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MG dau

Céc bai toan dai s6 luon chiém mot vi tri quan trong déi véi toan pho
thong, cling 1a linh vic ma cac nha nghién citu sang tao ra rat day du
va hoan thién. Tinh déi xing trong dai s6 13 mot trong nhitng phan quan
trong clia dai sd so cap, cling 1a bai toan quen thuoc trong cac tai liéu lien
quan dén dai s6 so cap, cac ky thi hoc sinh gidi quoc gia va quoc té.
Trong qua trinh giai nhiéu bai toan dai s6 ho#ic & dang truyc tiép hoac &
dang gian tiép mdéi nhan ra d6 1a bai toan lien quan dén da thiic doi xing,
néu gidi madi bai toan nay mot cich don 1é sé gap khong it khé khan va
tinh hieu qué khong cao khi gidi cic bai toan cuing loai. Viéc nam bat dugc
day du khai niém va cac tinh chat co ban ctia da thic déi xitng, thong qua
d6 ap dung gidi mot s6 bai toan lien quan dén da thic déi xing 1a van deé
dugce nhiéu ngudi quan tam.

Luan van nay gidi thieu cac khai niém, tinh chat ctia da thic déi xing
va céc ting dung co ban dé giai cac bai toan dai s6 thudng gip trong chuong
trinh toan so cap. Luan van "Mot sd tinh chat clia da thic déi xing va
ting dung trong dai s6" gom c6 phan md dau, ba chuong noi dung, két
luan va tai liéu tham khéo.

Chuong 1. Cac khai nién co ban vé da thic déi xiing.
Trong chuong nay tac gid trinh bay cac khai niém, tinh chat ctia da thic
do6i xttng hai bién, ba bién. Mot déng gop nhd c6 ¥ nghia trong chuong
nay la Hé qua 1.1 cua cong thitc Newton. Cong thitc nay thuong duge sit
dung trong céc bai toan tinh gia tri biéu thiic.

Chuong 2. Ung dung tinh chét ctia da thic déi xiing dé giai mot s6 bai
toan dai so.
Chuong nay tac gia trinh bay cac tng dung ctiia da thitc déi xting bang
cac vi du minh hoa cuy thé. Cac ting dung nay rat pho bién trong céc tai
lieu vé dai s6 trong chuong trinh toan phd théng.
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Chuong 3. Da thtic ddi xting n bién va ting dung.

Chuong nay tac gid trinh bay cac kién thitc ctia da thitc d6i xitng n bién
va mot s6 ting dung pho bién thuong gip.

Luan van nghién cttu mot phan rat nho cta dai s6 va da thu duge mot s6
két qua nhat dinh. Tuy nhién, luan van chac chan con nhiéu thiéu x6t, nén
rat mong dugc sy gép ¥ ciia cac thay co, cac ban dong nghiép va doc gia
quan tam dén noi dung luan van dé luan van cia tac gia dudge hoan thién
hon.

Luan van dugc hoan thanh tai truéng Dai hoc Khoa hoc - Dai hoc Thai
Nguyén dudi sy huong dan ctia TS. Nguyén Van Minh. Téc gid xin bay t6
long biét on sau sac t6i su quan tam ciia thay, t6i cac thay co trong Ban
Giam hiéu, Phong Dao tao va Khoa Toan - Tin truong Dai hoc Khoa hoc.
Dong thoi tac gid xin cam on téi S& GD - DT tinh Yen Bai, Ban Giam
hiéu, cac ban dong nghiép tai truong THPT Hoang Van Thu huyén Luc
Yeén - Yen Bai va gia dinh da tao diéu kién cho tac gid hoc tap va hoan
thanh ban luan van nay.

Thai Nguyén, ngay 10 thang 06 nam 2012.
Tac gia

Pham Van Thu
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Chuong 1

Khai niém co ban ve da thic déi
xung

1.1 Pa thic déi xing hai bién
1.1.1 Cac khai niém cg ban

Dinh nghia 1.1 (Theo [2]). Mot don thiic f(x,y) cia cac bién doc lap =,
y (truong hop chung nhat cé thé la cdc s6 phic) duge hiéu la ham so co
dang

f(x? y) = ak‘lxkyl?

trong dé ay # 0 la mot s6 (hdang s6), k, 1 la nhiing s6 nguyén khong am.
S6 ayy duge goi la hé so, con k+l duoc goi la bac cia don thic f(x,y) va
duoc ki hiéu la

deg[f(z,y)] = deglaz*y'] = k +1.

Céc s0 k, | tuong 1wng dude goi la bic ctua don thic doi vdi cdc bién x, .
Nhu vy, bac ctia don thic hai bién bang tong cdc bac cia cdc don thic
theo tiung bién.

Chang han: 3z*y? va 22y 1a cac don thiic theo x, y véi bac tuong tng
bang 6 va 3.
Dinh nghia 1.2 (Theo [2]). Hai don thic cia cdc bién x, y dudc goi la
dong dang (tuong tu), néu ching chi cé hé so khdc nhau. Nhu vay, hai don

thatc dugc goi la dong dang, néu ching cé dang: Ax*y', Ba*y' (A # B).

Dinh nghia 1.3 (Theo [2]). Gid sit Az*y' va Ba™y" la hai don thic ciia
cdc bién z, y. Ta néi rang don thie AzFyt troi hon don thic Bx™y" theo
thit tu cia cdc bién x, y, néu k > m, hodc k = m va |l > n.
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Chang han: Don thiic 3z*y? troi hon don thiic 3z%y”, con don thic xty®
troi hon don thic z4y3.

Dinh nghia 1.4 (Theo [2]). Mot ham so6 P(x,y) dugc goi la mot da thiic
theo cdc bién s6 ©, y, néu nd co thé biéu dién duoc dudi dang tong cia hiu
han cdc don thiic. Nha vay, da thic P(x,y) theo cac bién so x, y la ham so
co dang

P(z,y) = Y apaty

k+l<m

Bac l6n nhadt cia cac don thic trong da thic dudce goi la bac cia da thic.

Dinh nghia 1.5 (Theo [2]). Da thiic P(z,y) dugc goi la doi zing cia hai
bién z, y, néu né khong thay doi khi doi chd cia = va y, nghia la

P(z,y) = P(y, )
Chdng han:
P(x,y) = 2° —ay +y°, Q(z,y) = 2°y + 2y’
la cdc da thite doi xing cla cdc bién z, y.
Dinh nghia 1.6 (Theo [2]). Cdc da thic
o1 =2 +Y,00 =2TY.
duogc goi la cde da thiic doi xing co sé cia cdc bién x, v.

Dinh nghia 1.7 (Theo [2]). Da thic doi ming P(z,y) dugc goi la thuan
nhat bac m, néu:

P(tz,ty) =t"P(x,y),Vt # 0

1.1.2 Tong lity thira va cong thic Waring

Dinh nghia 1.8 (Theo [2]). Cdc da thic s, = 2* + yF(k = 1,2, ...) duoc
goi la tong liy thita bac k cia cdc bién z, v.

Dinh 1y 1.1 (Theo [2]). Mdi tong liy thia s, = 2™ +y™ cd thé biéu dién
duoc dudi dang mot da thic bic m cia o1 va o9

Chiing minh. Ta c6
o1sp-1 = (@ +y) (@ ) = 2t +yf +ay (et + Y 7?) = s+ oasio.
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Nhu vay
Sk — 01Sk—1 — 02S5k—2. (1.1)

Cong thic (1.1) duge goi 1a cong thic Newton, né cho phép tinh s; theo
Sk—1 va Sk—2.
V6i m=1, m=2, Dinh Iy 1.1 diang vi

s1=x+Yy=o01,
so =2 +y* = (x+y)?—2xy = 0} — 209.

Gia st dinh 1y da ding cho m < k. Khi d6 s,_1 va s;_» lan lugt 1 cac da
thiic bac k-1, k-2 ctia 01 va g9. Theo cong thic (1.1) ta suy ra s; la da
thic bac k clia o1 va 09. Theo nguyén 1y quy nap ta cé diéu phai chitng
minh. ]

Hé qua 1.1. Voim > n, ta co

Smtn = Sm-Sn — T8 -Sm—n. (1.2)

That vay,
Sian = xm—kn + ym+n — (xm + ym)(xn + yn) _ xnyn(mm—n + ym—n> —
Sm-Sn — 0% .Sm—n

Stt dung cong thitc (1.1) v& cac biéu thiic clia s1, s & chitng minh trén,

ta nhan dude cac biéu thic sau

S1 =+ Y=o,

S9 = 0% — 20’2,

Sg = O.if - 30’10’2,

sy = 07 — 4020y + 203,

s5 = 07 — 50309 + Ho103.
Viéc tinh cac tong lity thita s;, theo cong thitc lap (1.1) khong duge thuan
tien vi phai biét trudc cac tong s va s;_;. Doi khi ta can cé biéu thic s;,
chi phu thudc vao oy va g9. Cong thitc tuong tng duge tim ra nam 1779
bdi nha toan hoc ngusi Anh E.Waring.

Dinh 1y 1.2 (Cong thiic Waring (Theo [2])). Tong liy thita sj dugc biéu
dién qua cdc da thic doi zing co sd oy va o9 theo cong thic

[k/2] m
1 _ (_1) (k —m— 1)' k—2m _m
PUD Dt (k—2m) b %% (13)

m=0

trong dé [k/2] ki hieu la phan nguyén cia k/2.
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Chaing minh. Ta chtiing minh cong thitc (1.3) bang phuong phap quy nap.
V6i k=1, k=2 cong thic tuong ting c¢6 dang
1 1

S1 = 01, 582 = 50’% — 09.
Nhu vay, véi k=1, k=2 cong thic (1.3) ding. Gia st cong thitc Waring da
ding cho s1, S9, ...., S;—1. Dé chiing minh céng thiic dé ding cho s, ta st
dung cong thic (1.1). Ta c6
1 1
7Sk = 7 [Ulsk—l - 028k—2] =
k—1 (=" (k —m —2)! k—2m—1__m
B kaﬂﬁ)ww—%wq)% o2
k—1 (=D)"(k=n—=3)! , 5,
PR Sy s e L B
L (D" (h=—m=2)l(k—1) , o, ,,
TS k= 2m—1) o oy~
L (D" (k=n=3)k—=2) ) 0,5 ni1
D )

Trong tong thit hai thay n+1 bdi m. Khi d6 hai tong c6 thé két hop thanh
mot nhu sau:

1 L (D" (k=—m-=-2)1(k=1) , o,

TR ml(k—2m— 1) 1 o3
L ()" e=m =2 (k=2) 4y, .
TR = DIk —2m)] S

k—1 k— 2 o
E%Cﬁj(k_m_zﬂ7mw—2m—1ﬂ+@n—nuk—%m! k

St dung cong thic
1 m 1  k—=2m

m—11 ml'(k—2m—1l  (k—_2m)’

ta co

(k—1)(k —2m) (k—=2)m  k(k—m—1)
m!(k — 2m)! i m!(k —2m)!  m!(k —2m)!’
Cubi cling, vi
(k—m—-1).(k—m-2)=(k—m-—1)!

nén ta cé cong thitc can phai chitng minh:
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1 K2 (D)™ (k—m—-1)! ,

[ mzzo m! (k —2m)! 1%

Cong thitc Waring cho biéu thic cta s, = 2" + y" theo
01 =T+ Yy, 0o = xy sau day

S1 = 01,

S9 = 0% — 209;

S3 = ai)’ — 30109;

sy = 0] — 4020y + 203;

s5 = 07 — boioy + 5o103;

s¢ = 09 — 6010y + 90i0s — 2073;

s7 = of — Tojoy + 140303 — To103;

sg = 0} — 800y + 200705 — 160303 + 2075;
oy

sg = 0} — 9o{0o9 + 270705 — 300i05 + 90109;
s10 = 010 — 100509 + 350%03 — 500103 + 250305 — 203;

1.1.3 Céc dinh 1y v& da thitc d6i xiing hai bién

Dinh 1y 1.3 (Theo [2]). Moi da thiic doi ziing P(x,y) cia cdc bién , y déu
c6 thé biéu dién duge dudi dang da thic p(oy, 02) theo cdc bién oy = x+y
va o9 = xy, nghia la

P(l‘,y) :p(01702) (1.4)

Chiing minh. Trude hét ta xét truong hop don thic, trong dé liy thita clia
x vy ciing bac, nghia 1a don thic dang ax*y*. Hién nhién la

az*y* = a(zy)* = aok.

Tiép theo, xét don thiic dang ba*y'(k # 1). Vi da thitc 1a dbi xting, nén c6
s6 hang dang bx'y*. Dé xac dinh, ta gia sit k < 1 va xét tong hai don thiic
trén

b(xFy + 2ly?) = baFyF (2! F 4+ oI F) = bobs; .
Theo cong thitc Waring s;_; 1& mot da thic clia cac bién oy, 09, nén nhi
thic noéi trén la mot da thic cia o1, 0o.
Vi moi da thite déi xing 1a tong clia cac sb6 hang dang az®y"* va
b(z*y' + 2'y*), nén moi da thiic déi xitng déu bicu dién duge ¢ dang da
thiic theo cac bién oy va os. ]
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Dinh 1y 1.4 (Tinh duy nhat (Theo [2])). Néu cdic da thic p(o1,03) va
(o1, 09) khi thay o1 = x + y,09 = xy cho ta cung mot da thic déi xing
P(x,y), thi ching phdi tring nhau, nghia la p(o1,09) = (01, 09) .

Ching minh. Dt ¢(o1,09) = p(01,02) — (01, 02). Khi d6 theo gia thiét
ta co:

gzﬁ(x+y,xy) = @(x—i_yvxy) —¢(x+y,xy) = P(aj?y) - P(xvy) = 0.
Ta sé ching t6 rang ¢(o1,09) = 0. Dé thay rang, sau khi md ngodc thi
biéu thiic

f () = (z+y) (xy)

14 mot da thic clia cac bién x, y v ¢6 s6 hang troi nhat theo thit tu cac
bién x, v 1a zF iyl

Gié st ¢(0q,09) ¢6 dang
¢ (01,09) = Apotal.
kil

Dé tim s6 hang troi nhat, ta chon trong ¢(o1,02) céc sd hang c6 k+1 13
16n nhat. Tiép theo, trong cac s6 hang néi trén, chon ra cac s6 hang vdi
gia tri 16n nhat ctia 1. Vi du, néu

P(o1,09) = 30i0y — 40?03 + 0105 — 60105 + 1103 — 7oy + Hog + 8

thi s6 hang dugc chon sé 1a 0103.

Nhu vay, gia sit chon duge don thic Aoj*o?. Khi d6, néu thay

o1 =x+Y, 02 = xy, thi s6 hang troi nhat cia ¢ sé 1a Ax™"y". That vay,
gid sit Botol 1a don thiic tuy ¥ khac véi Az™+"y". Khi d6 theo cach chon
c6 hodc m+n > 141, hodic m+n = k+1, nhung n > 1. Trong ca hai truong
hop thi Az™+"y" troi hon BzF iyl

Vay chiing t6 rang Ax™"y" la don thic troi nhat cia ¢(z + y, zy), nén

o(r +y,xy) # 0,Va,y néu ¢(o1,09) # 0. Vay, ta c6 ¢(o1,09) = 0. O
Vi du 1.1. Biéu dién da thic sau theo cic da thic doi zing co sé

f(z,y) = :1:5+3:173y2—:U3y3+2xy4—7x2y2+y + 322y — 5y — by +2xty
:—:L‘3y3—7:1:2y2—|—(:r:5+y5)+3(x +x y3)+2(my +x y)
5 (zy® + 2%y) =
= —x3y3—7x2y2—|—(aﬂ +y )—|—3x2 2(x+y)+2zy (v + 2%) —bay (v + 2?)
—02 702 + s5 + 30201 + 20983 — DO9Sy =
= —03—Tos+ (07— 50102+501a2)+30102 +209(03—30109) —bo3(0? —203)
= 0} — 3030y — boiay + 20103 — 03 + 303.
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1.2 Pa thic déi xing ba bién
1.2.1 Cac khai niém cg ban

Dinh nghia 1.9 (Theo [2]). Mot don thic o(x,y, 2) cla cic bién x, vy, z
dugc hiéu la ham sé ¢6 dang

(,0(37, Y, Z) = aklmxkylzm7

trong dé k,l,m € N duogc goi la bac ciia cdc bién x, v, z
50 agr € R* = R\ {0} dugc goi la hé s6 cia don thic, con so k+I+m goi
la bac cia don thic p(x,y, 2).

Dinh nghia 1.10 (Theo [2]). Mot ham sé P(x,y,z) cia cic bién z, y, z
duge goi la mot da thic, néu né co thé duoc biéu dién & dang té?ng hiu han
cac don thic:

P($7 Y, Z) = Z ak‘lmxkylzm'
k+l+m<n

Bac l6n nhat cia cac don thic trong da thic dudc goi la bac cia da thic.
Dinh nghia 1.11 (Theo [2]). Da thic P(z,y,z) dugc goi la doi ziing ciia
cdc bién z, y, z, néu né khong thay doi vdi moi hodn vi cia z, y, z, nghia

la
P(z,y,z) = P(z,z,y) = P(y,z,2) = P(y,z,2) = P(z,y,x) = P(z,z,y).

Ching han céc da thic dudi day la nhing da thic déi xing theo cac

bién x, v, z
2t oyt 2t 2%y — 20222 — 2222,
(@ +y)(z+ 2)(y + 2);

(z—y)’(y — 2)*(z — 2)*.

Dinh nghia 1.12 (Theo [2]). Da thitc doi ziing P(z,y) dudc goi la thuan
nhat bac m, néu:

P(tz,ty,tz) =t"P(x,y,2),Vt # 0
Dinh nghia 1.13 (Theo [2]). Cdc da thic
o1 =T+y+2z,00=2Yy+Yyz+ 2x,03 = TYZ,

duogc goi la cdc da thitc dos xing co s6 cua cdc bién z, v, 2.
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1.2.2 Tong lity thira va tdéng nghich dao

DPinh nghia 1.14 (Theo [2]). Cdc da thic s, = 2* +y" 4+ 2% (K =0,1,...),
dugc goi la tong liy thiua bac k cia cdc bién z, y, 2.

Dinh ly 1.5 (Cong thitc Newton (Theo [2])). Vdi moi k € Z, ta cé hé
thic
Sp = 01Sk—1 — 02Sk_2 + 03Sk_3 (15)

Chiing minh. That vay, ta co6

O18k—1 — 025k—2 + 0353 =
= (@ +y+2) @y + )

= (a:k +yF + 2P oy 2y R T oy yk_lz)—
—(:Uk_ly + :Uyk_1 R A yk_lz -+ yzk_lJr
+zy2F? 4+ 2y + 2P 2y2) + (2F Py + Yyt + ayF ) =

:xk+yk+zk:3k. u

DPinh 1y 1.6 (Theo [2]). Mdi tong liy thia s, = ¥ + yF + 2F déu c6 thé
bieu dién duoc dudi dang mot da thic bac n theo cdac bién o1, 09, 03.
Chiing minh. Ta chiing minh dinh 1y bing phuong phap quy nap. Ta c6
So=3,81=x+y+z2=o0
so=2>+ P +22=(r+y+2)—2xy+yz+2z) =07 — 209.

Nhu vay, Dinh 1y ding v6i n = 0, n = 1, n = 2. Gia st dinh ly ding véi
n=k—1n=k—2n=%k—3(k>3). Khi d6, theo cong thiic Newton,
Dinh Iy ciing ding véi n = k. ]

Cong thiic (1.5) cho phép bicu dién cac tong liy thita s; theo cac da
thitc d6i xing co s o1, 09,03, néu biét trudc cong thic bicu dién cla
Sk_1,Sk_2. Dinh 1y sau cho ta cong thic bieu dién truc tiép s, theo cac da
thic déi xing co sé oy, 09, 03.
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Dinh 1y 1.7 (Cong thiic Waring (Theo [2])). Tong liy thita sj dugc biéu
dién qua cac da thic doi zing co s theo cong thic

1 (_1)k_l_m_n (l Tm+n— 1) m __n
—Sp = Z e olotiol. (1.6)
+2m+3n=k

Cong thitc (1.6) dugc chitng minh bang phuong phdp quy nap vdi sy trg
gitip ciia cong thicc (1.5). Nho cong thite Waring ching ta cé thé tim duogc
cdc cong thic sau

Biéu thic cia s, = a" + y" + 2" tinh theo o1, 09, 03.

S0 = 3;

S1 = 01,

S9 = 0% — 209;

S3 = aij’ — 30109 + 303;

= ! — 40?72 + 20% —g 4010%;

S5 = 0] — D002 + 50105 + Ho{03 — H02073;

56 = 0? — 60%02 + 90%03 — 203 + 60{’03 — 12010203 + 3073;

S7 = 70102 + 140102 70102 + 70103 — 21010203 + 70103 + To303;

58 = 01 — 8aYay + 200705 — 160102 + 205 + 80703 — 32030903+

+120103 + 24010203 — 8020

Sg = 01 — 90709 + 270102 300102 + 90102 + 90103—

—45010203 + 5401 0203 + 1801 03 90203 — 27010203 + 3(73,

S10 = 01 — 100102 + 350102 — 500102 + 2501(72 202 + 100103—

—60070903 + 100030503 + 250102 — 40010503 — 60030903 + 1001035 + 150302;

Dinh nghia 1.15 (Theo [2]). Cdc biéu thic
1 1 1

sp=a 4y 4= — 4 —+

o S (k=12.)

dugc goi la tong nghich ddo cia cdc bién z, vy, z

Do cong thiic (1.5) ding vdi Yk € Z, nén néu trong cong thic dé thay
k boi 3 — k, ta dugc

09 01 1
S_f = —S81_p — —So_} + —S3_k (1.7)
03 03 03

Stt dung cong thite (1.7) c6 thé tim dugc cdc biéu thiic ciia cdc tong nghich
ddo theo cic da thic doi zing co sd. Chang han:
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09 01 1 09 01 09
S1=-—"8 ——8 +—8=-—3——.0+—(07 —209) = —;
03 03 03 03 03 03 03
2
09 o1 1 oy 09 O] 1 05 — 20103
S 9=—81——S+—8=————3+—01 = —
03 03 03 O3 O3 03 03 03
09 o1 1 09 05 — 20103 01 09 1
S_ 3= —S_9——8_ + —S) — 5 T - 4+ —o0=
03 03 03 03 ??'3 O3 03 ) 03
oy — 3010203 + 303
o3 ’
09 01 1
S 4=—8.3— —8S 9o+ —8§_1=
03 03 03

09 a;” — 3010903 + 30% o1 0% — 207103 n 1 o9

o3 o3 o3 o3 o3 03

o3 — 4010303 + 40903 + 20303

1
03

1.2.3 Quy dao cta don thic

Dinh nghia 1.16 (Theo [2]). Da thitc doi ziing vdi sé cdac so6 hang toi
thiéu, mot trong cdc s6 hang cta né la don thie ¥y 2™ duge goi la quy

dao ctia don thitc o¥y'2™ va duge ki hiew la O(xFy'z™).

R6 rang la dé tim quy dao cia don thic x*y'2™ can phdi bo sung vao don
thiic dé tat cd cac hodn vi cia x, y, z. Véi k # 1 # m, ta co:

O(xkylzm) — QTkylZm + xkymzl + xlykzm + xlymzk + ZEmykZl + xmylzk.
Vidu 1.2 (Theo [5]). Ta c6

O(x°y?z) = 2°y°z + 2°y2% + 2%y°2 + 2°y2° + 2y°2° + 2y*2°;
O(23y) = O(23y2°) = 3y + 2y® + 232 + 223 + 32 + y23.
Néu trong don thic 2¥y'2™ ¢6 hai 6 mit ndo d6 bing nhau, ching han
k=1%#m, thi
O(:J:kykzm) — xk:ykzm 4+ xkymzk T £L"myk2k

Chang han: O(zy2°) = zyz° + 23°z + 2°yz,

O(ry) = vy +yz + 2,

O(%y) = 2y + 2323 + 4325,
Cac truong hgp riéng cia quy dao:
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O(x) =0(xy°2") =2+ y + 2z = oy,
O(xy) = O(zy2") = 2y + yz + 22 = 09,
O(zyz) = 2yz = 03, O(2¥) = O(2%y°2°) = 2% + 9% + 2F = 51,k € N.

Dinh 1y 1.8 (Theo [2]). Qug dao ctia moi don thiic biéu dién dugc dudi
dang da thiic theo cdac don thic doi ziing co sd.

Chitng minh. Trudc hét ta c6 O(2*) = si, nén theo dinh ly (1.6), O(z*)
biéu dién dugc theo cac da thic déi xing co s6.
Truong hop quy dao c6 dang O(z*y!). Ta c6 cong thiic

O(ay') = O(")O() — O™ (k # 1). (1.8)

That vay, ta co
O(xk)O(xl)—O(ka) — (xk—i—yk—l—zk)(xl+yl—|—zl)—(xk+l+yk+l+zk+l) —

— (l.k—l—l + yk‘—|—l T Zk—‘rl) e (ﬂﬂ'kyl e Qflyk T kal € Zllek 4 ykzl 4 ylzk>_

= oFyl + 2lyP + 2P 2R R+ ylR = O>aFy)).
Néu k =1 thi cong thitc (1.8) dugc thay bdi cong thiic sau:

O(*y") = 5[(0(z%))* = O(™)]. (1.9)

Tit (1.8) va (1.9), suy ra cac quy dao O(x*y') biéu dién duge dudi dang
da thiic theo céc bién o1, 09, 03.

Cudi cling, néu don thic zFy'2™ phu thudc vao cd ba bién x, vy, z, nghia
la k # 1 # m # 0, thi don thiic 2Fy'2™ sé chia hét cho liiy thita véi s6 mii
nao dé ciia xyz. Vi vay trong da thic O(z*y'2™) c6 thé dua liy thita véi
sO6 mii ndo d6 clia zyz = 03 ra ngoai ngoic, khi dé trong ngoic chi 1a quy
dao phu thudc vao s6 bién it hon ba. Do d6, quy dao O(z*y'z™) biéu dién
duge dudi dang da thtc ctua o1, 09, 03. ]

Bang cach trén ta dé dang nhan dugc cac cong thiic sau:
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%1(137 ?ao O(z%y") biéu dién & dang da thitc theo oy, 03, 03.
LY) = 02;

O(xy) = o109 — 3073;

O(x*y) = 0209 — 205 — 0103;

O(2*y?) = 03 — 20703;

O(a:iy% = 0{’022— 301(27% — 0203 + 5o90s;

O(x°y*) = 0105 — 20503 — 0203;

O(2°y) = otoy — 40303 — 0303 + 7010903 + 205 — 303;
O(2'y?) = 0203 — 203 — 20303 + 4010903 — 303;

O(23y3) = 03 + 303 — 3010203;

St dung cac cong thic biéu dién ctia tong nghich dao theo cac da thic co
sd, dé& dang tim dugc cic quy dao O(a*y*). That vay, ta co

1 11y ahh iyt O(aRyR)

Sk T ok yk i 2k xhykZk ok
Suy ra
O(zFyk) = oks_y;
O(2*y?) = 03s_9 = 03 — 20103;
O(23y3) = 03s_3 = 03 — 3010203 + 303;
O(z'y?) = 03s_4 = 03 — 4010503 + 40903 + 20%03;

1.2.4 Cac dinh 1y ctia da thiic dbi xiing ba bién

Dinh ly 1.9 (Theo [2]). Moi da thic doi ming ba bién z, y, z déu cé thé
biéu dién dudi dang da thic theo cdc bién oy = x+y+2, 09 = Ty+yz+ 22,
03 = TYZ.

Chatng minh. Gia st f(x,y,2) la da thic déi xing va az®y'z™ la mot
trong cac s6 hang ctia f(x,y, z). Do tinh déi xting, cing vdi s6 hang trén,

f(x,y, 2) chita quy dao O(z*y'z™) véi thita s6 chung 1a a. Nhu vay ta c6

flx,y,z) = a.O(xkylzm) + fi(z,y, 2), (1.10)

trong d6 fi(x,y, 2) 1a da thitc d6i xiing ndo do6 vdi it s6 hang hon. D6i vdi
fi(z,y, 2) ta lai c6 cong thitc tuong ty nho cong thiic (1.9). Theo mot s6
httu han bude néi trén, ta cé thé phan tich da thitc f(z,y, 2) thanh tong
cac quy dao. Theo dinh ly (1.8), moi quy dao lai la mot da thic theo cac
da thic ddi xiing co s8, do d6 moi da thiic déi xting cé thé bicu dién duge
¢ dang da thitc theo cac da thic ddi xting co sé. ]
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Dinh 1y 1.10 (Dinh ly duy nhat (Theo [2])). Néu cdc da thiic o(o1, 02, 03)
va Y(o1,09,03) khi oy = x4+ y+ 2,00 = vy + yz + 2x,03 = zyz cho ta
cung mot da thic doéi xing P(x,y,z), thi ching phdi trung nhau, nghia la
QO(O'l, g9, 0-3) = w(o-la 09, 0-3) .
Chiing minh. Dé thuan tién ta dat

th =01,t = 09,13 = 03, T1 = 2,22 = Y, T3 = 2.

P(t1, 12, t3) = p(t1, 2, t3) — P (L1, L2, t3).

Theo gia thiét ta co

¢(01,09,03) = P(x1, 72, 73) — P(21,72,73) = 0.

\V/O'l =21+ 9+ 3,09 = T1T9 + xr1703 + T9x3,03 = T1X2T3
Ta chiing minh ¢ 13 da thiic khong, nghia 1a dong nhat bing khong. Dt
Q(z1, 72, 73) = ¢(T1 + 22+ 23, T1T9 + 1173+ Tox3, T1T273) = P01, 02, 03).
RO rang Q(w1, x2, x3) 1a da thiic doi xing. Ta viét lai ¢(t1,ts,t3) 6 dang
O(t1, b2, t3) = do(t1, ta) + d1(t1, ta)ts + da(ty, t2)15 + ... + O (ty, t2)ty
va ki hiéu 71, 7 1a nhitng da thic doi xing co sd ciia cac bién x1, xo. Dé
thay rang
or(x1,22,0) = (21, 22) (k=1, 2), o3(21, T2,0) = T3(21, 22) = 0.

Theo diéu kién ciia bai toan ta co
Q(z1, z2, 73) = ¢0(01,02)+¢1(01,02)03+¢2(01,02)032,+-~-+¢m(01702)0? =
0, Va1, x9, x3.
Khi do thi
R(x1,22) := Q(x1,22,0) = ¢o(71,72) = 0,V 20

Vi R(x1,x9) 1a da thitc d6i xiing hai bién, nén theo dinh 1y tinh duy nhéat
ciia da thiic ddi xting hai bién (1.4) suy ra ¢y dong nhat bang khong. Nhu
vay ta co

Q (71,72, 13) = 03[d1(01, 02) + Po(01,02)03 + ... + dp(0o1,09)05 ] =0,
vxlonVr?)'

vi 03 # 0, nén da thtc

Q(x1, 2, 23) = ¢1(01,02) + 2(01,02)03 + ... + dn(01,02)05 " =0,
v'CUla'xQ)‘rE?)'
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Lap luan tuong tir nhu trén suy ra ¢; dong nhat bang khong. Tuong tu c6
P2, P3, ..., Oy, 1la nhitng da thitc khong. Vay ¢ la da thitc khong. ]

Dé biéu dién mot da thiic déi xting qua cac da thiic déi xtng co sé, mot
cach tong quat, ta tién hanh theo cac buée nhu trong chitng minh dinh 1y
(1.9). Tuy nhién, trong trudng hgp da thiic 14 thuan nhat, ta c6 the ding
phuong phap " hé s6 bat dinh". Co s ciia phuong phap nay 14 ménh dé
sau.

Ménh dé 1.1 (Theo [2]). Cho fu.(z,y,2) la mot da thic déi zing thuan
nhat bac m. Khi do f,.(z,y, z) duge bieu dién qua cdc da thic doi zing co
sd theo cong thic
fulwy )= ¥ agolelol, Gk e N).
i+2j+3k=m

Meénh dé 1.1 dugc suy ra tit cac dinh 1y ctia da thic déi xing véi
o1, 09, 03 lan luot c6 bac 1a 1, 2, 3 ddi véi cac bién x, y, z. Duéi day 1a mot
sO truong hgp riéng ctia ménh deé.

hi@,y,2) = aro;

(z,y,2) = @107 + az09;
(2,9, 2) = a10% + a0109 + a303;
(2,y,2) = a10] + as0309 + a305 + a40103;
(z,9, 2) = a10} + az0309 + az0105 + a 0203 + a50503;
trong do, a;(i = 1,2, ...) 1a cac hang s6 dugc xac dinh duy nhat (theo dinh
Iy 1.10) va dé tim cac he s6 nay, ta cho x, y, z nhan céc gia tri cu thé thich
hgp nao do.

Vi du 1.3. Biéu dién da thic sau day theo cdc da thic doi xing co sd
f(xa Y, Z) = .T}4 + y4 + 24 - 2$2y2 - 2-%'222 — 2y222.

Lot giar. Ta co
fz,y,2) = O(a") — 20(a?y?) =

= (o] — 40209 + 202 + 40103) — 2(0% — 20103) = of — 4030y.
Vi du 1.4. Biéu dién da thic sau day theo cic da thite doi xing co so
flz,y,2) = (& —y)*(y — 2)*(z — 2)°.

Loi gidi. Do f(x,y,2) la da thic thuan nhat bac 6, nén theo ménh dé (1.1)
ta co
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f(x,y,2) = a10% + asoioy + azoios + ayos + asoios + agos + a7010903.

Nhan zét rang, f(x,y,z) cé bic cao nhat doi vdi ting bién la 4, nén
a; = ay = 0. D& tim cdc hé so con lai, ta cho (z,y,2) lan lugt cic gid tri
(0,1, -1),(0,1,1), (1,1, =2), (=1,1,1), (1,1, 1), ta tim duoe az = 1,
ay = —4,a5 = —4,a5 = —27, a7 = 18. Vay ta cé két qud
f(x,y,2) = 0203 — 403 — dooz — 2703 + 18010903.

1.2.5 Pa thitc phan dbéi xing

Dinh nghia 1.17 (Theo [2]). Da thiic phdin doi ming la da thic thay doi
dau khi thay doi vi tri ciia hai bién bat ki

Vi du: Cac da thic v — y va 2ty? — y*2? + oty — yto + 239y% — 222, I
cac da thitc phan déi xing hai bién, con da thic (x — y)(z — 2)(y — 2)
da thitc phan doéi xiing ba bién don gidn.
Dinh ly 1.11 (Dinh 1y Benzout (Theo [2])). Gia s f(t) la da thic bac
n>1. Khi dé s6 du trong phép chia ciia da thic cho t —a bang f(a). Da
thiic f(t) chia hét cho t — a khi va chi khi f(a) =0 .

Chitng minh. That vay, thuc hién phép chia da thic f(t) cho t—a, ta duge

f(t) =g(t)(t —a) +r(t).
Vit — a ¢6 bac bang 1, nén da thiic du r(t) c6 bac bang khong, nghia la
r(t)=r 14 hing s6. Trong dang thitc trén cho t = a, ta dugc r = f(a). Tit
d6 suy ra f(t) chia hét cho t — a khi va chi khi f(a) = 0. O
Dinh 1y 1.12 (Theo [2]). Moi da thic phdn doi zing hai bién f(x,y) déu
co dang:

f(x7y) - (ZU—y)g(l',y), (111)
trong dé g(x,y) la da thic doi xing theo cdc bién x,y.

Chiing minh. Ta thay rang f(x,y) la da thic phan ddi xting thi
f(x,z) =0, vi theo dinh nghia ta c6

fxy) = —f(y, ).
Trong dang thiic trén dat y = x, thi f(z,2) = — f(z, 2), suy ra f(x,2) = 0.
Ta ki hieu F(z) = f(x,y) la da thic chi theo bién x (coi y la tham ).
Theo nhan xét trén, ta c6 F,(y) = 0. Theo Dinh ly Bezout, da thitc F,(x)
chia hét cho  — y, do d6 f(x,y) chia hét cho x — y, nghia la ¢6
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fla,y) = (z —y)g(z,y),
trong d6 g(z,y) 1a da thiic nao d6. Trong cong thiic (1.11) ddi chd clia x
va y ta co

fly,x) = (y — 2)g(y, ),

Vi theo gia thiét f(z,y) = —f(y,x) vacing vix —y = —(y — x) , nén ta
cO:
Tu (1.11) va (1.12), suy ra g(z, y) la da thitc d6i xting theo cac bién x,y. [
Dinh 1y 1.13 (Theo [2]). Moi da thic phdn doi zing ba bién f(x,y, z)
déu c6 dang

f(xaya Z) - (l‘ o y)(l’ T Z)(y o Z)g(x,y, Z))
trong dé g(x,y, 2) la da thitc doi ming theo cdac bién z, vy, 2.

Dinh 1y (1.13) dugc chiing minh tuong tu dinh 1y (1.12). Trong da thiic
phan déi xing, cac da thic x —y va T = (z — y)(x — 2)(y — 2) déng vai
tro rat quan trong va dudc goi 1a cac da thitc phan doéi xing don gidn nhat
tuong ng doi véi da thitc phan déi xting hai bién va ba bién.

Déi v6i da thitc phan déi xing thuan nhat, ta c6 két qua sau.
Ménh dé 1.2 (Theo [2]). Cho fn.(z,y,2) la mot da thic doi zing thuan
nhat bac m. Khi dé
f3(x7 Y, Z) = CLT(.CU, Y, Z))
z)

f4($,y,2) :aT(x7y> 01,

fs(z,y,2) = T(x,y, 2)(ac} + bos),

fo(z,y,2) = T(x,y, 2)(ac} + boyos + co3), trong dé a, b, c la cdc
hing so.

Dinh nghia 1.18 (Theo [2]). Binh phuong cia da thic phdn doi zing don
gidn nhat goi la biét thic.
Nhu vay, trong truong hgp hai bién, biét thic clia cic bién x, y 1a
Alz,y) = (z —y)*
con trong truong hop ba bién, thi biét thiic clia cac bién x, v, z 1
Alz,y) =17 = (x —y)*(z — 2)*(y — 2)*
Dé thay rang : A(x,y) = 0% — 40y. Theo vi du (1.3), ta c6
A(z,y, 2) = —40303 + 0705 + 18010903 — 40y — 27073, (1.13)

trong do6 o1, 09, 03 1a cac da thiic déi xing co sé.
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Chuong 2

Ung dung tinh chit ctia da thitc dbi
xing de giai mot s6 bai toan dai sb6

2.1 Mot s6 bai tap tinh toan

1

1
Bai 2.1. Chox + — = a. Tinh M = 213 + —3-
T T

(Dé thi HSG [6p 8, tinh Thai Nguyén nam 1997 - 1998).

1
Loi gidi. St dung cong thic Waring ta tinh si3 = '3 + —3 theo o1 =
x
1
rT+—=a,00=x.— =1 co:
i 6, (~1)" (13 1!
— —m —1)!
M = 513 = 13. o
o1 T (13 —2m)l !
= 013 — 130{'09 + 650705 — 1560703 + 1820705 — 910305 + 130108 =
= a'® — 13a™ + 65a° — 156a” + 182a° — 91a® + 13a.

oy’

Bai 2.2. Tim hai chit s6 tan cung clia phan nguyén so (/29 + /21)?919,
Loi gidi. Dat

a = (V29 + v/21)? = 50 + 21/609,
b= (V29 — 21)? = 50 — 21/609,

Sp=a"+b".
Ta co s1 = 01 = 100,09 = ab = 64. Theo cong thiic Newton thi
Sp+2 = 015p41 — 025p
hay

Spao = 100s,.1 — 645,
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Do s; = 100 nén s,.o chia hét cho 100, vdi n la 3,5,7,... (n la so Ié). Suy
ra s1005 = (V29 + v/21)2910 4 (1/29 — v/21)210 chia hét cho 100.

Do 0 < (v/29—+/21)210 < 1, nén 2 chit s6 tan cing ciia phan nguyén cia
s6 (v/29 + /21)210 [g 99

345 3-+5

Bai 2.3. Cho day s6 U, = ( 5 )"+ ( 5

=2 (n=12,3,...,n)

1. Tinh 5 56 hang dau cia day.
2. Lap cong thic tinh U, s theo U, 1 va U,.

; +2\/g);b = (3 _2\/5); Sp =a" +b".

Ta 0631:01:a+b:3;02:a.b:1;32:0%—202.

Loi giai. Dat a = (

Ap dung cong thic Newton Spi9 = 018p11 — 09S,. Ta co

S3 = 0189 — 0981 = 3.7—1.3 =18

S4 = 0183 — 0989 = 3.18—1.17 =37

S5 = 0184 — 0983 — 3.37 —1.18 =93
Ma U, = s, —2 néen Uy = 1;Uy = 5;U3 = 16;U4 = 35;U; = 91. Do
s, = U,+2 nén bang cach thay vao cong thitc Newton S, o9 = 01Sp+1—025n
ta co

Upio+2=3Up41 +2)— 1.(U,+2)
hay
Un+2 = 3Un—H - Un + 2

Bai 2.4. Cho cdc s6 thuc duong a, b théa man: a'® + b0 = 101 4+ p'01 =
al02 4 pl02 Py 2008 4 2008

Lot giai. Dat s1 =01 =a+ b= 3;09 = a.b;s, = a" + b". St dung cong
thic Newton ta co S102 = 01.5101 — 02.5100 ma S102 = S101 = S100 nen
op—os=1haya+b—ab—1=0<(a—1)(b—1)=0a=0b=1do

46 Sy00s = a2008 4 2008 — 9

Bai 2.5. Cho 1,z la nghiém cia phuong trinh z? — 2x — 2 = 0. Tinh
z] + xl.

Loi giai. Dat s, = 27 +x5, ta co s1 =01 = 2,09 = —2;89 = 0% — 209 = 8§,
nén theo cong thiic Newton S,.9 = 01Sp11 — 028, ta c6 s3 = 20;s4 = 56
Tuw hé qua ciua cong thic Newton Spin = SmSn — 04 Sm—n V0L M > N €O
S7 = 5483 — 0351 = 56.20 — (—2)3.2 = 1136.

Bai 2.6 (Viet Nam, 1975 (Theo [2])). Khong gidi phuong trinh 23 —x+1 =
0, hay tinh tong cdc liy thua bac tdm cia cdc nghiém.
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Loi gidi. Goi x1, 9, x3 la cdc nghiém cia phuong trinh da cho. Theo cong

thic Viét(ﬁ, ta co 0L = T1 + X9 + T3 = 0,0’2 = X192 + XTox3 + T1T3 =

—1,03 = x120003 = —1. SU dung cong thic Waring, ta co

28+ 28 + 25 = s3 = 53 = 0} — 80V09 + 200105 — 160%05 + 204 + 8oj03—
—32030903 + 120303 + 24010503 — 80903 = 10.

. 3 5
Bai 2.7. Tim da thic bac 7 co hé so nguyén nhan r = \7/g + \7/; lam

nghiém.

3 5
Lot giai. Dat a = {/j;b = \7/j
5 3

Dat s, =a"+0", taco sy =01 =a+b=x,00=ab=1.
Theo cong thic Waring coé

s7 = o1 — To}0y + 140303 — Toy03
3 5
jg+§:x7—7$5+141’3—7$
& 1527 — 1052° + 2102% — 1052 — 34 = 0.

Vay da thic bac 7 can tim la 1527 — 1052° + 21023 — 105z — 34.

Bai 2.8. Cho x1, % la nghiém ciia phuong trinh x> — 6x 4+ 1 = 0.Ching
minh rang s, = x} + x4, n € N la s6 nguyén khong chia hét cho 5.

Loi gidi.

Ta ching minh s, € Z bang phuong phdp quy nap.

Voi n=0 co s)p =2 € Z

Voi n=1cosy=6¢€Z

Gid st Sg, Spr1 € Z, (k € N) ta can chitng minh s,2 € Z.

That vay, do s1 =01 = 6,09 =1 ma Sp1o = 01SkL1 — 028k

hay Sgy2 = 6Sk41 — Sk. Vay Spq2 € Z.

Tt két qud Sj1o = 65441 — Si Ma

Sgy1 = 08k — Sk—1

Skr2 = 6(65; — sp—1) — sk = 358k — BSp_1 — Sk—1,

do d6 sj.o chia hét cho 5 khi va chi khi s._q chia hét cho 5 ma sg = 2;
s1 = 6; 89 = 34 khong chia hét cho 5 nén s, khong chia hét cho 5.
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2.2 Phan tich da thuc thanh nhan tw@

Luan van trinh bay hai phuong phap phan tich da thic déi xing thanh
nhan t. Phuong phap thit nhat ta bic¢u dién da thic da cho theo cac da
thitc ddi xting co sé o1, 09. Phuong phéap thit hai 1a phuong phap hé sd bat
dinh.

Cac Bai tap trong muc nay dugce trich dan ti [5].

Bai 2.9. Phan tich da thic sau thanh nhan tu
fx,y) = 22" + 723y + 92%y? + Tay? + 2y
Loi quai. Ta co
flz,y) =2(x* + y*) + Tay(a® + y?) + 92%y* = 254 + To152 + 903
Thay sy = 03 — 209, 54 = 0] — 40309 + 203 vao biéu thic trén ta dugc

x,y) = 20F — 0209 — 03
Y 1 1 2

Da thic trén co bac hai doi vt o9 va co cac nghiém la: o9 = —20%, o9 = a%,

do do
f(z,y) = 207 — 09)(0f — 02) = (2% — 2y +y*) (227 + 3zy + 7).
Bai 2.10. Phan tich da thic sau thanh nhan ti
fx,y) = 32* — 823y + 142y — S8ay® + 3y*.

Lot giai. Ta co

flz,y) = 3@z +y*) — 8wy (x® + v*) + 142%y® = 354 — 8082 + 14073
Thay sy = 0% — 209,84 = ail — 40%02 + 20% vao biéu thic trén ta duoc

f(z,y) = 307 — 200209 + 3603

Day la mot da thic bac hai theo oy va khong cé nghiém (nghiém thuc). Vi
vay ta khong thé phan tich da thiic thanh tich hat nhi thiic theo o9, ta van
dung phuong phdp hé so bat dinh thi biéu dién da thic da cho ¢ dang

fx,y) = 32% — 823y + 142?y? — Sy + 3y*
= (Az* + Bay + Cy*)(C2® + Bxy + Ay?) (2.1)

Dang thiic (2.1) théa man vdi moi x, y, nén ta sé tim cdc hé s6 A, B, C
bang phuong phdp hé so bat dinh nhu sau:
Véi x=y=1, ta co
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4=(A+B+C)?
Suy ra
A+B+C =42

Nhan zét rang cic hé so A, B, C dudgc xdc dinh chinh xdc dén dau cia
ching, vi néu thay doi dau cia tat cd cdc sé nay thanh nguoc lai thi dang
thatc (2.1) khong thay doi. Vi vay, khong lam mat tinh tong qudt, ta cé

A+B+C=2
Tiép theo, véi v = 1,y = —1, ta cé
36 =(A—B+C)?* suyra A+ B+ C = +6.

Tiép theo, véix =0,y =1, ta c6 AC =3
Vay dé zdc dinh cic hé so A, B, C ta gidi cic hé phuong trinh

A+B+C=2 A+B+C=2
A—B+C=6 va{ A—B+C=-6
AC =3 AC =3

Hé phuong trinh thi nhat cho ta nghiem A =1, B = —2,C = 3. H¢ thi
hai vo nghiém (nghiém thuc). Vay ta cé két qud

fx,y) = 32% — 823y + 142%y? — 8wy + 3y* =
= (2% — 2zy + 3y°) (32% — 2xy + y?).

Tiép sau day, ta dit o1, 09, 03 1a cac da thitc déi xting co s6 ctia bo ba
s6 ,y, z hodc a, b, c. Chang han, v6i bo ba sé x,y, ztacé oy = x +y + 2,
Oy =Y + T2+ Yz,03 = TYZ.
Bai 2.11. Phan tich da thic sau thanh nhan ta

f@y,z) = (@+y)(y+2)(z+ ) +ayz
Loi giar. Ta co
f(@,y,2) = (01— z)(o1 —x)(01 —y) + 03 =
=of —of(z+y+2) +oi(zy +yz +zz) — 03+ 03 =
3

201—0f+0102—03+0320102:

=(z+y+2)(ry +yz+ zx).
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Bai 2.12. Phan tich da thic sau thanh nhan ti
fla,b,e)=(a+b+c) —(b+c—a)P—(c+a—>b?—(a+b—c)
Loi giar. Ta co
fla,b,c) =0} — (01 — 2a)> — (o7 — 20)3 — (01 — 2¢) =
= —20% +60%(a+b+c) — 1201(a* + V* + ) + 8(a® + b + ) =
= —20% + 60} — 120159 + 853 =
= —20} + 603 — 1201(0% — 203) + 8(0} — 30109 + 303) =
= 2403 = 24abc
Vay
fla,b,c) = (a+b+c)*—(b+c—a)*—(c+a—0b)*—(a+b—c)® = 24abc.
Bai 2.13. Phan tich da thic sau thanh nhan ti
flx,y, 2) = 22%% + 2y22% + 22222 — 2t — gyt — 24
Lot giai. Ta co
flx,y, 2) = 20(2y?) — s4 = 2(0% —20103) — (0} — 40309+ 203 +401,03) =
= —0} + 4030y — 80103 = 01(—0} + 40109 — 8073)

Ta thay, da thic trén la da thic bac bon doi vdi oy va chia hét cho 1. Hon
nita, da thitic da cho la ham chdn doi véi =, y, z nén khi ta thay = bdi -z

( hodc y bdi -y, hodc z bdi -z) thi da thitc khong thay doi, nhung v+y+z trd
thanh -z+y+z (hodc x-y+z hodc x+y-z), do dé da thiic ciing chia hét cho
-r4y+z , T-y+z , 24+y-2. Cing vi da thic da cho bac bon, nén ta co:

fl,y,2) =@ +y+2)(—v+y+z)(r—y+2)(z+y—2).P

trong dé P la hang so nao dé.

Hang s6 P duoc zdc dinh bang phuong phdp hé so bat dinh, bang cdch cho
r=y=z2=1, taco3 =3P hay P=1.

Vay ta cé két qud:

flxy,2)=@+y+2)(—r+y+2)(z—y+2)(z+y—2)
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2.3 Phuong trinh déi xing va phuong trinh hoéi quy

Da thitc déi xting 1a cong cu hitu hieu dé giai cdc phuong trinh dai s6
bac cao, dac biét 1a phuong trinh heé s6 déi xing va phuong trinh hoi quy.

Dinh nghia 2.1 (Theo [2]). Da thic
f(2) = ag2" + a1zt + ... + ay; (ag # 0)

duge goi la da thic doi zing, néu cic hé so cach déu hai dau bang nhau,
nghia la

ayg = ap, a1 = Ap—-1,092 = Ap—9, ...
Phuong trinh cia da thic doi zing dude goi la phuong trinh doi xing.

Ching han, cac da thic sau day la da thic he s6 d6i xing :
920 — 182° — 7324 4+ 16423 — 7322 — 182+ 9,
28 425 —102% + 422 41,
1025 4+ 20 — 4724 — 4723 + 22 4+ 10%.

Dinh 1y 2.1 (Theo [2]). Da thiic f(z) bac n la da thic doi zing khi va chi
khi

.
21(0) = f(2).2 0. 22)
Chiing minh. Gia st f(z) c6 dang
f(2) = apz" + a1z + ..+ ay. (2.3)

1
Véi z # 0, trong (2.3) thay z béi —, ta dugc
2

1
z”f(;) = a2+ ap 12"+ .+ a1z + ao. (2.4)

So sanh (2.3) va (2.4) ta thay he thiic (2.2) xdy ra khi va chi khi

g = Qp, a1 = Q1,09 = Ay_2, ...
nghia 1a f(2) la da thic déi xing. Dinh 1y dugce ching minh. O
Dinh nghia 2.2 (Theo [2]). Cdc da thic

o2+ a1 22" 4 a1 2" a2 Aap 12V L N a2+ Ny,
ap?" 4 a2+ 4 a2+ a2+ Na 2+ Na 2V L+
)\Qn—lalz + )\2n+1a0’
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trong dé ag # 0 va A # 0 duoc goi la cdac da thiic hoi quy. Phuong trinh
ctia da thic hoi quy dudc goi la phuong trinh hoi quy.

Khi A = 1 thi da thitc hoi quy tré thanh da thitc he s6 d6i xting. Vi du,

phuong trinh
22° + 621 — 22 + 422 — 481 — 64 =0
13 phuong trinh hoi quy A = —2, con phuong trinh
425 4 52° — 3z 4+ 102® — 927 + 45z + 108 = 0
14 phuong trinh hoi quy A = 3.
Dinh 1y 2.2 (Theo [2]). Moi da thitc hoi quy bac chan 2k
flz) =

apz?F + a2 b ap T apst a1 2+ N ez + Mea,

\ . x A
déu biéu dién dugc ¢ dang f(2) = 2*h(0), trong dé o = z + =, h(o) la
z

mot da thic nao dé theo bién o va cé bac k.

Moi da thiic hoi quy bac 1é f(z) déu cé dang f(z) = (z + N)g(z), trong dé
g(z) la da thiic hoi quy bac chan.

Chiing minh. Trude hét xét da thic he sd doi xing f(z) c¢6 bac 2k. Véi
z # 0 ta bién doi f(z) nhu sau:

. . )\k L >\k—1 A
f(Z) =z [CL()(Z + E) + al(z 14 —Zk_l) + ...+ ak_l(z + ;) + ak].
o A k >\k ~ P 2 > N z, ~
Dat 0 = 2+ —, s, = 2" + —. Ta sé ching t6 rang s; 1a da thic bac k
z z

theo o. That vay, néu diat x = z,y = — thitacb o =2 +y = o1, A\ =
Z

Ty = 09, 5, = ¥ +y*. Do d6 theo Dinh 1y 1.1, cac tong lity thita s; 1a cac
da thic bac k theo cac bién o1, 09, hay 1 theo cac bién o va A, nghia 1a
chi theo bién o.

Lai xét da thic d6i xing bac 18 2k+1:

f(2) = apz® ™t + a2 + 4 a1 22 4 a2+ Aap s 4+ N2ag_ 2F N+
e AN 2 4 NP

Véi z # 0 ta bién doi f(z) nhu sau:
f(2) = ag(ZP T+ M) 4 ap 2 (22670 4+ N 4t a2t (z + k).
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St dung hing dang thiic
22m+1 + )\2m+1 — (Z + )\)(z2m _ z2m—1>\ 4+ .+ ZZ)\Zm—Q o Z)\2m—1 + )\Zm)’
ta co

ag(Z2F LN = qo (24 N) (2% — 22 I L 222 2Rl 2R
a2 (2251 AR = g (24 A) (2251 — 2N L p2A2E g 22

apz®(z 4+ N\) = ap(z + \)2F

Cong titng vé cac dang thiic trén va dua ra ngoai dau ngodc nhan tit chung
z + A, ta duge

f(z) = (24 Ng(2),

trong dé g(z) 1a tong clia cac da thiic
2% _

ap(z 22N L 2P N2 2R,
ay (22— 227N = 22APRS o \2R2
akzk.

Dé dang thay g(z) 1a da thitc hoi quy bac 2k. Dinh 1y dugce chiing minh. [
Bai 2.14 (Theo [5]). Gidi phuong trinh
920 — 1825 — 732* + 16423 — 7322 — 182 +9 = 0.

Loi gidi. Phuong trinh da cho la phuong trinh doéi xing bac 6. Vi z = 0
khong phdi la nghiém ciia phuong trinh nén chia hai vé cia phuong trinh
cho 23 va bién doi phuong trinh nay vé dang

1 1 1
3 2 _
9(z° + z3) — 18(2%* + Z2) —73(z + ;) +164 =0

Su dung cac cong thic

ta dua dugc phuong trinh trén vé dang
903 — 1802 — 1000 + 200 = 0.

Nghiém ciua phuong trinh nay la
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Do dé, dé tim nghiém cia phuong trinh da cho, ta cé cic phuong trinh

1 1 10 1 10
2+ —=2z2+-=——7F,2+—-—=—.
z z 3 z 3

Tw cic phuong trinh trén ta tim dugc cic gid tri cia x la nghiém cia
phuong trinh la:

1
zzl,z:ig,z:i?).

Bai 2.15 (Theo [5]). Gidi phuong trinh

201t + 7210 + 1527 + 1428 — 1627 — 2220 — 2245 — 162 + 1423+
+1522 + 7z +2=0.

Loi gidi. Day la phuong trinh doi xing bac 6. Theo Dinh ly 2.2, phuong
trinh da cho tuong duong vdi phuong trinh

(2+1) (2204527 + 1028+ 427 —202° — 22° — 2024 +- 423 + 1022 +52+2) = 0
Nhu vay, phuong trinh da cho dugc phan ra thanh hai phuong trinh

r+1=0
2210 + 529 + 1028 + 427 — 202° — 225 — 202t + 423 + 1022 + 52 +2 =0

Phuong trinh thit nhat cé nghiém z=-1.

Phuong trinh thit hai la phuong trinh doi xing bac 10. Vi x = 0 khong phdi
la nghiém cia phuong trinh nén chia hai vé ctia phuong trinh cho x° va
bién doi phuong trinh nay vé dang

1 1 1 1
5 4 3 2 _
2(x +;)+5(x +E)+1O(x +E)+4(a: +—)—20(az+;)—2—0
St dung cac cong thic
5. 1 5 3
T’ + — =0’ — 950 + 50,
x

ta dua dugc phuong trinh trén vé dang

20° + 50t — 1602 — 400 = 0 < 0(20 + 5)(0® — 8) = 0.

Nghiém ciua phuong trinh nay la
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Do dé, dé tim nghiém cia phuong trinh da cho, ta cé cic phuong trinh

1 1 5) 1
r+—-—=0r4+—-—=—2+—=2.
x x 2 x

Tw cic phuong trinh trén ta tim dudgc cdc gid tri cua x la nghiém cua
phuong trinh da cho la:

Bai 2.16 (Theo [2]). Gidi phuong trinh
228 — 927 + 2028 — 3325 + 462* — 6623 + 8022 — T2z + 32 = 0.

Loi gidi. Day la phuong trinh bac 8 truy hoi vdi X = 2 vi cé thé viét lai
phuong trinh ¢ dang

228 — 927 + 2028 — 332° + 462* — 33.223 + 20.2222 — 9.2%x + 2.2 = 0.

Ré rang x = 0 khong phdi la nghiém cia phuong trinh da cho. Chia hai vé
ctia phuong trinh cho x* va bién doi vé dang

16 8 4 2
4 3 2 _

2(3? +y)—9($ +;)+20($ +P)—33(l’+;)+46—0.

A L
Dito=x+—=x+—. Khi do

T T

2 2 53, 8 3 4 16 4 2

5 =0 417+ —5=0"-060,2"+—F =0 —85"+38

T T T

Nén phuong trinh cudi cé dang
20 — 903 4+ 40 + 210 — 18 = 0.

Phuong trinh nay cé cac nghiém la

3
c=10=2,0=3,0=——,.
2
Nhu vay phuong trinh da cho tuong duong vdi té hop cdc phuong trinh:
2 2 2 2 3
r+-=lLr+—-—=2,x+—-—=3,x+—=——,.
x x x T 2

Giai cac phuong trinh trén ta tim dugc nghiém cua phuong trinh da cho la

r=1x=2.
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Bai 2.17 (IMO, 1982, Hungari dé nghi (Theo [2])). Hay zdc dinh tat cd
cdc tham s6 a sao cho phuong trinh

162 — ax® + (2a + 17)2* — ax + 16 = 0.

c6 bon nghiem thuc lap thanh mot cap so nhan.
Loi gidi. Dé thay rang x = 0 khong phdi la nghiém cia phuong trinh da
cho. Vai x # 0, phuong trinh da cho tuong duong vdi

1

1
16(2* + =) —a(r + =)+ 2a+ 17 = 0.

z
1 . 7 N N 2 N

Datt = x + —. Khi dé |t| > 2 va phuong trinh trén trd thanh
T

16t2 — at +2a — 15 = 0.

Trudc hét ta tim diéu kién can cia tham so a. Gid st phuong trinh da
cho c6 4 nghiém thuc lap thanh mot cap so nhan. Khi dé phuong trinh
) 1
cuot cung phadi co hai nghiém tq,ty, trong do t1 cho hai nghiém xi, —,

T
con nghiém ty cho hai nghiém xo, —. Khong mat tinh tong qudt, ta gid si
L2
R 1 1 .
|z1| > 1, |xo| > 1. Khi d6 c6 cap s6 nhan x1,x9, —, —. Theo tinh chat

T2 T
cua cap so nhan ta co

i—;zxgixl:x%ixﬁ%:x§+%§¢t1:t§—3t2.
Mat khac, theo Dinh ly Viete ta co
A )
16 16
Tw do ta tim duge a=170. Vdi a=170 phuong trinh da cho tro thanh
162* — 17023 4 3572% — 1702 + 16 = 0.

Phuong trinh nay cé bon nghiém thuc lap thanh moét cap so nhan la :
11

8,2, =, —.

28 )

Vay gid tri cia tham so a la a=170.
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2.4 Giai hé phuong trinh
2.4.1 Hé phuong trinh dbi xing hai an va dng dung

Bai 2.18 (Theo [5]). Gidi hé phuong trinh
x° + P 3l
w34y T
2+ ay+y? =3
Loi gidi. Voi dieu kien x,y # 0. Dat x +y = 01,2y = 09. Ta c6

x2+yz = S9 =0%—202,az3+y3=33=0§—30102,
20 +y° = s5 = 0} — Hojoy + boios

Do dé ta co he
{ 7(0} — bodoy + 5o103) = 23(0} — 30103),

02 — 09 = 3.
Tw hé phuong trinh nay, thuc hién phép thé va gidi phuong trinh ta tim

dugc
6
-+
oo=+1 , )T TR
0y = —
T
Khi do x, y la cdc nghiém ciua cdic hé phuong trinh
+y==£ 0
ryy==4+1 , JTTYTER
{ ry=-—2 howc 15 v

Giai cac hé phuong trinh nay ta co cac nghiém ciua hé da cho la

x1:27 )z :_17 x3:_27 L) T4 =1,
h=—1" =2 ys=1, "1 ya=—-2.
Bai 2.19 (Theo [5]). Gidi hé phuong trinh

{ery:a
4

i +yt=a

Loi giar. Dat x +y = 01,2y = 09.

Ta co
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ot +yt = sy = of — 4oloy + 203

Do do ta co hée

o1 = a,
ot — 40309 + 203 = a'.

Tw hé phuong trinh nay, thuc hién phép thé va gidi phuong trinh ta tim
dugc

Khi do x, y la cdc nghiém ciua cdic hé phuong trinh

rT+y=a . r+y=a
{:(:yzo hOaC{xyzQaQ

Gidi cac hé phuong trinh nay ta co cac nghiém ciua hé da cho la

ry =a, | x2:07
ylzo,’ Yo = Q.

Bai 2.20 (Theo [5]). Gidi hé phuong trinh

TV
G b

a
__|__:4
r oy

Loi gidi. Phuong trinh da cho khong phdi la la hé doi xing, tuy nhién bang
Z = ta c6 hé doi xing

b
u+v=1
1 1
_+_:4

u ()

x
cach dat — = u,
a

Dat u+ v = o1, uv = 09, ta co hé phuong trinh

0'1:1 0'1:1
224:> 1
op) J2_4

Tw do ta c6 hé phuong trinh

u+v=1 uzl o
1 = ;=
uv = — 1

2

4 U=

NS0 Q
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Bai 2.21 (Theo [4]). Gidi hé phuong trinh

0 —y° = 3093
r—y=3

Loi gidi. Phuong trinh da cho khong phdi la la hé doi xing, tuy nhién bang

cdch daty = —z ta c6 hé doi zing

x® + 25 = 3093
r+z=3

Dat x + z = 01, x2 = 09, ta c6 hé phuong trinh

{ o} — bojay + boios = 3093 N { o =3 hodc { g

1l
— O

1
0'1=3 0'2:—10 2

Tw do ta co x, y la nghiém ciua cac hé phuong trinh
rT+z=3 hod rT+z=3
vz =—10 "% 2z =19

Gidi cac hé phuong trinh trén ta co

T = 5) . To9 = —2

7 =-2" Z9 = D.
Tw do ta co nghiém cua hé phuong trinh da cho la

Tl — 5) . To = —2

Y1 =2 7] Y2 = —0.
Bai 2.22 (Theo [3]). Gidi hé phuong trinh

{W+ﬁ:3

2?4 3 = 82,

Loi gidi. Dit \/x = u,/y> — 1 = v ta c6 hé phuong trinh

u+v=3
ut + (vt + 1) =82

Giai hé phuong trinh trén, ta co

U1:3 . UQ:O
vu=0 "~ vy = 3.

Tw do ta cé nghiém cua hé phuong trinh da cho la
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r1=9 [ r2=0
=1 ") y = /33

Bai 2.23 (Theo [3]). Gidi phuong trinh

1 1
1 1
Loi gidi. Dat \5/5—1—3::11, \5/5—95:@. Khi dé ta c6 hé
u+v=1
w00 =1

ulzl, ’LLQZO
U1:0; UQI]..

Giar hé phuong trinh trén, tim duogc {

Tu két qua trén va u’ = 3 + x tim dugc cac nghiém ciua phuong trinh da

R 1 1
cho la x1:§,x2:—§. 1 1
Vay nghiém cua phuong trinh da cho la x1 = 37 To = —5

Bai 2.24 (Theo [3]). Gidi phuong trinh
r+ 17— 22+ 217 —22=9
Loi gidi. Dat /17 — 22 = y. Khi d6 ta cé hé
{ 22 +y? =17
r+y+tary=9

y1 = 4; y2 = 1.
T két qud trén ta tim dugc cdc nghiém cia phuong trinh da cho la
T = 1, T = 4.

(Giai hé phuong trinh trén,tim duogc { 7y =1, { Ty =4

Vay nghiém ciua phuong trinh da cho la x1 = 1,29 = 4.
Bai 2.25 (Theo [4]). Gidi phuong trinh

19—.76( +19—::r;
(x
r+1 r+1

x. ) = 84.

19—z . o ,
. =y tht19 — o =a2y+y. Khi dé ta co hé

Loi guar. Dat
T+

r+y+axy=19
zy(r+y) =84
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Gidi hé phuong trinh trén,tim duoc

$1:3, 5172:4 $3:6+\/®, $4:6—\/2—9
y1 = 4; Y2 = 3. y3:6—\/@; y4:6+\/@.

T két qud trén ta tim dugc cac nghiém cia phuong trinh da cho la
r1=3,09=4,23 =64+ V29,24 =6 — v/29.
Vay nghiém ciua phuong trinh da cho la

371:3,.CC2:4,x3:6+\/29,$4:6—\/29.

Bai 2.26 (Theo [5]). Gidi phuong trinh

n T 35
x = —.
r2 —1 12
e 1 r? —1 L )
Loi giai. Véi dieu kien |x| > 1,dit — = u,——— = v . Khi d6 ta c¢6 hé
x x
u? +v? =1
115
u v 12

Giai hé phuong trinh trén,tim duoc

4 3
Ul = i;):, U9 = §
= —; vy = —.
Y1 5 27 %
T két qud trén ta tim dugc cdc nghiém cia phuong trinh da cho la
3 4
1= —,Ty = —.
B 3 4
Vay nghiém ciua phuong trinh da cho la x1 = 5 To = 5

2.4.2 Hé phuong trinh db6i xdng ba an

Gia st P(x,y,2), Q(x,y,2), R(x,y,z) 1a cac da thic doi xing. Xét he
phuong trinh

—0
Qz,y,2) =0 (2.5)
)

Bang cach dat

r+y—+z=01,2Y + Yz + 2x = 09,xYz = 03,.
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trén co s6 cac dinh 1y 1.9, 1.10 ta dua hé 2.5 vé dang

p(oy,02,03) =0

{ q(O'l,O'Q,O'g) =0 (26)
r(o1,09,03) =0

Hé phuong trinh (2.6) thuong don gian hon hé (2.5) va c6 thé dé dang

tim dudc nghieém o1, 09, 03. Sau khi tim dudc cac gia tri clia o1, 09, 03, can

phai tim cac gia tri clia cac an sb x, v, z. Diéu nay dé& dang thuc hién duge

nhd dinh 1y sau day

Dinh 1y 2.3 (Theo [2]). Gid s 01,09,03 la cdc s6 thuc nao dé. Khi dé
phuong trinh bac ba

u3—01u2—|—02u—03:0 (27)

va hé phuwong trinh

ry + 2 + yz = o9, (2.8)

r+y+z=o0q,
TYz = 03.

lien hé vdi nhau nhu sau: néu uy, us, us la cdc nghiém cia phuong trinh
(2.7), thi hé (2.8) c6 cac nghiém

1 = Uy, To = Uy, I3 = Uz,
Y1 = u2, Y2 = us, Yys = uq,

21 = Uu3; 29 = U2; <3 = U3;
{ Ty = U2, { Is = ug, { Te — ug,
Ys = ug, Ys = uq, Yo = U2,
24 = U1, 25 = U32; 26 = Uui-

va ngoai ra khong con cdc nghiém nao khdc. Nguoc lai, néu r=a, y=b, z=c
la nghiém ciia hé (2.8) thi cac s6 a, b, c la nghiém cia phuong trinh (2.7).

Chiing minh. Gia st uy, us, ug 1a cadc nghiém cia phuong trinh (2.7). Khi
do6 ta c6 dong nhat thiic

ud — oyu? + oou — 03 = (u — uy)(u — uz)(u — us).

Tu do ta c6 cac hé thie Viete:

Uy + U + uz = o1,

U U2 + Uug + UgUug = 09,

U1UgUs — 03.
Suy ra uq, ug, ug la nghiém cta hé (2.8). Ngoai ra con nam nghiém nita
nhan duge bang cach hoan vi cac gia tri ctia cac an s6. Van dé he (2.8)
khong con nghiém nao khac duge ching té nhu sau
Gia st x=a, y=b, z=c 14 nghiém ctia hé (2.8), nghia la
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ab + bc + ca = o9,

a+b+c=o,
abc = o3.

Khi d6 ta co
u? — o1u® + ogu — o3 = u — (a + b+ c)u® + (ab + be + ca)u — abe =
(u—a)(u—">b)(u—c).
Diéu d6 chiing té rang cac s6 a, b, ¢ 1a nghiém ctia phuong trinh bac ba
(2.7). Dinh 1y dugc ching minh. O

Dinh 1y 2.4 (Theo [2]). Gid st 01, 09, 03 la cdc 6 thuc da cho. Dé cic sb
T, y, z zac dinh bdi hé phuong trinh (2.8) la cdc so thuc, dieu kién can va
di la

A = —4oios + 0ios + 18010903 — 405 — 2703 > 0. (2.9)
Ngoai ra, dé cdc so z, y, z la khong am thi

01207022070320-

Chiing minh. Gia st x, y, z la nghiém cta hé (2.8). Khi d6 theo Dinh Iy
(2.3) x, v, z 1a cac nghiém ctia phuong trinh (2.7). Phuong trinh (2.7) c6
nghiém thue khi va chi khi biét thiic ctia né khong am, nghia 1a (2.9) duge
thoa man. Ngoai ra, néu céac s6 x, y, z khong am, thi hién nhién o; > 0
(i=1,2,3). Ngugc lai, néu o; > 0 (i=1,2,3) va (2.9) dugc théa man, thi
phuong trinh (2.7) khong thé c¢6 nghiem am. That vay, trong (2.7) thay
u=-v ta c6 phuong trinh

’03—|-0'1U2—|-0'21}—|-0'3:0 (210)

Vi o; > 0 (i=1,2,3), nén phuong trinh (2.10) khong thé c6 nghiém duong,
do d6 phuong trinh (2.7) khong thé c6 nghiém am. T d6 suy ra x, y, z 1a
cac s6 khong am. Dinh 1y dugce ching minh. ]
Bai 2.27 (Theo [5]). Gidi hé phuong trinh
73
Pyt =

Yy +tyz+zr=xr+y+ =z,
ryz = 1.

Loi giai. Dat x +y + 2z = o1, 2y + yz + 2o = 09, xyz = o3. Hé phuong
trinh da cho tro thanh
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73
s3 = 03 — 30109 + 303 = R

7
Giar hé phuong trinh nay ta tim dudc 01 = 09 = 57 o3 = 1. Theo dinh ly

(2.3), ta c6 x, y, z la nghiém cia phuong trinh
7

7 5
u3—§u2+§u—1:0<:>(u—1)(u2—§u+1):0

1
Nghiém cua phuong trinh nay la uqp = 1,us = 2,u3 = 3 - Tw do suy ra
nghiém cia hé da cho la cac bo (z, y, z):
1 1 1 1 1 1
1,2,-),(2,1,=),(2,=,1),(1,=,2),(=,1,2),(=,2,1).
( ) 72)7( Y 72)7( 727 )7( 727 )7(27 ? )7(27 Y )

Bai 2.28 (Theo [5]). Gidi hé phuong trinh

13
x+y+z:§,
L1 1 13
r y z 3’
ryz = 1.

Lot giar. Dat x +y + 2z = 01,2y + yz + 20 = 09, xyz = 03. Hé phuong
trinh da cho tro thanh

13
01 = —,
0'2_%3
o3 3’
05:1.

13
Giar hé phuong trinh nay ta tim dudgc o1 = 09 = 3 o3 = 1. Theo dinh ly

(2.3), ta ¢6 x, y, z la nghiém cia phuong trinh
13 , 13 , 10

1
Nghiém cua phuong trinh nay la uqp = 1,us = 3,uz = 3 Tw do suy ra
nghiém cia hé da cho la cic by (x, y, z):
1 1 1 1

1 1
1,3,-),(3,1,=-),(3,=,1),(1,=,3),(=,1,3),(=,3,1).
( ’ 73)7( ’ 73)7( 737 )7( 737 )7(37 ) )3(37 ) )
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Bai 2.29 (Theo [2]). Gidi hé phuong trinh
r+y+z=a,
23+ P+ 23 = ad,

trong dé a, b la cdc so thuc cho trudc.
Lot giar. Dat x +y + z = 01,2y + yz + 2zx = 09,xyz = 03. Hé phuong
trinh da cho trd thanh
o1 = a,
{ 0?2 — 209 = b, ,

0’% — 30109 4+ 303 = a”.

Giai hé phuong trinh nay ta tim dugc

o1 = a,
1
09 = %(Cﬂ — b2),
o3 = §a(a2 — b?).
Theo dinh ly (2.3), ta ¢6 =, y, z la nghiém cia phuong trinh
1 1
u — au? + §(a2 —b*u — éa(a2 —b) =0
1
& (u—a)u® + §(a2 - )] =0

Tw phuong trinh trén, ta co
a) Néu |a| > |b|, thy phuong trinh trén chi c6 mot nghiém thiuc u=a, do dé
hé da cho khong cé nghiém thuc. Trong pham vi so phiic, thi phuong trinh cé

712 7 _ 12
a”—b [a® —b
cac nghiemu; = a,us =1 5 L U3 = —1 7 trong doé 1 la don vi
2 - , ~ , . N Z . a/2 - b2 . a2 - b2
do. Khi do hé da cho cé nghiém (z,y,z) la bo so (a, i 5 5 )

va tat cd cdac hodn vi cia no.
b) Néu |a| < |b| , thi phuong trinh trén cé ba nghiém thuc uy = a,us =

b — a? b — a?
5 L U3 = 7 Khi do hé phuong trinh da cho c6 nghiém

) b2_ 2
(z,y,2) la bo so (a,\/ 5 ¢

b2 2
a N A ? . , . A ,
, 5 Yva tat cd cdc hodn vi ciia no.
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2.5 Tim nghiém nguyén ctia cic phuong trinh déi
xung
Bai 2.30 (Theo [2]). Tim nghiém nguyén cia phuong trinh
23+ + 1 =3y
Loi gidi. Dat oy = x +y, 09 = xy. Phuong trinh trd thanh
0} — 30109+ 1 =302 & (01 +1)(0? —01+1—309) = 0.

Truong hop 1: 01 +1 =0, ta c6 x +y + 1 = 0, phuong trinh cé vo so
nghiém nguyén (x € Z,y = —1 — x).
Truong hop 2: 03 — o1+ 1 — 309 = 0. Ta viét phuong trinh nay dudi dang

02 — o1+ 1 =30,

T viec dat o1 = x + y,00 = xy, thi dicu kién ton tei hai so x, y la
o1 > 4oy. Su dung dieu kién nay ta co

3
U%—01+1§10%@0%—401+4§0
@(01—2)2§0¢>01:2:>02:1.

Trong truong hop nay ta co hé

Tty =2,
xy = 1.

Hé nay luon cé nghiém nguyén duy nhat la x = y = 1. Nhu vay, nghiém
cia phuong trinh da cho la

Bai 2.31. Tvm nghiém nguyén cua phuong trinh
r+y=2a>—ay+ 1>
Lot giai. Dat o1 = x + y, 09 = xy. Phuong trinh trd thanh
01232—202@01:0%—302¢>J%—01:302.

T viec dat o1 = x + y,00 = xy, thi dicu kién ton tai hai s6 x, y la
o1 > 4oy. Su dung dieu kién nay ta cé
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a%—alSZO%@J%—401§0®0§01<4
Mat khac, tu phuong trinh
0% — 01 = 309.
& (200 —1)2 =1209 + 1

thay 1209 + 1 la s6 chinh phuong, nén ti dé chon duoc
+) o1 = 09 = 0, phuong trinh cé nghiém nguyén: x = y = 0.
+) o1 = 1,09 = 0, phuong trinh cé cic nghiém nguyén la

r =1, x =0,
y=0; 1 y=1

+) o1 =2,1209 + 1 = 9, phuong trinh khong cé nghiém nguyén.
+) 01 = 3,09 = 2, phuong trinh cé cic nghiém nguyén la

r =1, T =2,
y=2 1 y=1
+) o1 = 4,09 = 4, phuong trinh cé cic nghiém nguyén la
x
(Y
Vay phuong trinh da cho co cac nghiém nguyén la:
x =0, x=0, Jxz=1 Jzxz=1 Jxz=2,
y=0 1ly=1L"1y=0"1y=2"|y=1"

Bai 2.32 (Theo [1]). Tim cdc nghiém nguyén duong cia hé phuong trinh

r+y==z,
a3+ = 22

2,
2;

2,
2.

< 3
1l

Lot giai.Dat o1 = x + y, 09 = xy. Hé phuong trinh tro thanh
o1 = 2, o1 =2z,
{ sg = 2°. < { 0’% — 30109 = 2.
Thé phuong trinh thit nhat vao phuong trinh thi hai, ta duogc
03 — 30109 = 0} & 01(0? — 01 — 303) =0

Truong hop 1: 01 = 0= 2z =0 = x = —y, 10 rang khong thoa man, do
nghiém can tim nguyén duong.
Truong hop 2:
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J%—01—302:0

Tuong tu bai tap 2.30, dé dang tim dugc cic nghiém nguyén duong cia hé

T =2, T =
y=1 < y=
z = 3; z =

2.6 Chitng minh cac dang thic

la

Bai 2.33. Chox +y =1,2° + 9> = a,2° + y° = b. Ching minh ring
ba(a+1)=9b+1

Loi giai. Dat o1y =x+y = 1,00 = xy. Ta co:

x3+y3:a@0§—30102:a:>02: 1;@
Vi
20 4+ > = 85 = 0} — bojoy + 50103
nen
b=1—51;“+5“;@V
hay

Bala+1) =9b+ 1

Bai 2.34 (Theo [5]). Chitng minh dong nhat thic
(r+y)P+3zy(l—z—y)—1=(r+y—1)@*+y* —ay+ax+y+1).
Loi gidi. Theo cong thiic Waring, ta co

(x+y)P+3ay(l—oz—y)—1=0}+303(1l—0y) — 1=
:ai)’+302—30102—1.

Mat khac, cing co

(x+y—D(@?+y>—ay+axz+y+1)= (01— 1)(0? - 309+ 01+ 1)
=0} — 30109+ 0} +01— 07 +309—01 — 1=
:O'%—f—30'2—30'102—1.

Tt hai hé thitc trén, ta co dieu phdi ching minh.
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Bai 2.35 (Theo [5]). Chitng minh dong nhat thic
(x+y)" — 2" —y" = Tay(x +y)(a® + 2y + y*)*
Loi giai. Theo cong thic Waring, ta co

(x+y) —a" —y" =0l — s7 =0 — (0] — To}0y + 140}03 — To103) =
= Tojoy — 140303 + To103 = To109(0] — 20209 + 03) =
= To109(0% — 09)? = Tay(z + y) (2 + 2y + y*)°.

Bai 2.36 (Theo [5]). Chitng minh dong nhat thic
(z+y+2)(xy +yz + 22) —zyz = (x + y)(y + 2)(z + 2).
Loi gidi. St dung cdc cong thic quy dao, khai trién vé phdi, ta cé

(x+y)(y+2)(z +2) = 2% + 222 + v’ + y?2 + 2% + 2%y + 20yz =
= O(ZCQy) + 20’3 = (0'10'2 — 303) + 20’3 — 0109 — 03 =
= (x+y+ 2)(vy +yz + zz) — 2Y2.

Bai 2.37 (Theo [5]). Ching minh rang, néu
r+y+z=a2y+yz+ zx=0.
thi
(23 + 223 + 2323 = (28 + P + 23)%

Loi gidi. St dung cdc cong thitc quij dao, khai trién vé phdi vdi luu y diéu
kién ciua dé bai la o1 = 0,09 = 0, ta c6

(23 + 323 + 2323) = 30(2y?) = 3(03 + 303 — 3010903) = 903.
Tuong tu vdi vé trdi, ta cé
(23 +9y° + 23)% = s = (0} — 30109 + 303)% = 903,
Tu cdc khai trién trén, suy ra diéu phdi ching minh.

Bai 2.38 (Theo [2]). Chitng minh rdng, néu cic sé thuc z, vy, z, a, b, ¢
thoa man cac hé thic

r+y+z=a+b+c,
{x2+y2+22—a2+b2+02,
P42 =a 0+ A

thi voi moi so tu nhién n:
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Loi gidi. Ki hiéu o1, 09,03 la cdc da thic doi zing co sd theo cdc bién g,
Yy, z; cOn T1,Te, T3 la cdc da thic doi xing co sd theo cdc bién a, b, c. Su
dung cdc cong thic Waring, theo gid thiét ta coé

01 = T1,

0?2 — 209 = T2 — 213,

03 — 30109 + 303 = T — 31172 + 373,
Suy ra

01 =T1,09 = T2,03 = T3,
Khi dé véi moi da thic p(tq,ts,t3) ta co
@(t1,ta, t3) = p(T1, T, T3).

Gid st f(z,y,2) la mot da thic déi xing va theo Dinh ly duy nhat f(x,y, z) =
@(Ula 0-270-3)7 f<a7 b7 C) — 90(7_177_277—3)' T do suy ra f('xay? Z) = f(a’7 ba C)'
Trong truong hop riéng ta co

" +yt+ 2" =a" 4+ 0"+ ",

Bai 2.39 (Theo [5]). Chiing minh ring néu a + b+ c = 0, thi cic dang
sau day dung

1. a® + b + ¢ = 3abc;
2.a*+ b+ +3(a+b)(b+c)(c+a) =0;
3. a?(b+c)*+b*(c+a)* +c2(a+b)?+(a* +b*+c*) (ab+bc+ca) = 0;
1
4. at + b+t =2(a?? + VPP + Pa?) = §(a2 + b + )%
. @+ 4+ A+ +E a0+ ; a® + b* + 2
: = : = abc.———;
5] 3 2 ’
5 a"+b" +c AP+ +C P+ E A A+ + O
‘ 7 N 5 . 0 2 B 2 3 7
' +0" 4+ PP+ P+,
S T
a’ +b" + ¢’ @+ 4+, at+ bt 4!

8 (————)2 =
e AL LR |
Loi giai. Kt hiéu o1, 09,03 va S tuong ung la cic da thidc doi xing co sd
va tong liy thua cia cic bién a, b, c. Theo cong thitc Waring ta cé
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Cong thic tinh s, = x* + yk + 2% theo 09 o5 khi c6 o1 =0
a+b+c=s =01=0;

CL2 + b2 +62 = S§9 = —20’2;

a® 4+ %+ = s3 = 303;

at + bt + ¢t = 54 = 203;

CL5 + b5 + C5 = 85 — —50’20'3;

a® 4+ % + & = s = 303 — 203;

a’ + b + " = 57 = Tos0s;

a® 4+ b8 + ® = s3 = 209 — 80907%;

a’ + b0 + ¥ = sg = 303 — 90503;

al® + 0% + 10 = 519 = =203 + 150307%;

Loi gias.
1. Theo cong thic trén, hién nhién ding.
2. Theo cong thic trén va két qua bai 2.28, hién nhién ding.
3. a?(b+c)? + b3 (c+a)> + A(a+b)?+ (a® + b> + 2)(ab + be + ca) =
= 20(a?*b?) + 20(a?bc) + s09 = 205 — 2.0 + (—203) 09 = 0;
4. Tw cong thic trén, ta co
at +b' + ¢t = sy = 203
2(a%b* + b*c® + 2a?) = 2.0(a*b?) = 2(03 — 20103) = 203

1 1 1
5(@2 + b2 + 02)2 = 58% = 5(—20'2)2 = 20'%
Tw dé suy ra dieu phdi ching minh.
5a3+b3+c3 a? + b+ c? a’ + b+ ¢
. . = —09.03 = ———— =
3 2 >0 5
—209 a?+ b+
= 03. = abc.—————;
@+ 4+ a?+b0+ A 5 a’ +b"+c’
6. E : 5 = (—0903).(—09) = 0j03 = ————— =
203 at+ b+t ad+ b+
= —.03 = . )
(NN N U O SIS SIS 2 7 2 5 %5 5’
a'"+b0"+c" a4+ 0°+c a” + 0" +c¢
7. - . 3 = 0%03-03 = (0203)2 = (—)27
T T 5 15 L 5 A 14 A
a"+b" +c a’+b°+c ,a*+b0"+c
8 (T~ (03002 = (oo = (LT O CHTEE

Bai 2.40 (Theo [5]). Chitng minh dong nhat thic

(a+b)"—a”=b" 7
55 = e+ +a' +1].
(@+0b)3—a®—=b 6
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Loi giagi. Dat x = a,y =b,z=—a—b. Khi dé oy =a+b+ (—a—0b) =0,
nén theo cong thiic Waring ta cé

(a+b)"—a"—=b" —2"—2"—y" s Todos T,
= = — = = —045.
(a+0)3—a3—=0 —2—a3—y3 s3 303 32
Ta bién doi vé phdi cia dang thic can ching minh nhu sau:
7 7 7 7 7
6[(@ +b)t +at + b1 = 6[(_Z)4 +at+ bl = G51= 6.20% = g.ag.

Tw dé suy ra diev phdi ching minh.

Phuong phap trinh bay trén thuong dugc ap dung khi trong bai toan
cocachiecua—b,b—c,c—a. Khidonéudiatzr =a—b,y=b—c,z2 =c—a
thi o1 = 2 +y + 2 = 0. Trong trudong hgp nay cic cong thiic Waring doi
v6i tong lity thita tré nén don gidn hon rat nhieu. Xét cac vi du sau.

Bai 2.41 (Theo [5]). Chitng minh dong nhat thic
(b—c)*+(c—a)*+ (a—b)>—=3(b—c)(c—a)a—b)=0.

Loi gidi.
Pitr=a—by=b—cz=c—athiop=x+y+z=0va ding thic
can ching minh trd thanh

23+ 3 4 23 — 3ayz = s3 — 303 = 303 — 303 = 0.
Bai 2.42 (Theo [5]). Chiing minh dong nhdt thic

25[(b—c)"+ (c—a)"+ (a=0)].[(b—c)®+ (c—a)® + (a — b)?] =
21[(b — ¢)® + (¢ — a)® + (a — b)°]*.

Lot giagi. Ditx =a—by=b—c,z=c—athioy=x+y+2=0va
dang thitc can ching minh trd thanh

25(x" +y" + 27) (23 + P + 23) = 21(2® + ¢° + 2°)?
hay
25s7.83 = 2152
St dung cdc cong thic ctia tong liy thiua vdi chi § oy = 0, ta 6
25s7.83 = 25.70303.303 = 525(0903)?; 2152 = 21(—50903)? = 525(0903)?

Tw dé suy ra dieu phdi ching minh.
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Bai 2.43 (Theo [5]). Vdia+ b+ ¢ = 2p, ching minh ring
1oa(p=b)(p—c)+b(p—a)(p—c)+clp—a)lp—b)+
+2(p —a)(p — b)(p — ¢) = abe.
2. (p—a)P+ (p—"0)>+(p—c)+ 3abc = p?
Lo gidi
1. Khai trién vé phdi, st dung cong thitc Waring vdi chi i
or=a+b+c=2p, ta co
p*(a+ b+ c) — 2p(ab + ac + be) + 3abe+
+2[p — p*(a + g +¢) + p(ab + ac + be) — abc] =
o1 1

oy o
= (3)2‘71 — 0102 + 303 + 2(-? + 502~ o3) = 03 = abe.

2. Viét ding thitc can chiing minh nhu sau

— b —b b— b
( a+2 +c)3+(a 2+c>3+(a—i—2 C)3+3abC=(a+2+C)3.

Theo két qud cta bai 2.12, suy ra diev phdi chitng minh.

Bai 2.44 (Theo [5]). Chitng minh rang, néu vy + yz + zx = 1, thi

x n Y n z dayz
1—22 1—92 1—22 (1—-22)(1—-92)(1—22)

Loi gidi. Bién doi biéu thite da cho, ta nhan dudc biéu thic sau
21—y (1 —-22)+y(l - 21 —2?) +2(1 —23)(1 — 9?) = dayz.
St dung cdc cong thic cia tong liy thia va qui dao vdi chi 7
0y = xy + yz + 2z = 1 dé bién doi vé phdi ding thic trén ta cé
O(x) — O(z%y) + O(2*y*2) = 01 — (01 — 303) + 03 = dayz2.
Bai 2.45 (Theo [2]). Chitng minh rdng, néu
1 1 1 1

a b+c_a+b+c’

thi vdr moi so lé n, ta co

1 1 1 1 1
(=+-+)"= = :
a b ¢ a’+ b+ (a+b+co)”
Loi gidi. Tt gid thiét cia bai todn, ta cé
09 o 1
o3 o1
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hay
o109 — o3 =0,
Theo két qud ctia bai 2.11 ta cé dang thic
(a+b)(a+c)(b+c)=0,
T dang thic trén, ta co
a=—-ba=—cb=—c.

Thay vao dang thitc can ching minh, ta thay dang thic

1 1 1 1 1

luon ding vdi moi so lé n.

2.7 Ching minh bat dang thiic
V6i hai sb thue x, y, dat x + y = 01, zy = 09. Khi d6 ta ¢6
(r+y)?>0& (z+y)*—4doy >0 0} — 4oy > 0.
Ménh dé 2.1 (Theo [2]). Cho z,y € R. Dit x +y = o1, 2y = 09. Khi dé
o1 > 4oy, (2.11)
Dang thite xdy ra khi va chi khi x = v.

Gi st can chiing minh bat dang thic f(z,y) > 0 (véi moi z > 0,y > 0
hodic = + y = a, tuy thuoc vao bai toan), trong d6 f(z,y) 1a da thic doi
xting. Trude hét ta biéu dién f(z,y) theo o1, 09. Sau d6 trong da thiic vita
nhan dugc thay o9 bdi o1 bang cach dit oy = Z(a% — z) v6i z > 0. Hoac

cling ¢6 thé biéu dién oy bdi o9 bang cach viét o = 2 + 4os.

Bai 2.46 (Theo [2]). Ching minh rang, néu a,b va c la ba s6 thuc théa
man dieu kien a +b > ¢ >0, th

2 4 68

2 b2>c— 4 b4>c_ S8 >
a” + _2,a+ _8,a+ Z 193

Lot giai. Dat a + b = o1,ab = 05.7Ta co
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1 1 1
1=+ =0} ~ 2y = 0}~ 2.1(0F —2) = Lot + 1=,

. 1
vl z > 0 va theo gid thiet o4 > ¢ > 0, nén so > 502, nghia la

[\

2b2>C_
a” + Z 5

Vin dung bat dang thic trén | ta co
1.1 4
at bt = (a2)? + ()2 > 5(562)2 > %

Tuwong tu dé dang chiing minh
8
c
8 1 18
a®+b°> > —
128
Mot cich tong qudt, ta cé bai todn
Néu a, b va c la ba s6 thuc théa man dieu kién a +b > ¢ > 0, thi vdi moi

n nguyén duong, ta co

Luu y: Cho ¢ nhan cac gia tri thuc khac nhau, ta nhan duge cac bai
toan khac nhau. Chang han cho c=1, ta c6 bai toan
Chitng minh rang, néu a, b 1a cac s6 thuc théa man diéu kien a +b > 1,
thi

SR TR SV RV I SR 1
a”+b Zg,a +b Zg,a +b Z@

Bai 2.47 (Theo [5]). Cho a,b € R. Ching minh ring
1. 8(a* + b*) > (a + b)*,
2. a5 + 0% > a°b + ab®
Loi gidi
1. Ta co

8(a* +b*) — (a + b)* = 8sy — o = 8(0f — 40209 + 202) — 0} =

1 1
= To} — 320%.1(0% —z)+ 16.E(0% —2)? =60z +22>0

2. Ta co
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a® + b5 — adb + ab® = sg — 0984 = 0% — Tojos + 130 — 1203 — 403 =

1 1 1
=of — 701.1(01 —2)+ 1301.E(0% —2)2 - 4.6—4(0% —2)? =
5 a o, Ll
— oz + —022?
160 TR 1T =

Bai 2.48 (Theo [5]). Ching minh rang véi moi a, b khong am cé cdc bat
dang thic

\f \/7>\/_+\/_

2. (va+ Vb)® > 64ab(a + b)?.

Ldz giai.
1. Dt Ja = u,vVb=wv. Ta ¢6 bat ding thic
u?  v?
?—i—z > u+v hay u? +v° > wo(u + v)

Tw gid thiét cia bai todn, ta cé6 v > 0,v > 0 tu dé ciing cé
01>0,z=01—409 >0

Do do

w3+ v3 —wv(u+v) = 0} — 30109 — 0109 = 03 — 40109 = 01(0% —403) > 0.

2. Dat \/a = u,vVb=wv. Ta c6 bat ding thitc (u+v)® > 64uv?(u? 4 v?)2.
Tu gid thiét cia bai todn, ta cé u > 0,v > 0, do dé bat dang thic trén co
thé viét thanh

(u+v)* > Suv(u? + v?)

Ta co:
(u+ )t = 8uv(u? + v?) = of — 809(0} — 203) = 01 — 80709 + 1605 =
4 1 2 _ 2
=01—801.Z( )+16E( —z2)*=2z">0.

Tw dé ta cé dieu phdi ching minh.

Véi cac bo s6 thuc (z, y, 2) hay (a, b, ¢) v.v.. ta luon hiéu o1, 02, 03 12 cac
da thitc d6i xiing co s6 clia cdc bo d6. Chang han véi bo s6 thuce (z,y, 2)
ta co

oL =T +Y+2,00=2oY+2TZ+ Yz,03 = TYZ.
Ménh dé 2.2 (Theo [2]). Vdi cdc s6 thuc =, y, 2 luon co :
a) o] > 30y b) o3> 30,03. (2.12)

Déu ding thitc xdy ra khi va chi khi t=y=2.
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Chaing minh. V6i moi s6 thuc x, y, z ta ludn c6 bat dang thic
(x—y)P?+y—2)>*+(z—2)2>0.

Dau dang thitc xay ra khi va chi khi x=y=z. Khai trién vé trai ctia bat

déng trén va thu gon ta dudc sy, — o9 > 0. Thay sy = a% — 209, ta c6 bat

dang thiic thit nhat trong (2.12).

Theo bat dang thitc thit nhat trong (2.12), ta cd

(x+y+2)2>3(xy + 22+ y2).
Trong bat dang trén thay x = ab,y = ac, z = be ta duge
(ab + ac + be)? > 3(a*be + ab*c + abc?) = 3abe(a + b+ ¢).

Tt d6 suy ra bat dang thitc thit hai trong (2.12) véi cac sb thuc a, b,c. [
Ménh dé 2.3 (Theo [2]). Vdi cdc s6 thuc duong x,vy, 2 luon c6 :

a) o109 > 903 b) o} > 2703 c) o3> 2705 (2.13)
Déu ding thic xdy ra khi va chi khix =y = 2.
Chatng minh. Vi x,v, z 1 cic s6 thyc duong nén o1, 09, 03 cling 1a cac s6
duong. Nhan hai vé tuong ting clia cac bat dang thiic trong (2.12) ta dugc
0203 > 9010903. Gidn udc hai vé ta nhan duge bat dang thiic o109 > 903,

Tit bat dang thitc thit nhat trong (2.12), ta c6

ot = 02.0% > 02.309 = 301(0109) > 301.903 = 270103.

Gian uéc hai vé bat déng thic trén, v6i luu ¥ o duong, ta nhan duge bat
dang thitc o > 2703.

Tit bat dang thiic thit hai trong (2.12) va bat dang thiic thit nhat trong
(2.13) ta co

03 = 09.05 > 09.30103 = 303(0102) > 303.903 = 2703,

[]

Nhan xét. Cac bat dang trong (2.13) vAn con ding véi x, y, z 1a cac sb
khong am.

Tt bat dang thitc thit nhat va tht hai trong (2.13), ta c6 cac bat ding
thitc quen thuoc

1 1 1
(x+y+z)(;+§+—)29va

z
rT+y+z

3 > Yryz.

(x +y+ 2)® > 27xyz hay
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Ménh dé 2.4 (Theo [2]). Vdi moi s6 thic khong am x,y, 2 ta luon cé cdc
bat ding thic

CL) 0'?4‘90'3 Z 40’10’2 b) 20'?4—90'3 Z 70'10'2. (214)
Déu ding thic xdy ra khi va chi khix =y = 2.

Chatng minh. Truéc hét, v6i moi x,y, z khong am, ta chiing minh c6 bat
déng thrc

v@—y)@—2)+yly—2)(y—2)+z2(z—x)(z—y) 20
That vay, do tinh chat doi xting cla x, y, z nén khéng lam mat tinh tong
quét ta gid st ring ¢ > y > 2. Khi d6 bat dang thic da cho duge viét lai
nhu sau

(@ —y)lz(r—2) —yly —2)] + 2z —2)(y —2) 2 0
Bat dang thiic nay dang.
Khai trién vé trai bat dang trén ta dugc

e —y)le—2)+yly—z)(y—2)+ 2z —2)(z —y) =
= (® + 2+ 23) + 3xyz — (2Py + 22 + P + P2 + 2P+ 2y) =
— S3 + 30’3 - O(.%’Qy) == (U% - 30’10’2 + 30’3) + 30’3 - (0'10'2 - 30’3) ==
= 0{’ — 40109 + 903.

Tt d6 ta c6 két qua ciia bat dang thiic thit nhéat trong cong thic (2.14).
Tit bat dang thiic thit nhat trong (2.12) va (2.14), ta c6

203 + 903 = (0} + 903) + 03 > 40109 + 30109 = T0109.

Vay céac bat dang thiic trong (2.14) dudc chitng minh. O

Bai 2.49 (Anh, 1999 (Theo [2])). Cho z, ¥y, 2 la cdc s6 khong am théa man
dieu kién x + vy + 2 = 1. Chitng minh rang

T(xy + yz + zx) < 2+ 9zyz.

Loi gidgi. Vizx+y+2z =1, nén ta cé thé viét bat dang thitc can ching minh
J dang

T(x+y+2)(zy +yz+ zz) <2+ 9zyz.

Pat oy = v +y+ 2,00 = 2y + 22 + Yz, 03 = 2Y2, bit dang thic can ching
manh trd thanh

70'10'2 S 20'% + 90'3

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Ngtr)leén http://'www.lrc-tnu.edu.vn



Theo 2.10 ta c6 diéu phdi chitng minh.

Bai 2.50 (Theo [5]). Chitng minh rang vdi moi so thuc a,b, ¢ ta cé cac bat
dang thic sau
1. a?>+b*+c > ab+ be+ ca,
1

2. a4+ +c*> g(a+b+c)2,
8. a’b? + b*c? + 2a® > abe(a + b+ ¢),
4. (ab+ bc+ ca)?* > 3abe(a + b+ c),
5. a>+b+1>ab+a+b,
Loi giai. Dat o1 = a+ b+ c,09 = ab+ bc + ca,o03 = abc. Ta co
1. Bat dang thiic da cho tuong duong vdi o2 — 209 > 09 hay o7 > 305.
Theo (2.12) ta c6 diéu phdi chimg minh.

7 ? 1
2. Bat dang thitc da cho twong duong véi o? — 209 > gO’% hay o3 > 30s.
Theo (2.12) ta c6 dieu phdi chiing minh.
8.Bat ddng thiic da cho tuong duong véi O(a?b?) > o103
hay 03 — 20103 > 0103. Theo (2.12) ta cé diéu phdi chiing minh.
4.Theo (2.12) ta c6 diéu phdi ching minh.
5.Trong bat dang thite 1, cho ¢ =1, ta cd diéu phdi ching minh.

Bai 2.51 (Theo [5]). Chiing minh rdng vdi moi s6 thuc duong a,b,c ta cé
cdc bat dang thic sau
1. (a+b+c)(a*+b* + c*) > 9al,
2. abla+b—2c)+ be(b+ ¢ — 2a) + ac(a+ ¢ — 2b) > 0,
3. ab(a+b) + ac(a+ ¢) + be(b + ¢) > 6abe,
4. 2(a®+ b+ ) > abla+b) + acla + ¢) + be(b + ),
5 a*+§+c3>x+y+z
a? +b>+c* 3
Loi gidi. Dat o1 =a+ b+ ¢,09 = ab+ ac + be, 03 = abc. Khi do
1. Bat dang thic da cho twong duong vdi

o1(0? — 209) > 903 hay o} > 20109 + 903.

Theo cong thic (2.12) trong ménh dé (2.2) va cong thic (2.13) trong ménh
de (2.3) tha

O'% > 30109 va o109 > 903.
Tw dé suy ra dieu phdi ching minh.

2. Bat dang thite da cho tuong duong vdi
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ab(o1 — 3¢) + be(oy — 3a) + ac(oy — 3b) >0
& 0109 — 903 > 0.

Bat ddang thitc cudi cung diing theo cong thite (2.13) trong ménh dé (2.3). Vay
bat ding thic da cho duoc ching minh.
8. Bat dang thatc da cho tuong dwong vdi

ab(oy1 — ¢) + be(o1 — a) + ac(op — b) > 603
& 0109 — 303 > 603 & 0109 > 903.

Bat dang thitc cudi cung diing theo cong thite (2.13) trong ménh dé (2.3). Vay
bat ding thic da cho duoc ching minh.
4. Bat dang thic da cho tuong duong vdi

2s3 > O(a*b) & 2(0} — 30109 + 303) > 0109 — 303
& 20{’ — 70109+ 903 > 0 < 20% + 903 > To109.

Bat dang thiic cudi cung ding theo cong thiic (2.14) trong ménh dé (2.4). Vay
bat ding thic da cho dugc ching minh.
5. Bat dang thic da cho tuong duong vdi

353 > 5189 & 3(03 — 30109 + 303) > 01(0? — 209)
& 20% — 701094+ 903 > 0 & 20% + 903 > Toy09.

Bat dang thic cudi ciing ding theo cong thiic (2.14) trong ménh dé (2.4). Vay
bat ding thic da cho dugc ching minh.

Bai 2.52 (Theo [5]). Chitng minh rang, néu a, b, c la do dai cic canh cia
mot tam gidc thi ta cé cdc bat ding thic

1. 2(ab+bc+ca) > a® +b* + 2,

2. (a*+ b0 +A)(a+b+c)>2(a®+0+ 3.

Lai gidi.

1. Via,b,c la ba canh ciia mot tam gidc, nén ta co thé dat

r=a+b—cy=a—-b+c,z=—-a+b+c

trong dé x,y, z la cdc s6 duong. Khi dé a,b, ¢ duge biéu thi theo x,y, z nhu
sau:

rx+z  y+z

T2 T

,b

Thay vao bat dang thic can chitng minh ta coé bat dang thic
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r+yr+z xT+yy+=z m+zy+%
2 '%+y 2¥+% ;ﬁ% 2
> 2 2 2
e (e ()
Ditoy =x+y+2,00 = a2y + 22 +y2,03 = 2Y2, 59 = 2>+ y> + 2% la cdc
da thic doi xing co sd va tong liy thia cia z, y ,z. Ta co

2(

2(82 + 30’2) > 289 + 209 < 409 > 0

Dé thay bat dang thitc cudi cung la bat dang thic ding. Vay bat dang thic
da cho duogc ching minh.
2. Via,b,c la ba canh cia mot tam gidc, nén ta co thé dat

r=a+b—cy=a—b+c,z=—-a+b+c

trong do x,y, z la cic so duong. Khi dé a,b, ¢ duge biéu thi theo x,y, z nhu
sau:
r+y r+z y+z
Y b - Y c=
2 2 2

Thay vao bat dang thic can ching minh ta cé bat dang thic

a =

ng% EP+ e+ y+2) >

x + y r+z Y+ z

P+ (D (),
Ditoy=x+y+z,00=ay+x2+yz,03 =2Y2, S9 :x2+y2—|—z2,
O(2?y) = 2%y + 222 + y?x + y?2 + 2% + 2%y la cdc da thic doi zing co
sd, tong lay thita va cong thic quy dao cia .y, z. Ta cé

2(82 + 20'2)0'1 > 283 + 30(1’23/)
& 2(0? — 209 + 209)01 > 2(03 — 30109 + 303) + 3(0102 — 303)
& 0109 + 03 > 0.

Dé thay bat dang thitc cudi cung la bat dang thic ding. Vay bat dang thite
da cho dugc ching minh.
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Chuong 3

Pa thitc déi xing n bién va dng
dung

3.1 Cac khai niém
Dinh nghia 3.1 (Theo [2]). Gid stz = (21,22, ...,x,) € R".
Da thic f(z) = f(x1, 7, ...,3,) duge hiéu la ham s6 cé dang

@) = 3 My(x),
k=0

trong do

Mi(z) = Mi(x1, 29, ..., Ty) = > Ay jnlelxjf xin,
Jitjet.. =k

Ji €N (i=0,1,2,...,n).
Dinh nghia 3.2 (Theo [2]). Da thitc f(x1,xa, ..., T,) theo cdc bién x1, Ta, ..., Ty

dugc goi la doi xing néu né khong thay doi khi doi chd gitta hai bién bat
ki.
Dinh nghia 3.3 (Theo [2]). Da thiic f(x1, 2, ..., T,) theo cdc bién x1, T, ..., Ty,

dugc goi la thuan nhat bac m, néu

f(tzy, txg, ... tx,) = t" f(x1, T2, ..., ), VT # 0.

Dinh nghia 3.4 (Theo 2]). Ki hiéu
sk—xl—l—xQ—l- A+ kEZ

o) = 1 o1 = le, 09 = Z azixj,
i,j=1,1<]
n n
o3 =Y, TiTiTq, ..., O = Y XXy Ty,
i,J,0=1 11,09,y 0=1
1<j<l 11 <i9<...<ip
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Op = T1T9.....Tn,.
Ta goi s;, la cdc tong liy thia, con o.(x)(r =1,2,3,...,n) la cic da thic
doi xing so cap bac r.

Ching han, v6i n = 4, ta c6
01 = T1 + X9 + T3 + 24,
09 = T1T9 + 123 + X124 + To2T3 + ToTy + T34,
03 = T1X2T3 + T1X2T4 + T1T3T4 + T2T3X4,
O4 = X1X2X3X4.
S6 cac s6 hang trong da thiic ddi xting bac k: oy, bang

n!
(O —
" kN (n—k)!
Dinh nghia 3.5 (Theo [2]). Da thiic vdi s6 hang toi thiéu, moi s6 hang la
mot don thic c6 dang xlflx];?xﬁ” dugc goi la quy dao cia don thic (orbit)
va duoc ki hiéu la

O(zh ke )

Chang han véi n = 4, ta c6
O(23x3) = 2323 + xis + viwd + 2323 + v325 + 2303 + 2323+

+x3xs + 23] + et + xiad + .
Tit dinh nghia vé quy dao suy ra, néu cac sé6 mii kq, ko, ..., k, khac nhau thi
s6 cac s6 hang clia quj dao O(xi 22, 2%) bing n!. M6 rong cho trudng
hop céc s6 mil kq, ko, ..., k, khong nhat thiét phai khic nhau ta c6 khai
niém quy dao toan phan.
Dinh nghia 3.6 (Theo [2]). Da thiic bing tong tat cd cic hodn vi theo cdc
bién x1, 9, ..., T, cia don thie 2528 . 2b duge goi lo qug dao toan phin

va duoc ki hiéu la

On(zhahz . ahn)

n

Quy dao toan phan chi khdc qui dao thong thuong bdi hé s6, cu thé la:
Néu trong cdc s6 mii ki, ko, ..., ky, ¢6 my so bang nhau, sau dé lai cé6 my 6
bang nhau,..., va cudi cung con lai my so bang nhau, th

On(zhakz. akn) = ml!mgl....mg!O(xlfleQ...xk") (3.1)

n

Tu cong thic (3.1) ta thay, néu cic so mi ki, ko, ..., k, khdc nhau, thi qug
dao toan phan triung vdi quj dao thong thuong.
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Cdc cong thic dudi day cho phép biéu dién cic quy dao toan phan qua cdc
tong liy thia

On(zhzh) = (n — 2)!(sps; — spvt), (3.2)

(n = 2)On(xyz3a5") = On(xy23)sm — On(wi™"zh) — On(aiay™), (3.3)

—On(zhrahz . ghrthe), (3.4)

Dinh nghia 3.7 (Theo [2]). Xét hai don thic Az a5, af Balak.

by e

Ta néi don thic thi nhat troi hon don thite thit hai, néu ki > ly; hodc
ki =1, va ky > lg; e hodc k1 = ll, ko = lg, ...,ks =1, va k5+1 > ls—H-

Chéng han, dé so sanh hai da thic f = 232322, g = 232325 ta viét
g ) 11223, 9 1424y

ching 6 dang f = x3xiz3al, g = x3x52%25. Theo dinh nghia ta thay f troi
hon g.

3.2 Biéu dién cac tong lity thita qua cac da thiic d6i
xXuing co s

Dinh 1y 3.1 (Cong thitc truy hoi Newton (Theo [2])). Cédc tong liy thia
va cde da thic doi zing co sé lien hé vdi nhau theo cong thic

Sj; = O18k_1 — 09Sk_9 + 035p_3 — ... + (—1)k_1k0k (3.5)
(trong cong thiic (3.5) s6 hang (—1)"tos,_; = 0 khi i > n).
Chatng minh. Xét da thitc mot bién theo x
P () = Hl (2 =) = 2" — @™ 4 o+ (=1)" Loz + (=1)0,

va cac da thic Q;(x) duge xac dinh theo cong thiic

o= 1 @-n)=Lazizn
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Ki hiéu

op(r) = o1, w2, ooy 1), op(2Y) = o4 (1, T2, ooy 51,0, 441, ...

RO rang la

T (3.6), suy ra

O'Q(.’L‘?) = 1, 01(.%'(3) = 01 — Xy,
oa(z) = oa(x) — w01 (x) + 27,
03(2Y) = o3(x) — w09(x) + xi01(2) — 23,

Bang phuong phap quy nap ta c6 cong thic

k
Z xakj )

Jj=0

(k=0, 1, ..., n-1).
Ta c6 cong thic

=1 k=0
Mat khac
n p n n n—1
> =3 Qi () = (—1)" o (2f) anht =
=1 ! i=1 1=1 k=0
n—1 n
~ 3 (1) < oL @9)) zn k!
k=0 =1
T (3.9) va (3.10), suy ra
Zak(ajg) =n—Fk)og(x),0<k<n—-1).
i=1
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' (—1)sjoh_j () = (n— k) oy (), (k<n—1). (3.12)

J

Chi y rang s = n, tit (3.12) dé dang suy ra (3.5). Dinh 1y 3.1 dugc ching

minh.

[]

Nhan xét. Trén day da trinh bay moét chiing minh ctia Dinh 1y 3.1 tuy
chua dugc don gidn nhung lai cho mot sd cong thitc can thiét cho sau
nay. Dinh Iy tréen c¢6 thé duge ching minh bing cach don gidn sau. Vi

T1, T3, ...., T, 13 nghiém clia da thic P(x), nén ta ¢ cac dang thitc sau
ol — ot o — L+ (1), =0
oy — oy oyt — L+ (—=1)"0, =0
2" — oz 4 o9 — L+ (=1)"0, =

Cong theo timg cot vé vdi vé cac dang thiic trén ta duge cong thic (3.5).

Stt dung cong thiic (3.5) dé dang thu duge cac cong thiic sau day

S1 = 1.0'1;

Sy = 0181 — 207;

S3 = 0189 — 0951 + 303;

Sy = 0183 — 0989 + 0381 — 404;

S5 = 01584 — 0983 + 0389 — 0481 + 50’5;

S = 01S5 — 0954 + 0353 — 0452 + 50'581 — 60‘6;

T cac cong thic trén, mot cich lien tiép ta nhan dugc cic cong thiic

Ssau

§1 = 01,

S9 = 0% — 209;

S3 = a% — 30109 + 303;

Sy = ail — 40%02 + 205 + 40103 — 40y;

S5 = a? — 50%02 + 50105 + 50%03 — booog — do104 + Hos;

s6 = 09 — 6010y + 90305 — 2035 + 60303 — 12010903+
—|—30§ — 60%04 + 60904 + 60105 — 60¢;
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Dinh 1y 3.2 (Cong thiic Waring (Theo [2])). Tong liy thita s; dugc bicu
dién qua cac da thic doi zing co s theo cong thic

oy e O m 1)
mi+2me+...+kmyp=k mipimat... Mg

(3.13)

Cong thitc (3.13) ¢6 thé dugc chiing minh bang phuong phdp quy nap vdi

su trg gy cia cong thitc truy hoi (3.5) va duge goi la cong thiic Waring.

Ngoai ra c6 thé ching minh dude ring cac tong lity thita s;, dude bieu
dién theo cac da thiic doi xiing co sé o; bdi cong thiic

1 0 0 .. 0 10'1
01 1 0 ... 0 01
A I
Ok—92 Ok—3 Ok—4 ... 1 (k—l)O'l
Ok_1 Ok—9 Okp_3 ... O1 koy.

3.3 Cac dinh ly ctia da thic déi xitng nhiéu bién

Dinh 1y 3.3 (Dinh ly ton tai (Theo [2])). Gid st f(x1,z2,...,2,) la da
thiic doi ming ciia n bién. Khi dé ton tai da thiic p(oq, 09, ..., 0,), sao cho
néu vao ché oy, 0, ...,0, thay cdc biéu thic

01 =21+ X2+ ... +Tp,

09 = T1X9 + ... + L1Ty + T2T3 + ... + Tp_1Tn,

Op = T1X9....Tn,
thi ta nhan dugc da thic f(x1, T2, ..., Ty).

Chiing minh. Gia st a.x]flxgz...xﬁn 1a mot don thie cta f(x1, z9, ..., Ty).

Vi f(x1, 9, ...,x,) ¢6 tinh d6i xing, nén cung véi don thitc noéi trén no

chita quy dao toan phan Or(zt'ah?...2%) v6i he s6 a. Nhu vay

f(x1, 29, .oy ) = a.0p(aak2 ok + fi(z1, 29, ... 2),

trong d6 fi(x1,xe, ..., 2,) 14 mot da thic déi xiing c6 s6 cac s6 hang it

hon f(il)‘l,il?g, vy @p). T f1(21, T2, ..., 2,) lai c6 the chon ra mot qui dao

b.On(z 2. xln) ¢6 he s6 b va v.v... Sau mot s6 hitu han budc ta c6 thé

phan tich f(z1, s, ..., ;) thanh tdng clia cadc quy dao toan phan.

f(x1, 29, .y ) = a.Op(zi b2 ) + 4+ b.0p(zbal. ).

n
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Theo cong thiic (3.2) va (3.4), cac qui dao toan phan duge biéu dién qua
cac tong liy thita. Cudi cling, trén co sd cong thiic truy hoi (3.5), bang
phuong phap quy nap, cac tong liy thita duge biéu dién qua cac da thic
dé6i xitng co s6. Dinh 1y duge chitng minh. O

Nhan xét. Dinh 1y trén con c6 thé dude chiing minh bang phuong phap
st dung khai niém "don thtc troi". That vay, gia st a.:z:]flxgz...:cﬁ” 1a mot
don thic troi nhat cta f. Khi dé ky > ko > ... >k, va

fer—ko _ko—k
fi(zy, ma, .o x) = f(21, 29, ..y 1) — ao* 205> okn

1a mot da thiic dbi xting c6 don thic troi thap hon a.ztah? . zk»
chd o1, 09, ..., 0, thay cac biéu thitc ctia ching theo x1, s, ..., z,,. D6i v6i

da thitc nay lai chon ra don thitc troi nhat b.zlz%.. 2!

(néu vao

o va lai xét hieu

li—ly _lo—I3 ln
1 0-2 ...O-n

fg(xl,xg, ceey xn) = fl(acl,xg, ,Clin) — bO’

kn

—ks
Un

= f(x1, @9, ..., ) — act P2k gl — poli gl gl

Sau mot s6 bude hitu han cudi cling ta c6

k1—Fa

ko —k:
0= f(x1,m2,....,2,) — ac)' 2oy> "8 gkn

mp—msz M2—M3
n .

— ... —coy o

mn
O

Tu do suy ra

- k1—ko _ko—k ky, mi—meo _Mo—m My,
flxy,z9, .. xy) = aoy* Poy? Plloim + L coy T oyt Lo

Dinh 1y 3.4 (Dinh 1§ duy nhat (Theo [2])). Néu hai da thic (o1, 03, ..., 0,),
W(o1,09,...,0,) sau khi thay
01 :$1+$2+...+$n, 09 — z LTilj,Op = X1X2...Tp
1<i<j<n

N

ciing cho mot da thic doi xing f(xy1, T2, ..., xT,) thi

@(0_17 02,y .-, Un) = w(o-la 02y -+ O_n)-
Chaing minh dinh lj nay hoan toan tuong tu truong hop hai bién.

Biéu dién mot da thite déi xing nhiéu bién f(zy, 29, ..., z,) qua da thiic
(01,09, ...,0,) cla cac da thic ddi xing co s theo phuong phap nhu
trong ching minh dinh 1y 3.2 rat phic tap vi phai lién tiép biéu dién céc
quy dao clia cic don thiic nhiéu bién qua cac quy dao clia cac don thic véi
s6 bién 1t hon. Vi vay khi s6 bién 16n hon 3 dé tim (o1, 09, ..., 0,,) thudng
stt dung phuong phap hé s6 bat dinh. Xét vi du sau day.
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Vidu 3.1 (Theo [5]). Biéu dién da thitc doi ming ciia cdc bién x1, xq, T3, T4
sau day theo cdc da thiic doi ming co sé o1, 09,03, 04:

f(l‘l, To, T3, ZL’4) = ($1 + l’Q)(ZCl + Ig)(l’l + 564) (332 + 1’3)(5132 + $4)(£U3 + 564).

Loi gidi. Vi f ¢6 bac 6 nén khi biéu dién qua cic da thic doi zing co sé th

ta sé dugc mot tong ciia cdc don thiic dang Aalfla?algf*af“, V01

k1 4 2ko + 3ks 4+ 4k4 = 6,

trong dé ki, ko, ks, ks la cdc s6 nguyén khong am. Do dé ta tim f & dang:
f(x1, 29, 33, 04) = A10Y + Asoioy + Azoios + Ajoios+

+A5O’%04+A6010203 —|-A7U§ +A80204—|—A9032), (3.14)
trong do

01 =1+ X9+ T3+ Tyg4, 02 = T1X9 + T1X3 + T1T4 + ToT3 + ToTy4 + T324,
03 = T1T2T3 + T1T2T4 + T1T3T4 + T2T3T4, Oy = T1T2T3T4.

DE tim cdc hé s6 Ay, As, ..., Ag ta cho cdc bién 1, T9, T3, x4 nhan cdc gid
tri cu thé nao dé.

Voixy =29 =23=0,24=1,taco f =0,00 =1,00 =03 =04 =0 va
tw (3.14) suy ra Ay =0

Voixi=29=0,203=1,24=—1,tacé f =0,00 =0,00 = —1,

o3 =04 =0 va tw (3.14) suy ra A7 =0

VO/'iiCl :$2:0;$3:$4: 1, ta CéfZO,Ol :2,0'2: 1,0'320,0'420
va tw (3.14) vdi chi j Ay = A7 = 0 suy ra

4A + A4, =0

Voixi=a90=0;23=1,24=2,taco f=0,00 =3,00=2,03=04,=0
va tw (3.14) vdi chi §j Ay = A7 =0 suy ra

94, +24, =0

Do do tu hai phuong trinh trén suy ra As = Ay = 0. Nhu vay bay gio f co
dang

flxy, xe, w3, 24) = A3O’?O’3‘|‘+A5O'%0'4+A60'10'20'3‘|‘A80'20'4+A90'§, (3.15)

Voixi =000 =23 =1, 04 =—2, ta c6 f =—4,01 =0,090 = —3,
o3 = —2,04 = 0 va tw (3.15) suy ra Ag = —1.
Vi T = 1,562: —1,x3: 1,.%4: —1, ta Céf:0,0l :O,UQI —2,
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o3 =0,04 =1 va ta (3.15) suy ra Ag = 0.

Voix1 =0,00 =2,03 = —1,24 =2, ta c6 f = —16,01 = 3,09 = 0,

o3 = —4,04 =0 va tw (3.15) vdi chi § Ag = —1 suy ra Az = 0.

Voixy =1,00=—1,23=2x4=1, ta cé6 f =0,01 =2,00 =0,

o3 =—2,04 = —1 va tw (3.15) vdi chiy A3 = 0, Ag = —1 suy ra A5 = —1.
Voixy =x9=23=1,24=0,ta cé6 f =8,00=3,00=3,03=1,0,=0
va tw (3.15) vdi chi g Ag =0, Ag = —1 suy ra Ag = 1.

Vay ta c6 két qud

f($1, T2, T3, $4) = —0%U4 + 010203 — 0%-

3.4 Da thic phan dbéi xing nhiéu bién
Dinh nghia 3.8 (Theo [2]). Da thic phdn doi ziing nhieu bién la da thic
thay doi dau khi thay doi vi tri cla hai bién bat ki.
Chang han, Da thiic
(z—y)(z—2)(@—-t)(y—2)(y —t)(z - 1)

13 da thic phan ddi xting theo cac bién x, y, z, t.
Da thtc

T(xy,29,...;2n) = [[ (i — ;) =

(1 — x2) (1 — w3)... (X1 — ) (T2 — 3) ... (2 — ). (X1 — )

13 da thitc phan déi xing nhiéu bién don gian nhat. Thay ring da thic
n(n—1)

2
Dinh 1y 3.5 (Theo [2]). Moi da thic phdn doi xing nhiéu bién f(x1, 2o, ..., T,)
déeu c6 dang:

phan déi xting don gidn nhat ctia n bién s6 c¢6 bac bang

flxy, xa, .y xy) = T(x1, o,y ..y ) g(T1, To, ooy Ty,
trong dé g(x1, xa, ..., x,) la da thic doi xing.

Chting minh dinh 1y trén hoan toan tuong ty nhu truong hop ba bién.
Ap dung dinh 1y tren, ta xét mot vi du sau

Vi du 3.2 (Theo [5]). Phan tich thanh nhan ti biéu thitc sau
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fla,b,c,d) = (b+c—a—d) (b—c)(a—d)+(c+a—b—d)*(c—a)(b—d)+
+(a+b—c—d)*(a—b)(c—d).
Loi gidi. Ta thay f la da thite phdn doéi xing. That vay, doi ché a va b ta

co

f(b,a,c,d) = (a+c—b—d)(a—c)(b—d)+(c+b—a—d)*(c—b)(a—d)+
+(b+a—c—d)*b—a)lc—d) =

=—b+c—a—d)*b—c)la—d)—(ct+a—b—d)*(c—a)(b—d)—
—(a+b—c—d)*a—"b)(c—d)=—f(a,b,c,d).

Nhw vay khi doi ché a va b thi f doi dau. Doi cho hai bién bat ki khdc ciing
cho két qud tuong tw. Vay f la da thic phdn doi zing theo cdc bién a, b, c,
d. Mat khac, fla da thic bac 6, nén theo dinh lj (3.5) trén, ta co

fla,b,e,d) =k.T(a,b,c,d) =k.(a—b)(a—c)la—d)(b—c)(b—d)(c—d),

trong do k la mot hang s6 nao dé. Dé xdc dinh k ta c6 thé cho a, b, ¢, d
cdc gid tri bat ki nao dé doi mot khdc nhau, chang han a = 0,b = 1,¢c =

2,d=3. Khi do ta coé
f(0,1,2,3) =192, T(a,b,c,d) = 12
suy ra k=16. Vay ta cé két qud

fla,b,c,d) = (b+c—a—d)(b—c)(a—d)+(c+a—b—d)(c—a)(b—d)+
+(a+b—c—d)*a—"0b)(c—d)=

=16.(a —b)(a —c)(a — d)(b—c)(b—d)(c — d).

Dinh nghia 3.9 (Theo [2]). Binh phuong cia da thiic phdn doi xing don
gidn nhat T(x1, T, ..., T,) dudc goi la biét thic clia cac bién xq, xo, ..., Tp:
2
N1, T2, ooy ) = T (21, T2, ..y 1) = [ (2 — x5)".
i<j
R6 rang la A2y, T3, ..., 2,) la da thite doi ming, nén né duge biéu dién qua
cic da thic doi zing co sé. Doi vdi cdc truong hop hai va ba bién da cé
cac cong thic
Az, y) = (v —y)* = of — 4oy,

A,y z) = (x —y)*(r = 2)’(y — 2)* =
—40303 + 0i03 + 18010903 — 403 — 2703.
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Khi s6 bién lon hon 3, biét thite dugc biéu dién qua cac tong liy thia bing
cong thic sau
Dinh thic sau day dugc goi la dinh thic Vandermonde

1 oz 2 . apt
2 n—1

v, = 1 2o 25 ... @y
1 z, x% 932_1

Khi do ta co
A(wbx% 7xn) — H (x’t - ‘TJ)Q - V2'

1<j<n

Cong thiic trén con cé thé duogc viét nhu sau

11 1 .01 1 a2 .. af!
T Ty T3 ... Ty 1 zy a2 ... 20t
A (331,332, ,In) — 2 2 2
n—-1 . n-1 _n—1 n—1 9 1
X1 Lo L3 Ly, 1 Ty T, QTZ

Theo quy tdic nhan ma tran ta cé

S0 S1 S9 e Sp—1

S1 S92 S3 Sp,
Alwnzg,om) =1 000 T (316)

Sn—1 Sn Sp+l .- S2p-2

trong do sp =mn,s, =] + x5 + ... + 2.

Néu da biét cong thic biéu dién ciia cdc tong liy thia theo cic da thic doi
ziing co s, thi theo cong thiic (3.16) ta cé thé biéu dién duogc biét thiic theo
cdc da thiic doi zing co sd.

3.5 Phuong trinh va hé phuong trinh

Dinh 1y 3.6 (Theo [2]). Gid st 01,09, ...,0, la cic so thuc tuy . Khi dé
phuong trinh dai so bac n:

u" — ot ot — L+ (=1)"0, =0 (3.17)
va hé phuong trinh dai so

1+ X9+ ... +xy =01,
L1709 + 1‘11‘3 —l— + Tp—1Ty = 027 (318)

lien hé vdi nhau nhu sau: néu ui, us, ..., Uy, la cdc nghiém cia phuong trinh
(3.17) thi he (3.18) c6 n! nghiém, cu thé la cdac nghiém
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1 = U, T2 = Uy ..., Tp = Up

va tat cd cac nghiém nhan duoc tw nghiém trén bang cdch hodn vi cdc
nghiém uy, g, ..., Uy, cia phuong trinh (3.17). Ngoai cic nghiém trén, thi hé
(3.18) khong con nghiém khdc. Ngugc lai, néu x1 = Uy, To = U, ..., Ty, =
u, la nghiem cia hé (3.18) thi cdc so uy,us, ..., u, la cdic nghiém cia
phuong trinh (3.17).

Chiing minh. Gi& st uy, us, ..., u, la cdc nghiém ctia phuong trinh (3.17).
Khi d6 da thic

flu) =u" — ou 1 + oou"? — ... + (=1)"0,
dugce phan tich thanh nhan ti

flu) = (u—up)(u— ug)...(u — uy).
khai trién vé phai clia dang thiic trén rdi so sanh hé s6 cac lily thita cling
bac cua u, ta dugc

Ul + U + ... +uy = oq,
Urug + UIU3 + ... + Up—1Up = 02, (3.19)

Diéu do6 ching to6 rang x1 = uy, o = Ug, ...., T, = Uy 1a cdc nghiém cla hé
(3.18). Moi hoén vi ctia cac gia tri ug, us, ..., u, 1a nghiém cia hé (3.18) vi
cAc an Ty, To, ..., T, c6 mit trong he (3.18) la d6i xing. Van dé hé (3.18)
khong con nghiém nao khac dugc chiitng minh twong tu nhu truong hop
ba bién. Dinh 1y dudc ching minh. ]

Dinh 1y (3.6) cho ta cach giai he phuong trinh dai s6 (3.18) bang cach
dua vé gidi phuong trinh dai s6 (3.17). Cu thé, néu cic sb6 01,09, ...,0,
da biét, thi dé tim cic an 1, xs,...,7, (& cic nghiém clia hé phuong
trinh (3.18)) chi can thanh lap phuong trinh (3.17) va tim cac nghiem ctia
phuong trinh ay. Gia st cac nghiém ctia phuong trinh (3.17) 1a uy, us, ..., u,
. Khi do

T1 =U1, Ty = UQyeeeey Ty = Up

14 mot nghiém cta hé (3.18). Thuc hién cac hoan vi ¢ thé c6 clia céc sb
U1, Us, ..., U, ta nhan dugc tat ci cac nghiém ctua hé (3.18). Tu dinh ly
(3.6) ta c6 két qua sau.
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Dinh 1y 3.7 (Cong thtic Viete (Theo [2])). Néu u, us, ..., u, la cic nghiém
cua phuong trinh

apu” + a1u”" ' + ... 4+ a, = 0(ag # 0) (3.20)

thi co cac hé thic

¢ ai
up Uzt Uy = ——,
ap as
L L e ay’ (3.21)

Cac heé thic (3.21) dugc goi la cic hé thic (cong thie) Viéte cia phuong
trinh (3.20).
Mot s6 vi du ap dung

Vi du 3.3 (CHDC bric, 1970 (Theo [2])). Cho x1,x9,x3 la nghiém cia
phuong trinh az® — ax® +bx +b =0, (a,b # 0). Chiing minh ring

1 1 1

(331 +.CC2+(L'3)(— + — + —) = —1.
I ) X3

Loi gidi. Theo dinh ly Viete, ta c6 o1 = x1 + T2 + 3 = 1,

b _
09 = T1X9 + XoT3 + T103 = —, 03 = T1Xox3 = ———. Khi do
a a
1 1 1 T1To + Tox3z + x1x3 09
ry X2 I3 T1X2T3 03

Tw dé ta cé dieu phdi ching minh.

Vi du 3.4 (Ao, 1983 (Theo [2])). Tim a dé cic nghiém x1, 2o, x5 ciia da
thiic

f(z) = 2% — 62 + ax + a théa man dang thic

(1 —3)? + (2 — 3)* + (z3 — 3)* = 0.

Loi gidgi. Dat y = x — 3, bai todn trd thanh: tim a dé cdac nghiém yi,vya, Y3
cua da thic

fly+3) = (y+3)°—6(y+3)?+aly+3)+a =y*+3y*+ (a—9)y+4a—27
théa man hé thic y; + vs +y3 = 0.

Theo Dinh ly Viete, ta c6 01 = y1 + y2 + y3 = —3,

02 = Y1Y2 + Y2ys + y1ys = —9,03 = Y1yays = 27 — 4a. Khi do
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Y43 + 3 = 53 = 0% — 30109 + 303 = —27 — 3a,
P rys Yyl =0 27-3a=0&a=—9.

Vay gid tri can tim la a = - 9.

Vi du 3.5 (Theo [5]). Gidi hé phuong trinh
rHy+z+t=1,
4yt + 2R =0,
Byt 4B+t =1,
ot oyt 4+ 2 4t = 33.

Loi gidi. Goi o1, 09,03,04 la cdc da thic doi xing co sé clia cdc bién x, v,

z, t. Hé da cho duoc dua vé dang

01 = 17 o1 = 1,
0'%—20'2:97 PN 0_2:_47
O’% — 30109 + 303 = 1, o3 = —4,
o} — 40209 + 205 + 40103 — 4oy = 33, o4 = 0.

Theo dinh ly (3.6) ta cé x, y, 2, t la cdic nghiém cia phuong trinh
ut —ud —4u? 4+ 4u=0
giai phuong trinh trén ta tim duogc cac nghiém

U1 :O,ng I,U3:2,U4: —2.

Tw dé ta nhan dugc cdac nghiém x, vy, z, t tu cic hodn vi cua 0,1,2,—2. H

phuong trinh cé tat cd 24 nghiém.

Vi du 3.6 (Theo [5]). Gidi hé phuong trinh
r+yt+z+t=a,
2+t 4+ 22+ =a?
2343+ 23+ 13 = ad,
syttt =t

P

€

Loi gidi. Goi 01,09, 03,04 la cdc da thitc doi xing co sd cia cdc bién x, v,

Z, 1.
Hé dd cho dugc dua vé dang

01 = a, o1 = a,
0 — 209 = a? =0

1 2 = a, o o9 = 0,
0'?—30'10'2-}-303:&3, o3 =0,
of — 40?09 + 203 + 40103 — 4oy = a’. o4 =0.
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Theo dinh ly (3.6) ta c6 z, y, z, t la cdic nghiém cia phuong trinh
ut —aud =0
giai phuong trinh trén ta tim duogc cac nghiém

U = a,us = uz = uyg = 0.

Tw do ta nhan duge cic nghiém x, y, z, t tu cic hodn vi cua a,0,0,0. Hée
phuong trinh cé tat cd 4 nghiém.

Vi du 3.7 (Theo [5]). Gidi hé phuong trinh

T+ T2+ ...+, = a,
x%#—x%—k...—f—x%:cﬁ,

o+ xy+ .+ ay =a".

Loi gidi. Goi 01,09,03,...,0, la cdic da thic doi ming co sd cia cdc bién
T1, Ty, ..., Ty VA 53 (k= 1, 2,...,n) la cdc tong liy thia:

o+ a2k 4ok =

Khi dé tw hai phuong trinh dau tién cia hé da cho ta cé

01 = a,
52:0%—202:a2.

2

Suy ra o9 = 0,8, = a = 01,80 = a®> = o2. Sit dung cong thiic truy hoi

Newton bang cich quy nap suy ra rang o = 0, (k= 2,3,...,n). Vay trong
cdc an x1, T, ..., Ty chi ¢6 mot an bing a, cdc an con lai bing khong. Do
dé nghiém cia hé da cho la cdc bo so (x1,x2,...,x,) dugc zdc dinh theo
cong thic

Ti=a,x; = 07] 7é L51,) = 172a ey 1,
nghia la cdc bo so

(a,0,...,0),(0,a,0,...,0),....,(0,0, ..., a).
3.6 Chitng minh ding thic. Phan tich da thic thanh
nhan tw

Vi du 3.8 (Theo [5]). Chiing minh rang néu a+b+c+d=0, thi
(a® 4+ b + & + d®)? = 9(abc + abd + acd + bed)?.
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Loi gidi. Theo gid thiét 01 =s1=a+b+c+d=0, nén ta co:
(@ + 0%+ 3+ d®)? = 83 = (07 — 30109 + 303)? = (303)* = 903 =

= 9(abc + abd + acd + bed)?.
Vi du 3.9 (Theo [5]). Chitng minh ring néu a +b+c+d =0, th
at + b* + ¢t + d* = 2(ab — cd)? + 2(ac — bd)? + 2(ad — be)* + 4abed.

Lc?z' gidi. Theo gid thiét oy =a+b+c+d =0, nén ta co:
at + b* + ct 4+ dt = sy = 0} — 40l0oy + 205 + 4003 — 4oy = 205 — 4oy,
Mat khac, ta cing co:
2(ab — cd)? 4 2(ac — bd)* + 2(ad — be)? + 4abed =
2[0( 2()2) — 60‘4] + 404 = 2. O( 2b2) — 804 =
= 2. 2(32 —84) — 80y =85 — 84 — 80y =
= (07 — 209)* — (0] — 40309 + 2035 + 40103 — 4oy) — 804 =
= (— 202) — (203 — 404) — 80y =
- 20’% — 40’4.
T hai dang thic trén, ta ¢ diéu phdi ching minh.

Vi du 3.10 (Theo [5]). Chitng minh ring
(a+b+c+d)?’—[b+c+d)>+(a+c+d)’+(a+b+d)°+(a+b+c))+
+[(b+¢)°+(a+d)’+(a+b)’+(c+d)*+(b+d)°+(a+c)’] —[a° +b°+>+d°] =
60abed(a + b+ c+d).
Loi gidi. Goi biéu thiic vé trdi la f(a,b,c,d) thi f la da thitc doi ming thudn
nhdt bac 5; vé phdi chi la tich cia hai da thitc doi xing co s o104, nén
néu biéu dién f qua cic da thic doi zing co sé cia cdc s6 a,b,c,d thi f co
dang

fla,b,c,d) = Ao} + Bojoy + Co?os + Doyos + Eoyoy + Foyos,
Trong dé6 A, B, C, D, E, F la cic hdng s6. Dé tim A, B, C, D, E, F ta
stt dung phuong phap dong nhat thiic (hé sé bat dinh). Cho a, b, ¢, d cdc
gid tri tuy ¥ nao doé ta cé gid tri tuong ing ciua cdc da thitc doi xing co sé
01,09, 03,04 dudc thé hién trong bing sau:

al b lcldl]oyoy] o3 |ou
Ol 0O (O[T TT]O 0 0
O 0 |11 2]1 0 0
O 0 [1|2 3|2 0 0
0[—-2(3[6||7]0[-=36]0
O 1 (1|1} 3]3 1 0
11 1 |1(1] 4] 6 4 1
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thay vao hé thic f(a,b,c,d) trén ta cé hé phuong trinh
(0= A,

0 =324 +8B + 2D, é:%’
0=3%A+ 548 + 12D, C=0.
0=T7"A-36.7°C, <9\ D=0,
0=3"A+ 3B+ 3%C +3°D + 3F, E =60,
| 240 = 4°A + 6.4°B + 43C + 4.62D + 4E + 24F. | £7=0.

Vay ta co
f(a,b,c,d) = 600104 = 60abcd(a + b+ c+ d).
Cudi cung ta cé dieuw phdi chitng minh.
Vi du 3.11 (Theo [5]). Phan tich biéu thic sau thanh nhan ti
(b+c)P+(c+a)P+ (a+b)’+ (a+d)?+ (b+d)° + (c+ d)>.
Loi gidi. Dat
fla,be,d) = (b+c)3+ (c+a)d+ (a+b)>+ (a+d)?+ (b+d)>+ (c+d)?

thi thay rang f la da thic doi zing thuan nhat bac ba, nén néu biéu dién f
qua cdc da thic doi zing co sé clia cdc s6 a, b, ¢, d thi f c6 dang

f(a,b,c,d) = Ao} + Boioy + Cos (3.22)

Trong dé A, B, C la cic hiang so. Dé tim A, B, C ta s dung phuong phdp
dong nmhat thic (hé so bat dinh). Cho a, b, ¢, d cdc gid tri tuy 4 nao dé ta
¢6 gid tri tuong ung cta cdc da thic doi zing co s6 o1, 09, 03, 04 dugc thé
hién trong bang sau.:

alblec d 01| 092 03 | 04
O[0jO0O] 1T [[TIT]O0O]07]O
ojof1|{ 12 11]01]0
0112} 0|-3]-2|0

thay vao heé thic ( ta co hé phuong trinh

(3.22)

3 A=3,
12 _8A+2B o { B=—6,
0=—2C. C=0.

Vay ta co

fla,b,c,d) =303 — 60109 = 301(0} — 209) =
=3(a+b+c+d)(a®+V+E2+d%.
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Cuoi cung ta cé két qud
b+cP+(ctaP+(a+bP+(a+d)?+ (b+d)>+ (c+d)> =
=3(a+b+c+d)(a® + b* + 2 + d?).

Vi du 3.12 (Theo [5]). Phan tich da thic sau thanh nhan ti

fl@,y,2,t) = 2% (2 = ) (2 —y) + 2?22 (t — y)(x — 2) + 2 (y — 2) (2 —
t)+y* Pt (r —t)(y —2) +y*P(z — )y — 1) + 225 (x —y) (2 — ).

Loi gidi. Ta thay f(x,y,2,t) la da thic phdn doi xing bac 6. Van dung Dinh
Iy cia da thiic phdn doi xing ta cé dong nhat thic

f(.’L‘,y,Z,t) - k.T(.’L‘,y,Z,t) - k(a:—y)(x—z)(x—t)(y—z)(y—t)(z—t),

trong dé k la mot hang s6 nao dé; T(x,y,2,t) la da thic phdn doi zing don
gidn nhat cia cdc bién z, y, 2, t. D€ zdc dinh k ta cé thé cho x, y, 2, t gid
tri bat ki nao dé doi mot khdc nhau, chang han cho =0, y=1, 2=2, t=35.
Khi do ta coé

£(0,1,2,3) =12,7(0,1,2,3) = 12
= 12=12k=k=1

Vay ta cé két qud

fla oy zt) = (@ —y)(@z—2)(@ =)y —2)(y —1)(z —1).
Vi du 3.13 (Theo [5]). Phan tich da thic sau thanh nhan ti
flayzt) =2z =y)ly —t)(z = t) +y'(z — 2)(z = ) (z = 1) +
+2y—2)(y —t)(x—t) = . [2°(z —y)(y — ) (= — 1) +
+yi(a —2) (@ —t)(z —t) +2%(y — 2)(y — t)(x — 1)].
Loi gidi. Ta thay f(r,y,2,t) la da thic phdn doi ziing bac 7. Van dung Dinh
Iy cta da thitc phdn doi xing ta cé dong nhat thic

f(z,y,z,t) = ko T(x,y, z,t) =
koi.(xz —y)(z —2)(z — O)(y — 2)(y — t)(z — 1),

trong dé k la mot hang s6 nao dé; T(x,y,2,t) la da thic phdn doi zing don
gidn nhdt cia cdc bién z, y, z, t. Dé zdc dinh k ta cé thé cho x, y, 2, t gid
tri bat ki nao doé doi mot khdc nhau, chang han cho =0, y=1, 2=2, t=35.
Khi do ta co

£(0,1,2,3) = —72,7(0,1,2,3) = 12,01 = 6
= —T2=T2k o k=—1

Vay ta cé két qud
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fley,z,t) = —(x+y+z+t)z—y)z—2)(x—t)(y —2)(y — )= — t).
Vi du 3.14 (Theo [5]). Phan tich da thic sau thanh nhan ti

floy,2,t) = 279’ (2 = ) (2 —y) + 223 — y)(x — 2) + 2 (y — 2)(z -
) +y* (e —t)(y —2) + ¥’z =)y — 1) + 20 (@ — y)(z — ).

Loi gidi. Ta thay f(x,y,2t) la da thic phdn déi ming bac 8. Van dung Dinh
Iy cia da thic phdn doi xing ta cé dong nhat thic

flz,y,z,t) = (ko? +loy). T(x,y, 2, 1). (3.23)

trong dé k, 1 la mot hang s6 nao dé; T(z,y,z,t) la da thic phdan déi zing
don gidn nhdt cia cdc bién z, y, z, t. D€ zdc dinh k, | ta c¢d thé cho x, y, 2
.t gid tri bat ki nao doé doi mot khac nhau, chang han cho =0, y=1, z=2,
t=3 va x=-1,y=0,2=1,t=2. Khi do, thay vao hé thic 3.23 ta co hé phuong
trinh

132 =12(36k +111) _, [ k=0
—12 =12 (4k — 1) l=1

Vay ta co6 két qua

f(ilf, Y, 2, t) =

(xy+axz+at+yz+yt+2t)(z —y)(v —2)(x —t)(y — 2)(y — t)(z — 1).
Vi du 3.15 (Theo [5]). Rit gon biéu thic

at b ct

+ +

(a—b)(azc)(a—d) b—a)(b—c)(b—d) (c—a)(c—0b)(c—d)

d
(d—a)(d—0b)(d—rc)
Loi gidi. Ta thay mau thic chung cia biéu thic la da thic phdan doi wing
don gid nhat T(a,b,c,d) ciia cdc bién a, b, ¢, d. Quy dong mau s6 biéu thic
trén thi ti s6 c6 dang
at(b—c)(b—d)(c—d) —bYa—c)(a—d)(c—d)+

+ct(a—b)(a—d)(b—d) — d*(a—b)(a—c)(b—c).

Dt biéu thitc tii s6 trén la f(a,b,c,d) thy ta thay f(a,b,c,d) la da thitc phdn
doi zing bac 7. Van dung Dinh Iy cia da thic phdn doi zing ta cé dong
nhat thic

fla,b,c,d) = ko1. T(a,b,c,d) = koy.(a—b)(a—c)(a—d)(b—c)(b—d)(c—d),
trong dé k la mot hang s6 nao dé; T(a,b,c,d) la da thic phdn doi zing don
gidn nhdt cla cdc bién a, b, ¢, d. D€ zdc dinh k ta c6 thé cho a, b, ¢, d gid
tri bat ki nao dé doi mot khdc nhau, chdang han cho a=0, b=1, ¢=2, d=85.
Khi do ta co

+
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£(0,1,2,3) =72,7(0,1,2,3) = 12,01 = 6
=T72=T2k < k=1.

Tw do suy ra duogc
fla,b,e;d) =(a+b+c+d)(a—0b)(a—c)a—d)(b—c)(b—d)(c—d).

Viy ta cé két qud
a’ b?
@ Da-a-d  G-al - a0- a"
oo bDe—a @-ad-ha_g oTrrered

Vi du 3.16 (Theo [5]). Rit gon biéu thic sau

a?b?c? a2b2d?
(a—d)(b—d)(c—d) + (a—c)(b—c)(d— c)+
a2 d? b2c2 2

T e—0d—b) b-ac-ad—_a

Loi gidi. Ta thay mau thic chung cta biéu thic la da thic phdan doi zing
don gia nhat T(a,b,c,d) ciia cdc bién a, b, c, d. Quy dong mau s6 biéu thic
trén thi ti s6 c6 dang
a?b?c?(a — b)(a — ¢)(b — ¢) — a*b*d*(a — b)(a — d)(b — d)+

+a’cd*(a — c¢)(a — d)(c — d) — b*Ed*(b — ¢)(b—d)(c — d).
Dt biéu thitc tii s6 trén la f(a,b,c,d) thy ta thay f(a,b,c,d) la da thitc phdn
doi zing bac 9. Van dung Dinh Iy cia da thic phdn doi zing ta cé dong
nhat thic

fla,b,c,d) = (ko? + loyoy + mo3).T(a, b, c,d), (3.24)

trong dé k, I, m la mot hang so nao dé; T(a,b,c,d) la da thitc phdn doéi zing
don gidn nhat cia cdc bién a, b, ¢, d. D€ zdc dinh k, |, m ta cé thé cho a,
b, ¢, d gid tri bat ki nao do doi mot khdc nhau, ta co gid tri tuong ing cia
cac da thiic doi zing co sd o1, 09,03, T (a,b, c,d) duge thé hién trong bing
sau:

a |[blcld|or] oo | o3| T(a,b,cd)
—3/0[1]2]0]-=7]—-6 120
O |1/2]3] 6 |11] 6 12
—1]0(1/2| 2 |—-1]|-2 12

thay vao hé thic (3.24) ta cé hé phuong trinh
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—720 = —720m, m=1,
72 = 12(216k + 661 4+ 6m), < { k=0,
—24 = 12(8k — 2l — 2m). [=0

Vay ta co

fla,b,c,d) = 03.T(a,b,c,d).
Cuoi cting ta cé két qud
a?bc? ab?d?
+ +
(a—d)(b—d)(c—d) (a—c)(b—c)(d—rc)
a?c2d? b2c2d?
- + —
(@a—=0b)(c—=0b)(d—b) (b—a)(c—a)(d—a)

= 03 = abc + abd + acd + bed.
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Két luan

Luan van da trinh bay dugec mot sé két qua sau:

1. Trinh bay co s6 1y thuyét ctia cac da thitc doi xting va cac ing dung
ctia n6 trong dai s6 so cap nhu giai phuong trinh, hé phuong trinh, chitng
minh dang thic, bat dang thic, phan tich da thitc thanh nhan ti,...

2. Xay dung dudge mot so6 bai toan hay va khé danh cho hoc sinh kha
va gioi titr cac da thitc doi xiing co s6.

3. Luan van da chon loc va giéi thieu mot s6 dé thi hoc sinh gidi trong
nude va quoc té lien quan dén tinh ddi xting trong dai so.

4. Trinh bay kha nhiéu cong thitc tinh cho tong liy thita clia cac bién
theo cac da thitc dbi xting co s clia cac bién tuong ing.

5. Tiép tuc nghién citu dé xay dung cac bai toan dai s6 lién quan dén

da thitc ddi xing n bién (n > 4) cing la cong viec mdéi mé va la bai toan
md cho tac gid va nhitng ai quan tam dén luan vin.
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