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LGOI NOI DAU

Nhiing bai toan liéen quan dén cac hé thic trong tam giac thuong co
mat trong cac dé thi hoc sinh gioi, cac dé thi Dai hoc. S6 luong cac hé thic
trong tam giac trong cac tai lieu danh cho hoc sinh pho thong la rat 1én,
vi vay hoc sinh dé bi choang nggp, cam thay khé khan khi gidi dang bai
toan nay. Hoc sinh thuong khong biét bat dau tit dau vi khong thay dugc
moi lien hé gitta cac hé thitc luong giac. Do dé can c6 cac phuong phap
gitip hoc sinh phan loai va thiay duge mdi quan heé gitta ciac hé thitc luong
gidc trong tam giac. Nhu vay s6 luong cac heé thic luong giac trong tam
gidc can chiing minh sé gidam di mot cach dang ké. Mot trong cac phuong
phap phan loai va tao ra hé thiic lugng giac trong tam giac la phuong phap
bién doi tuyén tinh géc. Y tudng clia phuong phap bién déi tuyén tinh goc
13 (xem [9]): St dung phép bién ddi tuyén tinh goc dé tao ra tam gidc moi
A1B;C; tit tam gidc ABC. T mot he thitc da biét cho tam gidc A1 B1C
ta sé c6 mot hé thic méi trong tam giac ABC.

Dang tong quat ctia phép bién déi tuyén tinh géc la:

Al = k1A + k19B + ki3C + M\,

By = kot A + koo B + kasC' + Mo,

C1 = k31 A+ k3o B + k33C + Asm,
A1—|—B1+Cl =7T,A1 > O,Bl > 0,01 > 0.

Heé bon phuong trinh va ba bat dang thic trén chita 12 he s k;j, ;
(1,7 = 1,2,3) . Do d6, bang cach chon cac bo hé sb, ta sé c6 rat nhiéu
phép bién doi tuyén tinh géc. Cac phép bién déi tuyén tinh goéc duge khai
thac trong luan van la:

1) A = t ; A,Bl _— ; B,C1 _ I ¢ (AA;B;C} nhon),

2) Ap =1 —2A,By=71—2B,Cy =7 —2C (v6i AABC nhon),
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A

B C
3 Ag =5, By =5, Cs = ”; (AA3B3Cy tht 6 goc Cy > g),

4) Ay =24, By =2B,Cy = 2C — 1 (v6i AABC tii 6 C > g),
5) A5:g—A,B5:g—B7O5:7T—C,...

Noi dung chinh ctia luan van gom hai chuong:

Chuong 1 Mot sé phép bién doi tuyén tinh géc dang co bin

Chuong 1 dua ra mot sé phép bién doi tuyén tinh géc dang co ban
nham tao mdi cac hé thitc luong giac trong tam gidc. Cac hé thiic trong
tam gidc dudc lya chon tir cac dé thi hoc sinh gidi, cac tap chi Toan hoc,
cac dé thi Dai hoc va sang tao nhitng bai mdi tit nhiing bai da co.

Chuong 2 Mot s6 phép bién doi tuyén tinh géc dang tong qudt.

Chuong 2 xét cac phép bién ddi tuyén tinh géc dang khong déi xting va
sang tao ra nhitng bai méi dya trén nhiing bai da c6. Mot s6 phan trong
noi dung luan vian da duge dua vao trong [3] va duge thong bao trong [1],
[2]. Tat c& cac bai tap déu duge giai chi tiét trong [3]. Hy vong Luan van
cling cung cap cho cac Thay gido, cic em hoc sinh mot tai lieu vé cac he
thiic lugng trong tam giac theo phuong phap bién déi tuyén tinh géc, va
thong qua dé, hoc sinh ¢6 thé sang tao ra nhiéu hé thic mdéi. Tac gia luan
van cling hi vong sé tiép tuc bo sung va hoan thién them dé tai nay trong
qué trinh gidng day toan & trudng pho thong.

Luan van dugc hoan thanh dudi sy huéng dan ctia PGS-TS Ta Duy
Phuong. Tac gia xin dugce bay té long biét on chan thanh t6i nguoi Thay
rat nghiem khic va tan tuy véi cong viec, da truyen thu nhing kién thic
cting nhu kinh nghiém cho tac gia trong qua trinh hoc tap va nghién citu
dé tai. TAc gid xin cAm on Ban giam hiéu, Phong dao tao sau Dai hoc cling
cac Thay co gido da tham gia gidng day va huéng dan khoa hoc cho 16p
Cao hoc Toan K3 Truong Dai hoc Khoa hoc, Dai hoc Thai Nguyeén.

Tac gia xin chan thanh cam on Ban Giam hiéu, Phong Dao tao, cac
thay co to Toan - Tin trusng Pho thong Viing cao Viet Bac, ban be dong
nghiép cuing gia dinh da tao diéu kién gitp dd, khich 1é toi hoan thanh ban
luan van nay.

Dé hoan thanh luan van nay, tac gid da tap trung hoc tap va nghién

cttu mot cach nghiém tic trong suét khoéa hoc. Tuy nhién, do han ché ve
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thoi gian, cling nhu trinh do hiéu biét nén trong qua trinh thuc hién khong
tranh khoi nhitng thiéu sét, tac gid rat mong nhan duge su chi bao cla
cac thay co giao va nhitng gép ¥ ctia ban doc dé luan vin dugc hoan thien
hon.

Thai Nguyén 2011
Phung Thi Oanh
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Chuong 1

Mot sb phép bién doi tuyén tinh
goc dang co ban

Trong dai duong ménh mong cac ding thic va bat ding thic luong giac
trong tam giadc (va cd trong dai duong céc sach vé lugng giac hién nay),
ching ta thuong quan sat thay nhitng “cap bai tring”, tic 1a ching c6 vé
rat giong nhau. Thi dy, v6i moi tam giac ta luon co:

1) (Vo dich Cong hoa dan chu Dic, 1965)

3
cos A+ cos B+ cosC < 2 (1.1)
2) (Dai hoc An ninh, 1996, Khéi A)
LR L C< 3 (12)
sin — + sin — 4 sin — < —; :
2 2 2 — 2
3)
cosA+3B+cosB+3C+cosC+3A<3' (1.3)
4 4 4 -2 '
4)
A B c 3
COSWZ COST‘—Z +COS7T—Z 35; (1.4)

Giai thich nhu thé nao vé su gibng nhau ctia cac bat ding thic treén?-
C6 1& c6 nhieu cach giai thich. V6i mdi cach nhin, ta c6 thé phat hien ra

nhing qui luat an tang bén trong sy gidbng nhau vé vé ngoai ciia cac hé
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thic. Trong luan van nay, ching toi ¢6 gang giai thich sy gidng nhau cia
nhiing cap bai trung ay dua trén nhan xét sau day: Thuc chat cac hé thic
luong giac trén giéng nhau 1a béi vi ching c¢6 thé nhan dude tit nhau qua
mot bién doi dai s6, cu thé 1a phép bién déi tuyén tinh clia goc.

Chuong 1 xét mot s6 phép bién dbi tuyén tinh géc dang co ban.

1.1 Bién doi tuyén tinh géc dang 1

A —1)B B —1)C C —1)A
p At B, = +(n—1) O = +(n-1)A
R n n n
Meénh deé 1.1. Cho A, B, C' la ba goc ctia tam giac. Khi ay
A —1)B B —1 —1)A
A = +(n—1) B = + (n )0,01:C+(n )
n n n

véin = 2, 3, ... cing la ba goc mot tam giac.
Chimg minh That vay, vi A, B, C la ba gbc clia tam giadc nén

0<ABC<nmvaA+B+C=m.

A —1)B —1
Suy ra 0 < Ay = —l—(nn ) <7T+(7; )W<7T.

Tuong tu, 0 < By,Cy < 7 va

A+(n—1)B+B+(n—1)C+C—|—(n—1)A
n n n

=T

A+ B+ C =

Chung t6 Ay, By, C} 1a ba géc clia mot tam giéc.

Meénh dé 1.2. Cho A4, B, C la ba géc ctia mot tam gide. Khi ay

A+ (n—1)C B+ (n—1)A C+(n—-1)B
= , Bl = , O =
n n n

A

v6in = 2, 3, ... cing la ba géc clia mot tam giac.

Meénh dé 1.3. Cho A4, B, C' la ba géc ctia mot tam giac. Khi ay

B+ (n—1)C C+((n—1)A A+ (n—1)B
= , B = ,O1 =
n n n

A

véin = 2, 3, ... cing la ba gbc cia mot tam giac.
V6in = 2 ta cod
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Hé qua 1.1. Cho A, B, C la ba goc ciia tam giac. Khi ay
B+ C C+A A+ B

B+C —A —A
;— :7r2 nénO<A1:7T <gvaphép
L s . B+C C+ A A+ B
bién doi tuyen tinh gbc A; = il , By = ;— ,Ch = + ciing la
m™—A m™— B m—C

B p— C p— >
9 y 22 9 y V2 9 va

cling la ba goc ciia mot tam giac.

Cha y 1.1. Vi A, =

phép bién déi tuyén tinh goéc Ay =

Ay ByCy 1a tam giac ¢6 ba goc nhon.
T—A . mT—A A

nén sin A; = sin 5 =Cosg

A A
(cos Ay = sin E,tan Ay = cot §’COt A, = tan 5) Nhu vay, tit mot he

Nhan xét 1.1. Vi A; =

thic chita sin Ay, sin By, sin Cy (tuong tng, chita cos Ay, cos By, cos C,
tan Ay, tan By, tan Cy; cot Ay, cot By, cot (' ding cho tam giac A B,Ch
ta sé suy ra mot hé thiic chita cos —, cos g, cOS % (tuong ting, chiia sin é,
sin g, sin 5 cot 2 cot BX cot o tan 2 tan BX tan 5) dang cho tam giac
ABC.

St dung Nhan xét 1.1, tit mot hé thic lugng giac trong tam gidc da biét,
ta c6 thé tao ra ngay mot (mot s6) hé thiic lugng gidc khac ma khong phai
chitng minh theo cach truyén thong (bién doi luong giac). Dudi day 1a mot

so6 vi du minh hoa.
Bai toan 1.1. Ching minh rang v6i moi tam giac ta luon co
3
cos A+ cos B+ cosC < 3

Chitng minh Ta c6
3
cos A+ cos B+ cosC < 5

@%—COSA—COSB—COSCZO

& 3+2cos(B+C)—2cosB—2cosC > 0

< 34+ 2cosBeosC —2sinBsinC' —2cos B —2cosC > 0

& 1+ sin? B 4 cos? B 4 sin? C' + cos? C' + 2 cos B cos C — 2sin Bsin C —
2cos B —2cosC > 0, luon ding.

986 héa béi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://'www.lrc-tnu.edu.vn



Dau dang thiic xay ra khi tam giac ABC deéu.

Bai toan 1.2. Chitng minh rang v6i moi tam giac ABC' ta luon cé

: L L C<3
sin — + sin — +sin — < =
2 2 2 72

Chitng minh 1 (Bién doi lugng giac)
C
Sin§ —i—sin; —|—sin§ < 3
3 A B C

& — —sin— —sin— —sin— >0

2
— (B
@3—2sinﬂ (B+C)

B
—QSin——Zsing >0
2 2

B+O—281n§—281n%20

<:>1+Sin2§+0032§+81n2g+00829
B : C 2B 02 Bg
— 2(008350085 — singsina) — 2sin§ — QSinE >0
< (cos 5 cos 5)2 + (1 —sin 5~ sin 5)2 > 0, luon ding,.
Dau déng thic xay ra khi tam giac ABC déu.

Chitng minh 2 (Bién doi tuyén tinh goc)

< 3 — 2cos

Dat A, = ”;A,Bl - W;B,Cl - ”;C . Khi &y Ay, By, C) 1a ba
goc cua mot tam giac. Do d6 Bai 1.1 dung cho tam giac A;B1C,. Vi
cos A1 = sin —, cos By = sin g, cos C] = sin — nén ta co:

: . B . C 3

smE + sm§ + smE = cos A; +cos By +cos(C < X (dpcm) .

Lai binh: Chitng minh 2 (bién ddi tuyén tinh géc) rat don gidn va gan nhu
khong doi hoi kién thitc gi, ngoai cong thic quan hé lugng giac clia hai
gbéc phu nhau.

Bai toan 1.3. Chitng minh rang véi moi tam giac ABC c6 ba géc nhon

ta co
sinA+sinB +sinC 1
< —(tan A tan B tan C').
cosA+COSB+COSC’_3(an an 3 tan C)

Z 2 ﬂ-
Ching minh Khong mat tong quat, gia sit 5 >A>B>C >0.Dotinh

dong bién ctia ham s tan va tinh nghich bién ctia ham s6 cos trén khodng
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10

(O;g) tacotanA > tanB > tan(C va 0 < cos A < cos B < cosC. Ap
dung bat dang thiic Chebyshev (xem, thi du, [8], trang 37) ta dugc
(tan A + tan B + tan C')(cos A + cos B + cos C')

> 3(tan A cos A+tan B cos B+tan C cos C') = 3(sin A+sin B+sin (')
sin A+ sin B +sinC < tan A 4+ tan B + tan C

= >~
cos A 4+ cos B + cos C 3
Mat khac, tan A + tan B + tan C' = tan Atan B tan C' (xem, thi dy, [8],

Bai 371). Do d6
sin A +sin B + sin C < tan A tan B tan C'
cos A+ cosB+cosC — 3 '

Dang thic xay ra khi va chi khi ABC 1a tam giac deéu.

Bai toan 1.4. Ching minh rang tam giac ABC déu khi va chi khi

A B C

COS— COS—  COS—
> 2 2 L iAot Bt €
.A+.B+.O—3(cot2(:ot2cot2)

sin — sin—  sin —

2 2 2

Chitng minh 1 (Bién ddi lugng giac)
R £, L. 2 . o A B C

Khong mat tinh tong quat ta gia su 5 5 7 Khi ay do

550 > (0 va ham s6 sin dong bién, con ham s6 cot nghich bién
tréen (0; z) nén ta co6

: C
COtE < COt5 < cotg va sina > sinE > sinE > 0.

Ap dung bat ding thitc Chebyshev (xem, thi du, [8], trang 37) ta c6

(tA+tB+ #ﬁ('A+'B+'C)
CO 2 CO 2 CcO 2 S1n 2 S1n 2 S1n 2

A A B . B c.C
> 3<COt_Sln—+COt—Sll’l——|—Cot—51n§)

2715 2 "3 2
=3( Aoy C)
= COS 9 COS 9 COS 5
A s 2 4ot 2 1 cot
COS — COS — COS — COt — COt — COt —
R R N WP 2 2
At Bt o= 3
S11l1 — S111 — S111 —
2 2 2

1186 héa béi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://'www.lrc-tnu.edu.vn



11

A B C A B C
Mit khéc, cot — + cot — + cot — = cot — cot — cot — (xem, thi dy, [§],
2 2 2 2 2 2
Bai 395). Suy ra
A B C
COSE + COS? + COSE = 1(cotécotgcot g)
A" B C 3 2 2 2
sin— sin—  sin—
2 2 2

Dau bang x4y ra khi va chi khi ABC 1a tam giac déu.
Chitng minh 2 (Bién ddi tuyén tinh goc)

A iy _C , A
DatA1:7T2 ,Blzﬂ2 o == . Khi y sin A = cos 5,

cos A; = sin Ex tan A; = cot 2 nén ap dung Bai 1.3 cho tam gidc A1 B1C}

ta co

A B C
COSE n COSE n COS? B sin A; + sin By + sin C}
<in é <in B <in g "~ cos Ay + cos By + cos C}
2 2 2
B C
< tan A; tan B tan C _ cot 9 cot 9 cot 9
- 3 3

Dau dang thic xay ra khi va chi khi tam gidc ABC déu .
Bai toan 1.5. C6 nhan xét gi vé tam giac ABC biét
tan Atan B tan C' = 3(cot A + cot B + cot C')?

Giai Ta ¢o
tan Atan B tan C' = 3(cot A + cot B 4 cot C)
N tan Atan B +tan Btan C + tan C' tan A B tan A tan B tan C'

tan A tan B tan C' 3
& 3(tan Atan B + tan B tan C' + tan C tan A) = (tan A tan B tan C')?.

Vi tan A+tan B+tan C' = tan A tan B tan C nén hé thic trén c6 thé viét
3(tan Atan B + tan Btan C + tan C'tan A) = (tan A + tan B + tan C)?
& (tan A — tan B)? + (tan B — tan C)? + (tan C' — tan A)? = 0

& tan A = tan B = tan C hay ABC la tam gidc deéu.
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Bai toan 1.6 (Tuyén tap dé thi Olympic 30-4, nam 2007).
Cho tam giac ABC ¢6 p, R, r tuong ting la nita chu vi, ban kinh duong
tron ngoai tiép va nai tiép. Chitng minh hai ménh dé sau la tuwong duong:
(1) cot 4 cot B cot — = 3(tan 4 + tan B + tan g),
2 2 2 2 2 2

(2) /3r(4R+1r)=p
Va ¢6 nhan xét gl vé dang ciia tam gidc ABC khi ¢6 (1) hodc (2).
Chitng minh 1 (Bién ddi lugng gidc)

Ta da biét (xem, thi du, [8], cac Bai 330, 294, 304, 395c):

_at+b+c A B C

D 5 = 4R cos 5 €08 5 CoS (1.5)
S A. B . C
r= " = 4Rsin§sin§sin X (1.6)
A. B . C
cos A+ cosB+cos =1+ 4sin§singsm o (1.7)
12 cot B oot € = cot 2 4 cot Z 4 cot & (1.8)
cot — cot — cot — = cot — + cot — + cot —. :
2 2 2 2 2 2
Ta co 9
T T D
2) &3R4+ =) =p & d+ - =——. 1.9
(2) &3R4+ £)=p te=3 % (1.9)

T (5) ta c6
2 A , B , ¢
2(008 E-I-COS §—|—COS 5) = (14cosA)+ (1 +cosB)+ (14 cosC)

A B C A, . B C
& 2<0082 3 + cos® B + cos? 5) =4+ 4sin 3 sin B) sin oY (1.10)

Tw (1.5), (1.6), (1.9) va (1.10) ta c6
B C
A B C r 16 R2 cos? — cos? — cos? —
4+ 4s8in—sin —sin — =4+ — = 2 2 2
2 2 2 R 9 - . B . C
12R sm—sm—smE
A B C
, A , B ,C 4C082§COS2ECOSQE
& 2cos" 5 oSS Feos g = ———p5 ¢
3 sin — sin — sin —
2 2 2
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2A 2B 2C A B C
cos* — 4+ cos® — + cos® — 2 COS — COS — COS —
PN 2 2 2 _ 2 2 2
A B C . A. B . C
COS 5 COS 5 COS 5 sin 5 sin 5 sin 5
A B C
COS — COS — COS — 9 C
o 2 _ 4 2 _ 4 2 _ _ 2ot 2 cot = cot =
COSBCOSC cosAcosC COSACOSB 3 2 2 2
2 2 2 2 2
- B+C A+ C A+ B
@sm 5 +sm 5 +sm 5 _2 tA tB tC
COSBCOSC cosAcosC CosAcosB_gcO 2CO 260 2
2 2 2 2 2

@2(t A tanB iy C)—2 2ot Beot €
an - +tan -+ tan o ) = 5 cot o cot - cot o
& 3(t A tan B gy C)— 4ot Beot €

an - a1T2 an - ) = cot o cot —cot \
Vay (2) < (1). Néu ¢6 (2) hodc (1) thi ABC' la tam giac deu.
Chitng minh 2 (Bién doi tuyén tinh goc)

— A - B - C
DatA1:7T2 ,31:72 ,01:7T2 thi Ay, By, 1a ba géc cia
tam giac. Vay tan A; tan By tan C; = 3(cot Ay + cot By + cot C}), suy ra

A1B;C1 1a tam giac déu, hay ABC la tam giac deéu.

Bai toan 1.7. Cho tam gidc ABC khong vuong, chitng minh rang:
3tan® Atan? Btan® C — 5(tan® A + tan® B + tan” O)

< 9+ tan® Atan® B + tan® Btan? C + tan® C tan® A
Chting minh
Bét dang thic tuong duong véi
4tan? A tan? Btan?2C — 4( tan? A + tan? B + tan? C) —8
< (1 + tan? A)(1 + tan® B)(1 + tan®C')
1 1 1

(i) (es ) ee Y

C(iSQ A 1 cos? B cos2 C

1
—4 —3) —-8<K
(COS2 A ZCOSQ B + cos? C ) -

cos? A cos? B cos?2 C

cos? A 00?2 BcostC <C082 Acos? B + cos? B cos2 C + cos? Acos? C )

— cos? Acos? Bcos? C
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& cos? A + cos? B 4 cos? C > Z

Bat dang thiic cudi ciing luon ding v6i moi tam gidc ABC (xem, thi dy,
8], Bai 274). Vay bat dang thiic trén duge chitng minh.

Dau bang x4y ra khi va chi khi ABC' 1a tam giac déu.

Bai toan 1.8. Chitng minh rang v6i moi tam gidc ABC' ta luon co:
A B C A B C
3 ( cot? B} cot? 5 cot? 5) -5 ( cot? 5 + cot? 5 + cot? 5)

A B B C C A
<9+ cot? 5 cot? 5 + cot? 5 cot? 5 + cot? Bl cot? 5

Chitng minh 1 (Biénddi lugng gic)
Bat ding thic tuong duong véi
A B C A B C
4 cot? 5 cot? = cot? — — 4( cot? = + cot? = + cot? =) — 8

/% 2 B 2 o 2 2
< (1 t2 —) (1 t2 —) (1 t2 —)
< ( + co 5 + co 5 + co 5
4 ! 1 —1 1 —1 1
LA ) UL )0
sin” — sin“ — sin“ —
2 2 2
4( LS S 3> 8 < !
sin? é sin? E sin? g a sin? é sin? E sin? g
2 2 2 2 2 2
- ! 4 U S )
= _
sin? — sin? E sin? g sin? é sin? E sin? E sin? g sin? g sin? é
2 2 2 2 2 2 2
<
. 9 A .. 9 B .. 9 C

ST — S1In™ — S1n™ —

2 2

—+Si1’12§+sir12g > §

N 2 2 =4

Bat dang thitc cuoi cuing luon ding véi moi tam giac ABC' (xem, thi dy,

8], Bai 293). Vay bat dang thiic trén duge chitng minh.

Chitng minh 2 (Bién ddi tuyén tinh goc)
—A - B - C

DatA1:7r2 ,Blzﬁ2 =T

B C .
tan B; = cot o tan C] = cot 7 Ap dung Nhan xét 1.1 ta dugc

& sin?

A
. Khi d6 tan A; = cot X
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3tan’ A, tan{3 tan® C} — 5(tan® A 4 tan® B; + tan® C})
< 9+ tan® A; tan® By + tan® By tan? C; + tan® Oy tan® A;
Vi bat dang thic trén ding cho tam giac A;B;C, theo Bai 1.7 nén Bai
1.8 ding cho tam giac ABC.

Bai toan 1.9. Ching minh ring néu

sin ('

—  —tanA+1
cos A cos B an A+

thi tam gidc ABC c6 mot goc bang 45°
Chitng minh (Bién ddi lugng giac) Ta c6

sin C'
———— —=tanA+1
cos Acos B an. +
sinC' sinA+cosA
cos Acos B cos A

< sinC' = sin A cos B 4 cos A cos B

& sinC = %[sin(A — B) +sin(A + B)| + cos Acos B

& sinC —sin(A — B) = 2cos Acos B

< sin(A+ B) —sin(A — B) =2cos Acos B

< 2cos Asin B = 2cos Acos B

& sinB=cosB&tanB =14 B =454 k180°.

Vi B 1a goc trong tam giac ABC neén k = 0. Suy ra B = 45°.

Bai toan 1.10. Chiing minh ABC 1a tam giac vuong néu
C

COS —

2 _ ot
A B—cot2+1.
sin — sin —

2 2

Chting minh 1 Ta c6

COSC
e oA
A B—cot2+1
Sin — sin —

2 2
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C A A
COS — COS — + sin —
PN 2 _ 2 2
. A B A
s1r12sm2 sin
o C’_ A B+ A B
0082—008281n2 Sll’1281n2
o C_l[.B—A+.B+A]+.A.B
CcoS 7 = 3 sin 5 sin 5 sin 5 sin 5
C ~ B—-A A B
& oS — — sin 5 = 2sin — sin —
A B B A A B
& sm(a + =) - SIH(E — —) = 2sin —sin —
B A

@20085811’15:2sin§sin5(:>tan5:1(:)B:g+k27r.

Vi B la géc trong tam giac ABC nén B = g, hay ABC' la tam giac vuodng.

— A — B - C

Chﬁ’ngminh2DétA1:7r2 ,31:”2 ,01:7T2 Wi
A B

cos Ay = sin —, cos By = sin —, sin C; = cos —, tan C; = cot — nén
2 2 2 2

COSC
9 A sin C'y
4 B¢ 27L cos Ay cos By an-Ai +
sin o sin o

Theo Bai 1.9 thi tam gidc A B,Cy c6 By = %.

Vay tam giac ABC ¢6 goc B = g hay tam giac ABC' la vuong dinh B.

Két luan: Cac vi du trén cho thay, chi nhd mat phép bién doi tuyén tinh
T— A T™— B ™ —
goc don gidn A; = 5 , Bl = 5 O =

don gidn (Nhan xét 1.1), tit mot hé thic da dude ching minh, ta c6 thé

va mot nhan xét

dé dang tao ra va ching minh mot hé thic méi trong tam gidgc. C6 thé
tao ra rat nhiéu hé thic khac nhd st dung bién doi tuyén tinh goc dang
T™T—A m™—B ™—C
1 / 9 y 1 9 y V1
tu. Tat ca céc bai nay da dugc giai trong [3].
BAI TAP TUONG TU.

. Du6i day 1a mot s6 Bai tap tuong

Bai toan 1.11. Chitng minh rang v6i moi tam gidc ABC ta luon co6

1 N 1 N 1 N 3v2
l1+vVsinA 14++vVsinB 146500 V243
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Bai toan 1.12. Chiing minh ré”mg v6i moi tam giac ABC ta luon ¢6

1 - 3v2
/ / [ C ~V2+v3
1+ cos— 1—|— cos— 1+ COSE \/_+\/_

Bai toan 1.13 (Tuyén tap dé thi Olympic 30-4, nam 2007).
Cho tam gidac ABC c6 ba géc nhon. Chitng minh rang

tan® A + tan® B + tan® C
tan A + tan B + tan C

Bai toan 1.14. Chitng minh rang trong tam giac ABC' ta luon c6
C

A
5 — 0 — 5 —
co 2+co 2+co 5

tA—l— tB-I— tC
002 co2 002

Bai toan 1.15 (Dé thi hoc sinh gi6i PTTH toan quoc, 1998).

Cho tam giac ABC c6 ba géc nhon, tanA, tanB, tanC la ba nghiém cua
phuong trinh 2 + pa® + qr +p = 0(q # 1).

Chtng minh: —p < —3v/3;¢ > 1.

AV
©

A B C
Bai toan 1.16. Cho tam giac ABC' c6 cot X cot o cot 5 la ba nghiém
clia phuong trinh 23 + pr? + gz +p=0(g # 1) .
Chtng minh: —p < —3v/3;¢ > 1.

1.2 Bién doi tuyén tinh géc dang 2

Ay =1 —2A, By =71 —2B,Cy =m — 2C.
Meénh dé 1.4. Néu A, B, C' 1a ba géc nhon ctia mdt tam giac thi
Ay =m—2A, By =n—2B,Cy =7 — 2C clng la ba gbc cua tam giac.
Chiting minh
That vay, vi A, B, C la ba géc nhon ciia tam giac nén 0 < A, B,C < g
vVaA+B+C =m Suyra0 < Ay, By,Cy < w™ va Ay + By + Cy = 7.

Ching t6 As, By, Cy 1a ba géc ciia mot tam giac.
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Nhan xét 1.2. Vi cos Ay = cos(m — 2A) = — cos 2A nén tit mot he thic
chtta cos As, cos By, cos Cy ciia tam giac Ao BoCy ta ¢6 mot hé thiic chia
cos2A, cos 2B, cos 2C' ctia tam giac ABC ¢6 ba goc nhon.

Duya trén Ménh dé 1.4 va Nhan xét 1.2, ta dé dang tao ra mot hé thic
luong gidc mdi trong tam giac c6 ba goc nhon tit mot hé thite da biét cho

tam giac c6 ba goc bat ki. Cac vi du duéi day minh hoa diéu do.

Bai toan 1.17.
Chiing minh rang bat déng thic sau day ding véi moi tam giac ABC
3
cos 2A + cos 2B + cos 2C > —3
Chitng minh 1 (Bién doi lugng giac)
V6i moi tam giac ABC ta c6:
3
cos2A + cos 2B + cos2C + 3

= 2cos(A + B)cos(A — B) + (2cos*C — 1) +g
1
=2C0820—2COSCCOS(A—B)—|—§

1 1
= 2<cos2 C' —cosCcos(A— B) + 1 cos?(A — B)> +3 sin?(A — B)
1 2 1
= Q(COSC — ECOS(A — B)) + §Sil’12(A —B)>0
PN 1
Dau bang x&y ra khi va chi khi cos C'— 5 cos(A—B) =0vasin(A—B) =0
hay A= B =C = g .
Chitng minh 2 (Bién ddi tuyén tinh goc)
Néu them diéu kién tam gidac ABC c6 ba géc nhon thi Ay = 7 — 2A,
By = m—2B,Cy = 7 — 2C ciing la ba goc clia mot tam gidc. Ap dung
Nhan xét 1.2 va Bai 1.1 cho tam gidc Ay ByC5 ta duge

Vay ABC la tam giac déu.

3
cos 2A + cos 2B + cos 2C = — cos Ay — cos By — cos Oy > —5
N,® ~ N ~ o L 2. £ s ~ = A
L&i binh Nhu vay, bang phép bién doi tuyen tinh géc Ay = 5
— B - C
31:772 ,C1:7T2 ,VéAQZ’]T_zA,BQ:7T_2B702:7T_20
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tir Bai toan 1.1 ta da sang tao va chiing minh rat ngan gon hai bai toan
méi la Bai 1.2 (Chuong 1, muc 1.1) va bai 1.15 (Chuong 2, muc 1.2).
Tuy nhién, khong phai v6i tam giac nao ta ciing ap dung dugc phuong
phap bién doi goc cu thé nao dé. Thi du, phép bién déi tuyén tinh goc
Ay =1 —2A,By =71 —2B,Cy = m — 2C doi héi them diéu kién tam giac
ABC' c6 ba goc nhon.

Bai toan 1.18. Chitng minh rang tam giac ABC déu néu
1 1 1 1

+ + — .
sinA  sin?B  sin?C 94 A. B . C(C
sin — sin — sin —
2 2 2
Chitng minh Theo bat ding thiic Cauchy ta cé:
S SUNU B
sin?A  sin?B ~ sin Asin B’
NS RN S
sin? B sin?C ~ sin BsinC’
R SR S
sinC' sin®A ~ sin AsinC’
Suy ra
1 1 1 1 1 1

>

sin? A + sin’ B * sin?C' ~ sin Asin B + sin B sin C' + sin Asin C'
_SinA+sinB+sinC
~ sinAsin BsinC

. A+ B A—-B - C C
2 sin CcoS + 2sin — cos —
_ 2 2 2 2

N sin Asin Bsin C'
A—B A+B>

C
2eos ) (
cos | cos

. A A B B C (C
8 sin — cos — sin — cos — sin — cos —
2 2 2 2 2 2

A ¢ A B

CO8 - €08 7 COS 7

. A A . B B C (C

8 sin — cos — sin — cos — sin — cos —
2 2 2 2 2

2

5 + cos 5
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1
2sinésin§sin€.
2 2 2
Diang thitc xay ra khi va chi khisin A =sin B =sinC, ticla A = B = C

hay ABC la tam giac deu.

Nhan xét 1.3. Vi sin Ay = sin(m — 24) = sin 24, sin By = sin 2B,
B
sin Cy = sin 2C; sin72 = COSA,SiIl72 = cosB,sim—2 = cos C, nén tu
S . L : . . Ay . B
mot hé thic clia tam giac Ay BoCy chita sin As, sin Bsy, sin (5, sin - sin -
C
sin 72 ta suy ra mot hé thic chita sin 2A, sin 2B, sin 2C, cos A, cos B, cos C

cua tam giac ABC
Bai toan 1.19 (Thi Dai hoc, Khoi A, 2001).
Chting minh rang ABC' la tam gidc déu néu

1 1 1 1
+ + =
sin?2A4  sin?2B  sin?2C 2cos Acos B cos C.

Chitng minh 1 (Bién ddi lugng giac)
Theo bat dang thiic Cauchy ta c6

1 1 2

> .

sin?2A + sin? 2B ~ sin2Asin 2B’

1 N 1 - 2 _

sin?2B  sin?2C ~ sin2Bsin 2C"
1 1 2

sin“2C  sin“2A — sin2Asin 2C

Suy ra
1 1 1 N sin 2A 4 sin 2B + sin 2C'

sin? 24 * sin? 2B + sin?2C.~  sin2Asin 2B sin 2C
4sin Asin Bsin C 1

:/8 sin A sin B sin C' cos A cos B cos C - 2 cos A cos B cosC
Dau dang thic xady ra khi va chi khi sin 24 = sin2B = sin 2C hay ABC

13 tam giac deéu.

Chitng minh 2 (Bién ddi tuyén tinh goc)
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Do vé trai duong nén dau bang chi c6 thé xay ra khi tam giac c6 ba
goc nhon. Dt Ay =1 —2A, By =71 — 2B, Cy = 7 — 2C. Khi ay A3ByCs

la ba géc ciia mot tam giac. Ta co

1 1 1 1
+ + >
sin?2A  sin’2B  sin?2C ~ 2cos A cos B cos C.
N 1 N 1 N 1 S 1
sin? A, sin® A, sin® Ay Ay By . Oy

2sin — sin — sin —
2 2 2
Theo Bai 1.18, dau ding thic x4y ra khi va chi khi A3B85C5 1a tam giac

déu. Vay dang Bai 1.19 x4y ra khi va chi khi ABC 1a tam giac deéu.

Bai toan 1.20. Chitng minh rangABC 1a tam giac déu néu

4(81113 A + sin® = + sin® C) + 2sin A sin b sin ¢_3
= — +sin® — +sin” — in — sin — sin — = —
3 2 2 2 2 2 2 4
Chitng minh Ta c6 (xem, thi duy, [8], Bai 304):
B . C
cos A+ cosB+cosC =1 +4sin§sinasin§
A C 1 1
j) QSinAE sin EQBSiHE :C—§ + 5(601:14 —I—Bcos BC—I— cos C'). Do d6
g(S;lflgE—;SingE;Sin?) §)+281?§SIHESIHE = % 5
& g(sin?’ 5 + sin® g + sin® 51) + §(C084A + cos B + cos Cl’) =T
Xét ham sb fgcx) = gsin3g—l—§ CoST = gsin3g—sin2 g—l—é, voi x € (0;7)
Dat X = sin§ vl x € (0; 7). Khi ay
4 1
F(X) = §X3—X2+§,O<X:sing <1.
1
f(X) =4X? —2X =2X(2X 1) =0 & X1 = 0, Xp = =.
) ) 4 1

Lap bang bién thién ctia ham s6 f(X) = §X3 - X2+ 5 tren doan [0; 1]
ta dugc
FOX) > F(5) = 2 v6imoi 0< X —sin™ < 1

— _ — = S1n — .

2 f(5) = 5 voi moi sin o <

PR T A | 7
Dau bang xay ra khi va chi khi sin — = — hay = = T suy ra

4 A B C 1 5)
g(sin3 7+ sin® 5 T sin’ 5) + i(cosA + cos B 4 cosC) > 2 v6i moi
x e (0;m)
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Dau dang thtc xay ra khi va chi khi A= B =C = g hay tam gidc ABC
deu.

T — A . Ay . DBy
= sin —, cos B = sin —,
2 2

Ao By C

. Oy : : . Gy
cosC' = sin 5> nén tit mot hé thic chira sin TR sin - Sln7 cua tam

Nhan xét 1.4. Vi cos A = cos

gidc Ay Bo(Cy ta suy ra mot hé thic chia cos A, cos B, cos C cua tam giac
¢6 ba goc nhon A, B, C.

Bai toan 1.21 (Tuyén tap dé thi Olympic 30 — 4, nam 2007).

Tinh cac goc ciia tam giac ABC ¢6 ba géc nhon biét:

4 3
g(cos?’ A+ cos® B + cos® C) + 2cos Acos BeosC = 1

Chitng minh 1 (Bién ddi lugng giac)
Ta c6 (xem, thi du, [8], Bai 254):
cos2A 4+ cos 2B + cos 2C' = —1 — 4 cos A cos B cos C. Suy ra

4 3
g(cos?’ A + cos® B + cos® C') 4+ 2cos Acos BeosC = 1
4 1
=3 5(0083 A+ cos® B+ cos® C) — §(COS 2A 4 cos2B + cos2C) =

o
4 1 4
Tuong tu Bai 1.20, xét ham f(X) = §X?’ — X%+ 5 voi X = cos,
O<z< g, 1> X >0 (do tam gidc ABC c6 ba goc nhon), ta c¢6
4 1 1 5
X)=-X3-X24+->f(=)=—=.8S
700 =3 #5213) =gy S
5(0053 A+ cos® B+ cos® C) — é(cos 2A + cos2B + cos2C) >
Dau déng thic xay ra khi va chi khi tam gidc ABC déu.
Chitng minh 2 (Bién doi tuyén tinh goc)
Tam giac ABC' ¢6 ba goc nhon nén Ay = 1—2A, By = 1m—2B,(Cy = 7—2C
1a ba goc clia mot tam gidge. Ap dung Nhan xét 1.4 ta suy ra:
4 A A B Cy 3
(13.2) & g(sin3 72 + sin® 72 + sin\?’ 72) + 2sin 72 sin 72 sin 72 =7 \
Theo Bai 1.20, tam giac Ay ByCy déu. Suy ra ABC cung la tam giac deu.

=~ | Ot

Bai toan 1.22. Chitng minh rang v6i moi tam giac ABC ta luon co:
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3v/2

1
sin® A +sin® B + —sin C<1+—

V2
3v/2

1
.9 .. 9
sin® A 4+ sin® B + — sin C<1_|__
V2
1 NG
<2 « 2 )
& sin® A + sin” B + —sin C’—(l—i——)
V2 4

1 1
<1 - §(C082A—|— cos2B) + —=(1 — cos® C) — (1 + —

v2 1
@cosQC’—\@cos(A—B)cosCJri > 0.

Chiing minh Ta c6:

1 1
& cos? O —+/2 cos(A— B) cos C’+§ cos2(A—B)+§(1—cos2(A—B)) > 0.

& <COSC — %COS(A — B))2 + %(1 — cos’(A— B)) > 0.

Bét dang thiic ding v6i moi tam giacABC.
Dau déng thic xay ra khi va chi khi

cos(A—B)=1 C:Z
1 2N
cosC = — o, 3m

Nhan xét 1.5. Visin Ay = sin(r—2A) = sin 2A, sin By = sin 2B, sin Cy =
sin 2C' nén tit mot hé thic chita sin A, sin By, sin Cy cua tam gidc Ay ByCy
ta c6 mot he thiic chita sin 24, sin 2B, sin 2C' ctia tam giac ABC' ¢6 ba géc

nhon.

Bai toan 1.23. Ching minh rang vé6i moi tam gidac ABC ta co:

1 32
sin? 24 +sin? 2B + —=sin®2C < 1 + —\/_(13.2)
V2 4
Chitng minh 1 (Bién ddi lugng giac)
V6i moi tam giac ABC’ ta co:

sin22A + sin? 2B + — sm 290 — ( )

(1 — cos?20) — (1 + i)

1 1
= 5(1 — cos2A) + 2(1 —cos2B) + 1

E\
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1 2
= —cos(2A + 2B) cos(24 — 2B) — —= cos? 2C' — £

NG 4

1 2
= ———=c0s*2C — cos 2C cos(2A — 2B) — %

V2

— _%(cos2 2C 4 /2 cos 2C cos 2(A — B) + %cos2 2(A — B))
1
— m(l — COS2 2(14 — B))

= —%(cos 2C + %cos 2(A — B))2 — %(1 —sin?2(A - B)) <0.

Vay Bai (13.2) dung. Dau dang thiic xay ra khi

sin2(A — B) =0 o= 3"
1 o 8
cos2C = —— om
A=p="
V2 16

Chitng minh 2 (Bién doi tuyén tinh goc)

Néu them diéu kieén tam gidc ABC c6 ba géc nhon thi Ay = 7 — 2A,
By =7m—2B,0Cy =1 — 2C cling la ba goc cua tam giac.

Ap dung Nhan xét 1.5 va Bai 1.22 ta co:

1 1 3v2
sin® 2A+sin? 2B+ ——sin? 2C = sin? Ay+sin® By+——sin? 0, < 1—1——\/_.

V2 V2 4

PR 3
Dau bang xay ra khi va chi khi Cy = % va Ay = By = g, tuc 1a
™—Cy 3w m™— By o7

T W A=B-= _ o
2 g 2 16

Bai toan 1.24. Chitng minh ring tam gidc ABC can néu ba goc clia n6

C =

théa man hé thuc
sin A = 2sin BcosC.

Chitng minh (Bién déi lugng giéc)

sin A = 2sin BcosC' < sin A = sin(B + ) + sin(B — C)

& sin(B-C) =0

Vio<|B—-C|<mnén B—C =0. Vay tam giac ABC can dinh A.

Bai toan 1.25. Ching minh rang tam giac ABC can néu ba géc clia no
thod man hé thic
sin2A4 = —2sin 2B cos 2C.
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Chitng minh 1 (Bién ddi lugng gidc)

Ta c6 sin2A = —sin(2B — 2C) +sin2A4, suy ra B = C.
Vay tam gidc ABC can dinh A.

Chitng minh 2 (Bién doi tuyén tinh goc)

Néu them diéu kién tam gidc ABC c6 ba géc nhon thi Ay = 7 — 2A4,
By =7m1—2B,Cy =1 — 2C cung la ba goc cua tam giac. Khi d6 hé thic
sin2A = —2sin 2B cos 2C tré thanh sin Ay = 2sin By cos Cy. Theo Bai
1.24 tam giac A2 B>C5 can dinh As. Do d6 tam giac ABC can dinh A.

Nhan xét 1.6.

Vi Ay =7 —2A = B+ C — A nén phép bién doi Ay = 7 — 2A,

By =1 —2B,Cy = 7 — 2C ciing 1a phép bién ddi A3 = B+ C — A,
Bs=C+A—-B,C3=A+ B —C. Dé A3B3C5 1a ba goc ctia mot tam
giécthiA3:B+C—A>OhayA3:B+C—A:7r—2A>O,A<g.

Tuong tu, B < g, C < g Vay dé phép bién doi A3 = B+ C — A c6 nghia
thi ABC phai la tam giac ¢6 ba géc nhon.

Bai toan 1.26. Chitng minh rang tam giac ABC can khi va chi khi
sin(B+C — A) =2sin(C+ A — B)cos(A+ B —C).

Chitng minh 1 (Bién ddi lugng giac) Ta c6

sin(B+C —A) =2sin(C+ A— B)cos(A+ B —C)

< sin(B + C) cos A — sin Acos(B + C) = sin(2C — 2B) + sin 24

& sin2A = sin(2C — 2B) +sin 24

& sin(2C — 2B) = 0, suy ra B = C. Vay tam giac ABC can dinh A.
Chitng minh 2 Néu thém diéu kién tam gidc ABC c6 ba goc nhon thi
A3=B+(C—-AB3=C+A—B,C3=A+ B —C. cing la ba géc cua
mot tam giac. He thie sin(B+C — A) = 2sin(C+ A— B) cos(A+ B—C)
tuwong duong véi sin Ay = 2sin By cos Cy. Theo Bai 1.24, tam gidc Ay ByCy
la can dinh As, suy ra tam giac ABC can dinh A.

Bai toan 1.27 (DH M6 dia chat nam 1998).
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Cho tam gidc ABC thoa man

B C 1 sinB+sinC | A
2c08S—cos— = — + - sin —
2 2 2 sin A 2

Chtng minh A = g

Chitng minh T gid thiét ta co
B C 1 sinB+sinC . A

2 — — = = —
CcOS 5 CcOS 5 5 + sn A Sin
. B+C B-C
o B C 1+28m 5 CcoSs 5 A
- - n —
00820082 5 A ) S 5
2sin — cos —
o9 B C_1+ B C'_|_. B . C
coSs 5 cos 7 =3 CcoS 5 coS 5 sin 5 sin 5
o B—|—C’_1¢>, A_1<:>A_7T
coS 5 =3 81112—2 =3

Nhan xét 1.7. Néu tam gidc ABC ¢6 ba géc nhon thi Ay = 7 — 2A,
By =m—2B,C5 =7m — 2C cung la ba goc ctia tam giac. Ta co:

sin Ay = sin 24, sin By = sin 2B, sin Cy = sin 2C' va cos 72 = sin A,
BQ A2 B2 02 . A2

COS 5> = sin B, sin 5 = cos A. Tu mot hé thic chiia cos R COS > sin 5

sin As, sin By, sin Cy ctia tam giac As BoCy ta ¢6 mot hé thiic chita sin B, sin C,
cos A, sin2A, sin 2B, sin 2C' cta tam giac ABC.

Bai toan 1.28. Ching minh AABC ¢6 A = g néu

1 in 28 in2C
2sin BsinC = — + St - +sin cos A.
2 sin2A

Chitng minh 1 (Bién doi lugng giac)
1 in 2B in 2C
QSinBsinC’:§+Sm .—i—sm cos A

sin 2
, , 1 2sin(B+ C)cos(B - C)
2sin B = —
< 2sin Bsin ¢ 2 + 2sin Acos A

1
& 2sin BsinC' = §+COSBCOSC+SiDBSinC

cos A

1
s cos(B+C) = —3» Suy ra A= g

Chitng minh 2 (Bién doi tuyén tinh goc)
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Néu them diéu kién tam gidc ABC c6 ba goc nhon thi Ay = 7 — 2A,
By =7n—2B,Cy = m — 2C cung la ba goc cia tam giac A, ByCy. Do

sin Ay = sin 24, sin By = sin 2B, sin Cy = sin 2C' nén

1 in 2B + sin 2
QSinBsinC’:—+8m '—|—sm CCOSA
B, & 1 324 ne, A
2 2 Sin Ly — S1n G | 2
&2 —— 2= 2
Cos 5 cos 5 5 + S, sin 5

Ap dung Bai 1.27 va Nhan xét 1.7 suy ra tam giac Ay BoCy c6 Ay = g
Vay tam giac ABC ¢6 A = g

BAI TAP TUGNG TU

Bai toan 1.29 (Vien DH Mé Ha Nai, Khéi D, 2000).
Tinh cac goc ciia tam giac ABC biét

1
sin? A — sin® B + cos? B — cos B = —5
Bai toan 1.30. Tinh cac gbc ctia tam gidc ABC biét

1
sin?(B+C — A) —sin(B+C — A)+cos?(C+A—B)—cos(C+A—B) = —5

Bai toan 1.31 (Tap chi Toan hoc va Tudi tré).
Chitng minh riang néu
A B C 26

2 4L 2D 2 & A B Ve Y
tan 5 tan 5 + tan 5 (tan2tan2tan2) 57

thi ABC la tam gidc deéu.

Bai toan 1.32. Chitng minh rang néu

26
cot? A + cot® B 4 cot* C' — (cot A cot B cot C)* > 57

thi ABC la tam gidc deu.
Bai toan 1.33. Ching minh ring véi moi tam giac ta c6

B C A
(cos g)%os? + (cos g)QCOSE + (COS %)2COS§ > 2.
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Bai toan 1.34. Cho tam giac ABC c¢6 ba géc nhon.
a) Ching minh
(Sin A)2sinB + (Sil’l B)2sinC + (sin C)2sinB > 2.
b) Bat dang thitc trén con ding khong khi tam gidc ABC vuong? vi sao?

Bai toan 1.35. Ching minh v6i moi tam giac ABC ta c6

COS§ . COSE s COSE
C A
COS§+COZ§+1 CBOSE-FCOSCE-Fl COSE-I-COS?—I-l
+(1 — cos 5)(1 — co8 E)(l —COSE) < 1.

Bai toan 1.36 (Tuyén tap Olympic 30-4, nam 2003).
Chting minh ring trong moi tam giac ABC ta co
sin A sin B sin C

sin B+sinC + 1 + sin A +sinC +1 + sinB+sinA+1
+(1 —sin A)(1 —sin B)(1 —sinC) < 1.

1.3 Bién déi tuyén tinh géc dang 3

A B T+ C
A3 =—,By3=—,C3 =
3 27 3 2) 3 9 )
Meénh dé 1.5. Néu A, B, C la ba goc clia tam giac ABC thi A3:§,

T+ C

B
B3 = 57 03 =
™ T+ C
— < (O =
2~ 70T 2
Ching minh Vi A, B, C la ba goc ctia tam giac nén

0<A3,Bg,03<7TV51A3+B3+03:7T.

cang la ba goc cta tam giac tu A3 B3(C'3 véi

< .

C
Hon nia g < (5= Tt < m. Ching t6 tam gidc A3B3C5 c¢6 goc C tu.
C C C
Nhan xét 1.8. Vi (5 = Tt nén sin C'5 = sin 7T—|2_ = COS X

C C C
cos(C3 = —sin E,tanC’g = —cot E,cot C3 = —tan R Tu mot hé thic

chita sin A3, sin Bs, sin C5 (tuong tng chita cos As, cos Bs, cos Cs; tan Ag,
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tan Bs, tan Cf; cot As, cot Bs, cot C5) dung cho tam giac tu AngCg (hoac
C

tam glac Angcg bat kl) ta sé suy ra HlOt he thtc chita sin — sm , COS —
11 ng cnua CoOS COS S1n , tanl an CcO , CO CO
g g 9 ) 9 ) 9 ) 9 ) 9 ) 9 ) 2 ) 9 )

C )
tan 5) dang cho tam giac ABC' bat ki.

Bai toan 1.37. Ching minh ring véi moi tam giac ABC ta luon c6
A B . C 3

- - _<_
COS2 —|—0052 sm2 5

Chitng minh 1 (Bién ddi lugng giac)

A+ B C<3
co8 cosA sin o < 3
@3—20035—2008—+281n§>0
B+C B
& 3 — 2sin + —2(:os§+281n§>0
B C B . C B C
@3—2<sinicos§+cos§sin§>—2c055+251n§>0
<:>< ¢ B)2+(1+' ¢ B>2>O
cos 81/n 2, sin o — cos 5
luon ding vi dau bang khong xay ra.
3
That vég, CoSs EB+ cos——sig 5 =5 ,
:>COS§—Sin5202>COS§:COS7T_ = (C =+(r— B). Vo li.
Chitng minh 2 (Bién doi tuyén tinh goc)
A B T C . . o,
it A3 = E,Bg = E,Cg =5 + 7 Khi ay As, B3, Csla ba goc cua

tam giac tit A3B3C5. Ta da biét he thiic cos A + cos B + cos C' < g (xem
Bai 1.1) dang cho tam gidc A3B3C3 bat ki. Dau bang xay ra khi va chi
khi Az, B3, C3 1a tam gidc déu nén 6 day dau dang thiic khong xay ra vi
As, B3, C5 la tam giac tu.

Vi cos A3 = cos —, cos By = 0035, cos(Cy = — sinE nén ta co:
A B , 3
cos o + cos 5 —sin o = cos As + cos By + cos U < 9 (dpcm).
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Bai toan 1.38. Ching minh ring véi moi tam gidac ABC' ta luon co:

3<tan2 gtaHQ E cot? g) — 5(tan2 é + tan? E + cot g)

2 2 2 2 2
A B B C C A
<9+ tan® 5 tan? 5 + tan? 5 cot? E + cot? 5 tan? 5

Chitng minh 1 (Biénddi lugng giac)
Bat dang thic tuong duong véi

A B C
4 tan? 3 tan2 5 cot? 5~ 4(tan2 3 + tan? Bl + cot? —) -8

2
< <1 + tan? é) <1 + tan? g) (1 + cot? %)

R T

cos? — cos? — sin
1 1 1 1
cos? —  cos? —  sin® — cos? — cos? — sin” —
2 ! 2 2 2 2 2
S A B _,C
cos? — cos? — sin” —
2 2 2

2 B ,C
< COoS §+cos E+sm §>
1+cosA 1+ cosB ., C
2 T oo
2 U ¢ A_B+i>0véi moi tam gidgc ABC.

A~ o

B + sin B) coS 5
Do dé bat ding thiic da cho luon ding véi moi tam giac ABC.

Chitng minh 2 (Bién doi tuyén tinh goc)

A B C A
Dat A; = E,Bg = E,Cg = W; . Khi d6 tan A3 = tanE, tan By =

B .
tan o tan C5 = — cot R Ap dung Nhan xét 1.8 ta dugce

& sin

3tan® A; tangB tan® C3 — 5(tan? A + tan® Bs + tan® Cs)

< 9+ tan® As tan? B; + tan® Bs tan® C5 + tan® Cy tan® As

Vi bat dang thtc tréen ding cho tam gidc AsBs3Cs theo Bai 1.7 nén Bai
1.38 dang cho tam giac ABC.
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Bai toan 1.39. Cho tam gidc ABC théa man: 2A+ 3B =7
N Z ? 5
Chting minh rang céc canh tuong ting théa man bat dang thitc a+b < ZC.

) 3B
Chting minh Theo gié thiét 2A + 3B = 7w nén A = g — 5 Suy ra

3B

B B
C:W—(A—I—B):g—i—E. DOdéSinA:COS7,SiHC:COSE.

Theo din5h i ham s6 sin ta c6 -
a+b< Zc<:>sinA—i—sinB < ZsinC’

SB+, B<5 B
—_— n J— —_—
<:>COS2 si _4(3082

B 5 B

@400835—30055—1—20085511&5 < 10085

B B B
<:>4C032§—§—|—2Sin5 S%(do COSE >0)
@4(1—?25) _;+21Sin§§1 o
@4Sin2§—231n§—|—1 >0« (281115—5)2

Bat dang thiic cudi cung luon ding. Vay a + b <

ot

0.

e o 1V
(@)

Bai toan 1.40. Cho tam giac ABC théa man 2A + 2B = 2.

. C

h1 inh ra in— +sin — < — —. (*
Chitng min rangsm2—|—sm2 < 7908 5 (*)
Ching minh 1

) A w 3B C B

Th i thiet 2A 4+ 2B =2m. nén — = — — — - =—,

€o glatAlet —;B C71Tnen 2B 5 1 , suy ra 5 1
Do do6 sin — = cos —, cos — = cos —. Ta c6

4 2 4

sin——l—sin§<§cosg

2 2 4 2
N 3B+, B<5 B

coS 1 st _40084
(:)40083——BCOS§+QCOS—Sin§<§cos§

é 4 4 4 — 4 4

4cos® — — 2sin — < — —
& 4 cos 5 §+ 81n2_é(do5cos4>0)
& 4(1 —sin® —) — 3+ 2sin— < -

( ;m 4) B—|— 1Slr12_4

4sin®? = — 2sin — 4 ~ >

& 4sin 5 81n2+4_0
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@(Q'B 1)2>ov in2 L sin D < B eps
sin—-—5) 2 .?aysm2 sin o < o cos o
Ching minh 2 (Bién doi tuyén tinh goc)
A B T+ C
a 3 2) 3 27 3 9 5
Khi ay sin A3 = sin 7 sin B3 = sin E,sin C5 = cos 5 Ta ¢6
B 5 5
sinE —i—sinE < ZCOSE & sin Az + sin By < ZsinC’g.
Theo Bai 1.39, tam gidc A3B3C'3 théa man hé thic 243 + 3B3 = 7 thi

sin Az + sin B3 < 1 sin (5.

A B 5
Vay tam giac ABC thoéa man 2A + 3B = 27 thi sin 3 + sin B < 7608 5
BAI TAP TUONG TU

Bai toan 1.41 (DH Can tho nam 2000).

A B
Cho tam gidc ABC thoad man hé thic 5 tan 3 tan E) =1.
Chiing minh 3sin C' = 2(sin A + sin B).

Bai toan 1.42. Cho tam giac ABC thod man hé thic 5tan Atan B =1
Ching minh —3sin 2C' = 2(sin 24 + sin 2B).

Bai toan 1.43. Cho tam giac ABC.
Chtng minh réing néu sin? A + sin® B +sin? C' = 2

thi ABC' la tam giac vudng.

Bai toan 1.44. Cho tam gidc ABC. Chiing minh rang

B C A B . C
— +cos® — =2 —2c0s = cos —sin —

. 247 .
Sin 2+Sm 5 5 5 5 5

1.4 Bién do6i tuyén tinh géc dang 4

Ay =24 By =2B,Cy = 2C — 7.
Ménh d& 1.6. Néu ABC I tam giac tu (vdi C' > g) thi Ay = 24,
B, =2B,(C4y = 2C — 7 cung la ba goc ctia tam giac.
Ching minh Vi A, B, C 1a ba géc ciia tam giacABC tu (véi g <C <)
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nén,0<A,B<g.Dod60<A4:2A<7r,O<B4:QB<7r,
0<Cy=2C—m. Honntta, Ay + By +Cy =2A+2B+ (2C — ) = 7.
Chung t6 Ay, By, Cy 1a ba géc clia mot tam giéc.

Nhan xét 1.9. Vi Cy = 2C — 7, C > g nen sin Oy = — sin 2C,

cos Cy = — cos 2C, tan Cy = tan 2C, cot Cy = cot 2C'". Nhu vay, tit mot hé
thitc chita, sin Ay, sin By, sin Cyy (tuong ting chita cos Ay, cos By, cos Cy,
tan Ay, tan By, tan Cy, cot Ay, cot By, cot Cy) ding cho tam gidc ABC ta sé
suy ra mot hé thic chitasin 24, sin 2B, — sin 2C, (tuong tng chia cos 24,
cos2B, — cos2C, tan 2A, tan 2B, tan 2C, cot 2A, cot 2B, cot 2C') ding cho
tam giac ABC tu.

Bai toan 1.45. Cho tam gidc ABC. Chitng minh rang:

3
cos 2A + cos 2B — cos2C < 5

Chitng minh 1 (Bién ddi lugng gidc)
cos2A + cos 2B — cos2C' — 2
3
= 2cos(A+ B)cos(A— B) — (2cos?C — 1) — B
1
= —2cos*C — 2cosC cos(A — B) — 3
1 1
= —2(cos C' + 3 cos(A — B))? — 5(1 —cos?(A—B)) <0
ding v6i moi tam giac ABC.
PN 2
Déu biing xéy ra khi va chi khi A= B = % va C = ?ﬂ
Chitng minh 2 (Bién déi tuyén tinh géc) Véi gid thiét phu la goc C tiL
Diat Ay = 2A, B, = 2B,Cy = 2C — 7. Khi ay A4, By, Cy 1a ba géc cla
mot tam gidc. Vi cos Ay = cos2A, cos By = cos 2B, cos Cy = — cos 2C' va
Bai 1.1 ding cho tam gidc ABC nén ta co:
3
cos2A + cos 2B — cos2C = cos Ay + cos By + cos Cy < 3

Dau bang xay ra khi va chi khi A,B4C, 1a tam gidc deu, hay ABC 1a tam
. . ™ 2T
glaccanvdlA:B:EvaC:?.
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Bai toan 1.46. Cho tam giac ABC' thoa man

1 sin2B —sin2C
2 BsinC = — in A
CcOoS D sin 5 + Sn oA sin

5)

Chtng minh tam giac ABC ¢6 A = % hoiic A = %
Chitng minh 1 (Bién doi luong giac) Ta c6

1 in2B — sin 2
2cos BsinC = — + e - e C1sinA

21 oesh4 C)sin(B - ©)

cos(b + sin(b —
2cos BsinC' = —

& ecossm 2 * 2sin A cos A

1
& 2cos BsinC = §—sinBcosC+cosBsinC’

sin A

1 1
@sin(B—FC):ﬁ(:)sinA:E.

5
Vay tam gidc ABC c¢6 A = % hoic A = %

Chitng minh 2 (Bién doi tuyén tinh goc)

Gia st tam gidc ABC ¢6 goc C tu. bat Ay =2A,B,=2B,Cy =2C — .
A

Vi sin A, = sin 24, sin By = sin 2B, sin Cy = — sin 2C, sin 74 — sin A,

4 Cy . A
0057 = cos B, cos — = sin C, nén

1 in2B — sin 2C'

2cos BsinC = — + Sl . Sl sin A
B, & 1 Y2 aue, A
4 4 S OBy — S Gy 4
= 2 — T —
Ccos 5 cos 5 5 + sin A, sin 5

T

Theo Bai 1.27, tam giac A4B4sCy c6 Ay = 3
Do d6 tam giac ABC ¢6 goc A = %

) T .
Nhan xét Loi giai da bi mat nghiem A = 3 vi ngay tit dau ching ta da

gia thiét goc C tu.

Bai toan 1.47 (Tuyén tap 30 nam Tap chi Toan hoc va tudi tré, 2000).
Tim gi4 tri nhé nhat ciia biéu thitc P = cos 3A + cos 3B — cos 3C
trong d6 A, B, C la ba goc ciia mot tam giac.

Giai Vi 4, B, C la ba goc ctia tam giac nén

o S(A + B ) 3 . 3C

5 :COS§(7T—C) = —sm7. Ta co:
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P:2cos3(A—;B> COSS(A_TB) (1—sm E)

2
A-B
— 25in? %—QSln%COS?)( >—1
1 A-B
:2(Sin£——cos ( )) —1——cos 3( )
2 2 2
. 3C 1 1 - B 3 3
:2<sm———cos < > Sm 3( )——2——
2 2 2 2 2
3 SmS( =
V@Y sz'n = —— khi 21
2 - ( %)
sm— —
A-B 3(2 2
Tirsin?)(T> —OsuyraT—knr@A B hoac A = Big
3C 1 3C
Thay A = B vao dang thiic con lai clia hé ta dudc sm7 = 5@7:%
3C 5 5
hoac7:§ SuyraLC'—§hoacC’—;r . 1
ThayA:B:I:—Vao ding thic con lai ciia heé ta dugc sin7: —5 suy
3¢ 7 7 3¢ 11 11
raTZgQ C—?ﬂhoa(;?:% C—Tﬂ Nghiém nay loai
doA:B:I:?vaA—FB:?khéngthéamém.
3 2 5 4
Vay Pin = —= khi A = B——WC——WhoacA B——WC—Z.
2 9 9
Bai toan 1.48. Tinh cic goc clia tam gidac ABC c6 goc C tu biét
3
cosb6A + cos 6B + cos 6C' = —3

Giai
Cach 1 (Bién doi lugng giac)

cos6A + cos 6B + cos6C' = -5

& 2c083(A+ B)cos3(A— B) +2cos?3(A+B) —1=—=

1
& 2c0s’3(A+ B) +2cos3(A + B) cos 3(A — B) + 3= 0
Vi A = cos? 3(A — B) — 1 < 0 nén véi moi tam giac ABC ta c6
1
2cos’3(A + B) —|—2COS3(A—|—B)COSB(A—B)—I—§ > 0.

Dau dang thiic xay ra khi va chi khi
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cos 3(A — B)
2

cos?3(A— B) =1vacos3(A+ B) = —
1
cos3(A—B)=+1vacos3(A+ B) = F5

2
GiéiratadufocA:B:g,C:%ThoacA:B:§,C:5_7T

Céach 2 (Bién doi tuyén tinh goc)
Vi tam giac ABC ¢6 goc C tu. bat Ay =2A, B, =2B,Cy =2C — 7.
Ta c¢6 cos 3A4 = cos6A, cos 3By = cos6B, cos3Cy = — cos6C.

3
Khi d6: cos6A + cos6B + cos 6C' = cos3A4 + cos 3B, — cos3C, = —3
2 5
Theo Bai 1.47, tam giac A4B4Cy c6 Ay = By = ?ﬂ’ Cy = ?ﬂ hoac
4 7
Ay = By = 5,04 = g Suy ra tam gidc ABC ¢c6 A =B = g,C’z ?ﬂ
21 %8
hoac A=B=—,C = —.
oac 9 9

Bai toan 1.49 (Dai hoc Thuy lgi, 1988).
Tim gia tri 16n nhat ctia biéu thic
sin? A + sin? B + sin®> C
" cos2 A+ cos? B + cos2 C

Giai Ta co:

B sin? A + sin? B + sin? C B 3 ]
B cos?2 A+ cos2B+cos2C cos? A + cos? B + cos2 C
Do dé dé tim cuc dai cia M ta tim cuc tiéu cua

P = cos> A + cos® B + cos® C

Ta co:

P:COS2A+1—|—COSQB 1+ cos2C

2 * 2
= cos? A+cos(B+C) cos(B—C)+1 = (cos? A—cos Acos(B—C)+

1
= cos® A+ §<COS 2B +cos2C)+1

Vi A =cos?(B—C)—1<0nén cos*? A—cos Acos(B — C) +
3
moi tam giac ABC. Vay P > 1
) 3 .
NéuA:B:O:gthiP:ZkhidéMdatcucdaibéng?).

sin? A + sin? B + sin> C

Vay M =
W cos? A + cos? B + cos?2 C

< 3 v6i moi tam giac ABC.
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Bai toan 1.50. Ching minh rang trong moi tam giac ABC ta c6
sin? 24 + sin® 2B + sin? 2C

M = < 3.
cos22A + cos? 2B + cos2 2C —
Chitng minh (Bién doi lugng gidc)
sin? 2A + sin® 2B + sin® 2C' 3

M —

cos2 24 + cos22B + cos22C  cos? 2A + cos? 2B + cos? 2C !
Mat khac

cos? 2A + cos? 2B + cos? 2C = cos? 2A + cos 2A cos 2(B — C
= (cos2A + %cos 2(B —C))?+ i(l —cos?’(B—-0C)) + - >

+1

—

A~
>~

3
Vay cos? 2A + cos? 2B + cos? 2C < 7 Suy ra
A\ sin® 24 + sin® 2B + sin® 2C <3
cos22A + cos? 2B + cos? 2C
DAu bang x4y ra khi
{sin2(B -C)=0

1
cos2A = ~3 cos(B — C)

@A:B:C:g

Nhéan xét 1.10. Phuong phap bién déi tuyén tinh goc khong phai lic nao
ciing hitu hiéu trong céc bai toan chitng minh bat dang thic. Véi Bai 1.50
ta khong thé gia thiét tam gidc ABC c6 goc C tu dé dung bién doi tuyén
tinh goc dang Ay = 2A, By = 2B, Cy = 2C — 7 vi cyc dai dat bang 3 khi
tam giac ABC déu. Mic du vé hinh thiic, ta van c6 thé sit dung bién doi
ap dung Bai 1.49:
sin? 24 + sin® 2B + sin® 2C sin® A, + sin® By + sin® Cy4
" c0s22A + cos?2B + cos?22C  cos? Ay + cos? By + cos? Cy

Tuy nhién, phép bién déi nay la khong hgp 1i vi truong hop C ti khong
XAy ra.

BAI TAP TUGNG TU

Bai toan 1.51. Tam gidc ABC c6 cac goc thoa man hé thic
—sin 2C

= 2 2A
sin 2B cos

Ching minh A = B

3886 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



38

Bai toan 1.52. Chitng minh rang véi moi tam giac ABC ta co:
B  C

cosA+cosB —cosC +1 :4(3085(308581115.

Bai toan 1.53. Chiing minh rang véi moi tam giac ABC ta luon co:
cos2A 4+ cos2B — cos2C + 1 = —4 cos Acos B cos C.
Bai toan 1.54. Chitng minh rang v6i moi tam gidc ABC ta luon co:

Bai toan 1.55 (DH khoi D, 2000). Chiing minh réng
sin A +sin B —sinC A B C

— tan — tan — cot —
cosA+cosB —cosC +1 an2 an200 2

Bai toan 1.56. Vé6i A, B, C' la ba goc ciia mot tam gidc. Ching minh
rang
sin 2A + sin 2B + sin 2C
= —tan Atan B tan C.
cos2A +cos2B — cos2C + 1 attAtan Zhal

1.5 Bién doi tuyén tinh géc dang 5

A5:g—A,B5:g—B,C5:7r—C
Ménh dé 1.7. Néu A, B, C la ba géc ciia mot tam giac c6 ba géc nhon
(tam gidc ABC vuong tai C'; tam gidc ABC' ¢6 goc C' tu) thi
As = g — A, By = g — B,(C5 = m — C clng la ba géc ctia tam giac tu
(tam gidc vuodng tai Cy; tam gidc ¢6 ba goc nhon).

Chimg minh Vi0 < A, B,C < g la ba goc nhon ctia mot tam gidc nén

0<A5:g—A<7r,O<B5:g—B<7r,g<C5=7r—20<7r

Hon nua, A5 + Bs + C5 = (g—A) + (g—B) + (W—C) nén As, By, Cs
cang la ba goc cua tam giac AsBsCh.

Nhan xét 1.11. Vi A5:g—A,B5:g—B,C5:7T—Cnén
sin A5 = cos A, sin By = cos B, sin C; = sin C. Nhu vay, tit mot hé thiic
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chita sin As, sin Bs, sin C5 (tuong tng chita cos As, cos Bs, cosCs, tan As,
tan Bs, tan C5, cot Bs, cot Bs, cot Cs) ding cho tam gidc A;B5;C5 tu ta sé
suy ra mot hé thic chia cos A, cos B, sin C, (tuong ting chita sin A, sin B,
— cos C, cot A, cot B, —tan C,tan A, tan B, — cot C') ding cho tam giéc
ABC' ¢6 ba géc nhon (tam gidc ABC' vuong hoac tu).
Bai toan 1.57. Cho tam gidc ABC. Chitng minh rang
3
sin A+ sin B — cosC < 3

Chitng minh 1 (Bién ddi lugng giac)
3
sin A+ sin B — cosC' — 3

A+ B A—-B C 3
— 2sin —; COS % _AZC;S2_1_1)_§
= —2c0s> — + 2¢oS — COS i
¢ 1 A-BY 1, L, A-B
:_2< == _ )——(1— 2 )<
0082 2COS 5 5 COoS 5 <0
dang véi moi tam giac ABC.
DAau bang xay ra khi va chi khi
A—-B T
sin 5 =0 AZBZE
c°"1 A-B < oo 2r
COS — = — COS = —
2 2 2 3

Chitng minh 2 (Bién doi tuyén tinh goc)
Dai lugng sin A 4 sin B — cos C' dat gia tri 16n hon khi géc C' tu. Vi vay ¢6
thé coi A, B la hai géc nhon clia tam giac ABC. Khi ay A5 = g — A,

™

By = 5 B,(C5 =7m — C la ba goc cia mot tam giac. Ta c6:

w

sin A +sin B — cos C' = cos A5 + cos By + cos Cy < 3

dang véi tam giac ABC

Bai toan 1.58. Chiing minh rang véi moi tam giac ABC' ta co:
3v2

1
cos? A+ cos’ B+ —sin?C <1+ —=,

2
V2 4
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Chitng minh 1 (Bién ddi lugng giac) Ta c6
1 3v/2
cos? A+cos? B+ —sin?C —1— 2=
V2 4
1 24 1 2B 1 3Vv2
_ 1+cos N + cos N sinZC—l——\/_
2 2 V2 4
1 3v/2
= cos(A + B)cos(A — B) + —sin? C — ==
(A B)eos(A = B) +— .

1 2
= ———cos’C' — cos C'cos(A — B) — £

V2 4
= —%(COSC—F %COS(A — B)> — \/75(1 —cos’(A—B)) <0

dang vé6i moi tam giac ABC.

1 3vV2

Vay cos? A + cos? B+ —=sin’ C < 1+i.
\/53 4

Diang thtc xay ra khi C' = ZW,A: B = g

Chitng minh 2 (Bién doi tuyén tinh goc)

Coi A, B 1a hai goc nhon ctia tam gidc ABC. Khi ay Ay = g — A,
™

By = 5~ B,Cs =1 — C la ba goc ctia tam giac tu. Ta co:

1 1 3vV2
cos? A+ cos® B+ —=sin® C = sin? Aj + sin® Bs + —=sin® C5 < 1+—\/_.
V2 V2 4

Vi Bai 1.22 ding cho tam gidc A5B5C5 nén Bai 1.58 dang cho tam giac
ABC.

Bai toan 1.59. Chitng minh rang trong tam giac ABC

125
(1 + cos? A) (1 + cos? B) (1 + cos? C’) > R
Chitng minh Khong méat tinh tong quét c6 thé coi
O:mmmen:0<0§§

Ta co

(1 + cos? A) (1 + cos? B) = (1 + M) (1 + M)

2 2
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(9 + 3(cos2A + cos2B) + cos 24 cos 2B)

(9 — 6cosC cos(A — B) + %(COSZ(A—F B) + cos 2(A — B))>

(e N [ S

= Z(9 — 6cos C cos(A — B) + cos® C' + cos*(A — B) — 1)

Ta c6: —6 cos C cos(A — B) + cos*(A — B) — 1 > —6cos C vi:
—6cos C cos(A — B) + cos’(A— B) — 1+ 6cosC

= (cos(A—B) —1)(cos(A—B)+1—6cosC)

Mat khac cos(A—B)—1 < 0vacos(A—B)+1—6cosC <0do0 < C <

wl A

va ham y = cos z nghich bién trong khoang (O; g)
Dau bang xay ra khi cos(A — B) = 1. Vay

(9 — 6cosC cos(A — B) + cos® C + cos*(A— B) — 1)
>9+cos’C —6cosC = (3—cosC)?>0

Suy ra

(1+ cos® A) (1 + cos® B) >
Vay

(3 — Cos 0)2.

o |

9—6cosC +cos’C) =
(

| =

(14cos® A) (14cos® B) (1 +cos*C) > i(?)—COSC)Z(l—I—COSZ C). (1.11)

DAu dang thiic xay ra trong (1.11) khi va chi khi cos(A—B) =1 < A = B,
. 1
Xét ham s f(z) = (3 — 2)*(1 + z)?, véi 5 <x=-cosx < 1. Taco

F(2) = 202 — 3) (& — 1)(22 — 1). Vi % <2< 1nen f'(z) > 0. Vay
1 125

minf(x) = f(—) ST

. (1.12)

PN 1
Dau bang trong (1.12) xay ra khi va chi khi cos C' = X

Do d6 (1 + cos? A) (1 + cos? B) <1 + cos? C> > 162745

Dau bang xay ra khi va chi khi dong thoi c¢6 dau bang trong (1.11) va
(1.12) x4y ra. Vay dang thitc xdy ra khi tam giac ABC déu.

Bai toan 1.60. Cho tam gidc ABC. Chiing minh rang

125
(1 +sin? A)(1 + sin® B)(1 + cos* C) > R
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Chiing minh

Khong mat tinh tong quét c¢6 thé coi C' = min(A,B,C) = 0 < C < g
Ta co

(1+sin® A)(1 +sin? B) = (1+ %) (1+ w)

1
= 1(9 + 6 cos C cos(A — B) + cos> C' + cos*(A — B) — 1)

Ta c6: 6 cos C cos(A — B) + cos?(A— B) —1 > —6cos C vi:

6 cos C cos(A — B) + cos’(A — B) — 1 +6cosC

= (cos(A— B) + 1)(cos(A— B) — 1+ 6cosC)

Mat khac cos(A—B)+1 > 0vacos(A—B)—1—6cosC > 0do0 < C <

wl A

va ham y = cos x nghich bién trong khoang (0; g)
Dau bang xdy ra khi cos(4A — B) = 1.
(1 + sin? A)(1 + sin® B) > 3(9 —6cosC + cos?C) = 3(3 — cos C)2.
Vay
(1 +sin? A)(1 +sin® B)(1 + cos®> C) > 3(3 —cos C)*(14cos* C). (1.13)

Dau dang thiic x4y ra trong (1.13) khi va chi khi A = B va

12
(3 — cos C)*(1 4 cos* C) > 1_65 (1.14)

Dau bang trong (1.14) xdy ra khi va chi khi cos C' = %

Do d6 (1 + sin? A)(1 + sin? B)(1 + cos? C) > 16%.

DAu bang xay ra khi va chi khi dong thoi c¢6 dau bang trong (1.13) va
(1.14) x4y ra. Vay dang thitc xdy ra khi tam giac ABC déu.

Chitng minh 2 (Bién ddi tuyén tinh goc)

Coi0< A, B< g 12 hai géc nhon. Khi ay As = g — A,

™
By = — — B,(5 =7 — (' la ba géc nhon ctia mot tam giac tu. Do do

(14 sin® A)(1 + sin® B)(1 + cos® O)
125

= (1 + cos® A;)(1 + cos® B;)(1 + cos® C5) > R

Bai toan 1.61.
Cho tam giac ABC' théa man: sin6A + sin 6B + sin 6C' = 0.
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Chitng minh riang tam giac ABC' c6 it nhat mot géc bing 60° hoac 120°.
Ching minh Ta ¢6

sin6A 4 sin6B + sin 6C = 0.

< 2sin3C cos(3A — 3B) 4+ 2sin3C cos 3C' = 0

& 2sin3C(cos(3A — 3B) — cos(34 4+ 3B)) =0

& 4sin3Asin 3B sin 3C = 0.

Vay tam giac ABC c6 it nhat mot goc bang 60° hoac 120°.

Bai toan 1.62.

Cho tam giac ABC' théa man: sin6A + sin 68 — sin 6C' = 0.

Chitng minh rang tam giac cé hoic goc C' = g hodc géc C' = 2% hoac it
nhat mot goc A = % hoac B = %

Chitng minh 1 (Bién doi lugng giac) Ta c6
cos3(A+ B) = cos3(m — C) = — cos 3C. Do d6
sin6A + sin6B — sin 6C = 0.

< 28in3C cos(3A — 3B) — 2sin3C cos 3C =0
& 2sin3C (cos(3A — 3B) + cos(3A+3B)) =0
< 4sin3C cos 3B cos 3A = 0.

s 2T .
Vay tam giac c6 hoac goc C' = 3 hoac goc C' = 3 hoac it nhat mot goc

A:EhoécB:z.
6 6

Chitng minh 2 (Bién doi tuyén tinh goc)

Coi A, B 1a hai goéc nhon ciia tam giac ABC. Khi ay As = g — A,
Bs = g — B,Cs =7 — C la ba goc ctia tam giac.

Ta c6 sin6A5; = sin6A, sin 685 = sin 6B, sin 6C5 = — sin 6C.

Suy ra sin6A + sin 68 — sin 6C' = sin 6 A5 + sin 685 4 sin 6C5 = 0.

. . 2
Theo Bai 1.61 suy A5B5C5 c6 it nhat mot géc bang g ho#c ?ﬂ Tuong
ting, tam giac ABC' c6 it nhat goc A = % hoac B = % (néu A5 = g hoac
2 2
Bs = g) hoic C = g hoic C' = % (khi C5 = g hoic C = g).

BAI TAP TUONG TU
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Bai toan 1.63. Chitng minh rang v6i moi tam giac ABC' ta co:

sinAJrsinB—Lcong %
V3 6

Bai toan 1.64. Ching minh rang tam giac ABC' déu néu:
8cos Acos BcosC = 1.

Bai toan 1.65. Tim cac goc clia tam gidac ABC biét:
8sin Asin BcosC = —1.

Bai toan 1.66. Nhan dang tam giac ABC nhon, biét:

1 1
2<cosA - cosB> = V3(tan A + tan B) + 2

Bai toan 1.67. Tinh cic goc clia tam gidc ABC' tu biét:

Q(SiiA - SiiB> = V/3(cot A + cot B) + 2
Két luan: Qua nam phép bién doi tuyén tinh géc dang doi xing trong
Chuong I ta thay, tit mot dang thitc ta c6 thé tim ra nam dang thic méi
v6i chitng minh rat don gian nho phép bién doi tuyén tinh géc. Dong thoi
bién doi tuyén tinh ciing gitp hoc sinh luyén tap thanh thao cac phép bién
doi lugng giac.
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Chuong 2

Mot sb phép bién doi tuyén tinh
géc dang tong quat

Ta c6 the thay thé cdc bat dang thic (1.1),(1.2),(1.3),(1.4), ... béi

cac bat dang thic trong tam gidc v6i vé trai la cac biéu thic dang tong

quat
xcos A+ ycos B+ zcosC (2.1)
: A_|_ : B+ . O (2.2)
zsin o +ysin o + 2sin :
A+3B B+ 3C C+3A

X COS + y cos + z cos 1 (2.3)

A C
z cos - + y cos z + 2cos— Z ; (2.4)

Khi dé cac dang thiic, bat dang thiic néu & trong Chuong I 1a cac trudng
hop riéng ciia cac dang thic, bat dang thic tren.

Y tudng co ban ctia phép bién ddéi tuyén tinh goc trong tam giac da
dugce trinh bay va minh hoa qua nhiéu vi du, bai tap trong Chuong I.
Trong Chuong 11, ching t6i phat biéu va chiing minh mot s6 hé thitc lugng

gidc nho st dung cac phép bién doi tuyén tinh goc cé dang tong qudt.

2.1 Mot sé bién déi tuyén tinh dang tong quat

Bai toan 2.1. Cho tam giac ABC. Chiing minh ring:

2, 2 .2
yzcos A+ zxcos B+ xycosC < ’ +y2 R , Va,y,z € R.
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Chitng minh (Bién ddi lugng gic)

Ta co
2 +y’ + 2

yzcos A+ zxcos B+ xycosC < , Vo,y,z € R

s 22 +y?+ 22 —2(yzcos A+ zxcos B+ xycos C) > 0

& 22 +y? + 2%+ 2yzcos(B + C) — 2zx cos B — 2zy cos C > 0

& 2249+ 22 +2yz(cos B cos C' —sin B sin C) —2zx cos B—2xy cos C' > 0
& (2%sin? B + y?sin? €' — 2yz sin Bsin C)+

(22 + 22 cos? B + 32 cos? C' — 22z cos B — 2xy cos C + 2yz cos B cos C) > 0

& (zsin B —ysinC)? + (x — zcos B — ycos C)? > 0, luon ding.
_ ¥y _ =
sinA  sinB  sinC’

Nhan xét 2.1. Cho x = y = z = 1, ta c6 bat dang thiic

Dau déng thiic xay ra khi

3
cos A+ cos B+ cosC < 5" (2.5)

Bai toan 2.2. Cho tam giac ABC. Chiing minh rang:

. A_|_ . B+ . C<x2+y2+z2
ZSln — 22 S1n — Ty Ss1nn —
y=sisy g THYSHS = 2

Chitng minh 1 (Bién doi lugng giac)
yzsiné -I-zxsinE -I—azysing < il
2 2 2 - 2
B+C — 2z:1:sinE — Qxysina >0
s+t + 22— Zyz(cosﬁcosg — singsing)
2 2 2 2
—2zx sing — 22y sin B >0

Y vx?yJZER'

& 2?2 + 9% + 2% — 2yz cos

C B\2 . C . B\2 .
& (y COS — — 2 COS —) + (::r; — ysin — — zsin —) > 0, luén dang.
2 2 2 22

PR o or g
Dau dang thiic xay ra khi 1= 5= ok
COS—  COS—  COS—
2 2 2
Chitng minh 2 (Bién ddi tuyén tinh goc)
D“tA—W_AB—W_BC’—W_C
a 1 — 9 y D1 — 9 y V1 — 9 .
A B

Vi cos A1 = sin E,cosBl = sin E,COSC’l = sin 5 ap dung Bai 1.1 cho

4786 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



A7

tam giac A1 B1C] ta duge

A : .
Yz sin — +zxsm§ +xysm§ = yz cos A1 + zx cos By + xy cos Cy

2 2 2
< L +y2 +e (v6i moi x,y, z € R).
Hé qua 2.1. Cho z = y = 2z = 1, ta c6 bat dang thiic

.A+.B+.C<3 (2.6)
SIn — + SIn — + sin — < —. .
2 2 2 7 2

Bai toan 2.3. Cho tam gidc ABC. Ching minh

2 +y’ + 2

yz cos 2A + zx cos 2B + xy cos 2C > — , Vo,y,z € R.

Chitng minh 1 (Bién doi lugng giac)
x? + oy’ + 2°
yz cos2A + zx cos 2B + xy cos2C > — 5 , Vr,y,z € R
& 22+ 9% + 2% + 2(yzcos 24 + zw cos 2B + xy cos 2C) > 0
& 22 +y? + 2% + 2yzcos(2B + 2C) + 2zx cos 2B + 2y cos 2C > 0
& 22 4+ y? + 22 + 2yz(cos 2B cos 2C — sin2Bsin 2C) + 2zx cos2B +
2zy cos2C >0

& (2sin2B — ysin20)2 + (2 + zcos 2B + y cos 2C)? > 0, luon ding.
x Y 2

sin24  sin2B _ sin2C"

Dau dang thic xay ra khi

Chitng minh 2 (Bién ddi tuyén tinh goéc) Gia thiét them rang ABC la
tam giac c¢6 ba géoc nhon. Dat Ay =1 —2A, By =71 —2B,Cy =71 — 2C
thi Ay, By, (5 1a ba géc cua tam giac AsBoCh.

Vi cos Ay = —cos2A, cos By = — cos 2B, cos Cy = — cos 2C nén

2 .27, .2
rrt+y +=z
yzcos2A + zx cos 2B + xycos 2C > — y2 , Vo,y,z € R
2?2
& —yzcos Ay — zxcos By — xycosCy > — y2 - , Vr,y,z € R.

Ap dung Bai 1.1 cho tam gidc A3B,Ch ta duge didu phai ching minh.

Nhan xét 2.2.
1) Thay cos2z = 1 — 2sin’® z, ta dugc:

1
yzsin? A + zasin? B + zysin® C < Z(x +y 4+ 2)2
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2) Cho # = y = 2 = 1, ta c6 cac bat dang thiic quen thuoc:

3
+) cos 2A + cos 2B + cos 2C' > —3

9
+) sin? A 4 sin? B + sin? C' < 1

Bai toan 2.4. Cho tam gidc ABC. Chitng minh rang

A B C T
yzcos—+za:cos——xysin—§x Tyt , Vr,y,z € R. (2.7)
2 2 2 2
Chitng minh 1 (Bién doi lugng giac)
A B C 2>+ + 22

yzcos§+zxcos§—a:ysin—§ 5

C
— 22xcos§+2xysin§ >0

& 2% +y? + 2% — 2yzsin

C . B\2 . C B2 )
& (y COSE — zsin §> + (:1: +ysm§ — 2 COs 5) > 0, ludn dang.
2

A 2 ~ 2 . x . .
Dau dang thitc xay ra khi A~ B - ok
sin— sin—  cos—
2 2 2

Chitng minh 2 (Bién doi tuyén tinh goc)

Dit Agzé,Bgzg,ng WJ;C.

Vi cos A3 = cosg,cos B3 = cos 5,008 Cs = —sin% nén theo Bai 1.1 ta
co: 4 B L

yzcos§+zxcos§—a:y81n§ 2 2 2

= yzcos Az +zx cos By +xycos C5 < L —|—y2 t2 luon dang v6i moi tam

giac A3B3C3. Vay (2.7) duge chiing minh.

Bai toan 2.5. Cho tam gidc ABC. Chitng minh rang:

2, .2 .2
yz cos 2A 4 zx cos 2B — xy cos 2C < ’ —l—y2 2 , Vr,y,z € R, (2.8)
Chitng minh 1 (Bién doi lugng giac)
22+ 42 + 22

yzcos 2A + zxcos2B — xy cos 2C <
& 22 +y? + 2% — 2yzcos2A — 2zx cos 2B + 2wy cos 2C) > 0
& 22+ + 22 — 2yzcos(2B + 20) — 2zx cos 2B + 2xy cos 2C > 0

4986 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



49

& (28in2B + ysin 2C)? + (x — zcos 2B + y cos 2C)? > 0, luon ding.
-y =
sin2A  sin2B  sin2C"

Dau dang thic xay ra khi

Chitng minh 2 (Bién doi tuyén tinh goc)
Coi goc C tu. Khi ay Ay = 2A, By = 2B, C, = 2C — 7 1a ba goc clia tam
giac. Ap dung Bai 1.1 cho tam gidc A4B,C} ta dugc

yz cos 2A + zx cos 2B — xy cos 2C
a?+yt + 22

= yzcos Ay + zx cos By + zycos Cy < , luon duang.

Vay (2.8) ding v6i moi tam gidc ABC.

Bai toan 2.6. Cho tam giac ABC. Chitng minh rang:

2 .2 .2
x z
yzsin A+ zxsin B — zycos C' < +y2 + , Vr,y,z € R. (2.9)
Chitng minh 1 (Bién doi lugng giac)
2y’ + 2

yzsin A+ zxsin B — xycos C < 5
s 22 +y? + 2% — 2yzsin(B + O) — 2z sin B + 2xy cos C > 0

& (zcos B—ysinC)? + (v — zsin B + ycos C')? > 0, luon ding.
T Y z

cosA cosB sinC’

Dau dang thic xay ra khi

Chitng minh 2 (Bién ddi tuyén tinh goc)

Coi A, B 1a hai gbc nhon ciia tam gidc ABC nén A; = g — A,

By = g — B, (5 =7 — (C'la ba goc cia mot tam giac. Ta co:

yzsin A + zxsin B — xy cos C'

r? +yP + 2
2

tam giac AsBsCs. Vay (2.9) duge ching minh.

= yzcos Ay + zx cos By 4+ xycosCy < , luon dang véi moi

2.2 Mot s6 bai toan khac

Bai toan 2.7 (DH An ninh, DH Cénh sat, 1998).

5086 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



20

Tinh cac goc ciia tam giac ABC' biét

sin A B sin B B sin C'
1 V3 2

sinA sinB sinC

Giai. Dat 7 73 5 =1t > 0. Ta co:
sin A = sin(B 4 C') = sin Bcos C' + sin C cos B
sin B = sin(A 4 C') =sin Acos C' + sin C' cos A
sin C' = sin(A + B) = sin A cos B + sin B cos A
(t = /3t cosC + 2t cos B 1=+3cosC + 2cos B
= V3t =2tcosA+tcosC << /3=2cosA+ cosC
\Qt:tCOSB—F\/gtCOSA 2 = cos B+ V/3cos A
( 3 _T
cosA:£ A_g(
1 B=—
< cos B = — < %
2 o
(cosC =0 ~ 9
VaytamgiécABCcéA:%,B:g,C’:g.

Bai toan 2.8. Tinh cac goc clia tam gidac ABC ¢6 ba goc nhon biét
sin2A  sin2B  sin2C
1 V32

Gial. in2A4 sin2B  sin2C
Cach 1. Dat i _ o _ o =t. Ta co:
V3 2
sin2A = —sin 2B cos 2C — sin 2C' cos 2B
sin2B = —sin2A4 cos 2C — sin 2C' cos 24
sin2C = —sin2A cos2B —sin2B cos 2A
t = —/3t cos 2C — 2t cos 2B 1 = —v3cos2C —2cos2B
= {3t = —2tcos 24 —tcos2C << V3= —2cos2A4 — cos20C
2%t = —tcos 2B — /3t cos 2A 2 = —cos2B — /3 cos2A
3 B 5%
cos2A = —g A= ?
& 0p — 1 S B=—
cos =3 %2
cos2C =0 U
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Céach 2. Vi tam giac ABC c¢6 it nhat mot géc nhon nén ¢ > 0. Suy ra
A, B,C 1a ba géc nhon. Do d6 Ay =71 —2A, By =n—2B,Cy =71 —2C

la ba goc ctia tam gidc Ay ByCs. Ta ¢

sin2A  sin2B  sin2C sinAs  sinBy  sinCh

1 V3 2 1 V32
Vay tam gléC AQBQCQ co AgZ%,Bgzg,ngg.
T m s
t idc ABCc6 A=—,B=—,C=—.
Suy ra tam giac C 6 15 3,0 1

) A B inC
Bai toan 2.9. Cho tam giac ABC. Biét Coi _ oo A

/3 2

(0
5 .

cosA cosB sinC

1 /3 2

Suy ra cos A > 0,cos B > 0, hay tam gidc ABC' ¢6 goc A va goc B nhon.

Chtng minh A = g,B = %,C =

Chting minh 1. Dat =t>0.

Ta co: V3 T

. 3 _ =
t = —+/3tcosC + 2tsin B SlHAZT 4 3
V3t = 2tsin A — tcos C & sinB—l &< B=—
2t = tsin B + /3t sin A 2 C—Q

cosC' =0 T 9
Chimng minh 2. Vi tam gidc ABC ¢6 goc A va géc B nhon nén
A5:g—A,B5:g—B,C’g):W—Clabagéccﬁaméttamgiéc.Tacc’):

cosA cosB sinC sin A5  sinBs  sinCs

1 3 2 1 V3 2
T

i
— . By=—,C5 =
- 6%5 3¢5
VaytamgiécABCcéA:g,B:g,C:

Suy ra tam giac A5B5C5 c6 A = g
s

5

Bai toan 2.10 (Tap chi Toan hoc tudi tré).

Nhan dang tam giac ABC biét

V3cos A+ 2cos B +2vV3cosC = 4.
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Giai. Ta co:

V3cos A+ 2cos B+ 2v/3cos C = 4.
(:)8—2(\/§COSA—I—2(:OSB—|—2\/§COSC’) =0

<:>8+2\/§COS(B+C) —4cos B —4v3cosC =0

& 8+ 2v3cosBcosC — 2v/3sin BsinC — 4cos B — 4v/3cosC = 0

& 4+42v/3cos Beos C —24/3sin Bsin C' — 4 cos B —4+v/3 cos C' +sin® B +
cos® B + 3sin?C + 3cos’C' =0

& (sin?B — 24/3sin Bsin C + 3sin? C') + (4 + cos? B + 3 cos® —4 cos B —
4\/§COSC+2\/§COSBCOSC) =0

& (sin B — v3sinC)? + (2 — cos B — v/3cosC)? =0

sin B = v/3sinC
~
2 —cosB—+3cosC =0

s%nB:\/g
& qsinC sin B
2—cosB——— =0« 2sinC =sin(B + C) = sin A.
sin C

Suy ra (theo Bai 2.7):
simA  sinB  sinC

2 V31

Bai toan 2.11. Hay nhan dang tam gidac ABC c6 ba géc nhon, biét

T T T
havy A=~ B=2 ="
o 2 3 6

V3 cos2A +2cos2B + 2v3 cos 2C = —4.

Giai.

Cach 1. Ta co:

V3cos2A 4+ 2cos 2B + 2¢/3 cos 2C = —4.

& 84 2(v/3cos2A 4+ 2cos 2B + 2v/3cos2C) = 0

& (5in2B — v/35in2C)2 + (2 + cos 2B + v/3cos 2C)2 = 0
sin2B = v/3sin 2C
2+ cos 2B + V3 cos2C =0

sin 28
o { = V3

sin 2C
2sin 2C' = —sin(2B + 2C') = sin 2A.

Suy ra (theo Bai 2.8):
sin 2A __sin2B  sin 2C

2 V3 1

_57r

hay A = _ o7
& 12

B=_-C

s 7
4’ 3’7
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Cach 2. bat Ay =7 —2A, By =n1—2B,Cy =1m—2C. Vi A, B, C'la ba géc
nhon cia tam gidc ABC nén As, By, Cs 1a ba goc ctia tam giac Ay ByCh.

Ta co:
V3 cos 2442 cos 2B+2v'3 cos 2C = /3 cos Ay+2 cos By+2v/3 cos Cy = —

Theo Bai 2.10 thi tam gidc AyByCh 6 Ay = g By = g Cy = g.
T

12

Bai toan 2.12 (Tuyén tap dé thi Olympic 30-4, nam 2003).
Cho tam giac ABC. Chiing minh ring

VaytamglacABCcoA—Z B—— C=—

A ¢ C B ¢ C ¢C 13
3(sin4 5 + sin 5) —i—8(sm 5 + sin 5) + 13 sin® 5> 32 (2.10)
Chting minh 1. Ta chiing minh
LA ¢ B C _ 13
3sin® — 3 + 8 sin’ 54—2481118 5 >§.
Ap dung bat ding thic Cauchy ta co:
A 1\4 1\4 A 3 A
3sint = 3(-) >2\/9(—) int 2= = 2gin2 2.
o eg) 2 o) "9 T g
B N6 /1 6 B /IN6 3 ..B
a2 o) +o(3) oo Ba(l) - S
g elg) TR 2 °\2) T2 %
C 1\8 1 1 1\ 24 Cc 3 C
24sin® - +24( ) 24(—) 24(-) >4\/4 (5) sin® =5 sin?
Sin 2+ 5 + 5 + 5) 2 5 S 5 2sm 5
Cong cac bat dang thic theo vé ta dugc
A B C _ 3 A B C 23
3sin4§+851n6§—|—24sin8§Z§<sin2§+sin2§+sin2§)—3—2.\/61
moi A ABC' ta lai ¢6
,2A+ . 2B+ , 20>3
sin® — + sin® — + sin” — > —
2 2 2 4

Suy ra:

A B ¢ _ 13
3 sin’ 5 + 8sin’ 5 + 24 sin® B > 3—2(dpcm).

Bai toan 2.13. Cho tam giac ABC c6 ba goc nhon. Chitng minh rang:

13
3(cos* A + cos® O) + 8(cos® B 4 cos® C) + 13 cos® C > 3 (2.11)
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Chting minh 1. Ta c¢6
13

3(cos? A + cos® C) + 8(cos® B + cos® C) + 13 cos® C' > )

13
& 3cos* A+ 8cosb B + 24 cos® > 39

Ap dung bat ding thic Cauchy ta co:

3 23
3cos* A+ 8cos® B+ 24cos®C > §(cos2A+cos2B + cos? C) — o
3
Nhung cos? A + cos? B 4 cos? C' > Zvc’ii moi A ABC nén
3 3 23 13
4 6 8
A B +24 >_— .- — — = — (d )
3cos” A+ 8cos’ B + 24 cos 0_2 13 32(pcm)
— A — B —C
Chitng minh 2. Dit A = 5 2p=" 5 2o=" 5 2.

Cy

A
Vi cos A = sin 72,COSB = sin 72, cosC = sin; nén véi moi hé thic
chita cos A, cos B, cos C' clia tam giac ABC bat ki ta c6 mot hé thitc chia
A B C
81n72 sin?2 sin72 clia tam gidc AsBsCh. Ap dung Bai 2.12 cho Bai

2.13 ta dugc:

A Cy By CY ¢Cy 13
3(81114 22 + sin® 7) + 8(8111 > =2 4 sin® 7) + 13 sin® -5 2 > D) (dpem).

Két luan. Céc vi du trén cho thay, ta khong nhitng st dung phép bién
doi tuyén tinh goc cho nhitng déng thitc, bat dang thic dang doi xiing ma
con c¢6 thé ap dung phép bién doi tuyén tinh géc cho nhitng dang thiic,
bat déng thitc dang tong quéat hon. Nhu vay, phép bién doi tuyén tinh géc
trong tam gidc cho phép sang tao thém nhiéu hé thic luong gidc trong tam

giac.
BAI TAP TUONG TU.
Bai toan 2.14. Chiing minh r?mg v6i moi tam gidc ABC

g < 5
COS —1/ COS — COS - 9

Bai toan 2.15. Chitng minh rang v6i moi tam giac ABC

43

sin AVsin Bsin C' < 5
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Bai toan 2.16. Chitng minh rang v6i moi tam giac ABC' ta co

44/3
cos AVcos BsinC < T\/_
Bai toan 2.17. Cho tam giac ABC', chiing minh
cos A N cos B N cos C < 5
3 4 5 — 12
Bai toan 2.18. Cho tam giac ABC',chiing minh

COSQA+COSQB+COS2C> 5
3 4 5  — 12

Bai toan 2.19. Chitng minh rang véi moi tam giac ABC,
n

(n+1)Yn+1

Bai toan 2.20. Ching minh rang véi moi tam gidac ABC ¢6 ba goc nhon,

cos Acos BV cosC < 5

ta deu co

A . B.,|. C< n
sin — sin — {/sin — :
2 2 2 7 2n+1)vYn+1

Bai toan 2.21. Cho cac s6 duong m,n,p. Chiing minh riang trong tam
gidc ABC ta luon cé:

n+ptan2§+p+m 2B_i_ern

m n 2 D

Bai toan 2.22. Cho cac s6 duong m,n,p. Chiing minh ring trong tam
gidac ABC ¢6 ba goc nhon ta ludn co:

n + +m m-+n
—pcot2A+p cot’ B +

m n P

cot’ C > 2.
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Két luan

Luan van He thiic lugng gidc trong tam gidc vdi phép bién doi tuyén tinh
géc nham thé hien ¥ tudng st dung phép bién déi tuyén tinh géc trong
tam giac trong sang tao va ching minh cac hé thic lugng giac. Luan van
da dat dugc nhitng két qua sau:

1) Dua ra va chiing minh dugce nhitng dinh 1i, ménh de, hé qua ctia mot
s6 phép bién doi tuyén tinh vé goc trong tam gidc va tit d6 c6 duge mot
s6 chil ¥ va nhan xét co lién quan.

2) Thong qua mot s6 dé thi hoc sinh gioi, dé thi vao Dai hoc, mot s6
bai toan trong tap chi Todn hoc va tudi tré va mot so bai toan trong sach
gido khoa pho thong, ciing nhu cac sach tham khao vé hé thitc luong giac
trong tam gidc, tac gid luan van da c6 gang minh hoa va chiing minh mot
sb6 he thiic thong qua ¥ tudng sit dung phép bién doi tuyén tinh goc trong

tam giac.

Nhiéu bai toan hé thic trong tam giac c6 thé duge chiing minh mot
cach nhat quan nhd phép bién doi tuyén tinh géc. Tuong tu, néu thay bién
doi tuyén tinh goc bing phép bién doi don dieu thi ta cling sé nhan duge
chitng minh méi cho nhiéu hé thitc da biét.

Hy vong trong thoi gian t6i, tac gia sé di sau nghién citu va khai thac
nhiéu hon nita dé tai ndy, nham lam ré hon nita vai tro va gia tri ciia ¥
tuéng bién doi tuyén tinh géc hodc bién doi don diéu trong sang tao va
chitng minh cac hé thic trong tam giac, phuc vu tét hon trong cong tac

giang day.
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