh (3.10).
Vay, phuong trinh da cho cé cac ho nghiém la:

x = km, x:%—l—k%r, x:%—l—k%r, x:g+/€27r, (k€ Z).

Bai 3.16. Giai phuong trinh
3" =1+ x+logs(1 + 2x). (3.13)
N . 2 1
Giai. Dieu kién dée phuong trinh c¢6 nghia: x > —5 Ta c6

(3.13) & 3"+ =1+ 2x + logz(1 + 22)
& 3" 4+ logs 3° = 1+ 2z + logs (1 + 22)
< f(3%) = f(1 +2z),

voi f(t) =t +loggt, t>0.
RG rang ham f(t) = ¢t +logy t 1a ham dong bién trén khoang (0; +00),

nén ta co

f3) = f(1+22) <3 =1+22
&3 —2r—1=0. (3.14)

. . 1
Xét ham so6 g(z) = 3" — 22 — 1, vdi dieu kién = > —3 Tacé
g (x) =3"In3 — 2,

1
¢"(x) =3"In?3 > 0,Vz > —5-
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Do d6 theo hé quéa 2.1, phuong trinh g(z) = 0 (ttc la phuong trinh
(3.14)) c¢6 khong qua hai nghiém.
Mat khéc, thi tryc tiép ta thdy = 0 va £ = 1 thod man phuong
trinh (3.14), va d6 cting chinh 1a cac nghiém cta phuong trinh (3.13).
Vay, phuong trinh da cho cé hai nghiem z =0 va z = 1.

Chu y 3.1. Ta c6 thé si dung bat ding thiic Bernoulli dé giai bai toan

=0
trén nhut sau: (3.14) 37+ (1-3)zr =1 [ 1’
xr = 1.
Bai 3.17. Giai phuong trinh
5 4 127 = 67 + 11, (3.15)

Giai. Viét lai phuong trinh da cho duéi dang
12 — 117 = 6* — 5",
Gia st phuong trinh cé nghiém «, khi dé
12% — 11¢ = 6 — 5. (3.16)

Xét ham s6 f(t) = (t+1)*—t* (¢t > 0). Ro rang f(t) lién tuc va c¢6 dao
ham trén (0; +00), va

f(t) =aft+1)"" " =],

Mat khac, tit (3.16) ta c6 f(11) = f(5). Do dé theo dinh ly Rolle,
Je € (5;11) sao cho

f'(e) =0.
—af(c+ 1) — "1 = 0
[ac (1)) = 1 é[zz(l)?

Thit lai, ta thay cic gia tri a = 0,a = 1 thod méan phuong trinh (3.15).
Vay, phuong trinh da cho c6 2 nghiém x =0,z = 1.
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Bai 3.18. Giai phuong trinh
2010°°* — 2009°** = cos x. (3.17)
Giai. Viét lai phuong trinh da cho duéi dang
2010°°* — 2010 cos z = 2009°** — 2009 cos x.
Gia st phuong trinh cé nghiém «, khi dé
2010°° — 2010 cos v = 2009°*** — 2009 cos . (3.18)

Xét ham s6 f(t) = t“®* — t.cosa, ¢ > 0. R6 rang ham s6 f(¢) lién tuc
va ¢6 dao ham trén khoang (0; +00), va

f'(t) = cosa(t =t —1).
Mat khéc, ti (3.18) ta c6 f(2010) = £(2009). Do do6 theo dinh ly Rolle,
de € (2009;2010) sao cho

fl(c) =0=cosa(c®* ! -1)=0
cosa = () Oz:z—i-kﬂ, keZ.
| d

2
cosa =1 o =kor, keZ

Thit lai, ta thay cac gia tri a = g + km,o0 = k2n(k € Z) thod man
phuong trinh (3.17).
Vay, phuong trinh da cho cé cac ho nghiém:

x:g—Hmr, r=kK2nr (kelZ).

Bai 3.19. Giai phuong trinh x =275 .

Giai. Viét lai phuong trinh dudi dang

22— .
Xét ham s6 f(z) =25 — z. R6 rang f(z) lien tuc tren R, vA ta c¢6

2x1n2.2m2T_1

/
= —1
21n2 2. 4221n%2 2.
F'(z) = ; 255" +%.23 > 0,Vz € R.
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Suy ra ham s6 16i trén R, vi thé theo hé qua 2.1, phuong trinh da cho
néu c6 nghiém thi c¢6 khong qua 2 nghiem. Dé thay f(1) = f(2) = 0.
Do vay phuong trinh da cho ¢6 2 nghiem z =1 va z = 2.

Bai 3.20. Giai phuong trinh
VI+V3r+1l=o?+2+1. (3.19)

Giai. Diéu kién: z > 0.
Phuong trinh (3.19) & /z+ 3z +1 -2 —2—1=0.
Xét ham s6 f(x) = /o ++v32 +1—22 —2—1v6i x € [0; +00) ta co:

f'(z) = ! + ; — 2z —1
2V 23z +1 ’
1 9
f(z) = —2<0,Vz > 0.

4B 4Bz + 1)

Theo hé qué 2.1, phuong trinh (3.19) ¢6 khong qua 2 nghiém. Thi truc
tiép ta thidy x = 0,2 = 1 théa man phuong trinh.
Vay phuong trinh da cho c¢6 2 nghiém x =0,z = 1.

Bai 3.21 (Dé thi hoc sinh giéi TP Ha Noi nam hoc 1994 - 1995). Bat
phuong trinh

sin(x 4 1)+v/cos x — sin :L‘\3/cos(x +1) < {’/cos z.cos(zx+1)  (3.20)

c6 nghiém x = 5(Radian) khong? Tai sao?

Giai. Ta co

sin(x + 1) sin x
3.20) & — < 1. 3.21
( ) /cos(x +1) +/cosz ( )
sin(xz + 1) sin x
Dat = — .
 f(@) Ycos(z +1) +cosx
sin ¢ 3m

Xét ham ¢g(t) =

3

trén doan [z;z 4+ 1] C (—;27‘(’). R6 rang ¢g(t)
cost 2
2cos’t + 1

3vcostt

lien tuc va c6 dao ham ¢'(t) =
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Ap dung bat ding thic AM-GM cho 3 s6 cos®t, cos?t, 1, ta c6

2c08’t +1 = cos®t 4 cos’t + 1 > 3V cost t
2cos’t + 1

S =
3v/cost t

Tic ¢'(t) > 1,Vt € [z;2+ 1] C (377;277)

Ap dung dinh ly Lagrange cho ham g(t) trén [z;2 + 1] ta c6
gz +1) —g(x)

(x+1)—x
sin(z + 1) sinz  2cos’c+1

= — —
Jeos(x +1) vcosx 3v/costc

1.

= ¢'(c), (véi c € (z;x+1)).

> 1.

3
Nhu vay, Vz € [z;2 + 1] C (77‘—;27'(') thi f(z) > 1, max =25 €

3 .
(;; 27r>, cho nén z = 5(radian) khong phai 1a nghiém cta bat phuong
trinh (3.21)(cing 134 bat phuong trinh (3.20)).
Vay, bat phuong trinh da cho khong c6 nghiem x = 5(radian).

3.3 Su phan bd nghiém ctia da thitc va dao ham

Trong phan nay ching to6i quan tam dén ting dung ctia Dinh 1y Rolle
va cac hé qua cia né trong su phan bé cac khong diém ciia dao ham cac

ham giai tich, qua dé dé xét su phan bé nghiém ctia ham da thric.

Dinh nghia 3.1. S thuc x la khong diém ciia ham f(x) néu f(zy) = 0.
Khi f(x) la da thic va théa man f(xg) = 0 thi xy con goi la nghiém thuc
cta da thic ay.

S6 phitc g = a + ib,b # 0 théa man f(xg) = 0 thi xo dudc goi la
khong diém phitc cia ham f(x).

Dinh nghia 3.2. Ham f(x) duy tri dau trong khodng (a;b) néu
f(x) >0 Va € (a;b) hode f(x) <0 Vx € (a;b).
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Gia st khoang (a;b) duge chia thanh m + 1 khoéng con sao cho:
i) f(x) khong dong nhat triét tiéu trong mot khoang con nao.
ii) f(x) duy tri mot dau c6 dinh trong mdi khoang con.

iii) f(z) trai dau nhau trong méi cip khoang ké nhau.

Khi d6, ham f(z) c6 m lan ddi dau trong khodng (a;b).

Ta phat bieu mot dang khéac ctia dinh 1y Rolle.

Dinh 1y 3.3 (Dinh 1y Rolle). Néu a,b la hai khong diém ké nhau cia
ham f(x) (nghia la f(a) = f(b) =0, f(x) # 0 vdi a < x < b) thi trong
khodng (a;b) ham f'(x) c6 mot s6 Ié cdc khong diem (do dé cé it nhat
mot khong diem).

Dé chitng minh dinh 1y nay ta sé st dung két qua ciia bo dé sau day.
B6 dé 3.1. Gia st gia tri ctia ham f(x) tai cdc diém a va b khac 0. Khi
d6 khoang (a;b) chita mot s6 chin (hodc mot s6 18) cac khong diém ciia
ham &y néu f(a) va f(b) c6 cing dau (hoiic trai ddu nhau).

Chitng minh. Gié sit f(x) 1a ham da thic va oy, ag, . . ., as 1a cac khong
diém ctia f(z) trong khoang (a;b) v6i boi tuong tng 1a ki, ko, ..., ks va
a<oap<oag<---<a,<b Khido

fl@) = (z = a)"(x —ag)™ ... (z — a,)"g(2),

trong d6 g(z) # 0,V € (a;b) va dau ctia g(z) khong déi trong khodng

(a;b).
Do doé

F(B)g(b) = (b— 1) (b —az)* ... (b— a,)*[g(b)]* > 0 (3.22)

fla)g(a) = (a —a1)"(a — az)™... (a — a,)*[g(a)]”

suy ra
F(a)gla)(=1)trHhetth 5 g, (3.23)
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T (3.22) va (3.23) suy ra

f(a)g(a) f(b)g(b)(—1)MHhatth > .

Do dau ctia g(x) khong doi trong khoang (a;b) nén
fla) Fb)(=1)frrharthe > g,

Ta xét cac kha nang sau:

- Néu f(a) va f(b) cing dau thi (—1)MFFFk > 0, suy ra ky + ko +
-+ + ks 13 mot s6 chdn. Néi cach khac, khoang (a;b) chita mot s6 chn
cac khong diém.

- Néu f(a) va f(b) khac dau thi (—1)f+ket—+k < (0 suy ra ki + ko +
-+« + ks 13 mot s6 1&. Noi cach khac, khoang (a;b) chita mot s6 1é céc
khong diém.

Nhan xét rang, khi thay da thic f(x) b6i mot ham gidi tich thi két
qué bai toan trén vAn khong thay doi.

Bay gio ta sé ching minh dinh 1y trén.

Lay € > 0 du bé sao cho cac khoang (a;a + ¢), (b — ;b) khong chita
khong diem nao ctia f'(z). Khi d6, s6 khong diém ctia f/(x) trong khoéng
(a;b) bang s6 khong diém ctia f'(x) trong khodng (a + ;b — ¢). Ta c6

flate) = fla+e) = fla) =cf(a+e),

trong d6 0 < e; < e va

—flb—2e)=f(b) = flb—e)=ef(b—e2),

trong d6 0 < g9 < €.Vi

sign f(a+¢) = sign f(b—¢) #0

sign f'(a +¢) = — sign f'(b—¢) # 0.
Theo bo dé 3.1, ham s6 f/(x) chita mot s6 18 cac khong diem trong
khoang (a + ;b —¢) C (a;b).
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Hé qua 3.1. Néu trong khoang (a;b) ham f(z) c6 m khong diém thi
f'(x) c6 it nhat m — 1 khong diém trong khoang dé.

Giai. Nhan xét ring, néu tai diem = = 1, ham f(x) c6 khong diém
boi bac t > 0 (¢t € N) thi tai diém d6 f’(x) c6 khong diém baoi bac ¢ — 1.

Néu w1, 29, ..., 1) 12 cAc khong diem ctia ham f(z) sao cho
A<z <x9 << a1 <D,

Chia doan [z1; 2;] thanh k£ phan khong giao nhau, trong d6 gom mot diem
w1 v k — 1 khodng nita md (x1; 2o], (xo; 23], . . ., (v4_1; 2%). Khi chuyén
tit f(z) dén f'(x) ta thay:

Tai x = 2 s& mat di mot khong diém (theo nhan xét trén). Trong cac
khoang ntta md(xy; xo], (v2; 23], - .., (xx_1; xx] khong mat di mot khong
diém nao (theo dinh ly Rolle).

Do d6 néu trong khodng (a;b) ham f(z) c6 m khong diém thi trong
khodng d6 ham f/(z) c6 it nhat 14 m — 1 khong diem.

Nhan xét 3.5.
i) Két qua bai toan trén van ding néu thay khoang (a;b) bdi céc
nita khoang (a;b], [a;b) hay bdi doan [a; b] hodc chi 1a mot diem {w1}.
ii) Néu ham f(x) la da thic bac n va ¢6 n nghiém thuc thi f'(x)

c6 n — 1 nghiém thuec.

Bai toan 3.1. Chiing minh rang néu lim f(z) = 0 thi f'(x) ¢6 s6 lugng
T—00

cac khong diém trong khoang (a;+oc) khong it hon so v6i f(x) trén

khodng ay. Két qua van ding néu thay +oo bdi —oo.

Giai. Néu trong khodng (a; +00), f(x) c6 s6 cac khong diém 1a vo han.
Khi d6 theo dinh ly Rolle ta suy ra sé cac khong diém ctia f'(z) trong
khodng Ay ciing 13 vo han.

Gia sit trong khoang (a; +00) ham f(x) c6 s6 cac khong diém 1a hitu
han vi x,, 14 khong diém cubi cling ctia ham f(z) trong khodng ay. Khi
d6 theo hé qué 3.1 trong nia khodng a < z < x,, ham f'(x) c6 it hon
f(x) t6i da 1a mot khong diem.
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Xét trén khodng (x,,; +00) ta cé

T—00

lim f(z) = /OO f'(z)dx = 0.

nén f'(r) khong thé giit mot dau c6 dinh trong khodng (z,,; +00). Vay
tren khoang (a;+o0o) ham s6 f'(z) c6 s6 cac khong diém khong it hon
so véi ham s6 f(x).

Chtng minh tuong tu trong khoang (—oo;a).

Bai toan 3.2. Gia sit ham s6 f(z) c¢6 n khong diém trong khodng
(a; +00). Chitng minh rang véi moi s6 thuc a ham s6 af(z) + f'(x)
c6 it nhat n — 1 khong diém trong khoadng dé. Hon nita, néu théa man

diéu kién liIE e f(x) = 0 thi ham da néu c6 it nhat 1a n khong diém.
T—r+00

Giai. Xét ham g(x) = e* f(x) trén khoang (a, +00).

Ta c¢6 ¢'(x) = e“laf(z) + f'(z)]. Vi f(x) c6 n khong diém trong
khoang (a,+o0) va e* > 0, Vo € (a,+00) nén g(x) cing c6 n khong
diém trong khodng d6. Theo hé qua 3.1 thi trong khoang (a, +0c0) ham

g (x) = e"laf(z) + f(2)

c6 khong it hon n — 1 khong diem trong khodng dy. Suy ra ham sb
af(z) + f'(x) c6 khong it hon n — 1 khong diém trong khodng (a, +00).

Theo gid thiét IEIJPOO e f(x) = xgriloog(a:) = 0 va theo Bai toan 3.1 ta
thu dugc s6 khong diém ctia ham s6 ¢'(x) trén khodng (a, +00) khong it
hon so v6i g(x). Do d6 s6 khong diém ctia ham o f (z) + f/(z) c6 it nhat

13 n diém trén khoang (a, +00).

Bai toan 3.3. Néu trong khodng httu han (a, b) ham s6 f(x) c6 n khong
diém va thoid man mot trong cac dieu kién sau

6) signf(a) = sign '(a) £ 0,

(i) sign f(b) = — sign f'(b) # 0.

Chitng minh rang trong khoang (a,b) ham s6 f'(x) c¢6 khong it hon n
khong diém.
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Néu ca hai diéu kién dugc thod méan thi trong khoang (a,b) ham sb
f'(z) c6 khong it hon n + 1 khong diém.
Giai. Giad su sign f(a) = sign f'(a) # 0 va x1,29,...,2; 1a nhing
khong diém ctia ham f(z) thod man
A< T <To< - <1y

Ta chia nua khoang a < < z; thanh cac nita khoang con khéng giao

nhau
(a, $1], ($1, 332], cey ($zf1, 331]-
Vé6i € > 0 du bé thi
—flry—e) = flar) = flar —e) =ef'(a1 = p), 0<p<e,

két hop véi gia thiét ta suy ra

sign f'(a) = sign f(a) = sign f(xq —€) = — sign f'(xy — p) # 0.
Do dé theo bo dé 3.1 ta suy ra trong khoang (a, 1 — i) C (a,z1) ham
f'(x) c6 it nhat mot khong diem.

Tiép theo, d6i v6i cac khoang con khéc, theo bo dé 3.1, ta suy ra trong
doan [r1, ;] s6 nghiém ctia ham f(z) ¢6 it hon s6 nghiem cta f(z) t6i
da 1a mot nghiém.

Nhu vay néu trong khoang (a, b) ham f(x) c6 n khong diém thod man
diéu kien sign f(a) = sign f'(a) # 0 thi trong khoang d6 ham f'(x) c6
khong it hon n khong diém.

Tiép theo, néu f(x) thod man them diéu kieén (i7), thi bang lap luan
tuong tu nhu trén, ta thu duge

floi4e) = flo+¢e) — flz) = ef'(a +§),

trong d6 € > 0 du bé va 0 < £ < €. Suy ra

sign f'(b) = — sign f(b) = — sign f(z; + &) = — sign f'(z; + ).

Suy ra trong khoang (z; +¢,b) ham f’(z) con c6 thém mot khong diém.
Do d6 trong khoang (a,b) ham f’(z) c6 khong it hon n + 1 khong diém.
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3.4 Mot bai toan lién quan dén khai trién Taylor-
Gontcharov.

Nhu ta da biét, moi ham giai tich déu khai trién dugc thanh chudi
lity thita (chudi Taylor) tai diém tuong tng. Tuy nhién, ton tai nhing
ham s6 kha vi vo han (c6 dao ham moi cip) tai lan can mot diém ma
khong khai trién dugc thanh chudi lity thita tai diém d6. Trong phan nay,
dya vao dinh 1y Rolle, ta ciing xay dung dugc ham sé khong khai trién
dugc thanh chudi Taylor-Gontcharov tuong ing theo day diém phan biét
trong khoang da cho.

Truée hét ta xét ham Dirichlet xac dinh nhu sau:

e_m%, khi z # 0,
0, khi =z = 0.

D& thay fU)(0) = 0,¥n =1,2,3,... Vay nen ham fp(x) khé vi vo han
tai 0 vd dao ham moi cap tai 0 déu bang 0.
Tuy nhién ham fp(z) khong gidi tich tai 0. That vay, néu ham fp(z)

giai tich tai O thi tai lan can cta 0, ta c6 khai trién Taylor:

fp(0) . 13(0) = fp(0)
fo(x) = fp(0) + Dl! x + DQ! e SR :Z%DT:U”, |z |<e.
n=
Diéu nay khong thé xay ra vi vé phai dong nhat bing 0.
Dita vao dinh 1y Rolle va mot s6 mdé rong clia né ta sé chi ra sy ton
tai mot ham s6 h(z) kha vi vo han trong [0; 1], gidi tich trong (0;1) va
mot day diém {x,} trong (0;1) ma khai trién Taylor-Gontcharov dang:

M@:h@@+mfﬂ5@%+mgﬂ%@%%~
© p)(z,
:ZhT(,)Pn(x), |z |<e
n=>0 ’

khong thuc hién dugc.
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Xét ham sb
e " n?, khi z#0,
g(z) = ,
0, khi z =

Dé kiém tra rang
1N ) LN v
g@)= (14 5)e
nén ¢'(1) = 0 va 11I(I)l+ ¢'(z) = 0. Bang phuong phap quy nap toan hoc,
Tr—r
duya vao nhan xét sau day:

Ung véi moi da thitc Q(1), ta déu c6

lim Q(l)exl? — 0,

z—0+ x

ta dé dang kiém chiing

‘ ) (1) = —
xliggrg () =0, n=1,2,...

Vay néu dinh nghia

g'(z), khi z#0,
0, khi z = 0.

h(z) =

thi h(z) giai tich trong (0,1) va lien tuc trong [0,1] va ¢6 tinh chat
h(0) = k(1) = 0, nén theo dinh 1§ Rolle, ton tai x; € (0,1) dé h/(x;) = 0.
Tiép theo, 4p dung hé qué 1.3, ta suy ra ton tai day s6 duong (phan
biet) {x,} don dieu gidm trong (0,1) dé h(z,) = 0 véi moi n € N.
Vay ham h(z) giai tich trong trong (0, 1) va kha vi vo han trén [0, 1]
va mot day diém {z,} trong (0,1) tai d6 h(™(x,) = 0 véi moi n € N.
Tit day suy ra ham h(z) khong khai trién duge thanh chudi Taylor-
Gontcharov theo day diém {z,} trong (0, 1) vi néu c6 khai trién nhu vay
thi tir diéu kien A" (z,,) = 0 v6i moi n € N, suy ra h(z) = 0 trong (0, 1),

dieu nay la vo .

S6 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://'www.lrc-tnu.edu.vn



50
3.5 Chitng minh bat dang thiic.

Dé chiitng minh mot s6 bat dang thic, ta c6 thé xét ham sé phu va

ap dung tryc tiép cac dinh 1y vd hé qua da néu trong chuong 1.

Bai 3.22. Cho a, b, c,d 1a bén sé duong bat ky. Chitng minh rang

\9/abc+abd—|—acd—l—bcd - \/ab—l—ac+ad—|—bc+bd+cd

4 - 6 '

Giai. Do vai tro ctia a, b, ¢, d nhu nhau, nén ta cé thé gia thiét
a<b<c<d

Xét ham s6 f(z) = (z — a)(z — b)(z — ¢)(x — d). Ro rang f(z) kha vi

trén R. Tacd

f(z) = (z = a)(z = b)(z = ¢)(x = d))
=2~ (a+b+c+d)2’®+ (ad+ ac+ ad + be + bd + cd)z®
— (abc + abd + acd + bed)x + abed.

Suy ra
fl(x) =42° = 3(a+ b+ c+d)2® + 2(ad + ac + ad + be + bd + cd)x
— (abc + abd + acd + bed). (3.24)

Ap dung dinh Iy Rolle cho ham s6 f(x) trén cac khoang (a;b), (b; ), (¢; d),
khi d6 ton tai z1 € (a;b), 9 € (b;c), x5 € (¢;d) sao cho

f(x1) = f'(x2) = f'(x3) = 0.

Cha y rang f'(x) 14 mot ham bac ba clia & va ¢6 hé s clia s6 hang ¢

bac cao nhat 13 4 nén suy ra

f(x) = Al — z1)(x — 22) (7 — 23)
= 42 — 4(x1 + 2o + 23) 2% + 4(T129 + o3 + T324)T — 4T ToT3.
(3.25)
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Tir (3.24) va (3.25) ta thu dugc:

1
T1ToT3 = Z(abc + abd + acd + bed), (3.26)

1
T1Xo + ToTs + 13Ty = §(ab + ac+ ad + bc + bd + cd). (3.27)

Ap dung bat ding thic AM-GM cho 3 s6 z129 > 0, 2925 > 0, 2321 > 0,

ta co

3 (:I}1£C2£E3)2 S Tr1T9 + 51323563 + 563561' (328)
Thay (3.26) va (3.27) vao (3.28) ta c6 bat dang thifc can chitng minh.
Dau” =" x4y ra khi va chi khi a = b = ¢ = d.

Bai 3.23. Chiing minh rdang véi 2 s6 thuc a, b bat k¥ ta luon c6
| arctanb — arctana |[<|b—a | .

Giai. Néu a = b thi ddng thiic xay ra.
Néu a # b, thi do vai trdo cia a va b nhu nhau, ta cé thé gia st a < b.

Xét ham s6 f(x) = arctanz, rd rang f(x) lién tuc trén [a;b] va ta c6

/ .
fiz) = 1522 Va € [a;b].
Theo dinh 1y Lagrange, ton tai ¢ € (a;b) sao cho
f(b) — f(a)
() —
f (C) - b —a
Suy ra
| arctan b — arctan a | 1
NP
|b—a | 14 c?
Hay ta c6

| arctan b — arctana |[<|b—a | .

Bai 3.24. Cho 0 < a < b < ¢ va 0 < ¢ < p. Chting minh rang:

o1+ 0Pal + aPct > b + blaP + alcP. (3.29)
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Giai. Xét ham s6
f(x) = 2P 4+ bPa + aPz? — 2P — blaP — alxP.

Khi d6 bat dang thic (3.29) tuong duong véi f(c) > 0. Ta c6 f(b) =0
va
fl(z) = p(b? — aV)a~! + q(a? — VP)z 7

WP — aP
- B8

(3.30)

Ap dung dinh Iy Cauchy cho hai ham #? va 29 trén doan [a; D], ta c6

b’ — a? mpP~!
i b i D=t v6i a <m <b. (3.31)
—al gm q

Tir (3.30) va (3.31) ta c6
fl(x) = p(b? — a®)a? (2P~ —mP~9) >0, Vx> 0.
Suy ra f(z) dong bién trén khoang (b;c) nén
fle) > f(b) = 0.
T d6 ta c6 bat dang thitc can ching minh.

Bai 3.25. Cho ham s6 f(z) = cosayz + cosagz, VYV € R.
Goi m(ay, az) = min f(x). Chiing minh rang

m(ay,az) <0, Vay,as € R, ay,as #0.

sina|xr SN asx
Giai. Dat g(z) = —= 4+ "2 vz e R. Khidé
aq a9

g (z) = cosayx + cos agx = f(z).

C6 thé gia thiét 0 < a; < ay (do cosajx va cosasz 14 cAc ham chén).
Néu a; = ag thi f(z) = 2cosayz, ta c6
T

f(—) =2cosm=-2<0 = m(a,ay) <-2<0.
a1

S6 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://'www.lrc-tnu.edu.vn



53

Néu 0 < a; < as. Taco ¢(0) =0 va

3T 1 . 3m 1 . 3mas
(—) = —sln— + —sIn
aq 2 a9 2@1
1 1 3 1 1
in=— 2 <=4 = <0
aj a9 2a1 aj as

2&1

3
Theo dinh 1y Lagrange, 4¢ € (0; 2_7T

3r) _
o( )gm " _ 50 = 1) > mian, o).

2a1

. 9(3) - 9(0)

3
2(11

<0 nén m(ay,az) <0, Vaj,as € R.

Vay m(aj,a2) <0 v6i moi ay,as € R, va ay,as # 0.

4n? 1 n
Bai 3.26. Gia su S, = > pu} va Sy = Z € N.
k=1 k2 k=1
V6i nhiing gia tri nado cia n ta c6 57 < S

o:h—t

Giai. Xét ham f(z) = z2, (z
trén [1;+00), va ta c6 f'(z) =
Theo dinh 1y Lagrange, 3¢ € (k;k + 1), k € N sao cho

1). R rang f(x) lién tuc va c6 dao ham

>
I
—x7 2,
2

fk+1) = f(k) = f(c)
(k4 1)} — ké:%c—é<%
<:>/<;5>2[(k+1)% k}

Cho k chay tir 1 dén 4n? roi cong lai, ta dugc
Si=) —5>4n-2 (3.32)

Xét ham f(z) = 23, (z > 1). Ro rang f(z) lién tuc va c6 dao ham tren
2
[1;+00), va ta c6 f'(z) = gx_i
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Theo dinh 1y Lagrange, 3¢ € (k; k + 1) sao cho

f(k+1) — f(k)
sk+1) 7 g

Wi

s2(k+1)7 < 3 [(k: +1)i - k}

Cho k chay tit 0 dén n — 1 va cong lai, ta ducgc

22—<3n3<3n<8n—4
k:l

&Sy < 4n — 2. (3.33)

Tu (3.32) va (3.33) ta c6 S > Sy, Vn € N,
Nhu vay, khong ton tai n € N dé S; < Ss.

Bai 3.27. Chiing minh ring

sine( '/ cos(e — 1)) — sin(e — 1)v/cose > {’/cos(e —1)cose. (3.34)
Gidgi. Tacé6m>e vi e—1~ 171828 >g

sine > 0, sin(e —1) > 0,

cose < 0, cos(e—1) < 0.

Khi dé | o)
sin e sin(e —
3.34) & — > 1
(3:34) veose  $/cos(e — 1)
. sin x s s
Dat f(z) = Joosr v6i dieu kién x # B + km, k € Z.

RO rang ham f(x) lién tuc trén [e — 1,¢€] C (g, 7T> va ¢6 dao ham trén
khoang (e — 1;¢). Theo dinh 1y Lagrange, 3¢ € (e — 1;¢) sao cho

fle) = fle=1) = f'(c). (3-35)

2cos?z + 1

Mat khac, ta co .
fle) = 3v/cost
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Ap dung bat ding thitc AM-GM cho 3 sb cos? z, cos® z, 1 ta c6

2co8’x +1=rcos’z + cos’x + 1> 3Vcostz

2cos?x + 1
LN T s e fila) > 1.
3v/cos? ()
Dau "=" khong xdy ra véi z € [e — 1;¢€], do vay

fi(e) > L. (3.36)

T (3.35) va (3.36) ta thu duge f(e) — f(e—1) > 1,
sin e sin(e — 1)
hay

Tt d6 ta c6 bat dang thic can chitng minh.

> 1.

Bai 3.28. Ching minh ring v6i 0 < o < 8 < g thi

b — «

cos? o

b —«

cos? 3

<tanf —tana <

Giai. Xét ham s6 f(x) = tanz. R6 rang f(z) lien tuc trén [o; 8], c6

dao ham trén khodng (a; 8) va ta ¢ f'(z) = ——.
cos?
Theo dinh 1y Lagrange, Jc¢ € («; ) sao cho

(B — ). (3.37)

tan f — tana = —
cos? x
N 7-(- A~
V10<04<B<§nen0<cosﬁ<cosc<cosoz.
1 1 1
Tu do ta co 57— < 5~ < 5
cos*a  cos’c  cos’f
f-—a B-—a B-a
PV SPNCICE
cos*a  cos‘c  cos® 3

Tit (3.37) va (3.38) ta c6 bat dang thidc can chitng minh.

Suy ra

(3.38)

Bai 3.29. Chiing minh rang véin > 1(n € N) va 0 < a < b ta ¢6

na" (b —a) < b —a" <nb" (b —a).
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Giai. Xét ham s6 f(x) = 2", v6i x > 0.
Ro6 rang f(x) lién tuc trén (0; +00) va f/(x) = nz" 1. Khi d6 theo dinh
ly Lagrange, dc € (a;b) sao cho
f(b) = fla) = f(c)(b - a),
hay
b" —a" =nc" (b —a) (3.39)

Dob—a>0vaa<b<cnén taco

na" (b —a) <nc" (b —a) <nb"b—a). (3.40)
Tit (3.39) va (3.40) ta c6 bat dang thitc can chitng minh.
Bai 3.30. Cho t > 0 chitng minh bat ding thic

1 \t+1 I\t
1 —) > (1 —) .
( i Ty
Giai. Xét ham sb

f(z) =zln (1+§> =z[ln(z+1) —Inz], véi = > 0.

Ta c6
f’(x)zln(:tt-l—l)—ln:lf—l—x( ! —1)
r+1 =
1
=In(z+1)—Inx — 1 (3.41)

Xét ham s6 g(y) = Iny trén doan [z;z + 1]. R6 rang g(y) lién tuc trén
1
[z;x + 1], ¢c6 dao ham trén khodng (z;x + 1) v ta ¢6 ¢'(y) = —.

Yy
Theo dinh 1y Lagrange, 3¢ € (z;x + 1) sao cho
g(z +1) = g(z) = ¢'(c)(z + 1 — z),
1
nghialatacé In(x+1)—Inz=-.
c
1
Vio<z<c<z+1l=-> , do do
c x+1
1
1 1)—Inx > ——
n(zx+1)—Inz 1
<1 1) —Inz — > 0. 3.42
n(z+1)—Inz ] (3.42)
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Tu (3.41) va (3.42) ta thu duge f'(x) > 0,V > 0 suy ra f(z) la ham
dong bién trén khoang (0; +00).
Nhu vay, v6i t > 0 ta c6 f(t+ 1) > f(t), hay ta c6

(t+1)1n(1+x_1|_1> >t1n(1+%)

=1In (1 + H%)Hl > In (1 + %)t (3.43)

Do tinh dong bién ctia ham g(y) = Iny, nén tu (3.43) ta suy ra

' 1 \i+1 ' 1Nt

E— > -] .
(1+57) > (+3)
Bat dang thitc dudc ching minh.

Nhan xét 3.6. Ta da biét, néu n 1a s6 tu nhién, ta ludn cé

1 n+1 1\ 7
(1+—) >(+-). (3.44)
n—+1 n

Nhu vay, bat dang thic trong bai trén 13 md rong cta bat ding thic

(3.44) (Tw cac s6 ty nhién ra mot s6 duong tuy ¥).

V6i bat dang thiic (3.44) ta c6 cach chitng minh rat ngédn gon nhu
sau: |
Ap dung bat ding thic AM-GM cho n + 1 s6 gom n sb (1 + —) vy
n

s6 1, ta co
1 1 1
(14 )+ (1) +et (14 ) +1 —
n n n = il (1+_)
n—+1 - n
1 n+1 1\ 7
s+—=) >(1+2).
n+1 n

Bat dang thitc dugc ching minh.

Bai 3.31. Cho n € N*. Chting minh rang

"1 —x <

1
, Vo e (0;1).
V?2ne ( )
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Giai. Bat dang thic da cho tuong duong véi

1
" (2n — 2nx) < - (3.45)
e

Ap dung bt ding thitc AM-GM cho 2n sé duong = va s6 duong 2n—2n,

ta co

r+ax+---+x+2n—2nx

2”+\1/:U2”(2n — 2nx) <

2n+1
=220 — 2nz) < (:c +r+--+r+2n— 2na:>2n+1
2n+1
¢$xm%2n——2nx)§;<2;¥i1>2mH (3.46)
Ta sé chitng minh -
(2;¥i1> i <:é' (3:47)

That vay, ta co

9 2n+1
(MU@h( ”) <Ine!

2n+1
S (2n+1)[In2n —In(2n+1)] < —1
1
& In(2 1) —In2n > .
n(2n+1) —In2n ——

Ap dung dinh 1y Lagrange cho ham sé f(z) = Inz trén doan [2n; 2n+ 1],
khi d6 dc € (2n;2n + 1) sao cho

1 1
ln(2n+1)—ln2n:f’(c):—>2 1
¢ 2n

Nhu vay ta c6 bat dang thitc (3.47).
Tt (3.46) va (3.47) ta thu duge bat dang thiic can chiing minh.

Bai 3.32. Gia su ay, a9, a3, ay > 0 va
(z + a1)(z + a)(z + a3)(x + ay) = 2* + 4P12® 4+ 6 Pix* + 4Pz + P}

(B> 0Véii=1,..4).
a) Tinh Pl, PQ, Pg, P4?
b) Chitng minh rang P, > P, > P3 > P.
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Giai. a)Tinh Pl, PQ, Pg, P4.
Ta c6
(z + a1)(z + a)(x + a3)(z + ay) = 2* + (a1 + ay + az + ay) 2’
+ (a1a2 + a1ag + a1a4 + agas + asas + a3a4)x2

+ (a1a2a3 + arasaq + a1a3a4 + azazas)T + a1a2a304.
Dong nhét thitc cac he s6 ta dugc
(
4P = ay + az + az + ay,

6P22 = a1a2 + a1a3 + a1a4 + asas + asay + azay,

4P} = ayasas + a1asaq + ajazas + asazay,

4 _
\P4 = a1a9a3a4.

(

P =
Py =

(a1 + a9 + as + a4),

=

1
i(a1ag + a1a3 + a1ay + azas + azay + azay),

¢
== <

3/1
Ps 1(araza3 + aragay + ayazay + azazay),

| Pi = araza3a4.
b) Chitng minh rang P, > P, > P3 > P,.

+) Theo dinh Iy AM-GM ta c6 ngay P, > P;.

+) CM: P, > P,.

Da thic P(x) = 2' + 4Pya® 4+ 6 Pi2? + 4Pjx + P} ¢6 4 nghieém, vi thé
theo hé qua 1.1 thi P”(x) c6 it nhat 2 nghiém, ma ta c6

P’(z) = 120% + 24Pyx + 12P;.

P"(x) c6 hai nghiem < A" >0< P> P, (vi P, > 0,P, > 0).

) CM: P, > P

Ta c6 P'(z) = 4(2® + 3P1a* + 3Pjx + P3).

Dat 2 = % thi ta c6 P'(z) = 2%(1 + 3Pyt + 3P;t* + P3t?). Dé thay da
thitc P'(x) c6 3 nghiem am nén da thic Q(t) = (1+ 3Pt + 3P3t* + Pjt3)
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ciing ¢6 3 nghiém, suy ra Q'(t) ¢6 2 nghiém.
Ma Q'(t) = 3(Pjt? + 2Pt + Py).

@' (t)c6 2 nghiem & A’ >0 Py — PyP, > 0
& P> PP > PP, (ViP,> P, >0)
P >PleP>P
+) Theo dinh Iy AM - GM ta dé dang chiing minh duge P3 > Pj.
Bai 3.33 (Olympic Nga ). Cho phuong trinh
apx” + a1z -+ a1 x4+ a, =0.(a; #0,i=1,2,...,n)
c6 n nghiém phan biét. Chiing minh rang
(n —1)aj > 2nagas.

Giai. Xét da thic f(x) = apa"™ + a12™ ' + -+ + a,_17 + a,. R6 rang
f(z) kha vi vo han lan trén R. Vi f(x) c6 n nghiém phan biét, nén theo
hé qua 1.1 thi

f'(x) c6 it nhat n — 1 nghiém,

f"(z) c6 it nhat n — 2 nghiém,

f0=2(x) c6 it nhat 2 nghiem.
|
Ma ta c6 f"2)(z) = %aoxz + (n— Dlayz + (n — 2)las.

F"=2(2)c6 2 nghiem phan biet < A > 0
& [(n — 1D)!ai]* — 2nlag(n — 2)lay > 0
& (n—1)al > 2nagas.

Ta c6 diéu phai chiing minh.
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Chuong 4
Bai tap bo sung

Bai 4.1. Chting minh rdng véi a, b, ¢ tuy y, phuong trinh
acos3x +bcos2x +ccosx +sinz =0

luén ¢6 nghiém thuoc doan [0; 27].
(D& thi tuyén sinh DH khéi A - DHQG - 1999).

Huéng dan giai. Xét ham sb

1
f(x) = §asin3x + —bsin 2z + csinx — cos x.

va 4p dung dinh Iy Rolle trén doan [0; 27].
Bai 4.2. Chiing minh rang néu phuong trinh

ant” + ap 12" Pz +ag=0

a Ay a
thoa man he thic —— + ——L 4+ ... + =L + gy = 0 thi phuong trinh c6
n+1 n 2

nghiém trong khoang (0;1).

Hudéng dan gidi. Xét ham s6 f(r) = a, 2"+ a, 12"+ + a12 + ag
va ap dung dinh ly 3.1.

Bai 4.3. Chiing minh rang phuong trinh sau c6 nghiém

T — 1

T
- — 0.
V2 V1 — a2

T arccosr —
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\/5)_ mx — 1

Hudéng dan giai. Xét ham sb f(z) = 7T<arccosx— vy
g dan g f( 1) W N
ap dung dinh 1y Rolle trén doan [—; ﬂ :
m

Bai 4.4. Cho ham s6 f(z) thod man dong thoi cic tinh chat sau day
i) f(z) x4c dinh va ¢6 dao ham cap (k — 1) lién tuc trén doan
[a; 0], (1 < k <mn).
ii) f(z) c6 dao ham cap k trén khoang (a;b).
i) f(xo) = f(z1) == flap) véia<xp <o < - - <z <b.
Chitng minh rang trong khoang (x¢;x)) ton tai it nhat (n — k + 1)
diém ¢ sao cho f#)(€) =0, v6i moi k = 1,2,...,n.
Huéng dan gidi. Ap dung dinh 1y Rolle.

Bai 4.5. Cho ham s6 f(z) kha vi trén doan [a; b] va théa man diéu kién

fla) = f(b), f(x) # 0,Vz € (0 = a;b).
Chting minh réng ton tai day {z,}, z, € (a;b) sao cho

lim f'(xn)
e (e — 1) f ()

Hudéng dan gidi. Véimdin =1,2,3,..., xét ham s6

Gule) = cap( — 220) fa).

n
Bai 4.6. Cho ham s6 f(x) lién tuc va ¢6 dao ham trén doan [0;1].
Gia st f(0) = 0, f(1) = 1. Ching minh réng ton tai hai s6 a, [ véi
0 < a< B <1sao cho

= 2010.

fi(e).f'(8) =1L
Huéng dan giai. Xét ham s6 g(z) = f(z) +z — 1.
Bai 4.7. Chiing minh rang phuong trinh
2(z* —x — 2) cos 22 = (1 — 2x) sin 2z

c6 it nhat ba nghiém phan biét trong khoang (—1;2).
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Huéng dan giai. Xét ham s6 f(r) = (22 — x — 2) sin 2.
Bai 4.8. Gia su g + g + ¢ = 0. Chitng minh rang phuong trinh
a2*" +b2" +c=0
luén c6 nghiém.
Hudéng dan giai. Dit t = 2%,¢ > 0 va xét ham s6
F(t) = gt?’ + g# +ct.
Bai 4.9. Giai phuong trinh 2% —logy(z +1) — 1 = 0.
Huéng dan giai. Xét ham s6 f(z) = 2% — logy(x + 1) — 1.
Bai 4.10. Giai phuong trinh
2TTT 4 198 — g 7T
Huéng dan gidi. Viét lai phuong trinh duéi dang
12.%‘2—1‘ o 7,@2—5(} — 75(72—1‘ o 2:172—33
Gi4 stt phuong trinh ¢6 nghiém a, ta xét ham s6 f(t) = (t45)* @ —** o,
Bai 4.11. Xac dinh s6 nghiém ctia phuong trinh sinz = %
Huéng dan giai. Xét ham s6 f(z) = 8sinz — .
Bai 4.12. Cho a — b+ ¢ = 0. Chting minh réng phuong trinh
asinx + 9bsin 3z + 25csin bz = 0
¢6 it nhat 4 nghiém trén doan [0; 7.
Huéng dan giai. Xét ham f(z) = asinz+ bsin 3z + csin 5 trén [0; 7).
Bai 4.13. Chiing minh rdng v6i moi s6 thyc a, b phuong trinh
a(25sinbx — sinx) + b(49sin 7Tx — 9sin 3x) = 0

¢6 it nhat 7 nghiém trén doan [0; 27].
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Hudéng dan giai. Xét ham s6 f(z) = asinz+bsin 3z —asin 5z —bsin 7z
trén [0; 27].

Bai 4.14. Cho 0 < a < b. Chttng minh réang:

b—a b b—a
<ln-< )
b a a

Huéng dan giai. Xét ham s6 f(z) = Inz trén doan [a;b] va ap dung
dinh ly Lagrange.

Bai 4.15. Chiing minh rdang v6i moi a, b ta c6
| sina —sinb [<|b—a|.
Huéng dan gidi. Xét ham sé f(x) = sinx va ap dung dinh 1y Lagrange.

Bai 4.16. Cho a < b < ¢ chitng minh rang:

3a<at+b+c—Va2+b+c—ab—be—ca

<a+b+ec+Va2+b2+c2—ab—be—ca< 3c.

Huéng dan gidi. Xét ham s6 f(z) = (x —a)(x —b)(z — ¢) va ap dung

dinh Iy Rolle.

Bai 4.17. Cho 0 < a < b. Chting minh rang

b= 0 arctanb fana < ~—1
rctan b — arctan :

[ < arcta arctana < -——;

Huéng dan giai. Xét ham s6 f(z) = arctanx va ap dung dinh 1y

Lagrange.

Bai 4.18. Cho f(z) = aysinbjx + agsinbex + - - - + a, sin b,x.
Gia st | f(x) |<|sinz |,Vo € [~1;1]. Chitng minh rang

1=1

Hudéng dan giai. Xét ham sb

f(z) = arsinbyz + agsinbox + - -+ + a, sinb,x

va ap dung dinh 1y Lagrange.
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Két luan

Luan van "Dinh 1y Rolle va mot s6 4p dung" nham gidi thiéu mot s6
ting dung ctia Dinh 1y Rolle trong tap s6 thuc, chti yéu nghién citu mot
s6 dang toan thudng gap & chuong trinh pho thong, da dat dudc nhiing
két qua chinh nhu sau:

Phat bieéu va ching minh dinh 1y Rolle, dinh ly Lagrange, dinh ly
Cauchy v& mot s6 dinh 1y mé rong. Stt dung dinh 1y Lagrange dé chiing
minh tinh chat dong bién, nghich bién ctia ham sb lién tuc trén mot
khoang, chting minh mot s6 tinh chat ctia ham s6 161, 16m kha vi bac hai
va bat dang thitc Karamata. Tiép theo gi6i thiéu mot sé bai toan cu the
lien quan dén do gan déu cla tam giac c6 st dung cac tinh chat trén.

Neéu ting dung cuia dinh 1§ Rolle v cac dinh 1§ md rong trong mot s6
dang toan dai s6 nhu giai phuong trinh va bat phuong trinh, bién luan sé
nghiém ctia phuong trinh trén mot khoang, chiing minh bat dang thrc.
Phat biéu va ching minh mot sé bai toan vé su phan bé nghiém cia da
thic va dao ham.

Ngoai ra, luan vin cé dé cap dén mot bai toan lién quan dén khai
trien Taylor-Gontcharov. Dua vao dinh 1y Rolle va mot s6 mé rong cia
dinh 1y Rolle xay dung mot ham s6 giai tich trong khoang (0; 1), kha vi
vo han trong doan [0; 1] vA mot day diém {z} trong (0; 1) ma khai trién
Taylor-Gontcharov khong thuc hién dugc.

Phan cudi ctia luan van, tac gia giéi thieu mot s6 bai tap tiéu biéu
dudgc lua chon tit cac dé thi Olympic toan khu vuc va Qudc té, cac ki thi
Olympic sinh vién toan quéc. Méi bai tap déu c¢6 huéng dan cach giai.

Tac gid cling nhan thay rang mot s6 van dé dit ra trong noi dung cta
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luan vin can thém nhiéu thoi gian va nd luc hon nita dé tiép tuc hoan
chinh nhu tim hiéu thém céc kién thitc vé ham gidi tich, vé khai trién
Taylor-Gontcharov. Dac biét hé thong cac bai tap 4p dung cho chuyén
dé nay can dudc sang tac nhiéu va phong phi hon nita. Ngoai ra, dng
dung cua dinh 1y Rolle trong cac bai toan hinh hoc, md rong cia dinh
Iy Rolle trong tap sé phiic,...cling rat da dang va phong phti ma luan
van nay chua dé cap dén. Tac gid hy vong trong thoi gian t6i sé tiép tuc
duge tim hiéu, nghién cttu nhitng van dé da néu & trén.

Mic dit da hét stc c6 gang va nghiém tac trong qua trinh hoc tap va
nghién cttu khoa hoc nhung do thai gian va kha ning c6 han, chic chin
luan van nay con cé nhitng thiéu sét. Tac gid mong nhan dugc nhiéu
v kién dong gop ciia quy thay gido, co gido va cac ban dong nghiép dé

luan vian dugc hoan thién hon.
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