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Tai liéu tham khao
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MG dau

Phuong trinh vo ty 1a mot 16p bai toan ¢6 vi tri dac biét quan trong
trong chuong trinh toan hoc bac phd thong. N6 xuat hién nhiéu trong cac
ki thi hoc sinh giéi cling nhu ki thi tuyéen sinh vao dai hoc. Hoc sinh phai
d6i mat v6i rat nhiéu dang toan vé phuong trinh vo ty ma phuong phap
giai chung lai chua dugc liét ké trong sach giao khoa. D6 la cac dang toan
vé phuong trinh vo ty giai bang phuong phap dua vé he (ddi xing hoic
khong ddi xiing), diing phuong phap dat an phu khong toan phan, dang
an phu luong giéc, .. ..

Viéc tim phuong phéap giai phuong trinh vo ty cing nhu viéc xay dung
cic phuong trinh vo ty mdéi 1a niém say mé ciia khong it nguoi, dic biet 1a
nhitng ngusi dang truc tiép day toan. Chinh vi vay, dé dap ting nhu cau
gidng day va hoc tap, tac gia da chon deé tai "Mot s6 phuong phap giai
phuong trinh vo ty" lam dé tai nghién cttu ctia luan van. Dé tai nhim mot
phan nao d6 dap ing mong muodn clia ban than vé mot dé tai phit hop ma
sau nay c6 thé phuc vu thiét thuc cho viéc gidang day ctia minh trong nha
truong pho thong. Luan vin dugce hoan thanh dudi su huéng dan truc tiép
cia NGND. GS.TSKH. Nguyén Van Mau. Tac gia xin duge bay t6 long
biét on chan thanh va sau sic ddi v6i ngudi thay ctia minh, ngudsi da nhiét
tinh huéng dan, chi bdo vA mong mudén dugc hoc héi thay nhiéu hon niia.

Téc gia xin chan thanh cdm on quy thay co trong Ban giam hiéu, Phong
dao tao Dai hoc va sau Dai hoc Truong Dai hoc Khoa hoc, Dai hoc Thai
Nguyeén, ciing quy thay co tham gia gidang day khoa hoc da tao moi dieu
kién, gitp dé tac gid trong sudt qué trinh hoc tap va nghién citu dé tac
gia hoan thanh khoéa hoc va hoan thanh ban luan van nay.

Luan vin gom phan mdé dau, ba chuong, phan két luan va danh muc
tai lieu tham khao.
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Chuong 1 trinh bay hé thong cac phuong phap gidi co ban 16p cac
phuong trinh vo ty.

Chuong 2 trinh bay phuong phap giai va bién luan phuong trinh vo ty
c6 chita tham s6.

Chuong 3 trinh bay mot s6 cach xay dung phuong trinh vo ty mdi.

Mic dit da c6 gang rat nhiéu va nghiém ttc trong qua trinh nghién ctu,
nhung do thai gian va trinh do con han ché nén két qua dat dudc trong
luan van con rat khiem tén va khong tranh khoi thiéu x6t. Vi vay tac gia
mong nhan duge nhiéu ¥y kién déng gop, chi bado quy bau ctia quy thay co,

cac anh chi dong nghiép dé luan van dugc hoan thién hon.

Thai Nguyén 2011
Trinh Hong Uyén
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Chuong 1

Phuong phap giai phuong trinh vo
ty

1.1. Phuong phap hiu ty héa

Nhin chung dé giai phuong trinh vo ty ta thudng quy vé phuong trinh
hitu ty dé gidi. Ta thuong dung cic phuong phap sau day dé dua cac
phuong trinh vo t§ vé phuong trinh hitu ty ma ta c6 thé goi cac phuong
phap nay la "hitu ty hoa".

1.1.1. Sit dung cic phép bién déi tuong duong

Noi dung chinh ctia phuong phap nay 1a luy thita hai vé véi s6 mi phit
hop.
Mot sé phép bién doi tuong duong thudng gip.

f(z) = g(x)
1. ¥ f@) = Yyr) < [ flz) 20
g(x) 20
2. %/f(x) = g(x) khi va chi khi {g ((;”)) ; g%(f”)
B]. "W f(2) =g(x) & f(x) = g*""(2).
Vi du 1.1. Giai phuong trinh
V2z +1 =3z + 1. (1.1)
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Giai. Ta co
3r+12>0
(L1 < {23: +1= 3z + 1)

S 1
e Y=
9x2 4+ 4x =0

T > —=
= 0 4
r=0,r=——=
’ 9
4 :
& rz=0,z= ~9 (loai).

Vay nghiém cta phuong trinh la z = 0.
Nhan xét 1.1. Phuong trinh trén c6 dang tong quat v/ f(z) = g(z). Khi
gap dang phuong trinh nay, ta sit dung bién déi sau.

Vi du 1.2. Giai phuong trinh

1+§vx—x2:\/§+\/1—x. (1.2)

r—ax>>0
Giai. Dieu kien { z > 0 &S 0<x<l1.
1—2>0

Dé giai phuong trinh nay, ta thudng nghi dén viéc binh phuong hai vé
khong am ctia mot phuong trinh dé duge phuong trinh tuong duong.

(12) & 2z —2%) —3Ver—22=0
& Ve—222vVz—12-3)=0
o [\/a:—xQZO
2V — a2 =3

N r—12=0
4z* — 4xr + 9 = 0 (vo nghiem)

Suy ra x = 1 hoac z = 0.
Két hop véi diéu kien bai ra, ta ¢c6 x = 0;2 = 1 l& nghiém phuong
trinh.
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Nhan xét 1.2. Dang téng quét cua phuong trinh trén la

V f(@)+/g(x) = /h(z). Khi gap dang phuong trinh nay ta bién ddi
tuong duong nhu’ sau

f(x) >0
V@) ++g(x)=/h(z) & < g(x) >0
f(x) +g(x) +2y/f(x)g(z) = h(x)

Vi du 1.3 (Hoc sinh gi6i quoc gia nam 2000). Giai phuong trinh

Vi-3yI0 Br=1-2 (1.3)
Giai. Ta co
x> 2
(13) & {4_3m=x 4zt 4

T > 2

< {4x—m2:3\/m
2<x<A4

< {:1:4—8 + 1622 4272 — 90 = 0
2<r <4

< {(x—S)(3—5:132+:E+30):0
2<zx</4

< {(x—B)(x+2)(x2—7x+15):O

& =3

Vay x = 3 la nghiém cua phuong trinh.

1.1.2. Thuc hién phép nhan lién hgp dé don gian viéc tinh toan

Ta da biét néu x = x( la nghiem ctia phuong trinh f(z) = 0 thi diéu

do6 c6 nghia la {??;O)D:f 0

Néu = = a la nghiém ctia da thic P(x) thi P(x) = (x —a)Py(z), trong
d6 Pi(z) la da thic véi deg Pp = deg P — 1.

Néu zo 1a mot nghiém ctia phuong trinh f(z) = 0 thi ta c6 thé dua
phuong trinh f(x) = 0 vé dang (r — o) fi(x) = 0 va khi d6 viec giai
phuong trinh f(z) = 0 quy vé phuong trinh fi(x) = 0.
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Vi du 1.4. Giai phuong trinh
324+ Vxr—2)=2x+Vr+6. (1.4)

Giai. Diéu kien {w Z S > 2.

Ta thay z = 3 13 mot nghiém ctia phuong trinh da cho. Nhan xét ring
khi x = 3 thi x — 2 va 4z + 6 13 nhiing s6 chinh phuong. Do d6 ta tim
cach dua phuong trinh da cho vé dang (x — 3) f1(x) = 0.

Bién d6i phuong trinh vé dang sau 2(z — 3) + (vVx + 6 — 3z — 2) = 0.

Van dé con lai ctia ching ta la phai phan tich V2 +6 —3vVz —2 =0
dé c6 thita s6 (x —3). Ta c6 (z+6) —9(x —2) = —8(x — 3), diéu nay gitp
ta lien tudng dén hing ding thiic a®> — b* = (a + b)(a — b). Ta bién ddi

JiT6-3va"3 — (Vz+6—3vVr —2)(Vz + 6+ 3V —2)

VT +6+3vr—2
—8(z — 3)

T V216435 -3

Suy ra phuong trinh da cho tuwong duwong véi phuong trinh

(x—3)(2— mfgm) — 0.

Dén day ta chi can giai phuong trinh

8
2— —
Ve +06-+3vVr—2

0

hay

vVr+6+3vr—2=4.

11—3\/536_11+3\/5

Phuong trinh nay c6 mot nghiém x = 5

2
11-3v5 . 11+ 35
2 72
Nhan xét 1.3. Qua vi du trén ta thay dé khit cin thic ta c6 thé st dung
hing dang thic

Vay phuong trinh c¢6 nghiém laz = 3 vax =

a" —b" = (a—b)(a" '+ a2+ Fab" 4 bY),
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Ta goi hai biéu thitc @ — b va a” ' +a"2b+ --- +ab" 2 + 0" 1 céc
biéu thic lien hop ctia nhau. Nen phuong phéap trén thuong dude goi tit
1a phuong phap nhan lién hop.
Vi du 1.5 (Dé thi dé nghi Olympic 30-4 THPT Thai Phién, Da Néng).
Giai phuong trinh

143y

1=
doe++2+x

(1.5)

x>0
Gidi. Dicu kien {2+ 2 >0 s x> 0.
dr + 2+ x#0

Ta co

(15)e 1+3Vr—4x —V2+2=0
& 3Wr—V2+rx=4r—1

& BVr—vV2+2)B3vVr+v2+1x)= (4o —1)(3vVz + V2 + 1)
& 8r—2=(4z—-1)BVr+V2+1)
S (e —1)BVr+vV2+x—-2)=0
[ 42 —1=0
T | 3VT V2t e =2
r 1
e | TT Y
| 162% — 287 +1 =0

Giai hé tuyén hai phuong trinh trén, ta dugc
1 7-3V5 7+3V5
= s —— r = ——

33'21,33 8

13 nghiém can tim.

1.1.3. Bat an phu

Noi dung ctia phuong phap nay la dat mot bieu thic chia cin thic
bang mot biéu thitc theo an méi ma ta goi 1a an phu, rdi chuyén phuong
trinh da cho vé phuong trinh véi an phu vita dit. Giai phuong trinh theo
an phu dé tim nghiém roi thay vao biéu thic vita dat dé tim nghiém theo
an ban dau.

V6i phuong phap nay ta tién hanh theo cidc bude sau.
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Buée 1. Chon an phu va tim diéu kién xéac dinh ctia an phu.

Day 1a budc quan trong nhét, ta can chon biéu thic thich hop dé dit
lam an phu. Dé lam t6t budc nay ta can phai xac dinh duge mébi quan hé
clia cac biéu thiic c6 mat trong phuong trinh. Cu thé 1a, phai xac dinh
duge su biéu dién tudng minh cia mot biéu thic qua mot bieu thic khac
trong phuong trinh da cho.

Buée 2. Chuyén phuong trinh ban dau vé phuong trinh theo an phu
vita dat va giai phuong trinh nay.

Thong thuong sau khi dat an phu thi nhitng phuong trinh thu duge 1a
nhitng phuong trinh don gidn hon ma ta da biét cach giai.

Budc 3. Giai phuong trinh véi an phu da biét dé xac dinh nghiém clia
phuong trinh da cho.

Nhan xét ring, c6 rat nhiéu cach dé diat an phu. Ta sé mo ta mot s6

cach dat an phu qua vi du sau day.

Vi du 1.6. Giai phuong trinh

1—|—§\/x—x2:\/§—|—\/1—x. (1.6)

z >0

1—2>0
Phan tich. Ta c6 thé lua chon cac cach chon an phu nhu sau.

Céch 1. Ta nhan thay v — 22 c6 thé biéu dién qua /x + /1 — x nho

vao dang thic

Diéukién{ S0<r<1

(Ve +vV1—2)=1+2V1— 22 (1.7)

. 2 —1
Cu the néu ta dat \/r + V1 —x =1t,t >0 thi Vo — 2% = 5

Khi d6 phuong trinh da cho tré thanh phuong trinh bac hai vé6i an ¢ 1a

t*—1
1+ 5 —thayt? —3t+2=0suyrat=1,1t=2.
Véi t =1, ta c6 v/ ++/1 —2 =1 hay 2v/x — 22 =0, suy ra x = 0 hodc

r = 1.
Vé6it =2, ta ¢6 /x + /1 —x =2 vO nghiém.
Vay x = 0,z = 1 la nghiém phuong trinh.
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Ta nhan thay cach giai trén dya theo mdi lién hé d6 1a dang thic (1.7).
Ngoai ra, ta c6 thé ta co thé tao ra mbi quan hé khac gitta cac doi tuong
tham gia phuong trinh theo cach sau.

Cach 2. T phuong trinh da cho ta c6 thé rit ra duge mot can thiic theo
bidu thic chita cian con lai 1a

3WV1—-z—-3 )
- - Do dé, néu ta dit VI —z =, > 0.
ﬁ2m_3300neuaa x
t—3

Khi d6 ta c6 /x = 5 3 Va tit dang thiic

V) P+ (V1-2) =c+1-2=1 (1.8)

ta thu duge phuong trinh #(t — 1)(2t? — 4t + 3) = 0 ¢6 nghiém ¢ = 0 vi
t =1, hay x = 1, x = 0 la nghiém ctia phuong trinh da cho.

Cach 3. Nhan xét ring phuong trinh da cho chi chita tong va tich ciia hai
biéu thic chita can va chiing thod man (1.8), do dé ta c6 thé dat /z = a,
V1—2=0b,a>0,b>0. Tl phuong trinh da cho két hop véi (1.8) ta co
hé phuong trinh.
{1 + gab =a+b
a?+ b =1

Day 1a he déi xitng loai I. Gidi hé nay ta thu dugc nghiém ctia phuong
trinh la x =0,z = 1.

Tiép tuc nhan xét, ta thiy dang thic (1.8) gitip ta lién tuéng dén dang
thic luong giac sin? o + cos® a = 1. Diéu nay dan dén cach gidi sau.
Céch 4. Dit o = sin?t, véi ¢ € [0; g} (Diéu nay hoan toan hop If vi
x € [0; 1] nén tng v6i mdi gia tri clia x xac dinh duy nhat mot gia tri ctia

t).
Khi do, ta co

2
(1.6) & 1+ gsint.cost = sint + cost

& 3(1—sint) + /(1 —sint)(1 +sint)(2sint —3) = 0
& V1 —sinz[3V1 —sinx — (3 —sin2z)v/1 +sinz] = 0
Suy ra sint = 1 hoac 3v/1 —sint = (3 — 2sint)y/1 +sint

hay sint(4sin? —8sint + 6) = 0 suy ra sint = 0.
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Vay x = 1; 2 = 0 1a nghiém.
Nhan xét 1.4. Qua vi du trén ta thay cé nhiéu cach dit an phu dé giai
phuong trinh vo ty. Tuy nhién dat nhu thé nao cho phit hop va cho cach
gidi hay 1a tuy thuoc vao kinh nghiém phat hién ra moéi quan hé dac thu
gitta cac dbi tugng tham gia trong phuong trinh. Sau day 14 mot so6 dang
toan va mot s6 cach dit an phu thuong dung.
Dang 1. Phuong trinh dang F({/f(x)) = 0, v6i dang nay ta dit
Y/ f(z) = t (néu n chin thi phai c6 diéu kien ¢ > 0 ) va chuyén vé
phuong trinh F(¢) = 0. Giai phuong trinh nay ta tim dudc ¢, tiép theo suy
ra x tit phuong trinh {/ f(x) = t.

Ta thuong gip phuong trinh c6 dang nhu sau af(x)? + bf(x) + ¢ = 0.

Vi du 1.7 (Dé thi dé nghi Olympic 30-4 Truong THPT Chuyén Chu Van
An, Ninh Thuan). Giai phuong trinh

200 + 515 —1="7va3 — 1.

Giai. Dieukien 22 — 1> 0 < = > 1.
Khai trién phuong trinh da cho nhu sau

(1L7) & 3@ —1)+2(* +a+1) =T/ (x — (a2 + 2 +1).

Ta nhan thiy x = 1 khong 1a nghiém ctia phuong trinh nén chia ci hai vé
cua phuong trinh trén cho x — 1, ta dugc phuong trinh

2 1 2 1
3+2H—x+_7 H—x+:0,
r—1 r—1
2
/ 1
Pit % — ¢t > 0. Khi d6 ta 6 phuong trinh
x_

2t2—7t—|—3:08uyrat:3hoéct:%

V6it =3, tacoa?—8x+10 = 0 hay v = 4 + /6 (théa man dicu
kién).

Véi t = %, ta c6 42° + 3x +5 =0 (vo nghiem).

Vay nghiém ciia phuong trinh 14 z = 4 + /6.
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Vi du 1.8. Giai phuong trinh
r? + Va2 + 11 = 31, (1.9)
Gidi. Dat Va2 +11=¢t,¢t>0. Ta co

(1.9) & t*+t—42=0
t=06
< | t=-7 (loai)
Véit =6 ta c6 Va2 + 11 = 6 suy ra x = £5 13 nghiém.
Vay nghiém ctia phuong trinh la x = £5.

Vi du 1.9. Giai phuong trinh
Ver—1+vVe—-1-2=0

Giai. Dicukitnz —1>0< 2 > 1.
Dit t = /z — 1,¢ > 0 phuong trinh da cho tré thanh
t3+t2—2=0hay (t —1)(t*+2t+2)=0suyrat=1.
Véit=1tacé Yz —1=1suyrax =2 théa man diéu kien.
Vay = 2 la nghiém ctia phuong trinh.

Nhan xét 1.5. Cac phuong trinh c6 chita cac bicu thic

W), %/ f(x), ¥/ f(x),. ... w/f(x) thi ta giai phuong trinh
biing cach dit t = {/f(x) trong d6 n 1a boi s6 chung nhd nhét cita cac s6
N1,y e Ny,
Dang 2. Trong phuong trinh cé chia \/m + m va \/W
Khi gap phuong trinh dang nay ta dat \/m + \/m = t sau do6 binh
phuong hai vé ta sé biéu dién dude nhitng dai lugng con lai qua t va chuyen

phuong trinh ban dau vé phuong trinh bac hai doi véi ¢.

Vi du 1.10. Giai phuong trinh

V3T a4+ V6w =3+,/3+2)(6 1),

3+x>0

6—2>0 & 3 < x<6.

Giai. Dieu kien {
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bat vV3+x++v6 —2 =1t >0 suyra

2 =942,/(3+2)(6 —x). (1.10)

Ap dung bat ding thite Cauchy ta c6 24/(3 +2)(6 — x) < 9 neén tit
(1.10), suy ra 3 <t < 3v/2.

=9
Phuong trinh da cho tré thanh ¢t = 3 +

hay t2 — 2t — 3 = 0
c6 nghiem ¢t = 3 (théa man). Thay vao (1.10), ta dugc phuong trinh
V(B +x)(6 —x)=0c6x=3,2=06la nghiem.

Vi du 1.11. Giai phuong trinh

V2r +3+Vr+1=3x+2V222+ 52+ 3 — 16.
20 +3 >0

Giai. Dieu kién r1>0 S o> —1.
bat V2r +3++Vx+1=1t,t >0, suyra
2 =30 +2¢/ (20 +3)(x + 1) + 4. (1.11)

Khi d6 phuong trinh da cho tré thanh ¢t = t2 — 20 hay t> —t — 20 = 0 suy
rat =25 (dot >0).
Thay t = 5 vao (1.11), ta dugc

(1.11) & 21 — 3z =2v222 4+ 52 + 3
21— 32 >0
441 — 1262 + 922 = 82 + 20z + 12

—1<x<7
2% — 146z + 429 = 0
& =3

Vi du 1.12. Giai phuong trinh
zv/35 — 23 (1 + /35 — a3) = 30.
Gidi. Dit 2 ++v/35 — 23 =t suy ra t? = 35+ 32v/35 — x3(x + /35 — 23)

hay

3 —35
/35 — 23 = (1.12)

3t
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(vi t=0 khong la nghiém ctia phuong trinh).
Phuong trinh da cho tré thanh

t> — 35
a7 t=30suyrat=>.
Thay vao (1.12), ta dugc
(1.12) & 2v/35— 23 =6

<~

& 2°(35 — %) =216
& 2% —352°+216=0
< x = 2 hodc x = 3.

Dang 3. Phuong trinh dang a/f(z)+bX/f(x)g(z)+c/g(x) = 0 (Véi

g(x) #0).

Dé gidi phuong trinh dang nay ta chia hai vé phuong trinh cho {/g(x)
va dat ¥ % = t,t > 0 ta dugc phuong trinh bac hai déi véi an t c6

g(x
dang at® + bt + ¢ = 0.
Vi du 1.13. Giai phuong trinh
10vV23 + 8 = 3(2* — 2 +6). (1.13)

Giai. Diéukien 2° +8 >0 & x> —2.

Ta co

(1.13) & 103/ (¢ +2)(a? — 20 +4) = 3[(x +2) + (2® — 2 + )]

Chia hai vé cho 2% — 2z + 4 (do 2? — 2z + 4 > 0 v6i moi ).
Ta dugc phuong trinh

2 2
10\/L 3[L +1]

22—9r+4 29544

2 .
Dat \/L = u,u > 0 phuong trinh véi an u c¢6 dang
x2 —2x +4

3u2—10u—|—3:Ohayu:3hoécu:é-
T+ 2
x?—2x+4

Vé6iu = 3, ta c6 \/ = 3, hay 922 — 192 +34 = 0 v6 nghiém.
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1 T+ 2 1
Véiu—=-taco | —0t 2 =
b 3E”O¢ﬁ—2x+4 3

11 £ V177
——5—— (théa mén).

11 +/177
2

hay 22 — 11z — 14 = 0. Suy ra o =
Vay phuong trinh da cho c6 nghiém z =

Vi du 1.14. Giai phuong trinh
5V + 1 =2(z +2). (1.14)

Giai. Ditukien 22 +1>0< 2 > —1. Ta ¢o

(L14) & 5y/(+ )2~z +1) =2 — 2+ 1) +2(¢ + 1)

1 1
< 2L—5\/L+2:0(d0x2—x—|—1>0véimoix).
2 —z+1 2 —x+1

r+1 )
bat /| —— =t v6it > 0 ta c6 phuong trinh
22 —x+1

1
2t2—5t+2:Osuyrat:2hoéct:§~

V61t =2 taco
Tz +1

= 4 hay42? — 5z + 3 = 0 phuong trinh vo nghiém.
?—x+1

1
V(jit:atacé

11
o haya?—5r-3=0&1=

?—x+1 4
Vay nghiém cta phuong trinh 1a x = Lﬁ
2
Dang 4. p(z) f(z) + g(x)/ f(2) + h(z) = 0.
Véi dang phuong trinh nay ta c6 thé dat /f(z) = ¢, ¢ > 0.
Khi d6 ta dugc phuong trinh theo an ¢ 1a
p(x)t? + g(x)t + h(x) = 0, ta gidi phuong trinh nay theo ¢, xem z 1a

5+ /37
2

tham s6 (ta tim dugc ¢ theo x) nén ta goi dang nay la dang an phu khong

triet de.
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Vi du 1.15. Giai phuong trinh
2(1 —2)Va2 + 20 —1=2%— 62 — 1.

Giai. Diéu kien 22 + 22 — 1 > 0.

Dat Va2 +2x — 1 =t,t > 0 ta dudc phuong trinh

t?—2(1—x)t—4x = 0. Day 1a phuong trinh bac hai an t ta coi z 1a tham
s6 c6 A’ = (x+1)?, do d6 phuong trinh nay c6 hai nghiem ¢t = 2,t = —2z.

V6it=2taco vri+2x—1=2hay 2> +2x —5=0suyra

r=—1+6.

<
V6i t = —2x ta ¢6 vVa?+ 2x — 1 = —2x hay {:1:_0 hé

322 —2x+1=0
nay vo nghiém.

Vay phuong trinh da cho c¢6 hai nghiém théa man la z = —1 + /6.
Vi du 1.16 (Dé thi dé nghi Olympic 30-4 THPT Bac Liéu). Giai phuong
trinh

2+ (3—Va2+2)r=1+2Va2+2.
Giai.

Dit V22 +2 =t,t > 0 ta c6 22 = t*> — 2 nén phuong trinh da cho tré
thanh

t?—(2+2)t—3+3r=0hay t =3 hodct =x — 1.

Véit:?)tacém:?)suyrax::t\/?

Véit=x—1tacoVaz+2=x—1

r—1>0 (vo nghiem)
suy ra 20— a2 _op i vo nghiém).

Vay nghiém ciia phuong trinh 1a = +£/7.

1.1.4. Phuong phap dua vé hé khong dbi xing

Phuong trinh c6 dang sau
AR/ f(@)+ §/g(x)+ B3/ f(x) ¥/ g(x)+C = 0v6i (af (x)Ebg(x) = D)
trong do A, B,C, D, a, b 1a cac hang so.
Da{gﬂmzu
Vg(x) =wv
Khi d6 phuong trinh da cho tré thanh hé phuong trinh "htu ty".
A(utv)+ Buv+C =0
au™ + bv"™ = D
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Vi du 1.17. Giai phuong trinh

2(Vr —1—vVao+1)+3vVe -1V +1+7=0.

Giai Dieu kien z > 1.
1 — >
Dat{\g/x l=wuu>0
r+1=wv
2u—v)+3uv+7=0
Uu—0v=—2

Ruat v tu phuong trinh tht hai cia hé ta dugc u = v — 2 thay vao

Khi d6 ta c6 hé {

phuong trinh dau ta co6
30?2 — 6v+ 3 =0 suy ra v = 1 thda mén.
Vay x + 1 = 1 khong théa man diéu kién.
Phuong trinh v6 nghiém.

Vi du 1.18. Giai phuong trinh
V24 4+ x4+ V12 —x = 6.

Giai. Dicukien 12— 2> 0< x < 12.

Diat /24 + 2 =u, /12 —z =v suy rau < v/36,v > 0.

Ta c6 u+v==06 N v=0—u N v=0—u
O uB +0? =36 ud 4+ (6 — u)? = 36 wu? +u—12) =0
Suy ra v = 0; u = —4; u = 3 13 nghiém thod méan dieu kien.

T day ta duge v = —24; 0 = —88; 2 = 3.
Vay phuong trinh c6 nghiém r = —24;x = —88;z = 3.

Vi du 1.19. Giai phuong trinh
Va+7—+x=1.

Giai Diéu kien = > 0.
3 — > 3
Dt {u x+7 {u > /7

suy ra
V== Y v>0

Rt v ti phuong trinh thi nhat ctia hée ta dugc
v = u—v thay vho phuong trinh thtt hai clia he ta dugc u® — (u—1)2 = 7
hay u® — u? + 2u — 8 = 0 suy ra (u — 2)(u® + u + 4) = 0. Phuong trinh

nay c6 nghiém v = 2 vay v = 1.
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Tré vé tim z ta gidi

ud =8 x+7=28 .
{02:1 suy ra q .4 suy ra © = 1 (théa man).

Vay = = 1 la nghiém ctia phuong trinh.
Mot s6 vi du khac

Vi du 1.20. Giai phuong trinh

VI+V1—2—24/2(1 —2) —2{/z(1 —2) = —1.

e 5N . 1'20
Giai Dieu kién {1 >0
4 P
Da{é%fg_v vGi u > 0,0 > 0.

T dieu kién va tit phuong trinh da cho ta cé he

ut + 0t =1 h ut + vt =1
WA —2w41-2u22=0 "V {(u—0v)24@w2—0?)2=0

u—v=>0 u="7v
y 2 2 _
hoac ¢ u* —v* =0 suyra u4:v4:1

ot =1 9
Tré ve tim x ta dudc
1
1 Suyra$:§-
l—2=—
2

Vi du 1.21. Giai phuong trinh
VB +1+V3x—5=VTr +4+ 2z -2
Giai Diéu kien z > g
Dit u = V8z+1,v = V32 —5,2 = VTx +4,t = 2z —2 vdi
u,v, z,t khong am.

Tt cach dat va phuong trinh da cho ta thu duge hé

utv=z+t
2 2 2

u? —v? =22 — 12
Tu phuong trinh thit hai cia he ta thu duge (u+v)(u—v) = (z+t)(z—t).
Laidou+wv>0viu>0,v>0, u,v khong dong thoi bang 0, ta thu
dugc u — v = z — t két hop v6i phuong trinh dau ctia hé suy ra u = z.
Tit d6 ta duge Sz + 1 = /Tx + 4 suy ra = 3. (thda mén).

Vay x = 3 la nghiém ctia phuong trinh.
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1.1.5. Phuong phap lugng giac hoa

- Néu phuong trinh chita Va? — 22 dit x = |a|sint véi —

hodc x = |a|cost v6i 0 <z < 7.

- Néu phuong trinh chita V2% — a? dit © = ol Vit € {— 5 ;0) hoac

<z <

bo |

7r
2

sint
te(OW} Dit = 19 ote[o >h“te(7T }
—|- Dat z = v6i o#c — 7|
"2 ' cost 2 ‘ 2’ o
- Néu phuong trinh chita V22 4+ a? ddt z = |a|tant voi t € (—E 5)

- Néu phuong trinh chita ”a R hoac 1/@ ! dat x = acos 2t.
a—x

- Néu phuong trinh chita v/(a — x)(b — z) data:-a+(b—a)sm t.

Vi du 1.22. Giai phuong trinh

\/1+\/1—x2:x(1—|—2\/1—x2).
Giai. Dieu kién |z| < 1.
Pit o = sint véi —g <t<
Khi do

NS

(1.22) & 1+ cost =sint(1l + 2cost)
3t t

t
& \/§cos§ :sint+sin2t—281n§cos§

t 3t
& 0055(\/551115 -1)=0

t
cos— =20
A &1
oS — = —
2 V2
4 5 4
Suy rat = (2k+ )7 (k € Z) hoact—%—kk% hoact—%qtk;%
két hgp dicéu kien ta co ¢ :%
T 1
VA prm— 1 —_ = —
ay x SlIl6 5

Vi du 1.23. Giai phuong trinh

23— 3x =Vr+2. (1.15)
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Giai. Dieu kien x > —2.
V6i x < —2 phuong trinh khong xac dinh.
Véoix >2tacéa’—3w=x+x(x?—4)>x>x+2
Vay dé giai phuong trinh ta chi can xét t € [—2;2].
Dat o = 2cost véi t € [0;xw]. Khi d6

t
(1.15) & cos 3t = cos o)

k4w
b=
A . ki
T
. . 4 4
Két hop véi dieu kién ta c6 t = %, = 77T, t=0.
4

s
VA = 2’ = 2 -, = 2 _—
aQy T X COS 5 Wi COS 7

Vi du 1.24. Giai phuong trinh

?+1 (22 +1)?
N 1 = . 116
SR 2¢(1 — x?) (1.16)

Giai. Diéu kien x # 0 va x # +1.
bat x = tant v6i t € (—g;g),t#OVat7éig.

Ta co
(1.16) & ! L _ 2
' cost sin2t sindt
N 1 1 1 ) =0
cost 2¢int  2sint.cos2t’
& 2sint.cos2t +cos2t—1=0
& 2sint(1 — 2sin®t) — 2sin’t = 0
& sint(l —sint — 2sin*t) =0
[ sint =0
sint = —1
A 1
sint = —
| 2
t:—z-l-k‘ZW
& 2
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.

Két hop v6i diet kién ctia t ta c6 t =
1

V3

1.1.6. Phuong phap st dung nhiéu hon mot an phu

Vay phuong trinh c6 nghiém x = tan

S RN =

Vi du 1.25. Giai phuong trinh
VAz? +5x4+1—-2va2 —x+1 =9z — 3. (1.17)

coe TN e Ax> +5x+1>0
Giai. Dieu kién {xQ e 1>0

2 _
Dt {\/495 tortl=a S gp>0

2Vl —x+1=0b

Khi d6

(1.17) & a>—b* =92 -3

a—b=20
< la+b—1=0
i 1
.I'Zg
< a—b=9x -3
L |2a =92 — 2
T 1
o |a=0
x—@
L 65

1 56
Vay nghiem phuong trinh a = 230 = 0;0 = -

Vi du 1.26. Giai phuong trinh

2(z% — 3z +2) = 3va3 + 8. (1.18)

Giai. Dieu kien 22 +8 >0 < x> —2
Dat u=+va?2 -2z +4;0v=+vx+2,u>0,v>0.

Ta c6 u? — v? = 22 — 32 + 2.
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Lac d6
(1.18) & 2(u* —v?) = 3uw
& utv)(u—2v)=0
& u=2v (do 2u+v >0).
Tim x ta giai
Va2 —2r+4=2/z+2 & 2> —6x+4 =0 < r = 3+13(thda man).
Vay phuong trinh c6 nghiém x =3+ v13;2 =3 — v 13.

Vi du 1.27. Giai phuong trinh
r=V3—aVd—x+Vb—zVd—zx+V3—x2Vh—1.

Giai. Dieu kien 0 < z < 3.
bat v3—z=a;v/4—x =b,/5—x =c;a,b,c > 0 ta c6 hé phuong

trinh.
ab + bc+ ca = 3 — a? a+c)la+0b)=3

(
ab+bc+ac=4—-0" hay (b+c)b+a)=4
ab+bc+ ac =5 — 2 (c+a)(c+b)=5

Suy ra (a +b)(b+ c)(c+a) = 24/15.
(

b 2V§ ( 23

= — a4 = ———

“ 5 15

Vay < b 2\/g < Kb 7 S ax 671 13 nghié
_ e = —— uy r = —— la nghiém

Ay +c 3 47/—15 Yy 240 ghie

_ c=—=
cre=y\ 7 (415

cua phuong trinh da cho.

Vi du 1.28. Giai phuong trinh
V3z+14+vVb—ao+vV2x—9—vdr —3=0.
Gidi. Dat vV3x +1=a;vV/b—x =b;v/2r — 9 = c.

Suy ra a® + b® + ¢ = 42 — 3.
Khi d6 phuong trinh da cho tré thanh
(a+b+c)P=a’>+b 4+ hay (a+b)(b+c)(c+a)=0suyraa=—b

hoac @ = —c hoac b = —c.

Giai ra ta dugc nghiém phuong trinh la ¢ = —3;x = 4; 2 = £
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1.2. Phuong phap tng dung cac tinh chit ctia ham
s6

1. Néu ham s6 y = f(x) don diéu thyc sy, lién tuc trén tap D thi
phuong trinh f(x) = k véi k 1a hing s6, néu c6 nghiem x = xy thi do la
nghiém duy nhat clia phuong trinh.

2. Néu ham s6 y = f(z) don diéu trén tap D va u(x),v(x) 1a cac ham
s6 nhan cac gia tri thuoe D thi f(u(x)) = f(v(z)) & u(z) = v(x).

Mot s6 luu ¥ khi st dung phuong phap ham sé.

Van dé quan trong khi st dung phuong phap ham so 1a chiing ta phai
nhan ra dugc ham s6 don diéu va "nham ho#c tinh ducgc nghiém cla
phuong trinh viéc nay cé thé nho may tinh".

Dé phat hién dugce tinh don diéu ctia ham s6 ta can nim ving cac tinh
chat.

Néu ham s6 y = f(z) dong bién hodc nghich bién trén D thi khi do.

- Ham s6 y = W dong bién hodc nghich bién trén D.

- Ham s6 vy = 70 véi f(x) > 0 nghich bién hogc dong bién trén D.
T
- Ham s6 y = — f(x) nghich bién ho#c dong bién trén D.

- Téng clia cac ham dong bién hosic nghich bién trén D la ham s6 dong
bién ho#c nghich bién trén D.
- Tich ctia cdc ham s6 duong dong bién hoac nghich bién trén D 1 mot

ham dong bién ho#c nghich bién trén D.

Vi du 1.29. Ti tinh don diéu ciia cac ham sb y = 2 + 3,y = 3 — x va
y = 2 — x néu nam dugc tinh chat trén ta phat hién ra ngay cac ham so6
y=vr+3+Vx —|— +z la dong bién trén tap xac dinh.

Ham s6 y = 4 / + 4 / dong bién trén tap xac dinh ctia né.
—x

Ham s6 y = ? +vV3—=x nghlch bién trén tap xac dinh ciia né.

Vi du 1.30. Giai phuong trinh

Vi3 — 14+ vV2x — 142 =A4.
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Nhan xét 1.6. Quan sat vé trai ctia phuong trinh, tit tinh dong bién
nghich bién ctia ham bac nhat va tinh chat don diéu ctia ham s6 da néu &
trén, ta thay vé trai cia phuong trinh 13 ham dong bién trén tap xac dinh.
Vé phai ctia phuong trinh 14 ham hang nén ta sit dung tinh don diéu cia
ham s6 dé giai bai toan.

Giai. Didu kien b — 1> 0=z >

3

<%l
ot

Ta 6 f'(x) 1507, +1 v6i moi e(1+)
aco fl(x) = v6i moi x —; 400
2v5x3 —1 3/ (22 —1)2 ' V5
nén ham s6 dong bién trén {—; +oo>-
g \3/3

Ma f(1) = 4 titc = 1 la mot nghiém ctia phuong trinh.

Ta chiing minh d6 1a nghiém duy nhat clia phuong trinh that vay.

- Néu x > 1 thi f(z) > f(1) = 4 suy ra phuong trinh vo nghiém.

- Néu % <z < 1thi f(x) < f(1) = 4 suy ra phuong trinh vo nghiém.

V5
Vay phuong trinh c¢6 nghiém duy nhat x = 1.
Vi du 1.31 (Dé thi dé nghi Olympic 30-4 Trudng Chuyen Lé Quy Don
Ba Ria -Viang Tau). Giai phuong trinh

V6r +1=8z% — 4r — 1. (1.19)
Giai. Ta ¢6
(1.19) & 62+ 1+ v6x + 1 = (22)° + 27

Xét ham s6 f(t) =t +t 1a s6 dong bién trén R.

Vay v/6xr +1 = 2z suy ra 823 — 6z = 1. Nhan xét néu |z| > 1 thi
43 — 3 > 1, suy ra |82° — 6z| = 2|z|(42® — 3) > 2.

Nén nghiém nghiém ctia phuong trinh da cho phai thude [—1;1].

Dat o = cost,t € [0; 7] khi d6 phuong trinh da cho tré thanh.

1 1 2
4cos®t —3cost = 3 & cos 3t = 2 =t= 4+ —I—k%,k € R.

9
5 7
Vay nghiém phuong trinh da cho la x = cos g, T = COos g, x = COS g

Vi du 1.32. Giai phuong trinh

V23 + 322 + 62 + 16 — V4 — 1 = 2V3.
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Giai.
Dieu kién
2% + 32> + 6 +16 > 0
4—x>0
Phuong trinh da cho ¢6 dang f(x) = 2v/3.
Trong d6 f(z) = v223 + 322 + 62 + 16 — /4 — .
3(x? +x+1
Fiw) = ——2 -
V23 + 322+ 6r +16  2v/4—x
nén ham s6 dong bién tren [—2; 4].
Ma f(1) = 2v/3, tit d6 ta c6 # = 1 la nghiém duy nhat ciia phuong
trinh.

& —2<x</4.

> 0 véi moi x € (—2;4)

Vi du 1.33. Giai phuong trinh

Ve +2—-vV22+1=V222 -z +1.
Giai. Bién doi phuong trinh da cho vé dang

Ve +24 e +1=vV222+ V222 +1.

Xét ham s6 f(t) = v/t +/t + 1, ta c6 phuong trinh f(z+1) = f(2z?).
Vi f(t) = v/t + /t + 1 lien tuc va dong bién trén tap xac dinh nén

1
f(g:+1):f(zxz)@zlz_x_l:o@a;:1756:_5,
1
Vay phuong trinh ¢6 hai nghiem la x = 1,2 = —5

1.3. Phuong phap dua vé hé dbi xing

1.3.1. Phuong trinh dang {/a + f(z) + /b — f(z) = ¢
Dat u = /a+ f(z),v = /b— f(x)
Nhu vay ta c6 hé

u+v=c s )
{u”—l—v”:a—l—b la hé doi xtng loai I.

Vi du 1.34. Giai phuong trinh

VBT —x + v +40 = 5. (1.20)

Giai. Dieu kien —40 < z < 57.
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Diat u = /57 — z va

(1.20) &

(i

Vi )
{\4/57—x:2 suy ra {57—:15: 16

r + 40 = r + 40 = 81
V6iu=3vav=2tacohe
57 —x =81
v 440 = 81 suy ra x = 24.

(v0 nghiém)

suy ra r = 41

Vay x = 41 hoac x = 24 la nghiém phuong trinh.

Nhan xét 1.7. Xét vé mat nao dé cach dung an phu duéi dang nay cé

vé ngugc véi viec ta thuong lam "Chuyén thanh bai toan nhiéu an nhiéu

phuong trinh hon bai toan ban dau". O day do tinh chét phitc tap ciia bai

toan ma ta danh chiu "thiet" vé s6 lugng titc lam ting sd an va phuong
trinh nhung lai dugc céi co ban 1a chuyén dugc tit bai toan kho vé bai toan

dé hon.

Vi du 1.35. Giai phuong trinh

V74 tanx +vV2 —tanx = 3.
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Giai.
Dicu kien x # g + k.
 (u=T7T+tanzx w=7+tanx
Dat {v = /2 —tanx Suy Ta {v?’ =2 —tanx

T phuong trinh da cho va tit cong thic dat an phu ta thu dude hée

u+v=3 h u+v=3
B+v3=9 Y lw+v)|(u+v)?—3uw =9 WV

u=2v=3hoacu=1v=2.

Trd vé tim z giai

_ |7+ tanx =8 _ T
He{Q—tanle <:>tanx—1<:>x—z+k7r.
He T+tanz =1 Stanr = —-6=tana< r=a+Ir
2—tgr =38
(k,l €Z).

1.3.2. Phuong trinh dang vax + b =r(ux +v)" +dx +e

oo u=ar+d
a#(),u;éo,ryé()\/'dlcachesothoaman{U:br+e

Céach giai. bat vVaxr + b = uy + v.
d e
(g +0)" = ~(ur +v) — S~ & ,
p r  day la he doi
n __
\(ux+v) Tguywtz/)) =
xting loai II dugce giai bang cach trit ve v6i ve ctia hai phuong trinh trong

he dé duge mot phuong trinh tich.

—_

Sau d6 dua vé hé

—3

Vi du 1.36 (Tap chi toan hoc tuoi tré sé 303). Giai phuong trinh

V2 + 15 = 3222 + 32z — 20. (1.21)

S 15
Giai. Dieu kién z > -5

Bién ddi phuong trinh da cho trd thanh +/2x + 15 = 2(4x + 2)% — 28.

Dit an phu V22 + 15 =4y + 2 & (dy +2)? =220+ 15 (dy +2 > 0).
Khi d6

(1.21) & (4o + 2)* = 2y + 15.
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Vay ta c6 hé phuong trinh

(4z +2)* =2y + 15
(4y +2)? =2z + 15

Day 1a he do6i xing loai hai.
Giai he trén bang cach trit vé v6i vé clia hai phuong trinh ta dudc

1 -9 — 221

r=————"

16
Vi du 1.37. Giai phuong trinh

nghiém la x =

3z — 5 = 82 — 362% 4 532 — 25. (1.22)
Giai.
(1.22) & V3x —5=(22—-3)° -z +2.

Dat v/3xz — 5 = 2y — 3 suy ra (2 — 3)® = 3z — 5, khi d6 ta c6 hé phuong
trinh.
(20 —3)3=2y—3+2—2
{(2y—3)3:2x—3+x—2
Giai he trén bang cach trit vé v6i vé clia hai phuong trinh trong hé sau
d6 thé trd lai phuong trinh dau ta duge phuong trinh

x =2
(x — 2)(82% — 202 + 11) = 0 suy ra 54+ V3
Tr =
4
5++V3
Vay nghiém phuong trinh da cho la z = 2,2 = 4\/_-

1.3.3. Phuong trinh dang (f(z))" +b=a/af(x) —b
) e el B [ (f(x)"+b=at .
Céach giai. Dat {/af(x) —b =t ta c6 he {t” b= af(z) day 1a
hé doi xting loai II.
Vi du 1.38. Giai phuong trinh

:c2—4=\/a:—|—4.

Giai. Dieu kien x > —A4.
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Dat /= + 4 =t thi ta c6 hé sau {t2=x+4

Trit vé véi vé clia phuong trinh thit nhat cho phuong trinh thit hai trong
hé ta duge 22 —t> =t — z hay (x — t)(z +t + 1) = 0 suy ra t = x hodc
t=—1—z(t>0).

14+ v17
V(’jit:actacéxQ:ac—|—4hay:1:2—x—4:()suyra$:Tso

. 1+V17

sanh dieu kién z =t > 0 ta c6 nghiém phuong trinh la x = +T
V6i t = —1 — z khi dé phuong trinh 22 = 3 — 2 hay 22 +2 — 3 = 0 suy

—1++13

X -1 -1
5 so sanh dieu kién ta dugc x = —3

L+V17 1 . V13
2 " 2

Vi du 1.39 (Dé thi hoc sinh giéi tinh Thai Nguyén Lép 10 nam 2011).

Giai phuong trinh sau

ra r =

Vay nghiém phuong trinh la x =

41 =2v2z — 1.
Giai. Diat y = /22 — 1 két hgp véi phuong trinh da cho ta c6 hé
3
{x‘ +1=2y

P41 = 20 trit vé véi vé cua phuong trinh thi nhat cho phuong

trinh thit hai ctia hé ta duge (x —y)(2? +y*> + 2y +2) = 0 hay z = y (do
22+ y? + 2y +2 > 0 véi moi z,y).
—1+£+V5

Thay lai duge 2° — 2z +1=0suyrax = 1,2 = 5

1.3.4. Phuong trinh dang © =a + \/a+ /x
Céch gidi. Dt a + /x = t phuong trinh da cho tuong duong véi

{x:a+\/¥

t=a+ T la hé doi xting loai II.

Vi du 1.40. Giai phuong trinh

x = 2007 + 1/2007 + /7.

Giai. Diéu kien x > 0. Dat 2007 + /o = t. Ta dugc hé phuong trinh

x = 2007 + /1
t = 2007 +/z
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Lay phuong trinh dau trit di phuong trinh thit hai vé vé6i vé ta duocc

x—t=+t—/xhay (Vt —Z)(Vt+ T+ 1)=0suyraz=t.

8030 + 2+/8029
4

Khi d6 ta c6 phuong trinh z—+/r—2007 = O suy ra x =

(do x > 0).

1.3.5. Phuong trinh dang ax + b = r(ux +v)" + e.

Véia #£ 0,u # 0,7 # 0.

L 2 ~ Z o - u = ar
V6i cac hé so thoéa man

v=>br+e

Cach gidi dat v/ax + b = uy+wv. Sau d6 dua vé he

hé nay dugc giai nhu hé ddi xing loai II bang cach trit vé v6i vé ciia hai
phuong trinh trong hé dé duge mot phuong trinh tich.

Vi du 1.41. Giai phuong trinh

4 + 9 9
=7 7.
x T
crs TveA 1ca 9
Giai. Dieu kién z > 7
4 9 1 7
Phuong trinh da cho tuong duong véi :C2—8|_ =T(z+ 5)2 -7
. 1 9 7 1
Kiém tra a = ?,b: %,r:Ze: U= 1L,v= 5 (thdéa méan).
1 dr +9
Dat — =
WY 28

1 1 1, 1
(w+5)=zl+5)+;
Ta c6 hé % I % le

(?J+§)2:§(1’+§)+Z

Day 1a he ddi xtng loai II trit vé v6i vé sau d6 rat y theo x thé vao

phuong trinh dau giai ra ta duge nghiém phuong trinh 1

=650 L —A94 /3997

v 14 84
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1.4. Phuong trinh giai bang phuong phap so sanh
1.4.1. Ap dung tinh chit don diéu ctia ham sb dé gidi phuong
trinh vo ty

Ta ap dung tinh nghich bién ctia ham y = a® khi 0 < a < 1 va dong
bién khi a>1 dé giai phuong trinh chita cin.
Vi du 1.42. Giai phuong trinh

V1—x+Vr=1.

Giai. Dieukien 0 <z < 1.
T dieu kién suy ra
Ve>ao, V1—-xz>1—2>1— Yz
Vay v1—a+ x> 1.
Dau bang x4y ra khi va chi khi x = 0,2 = 1.
Dap s6 x = 0,z = 1 1& nghiém ctia phuong trinh.

Vi du 1.43. Giai phuong trinh

S5vVr ++v/1 —5x = 1.

o] —

Giai. Dicukien 0 <z <
T dieu kién suy ra
5v/x > bx, /1 —5x>1—5x>1— 5.
Vay 5v/x + /1 — 5z > 1.

Dau bang xay ra khi z = 0.
Dap s6 z = 0.

1.4.2. St dung bat dang thic luy thita dé gidi mot sé phuong
trinh vo ty

Mot s6 bat dang thiic luu y.
1- V6i A, B > 0 ta c6

\/Z;L\/E < A;B .
Dau bang xay ra khi va chi khi A = B.
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2-V6i A, B,C' >0 ta co

VA+VB+C _ [A+B+C 4
3 = 3 |

Dau dang thiic x4y ra khi va chi khi A = B = C.

Ta chiing minh cac bat dang thtc trén

V6i a,b > 0, n,m € N*, ta c6 bat ding thiic

a4 p T > %(am +b0"™)(a" + b").

That vay bat dang thitc trén tuong duong véi

a4 T > @™y 4 @b & (@™ — b™)(a™ — ") > 0 (hién nhién

dang).
a1 1
? _2|_ > ﬁ(cﬂrb)(a”_1 +oh) > > 2—n(a+b)”.
Dat a" = A, b" = B ta dugc bat dang thitc (*). Ta chitng minh

a4+ b" + " S (a—l—b+c
3 - 3
XétP:a”—i—b”+c”+<

>n,a,,b,c>0.
a+b+c>n

3
n atbtc ., atbt+e
a+b> 2(0-!——3 ) S 4(a—|—b—|—c—|——3 >

2 4

hay P > 2(

4(a+b+0)"

3
Vay a”+b”+c”2 (a+b+c>n
3 3

bat " = A" = B,c"=C.

Bién doi bat dang thiic da cho

A+B+C _ (VA+VB+VC\n  VA+VB+VC _ [A+B+C
Z( )hay <=t T>

3 3 3 3
Bat dang thic (**) dugce chiing minh.

Vi du 1.44. Giai phuong trinh

Vadz? + 2 — 44+ V6 — 422 —x = 2.

A’ +x—4>0
6—4x>—x>0

Ap dung bat déng thic (¥) ta 6

Giai. Dieu kién {

2
\/4x2+x—4+\/6—4x2—x§2\/;:2.
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Dau bang xay ra khi
Vidx2 4+ —4=+6—422 —z hay 42> + 2 — 4 = 6 — 42> — = suy ra
5)

r=1,r=—-
4

5!
Vay nghiém phuong trinh la x = 1,2 = 1

Vi du 1.45. Giai phuong trinh
2/ + /3 — 2z = 3.

Giadi. Dicukien 0 <z < 3
Ap dung bat dang thic (**) ta c6
r+x+3 -2

\/E+\/E+M§3\/ = 3.

w

3
Dau biang xay ra khi va chi khi /z = /3 — 2z suy ra x = 1.

Vay nghiém ctia phuong trinh la z = 1.

1.4.3. St dung mot sbé bat dang thic quen thudc so sanh cac
vé ctia phuong trinh vo ty

1-Bat dang thitc Cauchy.

Véi moi bo s6 (x4, %;) ta luon c6 bat dang thiic sau

(Z riyi)? < (Z fﬂ?)(z v?)

Dau dang thitc xay ra khi bo s6 (z;) va (y;) ti 1é nhau, tic 14 ton tai
cap so thuc «, 8 khong dong thoi bang 0, sao cho

ar; + Py; =0v6imoii=1,2,3,...n

Ap dung cho céc sb6 a, b, ¢, d ta c6

(ac +bd)?* < (a® + b*)(c* + d?).

) > a
Dau dang thiic xay ra khi — = yh
c
2-Bat dang thic trung binh cong trung binh nhan

Z X tx9+...+2x
Cho n so duong x1, 2o, ..., x, ta co -

Z /L1T2 ...Tp
n

Dau déng thic xay ra khi 21 = 29 = -+ - = 2,
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) ) a+b L e
Ap dung cho hai s6 duong a, b ta co > v ab. Dau dang thtc xay

ra khi a = b.

Vi du 1.46 (D¢ thi dé nghi Olympic 30-4 THPT Chuyén Bén tre). Giai
phuong trinh
2f

VI +
r+1>0
Giai. Dieu kien { z > 0 & x> 0.
r+9>0

Ap dung bat déng thic Cauchy cho hai cip sb

1
a=2V2b=+r+1,c= ,d = \/_ , khi do6

FVE=VETD

(2\/5 +\/E)2 _ (2v/2—2 s R )2

_|_
vr+1 vr+1 voe+1
1 T
< (8 1( )
<(8+x+1) $+1+x+1

2v/2
NSl

Dau bang xay ra khi
1
xr= -

7
Vay z = - la nghiém phuong trinh.

+Vr <VI+ .

2v2 1 VT
Vi+l Vr+1lvr+1

Suy ra

suy ra

Vi du 1.47 (Dé thi dé nghi Olympic 30-4 Truong Chuyen Thiang Long
Da Lat Lam Dong). Giai phuong trinh

Var — 1+ v/8x — 3 = 4z* — 32% + 5z.

.. 3

Giai. Dieukien 8z -3 >0 z > 3
Véi diéu kién trén ta chia cd hai vé ctia phuong trinh trén cho x ta dugc
Vidr —1 N v8xr — 3

x x
Theo bat dang thitc trung binh cong va trung binh nhan ta c6

— 423 — 31 + 5.
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\/4$—1<43§’—1—1_2 . \4/8x—3<8$—3—|—1+1+1_

2
X _ 2x A va x - 4x
Vidr —1  /8x —
Do do6 L + 8r =3 < 4.
T €T |
Dang thitc x4y ra khi z = 5

Mat khic 423 — 3z +5 =42 -3z +1+4= 2z —1)*(x +1)+4 >4
voi x> =
8

: 1
Dang thic xay ra khi x = —-

w

1
Vay phuong trinh c6 nghiém la z = 3

Vi du 1.48. Giai phuong trinh
2 1
T+ V2 -—rt=1"+ —-
x
Giai. Ditukien2 —22>0e —vV2 <z < V2,2 #0.
1
Ta c6 x + V2 — 22 §2,a:2+—2 > 2
x
Hai vé phuong trinh bang nhau khi va chi khi z = 1.
Dap s6 v = 1.
Vi du 1.49. Giai phuong trinh

V2r —1 =123 —22% + 22.

. 1
Giai. bieu kien 2z -1 >0 z > 3

V22r — 1

Bién do6i phuong trinh da cho thanh ———— =1+ (z — 1)
T
V2r —1 vV 12z —1 1+2x—1
Ta o6 Y= =2 (2:” ) <9 B; — 1.
T T 2z

Con 1+ (x —1)2 > 1.
Hai vé bang nhau khi va chi khi z = 1
Dap s6 z = 1.

Vi du 1.50. Giai phuong trinh

V22 — 1+ 220 — 1 = 222,
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cre s e [222—12>0 1
Giai. Dieu kién {Qx 1>0 S x> 5
Z 2 2 2_ 1 2 - 1
Bién doi phuong trinh da cho thanh V2 + V2 =2
x T
V2r —1 202 — 1
Twong tu vi du trén ta co ver— o <1 va x—2 <1.
T T

V2r —1 222 — 1
™ 2

T x
Dau dang thiic xay ra khi va chi khi z =1

Vay <2

Dap s6 z = 1.
Vi du 1.51 (Dé thi dé nghi Olympic 30-4 Trudng Nguyén Binh Khiem
Quang Nam). Giai phuong trinh

2t 4 200627 4 100600922 + = — /22 + 2007 + 1004 = 0. (1.23)

N 2007
Giai. Dieu kién 22 + 2007 > 0 &z > 5

Phuong trinh da cho tuong duong véi phuong trinh
1
(1.23) & 2°(2* 4 22.1003 + 1003?) + 5 (22 + 2007 — V2 42007 +1) =0

1
& 2(z +1003)% + §(\/2:1: +2007 —1)*=0

z(z +1003) =0 - 1003
V22 +2007 —1=0 =

Vay = —1003 la nghiém ctia phuong trinh.

Vi du 1.52 (Dé dy bi Olympic 30-4 Chuyén Hung Vuong). Giai phuong
trinh

1 1 1
4oy = 30+Z\/30+Z\/30+va+30

Giai. Diéu kien z > 0.

1
4o = \/3O+Z\/30+u

1
qu = \/30+Z\/30+x
1 1
Gia stz > usuy ra du = \/30—|—Z\/30—|—x2 \/30+Z\/30+u:4x.

1 1
Dat Z\/SO—}—Z\/ZSO—I—SU = u,u > 0 tathu dugc hé
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1
Vay r = u va ta thu dugc phuong trinh 4o = \/30 + Z\/ 30+

oo 1 |4 =30+
Datv—Z\/30+xta thu dugc hé {41): N

Gai st x > vsuy radv =30 +x > /30 +v = 4ux.
Gid st x > v suy ra 4v = /30 +x > /30 + v = 4ux.
Vay x = v ta thu dugce phuong trinh

4x = /30 4+ x hay {Tngo_ r_30=( Swrazr=
1 ++/1921

Vay nghiém phuong trinh la x = — 33

1++/1921
32

Vi du 1.53. Giai phuong trinh

V-2 +3z—-2+Vr+3=2.

Giai. )
Dieu kién {x 13> 0
Suyravr+3>2 Vay v—a2+3x -2+ +3>2.
DAu béng x4y ra khi va chi khi z = 1.

S1<xe <2

Vi du 1.54. Giai phuong trinh
Vi+Vl—az+vV1—a=2

Giai. Dieukien 0 < z < 1.
Ta c6 v/x > x , dau bang xay ra khi va chi khi z = 0,z = 1.
V1 —2>1— 2z, ddu bing x4y ra khi va chi khi x = 0,2 = 1.
V1 + x> 1, dau bang xay ra khi x = 0.
Suy ra /T +V1+x++/1—2>2.
Dau dang thic xay ra khi va chi khi 2 = 0.
Vay x = 0 la nghiém cua phuong trinh.

1.4.4. St dung tinh chat véc to

Tinh chét 1.1. |3+ b| < |@| + |b).
DAu bing x4y ra khi hai vecto @ va b ciing huéng, didu nay xay ra khi
a = kb véi moi s6 thuc duong k.
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Dang phuong trinh

VIR & I = RGO

i
Ja=(f(0):A)
bat {5 ~ (g(x): B)

Suy ra d+b = (f(z) +g(x); A+ B) = (h(z); C) (A, B,C c6 thé la cac
biéu thiic chita ).

Phuong trinh da cho tré thanh |@ + b = |a| + |b].

Dau ding thitc xay ra khi va chi khi hai vecto c?,l; cuing huéng hay
a = kb v6i moi s6 thic duong k.

Vi du 1.55 (Tuyén tap olympic 2003). Giai phuong trinh

Va2 — 8z + 816 + Va2 + 10z + 267 = v/2003.

(4 —2;20V/2) =a
(5+a;11v/2) =b
Ta c6 |@| = Vz% — 8z + 816; |b| = &% + 10z + 267; |@ + b| = 1/2003.
Phuong trinh da cho tré thanh |@ + b| = |a@| + |b).

Dau dang thic xay ra khi va chi khi hai véc to @, b cing huéng diéu

Giai. Dat { suy ra @+ b = (9;31v/2).

nay tuong duong véi
8 / 20
d = kb v6i moi s6 duong k. Khi d6 4 — x = ﬁ(5 + x). Giéi ra ta dugc

50

XrT = ——:
31 "
Vay nghiém ctia phuong trinh la z = —37
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Chuong 2

Mot s6 phuong phap giai phuong
trinh vo ty chita tham sb

2.1. St dung phuong phap bién doi tuwong duong

2.1.1. Phuong trinh dang +/f(z,m) = \/g(x,m)

Céch giai. Ta thuong bién ddi phuong trinh trén vé hé
{g(aj,m) c6 nghia va g(z,m) > 0
flz,m) = ¢*(x,m)

Nhan xét 2.1. Khong can dat dieu kien f(xz,m) >0

Vi du 2.1. Giai bién luan phuong trinh

Vi —1—xz=m.

r+m>0 > —m
22— 1= (z+m)? Y2mz = —m? — 1
Ta xét cac truong hop.

Giai. Ta ¢6 {

V6i m = 0 hé vo nghiém do ¢6 mét phuong trinh thi hai trong hé vo

nghiém.
V6i m # 0 hé ¢6 nghiem khi va chi khi phuong trinh 2ma = —m? — 1
2
) ) . . ) oom 41
c¢6 nghiém thoa méan r > —m dieu nay xay ra khi — > —m hay
m

m?—1

2m
Vay m > 1 hosic — 1 <m <0 la gia tri can tim.

>0suyram >1hoac -1 <m<0
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2.1.2.Phuong trinh dang +/f(z,m) + \/g(z,m) = \/h(z,m)

Céch giai. Bién doi phuong trinh trén tuong duong véi he
f(z,m) c6 nghia va f(z,m) >0
g(x,m) ¢6 nghia va g(x,m) >0
flz,m) + g(z,m) + 2/ f(x,m)g(x,m) = h(zx,m)

Vi du 2.2. Tim m dé phuong trinh sau c6 nghiém

V—12+3x—2=2m+z — 22

Giai. Ta c6
—a?43x-220 | [l1<2<2
r=m+1 Ylz=m+1
Do d6 diéu kién dé phuong trinh c¢6 nghiem 1a 1 < m + 1 < 2 hay

0<m<1

2.2. Sit dung phuong phap dat an phu

2.2.1. Mot s6 dang thudng gap

Céch dat an phu trong trudng hop bai toan phuong trinh vo ty chiia
tham s6 giéng nhu cach dit an phu trong truong hop phuong trinh vo ty
khong chita tham s6 da duge trinh bay & chuong trude. Sau day 1a mot s6

vi du minh hoa.
Vi du 2.3. Véi gia tri nao cia m phuong trinh sau c6 nghiém?
2(x* —22) + Va2 —22 -3 —m=0.

Giai. Diéu kién 22 — 22 — 3 > 0.
Dat Va2 — 22 — 3=t véi t > 0.
Khi d6 phuong trinh da cho c6 dang
2(22—22—3)+V12 — 22 — 3—m+6 = 0 hay f(t) = 26> +t—m+6 = 0.
Phuong trinh da cho ¢6 nghiem khi f(¢) = 0 ¢6 it nhat mot nghiem
khong am. Diéu nay tuong duong vdi.

[ a.f(0) <0 [ 6—m <0
A>0 8m — 47 >0
a.f(0) >0 hay 6—m>0
S 1
- > —— >0

| 2_0 | 2~
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Vay phuong trinh c6 nghiém khi va chi khi m > 6.

2.2.2. Dat an phu dwa vé hé phuong trinh déi xing
Vi du 2.4. Véi gia tri nao cua a thi phuong trinh sau ¢6 nghiém

Vi—z+V1+z=a.
3
Giai. Dat {\/7%:; _ ;‘j suy ra ud + 08 = 2.
Khi dé phuong trinh da cho duge chuyen vé he.
w4+ v° =2 b (u + v)(u* + v* — uv) = 2 a(u® +v? — uv) = 2
{quv:a ay{quU:a Suyra{quU:a
a. Néu a = 0 thi hé vo nghiem.
b. Néu a # 0 thi he dugc bién dbi nhu sau

2 2 —
u? +v? —uv =~ (v+u)* — 3uv = = utv=a

a hay a suyra I, 2
u+v=a u+v=a uw = - (a” = -)

3 a
Phuong trinh da cho c6 nghiém khi va chi khi

1 2 8§ —a’
a2—4§(a2—g) > 0 hay ¢

Vay phuong trinh ¢6 nghiém khi 0 < a < 2.

>0suyral<a<?2.

2.3. Si dung dinh li Lagrange

Dinh 1i Lagrange Cho ham s6 f(z) liéen tuc trén [a;b] va ton tai dao
ham tren (a;b) luon ton tai mot s6 ¢ € (a;b) sao cho

: f(b) — f(a)
fie) = .
Tt d6 ta co thé sit dung dinh 1f Lagrange dé thyuc hién yéu cau dat ra cho
phuong trinh la.
Bai toan. Chiing minh phuong trinh ¢6 nghiém
Tu dinh 1i Lagrange néu f(a) = f(b) thi ton tai ¢ € (a;b) sao cho
f’(C) _ f(b) B f(a)

b—a
(a;0).
Vay dé ap dung dugc két qua trén vao viéc chiing minh phuong trinh

= 0 hay phuong trinh f'(z) = 0 ¢6 nghiém thudc

f(z) = 0 ¢6 nghiém trong (a;b) dieu quan trong nhat la nhan ra duge
nguyén ham F'(x) cia ham f(z). Cu thé 1a ta thyc hién cdc bude sau.
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Budc 1. Xac dinh ham s6 F(x) kha vi lién tuc trén [a; b] va théa man
F'(x) = f(z) va F(a) = F(b).
\ , b) —
Budc 2. Khi d6 ton tai mot so ¢ € (a;b) sao cho f/(c) = M.
—a
Vay phuong trinh f(x) = 0 ¢6 nghiém = = c.

Vi du 2.5. Chiing t6 rang véi a + 3b = 27, phuong trinh
26 —b)Vx+1=a

luon c6 it nhat mot nghiém duong.
Giai. Bién doi phuong trinh vé dang

a a
6r — b= ha —6x+b=0.
Wrtl C 2/zF1
Xét ham s6 F(x) = av/x + 1 — 32% + bx kha vi lién tuc trén (0; +00)

a
6 F'(x) = —— — 62+ D
6 F(z) 2vr + 1 !
va F(3) — F(0) = (2a —274+3b) —a=a+3b— 27 = 0.

Khi d6 ton tai ¢ € (0;3) sao cho
F(3) — F(0) a
F'(z) = S
(@) 3-0 U overd

da cho luon ¢6 it nhat mot nghieém ¢ € (0; 3).

— 6¢ + b = 0 tic 1a phuong trinh

2.4. S dung phuong phap diéu kién can va dua

Phuong phap diéu kién can va da thudng té ra kha hiéu qua cho cac
dang toan tim diéu kién ctia tham s6 de.

Dang 1: Phuong trinh c6 nghiém duy nhat.

Dang 2: Phuong trinh c¢6 nghiém v6i moi gia tri ctia tham so.

Dang 3: Phuong trinh nghiém ddang v6i moi @ € D. Khi d6 ta can thuc
hién cac buéc:

Budc 1: Dat diéu kien dé cac biéu thic trong phuong trinh c6 nghia.

Budc 2: Tim diéu kién can cho hé dua trén viec danh gia hoac tinh déi
xing cua hé.

Buée 3: Kiém tra diéu kien du trong budc nay can c6 mot so6 ky nang

co ban.
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Vi du 2.6. Tim m dé phuong trinh sau c6 nghiém duy nhat
V1—22+2v1—22=m.

Giai. Dieu kién can.

Nhan xét rang phuong trinh c6 nghiém =z thi ciing nhan —zy lam
nghiém.

Do d6 phuong trinh c6 nghiem duy nhat thi diéu kien du 1a 29 = —xg
thay vao phuong trinh ta c6 m = 3.

Dieu kién du.

V6i m = 3 khi d6 phuong trinh c6 dang /1 — 22 + 2v/1 — 22 = 3.

AT — 2 <
Vl{\?/%zi suy ra V1 — 22+ 2v/1 — 22 < 3.
—x° <
V1—22=1

Do d6 phuong trinh c¢6 nghiém khi va chi khi { A2 =1 hay

x = 0.
Vay phuong trinh ¢6 nghiem duy nhat khi va chi khi m = 3.

Vi du 2.7. Tim m dé phuong trinh sau nghiém dang v6i moi z > 0.

Va2 +22 —m2+2m+4d=x+m— 2.
Giai.

Diéu kién can.

Gia st phuong trinh da cho c6 nghiém véi moi x > 0 thi x = 0 ciling
la mot nghiém cua phuong trinh khi d6 thay = 0 vao phuong trinh ta
dugce

V—m?+2m+4 =m — 2 hay {
m = 3.

Dieu kién du.

V6i m = 3 khi d6 phuong trinh da cho c6 dang

V22 + 22 + 1 = = + 1 phuong trinh nay luén dang véi moi = > 0.

Vay m = 3 1a gia tri can tim.

m—22>0
—m?+2m +4 = (m — 2)?

suy ra

2.5. St dung phuong phap ham sé

Kién thic can nhé
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Cho ham s6 y = f(x) lién tuc trén D.

Phuong trinh f(x) = g(m) v6i m 1a tham s6 ¢6 nghiem = € D khi va
chi khi ml%n fz) < g(m) < max f(z).

Bat phuong trinh f(x) < g(m) c6 nghiem = € D khi va chi khi
ml%n f(x) < g(m).

Bat phuong trinh f(z) < g(m) nghiéem dung v6i moi x € D khi va chi
khi max f(z) < g(m).

Bat phuong trinh f(x) > g(m) c6 nghiem = € D khi va chi khi
max f(x) > g(m).

Bat phuong trinh f(xz) > g(m) ¢6 nghiem ding véi moi x € D khi va
chi khi ml%n f(z) > g(m).

Nhan xét 2.2. Trong truong hop khong ton tai ml%n f(x), max f(x) thi
ta sé 1ap bang bién thién ctia ham s6 y = f(z) trén D. Sau d6 can cit vao
bang bién thien dé két luan cho bai toan.

Dang toan thuong gap 1a bai toan tim gia tri cia tham s6 m sao cho
phuong trinh chia tham s6 m c6 nghiém ta lam nhu sau.

1. Bién ddi phuong vé dang f(x) = g(m).

2. Tim max f(x); mDin f(z) (néuco). Néu f(x) khong dat gia tri max f(x)
hoic ml%n f(z) thi ta phai tinh gi6i han va lap bang bién thién ctia ham s6
y = f(x) trén D.

3. T bang bién thién suy ra gia tri m can tim.

Chu y 2.1. Trong trusng hop phuong trinh chita cac biéu thiic phiic tap
ta c6 thé dat an phu.

- Dat t = ¢(x) (¢(x) 1a ham s6 thich hop c¢6 mat trong f(x)).

- Tt diéu kién rang buodc clia x € D ta tim dicu kien ¢t € K.

- Ta dua phuong trinh vé dang f(t) = h(m).

- Lap béng bién thien y = f(¢) trén K.

- Tt bang bién thién suy ra két luan ctia bai toan.

Vi du 2.8 (Tuyén sinh Dai hoc Cao dang khéi A nam 2004). Tim m dé
phuong trinh sau c6 nghiém.

m(V1i4+22—v1—224+2)=2y/1—at+VI+a2—+1—22
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Giai. Dieu kien —1 <z < 1.

Dat V1422 — V1 —2?2 =t véix € [—1;1].
T T 1 1
Tacot = + :a:( + )
V14+22 V1 —a? V1+22 V1 — 22

t' =0suy rax =0 véi x € [—1;1] ta c6 bang bién thién.

x| —1 0 1
t/ — 0 +

t\/ﬁ\o/\/ﬁ

Nhu vay 0 < ¢t < /2.
Phuong trinh (2.11) tuong duong véi phuong trinh sau

—t2 4t +2
m(t+2):2—t2+t,t€[O;ﬁ]haym:%

4 4
batm=g¢q(t) = —t+3——-.,1 0:v2l khidé ¢'(t) = -1+ ——
at m = g(t) + Tt E[,\/_] ido g'(t) +(t—|—2)2

g'(t) = 0 suy rat = 0 ta c6 bang bién thién
t |0 V2
gt)o —
g(t)] 1
V2 -1

Nhu vay phuong trinh ¢é nghiem khi m € [v/2 — 1;1].

Vi du 2.9. "Dai hoc cao dang khéi A nam 2007". Tim m dé phuong trinh

sau c6 nghiém thyc.

3Vr—1+mvr+1=2va2—1.

Giai.
Dieu kién = > 1.

—1 —1
Phuong trinh da cho tuong duong véi 3(4 x_)2 tm=2y7
x

+1 z+1
—1
Datt:{‘/x vl x > 1.
z+1 )

—1
Tacé()gx =1-
T+ 1 T —

1<1suyraO§t<1.
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Xét phuong trinh theo an ¢ véi t € [0;1) c6 dang
3t> +m = 2t hay m = =3t + 2t,t € [0; 1).

Xét ham s6 f(t) = —3t2 +2t,t € [0;1)

Bang bién thien

t 0 1

f)o e ™~ —1
1

Nhu vay phuong trinh da cho ¢6 nghiem véi m € (—1; §]

Wl
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Chuong 3

Mot s6 cach xay dung phuong trinh
vO ty

Phuong trinh vo ty ¢6 nhiéu dang va nhiéu cach giai khac nhau. Nguoi
gido vién ngoai viéc nam dudgc cac dang phuong trinh va cac phuong phap
gidi chiing can phai biét xay dung lén cac dé toan khac nhau lam tai lieu
giang day. Trong phan nay tac gid xin trinh bay mot s6 cach xay dyng len
cac phuong trinh vo ty, hy vong sé dem lai nhitng diéu bo ich.

3.1. Xay dung phuong trinh v6 ty ti cac phuong
trinh da biét cach giai.

Con duong sang tao ra nhitng "phuong trinh vo ty" la duya trén co sé
cac phuong phap gidi da duge trinh bay. Ta tim cach "che day" va bién
doi di mot chiat it dé dau di ban chat, sao cho phuong trinh thu duce dé
nhin vé mit hinh thic v moi quan hé gitta cac doi tuong tham gia trong
phuong trinh cang khé nhan ra thi bai toan cang khé. Ta tim hiéu mot s6

cach xay dung sau

3.1.1. Xay dung phuong trinh v6 ty tir phuong trinh bac hai.

Tit phuong trinh dang at® + bt + ¢ = 0 ta thay thé t = \/f(x) ta sé
nhan duge mot phuong trinh vo ty diat an phu dua vé phuong trinh bac
hai dé giai.

2

/ 1

Vi du 3.1. Tit phuong trinh 262 — 7t + 3 = 0 ta chon t = %
$ —_
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ta dugc phuong trinh vo ty sau.

2 1 2 1
Ul ATt o
rz—1 rz—1

hosic bién doi dé bai toan tré nén khé hon bing cach nhan ci hai vé
cua phuong trinh trén véi x — 1 ta duge phuong trinh sau

3r—1D)+2@*+x+1) =7Va3 -1

tit phuong trinh nay ta xay dung lén mot bai toan giai phuong trinh vo ty

nhu sau.
Bai toan 3.1. (Dé thi dé nghi Olympic 30/4/2007) Giai phuong trinh
20 +5x —1 =TvVa3—1

Huéng dan 3.1. Phuong trinh nay da dudc giadi bang phuong phap dua
vé dang phuong trinh bac hai nhu phuong trinh ban dau xay dung.

Mot s6 dang phuong trinh sau duge giai bang phuong phap dat an phu
dua vé dang phuong trinh bac hai.

Dang 1. ar+b++er+d=0dat Ver +d=tkhidoz =
thu dugc mot phuong trinh bac hai at? + ¢t + bc — ad = 0.

Dang 2. A(va+x++a—2)+ Bva2—z22=C.

Datt =+va+z++a—x suyra t2=2a—£—2m.

Ta thu duge phuong trinh bac hai At + B(t _2 Qa) =C.

Dang 3. A(x ++x+a)+ B(2*+ 2z +2zyx +a) +C = 0.

Ditt=a2++x+a suyra t?=22+24+a+ 222+ a.

Ta thu duge phuong trinh bac hai At + B(t> —a) + C = 0.
Dang 4. A(x ++V22 +a) + B(2®> +2vV22+a)+C = 0.

Ditt =2+ Va2 +a khidé 2 =222+ 22v22 + a + a hay

2 —
2+ avri+a= 5 “

Cudi cung ta thu duge phuong trinh bac hai At + B

t2—d
C

ta

t* —
“Lo=o.
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Bay gis mudn tao ra cac phuong trinh vo ty mdi ta c6 thé thay thé
A, B, C,a,b, c bing cac s6 "hoic cac biéu thic" theo ¥ mubn 1a ta sé duge
cac dang phuong trinh vo ty dude gidi theo phuong phap dat an phu dua
ve phuong trinh bac hai.

Vi du 3.2. ( Cho dang 2.)
Chon A=1,B=2,C =4,a =1 ta dugc bai toan sau.

Bai toan 3.2. Giai phuong trinh phuong trinh

Vi—z+V1i+z+2V1—22=4.

Hudéng dan 3.2. Dicu kien —1 <z < 1.
Dat vV1—z++V1I+z=tt>0suyrat®=2+2vV1—22.
Ta thu duge phuong trinh t> +¢ — 6 = 0 suy ra t = 2.
Thay thé tré lai ta c6 /1 — 2z + /1 +x =2 suy ra x = 0.

3.1.2. Xay dung phuong trinh vo ty tir phuong trinh tich.

Phuong trinh dang au + bv = ab 4+ wv. Ta ¢6 au + bv = ab + wv hay
(u—>b)(v—a)=0suyrau=>bv=a.

Chon w,v 1a bing céc biéu thitc chita cin a,b bing cac s6 thuc cho
trude ta sé xay dung dudc cac phuong trinh vo ty.

Vidu 3.3.chon a = 1,b = 5,u = Vo — 1,v = Va2 + 1. Ta thu dugc
phuong trinh

Vi—1+5Va2+1—Vad—a24+2—-1=5
va ta c6 bai toan sau.
Bai toan 3.3. Giai phuong trinh
Vi—1+5Va2+1—Vad—a24+2—-1=5

Huéng dan 3.3. Nghiém ctia phuong trinh 1a nghiém ctia phuong trinh

la nghiém ctia mot trong hai phuong trinh

vVz2+1=1hoac vz —1=5.
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Thuc ra ta dang xay dung phuong trinh vo ty dua trén phuong trinh
c6 dang tich. Khé hon mot chit ta c6 thé xay dung tit phuong trinh chia
nhiéu tich (v —a)(v — b)(w — ¢) = 0 gén cho u,v,w cac biéu thitc chita
can. Gan cho a, b, ¢ 1a cac s6 thuc tham chi c6 thé 1a cac biéu thic chia
can. Bién ddi di mot chit 1a ta sé ¢6 duge cac phuong trinh vo ty "dep"
hay "khong" phu thudc vao viéc ta ¢6 khéo chon hay khong.

3.1.3. Xay dung phuong trinh vé6 ty tir mot sé dang phuong
trinh vo ty dudc giai theo phuong phap bién doi twong tuong.
Xay dung phuong trinh vo ty tit phuong trinh dang

VA+vVB =vVC++VD

Géan cac biéu thic chia x cho A, B, C, D ta sé dugc cac phuong trinh vo
ty dugc gidi bang cach binh phuong hai vé

Vidu34. Gin A=x+3,B=3x+1,C =4x,C = 2z + 2 ta dugc bai
toan giai phuong trinh vo ty sau.

Bai toan 3.4. Giai phuong trinh
Vi+3+V3z+1=2V/z+V2x+1

Huéng dan 3.4. Dé gidi phuong trinh nay khong khé nhung hoi phic

tap mot chut.
Phuong trinh nay sé don gian hon néu ta chuyén vé phuong trinh
V3r+1—22+2=V4r — o +3
Binh phuong hai vé ta dugc phuong trinh hé qua
V622 + 81 +2 = V4x2 + 122 suy ra x = 1 thiu lai thay z = 1 1a
nghiém phuong trinh.

Tugng ty ta ciing c6 mot so6 dang sau
Dang 1: Phuong trinh v A = V/B.
>
Dang 2:Phuong trinh VA = B < {i — %2
A>0

Dang 3: VA+VB=vC<<{B>0
A+ B+2vAB=C
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Dang 4: \?/Z%—\?/E:\g/asuyraAJrBJer(ﬁ—lrﬁ) =C

déi véi dang nay thuong st dung phép thé: VA + VB = v/C ta dugc
phuong trinh A+ B + 3vABC = C

Tt cic dang toan nay gan cho A, B, C cac bicu thiic chita x ta sé duge
cac phuong trinh vo ty tuy nhién mitc do khé hay dé phu thudc vao viéc
chon céc biéu thitc cho A, B, C' sao cho sau khi luy thita hai vé len ta thu
duge mot phuong trinh c6 thé giai duge.

3.2. Xay dung phuong trinh v6 ty ti hé phuong trinh.

3.2.1. Xay dung tir hé dbi xting loai II

Ta di xét mot phuong trinh déi xting loai II sau
(z+1)P2=y+2
{(y +1)2=x+2
Bay gio ta sé bién he trén thanh phuong trinh bang cach dat y = f(z)
sao cho phuong trinh tht hai trong he luén ding vay y = /& + 2 — 1, khi
d6 thay vao phuong trinh dau ctia hé ta c6 phuong trinh
(z+1)?*=H2r+2—-1)+1hay a® + 20 =z +2

Tu do ¢6 bai toan.

viéc giai hé nay thi don gian.

Bai toan 3.5. Giai phuong trinh
22+ 20 =Vr +2

Huéng dan 3.5. Ta lai tién hanh dit nhu trén va dua vé gidi he déi xing
loai II.

2 _
Bang cach tuong tu xét hé tong quat dang bac hai {(ax +B) =ay+b

(ay + B)*=az +
ta sé xay dung lén mot phuong trinh dang sau.

Tt phuong trinh th hai trong hé ta ¢6 ay + 8 = vax + b khi d6 thay
vao phuong trinh dau tién ctia hé ta c6 phuong trinh

(ax +B)* = g\/aa: +b+0b— %(*)
Tuong tu cho bac cao hon (ax + )" = g\”/ ar +b+0b— @(**)
e «
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Dé giai phuong trinh nay ta lai dit ay + 8 = Vax + b dé dua vé he
nhu ban dau da xay dung.

Vay dé c6 mot phuong trinh vo t§ giai bing cach dua vé he déi xing
loai II, ta chi viéc chon «, 3, a, b phit hgp v6i mic do khé dé ctia bai toan.
Sau d6 xay dung phuong trinh & dang khai trién, hoc sinh muén giai dugc
phuong trinh dang nay thi phai biét viét phuong trinh vé dang phuong
trinh (*) hodc (**) dé giai.

Vi du 3.5. Ta xay dung bai toan nhu sau

Chona=2,=-3,a=4,0=5

Ta c¢6 phuong trinh

(22 — 3)% = 2/4x + 5 + 11 hay 42% — 120 — 2 = 2/4x + 5 suy ra
202 —6x — 1 =+A4r +5

Khi do6 ta da c6 mot bai toan méi.

Bai toan 3.6. Giai phuong trinh vo ty

202 —6x —1=+4x +5

Huéng dan 3.6. Hoc sinh phai biét bién déi dang khai trién nay veé
phuong trinh (2z — 3)* = 2y/4z + 5 + 11
Sau d6 dat 2y — 3 = v/4x + 5 dé dugc hé phuong trinh.

20— 3)2 =4y +5
{E2y—3))2:4z+5 suy ra (z —y)(z +y—1) =0

Véiz=ykhid62c —3=+4r +osuyraz =2+ 3
Véiz+y—1=0khidoy=1suyraz=1—+2

3.3. Dung hing dang thic dé xay dung cac phuong
trinh vo ty

3.3.1. T nhitng danh gia binh phuong A? + B? > 0.

Ta xay dung nhitng phuong trinh dang

A=0
2 2 _
A+ B —Osuyra{B:O

Vi du tit phuong trinh (v5z — 1—22)2+ (V9 —5x—2)>+ /2 — 1 =0

khai trién ra ta c6 phuong trinh
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4a® + 12 + x — 1 = 4av/52 — 1 + 44/9 — 5x)

Khi do ta c6 thé xay dung bai toan.

Bai toan 3.7. Giai phuong trinh

42° + 124+ Vo — 1 = 4ov/5x — 1+ 49 — 5z)

Huéng dan 3.7. Khi d6 mudén giai bai toan trén ta bién déi dua ve phuong
trinh truée khi khai trién va giai la t6t nhat. Sau d6 4p dung danh gia nhu
da trinh bay.

3.3.2. T hing dang thiic (A — B)>=0suyra A= B

[ 4
Viduchon A=1,B = v ta dugce phuong trinh
r+3

4 .
(1— * )? = 0 khai trién ra ta dugc phuong trinh
r+3
4 4
T Yy e
r+3 x+3
Nhan hai vé phuong trinh véi /2 + 3 ta duge phuong trinh
dx
v +3+ = 4x ta c6 bai toan.
V43
Bai toan 3.8. Giai phuong trinh
dx
v+ 3+ =4z
vV +3

3.3.3. Xay dung phuong trinh vé ty tit hing ding thiic sau.

Ta co
(A+B+C) =4 +B+C°+3(A+ B)(B+C)(C+ A)

Khi do
(A+B+CP=A43+B>+C3khi (A+B)(B+C)(C+A) =0
Diéu nay xay ra khi A = —B hoac B = —C hoiic A = —-C
Ta c6 the xay dung bai toan nhu sau.

Gan A = /Tx + 2010, B = —V/a2 + 2011, C = /22 — Tz + 2012
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Nhu vay A% + B3 +C3 = 2011. T d6 ta c6 bai toan gidi phuong trinh
nhu sau.

Bai toan 3.9. Giai phuong trinh

V7r + 2010 — Va2 + 2011 + /a2 — Tz + 2012 = /2011

Huéng dan 3.8. Bai téa théa man (A + B + C)3 = A3 + B3 + (3. Nen
A=-B

nghiém ciia phuong trinh 14 nghiém ctia hé tuyéen i = —C' Trong do
=-C

A.B,C la cac biéu thitc nhu da chon.
Tuong tu ta c6 thé xay dung nhiéu bai toan theo cach nay!

3.4. Xay dung phuong trinh v6 ty dua theo ham don
diéu.

3.4.1. Xay dung phuong trinh vd ty dua theo tinh chit ctia ham
don diéu.

Duya vao két qua "néu ham y = f(z) don dieu thi

f(x) = f(t) & x =t" ta c6 thé xay dung dugc nhitng phuong trinh vo
ty.
Vi du 3.6. Xuat phat tit ham don dieu y = f(x) = 22 + 2% + 1 moi
x > 0 ta xay dung phuong trinh.

flx)=f(v/3z —1) hay 22° + 22 +1=2(v/3zx — 1> + /(32 — 1)2+1
Rit gon ta dude phuong trinh 223 + 22 — 3z + 1 = 2(3z — 1)y/3z — 1.
Ta c6 bai toan sau

Bai toan 3.10. Giai phuong trinh
20% +2? =32 +1 =23z —1)V3z — 1
Huéng dan 3.9. Bai toan dugdc gidi theo phuong phap ham s6.

Vi du 3.7. Tt ham s6 dong bién tren R, f(t) = t* + ¢ vA tit phuong
trinh f(v/722 4+ 92 —4) = f(z + 1)
Ta xay dung dudgc bai toan sau.
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Bai toan 3.11. Giai phuong trinh

2 — 42 —5x 4+ 6= /T2 + 9z — 4

Huéng dan 3.10. Bai toan dudc giai theo phuong phéap st dung phuong
phap ham s6. Gidi phuong trinh ta c6 nghiém phuong trinh 13 nghiém ctia
phuong trinh.

~14++/5

2

(x+1) =722+ 92 — 4 suy ra x = 5 hofic x =

3.4.2. Xay dung phuong trinh v6 ty dua vao cac uéc lugng caa
ham don diéu.

Dé dé stt dung va két hop nhiéu uée luong ta xay dung mot s6 udc lugng
nhu sau bang cach sit dung tinh don diéu ctia ham s6 ta nhan dudc
1] -1<r—+y1-2<1
Ham s6 f(x) = v/ — /1 — 2 13 ham don diéu tang trén [0; 1]
Neén ta c6 —1 = f(0) < f(x) < f(1) =1
2 1< yF-VT-z<1
Ham s6 f(z) = /z — v/1 — 2 < 1 13 ham tang tren [0; 1]
Nén ta c6 —1 = f(0) < f(x) < f(1) =1
8 1< ¢F-VI-z<1
Ham s6 f(z) = \/z — /1 — x 13 ham tang tren [0; 1]
Nén ta c6 —1 = f(0) < f(x) < f(1) =1
4] 0 < _VEt3
2++1—x
Ham s6 f(z) = _VrHS 1a ham tang trén [—3; 1]
2++1—x
Neén ta c6 0 = f(—3) < f(x) < f(1) =1

va+15
oS =t
Ham s6 f(a:):ﬂ
2+ v1—x
Neén ta c6 0 = f(—15) < f(x) < f(1) =1
6] V/3+vr— VIt vl_z<1
Ham s6 f(x) = /3 4+ v — /1 + /1 — x 1a ham tang trén doan [0; 1]

la ham tang trén [—15;1]
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Suy ra f(z) < f(1) =1

Ve +3—-V1+V/1-2<1

Ham s6 f(z) = vz +3 —+/1++/1— 2 la ham tang trén [—3; 1]

suy ra f(z) < f(1) =1

Stt dung tinh chat nghich bién ciaham sdé miiy = a* v6icos6 0 < a < 1
ta nhan dugc

8] Ve +v1I-2<1

Taco /r <z hoicyV1—x<1—x

suyra/Z+V1l—a<z+(l—-2)=1

Dau déng thic dat duge khi x = 0 hodic x = 1

Cong hai hay nhiéu cac uéc lugng co ban ching ta thu duge cac phuong

trinh chita can sau.
Bai toan 3.12. Giai phuong trinh
Ve+Vr+Vr=3+V1—-as+V1l—-—a+V1—ux.

Hudéng dan 3.11. Dicu kien 0 <z <1

Phuong trinh da cho tuwong duong vdéi.

Ve —VI-2)+ (Vo —vVI-2)+ (Vo —-vV1i-2)=3

St dung cac ude luong co ban ta thu duge vé trai nhé hon hoac bang
3, va dau ding thiic x4y ra khi va chi khi z = 1

Dapsoz =1

Bai toan 3.13. Giai phuong trinh

Vo + o+ Jxr+3vV1—x=3.

Huéng dan 3.12. Dicukien 0 <z <1
Phuong trinh da cho tuong duong véi
(Vo +V1—2)+ (Vo + VI —2)+ (Vo + V1 -1)
Vé trai 16n hon hoac bang 3. Dau dang thitc xay ra khi va chi khi z = 1.
Dap s6 v = 1.

Bai toan 3.14. Giai phuong trinh

vor+3 n vV3r +1
24+\1—2 2+V1—=x
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Huéng dan 3.13. Diéu kién —% <z<l1
Vé trai nho hon hodc bang 2. Dau bang x4y ra khi o = 1.
Dap s6 z = 1.
Nhan cac uéc lugng co ban duong ta thu dudc cac phuong

trinh chwa can sau.

Bai toan 3.15. Giai phuong trinh

V2r — 1vV4x — 3561 — 5 = 2°

= N 5)
Huéng dan 3.14. Dieu kién z < g
Chia hai vé cho 2 # 0 ta thu dugc
V2 =14z =3 /6x =5

=1
Ve trai nho hon hoac bang 1. Dau dang thiic xay ra khi va chi khi x = 1.

Dap s6 v = 1.

3.5. Xay dung phuong trinh v ty dua vao ham sé
luong giac va phuong trinh ludgng giac.

Tt cong thiic lugng giac don gidn cos 3t = sint, ta c6 thé tao ra duge
nhitng phuong trinh vo ty.

T cos3t = 4cos®t — 3cost ta c6 phuong trinh vo ty 42® — 3z =
22?2 —1 (1)

Néu thay z trong phuong trinh (1) boi é ta sé ¢6 phuong trinh vo ty
khé hon 4 — 322 = 22v/22 — 1 (2).

Néu thay x trong phuong trinh (1) béi  — 1 ta sé c6 phuong trinh vo
ty kho 423 — 1222 + 97 — 1 = /22 — 22(3).

Tuong tu nhu vay tit cac cong thic sin 3z, sin4x ... ta ciing c6 thé xay
dung phuong trinh vo ty theo kiéu luong giac!

1 1

Vi du 3.8. Tt phuong trinh lugng gidsc —— + —— = 2v/2 vi tir déng
cost sint

thiic luong gidc sin?t + cos®t = 1 suy ra sint = /1 — cos? t thay thé cost
1

béi z, ta sé 6 mot phuong trinh vo ty nhu sau — + ——— = 2¢/2.
x

V1 — 2?2
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Vay ta c6 bai toan giai phuong trinh vo ty dugce giai theo phuong phéap
dit an phu lugng gidc nhu sau.
Bai toan 3.16. Giai phuong trinh
1 1
Lo oy

x 22 +1

Huéng dan 3.15. Khi d6 phuong trinh nay duge gidi theo phuong phap
dit an phu lugng giac.

Vi du 3.9. Tit phuong trinh cos®t + sin®t = v/2costsint thay thé cost

bdi z ta duge phuong trinh vo ty 2 + /(1 — 22)? = 24/2(1 — 22).

Va ta c6 bai toan giai phuong trinh vo ty

Bai toan 3.17. Giai phuong trinh

2?44/ (1 — 22)3 = 24/2(1 — 22)

Huéng dan 3.16. Phuong trinh nay dugc gidi theo phuong phap dit an
phu lugng giac.

Vi du 3.10. Tit phuong trinh 5+ 3sint = 8(cos® t 4+ sin®¢) thay thé cost
bdi x, ta dude phuong trinh vo t§. 5 + 3v/1 — 22 = 8[z° + (1 — 2?)3]. Va
ta co bai toan.
Bai toan 3.18. Gidi phuong trinh 5 + 3v/1 — 22 = 8[20 + (1 — 2?)?]
Hudéng dan 3.17. Tu dicu kien |z| < 1 ta dat x = cost; ¢ € [0; 7] va ta
thu duge.
5+ 3sint = 8(sin’¢ + cos’t) & 3sint = 8(1 — 3sin’t cos® )
& 3sint =3 — 24sin®t cos? ¢
& sint=1—8sin*tcos’t = 1 — 2sin® 2t = cos 4t

T
< cos4t = cos (5 —t).

T phuong trinh nay ta sé tim dugce ¢, sau do6 suy ra dudc .
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3.6. Xay dung phuong trinh vo ty tit phép "dit an
phu khéng toan phan".

Ta xét bai toan xay dung 16p phuong trinh dang At? + Bt + C = 0,
trong d6 ¢ 1a biéu thitc chita cin ctia x, con A, B, C 1a céc biéu thic hitu ty
chita z, sao cho A = B? —4AC luon ludn 1a mot bicu thiic chinh phuong.

Thuong dé cho tién ta chon —g = f(z) + g(z) con % = f(x)g(x) khi
d6 t = g(z) hodc t = f(x).

Vi du 3.11. Ta chon t = Va2 + 2, f(zx) =3,9(z) =z — 1.
Ta c6 bai toan giai phuong trinh v6 ty nhu sau.

Bai toan 3.19. Giai phuong trinh
2?4+ (3 — Va2 +2)r =1+2Va2 +2

Huéng dan 3.18. Dé giéi bai nay hoc sinh phai biét bién doi vé dang

(22 4+2)— (2+2)V2? +2—3+3z = 0sau d6 dit t = 2+ 2 thi phuong
trinh da cho tré thanh phufdng trinh an ¢ 13 2 — (24 )t — 3 + 3z = 0 16i
giai phuong trinh nay.

C6 thé nham nghiem hoic tinh A, duge nghiem ¢ = 3,¢t =z — 1.

Véit:?)thi\/m:?)suyrax::l:\/?.

V6it =2 — 1(x > 1) vo nghiém.

Nhu vay v6i cach xay dung nhu trén ta c6 thé co6 nhiéu bai toan. Giai
phuong trinh v6 ty bang phuong phap an phu khong toan phan.

3.7. Xay dung phuong trinh vé ty dua vao tinh chat
vecto.

Tinh chét |@ + b| < |@| + |b] ddu "=" xay ra khi @, b cing hudng.
Ta xay dung nhu sau.

i— (}(2): ) BN
Dt{b—(();B) suy ra d+ b= (f(z) + g(x); A+ B).

Khi d6 ta c6 phuong trinh

@+ 20\ [@@) + B =/ +(A+ B
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a=(4— x;20V/2)
b= (5+ 2;10/2)
Vay |@| = V2% — 8z + 816, |b| = V2% + 10z + 267

va |@ —+ b| = 2003.

Ta xay dung dugc phuong trinh nhu sau

@+ b| = |@| + |b] & V2% — 8z + 816 + vz2 + 10z + 267 = 2003

Vi du 3.12. chon { suy ra @+ b = (9:31V2).

Bai toan 3.20 (Thi olympic 30-4 nam 2003). Giai phuong trinh

Va2 — 8z + 816 + Va2 + 10z + 267 = 2003.

3.8. Xay dung phuong trinh vé ty dua vao bat dang
thic

3.8.1. Bat dang thic "tam thic bac o (xem [2], trang 25).

Vimoia>1ltacoz*+a—1>axr véimoixz > 0.

Dau ding thic xay ra khi z = 1.

Chon a =2010 ta c6 phuong trinh 22010 + 2009 = 1/2010z va ta c6
bai toan.

Bai toan 3.21. Giai phuong trinh

V22010 + 2009 = v/2010z.

Huéng dan 3.19. St dung bat dang thic "tam thic bac a" ta sé ¢

x = 1 la nghiém.

Vi du 3.13. C6 thé tao ra cac bai toan kho hon bang cach thay = & phuong
trinh trén bing cac biéu thic chita x.

Vi du thay x bang (22 — 1)? v& o = 3 ta sé c6 phuong trinh

V(@2 =13 +2= /322 +1) hay vab — 327 + 322+ 1 = /3(22 — 1).

Ta c¢6 bai toan sau.

Bai toan 3.22. Gidi phuong trinh Va6 — 324 + 322 + 1 = /3(22 — 1).

Huéng dan 3.20. Gap bai todn nay hoc sinh can biét bién doi dua ve
phuong trinh ban dau xay dung dé 4p dung bat ding thic thi bai toan
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trd nen dé dang. Ap dung bat ding thic tren tim ra duge nghiem phuong
trinh 1a khi ddu déng thic x4y ra 22 — 1 = 1 suy ra z = +v/2.

Nhu vay c6 thé thay x bang céc biéu thitc khac clia x ta sé dudc cac
phuong trinh khé hay dé tuy thuoc vao ta chon biéu thic thay thé cho x.

3.8.2. Xay dung phuong trinh v6 ty dua vao bat dang thiic giita
trung binh cong va trung binh nhan.

Stt dung bat dang thitc giita trung binh cong va trung binh nhan ta

nhan dugc
V2 —1
) ¥ <
x
v1\/233—1§2x—1+1:1
44x . 2z
2 Y——<1
T
Vidr—3 4r—34+1+1+1 L s
Vi ’ < ‘ Z T = 1 dau dang thic xay ra khi z = 1
x x
vVér—5 6r—5+1+1+14+1+1 L e
3] ’ < 1l +6 T dhu dang thitc xay ra
x x
khiz =1

4] Ve +v2 -2 <2
Vi\/E+\/mg2w/$:2déudéngthﬁcxéyrakhix:1
5] Vo + V2 —x <2

Viyr+v2—x< 2{*/MT_9”=2déu déng thic xay ra khi z =1
6] 2+ V2 —22<2wi

P+ VITT < ol VI VP VIR <[
dau déng thic xay ra khi z = 1

Tz +vV2—2*<2wi
r+V2—at<|r|+V2—at=vVa2+ V2 —a!

i _ 4
— Vi VoA 2(‘/# —1

dau déng thic xay ra khi x = 1

Bz +v2—a0<2wi
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6 2 _ 6
r+v2— a0 < ||+ V2 — 26 < Vab+ /2 — b §2\6/x+%:1

dau dang thic xay ra khi x = 1.

Ta goi day la cac udc lugng co ban. Co thé tao ra dugce rat nhiéu cac
uéc lugng co ban theo cach nay.

Ta xay dung cac phuong trinh vo ty nhu sau
Cach 1. Cong hai hay nhiéu cac wéc lugng co ban

Bai toan 3.23. Giai phuong trinh

V2r — 1+ Vdr — 3+ V6xr —5=3x

- . 5

Huéng dan 3.21. Dieu kién x > 6
Phuong trinh da cho tuong duong véi
\/23:—1+\4/4x—3+\6/6:1:—5 _4

x x x
Vé trai nhé thua hoac bang 3. Dau déng thitc xay ra khi va chi khi

r=1.

Bai toan 3.24. Cong cac uéc luong co ban nhu sau.

(Ve +vV1—a)+ Vet + V1 —2)+ (Ve +vV1—z)=3
Viét lai /o + Vo + Vo + 3v/1 —x = 3.

Khi do6 ta c6 bai toan sau.

Bai toan 3.25. {\/z + /z + /r +3v1—1 =3

Huéng dan 3.22. Vé trai phuong trinh 16n hon hodc bing 3. Dau déng
thic xay ra khi x = 1. Vay = 1 1a nghiém phuong trinh.
Cach 2. Nhan cac udc lugng co ban ta dudc cac phuong trinh
chia can.

Vi du nhan cac uéc lugng co ban ta cé bai toan giai phuong trinh.

V2r —1./4x —3./6x —5 =23
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- . 5 .
Huéng dan 3.23. Véi dieu kién x > g Sau d6 chia ca hai vé cho x ta
thu duge.

V21 —1 iz —3 67 —5

. . =1
x x x

Vé trai nhé thua hoiic bing 1. Dau déng thic x4y ra khi = 1. Nhan cac
uée luong co ban ta c6 bai toan.

Bai toan 3.26. Giai phuong trinh

V2rx —1

crivi=a)

V2 — 1

Huéng dan 3.24. Vi < 1; ¥——— < 1 suy ra vé trai
. N \/1 — T - Y

nhé hon hoidc bang 1. Dau déng thic xay ra khi va chi khi z = 1. Dap s6

r = 1 la nghiém phuong trinh.

3.8.3. Xay dung phuong trinh duwa theo bat dang thic Cauchy.
Tit bat dang thitc (AB + CD)? < (A% + C?)(B? + D?) dau dang thiic

xay ra khi "AD = BC"

Vi du 3.14. Ta chon cac cip s6 A =2v2,B=z + 1,C =

N

x+1
Ta xay du’ng phuong trinh

( \/—

1
Vr+1
D —

N 1 x
\/x+1m) < (8+=x +1)($+1+x+1>
Y

<+V9+=x
vo+1

Tu day ta di xay dung bai toan giai phuong trinh vo ty sau.

suy ra

Bai toan 3.27. Giai phuong trinh

2v/2
voe+1

VT + =v9+=x
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Huéng dan 3.25. Nhu vay hoc sinh ¢6 thé bién déi phuong trinh dé ap

dung bat dang thitc Cauchy cho hai cip s6 A, C' va B, D nhu trén dé rat
2v2 1 VT

Vi+l Vr+ivr+1

ra dau bang xay ra khi
suy ra ¥ = —-
Y 7

1
Vay x = - 12 nghiém phuwong trinh.

VT

Vi du 3.15. Tt caccip sd6 A =3v2,B=2zx+1,C = e T’
x

vr+1
V2 +1

Tuong tit nhu trén ta c6 thé xay dung bai toan giai phuong trinh vo ty

D =

sau.
Bai toan 3.28. Giai phuong trinh

3V 2
——+Vvz+1 =v194+ 2z
vz +1
Hudng dan 3.26. Ap dung bat ding thiic Cauchy cac cip sd A,C va B,D
nhu trén ta c6 dau dang thic xay ra hay nghiém phuong trinh 1a nghiém

3v2 Vi

Vor+1 Jr+il
17 + /433
A

ctia phuong trinh diéu kien z > 0. Binh phuong hai

vé giai phuong trinh ta duge x = la nghiém.

3.9. Xay dung phuong trinh vé ty bang phuong phap
hinh hoc
Cho tam giac ABC c6 duong AD la duong phan giac trong cta goc A,
2 ) MB AB
A=2 AD, dat AM = x khi d6 néu M € BC thi = —-
a, m € , da T Kh1 do néu c IMC AC
Vi du 3.16. Xét tam giac vudong ABC vuong tai A c6 AB = 4, AC' = 3.
Goi AD la phan giac trong cta A. Tren AD lay diém M, Dat AM = z.
Trong tam gidac AMC ¢6 CM? = 2% — 32z + 9.
Trong tam gidc AMB c¢6 BM? = 2% —4v/2x. Ta xay dung bai toan nhu

sau.
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Bai toan 3.29 (Duy bi Olympic 30-4 THPT Chuyen Tién Giang nam
2007). Giai phuong trinh

\/x2—3x\/§+9+\/x2—4x\/§+16:5.

Va2 —3zv2+9>3
Va2 — 422 + 16 > 4

Hudéng dan 3.27. Khi d6 véi oz < 0 thi {

phuong trinh vo nghiém.
Vé6i x > 0 ta co
CM + BM = /a2 — 30v/2 + 9+ V2?2 — 422 + 16 > BC = 5.
DAu béang x4y ra khi M trung véi D hay M chia BC theo ti s6

4 124/2
k:§<:>a::AD:T\/_-

Vi du 3.17. Cho tam giac ABC c6 AB = 3, AC = 4, A = 120°, AD la
duong phan giac trong goc A. Lay M € AD, dat AM = x
Khi do6 ta c6 BM = /2?2 — 32+ 9,CM = va? — 4z + 16,
1
BC = \/9+ 16 — 2.3.4.( _ §) — 37,

Ta xay dung phuong trinh va? — 32 +9 4+ Va2 — 42 4+ 16 = /37. Ta

c6 bai toan.

Bai toan 3.30. Giai phuong trinh

22— 3x 4+ 9+ 22 — 4z + 16 = V37

Huéng dan 3.28. Lap luan tuong tu nhu hai bai toan trén ta c6 x < 0
phuong trinh v6 nghiém.

Vé6i x > 0 ta co

BM +CM = v/z?> =31+ 9+ V2% — 42+ 16 > BC = /37.

Dau bang x4y ra khi M trung v6i D hay M chia BC theo ti s6

MB AB 3  Vi®—3zx+9 3 12

MC AC 47 JiZ—dzri6 4 "7

Vi du 3.18. Cho tam gidgc ABC ¢6 AB = 5, AC = 4, A = 60°, AD la
duong phan gidc trong goc A. Lay M € AD, dat AM = x
Khi d6 ta c6 BM = /22 — 5v3z + 25, CM = /22 — 4+/3z + 16,
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1
BC = \/25 +16 — 245, = NG
Ta xay dung phuong trinh
Va2 — 532 + 25 + Va2 — 432 + 16 = +/21. Ta ¢6 bai todn.

Bai toan 3.31. Giai phuong trinh

\/x2—5\/§x+25+\/x2—4\/§x+16:¢ﬁ

2 _
Hudéng dan 3.29. V6i z < 0 ta c6 {\/x 5v/3z + 25 > 5

huon
Va4 Brr16>4 L0
trinh v6 nghiém.
Xét > 0 khi d6 dau bang clia phuong trinh xay ra khi
MB 5
Vo =1y 4/ 22 — 53z + 25 = 522 — 4v/3z + 16.
\ PR .A e 20V3
Binh phuong hai veé giai ra ta dugc nghiém phuong trinh la x = 5
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Két luan

Luan van Mot s6 phuong phdp gidi phuong trinh vo ty da gidi quyét

duge nhitng van dé sau:

- He thong cac phuong phap giai cac phuong trinh vo ty.

- Trinh bay cac phuong phap giai va bién luan phuong trinh vo ty c6
chita tham sb.

- Dua ra cac phuong phap xay dung phuong trinh vo ty mdi.

Két qua ctia luan van da gép phan nang cao chat lugng day va hoc Toan
& truong pho thong trong giai doan hién nay.
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