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MG DAU

Bai to4n tim gia tri I6n nhat hodc nhé nhat hay tim cuc tri mot biéu thiic

da cé tur lau, nhung luon xuét hién trong moi Iinh vuc cua toan hoc. Trong
chuong trinh to4n phd thong, bai todn tim gia tri I16n nhat hodc nho nhat trai
dai & hau hét cac cép hoc, c6 mat & tat ca cic bdo mon S6 hoc, Dai s6, Giai
tich, Hinh hoc va Luogng gidc. Pac biét, trong ky thi Dai hoc, Hoc sinh gioi
quoc gia va quoc t€ thudng cé bai xdc dinh cuc tri mot bi€u thitc nao d6. Boi
vay, bai toan tim gia tri 16n nhat hoac nho nhat 1a mot trong s6 nhiing bai
toan dugc rat nhi€u ngudi thuoc nhi€u linh vuc quan tam dén.
Cé4c bai toan tim gid tri 16n nhit hay nho nhat mot biéu thic rat phong phd,
da dang, doi hoi van dung nhiéu kién thitc va van dung sao cho hop ly, doi
khi rat doc ddo. Hon nira, bai toan xac dinh gid tri 16n nhat hoac nho nhat
con lién quan dén su danh gid, tim cdi chin hodc xét xem biéu thifc s& c6
tinh chat gi khi n6 dat cuc tri. Chinh vi th€, phuong phap x4c dinh gia tri 16n
nhat hay nhd nhat mot biéu thite s& rat thiét thuc doi véi nhitng ai mudn tim
hiéu sau vé todn so cAp.

Dé d4p ting nhu ciu hoc tap va giang day mon todn & bac phd thong, luan
van da dat van dé: Trinh bay mot s6 phuong phap tim gia tri 16n nhat hoac
nho nhat mot biéu thite. Qua d6 luan vin ciing dua ra viéc van dung cdc két
qua dat duoc dé giai quyét mot s bai todn lién quan.

Noi dung ctia luan van duge chia ra lam ba chuong.

Chuong I danh dé gidi thiéu khdi niém va mot vai phuong phdp ching minh
bat dang thitc véi cdc vi du twong thich. Chuongll danh dé trinh bay vé gia
tri 16n nhat va nhé nhat. Day la chuong trong tam gidi thiéu vé cic phuong
phdp tim gi4 tri 16n nhat va nho nhat. Cu thé muc 2.1 tap trung gidi thiéu mot
s& bai todn chon loc tim gid tri 16n nhat va nho nhat bang phuong phap bat
dang thitc. Muc 2.2 gi6i thiéu diéu kién dat cuc tri cia ham da thitc hai bién
bac hai va cac vi du lién quan. Muc 2.3 gi6i thiéu phuong phdp dao ham tim
gia tri 16n nhat va nhoé nhat d6i véi ham mot bién, ham 16i, ham nhi€u bién
va cdc sang tac bai tip tuong ung. Muc 2.4 gidi thiéu mot s6 bai toan tim cu
tri bing phuong phép toa do di€ém, toa do véc to hodc dua vao tinh dic biét
cua hinh hoc. Muc 2.5 gidi thiéu mot sO bai toan tim gia tri 16n nhit va nho
nhit qua van dung cdc ham luong gidc va trinh bay phuong phdp sang tac
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mot s6 bai todn cuc tri trong tam gidc qua da thitc bac ba.

Chuong IIT tap trung trinh bay mot vai ting dung cac két qua dat dugc. Nhu
chitng minh lai c4c bat dang thic cd dién qua viéc van dung khdi niém cuc
tri ti€p theo gidi thiéu cac tng dung bai todn cuc tri trong viéc giai phuong
trinh, bat phuong trinh, h¢ phuong trinh va hé¢ bat phuong trinh.

Du da rat ¢d gang, nhung chac chan noi dung duoc trinh bay trong luan
van khong tranh khoéi nhitng thi€u x6t nhat dinh va em rat mong nhan duoc
su gdp y clia cac thay c6 gido va cac ban.

Luan van da duoc hoan thanh duéi su huéng dan ctia PGS.Ts. Dam Van Nhi.
Em xin chan thanh cdm on thay vé su giip d& nhiét tinh tir khi xay dung dé
cuong, viét va hoan thanh luan van.

Em xin cam on chan thanh t6i Truong Pai hoc Khoa Hoc Thai Nguyén,
noi em da nhan dugc mot hoc van sau dai hoc can ban.

Tiép theo, em xin chan thanh cam on cdc thay cod phan bién da doc va
g6p ¥ kién cho luan vin dé em hoan thién luan van ctia minh.

Loi cuéi xin chiic stic khoe tit ca cac thay cac ¢, chic thay co luén hoan
thanh tot nhiém vu dugc giao.

Chan thanh cam on!
Théi Nguyén, Ngay 1 thang 09 nam 2011.
Nguoi thuc hién
Ta Van Hoan
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Chuong 1

Phan chuan bi

1.1 Khai niém va mot vai tinh chat cua bat dang thic

Dinh nghia 1.1.1. Cho hai s6 thuc a va b. a dugc goi la lon hon b, ky hiéu
a > b, néu hiéu a — b 1a mot s6 duong; a duoc goi 1a lon hon hodc bdang b,
ky hiéu a > b, n€u hiéu a — b 1a mot s6 khong am; a duge goi 1a nho hon
b, ky hiéu a < b, néu hiéu a — b 1a mot s6 am; a dugc goi 1a nho hon hodc
bang b, ky hiéu a < b, néu hiéu a — b 1a mot s6 khong duong.

akhia >0

Gid tri tuyét doi cha a 1a |a| = .
—a khi a < 0.

Tinh chat 1.1.2. Vi cdc sO thuc a,b, ¢ va so tu nhién n luodn co tinh chdt:

a>b < a—-0b0>0
a>b < a+c>b+c
0> b = g2l s g2ntl
la| > |b| <= a®" > a*
azb = [
Voia>b, ¢c>0 < ac> bc
c<0 <= ac<bc.
a>bb>c = a>c.
la| < o <= @0
—a<a<a.

Khi chitng minh bat dang thitc, nhitng dong nhat thitc thuong duoc st dung:
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Meénh de 1.1.3. Vi cdc s6 thuc a,b, c, x,y, z va d # 0 ¢6 cdc dong nhdt thiic
sau ddy:

() (a+0b)? = a®+2ab+b? va (a — b)? = a® — 2ab + b,

(i) (a+b+c)* =a®>+b* + * + 2(ab + be + ca).
(iii) (a + b)® = a® + 3ab(a + b) + b® va (a — b)® = a® — 3ab(a — b) — b>.
(iv) a®> —b* = (a — b)(a +b).

(v) a® — b = (a —b)(a® + ab + V?) va a® + b3 = (a + b)(a® — ab + V?).
vi) (a® +0?)(2* + v*) = (az + by)* + (ay — bx)*.
(vii) (a® +0* + ) (2?2 + y? + 22) = (az + by + c2)? + (ay — bx)? + (bz —

cy)? + (cx — az)?

(viii) |ab| = |a||b, |§\ - % va |a| = |b| khi va chi khi a = +b.

Ba bé dé dudi day trinh bay c4c bat ding thitc thudng duoc sit dung sau nay.
Bo dé 1.1.4. Vi cdc s thuc a,b,c,x,y,z va d # 0 cé cdc két qud sau:
(i) a® + b* > 2ab.
(ii) (a* +0?)(2* + y?) > (ax + by)*.
(iii) (a® +0* + ) (2® + y? + 22) = (ax + by + c2)2.
(iv) [la] — [b]] <la+b] < |af + [b].
Bai gidi: (i) Boi vi (a — b)? > 0 nén a® + b* > 2ab. Dau = xdy ra khi va chi
khi a = b.
(i) Do boi (a? + b?)(2? + y?) = (ax + by)? + (ay — bx)* > (a:z: + by)? nén

(a® + b*) (2% + y?) > (ax + by)?. Dau = x4y ra khi va chi khi £=2
T

)
(iii) Do (a?4+b*+c?) (x?4+y*+2%) = (ax+by+cz)? (ay bz )%+ (bz—cy)*+
(cx—az)? > (ax+by+cz)? nén (a®>+b*+c2) (2 +y* +22) > (ax+by+cz)?.
Dau = x4y ra khi va chi kh1 ¢ _
Ty oz
(iv) Taluon ¢6 |a| > =+a, |b| > +b. Khi a+b > 0 thi = a+b < |a|+|b];

conkhi a+b < 0thi|a+b| = —a—0b < |a|+|b|. Tém lai |a+b| < |a|+]|b|. Boi
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vila| = |a+b+(=b)| < |a+bl4+|—0b] =|a+b|+|b| nén |a| — |b] < |a+1D|.
Tuong tu [b] = |[a + b+ (—a)] < la+ b+ | —a|l = |a+ b + |a|] nén
0] — |a] < |a+ b|. Tom lai ||a] — |b]| < |a+b| < |a| + 0. O
B6 dé 1.1.5. Véi a,b,c,z,y, z,u,v,t > 0 luon cé cdc bdt dang thirc sau:

(i) a+ b+ c > 3vVabe.

(i) ¥/(a+z)(b+y)(c+ 2) = Vabe + YTyz.
(i) </(a+x+u)(b+y+v)(c+z+1t) > Vabe+ JTyz + Vuvt.

Bai giai: (i) Vi a4+ b+ ¢+ Vabe > 2v/ab + 2V ev/abe > 4+/ abey/abe nén

a+b+c+m>4{7a_bchaya+b+c>3m.

(i) Néu mot trong ba s6 a + x, b+ 1, ¢ + z bang 0, chang han a + x = 0, thi

a = x = 0 va bat dang thic hién nhién ding. Xét a + 2,0+ y,c+ 2 # 0 :
a b abc

+ + > 3¢
atx b4y cH+z \/(a+x)(b+y)(c+z) Vi

Theo (1) ta c6

R O s
at+r bt+y c+z T\ (a+2)(b+y)(c+2)
Vabe + /zyz
Va4 z)(b+y)(c+ 2)
(i) Vi /(a+z+u)b+y+v)c+z+t) = J(la+2)(b+y)(c+2)+
Vuvtnén {/(a+z +u)(b+y+v)(c+ z + t) = Vabe+yzyz+v/uvt. O

Bo6 dé 1.1.6. Cho ba s6 thuc a,b,c > 0. Chitng minh cdc bdt ddng thitc sau:

cong v€ theo v€ duoc 3 > 3 . Tt day suy ra (ii).

1 1 2
' > khi ab > 1.
(1)1+a2+1+62 T+ab ¢
1 1 1 3
i > khi a,b,c > 1.
W et T e T e Trae ™0
(i) 1 n 1 S 1
iii > :
(1+a)> (145" 14ab
1 1 2
' < khi ab < 1.
W ar o Sira ™
1 1 1 3
(v) khi a,b,c < 1.

<
(1—|—a)2+(1—|—b)2+(1—|—c)2 1 + abc
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: 1 2 . 1 1
\%! va + +
( )\/1+a2 V1+b? \/ a—|—b Vi+a? V141D
1 3 1
= khza,b,c}—.
V142 \/1+(a+b+c>2 V2
3

Bai giai: (i) Bt dang thic twong duong véi bat déng thic (ab—1)(a—0b)? >
1 1

0. Va > khi ab > 1

2'1yl+a2+1+b2 1%1—ab li 5

(

1+1a2+1Tb2/1J§ab 1+abc

Vv

(i) Via,b,c > 1 nén tir <

> = ta suy ra
14+bc ™ 1+ abe

N 2 < 2

\1+c23 1+a2” 1+ca” 1+ abc

+
1402 1+ 2
1 1

WV

1 1 1
> .
1—i—a2+71—|—b2+1—|—02 1+abc
(iii) Bat déng thitc twong dwong véi bat déng thic (ab— 1) +ab(a—b)? > 0.
1

1 1
Vs > .
YOrar Ta T 1w

(iv) 12 hién nhién qua quy dong hai vé.

( 1 n 1 - 2 < 2
(14+a)?2  (140b)2 " 14+ab 1+ abc
1 1 2 2
< 1 nén ti < <
(v) Vi a,b,c < 1 nén tir < (1—|—b)2+(1—|—c)2 e S T abe ta
1 n 1 < 2 - 2
L(1+¢)?2 (1+a)? 1+ca  1+abe
1 n 1 n 1 o 3
suy ra < :
T AT T arn? T o2 S 1+ abe
s 1 . . _ )
(vi) Him s6 y = ﬁvmx >0c6y = —x(1+2%) 732 < 0. Vay y don
222 — 1
diéu gidm. Ta lai c6 3" = 322(1 + 22) %2 — (1 + 22) 732 = i
(1—|—:E2)5
1 1

0 kht =z >

i <
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7 1 1 \/1+a2 \/1+b2
) \/1—|—a2 \/1—|—b2 \/1—|—c2 \/ a—l—b+c>




1
khi a,b,c > —. O
V2
Chia y 1.1.7. Khi ab > 1 sé khong co (iv). Thdt vdy, khi a = 2,b = 1 ¢o
1 1 1 2
b=2>1va =+ < == - con khi a =
‘ ey TOFe? 9 473 Tgap M
2

1 1 1 1 2
(1+a)> (14052 100 4 10 14ab

9,b=1coab=9 > 1va + = + - >

1.2 Mot vai phuong phap ching minh don gian

Bat dang thuc c6 dién

Sir dung Bat dang thiic Cauchy hoidc Bét dang thic Bunhiakowski véi 3 s
hang trong tong hoic tich, xem B6 dé 1.1.4 va Bo dé 1.1.5, d€ ching minh
bat dang thitc méi.
Vi du 1.2.1. Chiing minh rdng, véi a,b,c > 0 ta luén cé bdt ddng thitc sau:
1 1 1 9
>

b+ /a—l—b—l-c'

1 1 \
Bai giai: Ta c6 a + b+ ¢ > 3vabe Va——f-g—l‘— o theo Bat dang
¢ aoc
1 1 1 9
thicc Cauchy. Va > —. O
¢ Cauchy. Vay — +b+ it bt

Vi du 1.2.2. [Russia MO 2000] Chiing minh rang néu a,b,c > 0 théa mdn
a+ b+ c =3 thi ta ¢é bdt ddng thitc \/a + /b + \/c > ab + bc + ca.

b 2 2_b2_2 9 — 2_b2_2
Bai giai: Vlaberchca—(a+ +9) < _ ¢ 5 ‘

nén chi can chiing minh a? + b* + ¢ +2(\/_+\/_+ V) = 9. That vay, tir
a> 4+ vVa—+va = 30,02+ Vb+ Vb =3, + e+ e > 3

suy ra a? + b* + 2+ 2(va+ Vb +/c) = 3(a+ b+ c) = 9. Ddu = xdy ra
khivachikhia=b=c=1. O

Vi du 1.2.3. Gid sit a, b, c > 0. Khi dé ta luén cé bdt dang thitc dudi day:
a n b n c S 9
(b+c)?  (c+a)? (a+b)2" 4la+b+c)
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Bai giai: Sir dung Bit déng thitic Bunhiakowski ta c6 ngay bat déng thiic

(a+b+0) (g + b, ¢ )2 (ot b, Y
(b+c)? (c+a)? (a+b2) " \b+tc cH+a a+bl’

b c a? b? 2

a
Tuong tu, ta lai co + = + +

(g. ')2 b+c a+c+a+b ab+ac  ba+bc ca+ cb
a+b+c 3 L. . )

> —. Tu day suy ra bat dang thirc can ching minh. O
2(ab+bc+ca) = 2 o 8 &l

Vidu 1.2.4. Cho a,b,c > 0 théa mdn a + b+ ¢ = 3. Chitng minh rdang

2 b? 2
T % ¢ >

a-+202  b42c¢2 ¢+ 2a?

Bai giai: Theo Bat dang thiic Bunhiakowski ta c6
[a?(a + 2b%) + b?(b + 2¢%) + c*(c + 2a®)]T > (a® + b* + c*)2.

(a® 4+ b* + ¢?)?
ad + b3 + 3 + 2(a?b? + b*c? + c%a?)
(@®+ 0>+ c2)? = a® + 0> + A+ 2(a?b? + b?c? + c*a®) hay bat déng thic sau

Vay T' >

. Do d6 chi can chiing minh

A+t >+ + A

That vay, tir 3(a® 4+ 0* + %) = (a3+b3+c3)(a+b+ c) = (a®>+ b+ 2?2 v
3(a*+ 0 +c2) = (a+b+c))=9suyraa® +b3+c > a®> +b*+ 2 .Dobm
(a* +b + ) (a®+ 02 +32) = (AP + P+ nenat + b+t > ad+ b3+
Dang thitfc xdy rakhi a =b=c = 1. O
Vidu 1.2.5. Gia siwa, b, c,d > 0 thoa man a+b+c+d = abc+bed+cda+dab.
Chitng minh bdt ddng thiic sau

241 b? 1 /2 d? 1
abc—l—bcal—l—cda—l—ciab2\/a;r \/ + +

Balglal Tir gia thi€t suy ra (a+b)(a+c)(a+d) = (a®> +1)(a+b+c+d).
a’+1 (a+c)(a+d)

Vi =

Y atb  atbtctd

a?+1 b*+1 A+1 d*4+1 (a+b+c+d)?
+ + + =
a+b b+ c c+d d+a a+b+c+d

. Tuong tu c6 cac hé thic khic va suy ra duoc

=a+b+c+d.
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: 241 P+l A1 P+l
Lai c6 bat dang thiic 2(a+b+c+d)(C; +b + b:c +CC:d + d:a> >

(\/ P14+ VEPF+1+VETL+ V2 +1)° theo Bat dang thic Bunhi-
1 b2 1 1 d? 1
akowski. Vay a+b+c+d > \/a il \/ + \/C + \/ il O

Vi du 1.2.6. Chitng minh rang, véi a,b,c,d > 0,abed = 1, ta luon cé

(a+b4c+d)’ > 2%a® + 1)+ 1)(+ 1)(d* +1).

Bai gidi: Pata =22, b=, c=22,d=t*Vvéix,y,z,t > 0,zyrt = 1. Ta
s& chiing minh (22 4 % + 22 + 12)° > 28(2* + D)(v* + D)(* + D)(t* + 1).
Vi zyzt = 1 nén bt déng thiic ndy twong duong (z2 + y* + 2% + t2)°

28 (23 + yzt) (v + x2t) (2% + ayt) (3 + xy2). Theo Bit dang thic Cauchy c6

Az +yzt) (P +zt) < (2P +yP Fazt+yzt)? = (v+y) (@ —ay+y+2t)?

4t +ay2) (2P +ayt) < (P +HEdayztayt)? = (2+1)% (22 — 2t +7 +ay)?

Do boi 4(z* —axy +y* + 2t) (2% — 2t + 2 +ay) < (2 +y° + 22+ 12)* va
(x+y)(z+1t) =2z +yt +at +yz < 2% +y? + 22 + t? nén tir 4 bat dang
thitc nay dé dang suy ra bat dang thiic cin chitng minh. O

Vi du 1.2.7. [Mathlinks Contests] Véi a,b,c > 0,abc = 1, luén co

a+b+ b—l—cJr c—i—a>3
a+1 b+1 c+1 77

Bai giai: Theo Bat dang thic Cauchy cho 3 s6 hang trén, chi can chiing minh
(a+b)(b+c)(c+a)=(a+1)(b+1)(c+1).
That vay, v6i diéu kién abc = 1, bit dang thiic trén twong duong véi
ab(a +b) + bc(b+¢) + ca(c+a) = a+ b+ ¢+ ab+ bc + ca.
Theo Bat dang thitc Cauchy v6i nhém 5 s6 hang ta c6 3 bat dang thiic sau:

a’b + a*b + a*c + a*c+be > ba
ba + ba + bPc+ bc+ac > bb
b+ b+ Pa+ Fa+ ab 5Y6

WV
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va suy ra 2[ab(a+b) +bc(b+c¢) 4+ ca(c+a)] = 5(a+b+c) — (ab+ be+ ca).
Tuong tu, theo Bat dang thitc Cauchy v6i nhém 5 s6 hang cé 3 bat dang thiic
Va+bla+a’b+a*b+c¢ > bab
e+ bie+ b+ cb+a > bbe
>

a’c+ a’c+ Fa+Fa+b Hea

va suy ra 2[ab(a+b) +bc(b+c¢) 4+ ca(c+a)] = 5(ab+bc+ca) — (a+b+c).
Cong hai bat dang thiic cudi c6 diéu phai chitng minh. O
Vi du 1.2.8. Chitng minh rdang, néu a,b, c > 0 thi ¢é bdt dang thiic sau day:
1 1 1 9
bb+a)  clctd) alate) " 2ab+betca)
cla+b)+ab alb+c)+bc blc+a)+ca _ 9

B\o 0‘7-: Ch’? A h‘7 >_
alglal: Thican ehira = G Y T e+ ) alate) 2
hay S04 %@ L b ¢ 9 n6 twone duone bat din
yb a ¢ a+b b+c c+a 2 & & &

b b 15 )
thfl’CC+ + +a+a+c+ ¢ + + ‘ > —. Theo Bat dang
b a bc a+b bb+c bc+a 2
a + a +c ct+a c
thitc Cauchy ta c6 > 1, > 1, > 1.
¢ auc;;aco 4a :aer b 4b JrbJrc 4c Jrc+a
Dods L2y ¢ 0T, LT © S 3 Mat khdc, con
; 4ab ba—l—b 4b %—Fc ; 4c c—l—a9
C(’)—(ChL + JrC+C+OL):—<3+—+E+g>2—.C(f)nghaibé(tdalmg
4\ a b , 4 a b c 2
thic trén lai ta cé bat dang thiic can chitng minh. O

Vi du 1.2.9. Chitng minh rang, néu a,b,c > 0 théa man a + b+ c = 3 thi ta
6 bdt dang thiic (a* — ab + b*)(b* — be + ¢*)(c¢? — ca + a?) < 12.

Bai giai: Khong 1am mat tinh chat téng quat, c6 thé coi a > b > c. Khi d6
V> —be+c? <V, a®—ac+c? < (a+ce)? a’—ab+0? < (a+c)*—(a+c)b+b2.
Ta s& chiing minh M = b*(a+c)*((a+c)?— (a+c)b+1b?) < 12. That vay, dat

—b b 3
v = GT“ > 0,5 = % = 5. Khi do M = (s* — #%)*(s* + 327).
, 3 3 4 \3
Theo Bat dang thic Cauchy c6 5(52 — x2)§(52 —2?)(s* +32%) < (582) =
9
27 va suy ra dugc ZM < 27 hay M < 12. Dau = xay ra khi va chi khi
c=0,52=922haya=2,b=1,c=0. O
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Phuong phap tam thuc bac hai
Ham dau tién duoc xét dén 1a mot tam thitc bac hai f(z) = ax?+bz+c,a # 0.

Ménh dé 1.2.10. Gid si x1, x5 la nghiém cua f(x) = 0. Khi dé c¢6 két qua:

)
f(x) = ale — 1) (z — 2,)
b
§ X1+ T2=——
. a
19 — —.
\ a
Ménh dé 1.2.11. Gid sit f(z) € R[z] va A = V* — dac. Khi dé cé cdc két

qud:
a>0

(i) f(z) > 0vdi moi gid tri cua x khi va chi khi
A <O0.

a>0

il x) = 0 vdi moi gid tri cua x khi va chi khi
(i) f(z) i gid try {Ag&

a<0

(iii) f(x) < 0 vdi moi gid tri cia x khi va chi khi
A <0.

a<0

iv x) < 0 vdi moi gid tri cua x khi va chi khi
(iv) f(z) i gid try {Agu

(v) f(x) = 0 c6 hai nghiém x1, x5 va so thuc x1 < o < o khi va chi khi
af(a) <O0.

apg = 1

nt1 = 6a, + 1/35a2 + 2010, n > 0.

a2 — 2010

n—1

Vidu 1.2.12. Day (a,,) xdc dinh bdi: {
voi moin > 1.

Chitng minh rang a,.1 = 12a, — a,_1, ape1 =

Bai giai: Tu (anH — 6an)2 = 35a2 + 2010 ta suy ra phuong trinh sau day:

a2y — 12a,a,4+1 + a2 — 2010 = 0 v6i moi n > 0. Thé n + 1 qua n duge
a2, —12a,a, 1 + a2 — 2010 = 0. Nhu vay a,,_1 va a,; 1a hai nghiém cta
phuong trinh 22 — 12a,x + a2 — 2010 = 0. Theo Dinh Iy Viét vé téng va tich
2 _ 2010
hai nghiém suy ra duoc ngay a,,.1 = 12a,, — a,_1,0p11 = a”—.
n—1
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Vi du 1.2.13. Cho cdc s0'thic ay, as, as, by, by, by véi a3 — a3 — a3 > 0. Khi
do (a% —aj — a%) (b% — b3 — b%) < <a161 — agby — a3b3)2.

Bai gidi: X6t tam thic f(x) = <a% _al— ag) 22— 2 <a1b1 ~ashy— a3b3> o+
(b% — b3 — b%) = (ayz — b1)? — (asx — bo)? — (azx — b3)?. Tir gia thiét suy
raa; # 0 va f(Z—ll) < 0. Vay f(z) = 0 ¢6 nghiém va nhu thé A’ > 0. O
Vi du 1.2.14. Chitng minh rdng vdi moi so thuc x, vy, z va moi tam gidc ABC

Iuén cé bdt dang thitc x> + y*> + 2°> > 2xycos C + 2yzcos A + 2zx cos B.

1 1 1
T — A+ — B+ -
Lfdochlragcos +4cos +5COSC T

Bai giai: Vitam thic f(x) = 2*—2z(y cos C+2z cos B)+y*+2%2—2yz cos A
c6 A < 0nén f(x) > 0 v6i moi s6 thuc x,y, z va moi tam gidc ABC. Vé6i
6 8

= ——y = vi 2 = ———— ta ¢O neay bat ding thiic
v/ 6.8.10 Y 1v/6.8.10 v/ 6.8.10 i &
! A+ ! B+ ! C < 0 ]
3 008 7 cos = cos o

Vi du 1.2.15. Gid sit ba s6 a,b,c > 0. Hdy gidi hé phuong trinh sau:

r+y+z=a+b+c
4ayz = abc + a’x + by + 2z

x,y,z > 0.
e ere tren e abc  a®> B 2 a
Bai giai: Hién nhiénco 1 = + + + .Pit cos A = ’
dryz  4dyz  4dzx  4dxy 2\/yz

cosC = Tur hé thic dudi day suy ra A, B, C' la ba

b c
2\/zx’ 2./1y
cos? A+ cos® B+ cos?C' +2cos Acos BeosC = 1
0 < cosA,cosB,cosC < 1.

Tea+b+c=x+y+zsuyraxz+y+ 2z =2/yzcos A+ 2/zxcos B +
2/xycosC < x4y + 2z theo Vi du 1.2.14. Do vay diu = phai xay ra hay

Vi VY VE hay L = Y 2
smA sin B smC’ sinA  sin?B  sin?C’
b+ c c+a a-+b
Y = y & = :
2 2 2

cos B =

goc mot tam gi4c:

Tir day dé dang suy ra x =
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Vi du 1.2.16. Gid si xq la nghiém [én ciia phuong trinh x* + 2(a — 3)x +
a — 13 = 0. Tim gid tri [on nhdt cua xy biét a > 1.

Vidu 1.2.17. Gid sit x la nghiém bé ciia phuong trinh 2*+(a—3)r—2a—2 =
0. Tim gid tri nho nhdt cua x, biét a < —4.

Vi du 1.2.18. Gid sit zo la nghiém l6n ciia phuong trinh 2% +2(a —b—3)z +
a —b— 13 = 0. Tim gid tri [on nhdt cua v biét a > 2,b < 1.
y+2=(3—x)?

2z —y)(y+2) =9+ 4y

22+ 22 = 4dx

|2 > 0.

Vi du 1.2.19. Giai hé phuong trinh sau: <

(3 4+ 32 = 2% — 30+ 2
(2—2)3x—22)=3—2
Y+ 22 =62

\z<3.

Vi du 1.2.20. Giai hé phuong trinh sau.: <

Vi du 1.2.21. Tim tdt cd cdc cdp (x;y) biét
4(3 4o — x%sin® %—l—y + 2 cos(x + y)) = 13 + 4 cos’(x + y).

Vi du 1.2.22. Tim tdt cd cdc cdp (x;y) biét

3+ 2 — — in?(z —
F2e08@=Y) s o s o TV 4 @)

2 2 2

Vi du 1.2.23. Tim tdt cd cdc gid tri cua a dé ton tai duy nhdt mot cdp so
152% — 1lay + 2% = —7
nguyén (x;y) théa man hé phuong trinh sau: < 2a’x + 3ay < 0
x <.

Phuong phap danh gia

Dé chiing minh A < B, ta chon C' va danh gid A < C. Saudé chira C < B,

1 1 1 1 1
Vidu 1.2.24. Cho s6 nguyén n > 1. Chiing minh —+33+43—|— —l—— < —.

1NN
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Bai giai: V6in = 2,n = 3, bat dang thic ding 13 hién nhién. V6i n > 3 ¢6

T—1+1+1+ +1<1+1+1(1+ — )
33 43 nd 8 27 3.4 (n—1)n
- 1+1+1<1 1+1 1+ n 1 1><1+1+1
T8 24 4\3 4 4 5 n—1 n 8 24 12
1
Tu day suyra T’ < 1 O

Vi du 1.2.25. Day (a,,) duoc cho nhu sau: ay = 1,a1 = 3,a3 = 6,a3 =
10, a4 = 15, a5 = 21, .... Xdc dinh a,, theo n va chitng minh bdt ddng thiic

P00 ) () <ded

Bai giai: Tuha; =3 =a9+2,a0 =6 =0a1+3,a3 =10 = as+4,a4 = 15 =

as +5,a5 = 21 = a4 + 6 suy ra a,, = a,_1 +n + 1 va di€u nay dé dang c6
(n+1)(n+2)

dugc qua quinap. Vay a, = 1+2+3+---+n+n+1=

1 —1 E+1)(k+2)—2 k(k+3
Vésuyral——:ak :(+)(+> = (k+3) . Nhu
) a 1ak (1k+1)(k+2) (k+1)(k+2)
Vayl_a_k:(l_k——i—l) (1+k——|—2> va ta ¢6 dugc cdc phép bién déi sau:

P D00 D D )0t
= 2<1_§>(1_E)(1_§)"'<1_m)<1+n+2)
- 3 ) ) - (e ) 04 )

234°5%. .. (n—1n*(n+1)(n+2)(n+3) n+3

2324252 .. (n—1)2n%(n+1)2(n+2)  3(n+1)
- n+3 1 1
3n 3 n
1 2 ) 1 1
Tom lai a,, = (n+ )2(n +2) va nhan dugc bat dang thic 7' < 3 +—-. O
n

Vidu 1.2.26. Cho0<d<c<b<avaa+b+c+d< 1. Khidétacé
1> a®+ 30”4+ 562 + 7d°.
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Bai giai: Vil > (a+b+c+d)? =a®+b*+ &+ d*+ 2ab + 2ac + 2ad +
2bc 4 2bd 4+ 2¢d > a®> + 3> + 52 + 7d> nén 1 > a®> + 36 + 52 + 7d%. O

Vi du 1.2.27. Néu a,b,c > 0 luén théa man a + b+ c = abe thi ¢é bdt ding

111
thitc a®> + b> + & + — +w+ > 10.

Bai giai: Tir abc = a + b + ¢ > 3v/abe, theo Bat dang thitc Cauchy, ta suy
rat = /(abc)2 > 3. ViT = a® -I—b2+c+1—|-l)12+1 3(3(abc)2—|—
1
'/ (abc)?

1
myT;xxt+;)>10mmgdmmgwﬁ@—4ﬂ@t—1)>0:mmg 0

) 1
), theo Bat dang thic Cauchy, nén 7' > 3(75 + Z) vol t > 3. Nhu

Vi du 1.2.28. Gid si cdc sé thuc a,b, c luon théa man a®> + b*> + ¢ = 1.
Chitng minh rang T = abc 4+ 2(1 +a+ b+ ¢+ ab+ bc+ ca) > 0.

Bai giai: Do |al, |b|, |c| < 1, nén khi abc < 0thi T = 2(1 + a)(1 4+ b)(1 +
)—abc>0,conkh1abc>0th1T—( +b+c+1)%+ abc > 0. O

Vi du 1.2.29. Cho ba s6 thuc a,b,c > 0 va a + b+ ¢ < 3. Chitng minh bdt
ddng thitc sau day:

a-+b b+c c+a 2 2 2
2 5T 2 5T 2 2< + + :
24+a*+b4 24+b2+c* 24+ct+a 24+a+b 24+b+c 24+c+a
e s2e ) 9 ) 2 R CL"‘b
Bai giai: Vi2+a"+b” = 1+a"+1+b° > 2(a+0b) nén ta dugc T <
+a
1 b+ c 1 c+a 1
—. Tuong ty, ————— < =, ———— < —. Nhu bat dang th
2 e 2 Sy @ S o Nhuvay 6 bat dang thie
a-+b b+c c+a

3

< -
2+aluﬂ+2+W+mf+2+§+a2 2
Daftta:-l#—a y=1+bz=14c.Khidé z,y,z > 0va2zr+2y+2z < 12.
1+y+z+z+x 12

r+y xT+y xT+Yy
Z+x+x+y 12

/N

Dod6 ¢ 1+ < Cong céc bat dang thiic, vé theo Ve,
T z
(NS SR AL AN Qi
\ z+x z+4+x Z+x
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1 1 1
duqcl2( n n >>3+y—|—z+x—|—y z—l—x+x—|—y
r+y y+z z+zx ngy y+§ r+y 2Z+x
r+z y-+z
> 9. T day suy ra =
y+z+az+z ~ o 2+a+b+2+b+c+2+c+a
2 2 2

3 . a2 . .
+ + > — va c6 dugc bat dang thuc can ching minh. O
r+y y+z z4+x 2

Vi du 1.2.30. Chitng minh rdng véi cdc sé thuc a,b,c > 1 ¢6 bdt dang thiic
0 1 N 1 n 1 S 3 .
ab+1)  blc+1) cla+1)~ 14 abe
(i1) + + L > S
ab+a+1 be+b+1 ca+ec+17 2+abe
Bai giai: (i) Do a,b,¢c > 1 nén (a — 1)(b — 1)(c + 1) > 0 tuong duong
1+ abc > a+b— c+ ac+ bc — ab. Tuong tu, ta con co:

l+abc>b+c—a+ac+ab—bec,1+abc > c+a— b+ bc+ ab— ca.
Cong ba bat dang thiic, v& theo vé, ta duoc

3+ 3abc = ab+ a + bec+ b+ ca + c.

. 1 1 1
Tu (3—1—3@60)( + + ) =
ab+a bc+b ca—+c

(b+ +be+b+ +>( SRR S — )>9
ab+ a + be ca+ c >
a(b+1) blc+1) cla+1)

ha 1 n 1 n 1 S 3
ya(b+1) blc+1) cla+1) " 1+abc

2+abcz2a+b—c+ac+bc—ab+1
(i) Nhu trén ¢6 < 24+abc > b+c—a+ac+ab—bc+1  Cong ba bat
24+abc=>c+a—b+bc+ab—ca+ 1.

dang thitc, vé theo V&, ta dugc 6 4 3abc > ab+a+bec+b+ca+c+ 3. Vi

1 1 1
) )
< T b T arl herbrl fcaterd

(ab+a+1+bc+b+1+ca+c+1>

1 1 1
=9
(ab+a—|—1+bc—|—b—|—1+ca—|—c—|—1)
1 1 1 3

> .
nab+a+1+bc—|—b+1+ca+c+1 2 + abc

né
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Phuong phap hinh hoc

Ménh dé 1.2.31. Vi cdc diém A, B, C va cdc vécto T, v, Z ta luoén cé
(i) AB+ BC > AC.

(i) [7]|g] = |29] > @

(i) [Z] + |y] = |7 + 9.

(i) |Z| + [yl + |2 = |2+ ¥+ 2.

(iv) Gid sit hai mién phdng (D7), (Ds) véi dién tich Sy va So tuwong iing.
Néu (D) chita trong (D) thi S; < Ss.

Chirng minh: Hién nhién. O

Vi du 1.2.32. Cho |a + b+ c| > 1. Chiing minh bdt ddng thitc sau ddy:

Va2 +ab+ 02+ Vb2 +be+ 2+ +ca+a? > V3.
b \/3b c.\/gc a V3a

Bai giai: Vo‘1a—(a+§ T> b—(b 1) ),H: (c+§ T)tacc’)
T V3 L L

a+b+c:(§(a+b+c);7(a+b+0)).Do|a]+|b\+\€\>\a+b+8\
suy ra Va2 + ab+ b2 + Vb2 + be + 2 + Ve + ca + a® > V3. O

Vi du 1.2.33. Cho a, b, ¢ théa mdn 0 < ¢ < a,0 < ¢ < b. Chitng minh rdng
cla—c)++/c(b—c) < Vab.

Bai giai: Bat dang thic hién nhién ding khi ¢ = 0. Khi ¢ > 0, dung hai tam
gidc vuong OAB va OAC cung vuong géc 6 O véi canh chung OC = /¢
va OA = v/b—¢,0OB = +/a — ¢ & v€ hai phia khac nhau so v6i OC. Khi
do BC = \/5, AC = \/Z_? Tu Soac + Sopc = Sapc suy ra c(a — C) +

\/C(b—c):2SA30<\/%. [

Vidu 1.2.34. Véi a,b, c,d € [0; 1] ta luon cé bdt ddng thiic dudi day:

a2006 + b2006 + 02006 i d2006 <2+ GQOOGb + b2OOGC+ 02006d 4+ d2006a.
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Bai giai: Trén hinh vuong ABC D canh 1, 1an luot 14y cic diém M, N, P va
@ trén cac canh AB, BC,C'D va DA sao cho AQ = a, BM =b,CN =c¢
va DP = d. Khi d6

1 1 1 1

5@(1 — b) + 5()(1 — C) + 50(1 — d) + §d(1 — CL)

= Syag + Snem + Seen + Sopp < Sapep = 1.
Vay a(l1—=0)+b(1—c)+c¢(1 —d)+d(1 —a) < 2. Do a,b,c,d € [0;1] nén
a(1—=b)+b(1—c)+c(l—d)+d(1—a) > a? %+ p*¢c + 20%6q 4 ¢20%q,
Vaya2006 4 2006 | (2006 4 2006 9 4 (2006, | 2006, | (2006 4 2006, ]

Phuong phap lugng giac

Pua bt ding thifc cin chitng minh vé bat dang thitc luong gidc dé sir dung
nhitng tinh chat cua cac ham so luong giac. TAt nhién, khong phai bai toan
nao cling dung phuong phdp nay. Sau day la mot s6 dau hiéu va phép luong
giac héa tuong tng thuong dugc su dung:

T = TrCcosa
Khi 22 +y*> =7%,r >0, thitadat { y = rsina
a € [0;27).
T = racos
Y
Kh1—2—|——:7°2,a,b,7">0,thitadaflt y =rbsina
a? b2
a € [0;27).
[z =rcosa
2 2 -
. o =rsina
Néu—2+y—2<1,a,b>0,th1dat<y
a® b a € [0; 27]
\0<7’<1.
Néu |z| < r thi dat x = rcosa véi a € [0;7] hoac x = rsina véi a €
T
[_5’5]'

Vi du 1.2.35. Véi hai s6 thuc a va b théa man a® + b*> = 2 ta luén cé bdt
ddng thitc 2(a® — b%) — 3(a — b) < 2.

Bai gidi: Pat o = v/2cosu, b = v2sinu. Khi d6 2(a® — %) — 3(a — b) =
2 cos(3u — %) < 2. O
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Vi du 1.2.36. Vi hai s6 thuc a va b théa man a® + 4b> < 6a + 16b ta luon
c6 bdt ddng thitc 3a — 8b < 18.

Bai giai: Tir a? + 46> < 6a + 16b suy ra (a — 3)* + 4(b — 2)® < 5% Dat
1

a=3+rcosu,b = 2+§Tsinuvc’)’ir € [0;5]. Khi d6 3a — 8 = —7 +

r(3cosu —4sinu) = =7+ 5rcos(u + a) < =7+ 25 = 18. O

Vi du 1.2.37. Cho ba sé thuc phdn biét a,b, c. Chitng minh bdt ddng thitc
2 2 2
T (1+ab) N <1+bc> N (1+ca) > 1
a—>b b—c c—a

Bai giai: Dit o = tana,b =tanf,c =tan~,a, 3,7y € [—g; g] Khi dé

M = cot*(a — B) + cot?(B — ) + cot?(y — a).

Do (a = f) + (6 —7) + (v — @) = 0 nén cot(a — ) cot (5 — ) + cot (S —
7v) cot(y — ) 4+ cot(y — ) cot(aw — f) = 1. Tu dé suy ra 7" > 1. O

/\/_

a—b c—d ad+be

Vi du 1.2.38. Chiz inh rda
L 18 TR rans a—l—b+c—|—d ac — bd

a—b c—d ad++be

Bai giai: Dat M =
'8l B a+b+c+d+ac—bd

. Xét cac truong hop:

c
c 3_1
c

d —+1

c—d c

Khia = 0thi M = '—1+

c
Patx = —+1.
atx d+

d
—2 242~ 24/ 2|z| —
v ‘:ijH TS f'f" ‘x|:2\/§—1>\/§.
x x

Khi ¢ = 0, hoan toan tuong tu nhu trén, ta ciing c6 M > /3.

Taco M = |—x—|—
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b d
Khi a,c # 0, dat — = tan o va — = tan 3, ta c6 ngay
a

c
1 fan — — t
b — - an — — tan o
r = ¢ = Z': 4 T :tan(z—a)
a+b 1+—- l+tan—tana 4
4
a
d s
c—d 1-2 tanz—tanﬁ T
14+ = 1+tanztan6
c
d+b
ad + bc c tan o + tan
: ac + bd 1_925 1+ tanatan 8 an(a + 5)
ac

Do bdi (%—oz) + (%—5) +(a+p) = g nén xy+yz + zx = 1. K& hop véi
bat dang thic (v +y+2)? > 3(xy+yz+zx) suyra M = |z +y+ 2| = V3.
Vay bit ding thitc da cho dugc chitng minh. O
Vi du 1.2.39. Vi ba 56 thuc a,b, c ta luén cé bdt dang thicc dudi day:

(ab+bc+ca —1)* < (a* + 1) (B> + 1)(* + 1).

N e e e - .. 7_(_ 7T .
Bai giai: Dat ¢ = tanu,b = tanv,c = tanw véi u,v,w € ( — 3 5) Khi
1 1 1 A 2 2 2 N

) 3 T Bat dang thic tro thanh
COS® U COS* U COS* W

ds (a®> + 1)(B> + 1) (2 +1) =
(Sinusinvcosw+Sinvsinwcosu+Sinwsinucosv — cosucosvcosw)2

< 1 hay (sinvsin(u+ w) —cosvcos(u+w))2 =cos*(u+v+w)<1l. O
Vi du 1.2.40. Vi ba 56 thuc a,b, c luén cé bdt dang thicc dudi ddy:
la — b b — ¢ la — |
+ > :
VI+a)(1+07) A+ +e) (1 +a?)(1+¢?)
Bai giai: Dit ¢ = tanu,b = tanv,c = tanw. Khi d6 bat dang thiic trd
thanh |sin(u — v)| 4 |sin(v — w)| > |sin(u — w)|. T |sin(x + y)| =
|sinz cosy + siny cos x| < |sinz| + |siny| dé dang suy ra |sin(u — w)| =
|sin(u — v+ v —w)| < |sin(u —v)| + |sin(v — w)]. 0
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Vi du 1.2.41. Vi day so thuc ag = 1,a4,...,a,, 0,01 =n+1,n>1, ¢

i |CLZ' — CLZ'_|_1| 2n

PR B
—0 alQ_i_l 0,22_1_1—'—1 3(n+2)

Bai giai: Vi ba s a,b, cta dit a = tanx, b = tany, ¢ = tan z. Khi d6 bat
la — b |b— | < lc — al

Va2 +1VRE+1 VR rIVE+1~ VE+1Va2 +1
duong |sin(z — y)| + |sin(y — z)| > |sin(x — 2z)|. T |sin(u + v)| =
|sinucosv + sinvcosu| < |sinu| + |sino] ta suy ra bat dang thic sau:
|sin(z — 2)| = |sin(z —y +y — 2)| < |sin(z —y)| + | sin(y — 2)|. St dung
a1 — ay |as — ag] a1 — ag]

Val+1ya3 +1 \/a%+1\/a3+1 ~ \/a1+1\/a3+1.
Quy nap theo n dugc 2 = i 90 = dni| >
=0 \ai +1 a22+1+1 Vag+1yJag, +1
n 2n
> > .
V22 +4dn+4 " V2(n+2)  3(n+2)

Vi du 1.2.42. Vi s6 tw nhién n ta xét diy ag = 0,a; > 0 voi moi i =

dang thiic tuong

két qua nay:

n
1,2,...,n thoaman ) a; = 1. Chitng minh rang
i=1

a;

1<
\;\/1+a0+"‘+ai1\/ai_|_..._|_an

<

o] 3

Bai giai: Theo Bat dang thiic Cauchy ta c6 két qua sau day:

1
Vifta+ - +ave+ o +a, < Gltat +atat:+a)

a; n.oa;
> -t

=1.Va
yzx/1+ao+ taivai+-ot+a, T i1
arcsin(ag + -+ -+ a;—1 +a;) v6i i = 0,1,...,n. Khi d6 c6 cac hé thic sau:

= 1. bat u; =

ai = (ap+--++ai1+a)—(ag+ - +aj1)=sinu; —sinu;
CoSUj_] = \/1—sin2ui_1:\/1—(a0+---+ai_1)2
= Vidta+ - Fa_1va+- - +ani=1,...,n
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n a; " osinu; — Sinw;_q

Vay S = -
4 ZZI\/1+a0+---+ai_1\/ai+---+an i=1 COS Uj—1

Ui+ Ui—1 . U — Uj—1

2 cos sin
n n U Uy
hay S = ) 2 < Y 2sin————. Visinz <
i=1 COS Uj—1 i=1 2
i ™, " 7
xkhize (0;=)nén S < > (u; —ui—1) = =. O
2 = 2
Vi du 1.2.43. Vi s6 tu nhién n ta xét day ag = 0,a; > 0 vdi moi s6 i =
n
1,2,...,n, va théa man Y _ a; = 1. Chitng minh rdng
i=1
n
a;

v
< —.

Bai giai: Dat v; = arctan(ag + -+ +a;-1 + a;) v6ii = 0,1,...,n. Khi dé
T
cac géc u; € [0; Z] va ¢6 cdc hé thic sau:

a; = (ao+"'+ai71+ai)—(a0+---+ai,1):tanui—tanuifl
1

= VI+tan’u; =1+ (ag+ - +a;)%i=1,...,n. Vay S =
COS U;
i a; & tanu; — tanu;_q
i1+ (ag+ - +ai1)’/1+ (e + -+ @) = !

COS U;_1 COS U;

n . n T
hay S = > sin(u; — ui—1) < > (u; —uj—1) = uy, = 1 O

i=1

i=1
Vi du 1.2.44. Vi moi tam gigc ABC ta luon cé bdt dang thitc sau:

1 1 1 3
< .
(1+sin A)? * (1 + sin B)? i (1+sinC)? = 1+ sin Asin BsinC

Bai giai: Suy ra tir Vi du 1.1.6. O

A B C
Vi du 1.2.45. Cho AABC. Pdt x = tan 5y = tan 5% = tan 5 Khi do

ta c6 cdc bdt dang thirc sau ddy:

4 4 4 9
Q) (1+ v ><1+ J )(1+ & )2—7<27x2y2z2—|—1).
y+z z+x r+y 2
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4 4 4 21\ 3
GD(1+ “:)@+- y)<r+ z )><1+23l).
y+z Z+w T4y R

Bai giai: (i) Pat a = 2 +y + 2,b = 2y +yz + 2x = 1,¢c = xyz va
4 4 4 3 3y 3
T:(l—i— a:)(1+ y)(1+ z):(a+ z)(a+ 3y)(a+ z)
Y+ z 2+ x+y (a—x)(a—y)la—2)
3+ 3aa® + 9ba + 27 4a® 4 9a + 27
vay 7= L PO I e p 2 2T i > V3 =
| a’> —aa* +ba — c a—c
9——>9¢c>0.TacoiT lahamciaa vaa > 9c > 0. Do a > 1 nén ta co
3v/3
T — 42@3 — 3a%c — 9c _ 4a2(2a —3¢) — 9c¢ S 415a20 —9c¢ -0
(@ —c)? (@ —c)? (a—c)?

4.35¢3 +108¢ 36

27
vanhu vay T' > T'(9¢) = 3 = EC + ) va c6 bat dang thic.
c

4 4 4 3
iy Lai oo T = (1+——) (14— ) (14— ) > (1+4¢/——) =
Y+ z Z+x T +y a—c
(1—%2\/2T) 0
R

Néu coi T laham cta ¢ > 0thi 7/ > 0vacé T > T(0) = 9 + 4a® > 21.
Tuy bi chan dudi, cling dé thady 7" khong c6 gia tri nhd nhat. Khi mot trong
cac goc tam gidc ti€n tGi 7 va hai géc con lai tién téi 0 thi a — 400. Vay
T ciing khong c6 gid tri 16n nhat. Chd y ring, ta con c6 thé chiing minh
T > 25, nhung viéc tim ra so 25 hoan toan khong tu nhién.

Phuong phap ham so
. . 1
Vi du 1.2.46. Chitng minh rdang néu x +vy = 1 thi: o* + y* > 3

Bai giai: Thz +y=1suyray=1—xnénz! + y? =2 + (1 — 2)?
Xét ham s6 f(z) = 2! + (1 —2)%, dao ham f'(z) = 42 — 4(1 — 2)?,

1 1 .
f'(x) =0khix = 5 Lap bang bién thién ta dugc f(x) > 3 Dau bang xay
1
khi x =y = —.
rakhiz =y = 1
Vay néu z +y = 1 thi 2% +¢* > —. O

8
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Vi du 1.2.47. Vi n la s6 nguyén duong le khong nho hon 3. Chitng minh
rang vdi moi s6 thuc x # 0, ta luon co:

$2 $3 " ,IQ .%'3 "
tat Gt g+t Dot o=t =) <1
N «2 e - x2 3 ZC” x2 aj3
Bai gidi: Dat f(v) = 142+ r+ o+t g@) = l—w+ 5 — o+

n

. — %, xét F(z) = f(x).g(x). Ta di ching minh F'(z) < 1 v6i moi x # 0.
Ta c6: F'(z) = J'(2)-9(x) + g'(2)-f () , v6i

(2) = LT LA
fllz) =142+ syttt (=1 = f(x) ol
.’,CQ .I'S xn—l "
()= 14+a—— 42 . = —g(z) — —.
Suyra P(e) = L AN P "] nn
uy ra (x)——m[f(a:)Jrg(:v)]—— F +§++(n_1)| u
F'(x) >0,z <0
vay ta ¢6 ddu F'(x) nhu sau: F'(z) <0,z >0
Fl(x) =0,z =
Lap bang bién thién ta duoc F'(z) < 1, v6i moi = # 0. O
Vi du 1.2.48. Chitng minh rang vdi moi x > 0 thi ta luon cé:
. x?
sinx > x — —
6
23
Bai giai: Xét ham s f(z) =z — e sinx, véi x > 0 ta c6:
22
fl(r)=1- 5 - cosz; f'(x) = —x +sinz; f” = -1+ cosx
Thay [ = —1 4 cosx < 0, v6i > 0 suy ra f”(z) nghich bién véi x > 0.

Suy ra f"(z) < f"(0) v6i x > 0 tuong duong f”(x) < 0 v6i z > 0 tuong

duong f'(x) nghich bién v6i x > 0. Suy ra f'(x) < f'(0) véi x > 0 tuong

duong f'(x) < 0 v6i x > 0 tuong duong f(x) nghich bién v6i z > 0. Suy ra
3

f(z) < (O)V(’ﬁx>0tu’0ngdu’0nga:—%—sinx<0v6ix>0.
3
Vaysinx>x—%vé'ix>0. O
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Vi du 1.2.49. Chiing minh rang voi xy # 0 ta luon cé

x Y Y Y
I A AT AL A )
y4+:1:4 Y2 $2+ +a:_
4 4 2 2
s a0 = x Yy x Yy X Y
Bai giai: Dat - 42 2 _Z 27
g at f(z,y) R Rt R b
Ta viét lai ham s6 dudi dang
2 2 2 2
T Y e =y r oy
— (L2 _9_ (4L Z4 7
) = Ga+ 5P =2= G+ )+ G+ )
r  y.=2 r  y.2 r Yy,
— (242 —2| —2_[(24+2Z) =2 A
[(y+x) ] {(?JJFQT) ]+(?J+$)
Bing céchdattzz—ky,tanhanthéfy it| = ‘§+Q| — |= _|_‘Q’ > 9
y T y oz T
Bai todn chuyén thanh, ching minh ring: v6i [¢t| > 2, thi

Ft)=t" -5t +t—4> -2

Ta c6 thé viet lai F(t) = (t2 —3)(t? —2) +t — 2
Do |t|>2,nént?—3>1,t2—2>0,néntaco F(t) >t>+t—4

t2
1
Xétg(t):t2—|—t—4,cég’(t):2t+1:O:>t:—§.

Lap bang bién thién ta dugc ¢g(t) > —2 suy ra F'(t) > —2 hay f(x,y) >
. 2yt 22 2 oz oy
Vayvéixy #0thi — + = — —5 — S+ —+=> -2
Y L Y X y

26

—2.
[l

Vi du 1.2.50. Cho cdc s6 thuc x,y thod mdn diéu kién: (x +y)> + dxy > 2.

Chitng minh rang:
9

3t + oyt + 2ty — 202+ ) +1 > G

Bai giai: Dat f(z,y) = 3(z* + y* + 22y?) — 2(2? + y?) + 1. Ta chitng minh

9
fa,y) > . That vay:

Két hop hai bat dang thiic (z + y)* + dzy > 2; (z + y)* > 4ay.
Suyra: (x+y)P’+ (z+y) >2=>x+y>1

3 3
flzy) = 3" +ylexy®) = 207 +y7) + 1 = S(e® + %) + S (@ +
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2z +y°) + 12 2(932 +y7)* + %(ﬁ +y7)? = 202" +°) + L.

Suy ra: f(z,y) > %(:1:2 +y?)? = 2(z* + ¢?) + 1.

Datt::c2+y2,tacét2 M > %

Khi d6 f(z,y) > %t2—2t+1 Xét f(t) = Zt2—2t+1vcﬁt2%,tacé
F(t) = Zt 9 . 0, vt > % Suy ra f() > f(%) _11%

Vay f(x,y) > o Pang thitc xay rakhi o = y = 5 O

1.3 Ham l6i va Bat dang thic Jensen

Tiép tuc, ta s& xét ham 16i va chitng minh Bat dang thiic Jensen va hé qua.

Pinh nghia 1.3.1. Ham s6 y = f(x) dugc goi 1a ham [0i, (xudng phia dudi),
trong khoang (a;b) néu v6i moi a < x1,29 < b vamoi o € (0;1) ludn c6
bat dang thiic:

af(z) + (1 —a)f(ze) = faz + (1 — a)zy).
Pinh nghia 1.3.2. Ham s6 y = f(x) duogc goi 1a ham I6m, (1én phia trén),
trong khoang (a;b) néu véi moi a < x1,79 < b vamoi o € (0;1) luon cé

bt dang thiic:
af(z) + (1 —a)f(ze) < faz + (1 — a)s).

Ménh dé 1.3.3. Gid sit y = f(x) xdc dinh va lién tuc trong (a;b) vdi a < b.
Ham y = f(x) la l6i trong khodng (a;b) khi va chi khi fla) = f(z1) <
r— X

) = f@), | 2o Sl

hodc |1 = f(x) | = 0vdi moi x1,x,x9 € (a;b) thoa man
1 22 f(z2)

To — X
Ty < x < To.
Chitng minh: Giastry = f(z)1aham16i trong khoang (a; b). V6i z1, x, 9 €
(a;b), 11 < & < 9, ¢6 biéu dién

To — X r—x

z1 + T, () < f(x1) +
Lo — X1 To — 1 Lo — X1 Lo — X1

To — T r — X

f(z2).

€r =
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Nhu vay ¢6 bét dang thic (xo—z) f(21)+ (21 —x9) f(2) + (x —21) f(x2) = 0
Lz f(x1)

hay biéu diéndang | 1 = f(z) | > 0. Diéu ngugc lai 1a hién nhién. [
L 2y f(x2)

Ménh dé 1.34. Gid sity = f(x) xdc dinh va lién tuc trong khodng (a;b) va

c6 dao ham hitu han f'(x). Khi dé y = f(x) la ham 16i néu va chi néu f'(x)

la ham khong giam trong (a;b).

Chiing minh: Gidsty = f(z)1aham16i trong khoang (a;b). V6i x1, z, 29 €
To — T r — T

(a;b), 1 < T < w9, ¢6 hai biéu dién sau day: z = T + 9
Ty — I Tro — I
Tr — T To — X T—T r — I
el 270 iy DT i), Nvwvay () < Pl
ITo — I T2 To — TI9

Nguoc lai, gia thi€t f'(z) la ham khong giam trong (a;b). V6i x1,z, 20 €

(a;0),x1 < x < mo ta o (@) = flz1) = f'(a) va flw2) = f(z) = f'(5),
r— X To — T
trong d6 71 < o <z < B < x9. Vi f'(a) < f'(B) suy ra f(xzz — i(xl) <
— I
f(x;) — i(m) Vay y = f(x) la ham 16i theo Ménh d¢ 1.3.3. O
5 —

Tir Ménh dé 1.3.4 suy ra ngay két qua dudi day:

Pinh Iy 1.3.5. Gid thiét y = f(x) xdc dinh va lién tuc trong khoang I. Gid
st f(x) c6 dao ham f'(x) cing lién tuc va c6 f”(x) hitu han trong khodng
I. Khi déy = f(z) la ham loi néu va chi néu f”(x) > 0 trong I.

Pinh 1y 1.3.6. [Jensen] Néu y = f(x) la ham 16i trong khodng (a; b) thi vdi
n
moi ay, ..., a, € (a;b) va moi s6 thuc oy, ...,a, 20, ap=1,n> 2, ta
k=1

Iuén cé bdt dang thitc dudi day:

arf(ay) +aof(az) + -+ anflan) = flarar + asas + -+ - + ayay).

Chitng minh: Quy nap theo n. V6i n = 2 két luan hién nhién diing theo dinh
nghia. Gia sir két luan da ding cho n > 2. Xétn+1diémay, ..., a,, a1 €
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n+1
(a;b) va céc s6 thuc aq,...,q,, anp1 = 0, > ag = 1 va a4 > 0. Dat
k=1
« A1 .o . 2
by = ————a, + ————a,41 € (a;b). Theo gia thiét quy nap ta c6
Qy + Opi1 oy + Qpt1

flarar + agas + - -+ + ap_1an-1 + Gy + Qpi1Gp11)
= floqay + agag + -+ + ay1a,1 + (a4 @py1)bn)
> aif(ar) +asf(ag) + -+ an_1f(an-1) + (an + ani1) f(by).

< 879 A1 anf(an> @n+1f(an+1>
Vi f(b,) = a,+ Qa > +
f( n) f(an + Ot ! Oy Qpt1 n+1) Qi + Opi1 Qi + Opi1
n+1 n+1

nén > aif(ar) = > f(agag). Nhu vay dinh 1y da dugc ching minh. [
k=1 k=1

Chu y 1.3.7. Déi véi cdc ham sé'lom ta cé ddau bdt ddng thitc nguoc lai.

Vi du 1.3.8. Chitng minh rang, néu a,b,c > 1 thi ta cé

T =2 1 42 +3;>33 1
(1+a)8 8 (1+¢)® " "\ 1+ Vabe)s

Bai giai: Vi f(z) = V2% 1a ham don diéu tang, 16i va a,b, ¢ > 1 nén c6 bat

1 1 1
dang thiac: 7' > 3 {1+a L+b 1+C} > 33 . ]
3 (1+ Vabc)8

Vi du 1.3.9. Gid sit a, b, c > 0 théa mdn a+b~+c = 1. Chitng minh bdt dang

thite sau:
2 2 2 6
:\3/—+9bc+\3/—+9ca+</—+9ab<\/T+27
abe

Bai giai: Vi f /x,x > 0, 1a ham 1dm nén theo Chid y 1.3.7 ¢6

\/——I—ch-l—\/——l-9ca—|—\/——|—9ab \/_\/ + -+ - —|—9(ab+bc—|—ca)

2
hay\/—+9bc+\/—+9ca+\/—+9ab ﬁ\/<a_bc+9> (ab 4+ be + ca).
Vil= (a+0b+c)>>3(ab+ bc+ ca) nén Téf/ 0 O
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Vi du 1.3.10. Gid thiét s6' nguyén n > 2. Chitng minh bdt ddng thiic sau:
n

HE<<3_3+ 3 )
Pl k-1 2n  2n.3n/)

Bai giai: Vi f(z) = Inz,x > 0, 1a ham 16i nén theo Dinh 1y 1.3.6 ¢6

n

1l /e 3F—1 1 3k —1 3 3
(St e S A0 ne 2+ )
n(; T " ) 31 n3 g, o

N A ™ 2 P n 3k - 1 3 3 n
Tu day ta suy ra bat dang thuc k]jl S < (3 — —+ ) : O
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Chuong 2

Mot s6 phuong phap tim gia tri l6n
nhat-nho nhat

2.1 Phuong phap bat dang thirc

St dung cac két qua da biét vé bat dang thic dé c6 gid tri 16n nhat hay nho
nhat ctia biéu thiic can tim.

Vi du 2.1.1. Xdc dinh gid tri l6n nhdt va gia tri nhd nhdt ciia biéu thiic

T =2x+ 9 — a? trén doan [—3; 3].

Baigiai: Vi -3<zx<3nénT=2++v9—22>2>-3. VayT,, = —3

khi x = —3. Theo Bat dang thitic Bunhiakopxki c6 T = = + /9 — 22 <
3

V2(22 +9 —22) = 3v2. Vay T, = 3v/2 khiz = —. O

V2

s L.
Vi du 2.1.2. Xdc dinh gid tri nho nhdt cua biéu thiic T = 3x + — voiz > 0.
x

1 1 ,

Bai giai: ViT =32+ — = x+x+x+ — > 4 theo Bét dang thic Cauchy
T x

nén 7, = 4 khi x = 1. ]

Vi du 2.1.3. Xdc dinh gid tri nhd nhdt ciia biéu thirc T = a* + b* + c¢* khi
ab + bc + ca = 1.

Bai giai: Vi 37 =3(a* + 0 +c*) > (a®> +V? + ?)? > (ab +bc+ca)? =1
1

2 e 1
theo Bat dang thitc Bunhiakopxki nén 7, = - khia =0 =c= —,.
3 V3

31
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n
Vidu 2.14. Gid sit z1,...,z, > 0va Y x, = 1. Tim gid tri nho nhdt cua
k=1
x1 Z2 L

T = + TR .
V=21 V1 — a9 V1—x,

Bai giai: Do bdi vai trd clia z1, 29, ..., 7, binh ding nén cé thé coi diy
1

V-2 V1—2  V1-—x,
mot day tang. Theo Bat ding thifc Chebyshev ta c6

x1,T2,...,Ty la ddy tang. Khi dé cling la

nT:; 1x_k x_k > (;xk)(;——ll—xk) :;—_11_%.

Ti (Y ——— zm n2va, nS(1—2) > S V=7,
k:lm =1 =1

n 1 ny/n
theo Bat dang thic Bunhiakopxki, suy ra nT >
g p y g Ti}; —
Vn
hay T" > . Dau bang xay ra khi x; = =z, = —. Do dé
g Jn—1 8 : n
T, = v . O
n—1

Vidu 2.1.5. Véi a,b,c,d > 0, hdy tim gid tri nho nhdt ciia biéu thiic

7 b \7 c \7 d \7
=) ) ) )
aro) VT TV TV e
c d
Bai giai: Datx——y:—,z:—, :—Khldoxy,zt>0xyzt—1
a 11) c 1d 1
vaT = + + + . Theo Bat dang

(1+2)7 YA+y)" YA+2)7T JA+t)
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thitc Cauchy ta c6

6 1 1 7
+ > 77 —
YA +z)7 VT 2T(1 4+ )2 V2(1 + )2
6 1 1 7
: to= > 7/]- = -
V(A +y)T V2T V211 +y)2 V2(1+y)?
6 1 1 7
— > 77 =
YA +2)7T V2T 2T(1 4 2)2  V/2(1 + 2)2

1 1 7

6
Vi VF C VEaeoe v

4 7 1 1 1 1
va nhu vay 67 + —— > ( + + + )
P RAT VAN T (U ry? (e (02
hay 67 + 4 S 7( 1 N 1 ) 7< 1 n 1 ) 7
a = —= = = .
Y 42 7 2o\l +ay 14zt VN1 + xy 1+i 2
Ty
1
Tomlai T, = —=khia=b=c=d > 0. O
' V2
y a \3 b \3 c \3
Vidu 2.1.6. Timgia’trjnho”nhdtcdaTz( >+( )—I—( >+
4o\ a—+b b+c c+d
( ) khi a,b,c,d > 0.
d+a
Bai giai: Tac6 T ! + ! + ! + L i t>
1giai: Tacol = U, UV, W
8 Ttap (1+0P (Ifwp (+0p 00"
1 | 3
0 v3 t=1.Vi2 — >3 - x>0,
va o) 28 B(1+2) 201+2)2"
A2T+4>3< 1 . 1 N 1 . 1 )>3ha
2% 7 o\(1+ru?  (1+o? (Qtw? @qxp2) =2
1 1
T}§.D0d6Tm:§khia:b:c:d>0. O

Vi du 2.1.7. Gid sut cdc sO thuc x,y,z > 0,x +y + z = 1. Tim gid tri lon
nhdt ciia biéu thitc

TZ\/x+(yI2Z)2+\/y+%+\/z+@.
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Bai giai: TruGc hét s€ chira, véiu=y —z,v =z — z,k = 3 ludn c6

x4+ ku + y + kv? < 2z +y) + k(u+ )2

Bit dang thic ndy twong duong 2+/(z + ku?)(y + kv?) < x +y + 2kuv hay
4z + ku?)(y + kv?) < (o +y)* + 4k*u®0* + dkuv(x + 7).

Bt dang thiic ndy twong duong (z — y)* + 4kvr(u — v) + 4kuy(v —u) > 0
hay (v — y)? + 4k(u — v)(xv — yu) > 0. Bit dang thic nay twong duong
(x —y)*(1 —4k(x +y — 2)) = 0 : ding. C6 thé coi x > y > z va dénh gid

T < \/2(x+y)+(:c+g/12—22)2+\/Z+—(x—y)2

= \/2(1—z)+—(1 _1232) +\/z+—(x12y)

(1 —32)? \/ (1-32)2 5—-32+1+32
< 4f2(1—2) 4 220 =
\/( z) + 19 +14/z+ G e

vi0<or—y<1—-32.Dovay T < \/_Khlx—y—z—gthldaubang
x4y ra va ta nhan duoc T}, = v/3. ]

Vi du 2.1.8. Gid su cdc s6 thuc a,b, c > 0 bién thién thoa man abc = 1. Tim
gid tri nhd nhdt ciia biéu thiic

G N b+ c? N A+ a?

a4+ ab+0?2 +be+c2 A +ca+ta

3(a® +0°) 3(b° + ) 3(c? + a?)

> b —————>b a

a2—|—ab—|b—b2/a "R4be+c2 7 ey +ca+a?”
2

(atb+c) > 2Vabe. Vay T, =2khia=b=c=1. O

Bai giai: Vi

ct+anénTl >

Vi du 2.1.9. Gid sit cdc s thuc a,b,c > 1. Chiing minh bdt dang thiic sau

1 1 3
day: =
@ ab+a+1+bc—|—b1—|—1+ca+cl+1 2+ablc

ciia biéu thiic T =

va tim gid tri [on nhdt

ab+a+1+bc+b+1+ca+c+1'
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Bai giai: Via,b,c > 1néntacé (a—1)(b—1)(c+1) > 0. Nhu vay 2+abc >
a+b—c+ac+bc—ab+1. Tuong tu 24+ abc > —a+b+c+ac+ab—bc+1
va2+abc > a—b+c+ab+ bc — ac+ 1. Cong ba bat dang thitc dugc
6 + 3abc > 3 +a+ b+ c+ ab+ bc + ca. Bién doi

1
be)T = b
(6 + 3abe) (6+3aC)(ab+a+1+bc+b+1+ca+c+1

= [(ab+a+1)+ (bc+b+1)+ (ca+c+1)]

1 1
> 9.
[ab+a—|—1+bc+b+1+ca—|—c—|—1]

)

Tﬁ’déysuyraT}m.Hiénnhiénab-l—a—l—l23,bc+b—|—1>3vé
abc
ca+c+1>23. VayT <1.Khid6 T, =1khia=b=c=1. O
Vi du 2.1.10. Gid sit cdc s6 thuc a,b,c € [1;2]. Chitng minh bdt ddng thiic
1 1 1 3
ddy: >
sau aay 4+a—ab+4+b—1bc+4+c—1ca 3+abc1

nhdt ciia biéu thirc T =

va tim gid tri nho

4+a—ab+4—|—b—bc+4+c—ca'
Bai giai: Via,b,c > 1néntacé (a—1)(b+1)(c+1) > 0. Nhu vay 3+abc >
—a+b+c+bc—ab—ca+4. Tuong tw 3+abc > a—b+c+ca—ab—bc+4
va3+abc > a+b—c+ab— bc— ca+ 4. Cong ba bat dang thitc duoc
9+ 3abc > 12+ a+ b+ ¢ — ab — bc — ca. Bién d6i
1 1
9+ 3abc)T = (9 + 3ab
(9 + 3abe) O+ ac)(4+a—ab+4+b—bc+4+c—ca
= [d+a—ab)+(44+b—bc)+ (44 c— ca)]
1

)

> 0.
[4—|—a—ab+4+b—bc+4+c—ca]
1
Tu délly suy ra T > 5 e Boi vi 2 < 4—;(1(1—1)) < 4nén31 <
—— < —. Tur da - < T < —. Nhu vay 7,,, = - khi
4+a—ab 2 Zy SUy 4 2 vay 4 !
a:b:czlvéTlnzﬁkhia:b:c:Z O
Vi du 2.1.11. Gid sit cdc so thuc duong bién thién a,b, c thoa mdn abc = 1.
P b

Tim gid tri nho nhdt cua biéu thitc T = (%-i—c) (—-i—a) <E-|—b).

c a
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Bai giai: Dé dang chira, néu z,y, z,u,v,t > 0 thi (z +u)(y +v)(z+1t) >

(¢/7yz + Vuvt)’. Vay T > (1 + Vabe)’ = 8. Nhu vay Ty, = 8 khi

a=b=c=1. O

Vi du 2.1.12. Gid s cdc s6 thuc bién thién a, b, ¢ thda man a®> +b* +c® = 2.
Tim gid tri l6n nhdt cia biéu thitc T = a + b+ ¢ — abe.

Bai gidi: Vi2 =a>+ 0>+ > 2bcnén 1 > be. TU (a + b+ ¢ — abc)? =
[(b+c¢) +a(l —be)]? < [a® + (b+ )1 + (1 — be)?] suy ra bat déng thic
T? < 2+ 2bd][2 — 2bc + b*c?] = 4 — 2b°*(1 — be) < 4.

Do vay T' < 2 va thay ngay T}, = 2khi b= c = 1,a = 0, ching han. [
Vi du 2.1.13. Cho a,b,c > 0. Tim gid tri nho nhdt ciia biéu thitc dudi day:

Cc

a b
—~ + + .
Va2 +8be Vb2 +8ca V2 + 8ab

S

a
>
Va2 +8bc T af b+

b® + 03)2 > %72 (a2 + 8bc) = a®® + 8a**2bc. Lai c6

Bai giai: Ta chon s6 thuc s sao cho hay (as +

(a3+bs+cs) —a* (bs+c)(a3+as+bs—|—c‘9)
> 2Vbses AV a2sbses = 8a/2p35 /434,

4 a a*/3
= = > i '
Chon s 5 duoc NCEEIT Z BB A Tuong tu chitng minh
cho ba s6 hang con lai. Tir d6 suy ra 7" > 1. Do nhu vay 7}, = 1 khi
a=b=c=1. O
Vi du 2.1.14. Cho a,b,c,d > 0. Tim gid tri nho nhdt cia biéu thiic
a b c d

= + + + .
Va3 +63bcd /b3 + 63cda V3 +63dab v d3 + 63abe

CLS

a

= ha
Ja? +63bed ~ @+ 0%+ ¢+ d? d
(as + 0"+ + ds)3 > @33 (a3 + 63bcd) = % + 63a> 3bed. Lai cé

Bai giai: Ta chon s6 thuc s sao cho

(CLS + b +Cs +ds)3 . a35
(0 + &+ &) [(a® + b° + ¢+ d°)° +a*(a° + b + & + d°) + a¥]
> 3 hords 21 Vale s dis — (355 Tpl6s/21 ,168/21 J16s/21
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q21/16

a
Y3 + 63bed > q21/16 1 p21/16 4 (21/16 4 21/16°
tu chiing minh cho ba s6 hang con lai. Tir d6 suy ra 7" > 1. Do nhu vay

Ty, =1khia=b=c=d=1. ]

Chon s = 16 duoc Tuong

2.2 Phuong phap da thirc hai bién bac hai

Ménh dé 2.2.1. Xét da thicc f(x,y) = ax® + 2bzy + cy* + 2dx + 2ey + g €
R[z, y|, trong dé a,b, c théa mdn a*+b*+c* # 0. Khi dé véi o, B € R ¢6 biéu
dién f(x,y) = au?+2buv+cv?+2(aa+bB+d)u+2(ba+cB+e)v+ f(a, B),
odou=x—a,v=y—0.

Chitng minh: Kiém tra dé dang qua khai trién vé& phai. O
) bao+cB+e=0 .
Bay gio, xét he p v6i D = b?> — ac, D1 = ae — bd va
ac+b8+d=0

Dy = c¢d — be. Khi D # 0, hé phuong trinh chi ¢c6 mot nghiém («, 5) va ¢6
thé biéu dién f(z,y) = au® + 2buv + cv?® + f(«, B). Xét cdc trudng hop:
(i) Truong hop ac — b*> > 0: Khia > 0 thic > 0va f(z,y) — f(a, B) =
1 1
= [a*u?+2abuv +acv?] = = [(au~+bv)?+ (ac—b*)v?]. Véiv = 0,u —
a a
oo, thi f(z,y) — +oo va f(z,y)nm = f(a, B) khi v =0, au + bv = 0.
1
Khia <Othic<O0va f(z,y)— f(a, ) = = [a2u2 + 2abuv —I—acvﬂ =
a
1
= [(au+bv)?+(ac—b*)v?]. Véiv = 0 vachou — oo thi f(z,y) — —o0
a
va f(x,y)m = f(a, 8) khi v =0, au + bv = 0.
(i) Truong hop ac — b* < 0 : Khi a,¢ > 0 ta cé f(z,y) — f(a,B) =
1 1
—[a*u® + 2abuv + acv?| = = [(au+bv)* + (ac— b*)v?]. V6i au+bv =
a a
0,v — oo, thi f(z,y) = —oco vavéiv = 0,u — oo, thi f(z,y) —
+00.
1
Khia < 0,¢ <0, va f(z,y) — f(a,B) = —[a*u? + 2abuv + acv?] =
a
1
—[(au + bv)* + (ac — b*)v?]. V6i v = 0,u — oo, thi f(z,y) = —o0
a
va véi au + bv = 0,v — oo, thi f(x,y) — +oo.
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Khi ac < 0 hoac ac = 0 dugc xét tuong tu va f(z,y) khong c6 gia tri
16n nhat cling nhu nho nhat.

(iii) Truong hop ac — b? = 0 : Khi dé a va c khong thé déng thoi bing 0.
y . . v’
Khong han ché ¢6 thé coi a # 0. Vay ¢ = —. Ta c6
a

ae — bd

f(:n,y):a(a:+gy)2+2d(x+gy)+2 y—+g.

Néu D; = ae — bd = 0 thi f(x,y) = at® + 2dt + g. Khi a > 0 thi

f(z,y) khong c6 gia tri 16n nhat, nhung c6 gia tri nho nhat; Khi a < 0

thi f(z,y) c6 gia tri 16n nhit, nhung khong c6 gia tri nhd nhat. Néu
— bd

Di = ae —bd # 0 thi f(z,y) = at® + 2dt + g + 25— %y Khi d6
a

f(x,y) khong c6 gia tri 16n nhat, nho nhat.

Tém lai, ching ta c6 két qua dudi day:

Ménh dé 2.2.2. Xét da thicc f(x,y) = ax® + 2bzy + cy® + 2dx + 2ey + g €
R[z, y], trong dé a,b, c théa man a* + b* + ¢ # 0. Khi dé

(i) Néu ac — b* > 0 thi f(x,y) khong cé gid tri l6n nhdt, cé gid tri nhd
nhdt f(x,y)nn = f(a, B) khi a > 0; con khi a < 0 thi f(z,y) khong co
gid tri nho nhdt va cé gid tri lon nhat f(z,y)m = f(a, B).

(i) Néu ac — b* < 0 thi f(x,y) khong cé gid tri 16n nhdt va gid tri nhé
nhdt.

(iii) Néu ac—b*> = 0:Khi Dy = ae —bd = 0 va a > 0 thi f(x,y) khong cé
gid tri lon nhdt, nhung co gid tri nho nhdt;, Khi D1 = ae — bd = 0 va
a < 0 thi f(x,y) cé gid tri lon nhdt, nhung khong cé gid tri nho nhdt.
Khi Dy = ae — bd # 0 thi f(x,y) khong cé gid tri lon nhdt, nho nhdt.

Vi du 2.2.3. Tim gid tri lon nhdt, nho nhdt (néu co) cua da thicc dudi day:
f(z,y) = 2* — 4y + 3y* — 4a + 6y — 20.

Bai giai: Vi ac — v*> = —1 < 0 nén theo Ménh dé 2.2.2 da thic f(x,y)
khong c6 gia tri 16n nhat va gia tri nho nhat. O
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Vi du 2.2.4. Tim gid tri lon nhdt, nho nhdt (néu co) cua da thicc dudi day:
f(z,y) = 2* + 6y + 14y* — 4 + 8y — 12.

Bai giai: Vi ac —b*> =5 > 0 nén theo Ménh dé 2.2.2 da thiic f(z,y) khong
30+ 146 +4 =0
a+36—-2=0

nghiém o = 8, 8 = —2. Khi d6 f(z,y) — f(8, —2) = u® + 6uv + 14v* > 0

theo Ménh dé 2.2.1. Vay f(z,y)nn = f(8,—2) = —36. O

c6 gid tri 16n nhat, nhung cé gid tri nho nhat. hé

n
Vi du 2.2.5. Véi Y ai > 0 hdy xdc dinh gid tri nhé nhdt cia da thiic
k=1

flz,y) = é(akl’ + bry + cx).

Bai giai: Biéu dién f(z,y) = ax? + 2bzy + cy® + 2dx + 2ey + g € Rz, y],
n n n n n
trongdéba= > a2 >0,b=> apbp,c= > b3, d= > apck, e =Y bcy
k=1 k=1 k=1 k=1 h=1

n

vig= Y ¢ > 0. Nhu trén, biéu dién f(z,y) = au?+2buv+cv? + f(a, B).

=1
Viac—0* = (> a)(Do02) — (D] agbp)?> > 0vaa > 0 nén f(2,y)p, =
k=1 k=1 k=1
. ba+cf+e=0
«, ), trong d6 «, 5 la nghiém cua hé O
fa:f) 8 b 8 {aoa—i—bﬁ—l—dO.

Vi du 2.2.6. Tim gid tri lén nhdt va nho nhdt ciia biéu thiic T = a + 2b + 1
biét hai s6 a, b bién thién, nhung luén luon théa mdn phuong trinh:

a® + 4ab + 100> + 8a + 16b + 15 = 0.

Bai giai: Hién nhién (a+2b+3)(a+2b+5)+6b> = 0. Vay (a+2b+3)(a+

2b+3 <0

2b+ 5) < 0 hay a+sbt Tiudéosuyra —4<a+2b+1< -2
a+2b+5>0.

Vay T,,, = =4 khia=—-5,b=0; T}, = —2khia = —3,b=0. n
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2.3 Phuong phap dao ham

2.3.1 Ham mét bién

Gia str phai tim cuc tri cia ham y = f(x) trén mot mién D. Tinh f/(z) va
dua vao tinh tang-giam cta ham s6 qua dao ham dé c6 gid tri 16n nhat hay
nho nhit cua ham s6.
Vi du 2.3.1. Cho ba s6 thuc a,b,c > 0 bién thién thoa man a + b + ¢ > 3.
a’ b3 3
+ +—
b+c c4+a a-+b

(b+ctctata+h)T _ (V@ + VB + V&)’ o

2(a+b+c¢) g 2(a+b+c)

(V@@ + VB + VA3
2(a+b+c)

3 < 3 1
\/ﬁ—§x trén (0; +00). D& dang chi ra \/ﬁ—ﬁx > Ymin = y(1) = —5 Nhu

3 1 3
vay Va? > Co—c. Tirday suy ra VS + VB +Ved > S (a+bte—1) > 0.Ta

Tim gid tri nhd nhdt cua biéu thiic T =

Bai giai: Vi T =

Bit dang thitic Bunhiakopxki nén T > . Xét ham y =

9 b+c—1)> t— 1)
nh@ndu’c_ch}—(a’Jr re—l) .Xéthémz:< ) Vvéit =a+b+c >
8 a+b+c t
/ - A A . A 9(3 - 1)2 3 L .
3. Viz = > 0 nén z dong bién. Vay T > — = —. Tém lai
3 t2 8 3 2
Tm:§khia:b:c:1. H
1 L,
Vi du 2.3.2. Gid sit a,b,c € [%, V/2]. Xdc dinh gid tri l6n nhdt ciia biéu
a b c
thite T = :
S S I S
1 — 223
) : x fiw) = (1+ x3)?
Bai giai: Ham s6 f(z) = co 5/ 3 la don diéu
23+ 1 f”(g;):6x (x° —2)
(1+ x3)3
1 b b
giam va 16m trén [%, v/2]. Nhu vay T < 3f($). Vi %Jrc >

. O]

3

1
\3/abc>3—\/§nénT<ﬂ.VayTgn:\%_Lkhia:b:c:

Sl
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Vi du 2.3.3. Gia sit ddy cdc s thuc ay,as, . ..,a, > 0vdi ajas...a, = 1.
Vay \/_+ \/7 \/W
1+a2 14 as 1+an 1+a1
Baigiai: ViT(1+as+1+az+--+1+a,+1+a) > (Val+al +

(VAT + V@ + i+ Van)”

2
et yJan_ +4/all) nénT >
n—1 n) = ,n/_|_a/1_|_._._|_a/n

ham s6 y = V2" — ga: v6i > 0. Dé dang chi ra /2" > g:c—l— 1— g Nhu
2

Vay\/a_’f+\/a_§+---+\/er\/@}g(a1+a2+---+nan)—%+n.
(§(t—n)+n)2

Tim gid tri nho nhdt ciua T =

Vit=ay+a+---+a, >2nvaay...a, =nnén’l’ >

5 n—+t
t—nm—+2 t—n—+2 .
hay T' > ( ) Véfilf}n.\ﬁy:( ) véi t > n la dong
4 o+t N n n—+t
biénnén T > ynn—y():§.VayT7m:§khia1:---:an:1. O
Vi du 2.3.4. Gid sit ddy cdc sO thuc bién thién ay,as, ..., a, > 0 thoa man

hé thitc aias . .. a, = 1. Xdc dinh gid tri nho nhdt cua biéu thiic
_ aj a3 ap a,

= + ot + .

l+as+a3 14+a3+ay l4a,4+a 1+a+a

Bai giai: ViT(1+as+as+14+as+as+---+1+a,1+a,+14+a,+a1+
2
(a1 +az+--+ay)

l4+ai+ag) > (a1+a2—|—---—|—an)2nénT > . Xét
n+2(a+a+-+a,)
C 7 27° + 62
ham s6 y = véix=a1+as+---+a, =ncoy = —— > 0.
20 +n (22 + 3)
Dé dang chiray > g Dau bang xdyrakhia; = --- = a, = 1. Vay Tp,,, = g
khia; =---=a, = 1. ]

Vi du 2.3.5. Gid su ba s6 thuc a,b,c € (0;2] théa man a + b+ ¢ = 4. Tim
gid tri nhd nhdt ciia biéu thitc T = 4(ab + be + ca) — 3abe.

Bai giai: Vi vai trd a, b, c binh dang nén c6 thé coi a > b > c. Vay2

4 ., b

g.BiéudlénT:4a(b—|—c)—|—bc(4—3a) >4a(b—|—c)—|—( + o) (4 — 3a) hay
4—a)? 3 16

T>4a(4—a)—i—%(ll—Sa).Xéthéms()’y—( )(4@ i )
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4 3a — 4)? . .
2>a>gvéy’:—g<0.DédéngchiraT>y>14.D€{ubéng

xdyrakhia=2,b=c=1.Témlai T, = 14khia =2,b =c = 1. O

2.3.2 Ham loi

Bing cdch chon mot ham 16i (16m) tuong ing dé tir d6 xéac dinh duoc gid tri
16n nh4t-nho nhat cua biéu thic.

Vi du 2.3.6. Gid sut a,b,c > 0 thoa man ab + bc + ca = 1. Xdc dinh gid tri
[6n nhdt ciia biéu thitc sau:

1 1 1 1
T:\3/——|—6b+</—+6’c—i—\/ +6a — —.
a b abc

Bai gidi: Vi f(z) = ¢/z,z > 0, 12 ham 16m nén theo Chud y 1.3.7 ¢6

1 1 1 3 4/1 1 1
\/+6b+\/b+60+\/ + 6a < 7\/ + -+ - +6(a+b+c)

\/—+6b+\/ +6C+\/ + 6a < \/—+6 (a+b+c). Vil=

(ab + bc + ca)* > 3abc(a +b+c) nén T < \/_\/ Vil =

ab + be + ca > 33/(abc)? nén 1 > 27(abc)?. Tur day suy ra T 0. Vay

1
Tln:()khia:b:c:—g. O

Vi du 2.3.7. Sir dung f(x) = V2292 v6i x > 0 dé tim gid tri nhd nhdt ciia

1\ 2012 1\ 2012 1\ 2012 1\ 2012
T:Wa+_) W(H_) +y(0+_) W(CH_) hi
a b c d

a,bc,d>0vaa+b+c+d=1.

Bai gidi: Vi f(2) = V2292 v6i 2 > 0 1a ham 16i va don diéu tang nén c6 bt

1 1 1 1
) 3 a+—+b+g+6+—+d+a 2012 1772012
dang thiac: T > 4 { a ¢ ] > 49 {—} .
4 4
1772012 1
Vay Ty = 4¢ [4 khia=b=c=d=7. D
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Vi du 2.3.8. Sir dung ham [6i f(x) = x* véi x > 0 dé tim gid tri nhd nhdt

cua'l = (aj—b>4+ (b—bkc>4+ <c—|c—d>4+ <dia>4khia,b,c,d>0.

. 1 \4 1 \4 1 4 1 \4
Bmg%IMmmwT:( >.+( )+(__J.+G_ﬁ
14+u 1+wv 12+w

1 \2
voéi u,v,w,t > 0 va uwvwt = 1. V61 21 = ( ) , Ty = ( ,
1+u 1+w

1 2 1 \2
T3 = (—) va Ty = (—) ta co

14+ w 1+t
1+ X9+ 23+ 21472
T=x%+x%+x§+xi>4[l 24 ’ 4}.
1 n 1 N 1 N 1
1 2 1 2 1 2 141¢)272
mMmymT>4P'+w (1+v)° (I+w) (‘F)}th>
1 1
1—|—uv+1—|—wt2 1 1
4[ ; }::ZDO%TM:ZkMa:b:c:d>O. D

Vidu 2.3.9. Stz dung ham 16i f(x) = V2292 véi © > 0 dé'tim gid tri nhd nhdt

L a \2012 b \2012 c \2012 d 2012
cua _\/<a+1> +\/(b+1> +\/(c+1) +\/<d+1>

1
khi a,b,c,d € (0;1) va abcd = —.

100
: 1 2012 1 2012 1 2012
Bai giaic Biendsi 7= | (—— ) + | (—) +,|(—7) +
14— 14 - 14
a b c
1 2012 1 1 1 1
3(——ﬁ Pita = =@y = — a3 = =24 — = Khi d6 ta c6 T =
1 1 a b c d
T

1 2012 1 2012 1 2012 1 2012
/=) =) i) )
1—|—ZC1 1—|—ZEQ 1—|—£E3 1—|-£174

11297374 = 100, 21, T9, 13,74 = 1. Vi f(2) = V22012 v6i > 0 1a ham 16i
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va don diéu tang nén c6 cdc bat dang thiic sau day:

1 1 1 1
: + + +
T > 4\{1+x1 14+29 1423 1+x4}2012
4
2 n 2
g 43 [1+¢m 1+M}2012>43{ 1 2012
- \ 4 - 1 4+ W2 1297324 '
4 , 1
Vay T,,, = 212khlazbzc:d:—. O
V(1 + vio)® V10
Vi du 2.3.10. Gid su ddy cdc s6 thuc ay,as,...,a, > 0 théa mdn a; <
ag\/g, as < Clg\/g, e Oy < an\/g, a, < ap\/3. Xdc dinh gid tri nho nhdt
3 3 3 3

a a

n—1

4.4 2 5 + 3 ”2 .
a; +a;_ja, aj+asa

aj Qg

3 2 3 2

@) @) ) @)
a9 as I an + aq

ciia biéu thire T =

Bai giai: T =

P D D) R
1+ (ﬂ) 14 (@) 14 (a“‘1> 1+ <%)
a9 as an2 A a1
3z +x
o) —
S ) z? . ) fiz) = (1 + x2)2 X
Ham s6 f(z) = — voi x> 0 co oy la don
2+ 1 f,,(x>:2x(3—x)
(1+ x2)3
ap Qg anp
dieu tang va 16i trén (0;/3]. Nhu vay T > n f(a2 a3 “1>. Vi
n

a1+a2+ +CLn
n

Ap—1 = a, > 0. []

NS

Vi du 2.3.11. Khi a,b,c > 1 bién thién luén thoa mdin abc = 64, hdy xdc
dinh gid tri nhd nhdt cua biéu thiic

=) ) )
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Bai gidi: Vi f(z) = V2% la ham don diéu tang, 16i va a,b,c > 1 nén

1 1 1
co: T >3 [1—|—a 1;_6 1+C} = = = 358.Vaf1y
i1+ vard]
3
J— khia=b=c=4. O

3/58

2.3.3 Ham nhiéu bién

Xét biéu thiic nhu mot ham nhiéu bién dé c6 gid tri 16n nhat hay nho nhat
cua no.

Vi du 2.3.12. Xdc dinh gid tri [6n nhdt va gid tri nho nhdt (néu ¢é6) ciia ham
z=a+y> —3ay trongmién D : 0 <2 <2, -1 <y <2

Bai giai: Trudc tién, tim diém dimg: 2/, = 322 — 3y = 0, zgl = 3y? —3x = 0.
Giai ra duge hai diém dimg O(0;0) va M (1;1). Khi d6 zp = 0, zpy = —1.
Tiép theo, xét ham trén bién mién D :

(0; 2)7 nn,o=0 — —1 tai (0, —1).

(i) Khi z =26 z = 43 — 6y + 8 v6i —1 < y < 2. Khi d6 2,50 = 13 tai

(2;—1), Zuna—z = 8 — 4v/2 tai (2;V/2).

(iii) Khiy = —1c6 2 =22 + 32 — 1 v6i 0 < = < 2. Khi dé Ziny—=—1 = 13
tai (2;—1), zppy=—1 = —1 tai (0; —1).

(iv) Khiy =2 ¢6 2z = 23 — 62+ 8 v6i 0 < = < 2. Khi d6 2, -0 = 8 tai

(052), Zuny—2 = 8 — 4v/2 tai (v/2;2).
Vay z,, = —1 tai (1;1) 2, = 13 tai (2; —1). O

Vi du 2.3.13. Trong mdt phang (Ozy) cho ba diém Ai(ay,by), As(az, bs) va
As(as, b3) khong thang hang. Véi diém M (x,y) hdy xdc dinh gid tri nhd
nhdt cia tong T(M) = M A, + M Ay + M As.
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Bai giai: Hién nhién T'(x,y) Z V(x — ag)? + (y — by)?. Dao ham riéng

p

3 _
T (xy)=>, i = coS (v] + Cos g + cos a3
oy k;l V(@ — -"Ek) + (y — )
— b
T (r.y) = d = sin ag + sin ay + sin as
\ 1 \/ x - xk y - yk)2

V61 oy 1a géc glu’a dudng thang M Aj. tao v6i truc Oz. Chd y rang, tai
A, dao ham riéng c6 thé khong ton tai. Xac dinh diém dimg: Giai hé
cos v + cos ag + cosag = 0

. . . Nhan phuong trinh diu véi sin o va phuong
sin i + sinas + sinag = 0.

trinh tht hai v6i cos oy, sau d6 dem trir v€ theo v€, dugc sin(ay — ag) =
sin(ag — ag) hay oy — ag = @ — avg. Tuong tu cling c6 oo — a3 = a3 — Q.
Tir day suy ra géc giita 2 trong s6 ba duong thang M A, M Ay, M Az s&

phai bang il va M 1a diém giao giita cung chita géc ?ﬁ dung trén canh
AA A As. )

Néu AA; Ay As khong c6 géc % thi cdc cung chita goc trén cat nhau tai

2 . . . 2
diem M ¢ trong tam gidc nhin ba canh tam giac dudi cung mot géc % Ta
lai c6

AjAS = AM?* 4+ AyM? — 2M A M As cos LA M A,
1 2
= A1M2 + A2M2 + MAlMAQ > (MAQ + §MA1> .

Vay A1Ay > MAs + %MAL Tuong tw A; A3 > M A3+ %MAL Tir day suy
ra AjAs + AjAs > MA, + M Ay + M As hay T(Ay) > T(M). Tuong tu
T(A5), T(As) > T(M). Nhu vay T(M) 12 nhé nhat.

Néu AA; Ay Ay ¢6 gbc % thi khong ¢6 diém dimg M. Khi d6 gié tri nho
nhat ciia T(M) = min{T(A,), T(As), T(As)}. n
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2.4 Phuong phap hinh hoc

Vi du 2.4.1. Gid su cdc sO thuc a,b, c,d, x,y, z,t thoa man hé a+b+c+d =
2, ax + by + cz + dt = 6. Tim gid tri nho nhdt cua biéu thiic
T = \/16a2 4+ a2a? + /1602 + b%y2 + v/ 16¢2 + 222 + /16d2 + d2¢2.
Bai giai: Xét @ = (da;ax), v = (4b;by), @ = (4¢;cz),6 = (4d;dt). Khi d6
T = |a|+|0)+|w+5| = \/16(a + b+ ¢ + d)? + (ax + by + cz + dt)? = 10.
1
Dovami:1Okhia=b=c:d:§,x=y2z=t=3. O

Vi du 2.4.2. Tim gid tri nho nhdt cia ham sé dudi ddy:

y = /532 + 204+ /522 — 32z + 64++/522 — 40z + 100++/52% — 8z + 16.
Bai giai: Xét « = (5x;10),7 = (16 — 5x;8),w = (20 — 5x; 10), 7 = (bx —
4;8). Khi d6 /5y = || + |8] + |@| + |Z] > |@ + @| + |T + Z] va nhu thé
VBy > 20v/2 4 20. Do vay yn, = 4v/10 + 4/5 véi z = 2. O

Vi du 2.4.3. Gid su cdc s6 thuc 1, To, x3, Y1, Yo, Y3 thoa man hé sau:

3 — Az + i =2y +4 =0
T3 —4xo+yi — 2y +4 =0
xi —4dxs +y3 —2y; +4 = 0.
Tim gid tri [on nhdt ciia S = x1(y2 — y3) + 22(3—1) + 3(y1 — ¥2)-
Bai giai: Hién nhién ba di€ém A(z1;y1), B(x2;y2), C(3; y3) ndm trén dudng

3v/3 3v/3

tron (z — 2)2+ (y — 1)2 = 1 va |S| = 2S4pc < - Vay S, = 5 khi

tam gidc ABC déu va dinh huéng nguoc chicu quay kim dong ho. O

Vi du 2.4.4. Gid su cdc s6 thuc v, o, x3, Y1, Yo, Y3 thoa man hé sau dady:
x%—4x1+y%—4y1—1:0
x%—4$2+y%—4y2—1:0
v —4dzg+yi —4dy; — 1 =0.

Tim gid tri [on nhdt ciia biéu thitc T = +/(x1 — 19)% + (y1 — y2)*+

\/(562 —x3)% + (Y2 —y3)* + \/($3 —21)? + (y3 — 11)*
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Bai giai: Hién nhién ba di€ém A(z1;y1), B(x2;y2), C(x3; y3) ndm trén dudng
9v3
ron (x —2)>+ (y—2)*=9vaT =AB+ BC+CAnén T < T\/_.Vay

9v/3 \
Ty = T\f khi tam gidc ABC déu. O

Vi du 2.4.5. Vi cdc so thuc a va b hdy tim gid tri nho nhdt cia
T=+vVa+4+Va—2ab+b2+1++/b2—6b+ 10.

Bai giai: Trong mat phang (Oxy) xét O(0;0), A(a;2), B(b;3) va C(3;4).
Tt OA+ AB+ BC > OC = 5 theo Ménh d¢ 1.2.31 suy ra 7' > 5. Dé dang
suy ra 1, = 5. ]

Vi du 2.4.6. Vi cdc s6 thuc duong a,b, c thoa man a + b+ ¢ < 3 hdy tim
gid tri nho nhdt cua

/ 1 1 1
T = a2+?+\/bz+ﬁ+\/62+§.
1 1

1 )
Bai giai: Véi ba vécto 7 = (a;—),y = (b; g), Z = (c¢; —) ta c6 bat dang thic
a c

1 1 1 2 1 1 1.2
\/a2+¥+\/b2+ﬁ+\/c2+§>\/(a+b+c) +(5+5+5)-

) 1 1 1 1 1 1 9 .
Dobm(a+b+c)(&+g+z)>9néng+g+22m.Tu’dﬁysuy
81

81
ral > (a+b+c)2+ = /t+—voit=(a+b+c)* <9.
(a+b+c)2 t

81 81
Vig=t+—v6i0<t< 9 don diéu giam nén T > \/9+§ = 3v/2. Vay
T = 3V/2. O
Vi du 2.4.7. Véi cdc s6 thuc a,b, c,d théa man a® + ¢ = b* + d? = 100 hay
tim gid tri 16n nhdt ciia biéu thicc dudi day:

T = /200 — 12a — 16¢ + v/200 — 12b — 16d + /200 — 2ab — 2cd.
Bai giai: Hai diém B(a; c) va C(b; d) thudc dudng tron tam O(0; 0) ban kinh
10. V6i diém A(6;8) ciing thuoc dudng tron nay ta ¢c6 AB + AC + BC <
30v/3 hay /200 — 12a — 16¢ + /200 — 12b — 16d + /200 — 2ab — 2cd <
30v/3. Do d6 Tj,, = 30V/3. O
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Vi du 2.4.8. Vi cdc s6 thuc a,b, c € [0;1], hdy tim gid tri lon nhdt cia
) T=a+b+c—ab—bc—ca.
(i) P=a®+ 0+ — (a®b + bPc+ Pa).

Bai giai: (i) Trén cac canh cta tam giac déu ABC v6i BC = 11ay M €
BO,N € CA, P € ABv6i BM = a,CN = b, AP = ¢. Tt Seary +
Sanp + Spup < Sape suy ra b(1 —a) + ¢(1 —b) + a(l — ¢) < 1 hay
a+b+c—ab—bc—ca<1. Dodo Ty, =11.

(i) Nhu trén ¢6 @ + 0® + 3 < a?VP + 3 + Pa® +1 < adb+ e+ Ba + 1.
Do d6 P, = 1. O

Vi du 2.4.9. Vi cdc s6 thuc a,b,c,d € [0;2], hdy tim gid tri I6n nhdt clia
T = 2(a* 4 b* 4 ¢ + d?) — (a®b + b?c + ¢*d + d*a).

Bai giai: Via,b, c,d € [0;2] nén a?b? +b2c? + A2d? + d%a® < a?b.2+V?c.2+
c2d.2 + d*a.2 hay a®V? + b*c® + 2d* + d?a® < 2(a?b + b*c + 2d + d%a). Ta
chi ra:

4(a* +b* + & + d%) < 32+ a®V* + b + Ad* + dPa’.

Hién nhién a?, b?, ¢, d* € [0; 4]. Dung hinh vuong ABC' D v6i AB = 4. Lay
M, N, P, @ thuoc cac canh AB, BC,CD, DA, tuong tng sao cho AM =
a2,BN = b2, CP = 02,DQ = d%. Tu Sypn + Snep + Sppg + Sgam <
Sapcp suy ra 4(a? + 0* + 2 + d*) < 32 + a®V? + b*c? + Ad? + d*a®. Nhu
vay T < 16. Ddu = xdy ra khi a = ¢ = 2,0 = d = 0, chiang han. Do dé
T, = 16. O

Vi du 2.4.10. Gid su cdc so thuc a,b,c,x,y,z > 0 thda man a + b+ ¢ =
p,x + vy + 2 = q khong doi. Tim gid tri nhd nhdt ciia biéu thiic

T =azx + by +cz+ /(a2 + b2+ c2)(22 + 2 + 22).

2
Bai giai: TachiraT > —(a+b+c)(x+y+2z). Xétu = (a,b,¢), v = (x,y, 2)

w

—

) o atel w2,
va W = (1,1,1). Bit dang thic tré thanh «.0 + |d||v] > g(uw)(vw) hay
al

uw v

—————_ Ky hiéu «, 3,7 la goc gitta u va v, gita v
||| ] |v] ||
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va w0, gifta W va 4. Bat dang thitc trén chinh Ia cosa + 1 > 2cos 3 cos .
Vi ba vécto chung goc tao thanh mot tam dién nén S + v > «. Do d6
cosa+1>=cos(B+7)+1 = cos(f+ )+ cos(f — ) = 2cos cosy va
nhu thé bat dang thitc dugc chitng minh. Nhu vay T > gpq. Dau = xay ra
p q . 2
kha=c==,x=2==.DodéT,, ==pq. O
a=c 3’ r =z 3 nn 3pq

2.5 Mot so bai cuc tri trong tam giac

2.5.1 Su dung ham lugng giac

Vi du 2.5.1. Vi moi tam gidc ABC' hdy tim gid tri lon nhdt ciia biéu thiic
T = ( SR
- \(1+sinAd)?2  (1+sinB)?2  (1+sin0O)

Bai giai: 7}, = 3 dugc suy ra tir Vi du 1.1.6. O

2><1+sinAsinBsinC>.

Vi du 2.5.2. Vi moi tam gidc nhon ABC' hdy tim gid tri nho nhdt cia
T =tan Atan Btan C.

Bai giai: Tu tan A = —tan(B + C) suy ra tan Atan BtanC' = tan A +
tan B +tan C' > 3v/tan Atan Btan C. Vay tan Atan Btan C > 3v/3. Do
d6 T, = v/3 khi AABC déu. O

Vi du 2.5.3. Vi moi tam giac nhon ABC' hdy tim gid tri nho nhdt cua

_ tan® A+ tan’ B + tan” C
" tanA+tan B +tanC

o _ tan® A + tan® B + tan® C tan® A + tan® B + tan® C

Bai giai: Ta c6 = :
tan A + tan B + tan C' tan A tan B tan C'

Vi tan® A + tan® B + tan® C' > 3v/'tan® A tan® Btan® C' nén ta c6 ngay

\ tan® A + tan® B + tan® C' ,
bat dang thic > 3vtan? Atan? Btan?C > 9
5 tan A +tan B + tan C' " " "

theo Vi du 2.5.4. Do d6 T,,,, = 9 khi AABC déu. O

Vi du 2.5.4. Vi moi tam gidc nhon ABC' hdy tim gid tri lon nhdt cua
1 1 1
I'= + - .
l+tanA+tanB 1+tanB+tanC 1+tanC +tan A
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Bai giai: Dat ¢ = tan A,b = tan B,c¢ = tanC. Ta da chiing minh duoc:
3(a+b+c) < 1 n 1 N 1
a+b+c+2(ab+ be+ ca) “ 14+a+b 14+b+c l+c+a

1 1 1 3
A T — < .

1+2
a+b+c
. Vi (ab + be + ca)? >

Nhu

Do

3
1+2ab+bc+ca
abc

b+ b
ab + bc_'_ca}\/g.B()‘iVayTé
abc

boia+b+c = abcnén T <

3
1+2v3
0

3abc(a + b + ¢) = 3(abc)? nén
Do d6 T}, = 9 khi AABC' déu.

Vi du 2.5.5. Vi moi tam gigc ABC' hdy tim gid tri nho nhdt ciia

A B C
T = tan® — + tan® — + tan® —.
an 5 + tan 5 + tan 5
Ce enel s o A , B , C A B B C
Bai giai: Tu tan® — + tan B + tan B > tangtang + tangtang +
C A A B C
tanEtaHE — 1 suy ra tan? E—l—tanZ E—i—tan2 5 > 1.Dodé6 7T, =1khi
AABC déu. u
A B C
Vi du 2.5.6. Voi AABC, ddt v = tan 50U = tan 5 E = tan 7 Hay tim
gid tri [6n nhdt cua biéu thiic sau dady:
1 1 1 rT+y+z+2
—( + + ) .
l4+24+y 14+y+2z 14+2+2/ x2+y+=z
Bai giai: Ta ¢ 2y + yz + zo = 1. Ta da chiing minh duoc bit dang thiic
1 1 1 lz+y+z
l+o4+y 14+y+z l+z+z  z+y+z+2(ay+yz+ 2a)
vay T' < 3. Do d6 1;, = 3 khi AABC déu. O
) 5 A B c .
Vidu 2.5.7. Cho AABC. Ddt v = tan 5Y = tan 5% = tan 7 Hay tim

gid tri nho nhdt ciia biéu thiic sau ddy:

dx 4y 4z 1
r= () 52) 0 55) -
+y+z +z+x +x+y 27x2y%22 + 1
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Bai giai: Data = x +y+2,b = 2y+yz+ 20 = 1,c = zyzva P =

4 4 4 3 3 3
(1+ T ><1+ Y )(1+ z ): (a+3z)(a+ 3y)(a+ Z).Vafly
Y+ 2z z+T r+y (a —x)(a—1y)(a—z)
3 2 b 2 4a’ 2
P:a+3aa+9a+ 7C.XétP: a” + 9a + 7cvé'ia>\/§:
. a? —aa®+ba —c a—c
9—— >9¢c>0.Tacoi Plahamcuaavaa > 9¢c > 0. Dobdi a > 1 nén co
33
P(;:42a3—3a20—96 :4a2(2a—36)—9c >415a20—96 -0
(a —c)? (@ —c)? (@ —c)?
o 4353 4+108¢ 3%, 27 .
vanhu vay P > T'(9¢) = 3 =S¢+ vaco bat dang thiic.
c
27 27 .
T};.Dod() Tnn:?khi AABC déu. O

2.5.2 Sir dung nghiém da thiac bac ba

Muc nay giéi thiéu mot phuong phdp phat hién ra cic cuc tri trong tam gidc
qua phuong trinh da thiic bac ba.

Cho AABC' v6i do dai canh la a, b, ¢, ban kinh cac dudng tron noi, ngoai
ti€p la r, R, ban kinh cac duong tron bang ti€p la rq, 79,73, nita chu vi p va
dién tich S. Ta s& chi ra a,b, c Ia ba nghiém cta z° — 2pz? + (p* + r? +
4Rr)z — 4Rrp = 0 va 11, r9, r3 1a ba nghiém ctia phuong trinh 2° — (4R +
rz? + p?z — p*r = 0.

Ménh dé 2.5.8. Cho AABC vdi do dai ba canh BC = a,CA =b, AB = c.
Ky hiéu p la nita chu vi, v va R la bdn kinh cdc duong tron noi, ngoai tiép.
Khi doé a, b, c la ba nghiém cua phuong trinh dudi day:

3 — 2pa® + (p2 + 72 + ARr)x — 4Rrp = 0.

A r 2tan —
Chirng minh: Tutan — = vaa = 2Rsin Asuyraa = 2R 2
2 p—a 2
1 + tan” —
2
r
hay a = 4R @ 4pr L~ Nhu vay, ta c¢6 quan he
L e -
p—a
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a(a®—2pa+p*+r?) = 4Rr(p—a) hay a® —2pa’+ (p* +r2+4Rr)a—4Rrp =
0. Do d6 a 1a mot nghiém cta 2® — 2px? + (p? + 12 + 4Rr)x — 4Rrp = 0.
Tuong tu, b va ¢ cling 1a nghiém ctia phuong trinh nay. O

Ménh dé 2.5.9. Cho AABC véi do dai ba canh BC = a,CA = b, AB = c.
Ky hiéu p la nita chu vi, v va R la bdn kinh cdc duong tron noi, ngoai tiép.
Khi do sin A, sin B va sin C' la ba nghiém cua phuong trinh sau dady:
2, .2
4

3_£x2+p +r°+ RTx_ rp

R 4R? 2R?
Ching minh: Vi a = 2R sin A va a 1a nghiém cta 23 — 2p2® + (p? +r? +
4Rr)x—4Rrp = 0nén 8R3sin® A—8pR?sin? A+ (p>+r?+4Rr)2Rsin A—

= 0.

X

2412+ 4R
4Rrp = 0 hay sin® A — %sinQA + : +QZR—;2 ZZHA ! 2%)2 o
vay sin A 1a mot nghiem ctia 25 — 242+ 2 Z RJ; T — 27;2 — 0. Tuong
tu sin B va sin C' ciing 1a nghiém ctua phuong trinh nay. O

Ménh dé 2.5.10. Cho AABC vdi dién tich S va dé dai bdn kinh cdc duong
tron ndi, ngoai tiép la r, R. Goi h,, hy, h. la dé dai ba duong cao. Khi do
ha, by, he la ba nghiém cua phuong trinh da thitc bdc ba sau day:

s SPHARP 4+t , 28 252

— —y——=0.
y or? VU TRYTR
Ddat H, = hj; + hy +h voin =1,2,.... Khi do ta c6 hé thiic lién hé sau:
S? + 4Rr3 4 4 25 252
H,.3— H, —H,,1——H,=0.
+3 5L +2 + Ryt T p

Bai gidi: Via,b, clabanghiém ctia 23 —2px>+ (p> +4Rr+r2)x—4Rrp = 0
2

2
25 25 28 25 Sz TARrET
nén PR 12 nghiém ctia 252 — —y + r? 5 y? — Ry® = 0.

a c r
Do vay hg, hy, h. 12 ba nghiém cua phuong trinh da thic bac ba sau day:

3_52+4R7’3+7’4 5 25 252

S )
4 orr VT RY TR
S2 4+ ARyr3 4+ r* 2S5 2,52
ay H, 3 — H, —H,. 1, ——H, =0. O
Vay Hpys ST +2 T il T 0
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Ménh deé 2.5.11. Cho AABC véi nita chu vi p, bdn kinh cdc duong tron
noi, ngoai tiép r, R va bdn kinh cdc duong tron bang tiép la ry,rs, r3. Khi doé
1, 79.73 ld ba nghiém ciia phuong trinh 3 — (4R + r)a® + p?x — p*r = 0.

A
A 2tan 3
Chimng minh: Tu tan — = — vaa = 2Rsin A suyra a = 2R
2 p 2 4t
1+ tan
2
r1
_ p _ p N o . ,
hay a = 4R 5 = 4Rri———. Boi vi ri(p —a) = S = rp nén ta cé
Ty ri + p?
1+ o
(r1 —7)p D
hé =a=4R h — 24 p%) =4Rr?. D
quan hé — - a M hay (ry = 7r)(r1 +p7) ri. Do
d6 r1 1a mot nghiém cta 2% — (4R + r)a® + p*x — p*r = 0. Tuong tu, 5 va
rs cling 1a nghiém ctia phuong trinh nay. O

Meénh dé 2.5.12. Cho AABC vdi nita chu vi p, bdn kinh cdc duong tron noi,

ngoai tiép r, R. Khi dé tan 2 tan o5 tan B) la ba nghiém cua phuong trinh

4R
3 — +Tx2+x—C:O.Tﬁddysuyra
p p
, A B C 4R+
(1) tan — + tan — 4 tan — = .
2 2 2 P

A B B C C A .
(i1) tan 3 tan 5 +tan — tan — +tan — tan — = 1. Tw ddy suy ra hai bdt

dang thirc tan 3 + tan 5 + tan B} > \/3, tan 3 tan 5 tan 5 < ﬁ

cC r
(111) tan — tan — tan — = —.
2 2 2 p

Ching minh: Vi r; = ptan va 1 la nghiém cta 23 — (4R + r)2? +

A A A
p?x —p?r = 0 nén p> tan® 3 (4R+r)p? tan? 3 +p?ptan 5 —p?*r = 0 hay
A 4R A A
fand 222 Zhtan=—L — 0. Nhu vay tan — 12 mot nghiém cia
2 P 2 2 p 2
s 4R+

x_

,
2?4+ 2 — — = 0. Tuong tu tan 3 va tan 3 ciing 13 nghiém cia

p p
phuong trinh nay. Két qua (i), (ii) va (iii) duoc suy ra qua Dinh ly Viét. [
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Meénh de 2.5.13. Cho AABC véi nita chu vi p, bdn kinh cdc duong tron noi,
ngoai tiép v, R. Khi dé ta cé

(1) cos A, cos B, cos C' la ba nghiém cua phuong trinh da thiic duoi day:

s R+7r 2+—4R2+7“2+p2x_p2—(2R+7°)2

_ — 0.
o R AR? AR

(i) cos A+ cos B + cosC = 1+}%.

72 1
2R? 8
(iv) Pat U = sin Asin B+sin BsinC' +sinC'sin A va V = cos Acos B +

3
cos BcosC +cosCcosA. TacoU —V < o

(iii) P = (1 —cos A)(1 — cos B)(1 — cos C) = Twr do suy ra P <

A B C
Ching minh: (i) Ta biét tan E,tan—.taHE la ba nghiém cua phuong

2
1 — tan® =
AR 2

trinh:r:3—ia:2+x—z=O.VicosA: 2 _ —1

p p ) A , A

1+tan — 1+ tan®*—

2 2
\ 2 A .
nencosA+1=—2A.Xeth¢. - 4E+r 2 —f—() Tu

1 + tan® — L +o = U.
2 p
5 2 4R+r 2Ry
xt=—-—1 r = —

Y D N
AR suy ra 4;? va

3 — +T£U2—|—£E—ZZO 3 — jL70:1:2—|—x—z:O

D p
AR 2Ry\ 2
nhéndu’qcy( tr y) +y—2 = 0. Vay cos A+1, cos B+1, cos C+1
p p
, AR+ r (4R +r)? + p? P

lab hié ha 3 — ———1° — = 0. Do dé
a ba nghiém cua y 2 y©+ 1R Y 512 0 do

cos A, cos B, cos C' 1a ba nghiém ctua phuong trinh c¢6 dugc qua viéc thay

CARZ 42 42 2 _ (9 2
R+7“x2+ R+ +px_p 2R+ ) _o.
4R? 4R?
R—I—T_1+1
R R

y=x+1:2%—

(ii) Theo Dinh 1y Viét c6 cos A + cos B 4+ cos C' =
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742

(iii) T phuong trinh trén c6 P = (1 —cos A)(1 —cos B)(1 —cos C') = SR

1
DoR)anénPgé.

2 402 4 4R \
(iv) Theo Dinh 1y Viét o6 U7 = £ 25 xem Menh dé 2.5.9. Do vay
2, .2 P2 20 2
U—V:p +r +4R7“_ AR 4+r“+0p :4R +4Rr:1+1<§' -
1R 1R 1R RS2

Cha y 2.5.14. Phuong trinh da thiic bdc 3 nhdn tan A, tan B, tan C' lam ba
nghiém la khéng co vi tam gidc vudng sé khong thoa man.

Vi du 2.5.15. Gid sit AABC thay doi. Pdt x = sin A,y = sin B, 2z = sin C.
Tim gid tri l6n nhdt cua biéu thiic

T=4ry+yz+z2z)+ (r+y+2).

Bai gidi: Via,b, c, 1a nghiéem ctia 2° — 2p2? + (p> + 72+ 4Rr)x — 4Rrp = 0
nén ab + bc + ca + (a + b + ¢)R = 2R*> + 4pR + p*> + r* + 4Rr. Vi

A B (C
a+b+c= SRCOSECOS§COSE <3V3Rnénab+bc+ca+ (a+b+c)R

< (11 + 6+v3)R? hay 4(vy + yz + 22) + (v + y + 2) < 11 + 6+/3. Vay
Ty, = 11 + 6/3 khi AABC déu. O

Vi du 2.5.16. Cho AABC' vdi bdn kinh cdc duong tron ngoai tiép la R, bdn

kinh cdc duong tron bang tiép la ry, 19,13, nita chu vi p. Chitng minh rang
2 2

Ty 5 r3 (2R +1)?
EATE RS C il =

p p p p
Bai giai: 71,7y, r3 1a ba nghiém clia 23 — (4R + r)2? + p*x — p*r = 0. Xdc
dinh phuong trinh nhan y; = ¥ — p*,yo = 13 — p?,y3 = 3 — p* 1am ba
3 — (4R +1)a® + p*x — p*r =0
2> —p? —y=0.
23— (4R +1r)a® + p*x — p*r =0

23— p’r —yxr =0
hay phuong trinh (4R+7r)(y +p?) — (y+2p*)x +p*r = 0. Dat T = 4R +r.

T T 2 T T 2)2
Khi d6 = = v+ %;r)p . Vay (Ty + +2T3p) —p* —y = 0 hay
y+p (y + 2p*)”

y(y + 2p)* + p*(y + 2p*)? — (Ty + (T + r)p*)” = 0. Phuong trinh nay

nghiém. Khir x tir h¢ Ta c6 ngay hé

va (4R+7r)2? —yx —2p*x+p*r =0
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— p2 2 2
c6 ba nghi¢m 1a y1,y2, y3. Do d6 RSl - = p) _ HIE
p p

AR + 2r)*pt — 4p° ) \ ,
4R+ r)Gp P . Tir hé thuc cudi cung ta suy ra dugc dong nhat thic
p

2 2 2

2R +1)?
() -y :
p p p p

Vi du 2.5.17. Cho AABC véi bdn kinh cdc duong tron noi, ngoai tiép la

r, R, bdn kinh cdc duong tron bang tiép la r1,r9, 3. Khi dé ta luén co:

0 1 .\ 1 . 1 _2R—r
(r—r)(r—mry) (r—mry)(r—rs) (r—r3)(r—r)  2Rr2
i — L1
(r—r)(r—my) (r—mr)(r—r3) (r—mr)r—mr) 12 R
(iii) Par T = L + ! + L . Xdc

(r—r)(r—mry) (r—ro)(r—rs3) (r—rs)(r—r)
dinh gid tri nhd nhdt cua T khi r khong doi.

Bai giai: Vi r{,r9,r3 1a ba nghiém cta 3 — (4R + 7’):1:2 +p’r —p’r =0
nén f(x) = 2% — (4R+r)x* + p?x —p’r = (x —r1)(x —72)(x —r3). Ldy hai
lan dao ham dugc 3z —4R—r = (v —ry) + (x —r2) + (x —r3). T day dugc
3r —4R —r B 1 N 1 N 1

f(z) (fc—Ti)(x—Tz)) (f—Tf)(x—ﬁ%) (1’—713)@—7"1)'
Cho x = r ¢c6 + + —
op (T’—m)(fr’—g% (7“—{2)(7’1—7“3) (7’—7’3)(7“2}—%7“1)
; R;;ivay c63 (i) va do boi ??T;‘; < = 75 nen o6 (i) Vavi Tt =
Ry > 2 nén 7 > e Dau = xay ra khi AABC' déu va nhu the

Vi du 2.5.18. Cho AABC véi ban kinh duong tron ndi tiép la r va chu vi
2p = 6. Tim gid tri l6n nhdt ciia biéu thitc dudi day:

1 n 1 N 1
4—a)(4—b) (A-=b4—¢c) (“A—-c)4—a)
Bai gidi: Via, b, c, 1a nghiem ctia 2% — 2pz? + (p? + 12 +4Rr)x —4Rrp = 0
nén f(x) = 2° — 62+ (9+7r>*+4Rr)x —12Rr = (x —a)(x —b)(x —c). Ly

T —
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hai l1an dao ham dugc 3z —2p = (v — a) + (x — b) + (z — ¢). T day duoc
5T — 2P ! + ! + ! Cho z = 4
— . xr =
/() ]Kf—@@—@ (x—@@—@1<x—@w—ag

CG-aoa-n" =D i (=t —a) :12 g ame

R>2 <3
2 R TG0 A—bd—0 (G-—0ld—a) 6P +2

’ ) : : . 3
Dau = xay ra khi R = 2r hay tam giac ABC' déu. Do vay T;, = 1 O

Vidu 2.5.19. Cho AABC véi d¢ dai canh a, b, c va bdn kinh duong tron noi
tiép la r. Hay xdc dinh gid tri [6n nhdt cua biéu thiic
00 (-0 (c—af P

T = _
ab + be ca 4r?

Bai giai: Via, b, c, 1a nghiém cta 2° — 2pz? + (p? +1r2 +4Rr)x —4Rrp = 0
(a—b)? (b—c)* (c—a)*> 2(p*+7r?+4Rr)

én dé da 5 = — 9.
nén dé dang cc; 2 abb +2 bo +2 c% 2 2 1Ry
Nhu vay (a—b) +( — <) +(c—a) = p +T)—7.B61V1R>27“
-0 oo c—a™ 2t P o
a — —c c—a pe+r D
S < —7=2__Z Dovi
aen a§7 * bc * ca 8r2 TR
T, = _Z khi AABC déu. O

Vi du 2.5.20. Cho AABC véi bdn kinh duong tron noi tiép la r khong doi

va do dai canh a,b, c. Hay xdc dinh gid tri [6n nhdt cua biéu thiic

1 1 1

2 + 5] + X

Bai gidi: Via, b, c, 1a nghiem ctia 2° — 2pz? + (p? +r2 +4Rr)x —4Rrp = 0

nén f(z) = 2% —2p2* + (p* +r?> +4Rr)x —4Rrp = (v — a)(z — b)(z — ¢).

Lay hai lan dao ham dugc 3z —2p = (xr —a)+ (z —b) + (z — ¢). T day duoc

3r—2p 1 N 1 n 1
fl@) (w—a)z—b) (z-b)z—c) (x—c)(z—a)

1 1 | P

) = —i om lai
f@—@@1m+@—mw—@+@—@@—@‘ﬂp‘ﬂT 5

T:

.Chox =p

1 1 1 1 1
- + + > — 44—
4r2 4(p — a)fp —b) 4p—-b)p—c) 4lp—c)p—a)  a® b 2
Do vay T}, = g khi AABC déu. O
T
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Vi du 2.5.21. Gida sit AABC thay doi. Ky hiéu dé dai canh la a, b, c va bdn
kinh dwong tron néi, ngoai tiép la r, R. Tim gid tri I6n nhdt ciia biéu thiic

_ab+betca+ (a+b+c)r+r?
— o :

Bai giai: Vi a, b, ¢, 1a nghiém ctia 2° — 2pz + (p?> + 72 +4Rr)x —4Rrp = 0
1 N 1 N 1 3z* —4pr+p*+r*+4Rr

T

: V6iw = —r ¢
S S (x —a)(x —b)(z —¢) n e
1 1 1 4r% + 4pr + p* + 4Rr
+—+ = -
a+r b+r c+r (r+a)(r+b)(r+c
39
1 1 (== +3V3)R?

Z 2 1 4
Tir da bt dang thit S
ay suy ra bat dang Ca+r+b—|—r+c—|—r (r+a)(r+0)(r+c)

39 39
hay ab—l—bc—i—ca—l—(a—l—b—i—c)r+r2 < (Z—I—S\/g)R?. Vay 1;, = Z+3\/§

khi AABC' déu. O
Vidu 2.5.22. Cho AABC' véi do dai ba canh a,b, c va ban kinh cdc duong

tron noi, ngoai tiép la v, R. Hay xdc dinh gid tri

(i) [6n nhdt ciia tich T = (a®> + 2Rr)(b* + 2Rr)(c* + 2Rr) khi R khong
thay doi.
(ii) nhd nhdt cia tich T = (a® + 2Rr)(b* + 2Rr)(c® + 2Rr) khi r khong
thay doi.
Bai giai: (i) Ta c6 T = 2Rr(ab + bc + ca — 2Rr)? theo Vi du 2.5.22. Vi
4p* > 3(ab + be + ca) va 4p? < 27R%*nén T < 2Rr(9R? — 2Rr)?. Nhu vay
T < RP2r(9R — 2r)%. Xétham s6 y = 2(9R —z)? v6i 0 < z < R. Vi
¥ > 0 nény < 64R% Vay T < 64R% va T, = 64RS khi AABC' déu.
SN R T (2 2 2 222 3
(i) Boi vi T = (a® + 2Rr)(b* + 2Rr)(¢* + 2Rr) > (Va?b*c® + 2Rr)
b ,
va do bai ;—}g = 1(a + b+ c) = 3rvabc nén Va2b*c? > 6Rr va nhu thé
T > 8R3r% > 845, Do d6 T, = 4%° khi AABC déu. O
Vi du 2.5.23. Ky hiéu ri,79,7r3 la ban kinh cdc duong tron bang tiép tam
gidc ABC. Khi R khong thay doi, hdy xdc dinh gid tri I6n nhdt cua tong
T = rire + ror3 + r3ri.
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Bai gidi: Vi ry, 7,73 12 ba nghiém cta 23 — (4R + r)a® + p?x — p*r

N

0 nén ryry + rorz + 1371 = p>. Vip = R(sinA + sin B + sinC)
A+B+C  3vV3R 27R?
3R sin + 3 + = \/2_ nén riry + rorg + r3r; < . Vay T;, =
27 R? .
Th khi AABC déu. ]

Vidu 2.5.24. Cho AABC vdi ban kinh cdc duong tron ngoai tiép la R, bdn
kinh cdc duong tron bang tiép la ry, 19,13, nita chu vi p. Hdy xdc dinh gid
tri nho nhdt cua tich

,',.2 7,.2 7,.2
T = (p—;ﬂ)(p—;ﬂ)(p—gﬂ).

Bai giai: 71,79, r3 1a ba nghiém clia 23 — (4R + r)2? + p*x — p*r = 0. Xdc
dinh phuong trinh nhan y; = 72 + p% 4o = r5 + p,y3 = r: + p? lam ba
23 — (4R +r)z* + p’x — p*r =0
2+ p?—y=0.

{x?’ — (4R +1)2® + p*x — p*r =0

nghiém. Khir x tir h¢ { Ta c6 ngay hé

a (4R +r)2? —yz +p*r = 0 ha
23+ pPr —yr =0 ( ) Y P Y

phuong trinh (4R + r)(y — p?) — yx + p?r = 0. Pat T = 4R + r. Khi d6
Ty — 4Rp? Ty — 4Rp?*)?

_ 1Y - p Vay( Y - ) +p2—y=0hay y®— (T2 + p*)y? +

SRTp y—16R = 0. Phu’o’ng trinh nay cé ba nghiém Ia vy, 2, y3. Do dé
(r} +p°)(r5 + )(7“3 +p%)  wiypys  16R%p?

. Tt hé thic cudi suy ra

P 2 2_ 4 2 P 2
r r r 16R 64 64
déng nhat thi (—1 1) (—2 1) (—3 1) — = Vay T, = —
ong nhat thuc 2 + 22 + 2 + = 27 ay 57
khi AABC' déu. O

Vi du 2.5.25. Cho AABC vdi bdn kinh cua duong tron ndi tiép la r, cua
cdc duong tron bang tiép la 1,19, 13, nita chu vi p. Xdc dinh gid tri nho nhdt
cua
2, .2 .2
) ri+ry+r;3
O I'=—"2——"
p
72 4+ 13 413

(ii) P = .
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Bai gidi: (i) Vi 71, ro, 73 1a ba nghiém cta 2° — (4R +r)a? + p’z — p’r = 0
r{ 415415 rire + rorg 4 r3ry

nén 5 > 5 = 1. Vay T,,, = 1 khi AABC déu.
p
2 2 .2
. ,. T1+ 15 +13 1 2 1 2 1 2
(i1) Do boi - = 52 (7”%—’—7“24‘7'3) = 3,2 (4R—|—7“) > 3,2 (87“—|—7°)
nén P > 27. Do d6 P,,, = 27 khi AABC déu. O]

Vi du 2.5.26. Cho tam gidc déu ABC véi do dai canh BC' bang 1. Gid sit
diém M & trong tam gidc va MA = v, MB =y, MC = z > 0. Goi 1,79, 73
la bdn kinh duong tron noi tiép trong tam gigac M BC, MCA, MAB tuong
ing. Tim gid tri lon nhdt cia T = 7”17'27’3(1 + 2@)3.

Bai giai: Goi khoang cach tu M dén BC,C A, AB la u,v,t > 0. Boi vi
m(l+y+z) = 2Sypc = u.l = unén u > r(l + 2,/yz). Tuong tu

3
v = ro(l + 2y/zx) va t = r3(1 + 2,/xy). Do vay g
, 3
3Vuvt > 3€/r17’2r3(1 +2/yz)(1 4+ 2y/zx)(1 4+ 2,/7y) hay dugc g >
1
3yrirars(1+ 2¢xyz). Toém lai m > 7’17’27’3(1 + 2w3/;cyz)3. Do d6 T}, =

1 .
—— khi M la tam tam gidc déu ABC. O
24/3

Vi du 2.5.27. Gia su AABC ¢6 d¢ dai hai canh AB = ¢, AC' = b khong
doi va LA < g Goi M va N la trung diém cua AB va AC, tuong iing; I
la tam duong tron ndi tiép trong AABC. Gid sit IM cdt tia (AC) tai Cy va
IN cdt tia (AB) tai By. Xdc dinh gid tri lon nhdt cia T = AB;.AC}.

=u+v+t >

Bai giai: Dat BC' = a, AB; = z, AC} = y va ky hiéu r 1a ban kinh duong

tron ndi ti€p t AABC. Tu S = ——95 = —Zrp, S —
ron no1 ti€p trong 1 AMC, AB AC ABC 5 b?“pa AIC,
yr- cr Y yr cr

= VA Sary = —suyra -orp — —— = Sape, — Sarc, = Sarmy = —- hay

(a—b+c)y = be. Tuong tu (a+b—c)x = be. Nhu vay (a+b—c)(a—b+c)xy =
A
b’c? hay (a® — b? — ¢ + 2bc)xy = b2c?. Tir day suy ra 4xy sin’ 3= be. Vi
oA 1 bc

LA < g nén sin B} < 5" Do vay ma 2xy > bc. Tém lai T, = o khi
T
2

[]
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Vi du 2.5.28. Gid sit AABC thay déi noi tiép trong duong tron tam O bdn
kinh R va cé duong tron noi tiép tam I thay doi véi ban kinh r. Goi H la
truc tam va G la trong tam AABC. Khi dé hay:

(i) Chitng minh rdng luén cé so thuc k dé M A? + ka?> = M B? + kb* =
MC? + kc? véi méi M € (HO) va a = BC,b=CA,c= AB.

. 2
(i) Chitng minh rang T = IH + IG > 2 ET(R — 2r). Chi ra gid tri nho
nhdt ciia T = I H + IG khong ton tai khi R # 2.

Bai giai: (i) Datu = Z/BHG,v = ZAHG. Khi d6 AH cosv— BH cosu =

%. Hién nhién AH? — BH? = —a? + b*. V6i mdi M € (HO) ta c6
MA? - MB* = AH?* - BH* — 2HM.(AH cosv — BH cosu)
= b2 —a® - 2HM.% = (% — 1)(@2 —b?).
Véi k = (%) ta duoc M A%+ ka? = M B? + kb>. Tuong tu M A? +

ka? = MC? + kc®. Tém lai M A% + ka®> = M B? + kb*> = MC? + kc2.
(i) Goi F 1a trung diém HO. Ta c6 10? = d*> = R? = 2Rr theo Hé thiic
Euler. Vi dudng tron noi ti€p tiép xic trong véi dudng tron 9-diém ban kinh

R R < .
5 theo Dinh ly Feuerbach nén I F = 7~ r. Dé dang kiém tra

— — — — - = — —
31G = 4IE — [H = 2IE + 10,TH = 2IE — IO.
- = 1 — — — — Or
Dovay [H.IG = < <2IE+IO) (QIE—] ) =~ (R—2r)hay [H.IG =

2
ET(R—%).Tirday suyralT =1H+1G > 2

khi /H = IG hay R = 2r : mau thuan. O

2 2
%(R — 2r). Dau = xay ra

Vi du 2.5.29. Gid sit diém M 0 trong hay trén canh hinh vuong ABC D véi
do dai canh bang /2. Tim gid tri nhd nhdt va lén nhdt ciia ham F(M) =
MA+MB+ MC+ MD.

Bai giai: Hién nhien M A + MC > AC va MB + MD > BD. Nhu vay
F(M) > 4. Do d6 F(M),,, = 4 khi M la tam hinh vuong. Dung hé toa
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do (Oxy) véi A(1;0), B(0;1), C(—1;0) va D(0;—1). Gia su (x;y) v6i
~1< 2,y <1.Khidétacé F(z,y) = /(v — 1)2 + 2+ /(z + 1)2 + 32+
Vri+ (y—1)2+ 22+ (y+ 12 Vi F(x,y) = F(dz, +y) va F(z,y) =
F(y,x) nén khi dat x = rcosu,y = rsinu véi r € [0;1],u € [O;g]. Ta
cOF = V1+r2+2rcosu+ V1+1r2+2rsinu + V1 +12—2rcosu +
V1472 — 2rsinu. Coi F' 1a ham cta r, v c¢6 dinh. Ldy dao ham theo 7, c6

r 4+ cosu T — COSU

— +
V1+1r24+2rcosu V1412 —2rcosu
T+ sinu r —sinu

+ )
V1I+r24+2rsinu V14712 —2rsinu

F/

r

. R T+ Ccosu T — COSU . .
Néu r > cosu thi + = 0; Con néu
V14+7r24+2rcosu V1412 —2rcosu
. - T+ cosu r — COSU
r < cosu thi ta van co + > (0 qua

V91+r2+2rcosu  V1+712—2rcosu
r+smu T —SInu

— + .
V147124 2rsinu V14712 —2rsinu
> 0. Vay F' la ham don diéu tang ctia r va ta nhan dugc F' < G(NV), trong d6
O, M, N thang hang va N thuoc canh AB. Tém lai da chi ra dugc F'(M) <
G(N), trong d6 O, M, N thang hang va N thuoc canh AB. Vay dé F(M)
16n nhat cin M thudc canh hinh vuong, chang han M € AB. Pat M A = x.

KhidéMC+MD:\/2+(\/§—a)2—|—\/2+a2:g(a)vc’iiae[O;\/§].

Khdo sdt ham s6 g(a) ¢6 g(a) < 2+ /2. Vay F(M) < 2 +21/2. Diu bing
xdy ra khi M tring mot dinh hinh vuong. Vay F(M);, = 2 + 2v/2. 0

bién déi tuong duong. Tuong tu c6

Vi du 2.5.30. Gid sit diém I chay trén duong tron (E) vdi bdn kinh 1. Tam

gidc déu ABC va hinh vuéng M N PQ noi tiép trong cung duong tron (F).

Khidé T =IA+IB+1C <3vV2vaP =IM+IN+IP+1Q < 4V2.

Tim P,.

Bai giai: Vi tam tam gidc déu hay hinh vuong déu la trong tam cta né nén
2

[A? + IB? + IC? = 6. Tu (IA +IB + 10) < 3[1A% + IB? + IC7]

tasuy ra [A 4+ IB + IC < 3v/2. Vi IA,IB,IC khéong thé bing nhau
nén IA+ IB + IC < 3v/2. Tuong tu ¢c6 IM? + IN? + IP? + I(Q)* = 8.

2
Tir (IM Y IN 4+ IP+ IQ) < A[TM? + IN? + [P? + 1Q? ta suy ra
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IM+IN+IP+1Q < 4v2.ViIM,IN,IP,1(Q khong thé bing nhau nén
IM+IN+IP+1Q < 44/2. Do tinh d6i xing ctia hinh vuéng nén ta chi can
xét A(1;0), B(0;1), C(—1;0), D(0; —1) va I(cos 2¢; sin 2t) véi 0 < ¢ < g.

Khi d6 P = 2[(v/2 + 1) cost + sint] < \/(\/§+ 1)2 4 1v/cos? t + sin® ¢
cost sint

hay P < 2v4 + 2v/2. Dau = x4y ra khi — ~— hay cost =
y y NI 7 y

V2 +1 1

— sint = ————. Vay P, = 24+ 2V2. O
V2v2 + 4 V22 + 4

Vi du 2.5.31. Cho duong tron tam O bdn kinh 1. Ké hai duong kinh AC va
BD vuéng géc véi nhau. Mot diém M chay trén cung nhd AB cua duong
tron. Gid sit M D cdat AC tai E, con MC cdat BD tai F. Khi dé hay

(i) Xdc dinh gid tri nho nhdt cua CE + DF va cua EF.

(ii) Chitng minh tir gidc DEFC' khong thé ngoai tiép mot duong tron khi
M # A, B, va tir giac DEFC noi tiép trong mot duong tron néu va
chi néu M la trung diém cung AB.

Bai giai: (i) Pt u = JACM,v = /ZBDM. Tacé u +v = - va nhu

4
vay 1 = tan(u + v) hay tanu + tanv + tanutanv = 1. T day suy ra

CE.DF = (1+tanv)(14+tanu) =2. ViCE+ DF > 2\/CE.DF = 2/2
nén CE + DF nho nhat 13 bing 2v/2 khi M 1a trung diém cung AB. Pat
OF = z,0OF = y. Khid6 z,y > Ovax +y+ xy = 1. Tu day suy ra
1>a2y+2y/zyvanhuvay 0 < ¢t = 2y < 3—2V2. ViT = EF? =
2y = (r4y)? =220y =(1—-1)2 =2t =1+>—4tv6i 0 <t < 3—-2V2
nén 7’ < 0 va nhu thé 7' 13 ham don diéu gidm. Do d6 T > 6 — 41/2 va
Ty = 6 — 4+/2 khi M 1a trung diém cung AB.

(i1) Néu tu gidc D E'F'C' ngoai tiép mot duong tron thi DE+CF = CD+EF
hay VI + 22+ /1+y2 = /22 +y2++v2 Vay (1 —2)(1 —y?) =0 :
mau thuan. Néu ti gidc D EFC noi tiép trong mot duong tron thi DE.C'F +
CD.EF = CE.DF hay 1+ 22\/1+ 2 + /22 + y2v/2 = 2. Tir day c6
3+ 22+ 9% = 2%y? + 4/2(22 + 2) hay 3 + (1 — 2y)? — 22y = 2%y* +
4/2((1 — zy)? — 2xy). Vay 2%y? —62xy+1=0.Do 0 < 2y < 3—2v/2nén
zy = 3 —2¢/2 hay M la trung diém cung AB. Nguoc lai, két qua ding. O
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Vi du 2.5.32. Cho duong tron (E) bdn kinh bang 1. Gid st AABC ngoai
tiép duong tron (E) c¢6 bdn kinh cdc duong tron bang tiép la 1,1, 3. Tim
gid tri nhd nhdt ciia biéu thiic:

1 1 1

T=aomasn "t aomazn T aoma=n)

3 3 .
Bai giai: Do T > 1 theo Vi du 2.5.17 nén T}, = 1 khi AABC déu. O

Vidu 2.5.33. Cho AABC trong mdt phang (P) véi BC = a,CA =b, AB =
c. Gid sit hinh chép SABC ¢6 dé dai duong cao SH = h khong doi. Tim
gid tri nho nhdt cila dién tich xung quanh P cua hinh chép SABC.

Bai giai: Ky hiéu do dai dai s6 tir chan H cua duong cao SH dén BC,
CA,AB la x,y,z. Khi d6 ax + by + cz = 2s = 2rp, trong d6 s la dién
tich tam gidc ABC. Vay 2P = ava? + h? + b\/y?> + h? + vz + h2.
Tu 2P = va?x? + a’h? + /b?y? + b*h? + /?2%2 4+ c?h? suy ra 2P >
Vi(ar +by +c2)2+ (a+ b+ c)2h? = \/4r2p? + 4p2h? = 2p\/1? + 4h2,
Dau =xdy rakhi 2 = y = z = r. Tém lai P,, = pVr?+4h? khi H la
tam duong tron ndi ti€p trong AABC. O
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Chuong 3

Mot so g dung vao giai bai toan lién
quan

3.1 Xay dung lai mét so bat dang thiic co dién

Xay dung lai mot s6 bat dang thitc qua ham mot bién

Mot phuong phép rit thong dung cé thé xay dung bat dang thitc 1a tim cuc
tri ciia mot ham f () ndo d6 bang cach khao sat dau f'(x) d€ biét f,, hoac
fin- Sau d6 chon gia tri dac biét cho x.

Bat dau bang viéc xét ham f(z) =2 —ax véiz > 0va0 < o < 1. Tu
f(x) = ax® ' —a =0c6x =1 vakhdo st ddu f'(z) suyra f(z) < fi, =
f(l)=1—ahay f(z) =2 —ar <1—a. Véiz = g,p,q > 0, ta dugc

pqim < ap+ (1 —a)g. Pata = a,b =1— a. Khi d6 ta c6 bat dang thic:
Ménh dé 3.1.1. Vi p,q > 0va a,b > 0,a + b =1 ta c6 p*q® < ap + bg.

batp; =p,a1 =avaqg=p, p;y° v6i 0 < ay <bvaay+az=>. Lai cé:
az ag

: az as
PI'p°ps’ < arpr+ bpgb p3b S apr+ b(zm + ?p:%) = a1p1 + agp2 + asps

vG6i aq, as, a3 > 0 va a1 + as + as = 1. Ti€p tuc nhu vay, bang quy nap suy
ra dugc két qua sau day:

Ménh dé 3.1.2. Gid thiét p, > 0va ap > 0vdéi k = 1,2,...,n thda mdn

ai+as+ - +a, =1. Khidotacé [] p* <) appi.
=1 k=1

66

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



67

1 , :
Khi lay ay = — v6i k = 1,2, ..., n ta dugc Bat dang thic Cauchy dudi day:
n

Hé qua 3.1.3. [Cauchy] Néu p1,pa,...,pn = 0thing H P S Z
\/ k=1 k=1

Tiép tuc van dung Ménh dé 3.1.1, dat a; = a,by = bvap, = p*, q1 = ¢’ tacd
1 1

mq < alplal +b1q1bl v6i ar, by > 0vaa;+0b; = 1. Tuong tu, néu py, g = 0
1 1

vaag, by > 0,ap+b, =1,v6ik =1,2,...,nludnco prqr < akpk —|—bkqbk.

Cong n bat dang thitc nay lai duoc hé qua sau day:

Hé qua 3.1.4. Néu pi.,q. = 0va a, b, > 0,a,+b, =1, voik=1,2,...,n
1 1

thi ta luén cé Z P < Z akpk + Z bkqf .

k=1 k=
Meénh dé 3.1.5. [Cauchy-Holder] Néu a,b > 0,a+b = 1, va cdc Ay, B, > 0
1 a 1 b
voik=1,2,... nthitacé [[ ABr < | A% [ SSBY) .
k=1 k=1 k=1
B,
Chiung minh: Véiap = a,bp = b vap, = Q= 1

[ M:

) (£2r)

dem thay vao bat dang thitc trong Hé qua 3.1.4 ta nhan dugc Bat dang thiic
1

Cauchy-Holder: [] AxBj < ( > A,?) ( > Bkb> : 0
k=1 k=1

k=1

1 2 . .
Véia=>b= 3 ta c6 dugc Bat dang thic Bunhiakopwski:

n n n
Hé qua 3.1.6. [Bunhiakopwski] Ta cé >~ prqr. < \/ ( 3 p%) ( 3 q,%) Vi
k=1 k=1 k=1

moi 6 thuc py., q.
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Tiép theo, xétham f(z) = 2®—ax véiz > 0vaa > 1. T f/(z) = az® ' —
a = 0céx =1 vakhao sit ddu f'(z) suy ra f(z) > fon = f(1) =1 — «
hay 2 —az > 1—a. Patz = 1 +vy,y > —1. Khi d6 ta c6 bat dang thic:

Ménh dé 3.1.7. [Bernoulli] Véi o > 1vay > —1tacé (y+1)* > ay + 1.

Vi du 3.1.8. Chitng minh rdang, néu aj, € (0;1] véi k = 1,2,... n thi ta ¢6
1 1 1

bdt ddng thirc: (1 + al) a2 (1 + a2> as ... (1 + an) ar > 2m,

Bai giai: Theo Bt dang thiic Bernoulli va Bat dang thitc Cauchy ta c6 ngay

1 1 1
(1+a)az(14as)as - (14a)o > (14 2) (14 2) o (1422).
a2 as ai
1 1 1
Vay<1+a1)a2(1+a2)a3...(1+an)a1 2271 [

Vi du 3.1.9. Chitng minh rang, néu a;, > 0voi k = 1,2, ..., n thi ta cé bat

dang thirc: T = (lglak)al + (k§2ak)a2 R (k;lak)a" > n — 1. Pdc

biét, néu a,b,c > 0 thi (b+c)* + (¢ +a)’ + (a + b)¢ > 2.

Bai giai: Néu moi a;, > 1thi 7 > n — 1. Néu ton tai k dé a;, > 1, ching
han a; > 1, thi mdi ( Y. a;)” > 1 vanhuvay T > n — 1. Cudi cing
k#i>1
5 ) a .
1a xét trudng hop 0 < a; < 1 véi moi k. St dung két qui a® > P khi
a
> ak Y ak D i

k#1 k#2 k#n
ARk

n

n n
Yoar Y ay > a
k=1 k=1 k=1

Xét thém ba ham sau day: Ham thit nhat f(z) = e* —x Vi f/(z) = ¢" — 1
nén c6 ngay bang xét dau

O<b<ltacoT > =n— 1. O

>0 khi x>0
f(x){ =0 khi =0
<0 khi x <0.

Nhu vay f(z) = fun = f(0) = 1 va suy ra bat dang thic dudi day:
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Meénh deé 3.1.10. Ta ¢6 ¢* > x + 1 khi x > 0.

Vi du 3.1.11. Gid thiét da thiic f(z) = 2" +a 2" +asx™ 2+ - -+a,_17+a,
cé n nghiém thic, trong dé aq, as, . .., a,_1 > 0. Chitng minh rang 1+ a, +
ao+- - +a,_1+a, < e™. Tuwddy suy ra, néu 1+a;+as+- - -+a,_1+a, > e
thi f(x) khong thé cé n nghiém déu thuc.

Bai giai: Gia st o, o, ..., a, la n nghiém thyc cta f(x) = 0. Dé dang
thdy av,...,a, < 0va f(z) = [[(x — ag). Vy —aq,...,—a;, > 0 va
k=1
f())=J](1 —ag). Vie" >1+xkhiz>0nén f(1) = [J(1 —ap) <
k=1 k=1
e Me 2 e M = e, O

Xét ham thtt hai g(z) = xe " v6ixz > 0. Vi ¢'(z) = ™" —ze” " nén c6 ngay
bang xét dau
>0 khi z <1
g(x){ =0 khi z=1
<0 khi 0<z <1

1 ) :
Nhu vay g(z) < g1, = g(1) = — va suy ra bat dang thic duéi day:
e

1
khi x > 0.

Ménh dé 3.1.12. Ta ¢6 xe % < —
e

n
« 9 o A7 7/ o . Z _— n
Vi du 3.1.13. Gid thiét cdc s6 ay,as, ... ,a, = 0. Khi dé Y are™™ < —.

k=1 €
N e *2 e A A z n — 1 n
Bai giai: Theo Ménh dé 3.1.12tacé > are ™ < n—- = —. O
k=1 e ¢

Xét ham thit ba h(x) = sinx + tanx — 2x trong [0; g) Vi b/ (x) = cosx +
1

cos? x o
Tu day suy ra bat dang thuc dudi day:

—2 > Okhiz € (0; g) nén h(x) dong bién trong [0; g) V6i iy = g(0).
Meénh dé 3.1.14. Ta luon c6 bdt déng thitc sin z-+tanz > 22 khi 0 < 2 < g

Vi du 3.1.15. Gid sit tam gidgc ABC nhon vdi cdc géc dugc do bang radian.
Khi dé sin A + sin B + sin C' + tan Atan Btan C > 27.
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Bai giai: Theo Ménh dé 3.1.13 ta c6 c4c bat dang thitc du6i day:

sinA+tanA > 2A
sinB+tanB > 2B
sinC' +tanC > 2C.

Vi tan A+tan B+4tan C' = tan A tan B tan C nén sau khi cong ba bat dang
thic trén ta dugc sin A + sin B 4 sin C' + tan A tan Btan C' > 27. O

Xay dung lai mot s6 bat dang thic qua ham nhiéu bién
Bay gio ta chiing minh lai mot vai két qua qua dao ham ctia ham nhiéu bién.

Ménh dé 3.1.16. Dién tich S, 1 cua da gidc 16i n + 1 canh noi tiép trong

N . A  (n+DR® 2 y

duong tron tam O bdn kinh R khong vuot qua 5 sin | hay noi
n

mot cdch khdc: Trong sé nhitng da gidc 160 noi tiép trong cung mot duong

tron thi da gidc déu cé dién tich lon nhdt.

Chiing minh: bat x, = ZA,OA 1 v6i quy uéc A, o = A;. Khi d6 ta c6
-~ T1+ T+ Ty Tpy =27
25541 =), R?sin x,. Xét f=sinx; +sinxy + -+ +sinx, + sinx,1

= 0<ap<2m k=12 n+l
Tir hé nay suy ra hé

Tpi1 =21 — (X1 + 20 + -+ - + 7))
f=sinzy +sinxy+ - +sinz, —sin(x; + o+ - + )
O<ap<2mk=12,....,.n+1.

(coszy —cos(z1+ -+ x,) =0
cosxy — cos(x1 + -+ x,) =0

Xac dinh diém dimng qua hé phuong trinh { ~
cosx, — cos(wy + -+ x,) =0

T1+ T2+ A Ty + Ty =27
\Ogsck<27r,k:1,2,...,n+1.

2T 2T 21
af(M)= 1) si .
n+1 ’n+1)Vaf( ) (n+)smn+1

Nhu vay dugc diém dimng M (

g o o
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Bing quy nap theo n va so sdnh véi gia tri cia ham xét trén bién véi phuong

i 1)R? 2
trinh x; = 0 ta dé dang chi ra dugc S,, .1 < (n +2 ) sin :1' ]
n

Hoan toan tuong tu ta con cé két qua sau day:

Ménh dé 3.1.17. Trong s6 nhitng da gidc 10i noi tiép trong cung mot duong
tron thi da gidc déu cé chu vi lon nhdt.

Vi du 3.1.18. Trong s6 nhiing tam gidc (tir gidc 16i) noi tiép trong cing mot
duong tron thi tam gidc déu (hinh vuéng) cé dién tich va chu vi lon nhdt.
Chd ¥ rang, nhiéu khi st dung dao ham 10i gidi bai todn sé trd 1én dai dong
va phiic tap. Trude khi chuyén sang phan tiép theo ta xét thém mot vi du sau
day dé thay ring, nhiéu bai todn s& ¢6 101 giai ngin gon khi ta khéo bién doi:
Vi du 3.1.19. Gid sit M (c; B;7) trong khong gian vdi hé toa do tric chudn
(Ozyz), ¢ dé a,b,c > 0. Hdy xdc dinh mdt phdang qua M cdit Oz, Oy, Oz
tai A, B, C sao cho thé tich tir diéen OABC nhd nhdt.

Bai giai: Dat OA = a,0B = b,0C = cvéi a, b, c > 0. Khi d6 phuong trinh
mit phang (ABC) la f+%+f = 1. Vi (ABC) di qua M nén g+§+l =1
a c a c

hay abc = abc + Bea + yab. Tt abe = abe + Bea + yab > 33/ apy(abe)?,

. 9
theo Bat dang thitc Cauchy, ta suy ra abc > 27a8v. Vay (Voapc)mn = O;ﬁ i
khia=3@,b:35,c:3wakhidé(ABG):f+%+5:3. u
o gl

3.2 Giai phuong trinh va bat phuong trinh

Vién dé ton tai nghiém cta hé c¢6 diéu kién hoic xdc dinh gia tri tham so dé
hé cé nghiém thuong lién quan chat ché dén viéc tim cuc tri cuia mdt ham
s6. Mot vai mai lién hé duge biéu hién qua céic két qua sau day:

Ménh dé 3.2.1. Gid sit ham s6'y = f(x) xdc dinh va lién tuc trén [a;b] voi
m = fons M = fin. Khi d6

(i) f(x) = c6 nghiém thuoc [a;b] khi va chi khi m < u < M.

(i) f(z) < w co nghiém thuoc [a;b] khi va chi khi m < uva f(z) < u
khong c6 nghiém thudc [a; b khi va chi khi u < m.
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(iii) f(z) = u c6 nghiém thudc [a;b] khi va chi khi v < M va f(x) > u
khong c6 nghiém thudc [a; b] khi va chi khi uw > M.

Ménh de 3.2.2. Gid si ham s0'y = f(x) xdc dinh va lién tuc trén |a; b] voi
= foms M = fin. Khi d6

(i) Moi © € [a;b] déu la nghiém cua f(x) < u khi va chi khi v > M.
(il) Moi x € [a;b] déu la nghiém cua f(x) > u khi va chi khi u < m.
Vi du 3.2.3. Gidi phuong trinh v/922 — 1 + /6 — 1 = 1.

< . 1
Bai giai: Diéu kién z > 3 Vay 1 = v922 — 1+ 6z —1 > 6z —1 >

/1 1
6.5 — 1 = 1. Do d6 phuong trinh c6 duing mot nghiém = = 3 O

VI —2++14—y=2V6
Vi —2++14—z =2V6.

Bai giai: Diéu kién 2 < z,y < 14. Cong hai phuong trinh, v€ véi v€, duoc

Vi —2+V14d =z ++/y — 2+ /14 — y = 4V6.
Xét ham f(t) = v/t — 2+ /14 — ¢ trén [2; 14]. Ham lién tuc nay nhan gid
tri 16n nhét f;, = 21/6 tai t = 8. Vay hé phuong trinh c6 ding mot nghiém
r=1y=_8. O
Vr=3+/I3=y=2V5
Vi du 3.2.5. Gidi hé phuong trinh { \/y — 3 ++/13 — z = 2\/5
Vz—3+/13—z =25

Bai giai: Diéu kién 3 < z,y, 2 < 13. Cong hai phuong trinh, v€ véi v€, duoc

VI —3+V13—2+y—-3+/13—y+vVz-3+V13—2=6V5.

Xét ham f(t) = v/t —3 + /13 — ¢ trén [3; 13]. Ham lién tuc nay nhan gia
tri 16n nhét f;, = 2v/5 tai ¢t = 8. Vay hé phuong trinh c6 ding mot nghiém
r=9y=2z2=2_8. O

Vi du 3.2.4. Gidi hé phuong trinh {

3y > x?
Vi du 3.2.6. Gidi hé bdt phuong trinh < 4x — 9 >y
222 4 3y? = 2349.
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2
Bai giai: Tacé4x—9>y>%.Vayx2—12x+27<0hay3<x<9.

Tir day suy ra y > 0 v 2349 = 222 + 3y? < 222+ 3(42 —9)? = f(x). Khao
sat ham f(z) = 5022 — 2162 + 243 v6i 3 < x < 9. Vi f(z) dong bién trén
[3;9] nén fi, = f(9) = 2349. Nhu vay = = 9,y = 27. 0

r+y+z+ry+yz+ze=06

Vi du 3.2.7. Gidi hé phuong trinh { o 9
Ty + 2 =3

Bai giai: V6it = v+y+zc6 3(zy+yz+zz) < 2 < 3(x’+y*+2%) = 9. Nhu
r+y+z=3

vay 9 > t2 > 3(6 —t). Tu day suy ra t = 3. Tém lai { a2y + yz + 2z = 3
22+t + 22 =3,

Dédangsuyraz =y =2z = 1. O

22+ 1y’ =2

2(2° —y°) = 3(x —y) = 2.

Bai giai: bat x = v/2cost,y = V2sint véi t € [0; 27]. Khi d6 ta c6

Vi du 3.2.8. Gidi hé phuong trinh {

2 =2(z® — y®) — 3(z — y) = V2(cos 3t + sin 3t) = 2 cos(3t — %) < 2.

Nhu vay ddu = phdi x4y ra hay 3t = % + 2km v6i k= 0,1,2. Tu day suy ra

nghiém ctia hé da cho. O

Vidu 3.2.9. Xdc dinh gid tri cita tham s6’ m dé v+3 = m~v/x% + 1 ¢6 nghiém.

3 .
Bai giai: Ta c6 y = % — m. D& dang ¢6 —1 < y < V/10. Vay
T4+
phuong trinh = + 3 = mva? + 1 ¢6 nghiém khi va chi khi —1 < m <
v 10. ]
Vi du 3.2.10. Gidgi phuong trinh : /1 —x++v/1+x+ V1 —2=3
1—22>0
Bai giai: Diéu kién phuong trinh ¢ 1+ x>0 hay —1 <z < 1.
1—2>0

Dit f(z) = v/1 — 2+ v/1+ 2+ v/1 — x. Theo bat dang thitc Cauchy ta c6:
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\/1—:1:4—\/1—1—:1:_ 1+\/1—|—:1:.
2 )

Vi-22=3(1-z)(1+2z) < V1it+z <

2 Y
1++1—
41—933%. Do ds f(z) =vi—ax+vVi+taor+vVl—a <
1+ (1 1+(1-—
I+Vi+tarz+/1—-a<1+ * +x)—; * x):?).

Suy ra f(x) < 3 v6i moi —1 < x < 1. Dau bang xay ra khi va chi khi:

Vi—-z=+v1+u
vVi—-z=1 s ax=0.
vi+axr=1

Vay phuong trinh cé nghiém duy nhat 1a x = 0. O
Vi du 3.2.11. Gidi phuong trinh sau:
sinz 4+ V2 —sin?z + sinz V2 — sin’z = 3

Bai gidi: Pat f(z) = sinz + /2 — sin’r + sinzv/2 — sin’z.
Theo bat dang thitc Bunhiacowski ta c6:
(sinz + /2 — sin’z) < [sin’z + (2 — sin®z)] (1 + 1).

Suy ra: sinz + /2 — sin?z < 2.
(2 — sin’z)

.,y
o 12 . C ; sin“x +
Theo bét dang thiic Cauchy ta lai cé: |sin | v/2 — sin’z < : 5

Suy ra: sin zv/2 — sin’z < 1, do d6 f(z) < 3. D4u bang xay ra khi va chi
khi:
sinz = /2 — sin’z
{ sinz| = V/2 — sin’z
& sine = V2 — sin’x

o sinz > 0
sin’x = 2 — sin’z

&sine =1
@xz%—l—k?w,kEZ

Vay phuong trinh ¢6 nghiém la x = g + k2m, (k€ Z) O

Vi du 3.2.12. Giai phuong trinh:

V322 + 62 + 74+ /522 + 101 + 14 = 4 — 23 — 22

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



75

Bai gidi: Dat f(2) = V322 + 62 + 1+v52? + 102 1 1= \/3(c — 1)* + 4+

\/596—1— +9,dodé f(x) >5,Ve € D={x:4—22x—2%>>0}.
Dat g(z )_4—23:—:(; = —(x+1)%+ 5, do d6 g(z) < 5.
flz) =5

g(x) =5
Vay x = —1 la nghiém duy nhéit ctia phuong trinh. O

Khi d6 phuong trinh da cho tuong duong v6i hé { Sr=—1

Vi du 3.2.13. Tim gid tri cia tham sé'm dé phuong trinh sau c¢6 nghiém:
3Vr—14+mvae+1=2v22-1
Bai giai: Diéu kién x > 1.

Phuong trinh da cho twong duong —3

r+1 =m{1)

Xét f(x :—3“1;;1 ”x— datt—\/ ek V01x>1suyra

0 <t<1 Khidé f(z V01x>ltu’()'ngdu’o’ngvmg():—3t2+2tvéri
0<t<Ll Takhaosatg()vm0§t§1thudu’(jcgnn:g(1):—1vé

1 1
glnzg, suy ra fi, = gVéf(x) > =
) . 1
Vay dé phuong trinh c6 nghiém thi —1 <m < 3 O

Vi du 3.2.14. Xdic dinh m dé phuong trinh sau cé nghiém:

m(V1—a22—v1—-224+2)=2v1 -2t + V1+22 — V1 — a2
Bai giai: Didu kien —1 < z < 1
Pitt=v14+a22—vV1—-22v6i—-1<2<1thi0<t<2
Phuong trinh da cho trd thanh m(t +2) = —t> +¢ +2,vi0 <t < v/2 nén

—t2+t+2
phuong trinh tuong duong v6i phuong trinh % =
—t*+t+2 \
bat f(t) = % Do f(t) lién tuc véi 0 < t < /2. Bing phuong

phap khao sat ham s6 ta thu duoc fi, = f(0) = 1; f,, = f(V2) = V2 — L.
Vay dé phuong trinh c6 nghiém thi vV2 — 1 <m < 1 O

Vi du 3.2.15. Tim a dé bdt phuong trinh sau
Vie+2)r—a=|z+1]|.

Co ngiém dung voi moi 0 < x < 2.

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



76

Bai giai: Binh phuong hai v€ ta dua bat phuong trinh vé dang tuuong duong
sau:
2?4+ 1<a(z—1),(1)

Ta thdy x = 1 khong phai la nghiém cua (1) do d6 (1) twong duong véi hé:

2
1
2j12a70§$<1(1>
e+ 1
<a,l<z <21
1 Sal<e<2()
241 2 _2r—1
Xéthéms6f(a:):x+1 V610§x§2.Daohémf’(x):%
xr — €T —

Cho f/(2) =0 2> - 20— 1=0c2=1+2

Lap bang bién thién ta thu duoc:

V6i 0 < 2 < 1 ta duoc: f, = f(0) =—1va f,, = —oo,suyraa < —1
Vé6i 1 < x <1 tadugc: f,, = f(2) =5va fj, = +oo,suyraa > 5

Vay bat phuong trinh c6 nghiém v6i moi 0 < x < 2 thi ¢ < —1 hodc

a > d. ]
(222
1+ 27 -
2
Vi du 3.2.16. Giai hé phuong trinh < ] f 5 =2
2227!
=2x
C 1+ 22

Bai giai: Dé thdy nghiém ciahéla x =y =z = 0.
Néu mot trong ba 4n s6 x,y, z nhan gid tri khdc 0 thi hai 4n kia cling nhan
gia tri khac 0. Nhan cac v€ cua hé ta dugc:

829222

= Tryz

A+ +)1+22) Y
Sxyz _

T A+ D)0+ )
& (1+2)(1+y*)(1 + 2°) = 8xyz

1 1 1
S+ )y+)z+-)=8
it P = (24 2)(y+ 2) (2 +2) = 8 ta c6 P — 8. Diu bing xi
a = (Z — —J\Z —) =0, 1aco max = J. aUu bang xa
) X Y Yy z x#0,y#0,2#£0 g xay
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rakhiz=y=2=1.
Vay hé phuong trinh ¢6 nghiém la: (z,y, z) = (0,0,0); (1,1,1) O

Vi du 3.2.17. Tim m dé hé phuong trinh sau c¢é nghiém:
{ 22° — (y+ 2)a® + 1y = m

??+r—y=1-2m voi (z,y) € R

223 — (y + 2)2 + zy = m, (1)
??+r—y=1-2m,(2)
Nhan hai v€ ctia phuong trinh (1) vé6i 2 r6i cong véi (1)ta duoc:

4o — Qy+4)x* + 22y + 2P+ —y=1
Sdrd3+dr? + 22+ —1=y(22? — 20+ 1)
4o — 322 + 2 — 1

Bai giai: Tu hé phuong trinh {

Rt =
Y 2% — 2 + 1
Sy=2 — —
Y T o 2 1 )
1 3 1
N Z., - 2 o 2
Thay vao (2) ta c6: 2m = —x +x+§—2(2x2_2$+1) _1_5(2$ _
3
2z +1) —

2(22% — 22 + 1)

1 3
Xét f(z) = —5(2562 —2r+1) —

2(22% —2x 4+ 1)

1 1 3 1
vOi t > 5 Khi d6 f(z) twong duong véi g(t) = 1 — §(t + Z)’ Vi t > 5
Bing phuong phédp khao sét ta tim dugc g, = 1 — V/3;¢gun = —o0 hay

fln:l_\/g;fnn:_oo-
v dé o 13
Vay dé phuong trinh c6 nghiém thi 2m < 1 — /3 hay m < 5

,datt = 222 — 22 + 1,
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Két luan

Trong luan van nay, ching toi da trinh bay dugc nhiing van dé co ban sau:

(1) Nhéc lai dinh nghia, mot s6 tinh chat ctia bat dang thitc. Trinh bay lai
mot s6 phuong phdp co ban dé chitng minh bat dang thifc cing mot s
vi du tuong thich tirng phuong phép.

(2) Nhic lai khdi niém gia tri 16n nhat hodc nho nhat va mot s6 két qua
liéen quan. Trinh bay duoc mot s6 phuong phdp co ban dé xac dinh gid
tri 16n nhat hodc nho nhat mot biéu thitc hay mot ham s6. Chon loc va
sang tac dugc mot sO bai todn tuong Ung.

(3) Trinh bay phuong phap sang tic mot s6 bai todn cuc tri trong tam giac
qua da thic bac ba.

(4) Van dung khai niém cuc tri vao viéc chiing minh lai mot s6 bat dang
thic ¢6 dién va giai hé phuong trinh hay bat phuong trinh.

Tuy da hét siic ¢6 gang nhung do thoi gian c¢6 han nén luan van van khong
thé tranh khoi nhiing sai x6t va han ché nhét dinh, rdt mong duoc su dong
g6p y kién ciia quy thay co6 va céc ban dé luan vian dugc hoan thién hon.
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Luan van da dugc bao vé trudéc hoi dong cham luan van ngay 22 thang
11 nam 2011 va da chinh stra v6i cac y ki€n dong gdp cua céc thay, co trong
hoi dong.

Thai Nguyén, ngay 24 thang 11 nam 2011
Xac nhan cua can bo huéng dan khoa hoc

PGS.TS bam Van Nhi
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