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Q)

Mo dau

1. Ly do chon dé tai luan vian

Bat dang thitc 13 mot trong nhing van dé kho ciia toan hoc so cap,
doi hoi tinh tu duy va tinh sang tao cao. Trong chuong trinh chuyén toan
ciia cac truosng THPT chuyén thi bat dang thic 14 mot chuyen dé quan
trong. Cac bai toan lien quan dén bat dang thic cling 14 nhitng bai toan
thuong giap trong cac ki thi hoc sinh gidi toan cap quobc gia, khu vuc va
quoc té.

Céc bai toan vé bat dang thiic kha da dang va c6 thé ching minh bing
nhiéu phuong phap khac nhau trong d6 phuong phap st dung dao ham 1a
mot cong cu hitu hiu. Tuy nhién, cac bat dang thic dao ham hién nay con
it duge quan tam va gidi thieu trong cac tai lieu bang Tiéng Viét.

Béi vay viéc suu tam, tuyén chon, khai thac vé mot s6 bat ding thic
dao ham mot bién nhu: cac dinh 1y trung binh, sy ting gidm ctia ham so,
huéng 16i va diém uén ciia do thi ham s6, cong thiic Taylor, cong thitc tinh
dao ham cap n, 1a rat can thiét cho cong tac giang day va hoc tap toan
hoc & bac pho thong.

Trén co s6 cac bat dang thic dao ham do, c6 thé van dung vao giai
quyét mot 16p cac bai toan khé nhu: chiing minh bat ding thiic, gidi
phuong trinh, gidi bat phuong trinh. D6 1a nhitng dang toan dugc dé cap
nhiéu trong cac ki thi hoc sinh giéi toan cap quoc gia, Olympic toan quobc
té.

Bén canh nhitng bat dang thiic dao ham ké trén thi vAn con kha nhiéu
bat dang thiic dao ham khé hon, dude gidi thiéu chua nhiéu bing tiéng
viet nhu: bat dang thic Landau-Hadamard; bat dang thic Glaeser, bat
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déng thitc Markov-Bernstein va mot sé bat dang thiic khac lien quan dén
ham 16i. Day 1a nhiing bat dang thic khé con it duge quan tam, chi xuat
hién rai rac trong mot so tai lieu.

Vi vay viéc giéi thiéu cac bat dang thiic dao ham nay la can thiét cho
cong tac giang day va hoc tap toan hoc & bac pho thong.

2. Muc dich nghién cttu luan van

Suu tam, gidi thieu, he théng héa va phan loai mot sé bat dang thiic
dao ham mot bién s6 dé ap dung vao gidi cac bai toan so cap kho, hay gap
trong cac ki thi vao 16p chuyén, thi dai hoc, thi hoc sinh gidi quoc gia va
Olympic toan quoc té nhu: Ching minh bat déng thic, giai phuong trinh,
giai bat phuong trinh.

Bén canh d6 gisi thieu mot s6 bat dang thitc dao ham khé hon chua dudc
gi6i thieu nhicu trong cac tai lieu Tiéng Viet nhu: bat dang thic Landau-
Hadamard, bat déng thic Glaeser, bat ding thic Markov-Bernstein va
mot s6 bat ding thic khéc lien quan dén ham 16i.

3. Bo cuc cua luan van

Béan luan van "Mot s6 bat déang thiic dao ham va tng dung gom cé:

md dau, hai chuong, két luan va tai lieu tham khao.

Chuong 1. M6t sé6 bat dang thic dao ham co ban

Trong chuong nay trinh bay cac dinh 1y trung binh, dinh Iy Rolle, dinh 1y
Lagrange, dinh 1y Cauchy, su tang giam ctia ham s6, huéng 16i va diém uén
ctia do thi ham s6, cong thic Taylor - bat dang thic Landau-Hadamard,
bat dang thitc Glaese, bat dang thuc Markov-Bernstein cong thic tinh dao
ham cap n vi mot s6 bat dang thic dao ham khac ciia da thrc.

Chuong 2. Ung dung ctia dao ham trong chitng minh bit ding
thiic,giai phuong trinh,bat phuong trinh

Trong chuong nay trinh bay nhitng iing dung ctia cic bat dang thitc dao
ham trong viéc giai cac bai toan chiing minh bat dang thic, gidi phuong
trinh v bat phuong trinh.

Luan vian dugc hoan thanh véi sy huéng dan va chi bdo tan tinh cia
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Chuong 1

Mot sb6 bat dang thic dao ham ctia ham mot bién

1.1 Cac dinh ly trung binh
1.1.1 Ly thuyét tém tit

Trong muc nay trinh bay mot s6 dinh 1y trung binh vi phan, dugce biét
dén trong nhiéu tai lieu vé toan bang Tiéng Viet.
Dinh ly 1.1. (Dinh ly Rolle) Gid si ham f(x) lien tuc trén doan [a,b]; co
dao ham trén khodng (a,b) va f(a) = f(b) thi ton tai & € (a,b) sao cho
f€)=0.
Dinh 1y 1.2. (Dinh lyj Lagrange) Néu ham f(x) lién tuc trén doan [a,b] va
c6 dao ham trén khodng (a,b) thi ton tai & € (a,b), sao cho

f) = f(a) = f(§)(b - a).

Dinh ly 1.3. (Dinh lyj Cauchy) Néu cic ham f(z), g(x) dong thoi zdc
dinh, lien tuc trén doan [a,b] va c6 dao ham trén khodng (a,b), vdi g’'(x)
#0,Vz € (a,b) va g(a) # g(b) thi ton tai & € (a,b) sao cho:

fb) = fla) _ f'(€)
g(b) —g(a)  g(&)

1.1.2 Cac bai toan

Trong phan nay trinh bay mot sé bai toan ching minh bat dang thiic.
Day la nhitng bai toan kho, 6 dang tong quat, st dung cac dinh 1y trung
binh dé chitng minh.

Bai toan 1.1. Cho ham f(x) lien tuc trén doan [a,b], c6 dao ham hiu han
trong khodng (a,b). Ngoai ra f khong tuyén tinh. Khi dé trong khodng (a,b)
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ton tai it nhat mot diém c, sao cho

£(b) = f(o)|

> 1=

vLoi giai Chia doan [a,b] thanh n phan bat ki bdi cac diem
Aa=2, <X <Xy <. <xp,=>0.

Ta nhan dugc:

n—1 n—1
F0) = F(@)] = [ (Fi) = f@)| < 30| F ) = Fl)|
i=0 1=0
Theo cong thiic Lagrange, ta cé
flxir) = fxi) = (&) D wy, 2 <& < i1, Axy = @iy — Tl
Do do6 ta c6

£ \<Z|f )| A ;.

Vi ham f(z) khong tuyén tinh, nén ton tai mot phan hoach doan [a, 0]
sao cho trong cac s6 |f/(£)] ton tai mot s6 16n nhat, khac khong. Ki higu
s6 d6 1 |f/(c)|. Khi d6 ta nhan duge bat dang thitc

£(b) = f(a)] < |f'(c \Zﬁxz_b—a\f()\a<c<b.

Tu do suy ra

> [P =1

Ta c6 dpem.

Bai toan 1.2. Cho ham f(x) c¢é dao ham cap 2 hiu han trén doan [a, b],
théa man dieu kien f'(a) = f'(b) = 0 . Chitng minh rang trong khodng
(a,b) ton tai it nhat mot diém c, sao cho

F'(0) 2 Gl £0) = fla)].

vL3oi gidi Néu f(z) = const thi bat dang thiic can chiing minh 1a hién
nhién. Gi& st f(z) # const. Tu diéu kien f'(a) = f'(b) = 0, suy ra f(x)
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khong tuyén tinh. Ap dung cong thitc Cauchy vé s6 gia hitu han cho cac

ham s6 f(z) va ¢(x) = (z—a) trén doan [a, ot b)} va cho cac ham s
f(x) vav(x) = (b —2x)2 trén doan [GTM, b], ta nhan duge
a+b
3/ @] pey Vg ot
(b—a)? & —a’ ! 2
a+b
PO 1E] re) v S
(b—a)? b— &' 2 "
Cong timg vé cac dang thifc trén ta dugce
S0 - F@] _ f(6) , S
(b—a)2 §1—a b—gg'
Vi f'(a) = f'(b) = 0, nén vé phai ctia dang thitc cudi cuing c6 the viét dudi
dang:
f/(fl) f,<£2) o f/(gl) _ f,(a) f,(b) _ f,(€2) R/ "
G- b-6& G-a  b-g Wl
trong do
a<m<&; L<m<b
Tu do suy ra

S <1l 1l

Ki hiéu:
f7(e) = max{|f"(m)]; | f" ()]}
Khi do6 ta co

’8[f ((;j)_ a;;(a)]’ <2"(0)].

Tt d6 suy ra dpem. Dau ding thitc khong loai trit vi ¢6 thé cé trusng hop

()l = 11" (n2)] -

Bai toan 1.3. Gid si ham f(x) lién tuc trén khodng |a, +00) va hon nia,

f'(x) > k = const > 0,Vx > a. Ching minh rang, f(a) < 0, thi phuong
HOI

k

trinh f(x) = 0 c6 mot va chi mot nghiém thuc trong khodng (a, a+
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VL3i giai: Ap dung Dinh 1y Lagrange cho ham f(z) trén doan [a,a +

7l
fla+ ‘ff”) — f(a) = f’<a+0’f§:)‘).|f§:)|,0 <f<l.
Tit didu kien f/(z) > k > 0, ta tim duge:
Flat 2 f0) > (@),
Suy ra
#lat LY S @)+ 10) = 1) + @) = 0
£(a)

Ham f(z) trén cdc dau mat cia doan [a,a + T} nhan cac gia

tri trai dau, nén theo Dinh 1y Cauchy vé gia tri trung gian ton tai £ €

(a,a+ &lj)l), sao cho f(£€) = 0. Ta sé chiing minh diém £ d6 13 duy nhat.

That vay gia st trén khoang d6 con tim duge &, sao cho f(&1) = 0. khi
do6 theo dinh 1y Rolle, trén (£,&;) néu (£ < &) hay tren khodng (&1, €),
néu (& < &) tim dude &, sao cho f/(&) = 0. Dicu do6 trai véi gia thiét 1a
f'(x) > k> 0khix > a.

Bai toan 1.4. a, Gid st ham f(x) khd vi lién tuc n lan trén [a,b] va trén
doan nay cé khong it hon n khong diém (nghiém cia phuong trinh f(z)=0)
tinh ca boi .

Chitng minh rang:

b—a)”
0] < L0 o).

b, Ham f(x) € C?[0,1] c6 khong it hon 2 nghiém trén [0,1] (k€ cd bgi),
ngoai ra | f"(z)| < 1,Vx € [0,1]. So n[aafdf(x)\ s€ nhu thé nao ¢
0,1

vL&i giai: a, Bing quy nap theo & > 0 ta sé chiitng minh diéu khang
dinh sau:
Dinh 1y Rolle tong quét: Néu f € CFla,b] va f c6 khong it hon (k+1)

9
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khong diém (ké c& boi) trén doan [a,b] thi f*) ¢6 it nhat mot khong diém
trén [a,b].

V6i k=0 di¢u khang dinh 13 hién nhién.

Gia sit dinh 1y dang vé6i k-1. Ta ching minh dinh 1y dang véi k.

Gia st xy, %9, ...,x; 1a nhitng nghiem khac nhau ctia ham f trén [a,d]
c¢6 cac boi tuong tng la aq,ae,..,a; v6i ag +as + ...+ > k+ 1 va
1 < o3 < ... < oq. Khi d6 f'(x) c6 nghiem z; boi oj — 1(néu a; > 1)
va ngoai ra theo dinh 1y Rolle con c6 it nhat [ — 1 nghiém trén khodng
(a,j41),7 = 1,2,...,1 — 1. Tom lai s6 nghiém ctia f'(x) trén [a,b] khong
vugt qua:

(=) +1l—1>k—Il+1—-1—-1=F

l
=1

J

Bay gio, con lai ta 4p dung gid thiét quy nap cho f’ v6i k — 1. Dinh Iy
duge chiing minh.

Ta ki hiéu x1, 9, .., 7, 14 n khong diém ctia ham f(z) trén [a, b] & day
giita cic s6 nay c6 theé triing nhau, mdi nghiém ciia f ¢6 thé lap lai s 1an néu
boi ctia n6 khong it hon s. Gid st zy € [a, b] tuy ¥ va khac v6i x1, o, ..2).
Xét da thuce bac n:

ﬁ(x—a:j)

.ﬁ(fco—%‘)'

Diat g(z) = f(x) — P(x). Ham g(z) ¢6 cac nghiem 1a xg, 21, ..., 2,,. Néu s6
x;(j > 1) ndm trong day {z1, 9, .., 5, } s lan thi boi clia nghiem z; khong
it hon s. Vi vay ap dung dinh 1§ Rolle téng quat thi ¢™ c6 it nhit mot
nghiém 2’ € [a, b].

Ta co

n!f(xzg) |
l;ll(xo - ;)

10
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T do suy ra

£ @) 1T J2o — ]
<

B j=1 |f™(a)].(b— a)"
(b —a)" (n)
<
<— rﬁ%flf ()]
Vi x¢ la tuy ¥ nén
max|f( )| < (b— a)nmax|f(”)($)|
[a,b] - nl [a,b] '

b) Theo phan a) ta c6 r[rcl)%x|f( z)| <

l\')l»—\

Vidu f(z) = %2 thi gid tri % dat dugc.

Bai toan 1.5. Cho ham f(x) lién tuc trén dogn [0;1], khd vi trén khodng
(0;1) wa f(0) = f(1) = 0. Chitng minh rang 3¢ € (0;1) sao cho f'(c) =
fle).

YL3i giai Ta dat g(z) = f(z).e ",z € [0;1]. Vi g(0) = g(1) = 0
nén theo dinh 1y Rolle ¢ € (0; 1) sao cho ¢'(¢) = 0. Nhung ¢'(z) =
(f'(z) = fx))e ™ = (f'(¢) = f(e))e™* = 0= f'(c) = [f(c).

Bai toan 1.6. Gid si ham f(x) khd vi hai lan trong khodng [a,+00)

ngoai ra f(a) = A >0, f'(a) <0, f"(x) <0, khi x > a. Chitng minh ring
phuong trinh f(x) =0 ¢é mot va chi mot nghiém trong khodng (a, +00).

vLaoi giai Khi x > a, theo cong thitc vé s6 gia hitu han Lagrange, ta c6

flx)=A+ (z—a)f'(&(x)),a < & < . (1.1)

f(@) = f(a) + (z — a) f"(&(z)),a < & < = (1.2)
Tu dieu kien f”(&(x)) <0, suy ra f'(z) < 0,khi z > a, vi thé f(x) gidm
trén khoang (a, +00). Tl cac cong thite (1.1) va (1.2) suy ra
fl@)=A+(z—a)f(a) + (z —a)(& — a) f"(&(&)).  (1.3)
Vi f'(a) <0, f"(&(&1)) < 0, nén tir (1.3) suy ra khi z di lén thi f(x) < 0.
Theo Dinh ly Cauchy vé gia tri trung binh, suy ra trong khoang (a, )
ton tai diém z1, sao cho f(x1) = 0. Ham s6 khong triét tieu tai diém nao
khac x; vi n6é gidm trén khoang (a, +00).

11
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1.2 Su tang giam ctia ham s6

a) Ham s6 f(x) duge goi 1a tang (gidm) trén doan [a, b], néu f(xs) >
f(x1), khi a < 21 < 29 < b (hay tuong tng, f(xs) < f(x1) khia < 27 <
b) Cho ham s6 f(x) c6 dao ham hitu han hay vo han trén khoang X.
Dé ham do6 tang giam trén X diéu kién can va du la
1) F(2) > 0, (f/(x) < 0)

2) f'(x) khong triét tiéu trén mot doan [a, 8] ndo cua X.

Bai toan 1.7. Ching minh rang, néu @(x) la ham khd vi don diéu tdng
va f'(x) < ¢'(x) khi x > xg, thh

[f(x) = f(@o)| < @(x) = @(x0), 2 = .
VYLoi giai Vi cdc ham f(x) va ¢(z) thda man tat ci cac dieu kién cta
dinh 1y Cauchy vé gia tri trung gian, nén ta co:
flx)—f
pla) =

3= 15 <<

Tu do suy ra

[f(x) = f(zo)] < [o(x) = p(20)| = () = @(x0).

Ve mat hinh hoc diéu dé c6 nghia la: s6 gia ctia ham kha vi don diéu tang
khong bé hon s6 gia clia moi ham kha vi khéc c6 tri tuyét déi ciia dao ham
khong 16n hon tri tuyét déi ciia dao ham ham kha vi don diéu tang do

Bai toan 1.8. Gid st ham f(x) khd vi hai lan trong khodng (a,b) va
f"(x) #0,a < x < b. Chitng minh rang vdi moi € € (a,b) co thé tim dugc

trong (a,b) hai gid tri x1,xs sao cho

f(x2) — f(z1)

L2 — 1

= f'(&).

v Loi gidi Dé xdc dinh ta gia thiét rang f”(£) < 0, € (a;b) khi d6
ham f/(x) gidm tai diém z = &: ton tai 6 > 0 sao cho f'(x) > f/(£) khi
x € (§—0:8); f'(x) < f(§) khiz € (§ £+ ).

Xét ham ¢(z) = f(£) — f(z) + f'(§)(x — §) trong khodng (§ — 05 +9).
Dao ham cta n6 ¢'(z) = —f'(z) + f'(§) théa man diéu kien ¢'(x) < 0 khi

12
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E—d<ax<&@(x)>0khi € <ax <&+ 9. Bdi vay ham ¢(x) gidm trén
khoang (£ — 9; &) va tang trén khoang (&; & +9). Khix = & ta c6 (&) =0
Thé thi p(z) > 0khiz € (£ —0;&+ ).
Ky hieu A = o(§ =5 +0); B = (£ + 0 —0) va xét phuong trinh:

90('7:) =&, (14)
trong d6 & > 014 86 ¢6 dinh tly ¥, thda man dieu kien 0 < ¢ < min(A; B).
Tt Iy luan trén ro6 rang phuong trinh (1.4) luén c¢6 hai nghiém: £ — § <
11 < Eva € < 9 < £+ 6. Nhu vay trén khodng (a;b) (trong lan can diém
¢ ) tim duge 2 gid tri x1 va x2 (a < 11 < £ < 19 < b) sao cho:

f&) = fa1) + (21 =) f(E) =¢, (1.5)
f(&) = f(w2) + (z2a = ) f'(§) =&, (1.6)

Lay (1.5) trix (1.6) vé véi vé ta dugc
f () — f(21)

X9 — I

= f'().

Bai toan 1.9. Ham ¢(x) kha vi 2 lan trén [0, +00). Biét rang ¢(x) >

'(z va o)’ (z) x 00
0,¢'(x) >0 (¢/(x))2¢/f)2,v € [0, 4+00).
Chitng minh rang xgrfoo(gb(x))? —
vLai gidi Dat f(z) = qb(lx) ta co:
iy O@) 2 (@) — d(x).¢"(2)
==y ) CE
/ : f”( )f () ¢"(@)o(x)
Do d6 f(x) >0, f'(z) <0 TS =2— e 2 >0,
tic 1la f"(z) > 0,Vz > 0.
Ta can ching minh rang xgrfoof’(x) =0. Vi f/(x) < 0,Vx >0 va f'(x)

don dieu khong giam trén [0, +00) nén ton tai gidi han lim f’ () =c<0.
Néu ¢ < 0 thi f'(z) < ¢, f(z) < cx + f(0),Vx > 0. D1eu nay khong thé
xdy ra do f(z) > 0,Vx € [0,400) — ¢ = 0.

)
ARG
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1.3 Huéng 16i va diém udn ctia do thi ham sb

1) Do thi ctia ham kha vi f(z) trén khoang (a, b) duge goi 1a 161 xudng
(len), néu trong pham vi néi trén né khong nam dudi (ndm trén) tiép tuyén
bat ki clia no.

2) Diéu kien di dé do thi ctia ham s6 160 xudng (len) la f"(z) >
0,(f"(x) < 0) khi a < x < b, néu ham s6 c¢6 dao ham dén cap 2 hiu
han khap noi trén khoang (a, b).

3) Diem My (zo,yo) clia do thi ham sé f(z) duge goi la diem udn, néu
ton tai mot lan can clia zg trén truc hoanh, sao cho trong lan can dé do
thi ctia ham s6 ¢ vé hai bén diém x c6 huéng 16i khac nhau.

4) Diem My(zo, f(z0)) ma f"(xg) = 0 hodc f”(zo) khong ton tai, sé 1a
diém udn, néu f’(x) doi dau khi qua diem x.

Bai toan 1.10. Ham f(x) duogc goi la loi phia dudi (phia trén) trén khodng
(a,b) néu vdi cic diém x1,xo bat ki cia khodng dé va cdc s6 A\, g tuy ¥
(A1 > 0,20 >0, A\ + oy =1) ta cé bat dang thic:

FAL(z1) + A2(22)) < Arf(1) + Ao f(22).

hay tuong ing bat dang thic nguoc lai
f(z1) + Aa(z2)) > A f(z1) + Ao f (22).

Chatng minh rang:

1) Ham f(x) loi phia dudi trén khodng (a,b), néu f"(x) > 0 khia < x < b.

2) Ham f(x) loi phia trén trén khodng (a,b), néu f"(x) <0 khia < z < b,
VL& giai Gia st f"(x) > 0,2 € (a,b) va gid st A\; > 0, A > 0 1a cac

s6 duong tity ¥ théa man didu kien A\ + Ay = 1. Néu 2z, x» 1a hai diém

bat ki clia khodng (a,b) v x1 < xo thi hién nhién diém \jz1 + Aoze nim

gitta x1, r2. Theo cong thitc Lagange ta co:

f()\lil?l + )\2562) — f(:Ul) = )\Q(SUQ — ﬂ?l)f,(fl), T < 51 < \x1+ )\23221, 7)

f(z2) — f( M@ 4+ Xaxa) = M(z2 — 1) f1(&2) Mx1 + Aaxa < & < x(21 .

Nhan ca hai vé ctia (1.7) va (1.8) tuong tng A; vads roi trit vé véi vé cac
déng thic trén ta dugce:

Aaf(x2) + Arf(21) = f(Mzr + Aowa) + A da(ze — 21) f7(E3),
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trong d6 & < &3 < x9. Do cac diéu kien A\ > 0, Ao > 0, /(&) > 0, ta co
bat dang thic:

Mof(z2) + M f(x1) > f(Mzr + Aoxa),
tttc 1a ham f(x) 16i phia dudi tren (a, b).
Néu nhu f”(z) < 0 trén (a,b) thi ham g(x) = —f(x) theo chiing minh
tren 1a 16i phia dudi trén (a, b), tic 13;

Aog(x2) + A1g(x1) > g(Ax1 + Aaa).

Suy ra
/\gf(fbg) + /\1f(£l?1) < f()\ll’l + )\21‘2).
Diéu d6 nghia 1a ham f(z) 16i phia trén tren (a,b).

1.4 Coéng thiic Taylor va bat diang thic Landau-Hadamard
1.4.1 Cong thiic Taylor trén mot khoang

Gia stt ham f(x) xac dinh trén doan [a,b], kha vi trén (a,b) dén cap
thit n — 1 va dao ham f(z) hitu han v6i @ < x < b. Khi d6 v6i mdi
xo € (a,b) vap >0, ton tai § € (0, 1), sao cho cong thiic sau day ding

(1) (
fla) = f<x0>+f'<xo>(a:—wo>+%f"<xo><w—xo>2+...+%(1ﬁ)

+R, (),

(z—20)"

trong do

(x —xo)" (1 — )" P
(n—=1)lp

(phan du dudi dang Slomilic-Roser)

Khi p = n ta c6 phan du dué6i dang Lagrange

R,(x) = Fzg + 0(x — z0)].

(x — xo)"

R.(z) = F(zg + 61 (x — 20)],0 < 6 < 1.

n!
Khi p = 1, ta c6 phan du dang Cauchy

(l’ — xo)”(l — 92)71—1
(n—1)!

R,(z) = F[xg + Oz — 20)],0 < 6y < 1.

15
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1.4.2 Cong thic Taylor dia phuong

Néu ham f(z) x4c dinh trong lan can diém z ndo d6, tai zo ton tai cac
dao ham hitu han dén cap n thi c6 cong thiic

n (k) To 2 n
f) = ST gy ol(e — o).
k=0 '

1.4.3 B4t ding thic Landau-Hadamard
Gia st f(x),z € R, la ham kha vi hai 1an va
My, = sup| f® ()] < 400, (k =0,1,2),

TER
Chiing minh ring M? < 2MyMs.
VLai giaiTheo cong thiic Taylor, ta c6

fxo) = f(z) + (v — 2) f'(x) +
Tu do suy ra
|f(@o)| < [f(@)|+1f (@)||zo — |+ [f"(&)

trong d6 y = |z — z|.
2

Vi My + My + M% > 0,Vy, nen M? < 2MyMa, (dpem).

2

2
To— X
’% S M0+M1y+M2%,

1.4.4 Cac bai toan
Bai toan 1.11. Gid sit f(z) € C*(R), f(0) = 0, f*(0) = 0 va f*(2) >
0,Vk € N va x > 0. Chitng minh ring: f(x) =0 vdi x > 0.

VLoi giai Gia st x > 0. Theo cong thic Taylor ta c6:

f(k) = f(lz,(@«%’k,o <0<

Vi fEFD(y) > 0 v6i y > 0 nen f®) tang tren [0; 00) va fR)(0) < FF) ().

(k) -
! k!x)l’k > f().

Chinh vi vay

Ta ciing co:

3

-1 n n—1
f2x) = Z f(k;'(@xk—l—f(;'w)x" > f(k];(x)xk >nf(x), (x <0 <2x).
k=0 ' ' k=0 '
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Bat dang thiic nay théa man Va chi trong truong hop f(z) = 0.

Bai toan 1.12. Gid s f(z) € C?[0,1]; f(0) = f(1) = 0,|f"(x)| <

A, (0 <z < 1). Chitng minh rang
[f'(2)] <

,0<x <1

VLoi giai Theo cong thic Taylor, ta ¢

Tu do suy ra )
f'(@) = 51" (€)e” = (&)1 = )7,

Uéc lugng déng thitc trén day theo gid tri tuyét déi ctia dao ham cap hai,
ta dudce

A
(222 — 22 4 1).

rel<s

A
ViO§2$2—2x—|—1§1khi()§x§1,nén\f’(a:)\<§,

(dpem).

Bai toan 1.13. Gid si f(x) la ham khd vi vo han lan trén R sao cho:
a) 3L > 0:|f"™(z)| < L, Vo € R,Vn € N.

1
b) f(=)=0wdin=1,2,3,..

n
Ching minh rang f(x) = 0.

vLoi giai Ta ching minh v6i & € Z* bat ki, ton tai mot day diém

hoi tu vé 0 ma f¥)(z) = 0. That vay, véi k = 0, diéu nay dang. Gia
st diéu nay dang véi kK = n tng v6i day 1,9, ... khi d6 do tinh kha
vi ctia f®¥)(x), gitta hai diém x; va x4, 3y; sao cho f*D(y) = 0 va
day w1,72,.. thoa man dieu kien dat ra. Bay gio do tinh lién tuc cla
fE (), f#(0) =0,Vk = 0,1,2, ... Talay z tiy §, theo cong thiic Taylor

ta co:
L|z["

n!

<

") (9
£@)| = [0

Do n tuy § nén |f(x)| = 0.
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Bai toan 1.14. Gid st ham f(x) khd vi 2 lan, f(0) = f(1) = 0 va

r[ronlnf( x) = —1. Chitng minh ring I[%Eﬁ(f”(af) > 8.

vLoi gidi Gid sit a la diém cyc tieu 0 < a < 1. Khido6 f'(a) =0, f(a) =
—1. Theo cong thitc Taylor ta cé:

o) = -1+ 0t 9;(‘%' D (2~ a)2 (0 <0, < 1).
Vixr=0,r=1taco60=—-1+ G +280(_a))a2,
0= 14 fat 921(1 - a))(l a2
Ta ki hieu f"(a + 0;(i —a)) = ¢;, (i = 1,2) ta tim duge ¢y = pote
ﬁ. Do vay v6i a < % thi ¢y > 8; con a > % thi ¢; > 8 do6 la dpcm.

Bai toan 1.15. Gid si f(x) la ham s6 ¢ dao ham cap 2 lien tuc trén R.
va théa man dieu kien f(0) = f(1) = a. Chiing minh rang:

ma{ ()} > 8(a —b).

€[0:1]
Vi b= min {f(x)}.

x€[0;1]

vL&i giai Ap dung gid thiét va 4p dung dinh 1§ Rolle, ton tai ¢ € (0;1)
sao cho f’(c) = 0. Xét khai trién Taylor ciia ham f(z) tai diém c.
f"(6(x))
£&) = £(0) + £ — o) + 0D 2
Thay lan luct gia tri # = 0 va & = 1 vho déng thitc trén ta thu dugc:

f"(6(0))

a=>b+ T.CQ,
a +w.(l — )%
Hay
o) =22 >0
" o 2(a_b)
18
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Nhan vé véi vé 2 bat dang thitc sau ciing ta dugc:

F1(000)).£"(00)) = 2= 5 a0 2

(1 —c)

(St dung bat déng thiic ¢?(1 — ¢)? <
Tt d6 suy ra diéu phai ching minh.

Nhan xét: Néu thay doan [0; 1] bang doan [a; 3] thi bang phuong phéap

tuong tu ta c6 két qua

8(a — b)

maX]{f”(l‘)} 2 (a—p)?

x€[a;f

1.5 Bt diang thic Glaeser
Noi dung chinh ctia muc nay duge hinh thanh dua trén tai lieu [7].

1.5.1 Gi6i thisu

Cho mot ham f khong am trén R va c6 dao ham cap hai lién tuc bi
chin trén bsi M > 0 trén R, khi d6 dao ham cap mot thoéa man bat dang

thic
—\/2M f(x) < f'(z) < y/2M f(z),Vx € R. (1.9)

Diéu ngac nhién ctia két qua va c¢6 thé do 1a 1y do khién né khong the
noi tiéng hon, mic dit két qua 1la mot bat dang thic theo ting diém, gia
thiét toan dién: f phai théa man véi cac hé sé nguyén trén R. Bat déng
thae |f'(z)] < /2M f(z) khong ding cho ham khong amf chi duge xéc
dinh trén khoang (a,b) hoac (a,00) ham f(x) = x trén khoang (0, 00).
V6i muc tieu la tim ra kiéu “quy tich” ctia bat dang thic Glaese’s cho ham
f: dé thay thé mién x4c dinh R trong dinh 1§ v6i mot tap con cta R, c¢6
the st dung giéi han bieén hosic dua ra su hoi tu yéu theo ting diém. Mot
vai vi du nita 1am o6 sy can thiét clia cac gia thuyét trong dinh 1§ Glaeser.
Cho f(z) > 0 trén khoang(a, b), mot phép thit dau tien, phuong phap md
rong ham f tré thanh ham khong am trén R, va sau d6 ap dung bat déng
thitc Glaese’s dé mé rong. Vi du f(x) = 0 trén khodng (0, 00) cho thay
diéu do6 la sai: f khong mé rong thanh ham lay dugc vi phan khong am
tren R; néu nhu vay thi f/(0) phéi bang 1, f phai tién dan dén 0 va am
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khi z — 07, mau thudn. Dé tranh tinh trang nay, ching ta c6 thé gia
dinh rang f’ tién gan dén can trai ctia 0 nhung gidi han bién ctia n6 khong
dit mé rong dé thoéa man céc giad thiét hoiic két luan ctia bat dang thc
Glaese’s. Xét vidu f(x) = :1:2 tren (0, 00) , f duge mé rong thanh ham lay
duge vi phan khong am 2% trén R, nhung f” khong bi chin va f’ khong
bi chin trén (0, 00) bdi uy/f véi bat ki p.

Néu ta xét them mot gid thiét rang: f ting trén khoang (a,b) va théa man
f(x) > O,JLI(ILIJF f'(z) = 0 va f’(z) < M, khi d6 ta nhan dugc bat dang

thic (1.9) véi x € (a, b) thong qua viéc ching minh

1(f’(x hm/ ) f( dt</ f(O)Mdt < Mf(z).  (1.10)

2 w—>a+

Tuy nhién gia thiét “ting” duong nhu qua chic chin va né cé thé thoa
méan hon dé tim mot két qua néu f/ bién thién nhiéu lan trén mot khoang.

1.5.2 Bt ding thiic c6 diéu kién

Két qua chinh 1a dinh 1y (1.4), khong gia st rang f tang; ching minh st
dung mot cach khéc (1.10) nhung vAn con so cap. C6 thé chd dgi mot diéu
kién giéi han cho ham f’ tai mot diém a, dan dén sy uéc luong dé ham
f tién dan dén dén a,nhung n6 da chi ra rang diéu kien nay f"(x) < M
voi a<x<b la di.Them mot dicu kién nﬁ’a réng 1" bi chan dudi béi B, ta
thu duge giéi han dudi f'(z) > —4/2 ) trén khoéang (a,c|, & d6 ¢ phu
thuéc vao M va B nhung khong phu thuoc vao f

That don gian, ta coi khoang I = (0, C) két qua 16 rang c6 thé duge thé
hién trén khoang (a,b).

Dinh ly 1.4. Cho f : 1 — R gia st

o f(z) >0 vdi moi x €.

o "(x) lién tuc tren 1, ( f € C*(1)).

e Mot hang so M>0 sao cho f"(x) < M vdi moi x € 1.
e lim f'(z)=

z—0t

Khi do — 2Mf(:c) < fl(z) < /2M f(z),Vz € (a;b).

YChing minh Dit s(x) = max{l, \/Mﬁé(?x) }

Thi v6i moi xz € 1
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fl(z) <\ /2M f(x). (1.11)
fl(x) < —\/2M f(x) (25;)@) (1.12)

Néu thém vao mot hang s6 B<M sao cho B < f”(z) v6i moi x € 1
Dat :

s(x) = max 2f(x) x
() {L%waﬁ%ff(hf)}

Thi f’ théa man :

f(z) > max{Ba:, —\/2M f(z) (2:%) n §(256)> }

Ching minh : mé rong f thanh ham lién tuc trén doan [0, C) véi f'(0) = 0,
dinh 1y ap dung cho 0 <t < C.
f'(t) = f'(0)
t—0
Tuong ty nhu vay néu f” > B thi

Bt < f'(¢). (1.14)

— [er) — (1) = ['(e)t — [ < Mt (113)

Cho x € T thi v6i moi y € I ¢6 tich phan

ti[ﬂ®%ﬁjww—fmwt

= [f(t) = tf (@)L,
= (f(z) =z f'(x)) = (f(y) — yf'(2)).

— 1) = 1)~ =@+ [ [ s )
1

= 0< f(2) = (x = y) f'(2) + 5z —9)°M. (1.16)
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V6i f(y) > 0.Dat Az =z —y khi 0 < y < C tuong duong véi x — C' <

Az < x dang cia bac hai (1.16) v6i moi y € I 1a
1
§M(Ax)2 — fl(z)Ax + f(z) > 0. (1.17)

V6i moi Az € (x — C,x) (bang cach st dung M>0) sé dan dén ba trudng
hop :

Trudng hop 1: Véi (—f(z))? — 4. Mf( ) < 0= |f'(z)| < /2Mf(z).
Trudng hop 2: Véi (f'(z))? — 2Mf( ) >0 va
1'(@) = V(F@)2 = 2M [ (z)
= ,
F(@) > M+ (f/(2))2 = 2M f(2)

Tuy nhién nguoc lai f/(x) < M
Trudng hgp 3: V6i (f'(2))? —2M f(z) > 0 va

~~ ~—

xr <

o> L@+ V@) - 2Mf@)
B M

— f(x) < M(z —C) = /(F'(0)2 —2M[(x).  (113)

V6i f'(x) < 0 va ching minh (1.11)

J'@) + Mz — C) < —\/(J'(2))? — 2M f(x) < 0
— (f'(x) + M(z = C))* > (f ())—QMf()
s 2 () M(C — ) + MA(C — o) > —2M (),
— ) > 28 MO (1.19)

Bat dang thic (1.18) va (1.19) chi thda man néu :

flz) — M(C — )
e 5 < M(x—C),
2f(x)

(C =)

<— > M.
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T truong hop 1 va 3 ta thu duge

f(x) > —y/2M f(x),néuM > % (1.20)

f(z) > _<Cf(_513)x + M(C2_ x)>,néuM < % (1.21)

fa) | M(C )
C—x 2 ’
vi vy gi6i han dudi ctia (1.21) luon nho hon hoac bang giéi han dudi cia

X 2 N ?

(1.20) va chung xay ra dong thoi khi M = % N6 la dieu co ban dé
—x
kiém tra rang (1.20) va (1.21) cling néi dén (1.12)

Trong trusng hop f” > B tit (1.18) va (1.14) ta c6 thé két luan rang
Bz < f'(z) < M(z — C)

Stt dung bat dang thitc Cauchy ta dugc : \/2M f(x) <

C.

M—-B
Ta xét dén cd diac diem clia ham x = g (x), trong biéu thic cho
=B

5(z) dé biéu thi ring truong hop 3 khong xdy ra véi 0 < x <

Va theo d6 x >

M—BC

noi rieng, néu B > 0 truong hop 3 khong x4y ra véi moi x € I

1
Vi du 2.2 Xét f(x) = §M$2 trén khoang (0,C), thi (1.11) trong dinh ly
14 16 rang, c6 ¥ nghia véi mot vai ham f(x), dang thitc théa man v6i moi

1

x. Tuy nhién v6i mot vai ham f(x) vi du nhu §M:U2 + 1 thi (1.13) lai la
t6t hon
Vi du 2.3 Vi du nay cho thay gisi han duéi cling c6 thé dat dudc, trong
truong hop nay mot ham dan t6i 0 tai diem t6i han C
Dit f(z) = 2%(1 — x) = 2* — 2® trong khoang (0,1).Khi d6 f/(0) = 0 va
f"(x) = 2 — 6x giéi han trén bang M-2 va gidi han duéi B = -4.Cho x

1 2
thudc khoang (0, 5(\/5 —1)], % < M = 2 va gi6i han ctia dinh 1y
—x
(1.11) va (1.20) Ia :
—/4(2? — 23) < fl(z) = 20 — 327 < (/4 (2?2 — 23) (1.22)
23

2386 héa béi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



) ) 8 )
Trong thuc té, (1.22) ¢o dinh trong khoang <O, 5] va giéi han trén co dinh

trong khoang (0,1) nhung giéi han dudi tur (1.22) 1a sai v6i x dan dén 1.
1
Cho x thuoc khoang (5(\/5 —1),1)

2 M 1
(1{(”;))_2 <M =20 > % = 2 vagidi han cia dinh Iy (1.11), (1.14),
(1.21) la:

fle) 20 —=z)\ [ _
max{—élx,—(l_x-l— 5 )}—x +z—1

< 2w — 327 < y/4(a? — 23).

Khi # — 1~ thi bat déng thiic sé ding —1 < —1 < 0.

Tu viéc ching minh dinh 1y 1.4 ta thay giéi han cudi (1.9) ciua Glaese
khong chi cho v6i x dan dén diém t6i han véi diéu kien bien va didu dé
roi vao trudng hop 3. Bat dang thic (1.9) c¢6 thé dude phuc hoi bang cach
tranh trudng hop 3 bang hai cach: thit nhat chiing ta c6 thé thay thé (0,0)
bang (0,00) trong dinh 1y 1.4, mot kiém chiing ctia chiing minh cho théy
truong hop 3 dugc loai trir.

Tht hai ching ta c6 thé thém mot diéu kien gisi han & cac diém téi han
khac cua I = (0,C), xl_lg'lif/(iﬁ) = 0. Sau d6 la mot giéi han tuyén tinh
khac f'(z) > M(x — C) diéu d6 mau thuan véi (1.18). Vi vay truong hop
3 trong chitng minh dinh 1y 1.4 dugc loai trit mot lan nita

Ménh dé 1 Dat I biéu thi khodng (0,C) hodc (0,00). Cho f : 1T — R gid
Su :

of(z) >0 vdi moi x €1

of € C*(I);

o Mot hang so6 M>0 sao cho f"(x) < M wvdi moi x € 1;

o lim f/'(z) =

z—0t

o/ = (0,00) hodc hmﬁf (x) = 0;

C
Khi d6 —/2M f(z) < f'(z) < \/2M f(z),Vz € L.
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1.5.3 Bt ding thiic khong cé diéu kién bién

Loai bo tat ca cac diéu kien gi6i han trén f’ dan dén kiéu bat dang thic
nay ap dung cho bat ki khoang(a,b). N6 c¢6 thé duge chiing minh bing
cach ap dung phan chiing minh ctia dinh 1y 1.4
Ménh dé 2 Cho f : (a,b) — R gid st :
of(z) >0 vdi moi x € (a,b);
of € CX(I);

e Mot hing s6 M>0 sao cho f"(x) < M vdi moi x € (a,b).

. 2w ),
bat sy(z) = max{l, V(e — ) }

2/ (x)
VM(b— )

\/M(%j(a:) ™ ST;'T)> < flz) < \/m<23£1($) ! Sgéx)).

1.6 Coéng thic tinh dao ham cip n va mot sd bat dang thic
lién quan

sp(x) = max{l, }, khi d6 v6i moi = € (a,b),

No6i dung chinh ctia muc nay duge hinh thanh duya trén tai lieu [10].

Dinh 1y 1.5. Cho I = [~a,a] CR,a >0 va f : T — R sao cho f"V) la
kha tich trén 1. Khi dé ta co :

-\ 1 e
dx”( T ) » - xn+1/0 y T (y)dy, (1.23)
d"  f(z) — f(0) £ (0)
dx™ x - T on+1

(1.24)
¥ Ching minh Cho x # 0, tu

/0 f(tx)dt = /05r f’(y)% _ &) =0 f(o),

X
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ta dugc :

& (f(x)—f(0)> = [ pmar= [ g

dx™ T dx™

1
= / " F D () dt
0

1

- [ ay

Bang cach thay tx = v.
Cho z =0 ta co6 :

d (fl@) = fO)\] .y )dy o
o ( " . = :1613’(1) porES (L'Hospital srule)
n £(n+1) (n+1)
@) )
=0 (n+ 1)z" n+1

1 1

Dinh 1y 1.6. Cho p,q € R sao cho 1 < p,q < o0 va —+ — = 1. Cho
p q

I =[-a,a] CR,a>0,vaf:1— R sao cho f" € LP([0,|x]]) cho
rE€lTwvan>0.Khi dota co :

a (f(x) - f(0)> R sl (1.25)

dx™ x =~ (ng + 1)Ya|z|V/r

Bat dang thic ding khi cho 1 < p < oo va dep nhat khi cho p=1

v Chitng minh Dé chiing minh (1.25) ta bat dau di tit (1.23).Cho x € I
va fmh) € LP([0, |)).
Ta c6 thé st dung bat dang thic Holder nhu sau :

n () — ]
diﬂ(f()xf(0)> ! /Oynfw(y)dy

- [+

1 = n r£(n+1)
S T ) [y" S (y)|dy

| |:c| e Ve
< 4] (1) () 1P d
|</ rd y> (/ 7)) y)

_ 1 ey,
2] (nq + D)V
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Bay gio ta di ching minh bat dang thiic nay. Cho z € I ta phai tim mot

ham f sao cho :
] Ya /o -
_ / " ody / £ () Py

Cho 1 < p < o0, lay f sao cho f)(y) = sgn(y”)]y”\v%l. Khi d6 ta c6

|x‘nq+1 |£C|nq+1 1/p |5U|”q+1 1/a
T ng+1 \ng+1 nqg +1
= 17Dy -

Cho p = oo lay f sao cho f*(y) = sgn(y"). Khi d6

1/p

"
/0 y" U (y)dy

ol
/0 y" F ) (y)dy

lz| .
/0 y" O @)dy| = 1y 1l = 17" ool [y [ 1
Cubi cling, cho p = 1 ta chiing minh duge bat dang thiec :
da* [ f(x)— f(0 1 "
(LD TON Ly,
dx T ||
P / ’ Y (y)dy| < —— sup [y : F7 D ()| dy
"] Jo 2" e e 0
(1.26)
1
= — |1/,
|z

) ) . 1
la tot nhat, nghia la khong thée thay the ﬂ bdi mot gia tri nho hon.
x
Luu ¥ réing : lim (ng + 1)Y9 = 1.
q— 00 B
Cho mot s6 dit nhé 6 > 0. Dinh nghia ham f5 nhu sau :

#(n) . 0 ) (O§y§|$|—5),
B0 = syl +8) (s <
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V6i ham nay, vé trai ctia (1.26) tré thanh :

lzf 1 || 1
n D () dy| = —/ "—d
/O y'fs (y)dy 2t Y 5

1 1 ‘x’n-l-l . (lx‘ . 5)n+1

" Jz[rs n+1

1
‘x‘TH-l

trong khi vé phai trd thanh :

noorlel 1 g 1
x n
‘l‘le /0 |f<§ H)(y)‘dy =T <dy = —.

Ta di tinh gid tri gidi han vé trai cia (1.26) khi 6 — 0,

' ‘x‘n+1 . (|£L,| . 5)n+1 B 1

(n+ 1)|x|**+ts-0 ) - ||

Sau day 1a mot s6 vi du ap dung:
Vi du 1 Néu ¢ (1.25) ta dat f(x) = e*, f(z) = chaxsinfx, f(x) =
chaxcosfx va p = 0o ta ¢ :

dcfn (choza:xsinﬁx < (&2 n 62>(n+1)/2neL:|1 (z € R),
dcfn (1 — cho;xcosﬁx < (a®+ 62)(n+1)/2§L—:|1 (z € R).
trong d6 chax = cte”
Néu ¢ (1.25) ta dat f(:%) = e va p = 1 ta dugc
()| < e -y e
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Vidu 2 Néu ¢ (1.23) ta dat f(x) = In(1+ x), x # 0,z > —1 ta ¢
d" (In(x +1) 1 [ (=1)"tin
n ( - n+1 / Yy ( ) nJrldy
dx T x o~ (1+vy)
n! 2] y"
< —d
= ‘x‘nJrl/O (1 +y)Ht Y

nﬂ(ln tJa) +Z () (1-@))

Ap dung (1.25) véi p = oo ta xay dung dugc

d" [In(z+1) < 1 (—1)"in)
dxm™ x n + 1y€[0 B (1 + y)”“
n!
S on+1
Vé6i p = 1 ta dugce
ar (1 || n+1
n(z +1 / dy

dxm T |:c| (1 + (1+y)n!

|z 1
—d
|:c| 0o (1+yyn?

(=D 1
R (1 <1+x>n)'

Vi du 3 Néu 6 (1.25) ta dit f(x) = arctan x v6i 1 < p < 400 va x # 0 ta
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co :

d" [ arctanx < 1 1
dx" x ~ |z|VP (ng + 1)Ya

2] (—1)”n! p 1/p
/0 1150 sm((n + 1)arctany)| dy
! |:L‘| (n+1)p 1/p
< i i dy |
|2[VP (ng + 1)/ 1 V1+y?

(y = tant)

arctan|x|

1/p
cos(Mtp— 2tdt>

S—

n!
‘Qj‘|1/p nq-}— l/q

Ap dung (1.25) véi p = oo ta dugce
d" [ arctanx n!

< .
dx™ T “n+1

1.7 Mot sé bat ding thitc dao ham khac ctia cic da thic

Trén truong so6 thiyc xét da thic bac n
P(z) = apz" + a2 ' 4 ... F ap_1x + ay, ag # 0,
Bai toan 1.16. Néu da thic
P(z) = apz" + a1 ' + ... + ap_1x + ay, ag # 0,

c6 n nghiém thuc, thi

(P’(@)Q — P(2)P"(z) > 0,Vx € R.
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v Loi gidi Gid st p(x) c6 cac nghiém x1, 29, ..., T,,, thi hién nhién bat
dang thitc ding véi z = z; (1 = 1,2,...,n). Véiz # z; (i = 1,2,...,n),
ta co

Lay dao ham hai vé ta dudc

—(P'(2))? + P(x)P'(x) <~ -1
(P(x))? N 21: (2 — @)

Suy ra v6i moi x # z; ta co

(P(2))® = P(2)P"(x) > 0,

Vay bat dang thitc ding v6i moi x € R.
Bai toan 1.17. Néu P(x) la da thiic bac n cé n nghiém thuc thi

(n—1) <P’(x))2 —nP(x)P"(x) > 0,V € R. (1.27)

v Loi giai Gid st P(z) c¢6 cac nghiém z1, 29, ..., T,,, thi hién nhién bat
dang thic ding v6i z = z;(i = 1,2,...,n). Véi x # x;(1 = 1,2, ..,n), ta c6

Pla) N~ 1 P@)P'(@) = (P@)? = -1
N 2T

P(z) i=1

Ap dung bat ddng thic Cauchy-Schwarz ta ¢6

T — x; n
i=1 ¢ i=1

Suy ra v6i moi x # z;, (1 = 1,2,..,n) ta cing ¢6
(n — 1)(P'(x))* = nP(xz)P"(z) > 0.
Vay bat dang thitc ding véi moi x € R.
Bai toan 1.18. Cho da thic
P(x) = apx"™ + ap12™ ' 4 ... + a1 + ag, a; >0,(i=0,1,2,...,n).
Chatng minh rang
z[(P'(z))* — P(x)P"(x)] < P'(z)P(z),Vx > 0. (1.28)
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v Ldi giai Stt dung bat dang thiic Cauchy-Schwarz, véi > 0 ta c6

n 2 n "
x’ ( Z Z'az'l“i_l) < P(z) [a:Q Z i(i — Dax" * + 2 Z iaixi_ll ,
=0 i=0 i=0

= 2[(P'(x))’ = P(x)P"(z)] < P'(x)P(x).
Bai toan 1.19. Cho cdc da thic
= bi(1—t)' (1 +1)"" b >0,Vi=12,..,n
i=0
Chatng minh rang

(1-)[(Q'M) — QMQ"(1)] < n(Q(1)* — 20Q(1)Q'(t), ¥t € [-1,1].

1—1 14+ 2\" 1—=x n .
2 Px) = =Y bt
T P ( 2 >Q<1+x> 2 b

(1+18)"P(x) = Q(t),
2(1+ )" P'(x) = nQ(t) — (t + 1)Q'(2),
4(1+8)" 2P (x) = n(n—1)Q(t) —2n(n —1)(n+ 1)Q'(t) + (1 +£°)*Q"(¢).

Thé P(z), P'(x), P"(x) vao bat dang thitc (1.27) ta c6 didu phai chiing
minh.

v Lagi giai Dit « =

Ta dugc

Bai toan 1.20. Cho P(x) la mot da thic bac n vdi cic hé so6 khong am.
Khi do ta co

P/
() < , Vo > 0.
P(z) — 2’
v L3i giai Chia cd hai vé cta (1.28) cho zP(x)P'(x), (x > 0), ta
dugce
P'(z) P"(x) oy
P(x) Pl(x) —z
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Va do d6 v6i moi x > 0 ta co

P(k)(:c) P(kﬂ)(ac)
PE-D(z)  PW)(z)

Tit P+ () = 0 suy ra, véi z > 0 ta c6

gl, 1<k <n.
x

(5 ) (- )+ (2285 -) 2
—fast

Bai toan 1.21. Gia st P(z) la da thic bac n (n > 2) ¢6 n nghiém thuc
va xy la mot nghiém don cia da thic. Chitng minh rang néu
[P"(z0)| = (n = 1)|P'(z0)],
Thi P'(x) c6 it nhat mot nghiem x théa man |z — xo| < 1.
v Lai giai Do P(z) ¢6 n nghiém thuc nén theo Dinh 1§ Rolle, P'(z) ¢6
n — 1 nghiém thuc yi, 2, ..., Yn_1. Ta c6 thé gid sit hé sé bac cao nhat clia

n—1
P(x)1a 1. khidé P'(z) =n [][ (x —y;). Ta co
i=1

P”(:C) B n—1

1
P'(z) -1 T Yi

Vi z( 1a mot nghiem don ctia P(x) nén P'(zg) # 0. Gia st rang |y; — xo| >
I,véie=1,2,....n—1. Tacod

P'(z)] < 1
n—lg‘ ‘g ——  <n-l
P’ (o) Zz:l: |0 — ¥l

Dan dén mau thuan. Vay ton tai i(1 < i <n — 1) sao cho |y; — xo| < 1.
Bai toan 1.22. Cho da thiic p(x) bac khong vugt qud n, cé tinh chat
()] < 1,V € [-1,1],
Chaing minh ring
p™ ()] < TV (@)],Va; 2] > 1, (k € N). (1.29)
trong dé T,,(x) la da thite Chebyshev bac n.
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v Lai giai Ta ap dung Cong thitc noi suy Lagrange cho da thic p(x)

tai n + 1 diem x; = COS(n_—Z)ﬂ-,i =0,1,...,n, véi chu y rang T),(z;) =
. n
(—1)"" ta co
- p(z;)
p(z) = 9i(x).
ZZ:; gi(z1)

trong do

Vi [p(z;)] <1 nén

(1.30)

1) =] > T )|

Ki hi¢u sgn g;(z) 1a ham dau ctua g;(z) : sgng;(z) = 1 néu g;(x) > 0
va sgng;(x) néu g;(z) < 0. D& thay ring sgng;(z;) = (—1)"". Ngoai ra,
khi |z| > 1, dau cua gz-(k)(a:) khong phu thudc vao i. Thay vay, tat ca cac
nghiem cta ¢;(x) thuoc doan [—1,1] nén tat ci cac nghiem cua ggk)(a:)
cing thuoc khoang(—1,1). Do d6

(k) 1 v <1,
g (@) =Lk g1,

Nhu vay, khi |z| > 1ta c¢6

= S o] =3

i 9

k
g™
gi(37

?W (1.31)

)

Tu (1.30) va (1.31) suy ra diéu phai chiing minh.
Vi du Véi x| > 1,m < n,T,(x) la da thitc Chebyshev. Chiing minh rang

T (@) < ITM (@), k=0,1,.,n,
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v Loi giai Ta xét da thic P(z) = T,,(z) thoa man cac dieu kién ctia Bai
toan 1.22. Do d6, véi |z]| > 1 ta ¢6
T (@) = [pP (@) < ITP )], k=0.1,..n.

Bai toan 1.23. Gid st da thiic P(x) ¢6 bac khong quan—1, cé hé so bac
cao nhat la ag va théa man dieu kién:

V1—=a2?|P(x)| < 1,Va € [-1,1].

Chitng minh ring
|P(z)| < n,Vze[-1,1].

2k —1

v Loi giai Xét day x; = cos m,k=0,1,2,....,n — 1. Do ham sb6

cosz giam trén khoang (0, 7), nén ta c6 —1 < x, < ... < x93 < x1 < 1.
Néu z; < x < 1, thi

P(z)] < %Z \Mp(xk)l.\jf”;)k( < %Z ‘5__(2‘

(do & — xp > 0 va Tp,(x) khong ddi dau trén (w1, 1]).
Mat khac

nén ta co

x— x— T
J k=1 k

TTIl(:L') _ on—1 zn: szl(x — xk) - Tn(x)

n

bat x = cost. Khi d6

T’ innt L e
T ()] = ‘smn ‘ < n (Bat dang thiic Jensen), tu

n sint

do suy ra
|P(z)| < n,Vz € [z, 1].

Hoan toan tuong tuy, ta ciing c6
|P(z)| < n,Vo e [—1,x,)].

Xét x, < x < x;. Khi do ta co

. N
1 — 22> 4/1— 2% = sin(arccosr;) = sing -
n
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1.8 Dinh ly Markov-Bernsterin

Dinh 1§y Markov-Bernsterin duge phat biéu nhu sau:

Dinh 1y 1.7. Cho da thic P(z) = apx" + 12" ' + ... + a,_17 + a, théa
man dieu kien |P(x)| < 1,Vx € [—1,1]. Khi dé

|P'(x)] < n? Vr € [-1,1].

Nhan thay ring ta c6 thé ap dung Dinh 1§ 1.7 cho da thiic Chebyshev
va da thiic Legendre.
Dé chitng minh dinh 1y truéc hét ta xét hai bai toan sau

Bai toan 1.24. Cho da thic luong gidc

n
= Z apsinkt.
k=1

théa man dieu kien|P(t)| <1 Vit e R/{...,—2xn,—m, 0,7, 27, ...} Ching
P(t

( >| <n, VteR/{., —2m, —mx0,m2m, . .}
sint

. Pt
v Loi gidi Nhan xét rang (t) = @(cost) véi Q(x) la da thiic bac
sin

n— 1.
Dit cost = x. Khi d6 |z| <1 va

P(t) = sintQ(cost) = /1 — 22Q(x
Do @Q(x) théa man cac diéu kien ctia Bai toan (1.23) nén

Q(x)| <n, Vaxel[-1,1].

P(t
Do d6 | (t)| <n, VteR/..—-2m —m0,m2m, ..}
sin

36
3686 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



3786 héa béi Trung tam Hoc liéu — Pai hoc Thai Nguyén

Bai toan 1.25. Cho da thic luong gidc

n

P(x) = Z(aicosiaz + b;sinix).
i=0

théa man dieu kien |P(x)| < 1 vdi moi x € R.
Ching minh rang |P'(x)| < n, vdi moi x € R.

v Loi giai Cho truée zy tuy 3. Do
cos(xg — x) — cos(xg + x) = 2sinzysinz.

sin(zg + x) — sin(zg — x) = 2cosxpsinz.

nen

P P(xg — a

g(x) (0 + ) JQF (20 = @) = Z cpsinkzx.
k=0

Suy ra

Plzy+2x)+ Plxg—x

() = DI LE D) 00) = pay),

Ta thay g(z) thoa man céc dieu kién ctia bai toan(1.24) nén suy ra

‘g(w)

<n, VereR/N., 27, —u0,mr2m,..}
SmX|_n x /{ 7, —m, 0,7, 27, ...}

g(z) —g(0) =
r—0 sinx

g (0) <n — |P'(x9)| < n.

Nhung ¢(0) = 0 va < n, nén khi cho z — 0 ta c6

Do ¢ duge chon tiy ¥ nén ta c6 |P'(x)| <n, VreR.
Bay gio ta di ching minh Dinh 1y 1.7.
Diat @ = cosa khi d6 tho gid thiét thi |P(z)| < 1. Ma P(cosa) c¢6 dang
P(cosa) = Z(aicosioz + b;sinia).
i=0

nen ta c6 thé ap dung két qua ctia Bai toan 1.25 ta dugc
P/
Isina P’ (cosa)| <n — /1 — xQ‘ﬁ‘ < 1.
n
P'(z)

n
P(@)] < n”

Cung theo Bai toan 1.24 ta c6

‘ < n, Suy ra
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Chuong 2

Ung dung ctia dao ham trong ching minh bt
dang thitc, phuong trinh, bat phuong trinh

Trong chuong nay trinh bay nhing tng dung ciia cac bat dang thic dao
ham trong viéc giai cac bai toan ching minh bat dang thic, gidi phuong
trinh va bat phuong trinh.

2.1 Ung dung dao ham trong chiitng minh bat ding thic

Bai toan 2.1. Chiing minh bat ding thic

1\ 7 1\ n+1
(1—1——) <e< (1—|——) :
n n
v, mot n nguyén duong.
v Lai giai Bat dang thitc can chiing minh tuong duong véi
nln(n+1) —Inn) <1< (n+ 1)[In(n+1) —Inn|,¥n € N*.  (2.1)

Xét ham s6 f(z) = Inz trén doan [n;n + 1]. Dé dang thay ham s6 f(x) =
Inz thoa méan céc dieu kién ciia dinh 1y Lagrange trén doan [n;n + 1], nén
dzy € (n;n + 1) sao cho

1

In(n+1) —Inn = f'(z) = -

1
= <ln(n+1)—Inn < —
n+1 n
1
= n < <n+1

In(n+1) —Inn
< n[ln(n+1)—Inn| <1< (n+ 1)[In(n + 1) — Inn|.
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Nghia 14 bat dang thic (2.1) ding Vn € N*. Vi vay bat dang thic sau day
ding:
1\ 7 1\ n+1
(1—1——) <e<(1—|——) ,Vn € N*.
n n

Bai toan 2.2. Ching minh ring vdi moi x € [0; 1], ta luon c6
2
_ T
1—x<e mgl—er?.
v Loi giai Xét f(x) = e + 2 — 1 xac dinh va lién tuc trén [0; 1].
T
Co fllx) =1—€e" = ‘ > 0,Vx € (0;1) nén f(z) dong bién trén

10; 1]
Do d6, véi moi x € [0; 1] co:

ex

flx) > f0)=0=e">1—ux. (2.2)

2
Xét g(z)=1—z+ % — e 7, xac dinh va lién tuc trén doan [0; 1].

Cog'(x) =e"4+x—1= f(x). Theo trén thi ¢'(z) = f(z) > 0,Vx € (0;1)
nén ham s6 g(x)dong bién trén [0; 1]va ta ¢6 g(x) > ¢(0) = 0. Tu d6 ta
co:
22
e’ < 1—90—!—5,%:6 [0;1]. (2.3)
T (2.2) va (2.3) ta dugc
2
l—zx<e < 1—90—1—5,%66 [0; 1].

DAu bang x4y ra khi va chi khi = 0.
Bai toan 2.3. Ching minh bat ding thic
1 1 1 n
+ + ...+ > .
1+21 14 29 1+z, 1+ Vr1.29...0,

Vi moi x1, X2, ..., x, € (1;+00),Vn € N*.

v Loi giai Xét ham s6 f(x) =

[T o trén khoang (0; +00), ta c6
e

o) =-

e!L‘

(1+en)2
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—e"(1+€")? +2e"(1+e")e”  e"(e" —1)
(14 ex)? (14 ex)3

f(x) =

Vo € (0;400).
Ap dung bai toan 1.10 (chuong 1) cho ham sb f(x) =

> 0,

1

T o va cac sb
e

1
M=do= =M=
o

= Inx; > O(k: =1,2,...,n;n € N*), ta dugc

F(Arar 4+ Aeas + .. + Apay) < Aif(ar) + Aaf(ag) + ... + A f(an)

1 1 1 1
< — et
1_|_ en (1nX1+1HX2+ Alnx,) — n (1 + €1nX1 + 1_|_ elnX2 + + 1 I elan)
1 1
< < -+ S .
1+ wri.29..¢, — 14+21 1+ 29 1+,

Bai toan 2.4. Cho x > y > 0. Chiing minh rang:

Vay <

r—vy <x+y

2.4
Inx — Iny 2 (24)

v Loi giai Chia hai vé ctia (2.4) cho y > 0 roi dat t = \/? —t>1,
()

do do6 Int > 0 ta dugc:

t<t2—1<t2—l—1<:> f(t):t—Qtlnt—1>O (7)
Int2 2 g(t) = (> + Dint — > +1 > 0. (44)
Véi t € (1,400) ta co
2(t — 1
() =2t —2lnt — 2; f"(t) = ( ; ) > 0;Vt € (1;400).

— f'(t) dong bién trén (1;+o00) = f'(t) > f'(1) = 0,Vt € (1;+00),
— f(t) dong bién trén (1;4+00) = f(t) > f(1) =
— (i), V¢ € (1; +00). (2.5)

2
—1
s— > 0,Vt € (1;+00).

1 t
(t—2mn+t+z—2ﬁ¢uy:mm+

)
— ¢/(t) dong bién tren (1;+o00) = ¢/'(t) > ¢'(1 ) = 0,Vt € (1;+00).
—> ¢g(t) dong bién tren (1; +00) = ¢(t) > g(1) =

= (i), Vt € (1;400). (2.6)
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:C_
) <$‘|‘y
nx — Iny 2

Tt (2.5) va (2.6) ta dugc /Ty < 1 ding véi moi x,y
théa man diéu kién x > y > 0.
Bai toan 2.5. Ching minh rang vdi moi v > 0;a > e ta luon cé
(a+2)* < a*™, (2.7)
v Ldi giai Chia hai vé cta (2.7) cho a® > 0 roi dat ¢ = g voi t € RT,
ta dudce

(2.7)(5)1+£<a%<:>f(t):at—t—1>0. (2.8)
a

ta co f'(t) = a'lna— 1; f(t) = a'(Ina)? > 0 suy raf’(t)dong bién trén R*
do d6 f'(t) > f'(0) =lna—1>0 (via > e). Vay f(t) dong bién tréen R*

suy ra f(t) > f(0) = 0.
Ta duge (2.8) dang, tic 1a (2.7) ding (dpem).

. s
Bai toan 2.6. Ching minh rang vdi moi x € (0; 5) ta luon co

225inx T Qtanx > 2379”—1—1

BN

v Li giai Ap dung bat ding thitc Cauchy cho hai s6 duong 225" va
21X qiyge:

2sinx + tanx

. . +1
22s1nx i Qtanx 2 2 /2251nx.2tanx =9 9 . (29)

Ta ching minh v6i moi x € (O; g) luon ¢6

2sinx + tanx

2

3
+1> ; + 1 <= f(x) = 2sinx + tanx — 3z > 0. (2.10)

s s
That vay, do 0 < cosx < 1 trén (0; 5) nén véi moi x € (0; 5) ta co

5 (2cosx + 1)(1 — cosx)?
cosZx N cosZx

f'(x) = 2cosx + > 0.

/i

Vay f(x) dong bién trén <0; g) nén véi x € <O; 2) taco f(z) > f(0) =0
tic la (2.10) ding v6i moi z € (O; g) Tu (2.9) va (2.10) ta duge dieu

phai ching minh.

41
4186 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



Bai toan 2.7. Cho 0 < a < b. Chiing minh ring

b—a b b—a
<Iln— < )
a a

v Loi gidi Xét ham s6 f(x) = lnx lién tuc trén [a;b] va c6 dao ham
1 N
f'(z) = — v6i moi x € [a;b] (do [a;b] C RT). Theo dinh 1i Lagrange, ton
x

tai ¢ € (a;b) sao cho

b b—a
Fe)b—a) = () = fla) = In” = —*
Ma,
b—a >0,
O<a<ec<b=—=><1 1 1
- < =< —.
b c a

b—a b b—a

T do ta co <In-< :
a a
as oo 4 3 . N
Bai toan 2.8. Cho xz,y,2 > 0;x+y+ 2 < 3 Ching minh rang
1 1 1 27
—+—+—+trtyt+z=>—.
Ty Yz zx 2

v Lai gidi Ap dung bat ding thic Cauchy ta duge

1 1 1 3
—_— 4+ — 4+ — > — 4+ 39 = M. 2.11
xy+yz+zx+x+y+z_(3xyz)2+ Jryz (2.11)

bat t = ¥/zyz ta cod

1 1
0<t§wg§:>te(o;§].

3 1 6
Xét f(t):t—2+3tvéit€ (O;ﬂ.Tacéf’(t)zB—t—g<3—6.23<O

1 , 1
v6i moi t € <0; 5} suy ra f(t) nghich bién trén (0; 5} Do d6 v6i moi

1
t e (O;ﬂ ta co
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Theo trén ta co

1 27
Jxyz € (O; 5} — M = f(Jzyz) > 5 (2.12)
T (2.11) va (2.12) ta duge
1 1 1 27
—F+—+—Fxtytz=>—.
Ty Yz zx 2

Bai toan 2.9. Cho ba so thuc a,b, c théa man: a +b+c =0 va

a2+ b2+ =1.

. 1
Chiing minh ring a’b*c? < R

v Lai giai Ta ¢6 b+ c = —a.
b+of-F+d) a—(1-a)

bc = = =a” — —.
2 2 2

2
Vi (b+c)224bcnéna224a2—2:>a2§g.

1
a?b’c® = a*(a® — 5)2 =a’—a'+ ~a’.

. 1 2
Xét ham s6 f(z) = 23 — 2% + 7% 0<z< §) Ta ¢6

fl(z) =32% — 22 + i; f'(x) =0.

S = % hoac x = é Ta c6 bang bién thién sau
z |0 L 1 2
6 2 3

f(x) + 0 — 0 +

1 1
f(x) /ﬁ\ /5_4
0

. . . 1 2
Tu bang bién thién ctia ham s6 f(x) ta thay f(z) < Q,Vx € {0, 5}
1

1 1
Suy ra f(a?) < T a® —at + Za2 < S a’b’c? < 7R (dpcm)
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Bai toan 2.10. Cho ba sé thuc duong a,b,c théa man diéu kién a>+b% = 3.
Chaing minh ring a* + b* — ¢* > 6(c — a)(c — b).

v Lai giai Tu a® +0° =c® via,b,c € RT suyra ¢ > a v ¢ > b. Ta ¢

a?+ b =3 = <%>3+ <g)3: 1.

b
Datarzg;y:—,(x,y>0) thi 23 + 1% = 1.
c c
-1
bat x +y =1t (1 <t < /4 Tacot’ —3zyt =1 suy ra zy = a7 va
t*+2
2 .2
5ty 5
Do d6
> +b0°—c P4yt —-1 P -3t+2 42
(c—a)lc=b) (A-2)1-y) (-1 -1
. t+2 ,
Xét ham s6 f(t) = t+—1 (1<t< 4.
Tﬁ%]ﬂﬂ:(f_nz<0vﬁnmje(h&@
Béng bién thién ctia ham s6 f(¢) nhu sau:
t 1 V4
f'(t) -
T VA2
f(@) Vi -1
. V4 + 2
Tu bang bién thién suy ra f(z) > é+ ; > 6,Vt € (1;v/4].

T d6 suy ra diéu phai chiing minh.

Bai toan 2.11. Cho tam gidac ABC vdi do dai ba canh la a,b,c. Ching

minh rang:
a b c b ¢ a
2(FH2+2) >+ + 243
b ¢ a a b c
v Loi giai Khong méat tinh tong quat, gid st a < min{b,c}, dit d =
min{b, c}
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Xét ham s6 f(x) = 2(% +

Ta co

b ¢ b ¢ =

oY _ (2o ” < d).

C+x) (x+b+c),(0<x_d)
oy 2 2 ﬁ_l (2¢ — b)(2? — be)
f(z)_b 1:2+:c2 c x2bc '

Tacoa<d=—a<c=2c>a+c>b=2c—0b>0,

— f'(z) < 0,Vx € (0;d).

Ta c6 bang bién thién:
x 0 d

f(x) \
F(d)

Tu bang bién thien suy ra f(a) > f(d).
Truong hop 1: b < cthid=b= f(d) =

(b)-
b
Matkhacf(b):1+—+gz3:>f(a)z3.
c
b b ¢ a
Suyra2<b+ + > (a+g+z)—|—3.
Trusng hop 2: b>cth1d—c:>f( ) = f(c).
Matkhacf(c)zl—l—éJrEZ?).
c
b b ¢ a
> 44— 43
SuyraQ(b—l— + )_a+b+c+3

Bai toan 2.12. Chidng minh bit dang thic:

2 5133 n

& >1+az+%+§+ +x— Vz > 0,Vn € N*.

v Loi giai Vi n = 1 bat dang thitc can chiing minh tré thanh

&h

e">14x,Vr > 0. (2.13)
Xét ham s6 f(x) =e* —x —1,Vax > 0. Ta ¢
flx)y=€e"—1,Vz >0
viet > 1,Vz > 0vae =1, nén fl(z) = e —1 > 0,Vz > 0, va
f(0) = 0. T d6 suy ra f(x) dong bién v6i moi = > 0, con f(0) = 0. Do
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dé f(x) > f(0) v6i moi x > Ohay €® > 1+ z véi moi x > 0 va bat dang
thic (2.13) ding
Gia sit bat ding thic can ching minh ding v6i n = k > 1, nghia la

2 .fl?3 k

. x x
e >1+x+§+§—|—...+g, Vr >0 (2.14)

Ta can ching minh bat ding thiic

2 k1
> 1 — 4+ — —, Vo > 0. 2.15
e’ +x+ —|—3'+ +(k+1)!’ x (2.15)
Xét ham so
) 2 g3 s
glx)=e —1—x—§—§—...—(k+1)!, Va > 0.
2 .3 k
Ta c6: ¢'(x )—e“—l—x—%—%—...—%, x > 0. Theo gia thiét quy

nap.
¢ (x) > 0,Vz > 0, hién nhien ¢'(0) = 0.

Do d6 ham s6 g(x) dong bién trén khoang (0; +00) va f(0) = 0. T do
suy ra, f(x) > f(0) v6i moi x > 0 hay

2 3 k1
> 1 — . —, V> 0.
e’ —|—x—|—2'—|-3—|- +(k—|—1)!’ x
Vi vay, néu bat dang thiic(2.14) dung thi bat dang thiic (2.15) ding.
Theo nguyén Iy quy nap bat ding thic
I‘Q $3 n

e’ >1+x+§+§+ +x_ Vo > 0,Vn € N*

la dang.
Bai toan 2.13. Ching minh ring vdi cdc so thuc a,b,c > 0 cé bat ding
thic
a n b n c
b+c+1 c+a+1 a+b+1
v Lai giai Khong han ché c6 thé gia thiét 1 > a > b > ¢ > 0. Xét ham

+(1—a)(l—b)(1—c) <1

T N b N c
b+c+1 c+xz+1 x+b+1

flz) = + (1 —2)(1 =b)(1—c)
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, 1 b c
f (:E) - - 9 9
b+c+1 (c+ax+1)?2 (x+b+1)
1a ham don diéu tang. Do d6 f(z) dat gia tri 16n nhat tai 0 hodc 1. Do vay

b
f@) < max{ (). FO)} VI f(1) € gmg b b =

b c 1+b+c+ b2
¢ O — ]._b ]_— = :]_ )
w0 = gty T U0 - = e el
fla) < 1.

Bai toan 2.14. Chiing minh rang vdi cic so6 a,b,c,d € [0,1] luon cé

— (=0 -0,

() a n b n c <9
7 i
bc+1 ca+1 ab+1—

iy—*_ b ¢ L, 4 4 1
bed+2 cda+2 abd+2 abc+2 — abed + 2

v Loi giai (i) Khong han ché ¢6 the gia thiét 1 > a > b > ¢ > 0. Xét
T b c

flw) = be + 1 +cx—|—1 + br +1
1 be be
2t / _ _ —
vt flw) = bc+1 (cx+1)2 (bx+1)
be < be be < be
(cx +1)2 7~ (cb+1)? (bx+1)> ~ (bc+ 1)

f(2) > 1 2bc 1—bc

2.Khi:chZcZOtacé

5- Nhu vay

_ _ > 0.
Z et 1 et er1p ="

Ham s6 f(x) dong bién khi x > b. T d6 suy ra f(1) > f(a) hay
a n b n ¢ - 1 n b n c
bce+1 ca+1 ab+1 " bec+1 (c+1) b+1

- a_ b LS - 1 +b2+02+b-|-c B vi
a Suy ra . 1 V1
Y1 T a1l T ab+1 T betl ! (et )b+ 1)

(1=5)(1—c¢)>0mnén 1+ bc>b+cvata duge
1 +bQ+c2+b+c< 1 bretbte
be+1 (b+1)(c+1) ~ bc+1 2(b+c¢) —

a b c
Tom lai (2 < 2.
o (Z)bc-|—1+ca—|—1+ab—|—1 -

(i) Khong han ché c6 thé gia thiét 1 > a > b > ¢ > d > 0. Xét ham s6
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T b c
_bcd—|—2+cdx—|—2+bdx—|—2+bcx+2
1 bed

bed
= — — . Khix > ta co
bed+2  (cdx +2)?  (bdx + 2)? PE= Ao

1 2—2
F(z) > 3bcd bed

vl x > b va ¢6 dao ham

f(x)
/()

— = > 0.

T bed+2  (bed+2)2 (bed+2)2 T

Vay ham f(x) dong bién khi x > b. Tt d6 suy ra f(1) > f(a) hay
a b c d

S:bcd+2+cda+2+dab+2+abc+2
1 b c d

<
Shedi2 tedr2 T2 Ther2

1 b c d

<
S hed12 T erdrl Tbhadel T brest

1 b c d
<
Shedt2 Terdrb bidic bicid

+ 1.

S

B bed + 2 tls abcd + 2

¢ + b + ‘ + <l4+——7

bcd+2 cda+2 abd+2 abc+2 abcd + 2
Bai toan 2.15. Ching minh rang

Toéom lai

sine(y/cos(e — 1)) — sin(e — 1)+/cose > {’/cos(e — 1)cose. (2.16)

v Loi giéiTacéﬂ>evae—1%1,71828>g.

sine > 0,sin(e — 1) > 0,
cose < 0,cos(e — 1) < 0.

Khi d6 | e 1)
sine sin(e —
2.16) <— - — > 1.
( ) veose  {/cos(e —1)
Diit f(z) = =X i didu kien @ £ ~ + km k€ Z
at f(x) = oo véi dicu kien z 7 - T, .

RO rang ham f(x) lién tuc trén [e — 1,e] C (g, 7) va ¢6 dao ham trén
khoang (e — 1;e).
Theo dinh ly Lagrange, 3¢ € (e — 1; ¢e) sao cho

fle) = fle—1) = f'(e). (217
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2cos?x + 1
Mit khac, ta c6 f/(2) = ——n.
(@) 3v/ costx

Ap dung bat ding thitic AM-GM cho 3 s cos?x, cos?x, 1 ta ¢6
2c0s’x 4+ 1 = cos’x + cos’x + 1 > 3V cos?x,
2cos’x + 1

< ——
3v/costx

Dau "=" khong xay ra véi x € [e — 1;¢],do vay
f'(c) > 1. (2.18)
Twu(2.17) va (2.18) ta thu duge f(e) — f(e — 1) > 1 hay

>1 < f(z) > 1.

sine sin(e — 1) -
veose  {/cos(e — 1)

Tit d6 ta c6 bat dang thitc can chiing minh (2.16).

1.

. T
Bai toan 2.16. Ching minh rang 0 < a < 8 < 5 thi

-« —
b < tanf — tana < pa 5o
cos?f3

v L3i gidi Xét ham s6 f(x) = tanx rd rang f(x) lien tuc trén [o; 5], ¢6

cos?q

dao ham trén khodng (a; ) va ta 6 f'(x) = —5—.
cos?x
Theo dinh 1y Lagrange, 3¢ € («; ), sao cho

1
tanf — tana = 00820(5 — ). (2.19)

T
V‘10<a<6<§nén0<cosﬁ<cosc<cosa.
- 1 1 1
Tu do ta co 5 < 5 < 5

cos’a. cos’c  cos?f3

Suy ra
B-a _B-a_B-a

coslac cos’c  cos?f

(2.20)

. T (2.19) va (2.20) ta c6 bat dang thitc can chiing minh.
Bai toan 2.17. Ching minh rang védin > 1,(n € N) va 0 < a < b, ta cé
na" (b —a) <V —a" <nb" (b —a).
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v Lai giai Xét ham s6 f(z) = 2" véi x > 0.
Ro6 rang f(z) lien tuc trén (0; +00) va f/(z) = nz" !, Khi d6 theo dinh
ly Lagrange, dc € (a;b) sao cho
fb) = fla) = f(c)(b - a).
hay
V' —a" =nc" (b —a). (2.21)

Dob—a>0vaa<c<bneén taco

na" (b —a) <nc" t(b—a) <nb"(b—a). (2.22)
Tir (2.21) va(2.22) ta c6 bat dang thitc can chiing minh.

2.2 Ung dung ctia dao ham trong phuong trinh,bit phuong
trinh

Bai toan 2.18. Gidi phuong trinh
In(z + 1)20D = 2 4 2z, (2.23)
v Loi giai:
Tap diéu kién clia phuong trinh nay la: D = (—1; +00).
Diat f(z) =2(z + Din(x + 1) — 22 — 22 = 0.
C6 f(x) xac dinh, lien tuc, khac hing s6 véi moi z € D, ¢6 f(0) = 0 va
F(2) = 2o + 1) — als '(2) = —; f"(2) = —— Vo eD.
r—1 (x4 1)?
Taco f"(x) =0<= 2 =0; f”(0) = -1 < 0 nén f'(x) dat cyc dai dong
thoi 1& gia tri 16n nhat tren D tai 2 = 0. Bdi vay ta co

f(x)=2[n(x+1)—2] < f(0)=0,Yz €D

Tu d6 suy ra f(z) 1a ham s6 nghich bién trén D. Do d6

(2.23) <= f(2) = f(0) <=2 =0
Suy ra phuong trinh (2.23) ¢6 nghieém duy nhat z = 0.
Bai toan 2.19. Gid: phuong trinh

22—z —1=2%"" = (z+1)" .
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v Lai giai Ta sé giai bai toan tong quat hon
Bai toan: Cho g(z), h(x) 1a hai ham s6 bat ki. Chting minh rang

h(z).e9®) — g(z).e"") = h(z) — g(x). (2.24)

Y

(x).h(x) =0
22 = gl =hw) £0

Ching minh.
Xét ham s6 f(t) =

xac dinh, lién tuc v6i moi t # 0. C6

te! —et+1 ot
/
f=""""=¢

Ma ¢/t = e +t.e! —e' =t.el. Taco ¢'(t) =0 <=t =0. Lai c6

¢"(t) =e'(t+1) = ¢"(0)=1>0.
nén ham s6 ¢(t) dat cyc tieu va cling 1a gia tri nhé nhat bang 0 tai ¢ = 0.
Noi cach khac ¢(t) > 0,Vt # 0. T do c6 f'(t) > OVt # 0, tic 1a ham sd
f(t) dong bién trén hai khoang (—o0;0); (0; +00).

Xét phuong trinh (2.24). Thay ngay néu g(z).h(z) = 0 thi (2.24) dung
Néu g(z).h(x) # 0, khi d6 (2.24) tuong duong véi

@) _ 1 ehl®) _q
g(z)  h(z)

T nhan xét rang ham s6 f(t) dong bién trén hai khoang (—oc; 0); (0; +00),
vy lirr(l)f(t) = 1 ta dugc khi t < 0 thi f(¢) <1, con khi ¢ > 0 thi f(¢) > 1
T—r

B6i vay néu (2.25) ¢6 nghiém thi g(x) va h(x) phai cing dau vi néu chiing

(2.25)

trai dau thi trong phuong trinh (2.25) ¢c6 mot vé 16n hon 1 con vé kia nhé
hon 1.

Thé nhung vi ham s6 f(t) dong bién treén hai khoang (—o0;0); (0; +00)
nén néu g(z), h(z) cung duong hodic cing am thi

(2.25) <= g(x) = h(x).

T cac lap luan nay ta thu duge két qua ciia bai toan da néu treén.
Trd lai vi du dang xét ap dung bai todn véi g(z) = 2% h(x) = 2 + 1 ta
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dugce phuong trinh da cho tuong duong véi

=0
r=-—1
2?(x+1)=0 1++/5
7 :ZE‘+17§O¢> T
1-v5
Tr =
: 2

Vay phuong trinh da cho ¢6 cac nghiém:

14++/5 1—5
5 .

=

r=0r=—-1z=
Bai toan 2.20. Cho phuong trinh
anz” + ap 12" P+ .+ ajx+ag = 0. (2.26)

Chatng minh rdang néu ton tai m € N* sao cho

Qp Ap— a a
+ L+ ——+ 2=, (2.27)
n+m n+m-—1 m+1 m
thi phuong trinh (2.26) luon cé nghiem x € (0;1).
v Loi giai: Dt f(z) = VT(2.26). xét ham s6
a QA a a
Fla)= —"— 4 —"0 4 ——  —.
n+m n+m-—1 m+1 m

Ham s6 F(x) xac dinh lién tuc trén [0; 1] va ¢6

F'(z) = 2™ ' f(z),Yr € (0;1); F(0) = 0.

a Qy,_ a a
Fl)=—2 ¢ 1 4 4+ 2 4%
n+m n+m-—1 m+1 m

Theo dinh 1y Lagrange ton tai xg € (0;1) sao cho
F(1) - F(0)
1-0
(do 2o € (0;1), nén "' # 0). Vay phuong trinh (2.26) luon c6 nghiem

z € (0;1).

F'(zg) = = 0= 2" ' f(xg) =0 = f(xg) = 0.

Bai toan 2.21. Gid: phuong trinh

e ¥ —sin(e *)cos(e™*) —m = 0. (2.28)
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v Lai giai Dit f(x) = VT(2.28). Haum s6 f(x) xac dinh, lien tuc, khac
hang s6 v6i moi x € D =R, ¢6 f(—Inw) =0 va

f'(x) = e *(cos2e™™ — 1) < 0,Vx € D.
Vay f(z) la ham s6 nghich bién trén D. Do d6
(2.28) <= f(x) = f(—In7) <= x = —Inr.
Phuong trinh (2.28) ¢6 nghiém duy nhat z = —In.
Bai toan 2.22. Gidi phuong trinh
27+ 1 37t (2%In2 + gx2ln3) —5=0. (2.29)
v Loi giai Dat f(z) = VT'(2.29). Ham s6 f(z) xac dinh, lién tuc, khac
hang 6 v6i moi t € D =R, ¢6 f(0) =0 va
f'(z) = 2" 2 + 3*"11n3 — 2zIn2 — 321n3
= (2In2)[2* — z] + (3In3)[3* — z] > 0,Vz € D.
Vay f(x) 1a ham dong bién trén D. Do d6
(2.29) <= f(x) = f(0) <=z =0
Phuong trinh (2.29) ¢6 nghieém duy nhat x = 0.
Bai toan 2.23. Gidi phuong trinh:

2x

1—}—x2+1'

teg?m(z +y) + cotg’n(x +y) =

Vv Lai giai Tap xac dinh

cosm(x + y)sinm(xz + y) # 0. PN sin2m(z +y) # 0.
xz > 0. x> 0.

k
x>0

V6i moi x, y théa méan (*) ta co

tg’m(x + y) + cotg’n(x +y) > 2\/tg27r(x +y).cotg®m(x + y) = 2.(%*)
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2x

Ta xét ham s6 f(x) = 522 +1,Vx > 0.
1 2(1 + 2?) — 4a? 1—a?
f(x) = Ao A ! Vo> 0,
21 (1+2?) (14 22)/22(1 + 2?)
1+ a?

flx)=0<= 2 =1<=x=1, (dox>0).
Bang bién thién

x 0 1 ~+00
/(@) + 0 -
2

1 1
Nho bang bién thién ta c6 m%(f(a:) = f(1) =2. (FHF)
T (**), (***) va bat dang thite Cauchy phuong trinh da cho tuong duong
VOl

2 2 _

tg;;(a: + y) + cotg?*m(z + y) = 2 ten(z +y) = 1
+1=2 r=1
1+ 22

tgﬂ(gj+y):1 —ZI)‘F%:%‘}—R,’NJEZ

T = L=
<~ < —1

tgm(x +y) = —1 x+y:I+m,mEZ

L (T = | =1
i 3
{ Yy = 1 +n,n €72

r=1
— 5

Yy = _Z +m,m € Z

€T =

Dé& dang thiy cac cip (x;y) trén déu thoéa man (*).
Vay phuong trinh da cho ¢6 hai ho nghiém.

Bai toan 2.24. Gidi phuong trinh
(a—2)"+ (x—b)" = (a—b)".
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Trong dé a,b la cac tham so thuc a # b va n € N*.

v Loi giai V6i n=1 phuong trinh nghiém ding Vo € R.
V6i n>1 phuong trinh da cho tuong duong v6i phuong trinh

a—1x ! r—> !
(ab) +<ab) =1. (2.30)

ta dugc :

a—x

a—>b

Dit t =
(230) <= t"+(1—-1t)" = 1. (2.31)
Xét hams6 g(t) = 1"+ (1—t)"— L tren R, ta c6 ¢'(t) = n[t"~' = (1—1)"""].

/()= G)" - )| o

1
t>§:>2t>1:>—t<1—t<t=>t>|1—t\

=" s |1t > (1 -

1
t<§:>2t<1:>—(1—t):t—1<t<1—t:>\t|<1—t

= (1—t)" > gt >t

. 1
Do d6 phuong trinh ¢'(¢) = 0 ¢6 nghiém duy nhat t = o

Gia st phuong trinh g(t) = 0 ¢6 ba nghiem phan biet ¢, < ty < t3. Ap
dung dinh ly Lagrange cho ham s6 g(t) lan lugt trén hai doan[ty; to], [t2; t3],
ton tai ¢; € (t1;t2), ¢ € (to;t3) sao cho:
J(er) = g(t2) —g(t1) _ 0, g'(ca) = g(ts) —g(t2) _

th— 1 ts — t
Nghia 1& phuong trinh ¢'(¢) = 0 ¢6 hai nghiém phan biét ¢; < co, trai voi
lap luan trén.Suy ra phuong trinh ¢(¢) = 0 ¢6 khong qua hai nghiém phan
biét. Do d6 phuong trinh (2.30) ¢6 khong qua hai nghiém phan biét phan
bigt. Lan lugt thay x = a,z = b vao (2.30) ta dugc:

(A=) + (B=p) =01t
(4= + (=) = 1+0=1,
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Nghia la phuong trinh (2.30) ¢6 hai nghiém phan biét : * = a,x = b. Do
d6 phuong trinh da cho ¢6 hai nghiém phan biét : x = a,x = b, véi n>1.
Vay, v6i n = 1 tap nghiém cta phuong trinh da cho 1a R.
Vé6i n > 1 tap nghiém ctia phuong trinh da cho 1a {a;b}.

Bai toan 2.25. Cho phuong trinh

! + ! + ...+ ! ! e N*
=—-n :
r—1 4dxr—1 n?r—1 2
Chitng minh phuong trinh cé nghiém duy nhat lén hon 1.
. 1 1 1 1
v Lai giai Xét ham s6 f,(z) = 1t 1ttt 13

tréen khoang (1;+00) v6i n € N*, n > 2, ta nhan thay ham s6 f,(z) lien

tuc trén khoang (1; +00).

1 1 1 R
fa(2) > 1 — 5 = 3 vi IEIJPoof"(x) =5 nén ton tai b > 2 sao cho

fn(b) < 0. Do d6 ton tai zg € (2;b) sao cho f,(z9) = 0. Mit khéac, ham s6
fu(x) ¢6 dao ham trén khoang (1; 4+00) va

1 4 n?
(z) = — . R )
Jul®) (x—1)2 (4o —1)2 (n?x —1)?
Vo € (1;+400),Vn € Nyn > 2.
Suy ra ham s6 f,,(z) nghich bién trén khoang (1;+00), nén nghiém x, la
duy nhat tren khoang (1;400).
Vi vay phuong trinh da cho c¢6 nghiém duy nhat 16n hon 1 Vn € N*,

Bai toan 2.26. Gidt phuong trinh

2¢ — 2%+ — (4 1)3". (2.32)

v Lai giai Xét ham s6 f(x) = 2% x4c dinh, lién tuc trén R, ¢6 f'(x) =
212, Va: € R.
Theo dinh 1i Lagrange, ton tai ¢ nam gitta x va 2z + 1 sao cho:
27 — 22t — f'(c)[x — (22 4+ 1)] = — (2 + 1)2In2.
Béi vay
(2.32) <= —(x +1)2°In2 = (x + 1)3"
< (x+1)[3"+2In2] =0
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(do 3% + 2°In2 > 0 v6i moi x € R).
Vay phuong trinh da cho c¢6 nghiem duy nhat z = —1.

Bai toan 2.27. Gidi bat phuong trinh
37 4 (22— 4)3772 > 1, (2.33)

v L3i giai: Xét ham s6 f(x) = 3%. Ham s6 f(z) x4c dinh, lien tuc, c6
dao ham véi moi x € R va f/(x) = 3*In3. Sit dung dinh Ii Lagrange ta c6:

(2.33) <= f(z® —4) — f(0) + (2* —4)3" 2 >0
— fl(c)[z* —4—0] + (27 —4)3" 2 >0
= 2°—4>0
<— r < -2v2<uz.
Vay bat phuong trinh c¢6 nghiem z < -2V z > 2.
Bai toan 2.28. Ching minh bat phuong trinh
1
In(1+v1+2?%) <=+ Inx.
T
théa man Yz € (0;+00).
) 1
v Lai gidi Xét ham s6 f(z) = In(1 + V1 + 22) — Inx — — trén khodng
x
(0; 4+00) ta cb

T
\/ 2 1 1 T 1 1

f/(l'): 1+$ __+_2: __+_2
1+vV14+22 v 22 (1+V1I+22)V1+22 = o

_ch—\/1+x2—(1+:c2)+ 1 —(1+V1+a?) 1

—3:(1+\/1+:1:2)\/1—|—:132 $2_a:(1+\/1+:1:2)\/1+a:2 2

1 1 V1+2?2 -2 r—2x

o1+ 22 2 221 + 22 221 + 22
Do d6 ham s6 f(x) dong bién trén khoang (0; +00).
Lay mot diém bat ky zg € (0;+00) va 11 > xp, thi f(x) < f(z1).
Khi do

f(x1) < f(x),Vx € (x1;+00).

= f(z1) < lim f(z)= lim

| 1+ 1+ 22 1]
n —_— —

Tr——+00 r—-+00 €T €T
1 1 1
— lim [ln<—+\/—2—|—1) — | =m1=0.
T——+00 xX xX €T
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Suy ra f(zo) < f(x1) <0 = f(zg) < 0. Do tinh chat bat k¥ clia diem
zo € (0;+00), nén f(x) < 0,Vz € (0;+00). Vi vay

1
In(14+v1+2?) <lnz+ E,Vl’ € (0; 400).

Bai toan 2.29. Bat phuong trinh

sin(x + 1)+/cosx — sinxf/cos(x +1) < {'/cosx.cos(x +1). (2.34)
C6 nghiem x=5 (Radian) khong ? Tai sao ¢
Vv Lai giai Ta ¢6

sin(x + 1) sinx

2.34) — — < L. 2.35
(2.34) Yecos(x+1)  v/cosx (2.85)
sin(x + 1) sinx
Dat = — :
a f(@) Ycos(x+1)  v/cosx
sint 3

Xét ham g(t) =

tren doan [z;x + 1] C (7, 2m). RO réng g(t) lien

\/cost

2cos°t + 1
tuc va ¢6 dao ham ¢'(t) = oSt

3v/costt

Ap dung bat ddng thitc AM-GM cho 3 s6 cos?t, cos®t, 1,ta ¢6

2c08°t 4+ 1 = cos’t + cos’t + 1 > 3V costt
2coss’t + 1
3v/ costt

3
. Tac ¢'(t) > 1,Vt € [,z + 1] C (;;27{).

> 1.

Ap dung dinh 1y Lagrange cho ham g(t) tren [z;z + 1] ta c6

gz +1) —g(x)
(x+1)—=x

=4'(c),(c € (x;x +1)).

sin(x + 1) sinx  2cos*c + 1

<~ — = >
Jeos(x+1)  vcosx  3vcostc
3T

3
Nhu vay, Vo € [z;2+1] <~ (;;271’) thi f(x) > 1max=5¢€ (—),

1.

2
cho nén x = 5(radian) khong phai 1a nghiém ctia bat phuong trinh (2.35)
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(cting 1a bat phuong trinh (2.34)).
Vay bat phuong trinh da cho khong c6 nghiem z = 5(radian).
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KET LUAN

Ban luan van da gidi thieu, phan loai va hé thong héa vé mot sd bat
dang thiic dao ham mot bién sé nhu: cac dinh 1y trung binh, sy tang giadm
ctia ham s6, huéng 16i va diém udn ctia do thi ham s6, cong thiic Taylor,
cong thitc tinh dao ham cap n va mot s6 bat dang dao ham khac cia da
thic.

Bén canh d6 luan viin con dé cap dén mot sé bat dang thiic dao ham
khé hon chua duge gidi thiéu nhiéu trong cac tai lieu Tiéng Viet nhu:
bat dang thic Landau-Hadamard, bat dang thic Glaeser, bat dang thiic
Markov-Bernstein va mot s6 bat dang thiic khac lien quan dén ham 16i.

Trén co sé cac bat dang thiic dao ham dé da tng dung vao giai quyét
cac bai toan vé ching minh bat déng thic, gidi phuong trinh, giai bat
phuong trinh. Day la nhiing dang toan thuong gap trong cac ki thi hoc
sinh gidi toan cap quoc gia va Olympic toan quoc té.

Qua quéa trinh lam luan vin em da dugc biét dén nhing bat ding
thitc dao ham ma tit truéc dén nay em chua hé biét dén nhu: bat déng
thitc Landau-Hadamard, bat dang thiic Glaeser, bat dang thiic Markov-
Bernstein.

Qua day em thay nhan thic clia minh vé bat dang thic dao ham dugc
nang lén ro rét. Viec tim hiéu vé cac bat dang thic nay 1a co sé gitp em
c6 thé sang tao them nhiéu cac bai toan vé bat dang thiic dao ham phuc
vu rat nhiéu cho viéc hoc tap va gidng day ctia ban than.
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