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MG dau

Dong nhat thiic va bat dang thitc trong tam giac 1a mot chuyén muc
hap dan déi véi nhitng ngudi quan tam t6i Hinh so cap. Day 1a mot manh
dat da duodc cay x6i qua nhiéu qua nam thang. Van dé dat ra: Lam thé
nio dé c6 dong nhat thiic v bat dang thiic méi trong tam giac.

Tam giac 1a mot hinh quen thudc ddi véi tat cd moi nguoi. Thong
thuong, khi xét bai toan hinh hoc nguoi ta thuong phai dung dén thudc
ké, compa va giai quyét bai toan ay qua hinh vé. Nhung cach lam nhu
vay rat kho phat hién ra he thic méi. Chung ta cang khoé xay dung dudc
bai toan v6i nhiéu dai lugng ctia tam giac. Do c¢6 qua nhiéu két qua trong
tam gidc nén xuat hien cau héi thit nhat: C6 the xay dung duge két qua
méi hay khong? Nhiéu ngudi sit dung lugng giac, hinh vé, phuong phap
dién tich,v.v... dé tao ra két qua. Theo ching toi, nhiing cach xay dung
nhu vay rat khé dua ra heé thic cho tam gidac ma c6 nhiéu thanh phan
tham gia. RAat ty nhién, xuat hién cdu héi thi hai: Xay dung két qua
nhu thé nao? Bai toan dit ra: Xay dung dong nhat thic va bat dang
thiic trong tam gidc. V6i luan van nay, ching toi mong mudn giai quyét
dudc mot phan nao dé thude bai toan trén.

Luan van dudc chia ra lam ba chuong.

Chuong 1. Kién thiic chuan bi.

Chuong nay tap trung trinh bay vé mot sd bat ding thic. N6 bao gom
cac muc: Bat ding thic qua tam thitc bac 2, bat ding thic Jensen qua
ham 161 v bat dang thitc Muirheard, Karamata. Ngoai ra, dé phat hien
ra mot sd6 bat dang thiic khac nita cho tam giac ching toi da chon ra
mot s6 ham tuong tng v6i muc dich dat ra.

Chuong 2. Mot sé6 dong nhét thiic va bat dang thiic trong
tam giac.

Day 1a noi dung trong tam ctia luan vian. N6 bao gom cac muc sau: Muc
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2.1 tap trung xay dung mot s6 da thic bac ba lién quan tam giac. T
nhitng da thtc nay ta da c6 thé phat hién ra mot s6 dong nhat thic
va bat ding thic méi trong tam gidc. Muc 2.2 tap trung xay dung va
ching minh lai mot s6 bat dang thic trong tam gidc qua viéc st dung
cac két qua 6 Chuong 1. T cac két qua dat duge ching ta sé phat hién
ra nhitng tam giac dic biét v6i diéu kién ban dau dit ra 6 Muc 2.3.

Chuong 3. Trinh bay mot s két qua cta J.Liu [8] va cua
Klamkin [7].

Chuong nay danh dé trinh bay viéc khai thac mot bai toan véc to trong
mit phang 6 Muc 3.1. Muc 3.2 trinh bay lai mot sé két qua ctia J. Liu
trong bai bao [8]. Muc 3.3 trinh bay lai két qué ciia Klamkin trong [7].

Luan van nay dugc hoan thanh véi sy huéng dan va chi bao tan tinh
cua PGS, TS Dam Van Nhi. T day long minh, em xin dugc bay t6 long
biét on sau sac dbi v6i sy quan tam, dong vién va sy chi bao huéng dan
ctia thay.

Em xin tran trong cam on téi cac Thay, Co gido trong Trudng Dai
hoc Khoa hoc - Dai hoc Thai Nguyén, phong Dao tao Truong Dai hoc
Khoa hoc. Ddng thsi tac gid xin gti 16i cAm on t6i tap thé 16p Cao hoc
Toan K4 Truong Dai hoc Khoa hoc da dong vién gitp dé toi trong qua
trinh hoc tap va lam luan van nay.

Tuy nhién do su hiéu biét cia ban than, diéu kién thoi gian va khuon
kho ctia luan vin thac si, nén chic ring trong qua trinh nghién ciu
khong tranh khoi nhitng khiém khuyét. Tac gid rat mong dudc su chi day
va dong goép ¥ kién ctia cac Thay, Co gido va quy vi ban doc déng goép
¥ kién dé luan van dudc hoan thanh tét hon.

Thai Nguyén, ngay 10 thang 10 nam 2012
Tac gia

Nguyén Thi Ut



Chuong 1
Kién thitc chuan bi

1.1. BAt dang thitc qua tam thiic bac hai

Xét tam thiic bac hai f(x) = az? 4+ bx +c,a # 0, A = b*> — 4ac. Ta c6

cac két qui sau day:

a>0

Dinh 1y 1.1.1. f(x) > 0 v6i Vo khi va chi khi { A<o

Dinh ly 1.1.2. f(2) > 0 vdi Va khi va chi khi

Dinh 1y 1.1.3. f(z) < 0 vdi Va khi va chi khi { a <<0
Dinh 1y 1.1.4. f(z) < 0 v6i Vo khi va chi khi {

Dinh 1y 1.1.5. f(z) = 0 ¢6 nghiém x1,xs khi va chi khi A > 0. Khi
do: f(z) = alz —z1)(xz —x9) va a  Thong thuong ta chon

T < 9.

Dinh 1y 1.1.6. 1 < o < x5 khi va chi khi af(a) < 0.

Dinh 1y 1.1.7. a < 2 < @ khi va chi khi { 220

Dinh 1y 1.1.8. 2, < 22 < a khi va chi khi { 820




1.2. BAat dang thic Jensen

Muc nay trinh bay Bat dang thiic Jensen. N6 sé dugc st dung dé
ching minh mot sé bat ding thic trong tam giac. Trude tién ta ching
minh bat dang thic nay.

Dinh nghia 1.2.1. Ham s6 y = f(x) dugc goi la ham 16i, (xudéng phia
duéi), trong khodng (a;b) néu véi moi a < z1,x2 < b va moi « € (0;1)
luon c6 bat dang thiic:

af(z1)+ (1 —a)f(z2) = f(az + (1 — a)zs).

Dinh nghia 1.2.2. Ham s6 y = f(z) dugc goi 1a ham 16m, (len phia
trén), trong khodng (a;b) néu véi moi a < x1,z9 < b va moi a € (0;1)
luon c6 bat dang thec:

af(z1) + (1 — a)f(z2) < faz + (1 — a)zs).

Ménh dé 1.2.1. Gidsity = f(x) xac dinh va lién tuc trong (a;b) véia <

b. Ham y = f(x) Ia I6i trong khodng (a;b) khi va chi khi flw) = fzy)
r— X
— 12y f(a)
fx2) — f(=) hogc |1 x f(x) | = 0 vdi moi x1,x,29 € (a;b) théa
To — T
1 i) f(CL‘Q)

man r; < r < T9.
Ching minh. Gia st y = f(z) la ham 10i trong khoéng (a;b). Vdi
x1,2,79 € (a;b), 11 < & < x9, c6 bicu dién:

To9 — X r — T

x1 + T, f(z) < f(z1) +
To — I To — I To — T o — T

T9 — X Tr — T

Tr =

f(z2).

Nhu vay c6 bat dang thiic (xo—x) f(z1)+ (21 —22) f(2)+(x—21) f(22) = 0
1 I f(.%’l)

hay bicudiéndang | 1 x  f(z) | > 0. Diéu nguge lai 1a hién nhien. [
1 zy f(x2)

Meénh dé 1.2.2. Gi4 sit y = f(x) xac dinh va lién tuc trong khoing

(a;b) va c6 dao ham hitu han f'(z). Khi d6 y = f(x) la ham Ioi néu va

chi néu f'(x) l1a ham khong giam trong (a;b).
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Chiing minh. Gid st y = f(z) 13 ham 16i trong khodng (a;b). V6i
r1,T,x0 € (a;b),ry < = < x9, ¢6 hai bieu dién sau day: x =
now oo L@ @) S@) = @) e ) -

Ig—xlxl To — I r — T = To — X

lim f(x) B f(xl) < f(xQ) B f(xl) < lim f(x2) B f(x) _ f/(ZUQ). Nhu

T—T1 Tr — T To — X1 T—T2 9 — X

vay f'(z1) < f'(x2). Nguogc lai, gid thiét f/(z) 1a ham khong gidm trong
f(x) - f(xl) _ f/(Oé) va,

f(z2) — f()

r— X
To—1 f'(B), trong d6 x1 < a <z < B < x2. Vi f'(a) < f'(B)
S —

suy ra f(@) = flz1) < flwe) = f(x) Vay y = f(x) la ham 16i theo Ménh
r— I To — T

de 1.2.1. L]

(a;b). V6i z1,x,29 € (a;b), 11 < x < 5 ta cb

Tu Menh dé 1.2.2 suy ra ngay két qua duéi day:

Dinh 1y 1.2.1. Gi4 thiét y = f(x) xac dinh va lién tuc trong khodng
(a;b). Gia st f(x) c¢6 dao ham f'(x) ciing lién tuc va c¢6 f”(z) hitu han
trong khoang (a; b). Khi d6y = f(z) Ia ham 16i néu va chi néu f”(z) > 0
trong (a;b).

Dinh 1y 1.2.2. [Jensen] Néuy = f(x) la ham I6i trong khoang (a; ) thi

v6i moi ay, . .., a, € (a;b) va moi s6 thuc ay,...,a, > 0,3 ap=1,n>
k=1
2, ta luon cé bat dang thitc dudi day: o f(ay) +oof(ag)+- - -+ anfla,) =

flaray + asas + - -+ + apay).

Chitng minh. Quy nap theo n. V6i n = 2 két luan hién nhién ding

theo dinh nghia. Gia st két luan da ding cho n > 2. Xét n + 1 diém
n+1

a1, .., Gn, ane1 € (a;b) va cac s6 thuc ag,...,an, ane1 = 0,3 o = 1
k=1
N o « Q1 .y
va oy > 0. Dat b, = ———a, + ————a,41 € (a;b). Theo gia
oy + Qpi1 Qy + Opi1

thiét quy nap ta co:
flaay + azag + - + ay 10,1 + QpGy + Qi 1Gp 1)

= flarag + avas + -+ ap_q1a,-1 + (a + apy1)by)
> aif(ar) +asf(ag) + -+ ap_1f(an—1) + (o + ant1) f(by).



Vi f(bn) _ f( Oy, 4 Qpi1 an+1) S Ofnf(an) +an+1f(an+1)

An =
079 + Apt1 079 + Q41 7% + (070N | 079 + Op+1
n+1 n+1

nén > ayf(ar) = > f(arag). Nhu vay dinh 1y da duge ching minh. [
k=1 k=1
Chu y: Déi v6i cac ham s6 16m ta c6 dau bat ding thic ngudc lai.
Vi du 1.2.1. Gia thiét s6 nguyén n > 2. Chiing minh bat dang thiic:

el (i, 2
k-1 = on  2n.3" /)

k=1

de' gidi. Vi f(x) = Inz,z > 0, la ham 16i nén theo dinh ly 1.2.2 ¢6

<§jln3k_1> [(éln 3“1)]:1D< = 2.?;>.T1‘1’
k

. no3% — 1 3 3 "
day suy ra bat dang thrc kH1 1 S (3 — 2— 5 3n) . O

n

Hé qua 1.2.1. VGi ay,...,ap,b1,...,bp,01,...,00 > 0,> ap = 1 va
k=1

n > 2, ta luon cé cac bat dang thitc dudi day:

n n
(i) > ogar = ] ap*

k=1 k=1
n n

(i) TI(ar+be)* = I a* + IT 03"
k=1 k=1 k=1

m m ay m n
(i) ] (Z akj) = > 11 a;f vdi moi ay; > 0.

(iv) [Cauchy] > ar =>ngl ] ar.
k=1

Chitng minh. (i) Xét ham 16m f(z) = Inz. Theo Dinh 1y Jensen ta c6

In ( I agk> = > arlna; <In ( > ozkak). Do [] ap* < > apay.
k=1 k=1 k=

(i) Do Zn: o, @ > ﬁ (L)ak, i o,

=1 ap +br T 5 \ap + by =1 ap+br T g

n (0%
theo (i) nén sau khi cong hai vé duge 1 > T[] s ) s
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n

n b @ N Z ?
I1 ( i ) g Qua quy dong ta nhan dugce bat dang thic [] (ar +

f=1 N+ by k=1
n n
b > T a2t + T 4.
k=1 k=1 |
(iii) St dung (ii) dé quy nap theo m sé dugc (iii). Véia; = - -+ = a,, = —,
n

tu (i) suy ra (iv). O
1.3. BAt ding thidc Karamata, Schur, Muirheard

Bo n s6 thuc (a) = (ay,as, ..., a,) thba man a; > as > - -+ > a, dudc

goi 1a bo s6 khong tang. Dat |(a)| = a1 + as + - - - + a,. Trong tap hop
tat ca cac bo s6 khong ting A = {(a) = (a;)} ta dinh nghia quan hé thi
tu: Gia st (a) = (ag), (b) = (bg) 1a hai bo s6 khong tang. Dinh nghia

(@) = (b) Khivachikhi ai+ -+ ap = b+ +b,Vhk=12 .. n
Con néu c6 k dé ay + -+ +ap > by + -+ + by thi ta viét (a) > (b).

Dinh nghia 1.3.1. Gi4 st ¢6 hai bo s6 khong tang (a) = (ay, as, . .., ay)
va (b) = (b1, b, ..., b,). Bo (a) dugc goi 1a troi hon (b) néu cac diéu kien
ap+---+ap, =by+---+ by

k=1,2,....,n— ;\(a)\ = ().

Meénh dé 1.3.1. [Karamata] Gis sit y = f(x) la mot ham I6i trén

khoang (a;b) va cac bo khong tang (a),(b) véi ax, by € (a;b) véi k =

1,2,...,n. Néu bo (a) troi hon bo (b) thi c6 bat dang thic Y f(ay) >
k=1

sau day dugc thoa man:

S f(be): con khiy = f(z) 1a ham lom thi 3" f(ax) < 3 f(be).
k=1 k=1

k=1

f(bk)_f(ak)’k: 1,2,...,n. Theo
b, — ag

Meénh de 1.1.1, day (c) la day don diéu gidm bdi vi (a) va (b) la day
k k
khong tang. Dat Ay = > a;, By =Y b;v6i Agy=By=0,k=1,2,....n

1=1

Ching minh: Dat ¢, = d¢(ag, by) =
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Tit |(a)] = |(b)] suy ra A, = B,,. Bién ddi hieu
H = f(ay) Zf (bx) = Z flar) = f(be)) = > erlar —by)
k=1 k=1 k=1
= ) ck(Ap — Ay — Bp+ Byy)
k=1
= Y (A — Bi) = Y cr(Ap1 — Bry)
k=1 k=1
n—1 n—1 n—1
= Z cr(Ar — By) — Z chr1(Ar — Br) = ) (ck — crer) (Ar — Bi).
k=1 k=0 k=1
ViAp,>Byvac, <cppp véimoik=1,2,....n. Vay H <0. ]
Vi du 1.3.1. V6i cac s6 thuc duong a, b, ¢ luén cé bat ding thiic
1+1+1+1 1+1+1+1
a+b b+c cH+d d—|—a 2D 2d
Bai gidi. Khong han ché c6 thé gid thiét @ > b > ¢ > d > 0. Khi d6
2a>a+b
. 20 +2b>a+b+b+c o aa
co Tu day suy ra

20 +2b+2c>a+b+b+c+c+d
20+ 2b+2c+2d=a+b+b+c+c+d+d+a.

1
( 2a, 2b, 2¢, 2d ) troi hon bo (a+b,b+c,c+d,d+a). Viy=—véixz > 0

B b 13 n8n 2 o8 +1+1+1<1+1x1+1
3 ham 10i nén ta co — 4+ —

a+b b+c c+d d+a 2b 2d’
Theo menh dé ( 1.3.1). O

Vi du 1.3.2. Chiing minh rang véi ba s6 thuc x, y, z € [—1; 1] théa man

1 . L
T+y+z= 3 ta luon c6 bat dang thiic 2012 42012 4 2012 9 1 52012

Bai gidi. Vi x, y, z binh ddng nén c6 thé cho 1 > 2 >y > 2z > —1.
Ham y = 2%°!2 13 ham 10i ( xuéng phia dudi ) vi f7(x) > 0 trong (—1;1)
theo dinh ly ( 1.2.1 ). Ta xay dung bd troi cua ( x, y, z ) nhu sau:

1>x 1
phy——zt 1 1 Vay (1,5,—1) 1a mot bo troi cia ( x, y, z ).
2 2 |
Theo ménh dé ( 1.3.1). Ta c6 22012 4 92012 4 22012 <9 O

22012
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Meénh dé 1.3.2. [Schur] Véi o, > 0 c6 S(a+28,00) T Sapp) =
25(a+4,80)-

Chitng minh. Bat dang thic can ching minh chinh 1a bat dang thic
dudi day: a® 28 4 pot20 4 co+28 L qo0pBeP + 0P + aPbPe > attPLP +
a®tPel 4 ptPal 4 pHBel 4 v tBaf 4 2 FPBP (%), v6i a,b,c > 0. Khong
han ché c6 thé gid thiét a > b > ¢ > 0. Viét lai bat dang thitc (*) thanh

a®(a” — ") (a” — )+ (0" — )V - a?) + (" — a”) (" = b7) > 0.
Vi ¢®(c? — a”)(c® — b%) > 0 nén chi can ching minh a®(a” — b7)(a” —
A+ 607 — ) (B° — a”) > 0, hay a®(a” — ?) — b*(b® — %) > 0, nhung
bat ddng thiic nay & hién nhién. O

Vidu 1.3.3. Gia st a, b, ¢ 1a do dai ba canh mot tam giac. Chitng minh
rang: a® + b® + ¢ + 3abc > a’b + a’c + b*c + b*a + c2a + 2b.

Bai gidi. Bat dang thitc c6 duge tit Ménh dé 1.32véia=8=1. O

Bo6 dé 1.3.1. Néu 3 = Tj;() thi ¢6 bat dang thiic Mg(a) > M,(a).
Dau bang xay ra khi a; = --- = a,,.

Chitng minh. V6i moi cap chi sé h, k, h < k, hieu Mgs(a) — M,(a) chita s6
hang dang: B = A(agila}fj + a{ljagi —alia,’ —ay’alt) voi A > 10 Bi(;en doi
higu B = Al(agiﬂazj_ 1+a,0f_ al Tt —aial —ay’al) = Aay’a)’ T (ap—
ap)(a;” " = al ) > 0. Do vay Mg(a) > M,(a). Déu bing xay ra
khi titng B = 0 hay a; = ax v6i moi h,k =1,2,... =n. ]

Bo6 dé 1.3.2. Néu (8) > (), (B) # (a) va |(a)] = |(8)]|, thi sau mot s6
hitu han phép bién déi tuyén tinh Tj; sé chuyén («) thanh (B).

Chamg minh. Vi () # (a) nén c6 chi s6 ¢ nhd nhat dé f; # «;. Do béi
(8) > () nen B > az. Tit |(@)] = ()] suy 1a 33(f — ) = 0. Do

k=1

B; > a; nén ton tai j dé 0 < B; < a;j va i < j. Tac dong Tj; vao (a) ta
nhan duge v = T}(a) véi v = a; + 1,7, = oj — 1, con 4 = oy, v6i moi
ki, Nhwevay |8 — ool = [6i =5 + 1] = [ = vl + 1 va |8 — o] =

18; —v; — 1| = |B; — ;| + 1. Tt hai he thic nay suy ra > |Gk — Y| =
k=1
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n n
> 1Bk — ax| — 2. Do vay, khi tac dong 7j; lam tong > |8 — au| gidm
k=1 k=1

duge 2 don vi, sau mot s6 hitu han budc, ta ¢6 > |Br — 0| = 0 hay da
k=1
chuyén duge («) thanh (3). O

Tt hai bo dé trén ta suy ra ngay Bat dang thic Muirheard dudi day:

Meénh dé 1.3.3. [Muirheard] Véi cac s6 duong ay,as, ..., a,, Xay ra
bat dang thitc M, (a) > Mg(a) khi va chi khi o > B va |a| = |8|. Dau
bang chi xdy rakhia =8 vaa; =ays = --- = a,.

Cht y rang, khi van dung Bat dang thic Muirheard ta phai chon bo
troi thé nao dé nhanh c6 két qua.
Vi du 1.3.4. V6i ba s6 thuc duong a, b, ¢ ching ta ¢6 bat dang thic:

1 1 1 1
< .
a3+b3+abc+b3+c3+abc+c3+a3+abc abc

Chiing minh. Béat dang thic tuong duong véi:

abe[ (a® + b* + abe) (0* + ¢* + abe) + (b* + & +abe) (¢ + a® + abe) +
(03 +a® + abc) (a3 + b + abc) ]. Hay a®3 + a®c® + b5¢3 + b8a? + Pa? +
AV = 2 (@b + a®b°* + a?b?c®] . Bat dang thiic nay tuong ducng voi
bat déng thiic M(67370) (a) = M(572’2) (a). []

Vi du 1.3.5. V6i ba s6 thuc duong a, b, ¢, ta luén c6 bat dang thiic:
a+ b+ > (a+b)(b+c)(c+a).

Ching minh. Bat ding thic can chiing minh tuong duong véi abc >
(a+b—c)(b+c—a)(c+a—0b). Néu vé phai c6 mot hodc ba thita s6
am thi bat dang thic hién nhién ding. Néu vé phai chi c6 hai thita sé am,
chinghan b+ c—a<0,a+b—c<0thi2b=b+c—a+a+b—c<O0:
Mau thuadn. Ta chi can xét truong hop ca ba thita s6 déu khong am.
bat x =b+c—a,y=c+a—5b,z=a+b—c > 0. Khi dé 2a
v+ 2,2b = 2+ x,2c = x + y. Vay abc = %(m—ky)(y—kz)(z—l—x) >
ryz=(a+b—c)(b+c—a)(c+a—0). O
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1.4. Mot vai ham tu chon

Khdao sat ham s6f(z) = 2% — ax véi cac két qué sau day:
Meénh dé 1.4.1. Vi v > 0 ta c6 cac bat dang thiic sau:
(i) 2 2 axr+1—«a khia > 1.
(i) z2*<ar+1—akhid<a<l.

Meénh dé 1.4.2. [Bernoulli]. Néu z > —1 thi (14 2)" > 1+ nx vdi
moi n = 0,1,2,....Dau bang chi x4y ra khi x = —1 hodc n = 1. Tong
quat, néu a >1vaz > —1thi (1+x2)* > 1+ az.

Chitng minh. V6i n = 1 ta c¢6 dang thiic xay ra. Gia st bat dang thic
ding dén n = k > 1 ta sé di chiing minh bat dang thic ding dén n =
k+1. That vay taco (1+2)""' =1 +2) (1 4+2) > 1+ ke) (1 +2) =
l+kr+ao+kr>>1+(k+1) . ]

Vi du 1.4.1. Chiting minh rang, néu a;, a9, a3 > 0 va ag + a9 + a3 = 1
thi v6i moi s6 thuc uy, ug, ug = 0 c6 bat dang thiic

ultuy?us® < aquy + aoug + agus.
Bai gidi. Tu 2% < ar +1 — a khi 0 < o < 1, theo Ménh dé ( 1.4.1)
va thay x = P ia duce p*¢t=* < ap + (1 — a)q, trong dé p,q > 0. Véi
q

f=1l—avaa,f>0,a+8=1,¢c6p° <ap+Bq Véip=u,oa=auo
Qg Q3

va ¢ = uy’us®, an + ag = [, dude uitugtus® < ajug + ﬁuf 8 %
Qo (O3
o a
uf ugﬁ < Ezu 9 + F?’u;), nén uj'us?ug® < ajuy + agus + agus. O]
. m ., . S .
Vidu 1.4.2. Vé6i x € (0, 5) chting minh rang sinz + tanz > 2x.

Chiing minh. Xét ham s6 f(r) = sinx + tanx — 2z v6i 0 < = < g co

— 2 = 2y/cosz. — 2 > 0, ching ta suy ra

cos’x cos’x
f(x) > f(0) =0 hay sinz + tanxz — 2z > 0. Vay sinx + tanz > 2z. [

fl(z) = cosx +
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a+b+c=8

ab+bc+ ca =16 Chimg

Vi du 1.4.3. Cho cac sb a, b, ¢ théoa man {

. 16
minh rang 0 < a < 3
b+c=8—a
b_Jﬁ—a@ a) = a® — 8a + 16,
nén b va c 1a nghiém ctia phuong trinh an t: ?—(8—a)t+(a?—8a+16) = 0.
Vi phuong trinh nay c6 nghiém nén A = (8 — a)? — 4(a? — 8a + 16) > 0

Chiing minh. T gia thiét ta suy ra {

16 16 6
hay 0 < gTu’dngtu’tacoO b\gvaO\cgg. ]

Hoan toan tuong tu ta c6 bai toan sau: Cho a, b, ¢ 1a ba s6 théa man

he L ¢FPHe=10 i d60<abe< 2.
ab + bc + ca = 25.



14

Chuong 2
Mot s6 dong nhat thic va bat dang
thic trong tam giac

Muc nay tap trung trinh bay mot phuong phap phat hién ra cic dong
nhat thic va bat dang thic trong tam gidc qua phuong trinh da thiic
bac ba.

2.1. Pa thic bac ba lién quan dén tam giac.

Cho AABC v6i do dai ba canh la a, b, ¢; ban kinh cac duong tron
noi, ngoai tiép 1a r, R; ban kinh duong tron bang tiép 1a ry, 79, 73; nita
chu vi p va dién tich S. Ta sé chi ra a, b, ¢ 1a ba nghiém ctia 23 — 2px? +
(p2 +r? 4 4R7“) xr—4Rrp = 0 va rq, ry, r3 la ba nghiém ctia phuong trinh
23— (4R + 1) 2 + p*x — p*’r = 0.

Meénh dé 2.1.1. Cho AABC véi do dai canh BC = a,CA=0b,AB = c.
Ky hiéu p la nita chu vi; r va R la ban kinh cac dudng tron noi, ngoai
tiép. Khi dé6 a, b, ¢ la ba nghiém ctia phuong trinh dudi day:

3 — 2pa® + (p2 + 7?2 + 4R7“) xr—4Rrp = 0.

A
Ching minh. Tu tan§ - ' wia-= 2Rsin A ta suy ra hé thiic
—a
2 ! :
tan — .

a:2R—2Ahaya:4R pP—d 2:4Rr2p ¢ 5.

14 tan?2 T 2+ (p — a)

2 p—a

Nhu vay, ta c6 quan hé a (a2 — 2pa + p* + 7“2) = 4Rr (p — a) hay a® —
2pa’ + (p2 +r? 4 4Rr) a—4Rrp = 0. Do d6 a la mot nghiém ctia phuong
trinh 23 — 2pa? + (p2 +r? 4 4R7") x—4Rrp = 0.

Tuong tu, b va ¢ cling la nghiém ctia phuong trinh treén. ]

Meénh dé 2.1.2. Cho AABC véi do dai canh BC = a,CA =0, AB = c.
Ky hiéu p la nita chu vi; r va R la ban kinh cac dudng tron noi, ngoai
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tiép. Khi dé sin A, sin B, sin C' 1a ba nghiém ctia phuong trinh dudi day:

2 2
s D o p+r +4Rr o

Chitng minh. Vi a = 2Rsin A va a lai 1a nghiém ctia phuong trinh o3 —
2px? + (p2 + 72+ 4Rr) x —4Rrp = 0 nén thay a vao phuong trinh trén,
ta c6 SR3sin®A — 8pR2sin2A + (p +7r? + 4R7“) 2Rsin A — 4Rrp = 0 hay
24 4 p? + 12 +4Rr | rp

sin?A — Rsm Wi sin R2 = ORNhu’ vay sinA la mot
4

nghiém ctia phuong trinh 23 — %xQ + s Z}; Ty — 27;];2 = 0.

Tuong tu, sin B va sin C' cling la nghiém ctia phuong trinh trén. [l

Ménh dé 2.1.3. Cho AABC véi dien tich S va do dai ban kinh cac
duong tron noi, ngoai tiép la r, R. Goi h,, hy, h. 1a do dai ba duong cao.
Khi do hg, hy, he la ba nghiém ciia phuong trinh bac ba sau:

s STHARPP 4t , 25 2657

_ 0=,
Y sme VT RY TR

Dat H, = h; + hy + h]! voi n=1,2,...Khi do6 ta c6 hé thiic lién hé sau:

S2 4 4Ry + 14 25 2,52
+3 5L 12+ Jo as I
Bai giai. Vi a, b, ¢ la ba nghiém ctia phuong trinh bac ba — 2px2 +
25 25 28
(p2 +r? 4 4R7") xr —4Rrp = 0 nén —, o la nghiém cta phuong
a c
2
251 —2 —|— 4RT —|‘ TZ
trinh 25% — —y + L 5 y> — Ry® = 0. Do vay hg, hs, he 12
r
S2 4 4R 4+ 14 2S5 252
. o 3 2
1;8; ngil%er? Cui Yo — SQRTQ 52 tepy- 7 =0 Vay Hpi3 —
+ ro+r 2 2
2R w2t g =

Meénh dé 2.1.4. Cho AABC vdi nita chu vi p; ban kinh céc duong tron
noi, ngoai tiép la r, R; ban kinh ciac duong tron bang tiép la ry,ro, r3. Khi
d6 r1, o, 73 1a nghiém ctia phuong trinh 2° — (4R + r) 2%+ p*z — p*r = 0.
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A 2tan —
Chiing minh. Tt tan — = — va a = 2Rsin A suy ra a = 2R 2
2 D 2
1+ tan*—
2
]
o p p L o R
Vay a = 4R 5 = 4Rri———. Bdi vi ry (p—a) =S = pr nén
1 ri+p
1+
p

M =a= 4Rr12L2 hay tuong duong
1 rit+p

(r1 — ) (r} 4+ p*) = 4Rr}. Do vay r1 la nghiém ctia phuong trinh z* —

(4R + 1) 2 + p*x — p*r = 0.

Tuong tu, ro, r3 cling la nghiém cua phuong trinh nay. ]

chung ta c6 quan hé sau:

Meénh dé 2.1.5. Cho AABC véi nita chu vi p; ban kinh cac duong tron

. A
noi, ngoai tiep la r, R. Khi d6 tan §,tan E’taHE la ba nghiém cua

4R
phuong trinh x® — Jr70952—|—.7[;—C:O. Tir day ta suy ra
p p
(i) t A+t Bth C 4R+
i) tan — + tan — + tan — = :
2 2 2 P

A B B C c A
(ii) tanEtang + tangtang + tan5t3n5 = 1. T day chiing

. . B C
ta suy ra hai bat dang thiic tan§ + tana + tanE > \/g;
A B C 1

tan — tan — tan —

< —
2 2 2 3.3

C
(iii) fan = tan — tan — = —.
g MY T

Ching minh. Vir; = ptan 3 va 71 lai 1a nghiém ctia phuong trinh 23 —

A A A
(4R + r) 2>+ p*r—p*r = O nén p3tan3§ — (4R + 1) pztan2§+p2p tan 5

A 4R A A
p?r = 0 hay tan?= — + tan?Z + tan — — - 0. Nhu vay tan — la
2 P 2 2 p 2
4R B C
mot nghiém ciia 23 — + Tx2 +x — L 0. Tuong ty tan 2 va tan 2
p p
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ciing 1a nghiém ctia phuong trinh nay. Cac két qua (i), (ii), (iii) dugc suy
ra tit Dinh Iy Viét. 0

Meénh dé 2.1.6. Cho AABC vdi nita chu vi p; ban kinh cac duong tron

noi, ngoai tiép la r, R. Khi dé ta cé:
(i) cos A, cos B, cos C' la ba nghiém ciia phuong trinh da thitc dudi day:

2
3_R+T’x2+—4Rz+r2+p2x_p2—(2R+T) o
R AR? AR?

T

(ii) COSA—I—COSB—I—COSC:l—I—%.

2
1
(iii) p=(1 —cos A) (1 —cos B) (1 —cosC) = ;—RQ T dé suy ra p < 3
(iv) Dat U = sin Asin B+sin Bsin C +sinC'sin A va V' = cos A cos B +
3

cos BcosC +cosCcosA. TacoU —V < o

. B
Chiing minh. (i) Ta biét tan §,tan —,tanE 1& ba nghiém ctia phuong

2
1 — tan®=—
4R 2
trinhx?’—iﬁer—i:O.VicosA: 31: A—l
p p 2% 2.7
1+ tan 1+ tan
5 2 2
~ 2 . ~ Y= 1+ 2 N
nén cosA+1=——. Xét hé: Tu
A s 4R+7r T
2 p p
x2:2—1 x:4R—|—7’_2Ry
Y p
AR suy ra 4
T +T:z:2+:c—C:0 s — +Tx2+:c—i:O
! 4R+7~p 2Ry’ ! !
va nhan dugc y( — y) +y—2=0.
p p AR
Vay cosA+1, cosB+1, cosC+1 14 ba nghiem cua: y° — +ry2 -+

(4R +r)* + p? P’

iRz TR
phuong trinh c6 dudc qua viéc thay y = x + 1 vao phuong trinh bac ba

= 0. Do do6 cos A, cos B, cos C' 1a ba nghiém cua
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2
3 R+7‘x2+ —4R2+7"2—|—p2x_p2 — (2R + )
R 4R? 4R?
(ii) Theo Dinh 1y Viét ching ta c6 cos A+cos B+cos C' =

pr— 0.
R+r _a
R R
(iii) Tu phuong trinh trén c¢6 p = (1 —cos A) (1 —cos B) (1 —cosC) =
2

QT_RQ Do R > 2r nén p < —

24 r2 4 4R .
(iv) Theo Dinh 1§ Viét ¢6 U = £ - RJ; " tit menh dé 2.1.2. Do vay
I V_p2+7“2—|—4R7“ —4R2+r2—|—p2_4R2+4Rr_1+£ §
B 4R? 4R?  4R? 7 R 2
O

Chu y 2.1: Phuong trinh da thitc bac 3 nhan tan A, tan B, tan C' lam
ba nghiém la khong c6 vi tam giac vudng sé khong théa man.

Vi du 2.1.1. Cho AABC véi nita chu vi p; ban kinh cac duong tron
noi, ngoai tiép 1a r, R va ban kinh cidc duong tron bang tiép 1a 1, re, r3.
Khi do:

(i) 71 + 72+ 13 = 4R+ 7 VA 179 + Tor3 + r3r; = pP.

@ (5 -1) (F-1) (G -1) :‘é-

Bai gidi. (i) Tl rq, 79,73 12 ba nghiém ctia phuong trinh 22— (4R + 7) 22+
p*r — p*r = 0 neén ta co ry +ry + 13 = 4R+ 1 va rirg + ror3 + r3ry = p.
(ii) Do béi 23 — (4R + r) 2% + p*x — p*r = (x — r1) (x — r2) (x — 73) nén

khi lay x = r duge (ry —r) (ro — r) (r3 —r) = 4Rr?. Chia hai vé cho r?

taduge (S —1) (1) (7‘0:4? -

Vi du 2.1.2. Cho AABC v6i ban kinh cidc duong tron bang tiép 1a
1,79, 73. Hay tinh tong dudi day:
™M —Tro—7rry3—r rn —Tro —7T o —Trg —r rs —Trr1 —r

2 )
r+rro+rrs+r ri+rro+r ro+rr3+r rs+rry+r

Bai gidi. r1,72,73 14 ba nghiém cta 23 — (4R +7) 22 + p’z — p*r = 0,

Z 2 - ~ Zz 1
(1). Xét phép bién doi y = a:_+r Dé thay y #1vax = M Thay
x+r

x vao phuong trinh (1) ta nhan duge phuong trinh da thic bac ba sau

(r2 + 2Rr +p2) Yo+ (27“2 + 2Rr — 2p2) ye+ (7“2 —2Rr +p2) y—2Rr = 0.
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Goi y1, Y2, y3 1la ba nghiém cta phuong trinh nay. Khi dé ta c6 hé thtc
4R7“+7“2—2R7“+p2_1 -

r2 + 2Rr + p?

201Y2y3 + Y1ye + Youy3 + ysy1 =

Vi du 2.1.3. Cho AABC v6i ban kinh cac duong tron bang tiép 1a
1,79, 73. Hay tinh tong dudi day:

T 427“1—7’27’2—7“27“3—7’ 2r1 —r2rg —r 219 —1r2rg —r
- M +7r ro+nr r3+r r+nr ro+r ro+1r 34T
2re — 1 2r] — 2r1 — 2r9 — 2ra —
rs — 121 7"_2<7“1 7“+ ro 7“+ rs —1T
rs+r ri+r r+r ro+r r3+T
Bai gidi. 1,72, 73 13 ba nghiem cta 23 — (4R + 1) 2% + p*z — p*r = 0.
P .. 20 —r _ ) ry+1
Xét phép bien doi y = . Dé thay y # 2 va = = M
r+r 2—y

Thay x vao phuong trinh trén ta nhan dugc phuong trinh da thiic
bac ba sau 2 (T2 + 2Rr + p2) >+ 3 (7’2 — 3p2) y? — 2 (GRT — 6p2) Yy —
(7’2 + 8Rr + 4p2) = 0. Goi y1, ¥2, y3 1 ba nghiém ctia phuong trinh nay.
Khi doé ta c6 cac hé thuc:

2 (g1 + 9o+ ys) = ek L - il LU

N1 TY2TYs) = "2 4 2Rr +p° Y1y2 + Y2U3z ~ Ysy1 = "2 4 2Rr +p°
2r? + 16 Rr + 8p?

4y1yays = 7’7024; ZRTT—;Lp;D . Tt ba hée thic nay ta suy ra T = 4y1y2y3 +

y1y2 + yays + ysyr — 2 (1 + 92 +y3) = 5. 0

Vi du 2.1.4. Cho AABC v6i ban kinh cidc duong tron bang tiép 1a

4R 4R 4R R
r1, 79, r3. Chitng minh + + =1—-8—+ LI
mm—rTr o —T rs —r T
4R 4R 4R 17oT3
+ + < —

= 3
rn—r To—7T T3—7T r

7"3

d6 chi ra bat dang thic 15.

Bai gidi. Vi ry,r9,r3 12 ba nghiem 2? — (4R + r) 2% + p?z — p?r = 0 nén

LSS S S 302 —2(4R+ 1)z + p?
r—r x—7Ty x—r3 23— (4R+7)22+plr —pir’
1 1 1 2 -8R 2
Khi cho x = r dudgce + + _ T+p-NhUV3y
r—1Tr Teo—T T3—7T 4 Rr? P
4R 4R 4R R
+ + :1—8—+T1T§T3 vip? =20 pogt > g6
re—r er — T4RT3 — T4R r r r r
4
nén + + <28 g5 0



20

Vi du 2.1.5. Cho AABC v6i do dai ba canh la a, b, ¢; ban kinh céc
duong tron noi, ngoai tiép 1a r, R. Khi d6 ching ta c6 két qua sau day:

(a*+2Rr) (b* + 2Rr) (¢* + 2Rr) = 2Rr(ab+ bc + ca — 2Rr)’.

Bai gidi. Ching ta biét a, b, ¢ 1a ba nghiém ctia phuong trinh bac ba
3 —2px’+ (p2 +7r? + 4R7“) r—4Rrp = 0. Xét phép bién déiy = 2>+ 2Rr.
Dit T = p? + 3Rr + r2. Khit x dé dugc phuong trinh da thiic bac ba

y® — (4> + 2Rr — 2T) o + (T — 2Rr) y — 2RrT? = 0.

Goi y1, Y2, y3 1a ba nghiém cua phuong trinh nay, vi ab+bc+ca = T'+2Rr
nén yiyoy3 = 2RrT* = 2Rr(ab + bc + ca — 2R7“)2. O

Vi du 2.1.6. Cho AABC v6i do dai ba canh la a, b, c;
ban kinh cac duong tron noi, ngoai tiép 1a r, R; ban kinh cac
duong tron bang tiép 1 ry,ro,73; nia chu vi p va dién tich S.
(7“1+7”2+7“3+7“)2

Khi d6 ching ta c6 dong nhat thic sau: 5
a’> +p* +4Rr +1? b? 4+ p* + 4Rr +1? & + p* + 4Rr +1?

S S S
Bai gigi. Chung ta biét a, b, ¢ la ba nghiém cua phuong
trinh 23 — 2pa? + (p2—|—7“2—|-4R7")x — 4Rrp = 0. Xét phép
bién déi y = 2% + p?> + 4Rr + r?. Xac dinh phuong trinh

y1 = a® + p* +4Rr + r?
nhan 1y =b>+p? +4Rr +7r> lam ba nghiem. Khit x tit he
Y3 = ¢+ p? + 4Rr + r?
{ x® — 2pz* + (p*+r* +4Rr)x —4Rrp =0
22+ p? +4Rr + 12 —y =0,
trinh { 3 — 2px? + (p2 +r? + 4R7“) xr—4Rrp =0
23+ p*x +4Rrx +r?z —yx =0
2pr? — yx + 4Rrp = 0 hay 2p (y —p? —1r?— 4Rr) —yx + 4Rrp = 0.
- (2py = 4Rrp—2%p\"
Giai ra x = Y .Dodo( Y )+p+
ARr + r* = y hay y* — (p* + 4Rr +1?) y* — (2py — 4Rrp — 2r2p)2 =
0. Phuong trinh nay cé ba nghiém la yp,y2,y3. Do d6 ching ta

Ta c6 ngay hé phuong

va nhu vay dudc

2py — 4Rrp — 2r?p

6 y1yoys = (AR +2r)°r2p®. Tt he thic ndy ta suy ra dong nhét
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thic (a2 +p> 4+ 4Rr + r2) (b2 +p® 4+ 4Rr + 7“2) (02 +p* 4+ 4Rr + 7“2) =
(4R + 27“2)2[)2. Thay 71 + r9 + 13 = 4R + r ta c6 dong nhat thic can
chiing minh. N

Vi du 2.1.7. Cho AABC' v6i cac duong cao hg, hy, he; ban kinh duong

tron noi tiép r va ban kinh cac duong tron bang tiép 1a r1, 79, r3. Khi d6
hing t 4 L + — L + ! ! + ! + ! + !
ching ta co: — |l =S+5+5+=.
& h2 hi = h? r?2 o rd o ri o2

Bai gidi. Vi ry, 19,73 12 ba nghiem ctia 2° — (4R +r) 22 + p?x — p*r =0
1 1 1
nén —, —, — ciing 1a ba nghiém ctia p*raz® — p?22 + 4R +7)x — 1 = 0.

ry T2 T3
1 1 1 1 4R
Nhwuvay 5 +—5+—5=—-5 -2 ;—T. Do bdi a, b, ¢ la ba nghiém
r2 s or3 r pAr
clla phuong trinh bac ba 2? — 2pa? + (p2 N 4R7“) x —4Rrp =0 nén

a?+ b+ = 4p* -2 (p2 +r? 4 4R7“) = 2p® — 2r?> — 8Rr va ching ta

1 1 1 2p° — 2r2 —8Rr 2 AR +r
nhan duge 4 <h2 + — h + h2> = R =3 2 o
1 1 1 1 1 1 1

T hai hé thic trén ta suy ra 4 <h2 h +h—g> = T_%+r_§+_§ o ]

Vi du 2.1.8. Cho AABC véi do dai ba canh 1a a, b, ¢; nita chu vi p va
ban kinh cac duong tron noi, ngoai tiép 1a r, R. Chitng minh rang:

(a—b)er(b—c)2+(c—a)2 _p2+7“2

= — 7.
ab be ca 2Rr
Bai gidi. Néu 1, 9, x3 1& ba nghiem cta 2% 4+ a12? + asx + az = 0
2

1 — X
thi (x1 — xga:g) (x% — :1335131) (az% — 331:132) = ai)’ag — a2 hay M +

T1X9

(xz - 563) ($3 - $1)2 ajag ) )

+ = — — 9. Vi a, b, ¢ la ba nghiém cua

Xo3 xX3T1 as

/(a—b)2+(b—c)2+

3 — 2px? + (p2 +7r? + 4R7") xr—4Rrp = 0 nén ta co

ab bc
(c —a)’ _ 2p (p* +r* + 4Rr) 9suyra (a—b)2+(b—c)2+(c—a)2 _
ca ARrp ab bc ca
2 .2
rxr_o O

2Rr
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Vidu 2.1.9. Cho AABC véi do dai canh la a, b, ¢; ban kinh cac duong
tron noi, ngoai tiép 1a r, R; ban kinh duong tron bang tiép 1a 71,79, 73;
nita chu vi p va dién tich S. Chitng minh rang:
2 2 2
rL—T ro—1T r3—T AR
(r1 — 1) n (ro —73) N (r3 —11)

= — 8.
r17ro 973 3Ty T

Bai gidi. 1,792,753 12 ba nghiém cta 23 — (4R + r) 2? —|—p2x p’r = 0. Khi

a6 (Tl—T2)2+(T2—T3) +(7’3_7’1)2:(4R—|;7’) 9_ﬁ_8 =
179 rors r3ry per r

Vi du 2.1.10. Cho AABC vé6i ban kinh cac dudng tron ngoai tiép 1a R;
ban kinh dudng tron bang tiép 1a 7y, r9, r3; nita chu vi p . Chitng minh:

r2 r2 r2 16 R?
(1+1)<—§+1>(—?2’+1): -
p p p p

Bai gidi. r1,72,73 12 ba nghiem cta 2° — (4R + r) 22+ p*z — p*r = 0. Xac

dinh phuong trinh nhan y; = rf + p%, 9o = r5 + p?,y3 = r3 + p? lam ba
3_ (4 2 2. .2
nghiém. Kh x tit hé x2 (2R+T)x Tz —pr=0
r“+p°—y=0.
22 — (4R +r)a® + p’r —p’r =0
23 4 p?r —yx =0

phuong trinh (4R + ) (y — p2) —yx + p*r = 0.

2

Ty — 4Rp? Ty — 4Rp*
Pat T = 4R + r. Khi d6 z = u.vay(y _ r)
Y Y

p* —y = 0 hay y* — (T%?+p?)y® + 8RTp*y — 16R*»p* = 0.
Phuong trinh nay c¢6 ba nghiém vyi,92,y3 . Do d6 ching ta co
(rf+1°) (i3 +9°) (5 +7°) _ puypys _ 16R%p

. = == = -— Ta suy ra dong nhat
p p p

2 2 2 1 2
thitc (Tl +1) <r2 +1) <T3 +1) 6? . ]
p? p p? p

A B (C
Chiiy 2.2: V6ip= R(sinA+sin B +sinC) = 4Rcos§cos—cos—

2 2
A B
valt = tan 2: 2 — tan —; B tan 2 . Viduy trén tré thanh tam thuong
p 2" p 2°p 2
nhung cach chiitng minh ¢ day khong sit dung lugng giac.

Ta c6 ngay hé

a (4R +r)z? — yz + p*r = 0 hay
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Vi du 2.1.11. Cho AABC:; ban kinh cac duong tron ngoai tiép la R;
ban kinh duong tron bang tiép 1a rq, re, r3; nita chu vi p. Chiing minh :

D) GG ]
0 ()G ()G () (-

8_4(QR+7“) (r1 +ro +173)
p? '

Bai gidi. (i) r1, 79,73 12 ba nghiem clia 2° — (4R + r) 2% + p?x — p*r = 0.
Xac dinh phuong trinh nhan y; = r} — p* g = 13 — p*y3 = r2 —
3 _ 2,2 2.

p? lam ba nghiem. Kht x tit hé {x2 (Z;R—'_T)x tpw—pr=0
z“—p°—y=0.

) [ B —(AR+1) 2+ PP —pr=0 0
Ta c¢6 ngay he {az3—p2:c—yX:O va (4R +r)x” —
yr — 2p°x + p*r = 0 hay hé thic (4R +r) (y+p2) — (y—|—2p2) x +

Ty + (T +r) p?

p’r = 0. Dat T = 4R 4+ r khi d6 = = . Vay
2
) y+p
Ty+ (T +7)p* 2 2
( ) —p* —y = 0 hay y(y+2p°)" + p*(y+20°) -
(y +2p?)°
(Ty+(T+r) ) 0. Phuong trinh nay c6 ba nghlem Y1, yg,yg Do
2
— 4R + 2 —4
g i =p?) (s - : p?) (r - ):ylyzysz( +”f’)6 P.Tasuy
p p , p
(T (o) (o) g | BB
p* p* p* B P’ '

(ii) Dugc suy ra tit he s6 ctia y bang 8p — 4 (2R +7r) (4R +7r)p>. [

Vi du 2.1.12. Cho AABC véi ban kinh cac dudng tron noi, ngoai tiép
1a r, R; ban kinh dudng tron bang tiép 1a r1, 79, r3. Chiing minh rang:
r? T3 73 r’ 73 7?2
Th1) (241) + (241)(241) + (2 +1) (2 +1
p p p p p p
8R(7“1 -|—’I“2—|—7"3)
p? '

Bai gidi. Ta thay y; = r? + p?, 42 = 13 + p?,y3 = r3 + p? 1a cac nghiém
clia y° — ((4R +7)° + p2) y? 4+ 8R (4R + r) p*y — 16R?*p* = 0. Nhu vay
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2 9 9 2 2 9
T T’y T'y T's r's T .
D D D p D D

b Y1y2 + Y2ys + Ysyr S8R (4R + T’) p2 B S8R (7’1 + r9 + 7“3)
p p p
Vi du 2.1.13. Cho AABC véi ban kinh cac dudng tron noi, ngoai tiép

13 r, R; ban kinh cac dudng tron bang tiép 1a 71,79, r3. Khi do ta co:
1 1 R—r

(r—ry) (r—rs) + (r—mr9) (r—rs) + (r—mr3)(r—r))  2Rr?’

Bai gidi. Vi ry, 79,73 12 ba nghiém cta 22 — (4R +r) 2> + p’x — p*r =0
nén f(z) =2’ — (4R +r)a* + p’r — p’r = (x — 1) (2 —1r2) (v — 13).
Lay hai lan dao ham ta dugc 3z —4R—r :1 (x —r1)+(x — 7“2)1+(:c —r3).

Tu day ta dugc 3:1:—4R—7“: + +
f () (x—r)(@—r2)  (xr—r)(x—13)
. Cho x =r ta co L + L
(x —13) (x — 1) (r—mr)(r—mry) (r—mry)(r—rs)
! _ 2R iy Vay ta c6 dieu phai chiing minh. O

(r—mr3)(r—mr1)  2Rr?

Vi du 2.1.14. Cho AABC v6i ban kinh cac duong tron bang tiép 1a
1,79, 73. Chiing minh dong nhat thic duéi day:

(a —b)? (b—c)2+(c—a)2_r1—|—r rotrrs+r

+ : : 8.
ab bc ca TL—T To—1T T3—T

[N -2 . , 2, ~ - ~ « L lr.l + T

Bai gidi. Theo vi du ( 2.1.2 ) 6 trén ching ta da biét z; = 2y =
mm—r

ro+ 1 rg+r ) ) . ~ ~

2 , 23 = 5 la ba nghiém cua phuong trinh bac ba sau day:
o —T rs —T

r* 4+ 2Rr + p* + (2r* + 2Rr — 2p*) z + (r? — 2Rr + p?) 2> — 2Rr2* = 0.
r?4+2Rr +p*  r*+p’

Khi do6 ta c6 hé thic z12923 = + 1. Mat khac ta

) ) ) 2R7“2 ) 2Rr
iy bh— _
lai 6 ab) i bcC) L Caa) :TQE’ 7 theo vidu ( 2.1.8 ). Vay

(OL—b)2+(b—c)2+(c—a)2 _ rmtrrotrrgdr

. . 8. [
ab be ca r—rTry—1TTr3—7T

chung ta co:

Chu y 2.3: Cho dén nay chua c6 da thic bac 4 véi he tit 1a cac da
thic clia ban kinh m#t cau noi, ngoai tiép r, R clia ti dien ABCD nhan
ban kinh cdc mat cau bang tiép rq, re, 3, 74 lam nghiém.
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2.2. Mot sd bat dang thiic trong tam giac

Vi du 2.2.1. Cho AABC véi do dai ba canh la a, b, ¢ va ban kinh céc
dudng tron noi, ngoai tiép 1a r, R. Khi d6 ta cé két qua sau day:

(a2 + 2RT> (b2 + 2RT> (02 + 2RT) < R2(ab + bc + ca — 2Rr)2.

Bai gidi. Bdi vi chiing ta biét a, b, ¢ 14 ba nghiém clia phuong trinh bac
ba sau z° — 2px? + (p2 +r? + 4R7”) r — 4Rrp = 0 . Xét phép bién doi
y = 22 + 2Rr. Dat T = p? + 3Rr + r?. Khit x dé dudc phuong trinh
y* — (4p* + 2Rr — 2T) y* 4+ (T? — 2Rr) y — 2RrT? = 0. Vi R > 2r nén
ta c6 (a? + 2Rr) (b® + 2Rr) (¢ + 2Rr) < R*(ab + bc + ca — 2Rr)?. O

Vi du 2.2.2. Cho AABC v6i do dai ba canh la a, b, ¢; nita chu vi tam

a+b+c )
giacla p = % va ban kinh duong tron noi tiep r. Hay chimg minh:

(a2 — bc) (62 — ca) (02 — ab) > 8p’abc — (p2 + 97“2)3.

Bai gidi. Néu z1, 22, 3 14 ba nghiém cia 2° + a12% + asx + a3 = 0
2
2 2 3 (xl - 372)
thi (331 — ZL’Q.CUg) (IQ — $3$1) (.133 — .Iflxg) = aqa3 — CL2 hay T +
112

2 2
Lo — T3 I3 — I a1a9 20 N N ”
( ) + ( ) = —9. Do béi a, b, ¢ 1a ba nghiém ctia 23 —
LUQLU?, T3 as

2pa? +(p + 72 +4Rr)x 4R7’p—0nen ( 2 —bc) (b2—ca) (02—ab) =
32p*Rr — (p +r? 4 4R7’) . Vi 4Rrp = abc va R > 2r nén
(a® = be) (b* — ca) (¢ — ab) > 8p*abe — (p* + 97’2)3. O

Vi du 2.2.3. Cho AABC vé6i ban kinh cac dudng tron noi, ngoai tiép

la r, R; ban kinh cic duong tron bang tiép 1a ri, 7o, 5. Khi d6 ta c6:
(0 1 1 1 1 1
i

(7”—7”1)(7“—7“2)+(r—r2)(7’—7’3)+(7’—7’3)(7“—7”1) S22 RY
(ii) +

1 1 n 1 S 3
(r—r)(r—mry) (r—mr)(r—my) (r—m3)(r—ry)  4r%
Bai gidi. Vi ry, 79,73 12 ba nghiém cta 22 — (4R +7r) 2> + p’x — p*r =0
nen f (v) = 23— (AR +r)2®+p’x—p*r = (x — 1) (x — ro) (x — r3) . Lay
hai lan dao ham ta dugc 3z —4R —r = (x —r1) + (v —12) + (x — 713) .
3r —4R —r 1 1

Tu day ta dugc ) = @) (x—19) + CETSICETS +
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1 ) | 1
(x —r3) (x —ry) Cho x = c6 (r—mry) (r—mro) * (r —mro) (r —r3) +
1 _2R-—r

(r—mr3)(r—mr)  2Rr2 "’
2R — 1 1
(ii)) Vi Wy = 3" 3m > 3 nén (ii) duge ching minh. O

Vi du 2.2.4. Cho AABC vé6i nita chu vi p; ban kinh duong tron ngoai
tiép 1a R. Khi d6 ching ta co:

C 8
(i) tan; +tan§ +tan§ — tan;tan;tan; > 35
(if) t A tanZ 4y > 9tan 2 tan 3 tan <
if) tan o +tan o + tan o > 9tan o tan — tan <.
So el oy A B C 4R
Bai gidi. (i) Tu tan — + tan — + tan — — tan — tan — tan — = — va
2 2 2 2 2~
3vV3 £L a2
% =sinA +sin B + sinC < SSing = T\/_ suy ra bat dang thiic sau
t +t b +t t At t ¢ = ;
an — + tan — + tan — — tan — tan — tan — > ——.
2 2 2 2 2 2 7 33
A B C 4R 9
(ii) Dugce suy ra tit tan —+tan —+tan — = tr > il vaR>2r. O
2 2 2 D P
Vi du 2.2.5. V6i moi AABC. Chiing minh bat déng thic sau day:
17

@ = sin Asin B + sin Bsin C' + sin C'sin A — cos A cos B cos C' < 3

p*+r*+4Rr  pP— (2R+7)?  AR?+8Rr + 27

Bai gidgi. Tt Q =

4}1}{222 AR AR?
4R2 + 4R2 + 7 17
do d6 O < _ L u
0d6 ¢ AR 8

Vi du 2.2.6. Dit b+ ¢ = 25 > a. Ta c6 cac bat dang thic sau day:
3 b b+ c)’
(i) max —a,j <my+m, < \/ﬂ—FZaQ.
2 2 4
113 b
(i) 5 re

_a_

2 2

< myp.
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Bai gidi. Dung hé toa do (Oxy) dé B (—u;0),C (u;0), A (x;y), trong d6
a=2u,y > 0. Khi d6é2s=0b+c= \/(a:+u)2—|—y2—|— \/(a:—u)2—|—y2.
Bién doi 4s* = 2 (2% + y* + u?) +2\/(x2 + y? + u?)?® — 4u222 va nhu vay:
(232 — 2% —y? - u2)2 = (332 + 9%+ u2)2—4u2x2. Gian udc hai vé sé dugc
2

u N N
2y +u’ =7+ ¥ va (s —u?) 2? < (57 —u?) % suy ra |z < s va
s
22
x2+y2+u2:$2+—2x2.
S

1 1
(i) Ta co6 mp+m. = 5\/(3@0 +z)° + y2—|—§\/(3u — z)* + 2. Binh phuong

ta duoc 4(my, + me)* = 2 (2% + y* + 9u?) +2\/(x2 + 92 4 9u2)® — 36uz?.

Xét ham s6 f (z) = 2% + y* + u® + 2\/(562 + 92 4 9u?)? — 36ux? véi

2 2 2
|z| < s hay f(x) = u_2x2 + 5% 4+ 8u? + \/(u—2x2 + s+ 8u2> — 36u2z2.
s s

2 2 2

02 <u—2x2 + 52 + 8u2) 1233 — 36u’x
s s

Tinh dao ham f'(z) = —x + =

52 u2 2
(—2962 + 52 + 8u2> — 36u?z?
s

)

2_u2x |+ f(z) — 1852

52 uz 2
(—2332 + 52+ 8u2> — 36u2x2/
s

2 2 2
flz) < %xQ + 9s? + \/(%x2+952> — 36u2z? hay f(x) < 18s%

Qua bang xét dau f/(z) suy ra f(z) < f(0) = 2(s*+8u?) va
f(z) = min{f(=s), f(s)} = s* + 9u® + |9u? — s?| = 2max {s?,9u’}.
Do 4(my 4+ m.)* = 2f () nén max {3u, s} < my + m, < Vs + 8u?. Suy
ra (i) dugc chiing minh.

1 1
(i) Ta c6 mp = 5\/(3u+x)2+y2 = 5\/x2+y2+9u2+6ux va nhu
2

2
vay my = \/%xZ + 52 4 8u? + 6uz. Xét g(x) = %xQ + 8% + 8u? + bux

2 2

. Béi vi ¢ > u* nén co
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v6i || < s. Dé dang chi ra g(z) > g(—s) va ta c6 my > |3u — s| hay
113 b+c
> |0 - O
TEo R T

Vi du 2.2.7. V6i moi AABC luén luon cé cac bat dang thiic sau day:

L~ (b+e)P —a 1 >
0 5519 <la<§\/(b+c) s

b _
(i) I, > u
b+c —CLQ] be (% — ?)
Bai giai. (1) Tul, = suy ra l, = \/ —————. Bdi
s
vi 4bc = b—I—c — —02nens —u? bcés?TfIhaibétdezmgthﬁ’c
nay ta suy ra —— < Vs? —wu? Do d6 (i) duge ching minh.
b+c)’ —a? b+c—
(ii) TfJ_’la}( to) —a suyralCL}u. O]

2(b+c¢)

Vi du 2.2.8. V6i moi AABC luon luon cb cac bat dang thitc sau day:
(i) § < Mg + My + My <1
4 a+b+c
1 Lo+ b+ 3
(i) = < + Uy + < V3
2 a+b+c 2

b b
Bai giai. (i) Vi m, < %,mb < HTa,mc < ot
thic mq+mp+m. < a+b+c. Goi G la trong tam AABC. Tt GB+GC >

3
a, GC+GA > b,GA+GB > csuy ra ngay 2 (mg +mp +me) = a+b+c.

2

[ Tran Phuong Mai].

suy ra bat ding

3 mg+my+ me

Vay - < < 1.
w 4 = ab+ b+ c A ;
(ii) T I, > #, b = H%,lc > % nén sau khi cong
L e b .
ba bat dang thic trén duge I, + I, + . > %. Khong han che

c6 the coil a > ba > c¢. Béi vi l, + I + 1. < mg + mp + m, <

1 (\/(b Fo—a b+ + 8a2) theo vi du ( 2.2.6 ) va ( 2.2.7 )

2
nén ta phai chiing minh I, +1,+1. < V82 — u2++/s2 + 8u? < \/g(s +u).
Véi u < s < 2u. C6 thé coi w = 1 va chi ra Vs2—1 +




29

V3 (s+1) v6i 1 < s < 2, dicu nay 1 hién nhien.
1 la + Zb + lc \/g

Tom lai = < <22 u
o alQ\ a+b+c 2

Tiép theo la mot sé bat dang thic gitta cac canh, dudng cao v ban
kinh duong tron noi, ngoai tiép.

Vi du 2.2.9. Véi moi tam gidac ABC ta ludn c6 bat ding thic sau day:
Khi AABC nhon thi E > 2 va khi AABC khong nhon thi K > 241

; m
A B C

Bai gidi. V6i x = sing,y = sin 5 z = sina co6 2 +y? + 22+ 2zyz = 1.

Khong han ché c6 thé gia thiét LA > /B, /C. Xét trudng hop AABC
LA 1 2

nhQn.Khidé%<T<%vasuyra§<x<§.T1\I%:4xyz

suy ra % 5 0khiz— 0vatit 1 =20z + a2+ 92+ 22 > 4¢/22%3:3
T

1
suy ra i dryz < 3 Nhu vay R > 2r. Xét truong hgp AABC khong

LA 2
nhon.Khidég>—2%v€1nhuﬁv@y1>x>§.Dobéil—

2yz + 2xyz nén 1 — x > 2yz. Tu day dugc

V2 -1
< < = -

1
> V2 +1. ]
V241

Vi du 2.2.10. V6i moi tam gidc ABC ta ludn c6 bat dang thiic sau day:
) ab + be+ ca > 16 Rr + 4r2.
i) abc > 12¢/3Rr?.

2 2
1) ho + by + he > 8r+%.

=y

Nhu vay }% =4ryz < hay

(i
(i
(i

Bai gidi. (i) Ta da biét a, b, ¢ 1a nghiém ctia phuong trinh: 23 — 2pz? +
(p2 +r2+4RT)x—4R7’p = 0 nén ab+ bc+ ca = p*> +r?> +4Rr . Do béi
4(ab+be+ca) = (a+ b+ ¢)* +16Rr +4r2 > 3 (ab + be + ca) + 16 Rr +
4r2. Nén ab + be + ca > 16 Rr + 4r2.

(ii) Vi abc = 4Rrp = 2Rr (a+ b+ ¢) > 6Rrv/abc nén abc > 6v/6R37r3.
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vi du ( 2.2.9 ) nén abc > 6v3.4R%r1 = 12/3Rr?.

Do bdi R > 2r theo
111
(iii) Do bdi il la ba nghiem cta 1 — 2pz + (p* + r* + 4Rr) 2* —
a b’ c
25 28 25 28 (pP+r*+4R
4Rrpz® =0nén hy + hy +h, = — + — + — = (p i T):
a b c ARrp
4R 4p? + 4r® + 16R
p+f"2+ L Nhu vay hy + hy + he — p+;R+ S
48Rr +12r% + 472 + 16Rr  8Rr + 2r? 2r?
= & he+hy+he > 8r+—. [
SR R + np + r+ o

Vi du 2.2.11. V6i moi tam gidc ABC ta ludn c6 bat dang thiic sau day:
(i) 2R (mq +my +me) > a® + b* +

.9
(ii) §R > mg +my + me.
(iii) [VMO 1991] Gia st G 1a trong tam cia AABC va AG, BG, CG cat
duong tron ngoai tiép AABC’ 4 Ay, By, C4 tu’0ng tng. Ta c6 bat dang

3 1 1 1
th i \ - .
i LS aa, T an G01 V3 ( b c>

2
Bai gidi. (i) Goi M la trung diém canh BC. Tit b2 + ¢ = 2m? + % =
2AM? + 2MB.MC suy ra b®> + ¢ = 2AM? + 2MB.MC = 2m,AA; <
4Rm,. Nhu vay 4Rmg, > b> + ¢®;4Rmy, > ¢ + a?; 4Rmc a’ + b?. Cong
ba bat dang thic trén ta dudc 2R (m, +my + m.) = a® + b* + 2.

4
(ii) Tai bdi 2R (mg +mp+m.) = a* +b* + & = §.3 (m2 + mj + m?)

s 9
>§(ma+mb+mc) nén §R>ma+mb+mc.

4
(iii) Tu 2meAA; = b* + 2 suy ra 2m,GA; = b* + & — gmg =
a’ + b? + ¢ Va 1 6my, . duo 1 N 1 N 1
— Vay —— = —F——— va c =
( 3 y) GA, a2+ +c2 G4 T GB T GG
6 (my, +my + me 1 1 1 3
. The Dé da bat

a2+ b2 2 co ()0 e Y GB, T ae, 7 | Dedamecoba
déng thic con lai. ]
Vi du 2.2.12. V6i moi tam gidc ABC ta ludn c6 bat déng thic sau day:
() 1o+ 1y + 1, > ab + bc + ca
1 a Cc = .

’ 2R

(i) Gia st I 14 giao diém ba dudng phan giac trong cia AABC va Al
BI, CI cat duong tron ngoai tiép AABC & As, By, Co, tuong ting. Khi
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do ta co bat dang thitc AAy + BBy +CCy > a+ b+ c.

2r
(iii) AAy + BBy + CCy > 6Ry) = Dau bang xay ra khi AABC déu.

1 1 3 a b c
i > 2w < 33
(iv) T, 1B, 16,7 R 1A, T 1B, T 10 V3

Bai gidi. (1) Goi AT cat BC tai K. Tor AABK va AAA>C dong dang suy
ra l,.AAy = be. Vi AAy < 2R nén 2RI, > be. Tt d6 suy ra bat dang

ab + be + ca
h/ a 02 .
thiae [, + 1, + 1 R

(ii) Tai b6i AsBb + AyCc = AAsa theo dinh ly Ptolemy va AyB =
b
A0 > S onen A > (b+0)5 hay AA, > % Tit day suy ra

AAy + BBy +CCy >a+b+c.

IAIB I
(iii) Ching ta ¢6 —.— —C = latb)b+c) (EJF a). Nhu vay
la Iy Lo (a+b+c)
IA.AAy IB.BBy IC.CCY (a+0)(b+c¢)(c+a) s chiine ta su
. . = V
LAAy 1y.BBy 1.CC (a+b+cf o

a?b?c? (a+b) (b+c)(c+ a)'

(a+b+c)’
B&i vi AI.BI.CI = 4Rr? cho nén ching ta c6 AA,.BB,.CCy, =
a?b*c* (a +b)(b+c)(c+a)> 2a3b3c3

Tra hé thic AAQBBQCOQA[B[C] =

. Tt day suy ra bat dang

ARr?(a+b+c)’ Rr2a+b+c
2 2
thitc AAy + BBy + CCy > ,/ A GR,/ r
ra+b+c
(iv) Chung ta c6 AI.TAy = 2Rr. Vay ]—AQ = 2R7’ Tuong tu co
1 IB 1 1C 1 1 1 IA—I—[B—I—]C .
= , = . Do do + va
]BQ 2RT ]CQ QRT ]AQ ICQ ZRT
1 1 1 \/]A IB.IC \/4Rr2 3 3 .
suy ra + + = - > —. Bai
]AQ IBQ ]CQ 2Rr 2Rr 32R2 R
y L 4 é ¢ QCOSA Tuong tu b 2c B
1 = = nén — = _ n R -
'TA, T 2Ry AN TA 2 8" TB, 7
2Rsm§
C b A B C
valic2 = 2cos§ Do do IZQ+1B2+122 = 2COS§+2COS§—|—2COSE
a b c T
Nhu <6 — = 3vV3. ]
VY T4, T 1B, T 10, SUCG V3
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Vi du 2.2.13. Véi moi tam gidac ABC ta luon c6 bat dang thic sau:
3abc A B C

2
< 2277 ot = cot = cot —.
(ha + hy + he)” < iR cot2cot200t2
2 in A in A
Bai gidi. Vi h, — S _ be sin < besin
a Vb2 + 02 — 2bccos A V2bc — 2bc cos A

A cos— b
nén h, < \/b_ccos§ = ”a C\/co —. Dé dang
) . / b / / b /
c6 cac bat dang thuc h, < ae —: h, < ae cot —
Vay he + hy + h. < \/abc <\/cot— \/cot— \/cot—>

A
ht 1 —cot—cot— = _ —_ =
Chung ta lai co 3(:ot2(30t 5 cot 5 3<cot 5 —I—cot 5 + cot 2)
5 2
(w/cot— \/cot— \/cot§>. Nhu vay (ha—i—hb—l—hc)2 <
3abc
Ecot—cot;cotg ]

Vi du 2.2.14. V6i moi tam gidc ABC ta ludn c6 bat dang thiic sau day:
ab + bc+ ca < 9R2 + 8Rr + 2r?. Trong trudng hop AABC khong tu ta
co ab+bc+ca > 4R? + 8Rr + 2r2.

Bai gidi. Do béi 4(ab+bc+ca) = (a+b+c¢)° + 16Rr + 4r2 nén
nhan duge 2(ab+bc+ca) = a* + U + ¢ + 16Rr + 4r?
4R? (sin®A + sin®B + sin*C) + 16 Rr +4r%. V1 sin® A + sin® B +sin’C <
nén 2 (ab+bc+ca) < 9R? 4+ 16Rr + 4r%. Ta lai c¢6 sin’A + sin’B +
sin?C’ = 2 + 2cos Acos BcosC > 2, khi AABC khong ti. Do dé

2 (ab + be + ca) > 8R* + 16 Rr + 472 suy ra ab + bc + ca > 4R* + 8Rr +
22, []

=~ o |l

Vi du 2.2.15. Cho AABC vé6i ban kinh dudng tron ngoai, noi tiép la
R,r. Gia st diem M 6 trong AABC c6 khoang cach dén ba canh 1a a, 3,7
var=MAy=MB,z= MC. Khi dé ta luon co: éxyz afry.
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Bai gidi. Ta biét y = sinz v6i 0 < o < 7 1a ham 16i cho nén 3 + v =
A A
x (sin Ay + sin Ay) < 2xsin 7 Nhu vay iCSiIlE > /7. Tuong tu ¢6

B C A. . B . C
ysini > 1/’}/04;2’81115 > apf. Tom lai afy < xyz singsingsina =
7
—. O
IR

Vi du 2.2.16. Cho AABC véi ban kinh duong tron nai tiép 1a r va chu
vi 2p = 6. Khi d6 ta luoén c6 bat dang thiic:
1 1 1 3
G- (d=0) G-b@d-0 @G-o@d-a Se2tz
Bai gidi. Vi a, b, ¢ 1a nghiem 23 — 2p2? + (p2 + 72+ 4Rr) xr—4Rrp =0
nén f(z) = 2®— 62+ (9+r? +4Rr)x—12Rr = (x —a) (z — b) (z — ¢).
Lay dao ham hai lan duge 3133 —2p = (z— a)1+ (x —b) + (x 7 c). Tu

~ 3vr—2p

B R T R EE [EEr MR IEt)
Ch”;“admc (4—a)(4—b)+(4—b)1(4—c)+(4—c)1(4—a) -
2427 1 2R Vi R: S P iy S S S Y

< : []
4—c)(4d—a) " 6r2+2

Vi du 2.2.17. Cho AABC v6i do dai canh a, b, ¢ va ban kinh duong
tron noi tiép 1a r. Khi d6 luon co:
(a=b)" (=0 (c—af p 27
ab bc ca  4r? 4
Bai gidi. Vi a, b, ¢ 1a nghiem 23 — 2p2? + (p2 +r? 4 4R7’) xr—4Rrp =0

) —b)*  (b—c) —a)® 2(pP*+r*+4R
nén de dang co: (a—b) +( ) +(C a) = (p 4 T) _

) ab ) be , ca ) ) 4Rr
—b b — — 2 +
Nhu vay (a=b) + =0 + lc—a) = (p d ) —7.B6iviR>2r
2ab . )ch : )2ca 2( > 42})37“ ) .
_ (a—0b) —c c—a pe+r P
< =2 2
et ab + be + ca 8r 4r2 4

Vi du 2.2.18. Cho AABC v6i do dai canh a, b, ¢ va ban kinh duong
tron noi, ngoai tiép la r, R. Khi dé c6 bat dang thiic:
1 1 1 1 1

S ST
2Rr\a2+b2+02\4r2



34

Bai gidi. Nhu ching ta biét a, b, ¢ 14 ba nghiém ctia phuong trinh bac
ba 3 — 2px? + (p2 +r? +4RT) r — 4Rrp = 0 cho nén f(x) = 2% —
2px?+ (p* + 1+ 4Rr) x —4Rrp = (z — a) (x — b) (x — ¢) . Lay dao ham
hai lan ta duge: 3z — 2p = (x — a) fL (x —b) + (x — ¢). Tu day ta dugc

351:—2}9 1 + + 1 Ch
— .Chox=1p
flz)  (z—a)(@=b) (z-b)(x—c) (z—c)(z—a)
t o L + + ! b !
a co - - 3
(- a)p-") 1(p—b)(p—c) (=) p—a) 17“219 r
Tom lai = -+ >
4r2 4d(p—a)(p— ) 4p—=b)(p—c) 4(p—c)(p—a)
1+1—|—1L 1 2p 1+1+1<1+1+1
—+=+—=.Lalcd —=— = — + — a2 Suy ra
b2 2R7“ abc ab  bc  ca b2 Y
1 1+1+1 0
2R7“ b? 47“2'

Vi du 2.2.19. Gia st a, b, ¢ la d6 dai ba canh cia mdt tam giac

S P . 1
khong can. Khi dé c6 bat dang thic: T = @) (@) (1 + ) +
1 N 1 o 1
(B2 =) (1?2 —a?) (1+02)  (2—a?)(c2—b%)(1+c?) ~ Sabc

1  Ax+ A
(22 4 a?) (22 +02) (22 4+ %) 22+ a?

Bx + B’ ’
X + +CX+C Tinh A, A’, B, B’, C, C’ va cho z = 1 ta nhan dugc
x2 + b2 24+ c? 1 1

biéu thiic T = < . O
RS T U T ) 1+ @) S Sabe

Bai gidi. Bieu dién T(z) =

Vi du 2.2.20. Ky hiéu 7,79, 73 1 ban kinh cac duong tron bang tiép
tam giac ABC. Chitng minh rang:

(i) 717y + rors + 131y > 3/38.

(ii) 4R + 1 > 3//38S.

Bai gidi. (1) Chung ta biét rq, 79,73 1a ba nghiém ctia phuong trinh bac
ba 23 — (4R + 1) 2? + p*x — p’r = 0. Nhu vay rire + rorz + r3r = p2.
Theo bat dang thitc Cauchy ta c6

s=¢p<pa><pb)(pc)<\/p(p‘“”;b+p‘c) -
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Do dé ching ta c6 bat dang thic riry + rors + rary > > 3v/3S.
(ii)) VidR4+71r =11 + 19+ 13 = \/3 (rire 4+ 7913 + r37r1) nén nhan duge
bat dang thic 4R + r > 3v/V/38S. []

Vi du 2.2.21. Cho AABC véi ban kinh dudng tron ngoai tiép 1a R; ban
kinh cac duong tron bang tiép 1a 71,79, r3; nita chu vi p. Ching minh:

25R? r? T3 73 10072

2 2 2 2R 2
Bii gidi. Do (%—1) (ig_ )(T—;’— )—4(#1 theo
p

25 R? 2 2 2
vidu (2.1.11)va R > 2r nén = ><%_><%_><%_>+
p p p p

2
4> 10(;1“ .
p

Vi du 2.2.22. Chiing minh réng v6i moi tam gidc ABC ta luon co:

3f

(i) sin A +sin B +sin C' < 5

3v3

E

(ii) sin Asin Bsin C' <

Bai gidgi. Vi y = sinz v6i 0 < x < 7 la ham 16m nén sin A + sin B +

A+ B A+ B
sinC' < 3sin i +C=3\/§,sinAsinBsinC<sin3+—+C:

3 9
3v/3
-

Vi du 2.2.23. Chiing minh ring, trong s6 nhiing tam giic ciing noi tiép

[]

trong duong tron tam O ban kinh R thi tam gidc déu c6 chu vi 16n nhat.

Bai gidi. Chu vi tam giac bang 2p = 2R(sin A+ sin B+sin C) < 3v/3R.
Dau bang xay ra khi tam giac ABC' 13 tam giac deu. O

Vi du 2.2.24. Ching minh ring v6i moi tam giac ABC ta luon co6

(i) s A+. B+. C<3
1 sm2 sm2 Sll’l2\2.
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... A B C
(ii) sin — sin — sin —
2 2

1
2 8
B c 3
(iii) cos Bl + cos Bl + cos 5 \2/_

<

A B C
(iv) tanE +tan§ +tan§ > /3.

Bai gidi. (i) Viy =sinz véi 0 < 2 < 7 13 ham 16m nén ta c6 bat dang
A+B+C 3

thtc sin—+sin§+sin§ <SSinT:§.

C z ?
(ii) Do sin 5 > 0; sinE > (;sin 5 > (0 nén theo bat dang thic Cauchy

A B .C [1/. A B .C\° 1\’ /3\° 1
sSiIn —sin —sin — < | — | sin — + sin — + sin — < | = — = —.
2 2 2 3 2 2 2 3 2 8
C
(111)\/‘1y-cos:1:v&0<x< 5 laham101nencos§+cos§+co Eg
A+B+C 33

3 cos =
0 : A B C
(iv) Viy =tanx v6i 0 < x < g 1a ham 16i nén tan§+tan5+tan§ >
A+B+C
3tan%:\/§. ]

Chu y 2.4: Tu vi du (2.2.22) va (2.2.24) sit dung tinh chat ctia ham
16 v& ham 16m ta c6 thé gidi quyét dude cac bai toan tuong tu sau:

3
(i) Chiing minh rang trong moi AABC ¢6 cos A + cos B + cos C' < S5
(ii) Chting minh rang trong moi AABC' ¢6 cos A cos B cos C' < g
iy B 3v3
(iii) Chiing minh rang trong moi AABC' ¢6 cos 5 €08 5 C08 5 < — g

(iv) Chiing minh rang néu AABC nhon thi tan A+tan B+tan C' > 3v/3.
(v) Chitng minh ring néu AABC nhon thi cot A+ cot B + cot C' > /3.
Diang thtic xay ra cho cac truong hgp trén khi va chi khi AABC déu.

Vi du 2.2.25. Gia st a, b, ¢ 1a do dai ba canh tam giac. Chiing minh:
i) Vatb—c+va—b+tc+vV—a+tbtec<VJat+ Vbt /e
(i) (a+b—c)+(a=b+c)’+ (—a+b+c) = a’+ 0"+ .
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Bai gidi. Khong han ché c6 thé gia thifta >b>c¢>0. Via+b—c >
a,a+b—c+a—b+c>a+bvaa+b—c+a—b+c—a+b+c=a+b+c
nén (a+b—ca—b+c,—a+b+c) = (a,b,c). Béi vi y =/ vii
xz > 01a ham s6 16m va y = 2° v6i z > 0 14 ham 16i nén theo Ménh dé
131tacovVa+tb—c+vVa—b+c+vV—a+b+c<Va+Vb+/cva
(a+b—c)f+(a=b+c)+(—a+b+c)>a+1+ . ]

Vi du 2.2.26. Chiing minh réng trong moi tam giac ABC ta déu c6
1 1 1
(1 + sin A)sin B (1 + sin B)sinC' (1 + sin C')sin A > 8.

Chiing minh. Ap dung Dbat ding thic Bernoulli cho tam gidc
1 1 1

ABC ching ta c¢6 (1+sin A)sin B(1 + sin B)sinC (1 +sinC)sin A >
1JrsinA 1+sinB 1+sinC’ S 93 _ g 0
sin B sin C' sinA) =~ 7

Vi du 2.2.27. Cho tam giac ABC nhon chtung ta luén co:

(i) sin A +sin B 4+ sin C' + tan A tan Btan C' > 27.
(11) gsin A + gtanA + gsin B + gtanB + 9sin C + gtanC > 3W
Chiing minh. (i) Do tam giac ABC nhon nén 0 < A, B,C < g Khi d6

sin A 4+ tanA > 2A.
theo vidu 1.4.2 thi { sin B +tan B > 2B Cong ting vé ciia 3 bat dang
sinC' 4+ tan C' > 2C.
thitc trén va két hop v6i tan A+tan B + tan C = tan A tan Btan C thi
ta dugce (i).
(ii) Ap dung bat déng thic Cauchy thi 25m4 4 2tanA > 9,/9sinAgtanA >
241 Tuong tu ciing c6 258  2tanB 5 9B+ iy 9sinC 4 gtanC  9C+1
Cong timg vé clia 3 bat dang thic tren ta duge 2904 4 gtanA | osinB 4
gtanB | osinC 4 gtanC - 9A+1 4 9B+1 4 9C+1 > 3Y/9A+B+C+3 — 3{/9m+3, []

2.3. Mot s bai toan nhan dang tam giac

Bai toan 1: Cho AABC c¢6 do dai cac canh la a, b, ¢ va p la nua
2

. 4 \
chu vi. Chiing minh rang: a®+ >+ c% > % Khi nao dang thitc xay ra?
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Chitng minh. Van dung bat dang thic AM-GM cho sau s6 a,b c,l 1,1

4 Yl R}
taco (2p)? = (a+b+c)*> < 3(a®* + >+ ¢?) hay a®> + b* + & > 5 . Dang
thiic xay ra khi va chi khi tam giac ABC déu. O

Bai toan 2: Cho AABC c¢6 do dai cac canh la a, b, ¢ va p la nua
1

N 1 1 9 ?
chu vi. Chitng minh rang: — + 5 +-2 70 Dang thic xay ra khi nao?
a c D

Chaing mz’nh Van dung bat déng thitc AM-GM cho ba s6, ta c6 (a+ b+
1 1 1 1 1 )
)( +—+ ) 3Vabe.3¢) — 9hay—+—+—>g. Dang thic xay
b abc a 2

b ¢ D
ra khl va Chl khi tam giac ABC deu. ]
Bai toan 3: Cho AABC c¢6 do dai cac canh la a, b, ¢, nita chu vi la
p va dién tich 14 S. Ching minh ring: p? > 3v/35. Dang thic xay ra khi

nao?

Chiing minh. Van dung bat dang thic AM-GM Cho ba s6 p —a,p —

b,p — ctacop—a+p—b—|—p—c 3¢/(p —a) b)(p—c) & p >
39/ (p—a)(p = b)(p— ) & p* = 27(p—a)(p— b)( )©p4>27p(p—
a)(p—b)(p—f:) & p* = 3V3yplp—a)lp—b)(p—c) & p* > 3V3S.
Diang thiic xay ra khi va chi khi tam gidc ABC déu. O
Bai toan 4: Tam giac ABC c6 tinh chat gi néu:
A B C(C A B C 1
—C0S—CO0S— — sin — sin — sin — = —.
cos2cos2cos2 S 28 28 7 =3
A B C . A B 1 .
Bai giai. Ta co: COSECOSECOSE—SIH 3 sin bl sin 3=3 tuong duong vé6i
1 A-B A+ B C 1 A-B A+BY\ . C
— | cos + cos cos——— | cos — COS sin — =
2 2 2 2 2 2 2 2
1 ¢ A-B . C C . C A-B . ,C
— hay cos—cos + SIn —Cos— — sIn —Cos + sin B = 1.
A—-B C C Cc C C
Do do6 cos cos— —sin— | + sin—cos— — [ 1 —sin?= =
2 2 2 2 2
0 ta dugc COSA — b COSC si ¢ COSC COSC si ¢ 0
— —sin— | — — — —sin— | =
' 2 2 2 2 2

tuc 1a <cos§—sin§> (cosA;B —cos%) = 0 khi va chi khi



i C
B O C tang =1 /C 0
Sin—:COS§ A-B C > =45
A B~ ¢ < =5 S |ZA=/B+sC
! SED) ey _c /B=/A+/C
L 2
[ £C =90°
/A =90 Vay tam gidc ABC la tam giac vuong.
| /B =90".
H
<., s . o ., . ., sinA
Bai toan 5: Tam giac ABC c6 tinh chat gi neu: — = 2cosC.
sin
A
Bai giai. Ta co Sin = 2cosC
sin B
& sin A = 2sin Beos C < sin(B + C') = 2sin B cos C
< sin B cos C + cos Bsin C' = 2sin B cos C'
&sin(B-C)=0& 4B = ZC.
Do vay tam giac ABC can tai A. []
) 3
Bai toan 6: Nhan dang tam giac ABC biét cos®? A+cos? B+cos’C = T

. 3
Bai gidi. Chung ta thay: cos? A + cos? B + cos? C' = 1 tuong duong

1 24 1 2B 3
. CQOS + +C208 + cos*C = 1 by cos(A + B)cos(A — B) +
1
cos’C + 1= 0

& 4cos’C — 4 cos C cos(A — B) + cos’(A — B) +sin*(A — B) =0
& (2c0sC — cos(A — B))? +sin?(A— B) =0
{QCOSC:COS(A—B) @{AA_AB {ZA:LB

sin(A—B)=0 cosC = L /C = 60°.

Vay tam giac ABC la tam giac déu. O
Bai toan 7: Cho AABC' v6i ntta chu vi p; ban kinh cac duong tron
noi, ngoal tiép 1a r, R; ban kinh cac dudng tron bang tiép 1a rq,re, r3.

8 2 ?
Khi d6 —32 >ritri+ri+2 et > 81r%. Dang thitc xay ra khi nao?
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Bai gidi. Do béi r? +r2 +7“3 (r1+r2+7“3) —2(ryre 4 rorg 4+ r3r1) nén
rror
r?4ri+ri= (4R + ) —2 1; S h ay 12 +r3+1r3+2 128 = (4R+7“)2.

riraTs3

8 2
Vay —R2 >ri+ri+ri+2 > 81r2. Dang thiic xay ra khi va chi

”
khi tam giac ABC la tam gidc deu. O

Bai toan 8: Chiing minh ring, trong moi AABC' ta luon co:

A B C A B
sm§+sm§+sm§+tan§+tan§—|—tan— \/_+—

Dang thiic xay ra khi nao?

) x T
Bai giai. Ching ta xét ham s f(z) = sin 5+ tan 5 véi z € (0, 7).

T
sin —

Co f'(z) = %cosg + 200152E;f//(x) = 4008??{ <4—cos4g> > 0, véi
Va € (0,7) ching ta suy ra f(QX) 1a ham 16i trén2(0, ).

Theo bat déng thic Jensen, ta co: f AngJ <
%(f(A)—i—f(B) + f(C)) suy ra sinM%C + tanw <
1 (siné—l—sing—|—sin€—|—tané—|—tan§—|—tang

3 2 2 2 2 2 2

B C A B
Tuac 1a sma —I—smg +81n5 +tan§ -I—tan; -I—tan— \/_—i— —
Dang thiic x4y ra khi va chi khi /A = /B = ZC tic la AABC deu. ]

Bai toan 9: Chiing minh rang, trong moi AABC ta luon c6

S S
AT B ,C

sin E sin“—  sin“—

2 2

> 12.

Ding thic x4y ra khi nao?

1

—— véi v € (0,m). Ta c6 f'(z) =

2 sinx

—2 2

—.Cgosx;f(x) _ 2 :1:.+4 e A = (0,7) suy ra f(x)
sin®x sin‘x

13 ham 13i trén (0,7). Ap dung bat dang thic Jensen, ching ta c6

Bai gidi. Xét ham sd f(x) =
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1 1 1 1 1 b 1 1

A B cS3| LAt Bt o™ At BT
—+ =+ = sin“—  sIn“—  sin“— sin“— sin“—
sin22 2 2 2 2 2 2 2
] 3

> 12 . Day la dieu phai chitng minh.

e
sma

Dang thiic x4y ra khi va chi khi /A = /B = ZC ttc la AABC déu. [

Nhan xét 2.1: V6i cach lam trén c6 thé xay dung dudc bai toan:

1 1
> 4.
+ sin’B + sin?C'
1 1 1
AT BT T

sin E sin —  sin —

2 2

Ching minh rang trong moi AABC ta c6 — o
sin
Diang thitc x4y ra khi va chi khi AABC déu.

Bai toan 10: Cho AABC' chiing minh

> 6. Khi

nao ding thitc xay ra?

COS T

. 1
Bai giai. Xét ham s6 f(x) = —— véi x € (0,7). Ta c6 f'(z) = ———
, sinx sin“x
() = —3
sin’x

.
2
S CoST > 0, v6i Vo € (0,7). Suy ra f(x) la ham
16i trén (0,7). Theo bat dang thitc Jensen, ta c6

1

S

+ o+

| Q

A B
2 2
sin 3
1 1 1 b 1 1 1 _
sin— sin—  sin— sin— sin—  sin —
AN 2 2 2 2 2 \
Diang thic xay ra khi va chi khi ZA = /B = ZC tac la AABC deu. [

Nhan xét 2.2: Hoan toan tuong tu nhu vi du trén ta ciing c6 dugce
+

két qua tuong tir sau: Chiing minh réng trong AABC ta luon c6 — Yl
sin

1 1 ) N
- + — > 24/3. Dang thiic xay ra khi va chi khi AABC deu.
sinB  sinC

Bai toan 11: Chiing minh réng trong moi tam giac ABC ta luon co:

1 1 1
Tt—fpt——¢> 2V/3.
COS — COSs — COS —

2 2 2
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Khi nao dang thitc xay ra?

Bai gidi. Xét ham s6 f(z) = vl x € (O,Z)- Co fl(z) = szx
S COS 2 | COos*x
) = cos :13—|—3 SICE v e (O’E) suy ra f(z) = 12 ham
Ccos T 2 cols:v
161 trén (0, g) Ap dung bat ddng thic Jensen, ta c6 1 B C <
COS 2 2 2
3
1 1 1 1 1 1
Tt—fp5t——¢ hay 1t—p " 022\/3-
COS— S—  COS— COS— S—  COS—
0 5 co 5 0 5 0 9 co 5 0 5

Dang thtic xay ra khi v& chi khi ZA = /B = ZC ttic 1a AABC déu. O

Nhan xét 2.3: T vi du trén suy ra dude két qua sau: Chitng minh

. 1 1 1 )
rang trong AABC nhon ta ludn co: + + > 6. Dang
cosA  cosB  cosC

thiic xay ra khi va chi khi AABC' déu.
Bai toan 12: Chiing minh ring, trong AABC ta luon co:

1 . 1 . 1
A B C
cos?—  cos?—  cosi—
2 2 2

> 4.

Khi ndo déng thitc xay ra?

Bai gidi. Xét ham s6 f(x) =

voi z € (0,5) Co f(z) =

) 5308256 2
2 si 2 Osi
e f(x) = i > 0 v6i Vo € (O, z). Suy ra
cos3x . costx 2
f(x) = la ham 1oi trén (0, E). Ap dung bat ding thic Jensen,
cos’x 2
; 1 - 1 1 1 1 b 1
a co A B o g A + B + 1 ay — A +
—+ =+ = cos?—  cos’—  cos?— cos?—
w22 29 > > > 2
1 1 s
B + 8, > 4.
cos’—  cos’—

2 2
Dang thiic x4y ra khi va chi khi /A = /B = ZC ttic la AABC déu. [
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Chuong 3
Trinh bay mét s6 két qua cta J.Liu
8] va cta Klamkin [7].

Chuong nay ching to6i van dung trinh bay lai két qua da co6 trong bai
bao va mot s6 bai toan khac . Cu thé céc két qua dugc suy ra tit bai

toan sau day:
3.1. Khai thac bai toan véc to trong mit phang
Meénh dé 3.1.1. Cho AABC véi do dai canh a = BC,b=CA,c = AB
va dieém I thuoc mat phang (ABC). Khi dé:
(i) Néu I thuoc mien tam giac ABC thi c6 dong nhat thitc
— — — —
TA.Sipc + IB.Sica+ IC.Srap = 0.
(ii) Néu I thuoc mién ngoai tam gidac ABC va nam trong géc /A thi
— — — —
—]A.S[BC + IB.Sica+ IC.Sr4 = 0.
(iii) V6i tam duong tron noi tiép I va tam du’o’ng tron bang tlep J ¢

trong goc AA ta co cac dong nhat thifc aIA + bIB + CIC = O va
—aJA + bJB + CJC = O

Ching minh. (i) Dung hé toa do Ixy sao cho 1(0.0), A(x1,11), B(za,y2)
va C(x3,y3). Dién tich cac tam giac IBC,ICA,IAB dugc quy udc

tinh 2750 = |f’72 Y2 ‘ 954 = | B va2Sus = |

T3 Y3 I Y1 T2 Y2
— —

Do vay IAQEJBC = (zays — w3y2)(x1,y1); [B.2S1ca = (w3y1 —

x1Y3) (e, y2); IC.2S145 = (x1y2 — x2y1)(x3,y3). B6i vi hai dinh thic
Ty T2 T3 Y1 Y2 Y3 N .

sau triét tiéu | x1 zo x3 | va | 1 x92 x3 | nén [A.Sipc + IB.Sioa +
Y Y2 Y3 Yyr Y2 Y3

%

s
1C.Sia = 0.
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(i) Néu I thuoc mién ngoal tam g1ac ABC va nam trong goc ZA thi

Sipc = —Sicp- Do vay ]A Sipc + IB Srca + IC S1aB = 0.
(iii) La hién nhién. O

Hé qua 3.1.1. Cho AABC véi do dai canh a = BC,b = CA,c = AB.
Goi G, H,O va I la trong tam, truc tam, tam duong tron ngoai tiép va
tam duong tron noi tiép trong tam giac ABC. Khi dé:

— — — —
(i) GA+ GB+GC = 0.
— — — —
(i) OA+ OB +0C = OH.
— — — —
(iii) (a +b+ )OI = aOA+ bOB + cOC.
Chiing mmh (i ) Dugce suy ra t tu Menh de 3.1. 1
— —
(i) Tw O = —30G+OA+OB+OC’ suy raOH OA+OB+OC’

(iii) Tu 0= —(a+b+ c)OI + WO A +! bOB + COC’ theo Menh de 3.1.1
ta suy ra dong nhat thic (a + b + c)OI = aOA + bOB + COC. O

Vidu 3.1.1. Gia stt tam giac ABC ¢6 BC =a,CA=bAB=cval,J
13 tam duong tron noi tiép va tam duong tron bang tiép trong goc LA
ctia tam giac. Khi dé c6 bat dang thitc sau day:

(i) aEA? +bEB? + cEC? > abc v6i diem E tuy ¥.

—aJA% +bJB? + cJC? = abe.

)

(ii) alA? 4+ bIB? + cIC? = abe.

(i)

(iv) a(AH? + AK? — AJ?) + b(BK? + BJ? — BH?) + ¢(CJ* + CH? —
CK?) = 3abc khi J, H, K 1a tam duong tron bang tiép va & trong
goc LA, /B, ZC, tuong ing, ctia tam giac.

Bai gidi. (i) Tit bat déng thic (aEA 4+ bEB + ¢EC)” > 0 ta suy ra

0 < a®EA%2+ B EB? + PEC? + 2abEA.EB + 20cEB.EC + 2caEC.EA
= A’EA* + VEB? + EC? + ab(EA® + EB? — &)
+ bc(EB2 + EC? — a2) + ca(E02 L+ EBEA? — b2).
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Gian u6c cho a + b+ ¢ duge bat dang thic aEA? +bEB? 4+ cEC? > ab.
(ii) Tt al A+ bIB + ¢IC = 0 theo Ménh dé 3.1.1 ta suy ra

0 = a?IA%2 + b2IB% + IC? + 2abIA.IB + 2bcIB.IC + 2calC.TA
= *ITA*+ 0 IB* + IC? + ab(IA* + I B* — &)
+ be(IB* 4 I1C° — a®) + ca(IC* + 1A* — b?).

Gidn udc cho a + b+ ¢ dude dong nhat thiic al A% + bIB? + cIC? = abe.
(ili) Tt —aJA 4 bJB + ¢JC = 0 theo Menh dé 3.1.1 ta suy ra:

0 = ®JA? + VPJB* + PJC? — 2abJA.JB + 2bcJB.JC — 2caJC.JA
= A*JA*+VJB*+ A JC? — ab(JA* + JB® — &)
+ be(JB?+ JC* —a®) — ca(JC? + JA* — b?).

Gian u6c cho —a+b+c duge dong nhat thic —aJ A2 4-bJ B*+cJC? = ab.
(iv) Nhu trén c6 cdc dong nhat thic —aJA? + bJB? + ¢JC? = alb,
aHA? — bHB? + cHC? = abc va aKA? + bKB? — cKC? = abc. Vay
a(AH?+ AK? — AJ?)+b(BJ?> -~ BH?>+ BK?) +c¢(CJ*+CH?* - CK?) =
3abc. []

Vi du 3.1.2. Cho AABC v6i BC = a,CA = b,AB = c. Gia st G la
trong tam; I,r 1a tam va ban kinh dudng tron noi tiép; O, R 1a tam va
ban kinh dudng tron ngoai tiép tam giac va J la diém tuy § trong mat
phang (ABC). Khi do:

2 b2 2
(1) T =JA?+ JB?+ JC? = 3JG* + % Khi lay J = O sé

a’ + b> + 2
—
(ii) S =aJA? +bJB*+ cJC?* = (a+ b+ c)JI* + al A> + bI B* + cIC*.

nhan dugc 3R? = 30G? +

(ili) S = aJA? +bJB* + cJC? = (a+ b+ ¢)(JI* + 2Rr). Dic biet ¢6
al A? + bIB? + cIC? = 2Rr(a + b + ¢).

abc

- 2 _ p2 _ _ p2
(iv) (Euler) OI* = R* — 2Rr, (IMO1962),= R T hio
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b
(v) P =sin(24)JA%+sin(2B)JB%+sin(2C)JC? = 5—263‘]02—1_;_1;' Dac

biét c6 al A?cos A+ bIB?cos B + c¢IC? cosC = abc(l — }%)
Bai gidi. (i) Ta c6 T = (JG +GA)* + (JG + GB)* + (JG +GC)’. Vay
2 12 2
T =3JG+ GA + GB + GC? = 3167 + T 25
(ii), (iii) Vi alA+bIB+¢IC = 0 theo Menh dé (3.1.1) néen duge he thic:
S = a(JT+ TA) +b(JI + IB)" + c(JI + IC)”
= (a+b+c)JI? +alA* + bI B* + cIC?. Mat khac, ta con c6

A B C
Q = alA®+bIB*+ cIC? = 4Rr*( cot 5 T cot 7 + cot —)

2 2
A B C
A B C COS — COS — COS —
_ 2 4 D v 2 2 2 2
= 4Rr”cot 5 cot 5 cot 5 4Rr ] AS- BS- o
in — sin — sin —
2 2 2
a+b+c
= 4Rr2# = (a+b+c)2Rr.
4R

Do d6 S = aJA? +bJB*+ cJC* = (a+ b+ c)(JI* + 2Rr). Khi J = [
nhan duge dong nhat thic al A% + bIB* + cIC? = 2Rr(a + b+ c).
(iv) Tt (ii) ¢6 (a+b+c)R? = (a+b+c)(OI*+2Rr) hay OI? = R?—2Rr.

(v) Vi sin(2A4)OA + sin(2B)OB + sin(2C)OC = (0 theo Meénh dé (3.1.1)
abc

va sin(2A) + sin(2B) + sin(2C) = 4sin A.sin B.sinC' = V8 nén nhan

b b
duge P = %JO? + ;_1;' Khi J = I duoc sin(24)TA? + sin(2B) B2 +
abc abc  abc abc  abc  rabc
in(20)IC? = — 10?4+ — = — (R?> -2 = — T
sin(2C)IC SR O +2R 2R3(R RT)—FZR Rr JE u
day suy ra al A?cos A + bIB?cos B + cIC? cos C' = abc(l — E) ]

Vi du 3.1.3. Cho AABC vé6i BC = a,CA = b,AB = c. Gia st
I, K,r,r, 1a tam, ban kinh duong tron noi, bang tiép thuoc géc 121; O, R

la tam, ban kinh duong tron ngoai tiép tam giac va J la diém tiy ¥
trong mat phang (ABC). Khi dé:
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(i) —aJA? +bJB? + cJC?* = (—a+ b+ c)(JK* — 2Rr,). Dac biet ¢6

—aKA? + bK B? 4+ cKC?

= 2Rr,.
—a+b+c

(ii) OK? = R%* 4+ 2Rr,.
(iii) TA.IB.IC = 4Rr*, KA. KB.KC = 4Rr2.

Bai gidi. (i) Vi —aKA 4+ bKB + ¢KC = 0 theo Menh dé 3.1.1 nén
6: —a(JK + KA + b(JK + KB)? + ¢(JK + KC)® = (=a + b+
¢)JK?2 — oK A? + bK B2 + cKC% Mat khéc, bién ddi —aK A2 + bK B* +

A. B . C
A B C — oS — sin — sin —
2 _ 2( _ oot 2 = g 2 2 2 2 _
cKC —4R7’a( cot2+tan2+tan2)—4Rra — 7 =
sin — cos — cos —
2 2 2
a—b—c
b
4Rr2% = (a—b—c¢)2Rr,. Virb+c—a) = ;—}g hay r, =
4R
A B C

4R sin 5 €08 5 cos 7. Do vay ta nhan dugc —aJA% +bJB? + cJC? =
(—a+b+c)(JK? — 2Rr,).

(it) Tw (i), véi J = O, ta suy ra (—a+b+c)R? = (—a+b+c)(OK*—2Rr,)
hay OK? = R? 4 2Rr,.

3 3
(iii) Ta c¢6 dong nhat thic TA.IB.IC = T 4 5~ 7;4 = 4Rr?
Sin§Sin§Sin§ E
< 7"2 7"2 2
va KA KB.KC = A B O Ta = 4Rr;. O]
Sin — cos — CoS —
2 2 T2 4R

Vi du 3.1.4. Cho AABC' khong vuong v6i BC = a,CA = b, AB = c.
Gia st H 1a truc tam; I, r 1a tam va ban kinh duong tron noi tiép; O, R
la tam va ban kinh duong tron ngoai tiép tam giac va J la diém tuy ¥
trong mat phang (ABC). Khi doé:

(i) T = tan A.JA*+tan B.JB?+tan C.JC? = tan Atan B tan C.JH?+
4dt(ABC). Khilay J = O dugec OH* = R*(1—8cos A cos Bcos C).

(ii) sin? A + sin® B +sin* C' = 2 + 2 cos A cos B cos C.
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t 4 t B t ¢
cot — cot— cot —
Z b
(iii) Néu AABC nhon thi —2 4 — 2 4 2 5 2T0FC o s
cosA_ cosB = cosC r
cot — cot — cot —
NI 9 9 _a+b+c
AABC tu th < )
T cosA cosB cos C r

Bai gidi. (i) Béi vi tan A.HA + tan B.HB + tan C.HC = ( nén c6:

T = tan A.(JH + HA)" + tan B.(JH + HB)® + tan C.(JH + HC)’
— tan Atan Btan C.JH? + tan A.HA?> + tan B.HB? + tan C.HC?.

Ta lai c6 tan A.HA? + tan B.HB? + tan C.HC? = 4dt(ABC). Do vay
T = tan Atan Btan C.JH? + 4dt(ABC).

V6i J = O, ta suy ra OH? = R2(1 — 8COSACOSBCOSC).

(ii) Tt Vidu va OH = 30G ta suy ra:

R2(1 —8cosAcosBcosC) = OH? =90G? = 9R? — (a2+62+62)

hay sin? A + sin? B 4 sin? C = 2 + 2 cos A cos B cos C.
(iii) tan A.JA? + tan B.IB? + tanC.IC? = tan Atan BtanC.IH? +
4.dt(ABC) khi J = 1. Béi vi 4dt(ABC) =2r(a+ b+ ¢) va

2 A 2 2
2recot — 2rccot— 2r¢cot —
tan A.TA%+tan B.IB%> +tan C.IC? = 2 + 2 + 2
cos A cos B cos ('
. A . B ; C
cot — cot—  cot —
b
nen khi AABC nhon o6 —2 4+ — 2 42 5 CFVFC qp g
cosA  cosB  cosC r
cot — cot — cot —
a+b+c
AABC ti c6 2 < . [
oo cosA  cosB @ cosC r

Vidu 3.1.5. Cho AABC v6i do dai ba canh BC =a,CA=0b,AB = ¢
v6i O, R 1a tam va ban kinh dudng tron ngoai tiép tam gidc. Tt diem
K thudc mat phang (ABC) ha KM 1BC, KN1CA, KP1AB. Dit
a=KM,B3=KN,vy=KP. Khi d6 ta c6 cac két qua duéi day:

OK?

R?
Survp = 0 khi va chi khi K thuoc duong tron ngoai tiép AABC.

1
(i) (Euler’s theorem for pedal triangles) Sy np = Z\l — |Sapc va
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(ii) (Simson) Ba diém M, N, P thang hang khi K thuoc dudng tron
ngoai tiép AABC.

(iii) (Steiner] Ba diém M;, Ny, P, thang hang khi ching 1a ba diém
d6i xing véi diém K thuoc duong tron ngoai tiép AABC qua
BC,CA, AB.

(iv) Khi K 1 diém thuoc mien AABC thi ta c¢6 cac bat dang thiic:
450 se

(iv.1) aBab+ Bybc + yaca < 7

af 57+w 1
ab bc ca 4
20+ p+v) < KA+ KB+ KC (Erdos — Mordell].

(iv.2)
(iv.3)
(ivd) 6r < KA+ KB+ KC.
(iv.5)

4
—Raﬁv < KA KB.KC 8afy< KA KB.KC

A B C
rT+y+z< KASIHE—FKBSIHE—FKCSIHE

(iv.6) 2(af + By +ya) < aKA+ BKB +vyKC.
Bai gidi. (1) Xét truong hop K thuoc AABC. Theo Ménh de 3.1.1
6 KA.aa + K#Bﬂb + K_’C’.yc — 0. Do d6 ching ta c6 R? =
A2, B2 2,

OA*.Skpc + OB*.Sgca + OC*.Skap _ OK? + kA2 Q L kBl 5

SaBC hq hb
KCQ.hl. Ta con phai chi ra T = KA o;a + KB?.— pb + ko2 lC =
AR%.Synp. Dat ¢ = BM,y = CN,z = AP. Vi tt giac APKN noi

2 2
tiép trong dudng tron nen Bz + (b —y) = KANP = KAQ.%. Tit

b
day ta c6 cac he thue: KAQ.% = Rlafz + ay(b — y)], KB2,6— =

2
Rhﬁx + Ba(c — z)}, KC?% = Rhay + vB(a — x)}
Vay T = R(aﬁv + bya + cozﬁ) = 2R? (57 sin A 4+ yasin B + a/f sin C)
hay T = 4R?Synp. Trusng hop K nam ngoai AABC xét tuong tu.
(i) Khi K thudc dudng tron ngoai tiecp AABC thi OK = Rva Syyp =0
theo (i). Nhu vay M, N, P 1a ba diém thang hang.
(iii) Khi K thuoc duong tron ngoai tiép tam giac ABC. Khi d6 M, N, P
thang hang. Do vay M;, N, P; thang hang.
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(aa+bB+cv) ?

W] —

(iv.1) T aa+bB+cy = 2Sapc va affab+ Bybe+vyaca <
45360

3
(iv.2) Tt (i) suy ra afsin C+ Bysin A+~yasin B = 25y np <

S 1
vay ma ta co (gé+éz+zg).25/130 < ABC hay gé—l—éz+zg < -
ab bc ca . 2 ab bc ca_ 4

(iv.3) Goi K’ la diem doi xing diem K qua phan giac trong géc A. Ky
hi¢u khoéng cach tit B, C' dén (AK') 1a uy, us tuong tng. Vi uj +us < a

b
nén aKA > \uKA 4+ usKA = by + ¢ hay KA > —v + EB. Hoan
a a

ta suy ra afab + Bybc + yaca <

C
b
KA+ KB+ KC > (§+%)’y+(§+%)ﬁ+(g+g)a22(a+5+7).

(ivd) Vi KA+ KB+ KC+a+ 84+ > hy+ hy + he > 9r nén

3
5(KA+KB+KC) > 9r. Vay KA+ KB+ KC > 6r.

a a b
toan tuong tu ¢6 KB > -a + gfy,KC > —f 4+ —a. Tu day suy ra
c c

A B C
(iv.h) Vig+ v < QKAsing, v+ a < QKBSmE, a+ 6 < QKCSiHE

A . B

nén 8KA.KB.KCSin§Sin§Sin% > (a+B)(B+7)(y+ ).
4 A B

Vay KA KB.KC > —Rocﬁ’y va, KAsing + KBsing —|—KC’sin§ >
r

rT+y+z.
(iv.6) Vi ah, = aa+bB+cy va KA+a > hynén a(K A+a) > aa+bf+cy

b
hay aK A > bf+cy. Tt day suy ra a KA > ozﬁ——koz’yf. Tuong tu ta con
a a
b
6 BKB > 504% + mg va v KC > val +~82. Do vay aKA + SKB +
c c

b b
VKC > af- +ow§ +5a% +57§ +w% +967 > 2ap + By +7a). O

Vi du 3.1.6. Cho AABC nhon vé6i trong tam G. Goi M, N.P la chan
cac duong vuong goc ha tit G xudéng BC, CA, AB. Chiing minh rang:

2 SMNP < 1

< S .
Bai gidi. Diém G & trong tam giac ABC. Do d6 OG < R. Theo Dinh 1y

S 1, 0G* 1
MAP — 21— == < =. Lai ¢6
Sapc 4 4

Euler vé tam gidc Pedal chiing ta c6



3.2. Trinh bay lai két qua bai bao ctia J.Liu

3.2.1. Mot s6 dinh ly

Pinh 1y 3.2.1. Gi4 sit P la mot diém tuy y trong mit phang chiia tam
giac ABC. Ky hiéu chan cic duong vuong goéc ha tir P xuéng BC, CA,
AB qua D,E,F, tuong tng. Khi dé ta cé két qua sau:

S.R} + SyRy + S.R3 < SR, (3.1)

O dé R la ban kinh duong tron ngoai tiép tam gidac ABC va S,, Sy, Se, S
lan Iuot la dién tich cac tam gidac PBC, PCA, PAB va DEF; Ry, Ry, R3
1a khodng cach tir P dén 3 dinh A, B, C, tuong 1ing, ctlia tam giac ABC.
Ding thiic xay ra khi va chi khi P Ia tam duong tron ngoai tiép tam giac

) 1
ABC. Néu P trung vdi trong tam tam giac ABC thi S, = S, = S, = §S’
2 2 2
R, = §ma, Ry = §mb’ R3 = gmc trong dé m,, my, m. la do dai 3 duong
trung tuyén cta tam gidc ABC.
81
Khi d6 (3.1) trd thanh: m3 +mj +m? < §R3.

Pinh ly 3.2.2. Gia sit P la mot diém tiuy y trong tam giac ABC. Ky
hiéu R, r Ia ban kinh dudng tron ngoai tiép va noi tiép tam gidc ABC;

r, 1a ban kinh dudng tron noi tiép tam gidc Pedal DEF ctia P doi vdi

1 1 1 ,
tam giac ABC. Thi — > — + —. Dang thiic xay ra khi va chi khi tam
2rp, = R 2r

gidc ABC deéu va P la tam duong tron ngoai tiép tam gidc ABC.

Dinh ly 3.2.3. Gia sit P Ia mot diém tuy y trong tam giac ABC. Ky
hiéu D, E, F la chan duong vuong géc ha tu P dén BC, CA, AB. r, Ia ban
kinh duong tron noi tiép tam giac DEF va PA = Ry, PB = Ry, PC =
Rs, PD =1, PE = 1y, PF' = r3 thi:Ry + Ry + R3 > 11 + 1y + 13 + 671).
Ding thiic xay ra khi va chi khi tam gidac ABC déu va P la tam dudong
tron ngoai tiép tam giac ABC.
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3.2.2. Mot vai bo de

B6 dé 3.2.1. Cho P(xz,y, 2) la diém nim trong tam gidc ABC. Thi ta
c6: (x+y+2)°PA2 = (x+y+2) (yc? + 2b?) — (yza® + zab? + zyc?) .
Trong do a = BC,b=CA,c= AB.

Bé dé 3.2.2. Cho P la diém bat ky trong tam gidgc ABC thi ta co:
cry + bry < aRy. Néu AO N BC = X (O la tam duong tron ngoai tiép
tam gidc ABC). Dang thiic x4y ra khi va chi khi P nidm trén doan AX.

Bé dé 3.2.3. Cho P la diém bat ky trong tam gidc ABC thi ta cé:

R? 2RS
R, > % L 3.2
'ZoR TS (3:2)
Dang thiic x4y ra giéng trong bo dé (3.2.2).
1 1 1
Ching minh. Ta c6: S, = 5&1"1;55 = 567“2;50 = §CT3;SG + Sy +

S. = S. Theo (3.2.1) va (3.2.2) ching ta c6: (S, + Sy + S.)°R? =
(Sa + Sy 4 Se) (Spc? + Seb?) — (SpSea? + SeSab* + SuSuc?)

1 1
=3 (br202 + CT’3b2> S — 1 (bcr2r3a2 + carsrib® + abr17“202)

1 1
= §bc (brg + crs) S — Zabc (argrs + brsry + cryrs)

1 1

< iabchS — §abcR (rorgsin A + r3ry sin B + rrysin C)

1 1

= Eabchs — abcR (Sapgr + Saprp + SappE) = §abc (R1S —2RS,).

SR?
Mat khac ta c6 S, + Sp+ S, = S va abc = 4SR nén RS — 2RS, > Z—Rl
R} 2RS
> = - -
suy ra R; R + 5

B6 dé 3.2.4. Cho P la diém bat ky trong tam giac ABC khi dé ta co:

Sal1 + SpRa + S.R3 > 4RS,,. Déng thiic x4y ra khi va chi khi P la tam

duong tron ngoai tiép tam giac ABC.

Chatng minh. Tt dieu kién dién tich t& gidc nhé hon hodc bang tich cia
1 1 1

hai duong chéo ta c6: S, + S, < éaRl; S.+ S, < EbRg; S, + 5y < §CR3.
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Dang thiic xay ra khi va chi khi PA1 BC; PB1CA; PC1AB . Tit bat
déng thic sau: S, + S+ 5. = S suy ra aR; + bRy +cRs > 4S. Dang thic
x4y ra khi va chi khi P 1 tryc tam tam giac ABC. Ap dung bat déng
thitc trén cho tam gidc DEF ta ¢6 EF.ry + FD.ry + DE.rg > 4S,. Biét

. R .
rang EF = aQ—RI; ary = 25,;bry = 25,; cr3 = 25, suy ra dieu phai ching
minh.
Ding thiic x4y ra khi va chi khi P 1a tam dudng tron ngoai tiép tam giac

ABC. ]

B6 dé 3.2.5. Cho P la diém bat ky trong tam gidc ABC thi ta co:

aR? + bR% + cR? > abc. Dang thitc x4y ra khi va chi khi P la tam

duong tron noéi tiép tam giac ABC. Bat ding thic trén da duoc M.K

Lamkin tim ra va da khai quat thanh R? sin A+ R3sin B+ R3sinC > 2S5

va tac gia da ching minh véi bat ky da gidc A, A, ..., A, va diém

P bt ki ta c6: 3 PA2sin A, > 25. Néu ¢6 2 diém bat ki P, Q thi
=1

7
n

i=1
B6 dé 3.2.6. Cho P la diém bat ky trong tam giac ABC ta c6:

2 > 2R. (3.3)

T+ ro+rs

Ding thiic x4y ra < tam gidc ABC déu va P la tam duong tron
ngoai tiép tam gidgc ABC. Ap dung Cosine Law, ta c6 4S*R? =
b2c? (7"% —H"%) + bergrs (62 + - a2) . Sau do ta su dung abc =
ASR va ary + bry + cry = 2S. Ta c6: 45* (1 R} —2R> ri) =
S° (672 (13 4 13) + berary (b2 + ¢ — a?)] —abe Y- ary > ry. Trong d6 Y.
la tong theo chu ky. T diéu nay ta duge: 45 (3. R} —2R> 1) =
S bergrs(b — ¢)® + > ale(rs+r) —b(r + 7"2)]2.

3.2.3. Chtng minh ba dinh ly trén
Chtng minh dinh ly 3.2.1

Chitng minh. Nhan cd hai vé ctia bat dang thitc (3.2) v6i S,R; ta dugc:
3 3
SuRY . 2RS,S.Ri SR} 2RSSR o

< S, R?. Tuong tu ta co:
2R S 1 LHone tta o op S
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ScR} | 2RS,S.R;

R < S.R:. Cong ting vé clia ba bat dang thiic trén ta

SoR3} + SyR3 + S.R}  2RS
dugc s 2bR2 + 3 + g L (SGR1 + SbRQ + ScRg)
< SRS + SyR3 + S.R3 = 4R*S,,. (3.4)

Mit khac tit Bo dé (3.2.4) ta c6 SRy + SyRs + S.R3 > 4RS, nén (3.4)
tré thanh
S.R3 + SyR3 + S.Rj N 2RS,

AR?S, > SaR1 + SRy + S.R
P ¥ 5 (Sal1 + SpRa + ScR3)

< SR} + SyR3 + S.R3 N SRQSg

g 2R S

8R3S? — 16 RS> 2,52
& SR+ SyRs + SRS < L S P = 8R? <Sp — #’)
_ 2p3
S

Theo céc diéu kién dang thiic (3.2) thi dang thic trong (3.1) x4y ra khi
va chi khi P 14 tam duong tron ngoai tiép tam giac ABC. ]

Chu y 3.1: Bang cach 4p dung bat dang thic ctia dinh 1y 3.2.1 ta c6
bat dang thiic tong quat ctia bat dang thic (3.1) 1a S, RY + Sy RS +S.RE <
SR*. Trong d6 0 < k < 3. Ngoai ra chung ta ciing c6 thé sit dung bat
déng thitc Radon ta cé thé chiing minh cho trusng hop k < 0 va dau
trong bat dang thic ngudc lai.

Chiing minh dinh ly 3.2.2

Chang minh. Theo bo dé (3.2.3) ta c6 :

R? 2RS 1
> — P >

R3  2RS, 1
> 12 bRy > —
fozop+—g =R =op
R? 2RS, 1 2RS,
> —= >
Rz opt—g 7Rz p S

Cong ting vé ctia 3 bat dang thic trén ta dugc aR; + bRy + cR3 >

1 2RS . s
57 (aRT 4+ bR3 + aR3) + S L (a4 b+ c). Mit khac theo bé dé (3.2.5)

2RS,

S
2RS,

S

aR} +

Qa.

bR3 + b.

aR3 +

C.
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bc 2RS
ta c6 aR?+bR3+aR3 > abc nén aR;+bRy+cRy > ;LRC—I— 5 Pla+b+e).
Hon nita abc = 4SR,a+b+c=2s va S = srsuy ra alRy + bRy + cR3 >

25 + ?Sp.

Dang thitc x4y ra khi va chi khi P tring véi tam duong tron ngoai tiép
va noi tiép tam giac ABC. Diéu nay c6 nghia la tam giac ABC déu va
P 13 tam duong tron ngoai tiép.

aR; + bRy + cRg3 S 1 4RSp
Tu do ta co > —var, = '
0t —3Rs, iRS, T2r TP T AR, ¥ bR, + Ry
1 S

Ta c6 — 4R s ~ Suy ra diéu phai chitng minh. []

Chﬁ’ng minh dinh ly 3.2.3

2
? N 2

Chiing minh. Tu bo de (3.2.3) ta c6 Ry > f—R + fgsp. Tuong tu Ry >
R? 2RS, R2  2RS,
— Ry > — . Cong tu ta dugc: Ry + Ro + R
ZR];”JFRQS R23 6}%§+ g ong tling vé ta c: R1 + R+ Ry =2

1+2}?{+ S 4 Sp Tit bat déng thic S, + S, + 5. = S = aR; +

Sp

bRy + cR3 > 4S. suy ra aR; + bRy + cR3 > 4S5. Ta biét — . Vi vay

Ehe R
bat dang thitc ¢ dinh 1y (3.2.3) dugc chitng minh. Dang thiic xay ra khi

va chi khi tam gidc ABC déu va P 1a tam dudng tron ngoai tiép tam
giac ABC. ]

Chi ¥ 3.2: Tit bat dang thiic 6 dinh 1y (3.2.3.) ta co:
615, b

b
=7 _+E +7~2(E+9>+r3 2+_ = Ry + Ry + R3 >
S c b a c b «a

b ¢ c a a b
™ -+ - —I—T’2<——|——)—|—T3 -4+ —-].
c b a c b «a

Hon nita theo Erdos-Mordell ta ¢c6 Ry + Ry + R > 2 (r1 + 19 + 13) .

3.3. Trinh bay bat ding thic ctia Klamkin

Dinh ly 3.3.1. Cho tam gidc ABC tuy y vdi do dai cac canh lan higt
la a,b,c va P la diém bat ky trong mat phang chita tam gidc. Véi céac s6
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thuc x, y, z ta co:

(x+y+2) (:UPA2 +yPB%* + ZPC'Q) > yza® + zab® + ayc®.  (3.5)

—
Ching minh. Ching ta co rPA + yﬁ +
2PC > hay  (¢PA%+4yPB?+ zPC?) +

0
(2xyﬁ4.ﬁ+2yzﬁ.ﬁ+22xﬁ.ﬁ4) > 0. (*) Theo dinh

1y ham s6 Cosin ta co:
—
2PA.PB = 2PA.PB cos(PA, ﬁ) = PA*+ PB? — &,
2PB.PC = 2PB.PC cos(PB, PC) = PB? + PC? — a2,
—
2PC.PA = 2PC.PAcos(PC, PA) = PC2 + PA? — 2.
Thay cac bat dang thitc trén vao (*) ta dugce bat dang thic

(x+y+2) (a:PA2 +yPB% + ZPC’Q) > yza® + zab® + xyc.

Déng thiic trong (3.5) x4y ra khi va chi khi 2PA+yPB+ 2PC = 0, titc
1a P la tam ti cu ctia hé diem A, B, C. O
Hé qua 3.3.1. Trong tam gidac ABC vdi G la trong tam, ta cé cac bat
ddng thiic sau:

2 2 2
PA2 4 PB*+ PC? > % (3.6)
4
PA? + PB? + PC? > 5 (m2+mj; +m?). (3.7)
PA*> + PB* + PC* > GA? + GB* + GC”. (3.8)

Ching minh. Khi = y = z, bat dang thic (3.5) trd thanh
3(PA*+ PB*+ PC?) 2 ad” +b* + ¢

Suy ra bat dang thtic (3.6). Tiép theo ta bién ddi bat dang thiic (3.6)

nhu sau

2(0*+ ) — a2+2 (* +a?) — b2+2 (a* 4+ b*) — ¢
9 9 9

Tit day suy ra cac bat dang thic (3.7) va (3.8). O

PA’+PRB*>+PC? >
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Hé qua 3.3.2. Trong tam giac ABC, ta cé cac bat dang thiic:
pA*> PB* PC®_  a'+b+c!

= = 3.9
a? b2 c? a?b? + b2c? + c2a? (3:9)
PA%2  PB?> PC?
72 + 2 + . > 1. (3.10)
PA?> PB?> PC?
= + s 2 > 1. (3.11)
. . 4 P 2 P . L. 1 1 1
Ching minh. Ap dung bat dang thic Klamkin v6i z = — Y= b z==
a c
L a2 . 1 1 1
ta thu duge bat dang thic (3.9). Néu cho x = Y= 2 i= thi ta
P ) 1 1 .
c6 bat dang thic (3.10), con néu cho x = YT AT ta sé co bat
dang thitc (3.11). O
Hé qua 3.3.3. Trong tam gidc ABC, ta c6 cac bat ding thiic:
mZ m? m?_ 9
S - > - 3.12
a? b2 2 4 (3.12)
memy  MpyMme MMy 9
> 2 3.13
ab + be + ca 4 ( )

< P 2 1
Chiing minh. Ap dung bat dang thic Klamkin v6i P =G, z = —,y =
a

1 1 L e )
= — ta thu dugc bat dang thic (3.12). Néu cho P = G, z =

b2 2

a b c P .
—,y = —, 2z = —, ta thu dugc bat dang thtc (3.13). ]
My my, me

Hé qua 3.3.4. Trong tam giac ABC, ta cé cac bat dang thiic sau

cos?A cos’B cos2C

> 1. 14
sinBsinC+sinCsinA+sinAsinB (3.14)
3L 4P b
4R2 > a’ + +c’+a C. (315)
a+b+c
'R _ 343 4 3
SR L (3.16)

r abc
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Ching minh. Ap dung bat déng thic Klamkin véi v = a,y = b,z = ¢,
P = H ( Hlatryc tam tam gidc ). Dé y rang HA = [2Rcos A|, HB =
|2Rcos B|,HC' = |2RcosC| va st dung dinh ly ham sb sin ta c6
dugce bat dang thiic (3.14). St dung cac bién ddi HA? = 4R?cos’A =
4R? (1 — sin2A) = 4R? —a?, HB = 4R?> — 1?, HC = 4R? — ¢?, sau d6 ta
bién doi sé duge (3.15). St dung cong thiic abc = 4Rrp ta bién dbi bat
dang thitc (3.15) vé bat dang thiic (3.16). O
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Két luan

Luan van da trinh bay va dat duge mot s6 két qua sau:

1. Luan van da trinh bay céc bat ding thic co ban clia tam thitc bac
hai v dinh 1y dau tam thic bac hai. Qua day tac gia cling da sang tac
dugc mot s6 bai toan duya vao viéec st dung dinh 1y dau tam thitc bac
hai.

2. Trinh bay mot sé bat déng thitc noi tiéng va chitng minh day da nhu:
Bat dang thitc Jensen, bat dang thiic Karamata....Dac biét hon la sut van
dung ciia cac dinh 1§ nay vao chiing minh mot s6 bat ding thic trong
tam giac va c6 nhitng bai toan khi gidi bang phuong phap khéc thi gap
nhiéu kho khan.

3. Nho st dung phuong trinh da thiic bac ba, qua cac phép bién doi dai
s6 ma da xay dung duge mot s6 dong nhat thic va bat ding thic trong
tam giac. Bén canh d6 con phat hién ra cac két qua khéic nita. Luan van
da thé hién 16 mbi quan hé khang khit giita dai s6 va hinh hoc, giita
phuong trinh véi cac yéu toé trong tam giac nhu: goc, canh, dién tich,
ban kinh duong tron noi, ngoai tiép, bang tiép, phan giac...

4. Luan vian da khai thac duge mot s6 bai toan véc to trong mit phang,
cac két qua ctia J.Liu vé tam gidc Pedal va bat dang thitc Klamkin.
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