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MG dau

1. Ly do chon dé tai

Bat dang thic 1d mot noi dung quan trong trong chuong trinh toan phd
thong thuong, dang toan nay thuong xuat hién trong cac dé thi chon hoc
sinh giéi trong nude va Qubc té. Voi he thong 1i thuyét, bai tap va phuong
phép gidi da dang nén viéc day va hoc chuyén dé nay giap rat nhieu khoé khan.

V6i mong mudn ¢é duge mot tai lieu dé boi dudng hoc sinh gidi vé chuyén
dé nay, dong thoi gitp hoc sinh tim hiéu cac két qua vé cac bat dang co dién
clia cac nha toan hoc da nghién cttu va c6 nhin nhan khai quat dudc nhicu
cac bat dang thic ma hoc sinh van thuong gip, dé tit d6 c6 the sang tac
dugce rat nhiéu céc bai toan vé bat dang thitc nén toi di tim hiéu va nghien
cttu dé tai nay.

2. Muc dich nghién ctu

Muc tieu ma dé tai can phai dat duge 1a tit mot bai toan quen thuoc hay
mot bat déang thic da biét, ta can khai quat, md rong ching ra dé tit do co
thé tao ra dudc rat nhiéu cac bat dang thiic.

3. Déi tugng vaA pham vi nghién ciiu

Dé tai tap trung nghién citu mot vai bat ding thiic co dién va cac bai toan
noi suy bat ding thic thong qua cac vi du.

4. Phuong phap nghién cttu

Nghién cttu triyc tiép tit cac tai liéu ciia gido vien huéng dan, ti sich chuyén
toan va cac ky yéu hoi thao khoa hoc vé chuyén toan cling nhu tit bai hoc
kinh nghiém gidng day ciia cac dong nghiép va cac ban hoc vién trong 16p.



5. Y nghia khoa hoc va thuc tién cta dé tai
Tao dugc mot deé tai phit hgp cho viéc gidng day, boi dudng hoc sinh giéi cap
trung hoc pho thong.

6. Cau tric cta luan van

Luan van gom phan mé dau, két luan, tai lieu tham khéo va 2 chuong.

Chuong 1.Cdc bat dang thitc co dién.
Noi dung chuong nay cac bat dang thic: Bat dang thic Cauchy, bat dang
thitc giita trung binh cong va trung binh nhan, bat dang thic Bernoulli. Day
1a co s6 1y thuyét dé van dung cho céc bai toan & chuong sau.

Chuong 2. Mot s6 bai todn noi suy.
Chuong nay trinh bay mot s6 bai toan noi suy: Noi suy bat dang thiic bac
hai trén mot doan, noi suy tam thic bac tity ¥ va noi suy bat dang thic
trong 16p ham don diéu.

Luan vin dugc hoan thanh dudi sy huéng dan ciia GS.TSKH. Nha gido

nhan dan Nguyén Van Mau. Tac gid xin bay t6 sau sac téi Gido su da tan
tinh giap dé tac gia hoan thanh luan van nay.
Trong qué trinh hoc tap va lam luan van, tac gia nhan duge sy quan tam,
giip do cua Khoa Toan, Phong dao tao Sau dai hoc ctia Truong Dai hoc
Khoa hoc-Dai hoc Thai Nguyén, cac thay co da tham gia giang day 16p cao
hoc Toan K4C. Tac gia xin chan thanh cam on sy giup dé quy bau do .



Chuong 1

Cac bat dang thic co dien

Noi dung ctia chuong nay la trinh bay cac bat dang thic co dién quan
trong nhu bat ding thiic Cauchy, bat dang thic gitta trung binh cong va
trung binh nhan, bat dang thiic Bernoulli. Pay 1a co sé 1y thuyét dé van
dung cho céac bai toan & chuong sau.

1.1 Bt dang thic Cauchy

Dinh 1y 1.1 (Xem [1]). Vi moi bo s6 (:CZ), (y,), ta luon c6 bat dang thitc
sau

Dau dang thic trong (1.1) xay ra khi v& chi khi hai bo s6 <xz> : (yz> ti le

v6i nhau, tic 1a ton tai cap s6 «, 8 khong dong thai bang 0, sao cho

ar; +pPy; =0, Yi=1,2,... n.

Ching minh. Xét tam thic bac hai sau day

n

F) =" (it —y)*.

i=1

Sau khi khai trién ta co

ft) = tQfo - 215233@'% + Z%Q
i1 i—1 i—1



Mat khac vi f(t) > 0, Vt € R nén theo dinh 1y vé dau ctia tam thitc bac hai
ta co

N <0e (Sam) - () (X 0) <o
1=1 =1 1=1

Hay

(om0 = (5) (50)

=1

Hé qua 1.1. Véi hai bo s6 (lL’Z) va (yz),yl >0, Vi=1,2,...,n, ta luon
€ 2 2 2 2

T +ﬁ2(x1+x2+~-+xn)

n Yo Un

y1+yo ot Yn
Bét dang thiic nay thudsng dugce goi la bat dang thitc Schwarz

Ching minh. Ap dung dinh 1y 1.1 véi hai bo sb (\7_), <\/@>, ta co
Yi

<¢—\/_+ L St

Ty, 2
Vi)
VY2 \/?Tn !
2 a3 :
S(—+—+ + >(y1+y2+ +yn)
(731 Y2 n
2 _(wi | ) )
<$1+$2+ +$n) S(—+—+---+—)<y1+y2+---+yn>.
(A1 Y2 Yn
Hay
2 2 2 2
x T T T1+Tog+ -+
_1_|__2_|_..._|__”2(1 2 ”)
0N Yo UYn

Y1+ Y2+ -+ Yn
Mot sé bat dang thiic lién quan

Dinh 1y 1.2 (Xem [1]). V6i moi cip day sé thuc a = (ay,as,...,a,) va
b= (b,bs,...,b,) va 0 <z <1, tadéuco

(iakbw;aib) (zaﬁzxzaz%)(zbuzxzbb)

1<j 1<j



R6 rang véi o = 0, ta thu dudce bat dang thiic Cauchy.

Ching minh. Xét tam thic bac hai theo y:

<Zak - 2xzazaj)y 2(2 b+ ab )w(i b + QSCZbibj)

1<j i#£j k=1 1<j

n 2 n 2
=(1—-2z)> (aky—bk) +x<2 (aky—bk)) :
k=1 k=1
Dé thay f(y) > 0 v6i moi y, va vi vay ta suy ra ngay diéu can chtiing minh.

Dinh ly 1.3 (H.W.Mclaughlin). V6i moi cip day s6 thuc a = (ay, as, . .., a,)
va b = (by, by, ..., b,), ta déu c6

(i a?) <j2n; b?) > (jznl: aibi)2 — (z”: (aibTH-i - an+ibi))2-

1=

Dau dang thic xay ra khi va chi khi

aib; — a;b; — anqibpyj + any b =0

aibn—i—j - ajbn—i—i + an—H'bj - an+jbi =0

ing v6i moi 7,7 = 1,2,...,n.

Chitng minh. Chitng minh dugce suy ra tric tiép tit dang thic

($20) (50) - (500" (35 (w000’

/Li

2
= Z (aibj — ajb; — apyibpyj + an+jbn+i> +

1<i<i<n

2

+ Z (az n+j — ajbn—H' + an—H'bj - an+jbi) .
1<i<j<n

Dinh ly 1.4 (Xem [1]). V6i moi bo s6 thuc a = (ay,as,...,a,) va b =
(b1, ba, ..., by) sao cho a2 +b? # 0,k=1,2,... n, ta déu c6

(u) <3 (1) 3 50 <330z

k=1 k=1




Bat dang thic dau xay ra dang thic khi va chi khi a v b ty 1é va bat dang
sau xay ra dang thitc khi va chi khi céc vécto {|ag|}_, va {|bk|}r_, truc giao.

Bai toan 1.1. Cho a, b, ¢ > 0. Chitng minh rang

a? b2 2
5 T+ 5 T

<

Wl —

2
5a? + <b+0) hb% + (c+a) 5c? + (a+b)
Giazs.
Theo bat dang thitc Cauchy, ta c6
9a? 9a>

2T (24 2L 2 2 2 '
5a2—|—(b—|—c) (a® 4+ 0% + ) + (2a® + bc) + (2a® + be)

1 1 1

< 2( )

=4 a2—|—b2+c2+2a2+bc+2a2+bc
Suy ra

a? N b2 N 2 N 2a2 n 22 n 202

a2 +b02+c2 a24+02+c2 a?+b24+c2 2a24+be 2024ca 22+ ab
2a? N 202 N 202 o be n ca n ab
202 +be 202 +ca 22 +ab 2a2 4+ bc 202+ ca 2c2+ab

IWT <

=1+

).

Lai theo bat dang thiic Cauchy, ta c6

be N ca N ab S
202 +bc 202 4+ca  2c2+ab —
(ab + be + ca)? _ (ab+ b+ ca)?

>
~ be(2a? + be) + ca(20? + ca) + ab(2¢? + ab)  (ab+ be + ca)?

T day ta thu duge diéu can chiing minh.

Bai toan 1.2 (USAMO 2009). Cho ay,as, as, ..., a, la cac sd thuc duong
thoa man

11 1 132
(a1 +az+ - +a)(—+—++—)< (n+—> .
a;  as an,



Chiing minh rang max {a;} < 4min{a;}.

Gidi. Khong mat tinh tong quat, ta gid st min {a;} = ay;max {a;} = as .
Khi d6 ta can chiing minh as < 4a;.
Theo bat ding thiic Cauchy, ta c6

1 1 1
(a1 +ax+-+a)(—+—+--+—)=[(a1 +az) +az+ -+ a,
aq as Qp,
1 1 1 1
9 [EAFE L L
ay as as Qp
1 1 2 1 1 2
2( (a1+a2)(—+—)+;+1+---+1> =< (a1+a2)(—+—)+n—2).
ap a2 R ap a2
Do d6, tit gia thuyét ta suy ra
1 1 25 2 17
(a1+a2)(—+—)<—®(%) ——@+1<0:>%<4<:>a2<4a1.
a;  as 5 ai ai ai

Ta dugc dieu phai chitng minh.

Bai toan 1.3 (MO Romanian 2004). Chting minh ring, v6i moi a, b, ¢ > 0,
ta déu co

a b L c 27
be(c+a)  cala+b)  ab(b+c) 2(a Lba c)2
Giai. Dat )
a c
=M
be(c+a)  ca(a+b) * ab(b + c)
Ta co

= (Vi7" e rn 0 aw g )

= [bc(ca+ a) * ca(ab—i— b) + ab(b—i—c)] [2<a+b—|—c)} =M [2<a+b+c)} '
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Mait khac, ciing theo bat dang thitc Cauchy thi
a2 b\2 c\2 a b b c c |a
[ /= [ ) > 2 = 4] — = [ Sl
( bc> +< ca) +( ab) — \ be cajL ca ab+ ab '\l be
a2 b\2 c 2 a b b c c la
@(\/@) + a) + \/a— +2( \/b—cv—ﬂ/a\/—ﬂ/m%)
\/ bc\/ ca \/ca \/ \/ \/ bc
/ 27
>3
\/bc ca \/ + + ) atbtec

M > 2 .
~ 2(a+b+c)

Bai toan 1.4 (MO USA). Xét cac so6 duong a,b,c théa man diéu kien
abc = 1. Tim gia tri nhé nhat clia biéu thic
1 1 1

neén suy ra

P = :
2010  Pleta)  Fatb)
Giai. Ta co
abc abc abc be ac ab
P = + + - + +
a’(b+c) b (c+a) Ala+b) alb+c) blc+a) cla+d)
1 1 1
__a b , ¢ |
1+1 1 1 1 1
b ¢ ¢ a a Db
1 1
Dat —=T,-=Y,— =2
a b
Khi do
x z x
P = + 24 - 1y 1+ +1-3
y+z z+4+x x+y y+=z zZ+x r+y

1 1 1
:(x+y+z)( + + )—3
y+z z+4+x x+vy

Al o) o) (s e )0z

3
Vamein:§khia:b:c:1.
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Bai toan 1.5 (Olympic Trung Qudc). Cho a, b, ¢ 1a cac s6 thuc duong va
théa man a + b + ¢ = 1. Chiing minh rang

ab bc ca 1
- - <—.
Vab+be  Vbc+ca ea+ab T V2

Gidi. Theo bat dang thitc Cauchy, ta c6

ab bc ca ab be ca 5
+ + ) > ( + + )
ab+bc bec+ca ca+ab Vab+be vbc+ca +ea+ ab
Lai theo bat dang thiic Cauchy-Schwarz, ta c

(ab+bctca)(

ab abca abca , 1 1
b-+b = ab < ab — 4+ —
(ab+ C+Ca)a,b+bc “ Jraberc_a + 4 (ab+bc)

B b+ca+a2

Ty

T do suy ra
ab bc ca a’?+b*+c*  5(ab+ be + ca)

b-+b <

(ab+ C+Ca)(ab+bc+bc+ca+ca+ab>_ 4 + 4
(a+b+c)?* 3 (a+b+c)?

1
:——|—Z(ab+bc—|—ca)§#:§-

4
Tit day suy ra diéu phai chitng minh.

Bai toan 1.6 (Iran MO 1998). Véi a, b, ¢ 16n hon ho#c bang 1 va théa man
dieu kién

1 1 1

)

a b c

Chting minh ring

Va+b+e>vVa—1+vVb—1++vVe—1.

Giai. Ta co
1 1 1 a—1 b—1 c—1
+ -+
a b ¢ a b c
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Theo bat dang thitc Cauchy,thi

a+b+c= <a+b+c>(a;1+b;1+czl)

z(Ja—1+v%—1+vo—Q2
=Va+b+ece>Va—14+vVb—1++Vec—1.

Bai toan 1.7 (Viéet Nam MO 1991). Gid sit x > y > z > 0. Chiing minh
rang

2 2 2
xT z -
AN A > g2 4y + 22
z T Y

Gidi. Theo bat dang thitc Cauchy ta c6

2 2 2 2 2 2
x LA AN S b T oz
( vy, v 1 )( +y y)

- -

2
> (:v2+y2+22) :
2 T Y y 2 x

Mat khac, vi x > y > 2z nén

2 2 2 2 2 2
T z  Z°x Tz r oz
() () -
z x Y Y z T
<xy+yz+z:z:)(m—y)(y—z)(x—z)

— >0
TYZ
h
&y 2 2 2 2 2 2

Irz i Z i Z z-x
TR AN RSN
y 2 x 2 x y

T d6 suy ra diéu phai ching minh. Dang thiic xay ra khi z = y = 2.

Bai tap ap dung

Bai 1. Chitng minh rang, v6i moi bo s6 duong a, b, ¢ théa man abc = 1, ta
déu co

! + ! + ! > —1( b+ bc + ca)
a c+ca).
ad(b+c) b c+a) Alat+b) 2

Bai 2. Chiing minh ring, véi moi bo s6 duong, ta déu co

4 b4 4

4 + >1m+b+d
b’(c+a) cAHa+b) Ab+c) ~ 2 '
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Bai 3. Giad stta > b > ¢ > 0. Chiing minh rang

a’ n b? N c? S 1 N 1 N 1
A ad VT Vab Ve Vea
Bai 4. Chiing minh ring, v6i moi bo s6 duong aq, as, . . ., a, sao cho c6 tong
bang 1, ta déu co
e 1\? _ 1
Z(ak+—> >n’4+2n + —.
1 ag n

Bai 5. Vdi a,b,c,d 1a cac s6 thuc duong. Chiing minh rang

a b c d
b+20+3d+c+2d+3a+d+2a+3b+a+2b+30

2
> —.
— 3

1.2 BAt dang thiic gita cic trung binh céng va trung
binh nhan

Dinh 1y 1.5 (Dinh Ii vé cic gia tri trung binh cong va trung binh nhan).

Gia st @1, 29, . .., T, 1& cac s6 khong am. Khi dé
rit+axo+---+x
! 2 > W xe ... T, (1.2)
n
Dau déang thiic xay ra khi va chi khi 21 = 29 = - -+ = x,,.

Chitng minh. (Day la quy nap theo hudng (lén- xudng ) do Cauchy dé xuat
vao nam 1821.)
T hé thic bac hai

u% + u% > 2uiug, Yuqus € R, (1.3)
ta suy ra
T+
L 5 2 Z \/xll'g,\VI$1,$2 Z 0. (14)
T +3?Q . X3 —|-£E4

Thay x1, x» lan luct bdi cac bién

5 Va5 tit (1.3) ta nhan duge

T1+ T+ T3+ 2y > \/$1+$2$3+1‘4
4 - 2 2

> \/\/9:1932\/9:3934 = /T ZToT3Ty. (1.5)
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Tiép tuc nhu trén ta thiy bat dang thic (1.2) ding v6i n = 2,4, ... va noi
chung dung véi n la Iy thita ctia 2. Day chinh la quy nap theo huéng 1én trén.

Bay gio ta thuyc hién quy nap theo huéng xudng phia dudi. Ta ching minh
rang, khi bat dang thic (1.2) ding v6i n(n > 1) thi né ding véi n — 1. Thay

x, trong (1.2) bdi
T1+2xo+ -+ 2Tpq

n—1

va gilt nguyén cac bién x; khéc, tir (1.2) ta thu dugc
1 +xo+ -+ a1
n—1 >

T1+Xo+ -+ Tp_1+

n

w1+ T4 Ty
2<x1+x2+---+xn_1>(1 2n_1 ”1>

hay

1

(a:1+x2+---+a:n_1)n’il>(xx . >7i1<x1+x2+---+:€n_1)n_1
n—1 =\l n—1 '

Rit gon biéu thic trén, ta thu dugc
Ty +To+ -+ Tpo1
n—1

> ”‘\1/ZL'11‘2 o Tp—1-
Tu két qua da ching minh theo ciap huéng (len-xudng ),ta thu duge phép
chiing minh quy nap cta Dinh 1i 1.5.

Heé qua 1.2 (Bat dang thitc GH). V6i moi bo s6 duong aq, as, . . ., a,, ta déu
co

1
ajas ... Qy > 1 1 T
ap  az an
Dau déng thic xay ra khi va chi khi a; = ay = -+ = a,,.
L s ) ) 1
Chitng minh. St dung bat dang thiic AG do6i v6i bo s6 oy, :== — (k=1,2,... n),
aj,

ta c6 ngay bat dang thitc GH.
Dinh 1y 1.6 (Bat dang thitc AG suy rong). Gia st cho trude hai ciap day sd
duong x1,x9,...,Ty; P1,P2,- .., Pp. Khi do
P11 —+ D22 + .-+ pnxn)p1+p2+--~+pn
P1tp2+ -+ Dpn '

p1 ,.D2 D
Ty Ty .. < <
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Dau déng thiic xay ra khi va chi khi 21 = 29 = - - - = x,,.

Ching minh. Dat

_ hin + P2y + - -+ Py
p1+p2+ -+ pn

St dung bat dang thic
e 1>, VreR,

ta thu dugc hé

Y

:El_
ry < ses !
In __
T, < ses 1
Suy ra
Il_l)?l
' < sple( ’
ﬁ_l)pn
xbn < sp"e( ‘
Vay nén
P1Z1+PoTot +PnTn (
- p1+p2+'“+pn)
ot b < PP ’
hay
bt b b L PPt
4 2 - 2 . N 2 . ‘/I/‘l I2
Dau dang thiic xay ra khi va chi khi — = — = ..
s s

T1 =9 = = Tp.

Chu y 1.1. Bat ding thic AG suy rong c6 thé viét

Zpkxk > (Zpk) (Hx >p1+p2+ =

Hé qua 1.3. Gia stt cho trudce hai cap day s6 duong x1, xa, . . .

vOl
xfl.xSQ alh =M.

y Tny O, Qg oo

y On
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Khi do

Sz (S eI (5))

PR P R 041931 Qa2 QL
Dau dang thiic xay ra khi va chi khi = =...=

B B2 Br
Chitng minh. Ap dung bat dang thic AG suy rong, ta co

- () = (S a)([1 (257

hay

o> (S a) (T (5))7

PRI P R 041$1 Qa2 QL
Dau dang thiic xay ra khi va chi khi = =...=

o B Br

Dinh ly 1.7 (Bat dang thic Holder). Véi m day s6 duong
(an, aio, ... ,aln),

(agl, aso,y ...,

ta co

Dau déang thiic xay ra khi m day dé tuong tng ti 1é.

Chitng minh. Theo bat dang thitc AG, ta c6

ai as1 am1
+ + -+
a1+ ap+ -+ ay,  a +ax+ -+ agy A1+ Ap2 + -+ Ay
m
Hail
m i=1
>m
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a12 a22 Am2

+ + -4
aip + a2+ -+ ay, a1+ ax+ -+ a, Ap1 + Ap2 + -+ Amp
m
HaiZ
me mZZln )
\H(Z%)
i=1 “j=1
A1n 4+ Aon IS Qmn
a1 +ap+---+ay, ay+ap+ -+ ag, Am1 + A2 + =+ Amn
Hain
>m "
\H(Zau)
i=1 \j=1

j=1 =1
m>m
il (Z @ij)
i=1 \j=1

hay

Hé qua 1.4. Véi a,b,c,z,y, z,m,n,p la cac s6 thiic duong ta luon co

3
(a3 + b + 03> (x3 + 3 + 23> <m3 +n3 + p3) > (axm + byn + czp> :

Hé qua 1.5. V6i aq, ao, . .., a, 1a cic so6 thiuc duong ta co

(1—|—a1>(1—|—a2)...(1—|—an> > (1+m)

n
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Bai toan 1.8. Gia st o1, @9, ..., T, la cAc s6 khong am van = 1,2, ...

do

(:1:1+:1:2+---+:L‘m)n<:137f+:1:’21+---+x”m
m - m '

Dau déng thic xay ra khi va chi khi 21 = 29 = - -+ = ..

G1iaz.

Ap dung bat déng thic AG v6i bo n s6 khong am

n
Ll

xy +ay + -+

ta co

Khi

k k
n n n+_++—>—nn n n n. )
$1+$2+"°-|—l’m m m $1+I2+°"-|—1‘m m

k=1,2,...,m.
Cong vé v6i vé clia cac bat dang thic trén ta dude
n
n > ($1+$2+'-'+$m>

(/(x?+x§+---+x”m)m”‘1
hay

<x1+x2+---+xm)n< Yty + oy,

m - m '

Dau déng thiic xay ra khi va chi khi 21 = 29 = - -+ = ..

Bai toan 1.9 (Thi chon Doi tuyén Viet Nam 2005). Cho a,b,c la cac sd

duong. Chiing minh rang

a’ b3 3

(1) (brd) (era)

Gidi. Bat dang thitc can chitng minh tuong duong véi
1 1 1

) 0 )

Theo bat dang thitc AG, ta c6

>

ol w

3
3Z§'
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Suy ra
1 n 1 n 1 >3 1 n 1 n 1 3
3 c\ 3 3= 4 2 o 2 cN2 | e
<1+§> (1+5) (1+2) 4(1+9> (1+5) (1+5) 16
a b a b a
Ta sé chitng minh
1 1 1 >3
) e
(1+2) b a
y Ty ¢ Yz a zx
gt =YY=
¢ a 22'b a*’c 42
Khi d6
1 1 1 at oyt 24

+ + + +

2 2 D D) 2 2

(1 N 9) (1 n E) (1 n E) (22 +yz)”  (y¥*+22)" (22 +ay)
a b a

Theo bat ding thiic Cauchy, ta c6

$4 y4 24

+ +
(22 +yz)? (P2 +2x)’ (2 +ay)

T (2?4 P 4 22)? — (2% + YR 4 222?) + 2zyz( + Y + 2)

Lai c6

1
2(x2y2+y222+22x2) > 2:1:yz(x+y+z);x2y2+y222+22m2 < g(:c2+y2+22)2,
nén

- ):Z'
(2% + yz) (y? + zm) (22 4 zy) —(22 4 2 + 22)?

3
Tt day suy ra diéu phai chitng minh.

Bai toan 1.10 (Thi chon ddi tuyén Viet Nam dy IMO -2001). Xét bo ba s6
duong a, b, ¢ théa man dieu kien

21ab 4 2bc + 12ca < 12.
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Tim gia tri nhé nhat ctia bicu thic

1 2 3
P=-+-42
a b c
Gidi. V6i x,y, z 1a cac s6 thyc duong tuy ¥ (sé duge chon sau),ap dung bat

dang thitc AG suy rong, ta cé

1
1 2 3 IN"72N\Y/3\~
P=ov—+y—+z2—2> <x+y+y) <—) <—> (—) THY+Y
ax by cz ax by cz
_ r+y+y
o 1
Tty—z —x—l—y_—l—z rT—y+=z rT+y+y
(abxy> 2 (bcyZ) 9 <cazx)—2
2 6 3
2
(a:+y+y>
>
my(:chy—z) yz(—x+y+z> zx(x—y—z)
1 ab + D bc + 5 ca
hay
2
(x+y+y)
P> (1.6)
:z:y(a:+y—z) yz(—x+y+z> zx(sc—y—z)
1 ab + 1 bc + 5 ca
Chon z, v, z théa man diéu kién
xy<x+y—z) yz(—x+y+z) zx(m—y—z)
b b
2 F 12.2 o 68 "
hay (x,y,2) = (6,5,4).
5
Suy ra P > 5
Dau dang thic xay ra khi va chi khi
(12 3 (1
6a 50  dc “T3
106 4
< 15ab:—C:8ca hay < h=_—
3 5
| 21ab + 2bc + 12ca = 12 L ¢c=3



21
15 14
Vay min P = — khi (a,b,c) - (—,—,3).
ol 2 35
Bai toan 1.11. Gia st aq, as, . . ., a, 1a cac s6 thuc duong sao cho a; + as +
-+ + a, = n. Chitng minh rang véi moi sé6 nguyén duong m ta c6

al"+al 4+ a >a T fay 4+ a

Gidi. St dung bat ding thic AG, ta c6
(m—1)al'+1 = af'+al'+ - +af+1 > m Va""™" V= ma’ ' k=1,2,... ,n.
Cong cac bat dang thtc lai ta duge

(m—l)(aﬁ”—l—a?—k---%—a?) +n Zm(aT_l%—aQ”_l—k---jLa?_l).

Ta chitng minh
al" ' 4ay e al T >

Theo bat ding thic AG, ta ¢

al '+ (m—-2)=al " +1+1+---+1

> (m—1)"y/ap™!

Cong cac bat dang thiec lai ta duge

(m—l)ak,kzl,Q,...,n.

al" a4 a4 (m—2) > (m—1) <a1 +as+ -+ an) = (m—1)n.

=a ' +ay -+ al T >0
Dau dang thic xay ra khi va chi khia; =ay =--- =a, = 1.

Bai toan 1.12. Cho a,b,c > 0 théa man diéu kien abc = 1. Chiing minh

rang
ab be ca

<1
a5+b5+ab+b5+c5+bc+c5+a5+ca_

Gidi. Theo bat dang thiic AG, ta c6

@ +a’+a+ b+ b > 5030
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a+a’+0+0+b > 5d%°
Suy ra
a’ + b > a2b2(a + b).
Do do
ab ab 1 c

a5+b5+ab§a2b2(a+b)+ab_ab<a—|—b>+1 Tatb+c

Tuong tu,ta co

be a
B+c®>+bc ~ a+b+c
ca b

<

A+a’+ca " a+bic
Cong cac bat dang thic lai ta duge

ab N be N ca <1
a’+b+ab O+ +be A+ad+ca T

Dau dang thic xay ra khi va chi khia =b=c = 1.

Bai toan 1.13 (India MO 2003). Cho a, b 1a cac s6 thyc duong va thdéa man
a + b = 2. Chitng minh rang

a’b*(a® + 1) < 2.

Giai. Ta c6
a’b’*(a® + b°) = a*b*(a + b) [(a + b)* — 3ab]
neén tir gid thuyét suy ra
a*b*(a® +b*) = 2a°b* (4 — 3ab) = 2(4a®V® — 3a*b%).
Theo bat ding thic AG, ta ¢
a*b* + a*b* + a4+ 1 > 44/ (att?)? = 44D’

hay
3a'b? +1 > 4a°® < 4a°V® — 3a** < 1.

Tit day suy ra diéu can chitng minh.
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Bai toan 1.14. Cho m,n la cac sd nguyén duong va da thiic
Plz)=a2"+az" '+ +a,1v+1€R[z],

voia; > 0(i =1,2,...,n—1).Biét rdng P(x) ¢6 n nghiém thyc. Chiing minh

rang

Pm) > (m+1) .
Gidi. Doa;, >0(i=1,2,...,n—1) va P(0) =1 > 0 nén cac nghiém cla
P(z) déu am. Goi cac nghiem cia P(z) 1a
—xl,—xg,...,—:):n<xi > 0,1 = 1,2,...,n).

Theo Dinh li Viete thi
T1To ... Ty =1

Vi hé s6 bac cao nhat ctia P(z) bang 1 nén

Theo bat ding thic AG, ta ¢

P(m) :ﬁ <m—|—xz) > <m+1>nm+1 |

1=1

Bai toan 1.15. Cho a, b, ¢ > 0. Chitng minh rang
2((13 + 0+ c3> > aby/2(a® + b?) 4 bey/2(02 + ¢2) + cay/2(c? + a?).

Gidi. Theo bat dang thiic Holder, ta c6

2 1 3
(a3+b3+03) > g(a2—|—b2—|—c2) : (1.7)
St dung bat dang thiic

(4 y+2)* > 3(zy +yz + 27)
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Suy ra
2
<a2 + b7+ 02> > 3<a262 + b%c? + 62a2>. (1.8)
Tit (1.7) va (L.8) ta c6
2
(a3 + b+ 03> > <a262 + b7+ 02a2> <a2 + b7+ 02>. (1.9)
Lai theo bat dang thiic Holder, ta c6
<a262 + b2 + CQaQ) <a2 + b + 02) =

1
-2 (a2b2 + b2+ c%?) [2(a + b%) + 2(0% + ) + 2(* + a?)]

1 2
> Z(ab\/Q(aQ + 0?) + bey /2(0% + ¢2) + cay/2(c? + a2)> : (1.10)
T (1.9) va (1.10) day suy ra diéu phéi chiing minh.

Bai toan 1.16. Cho a,b,c¢ > 0 va abc = 2. Chiing minh ring

G+ +E>avb+e+bVe+a+ceva+b.

Gidi. Theo bat dang thiic Holder, ta c6

1 3
(a2 L0+ 02) .

(a3+b3+03)2 >

2
a?+ b+ > (a—l—b—l—c) )

1
-3
T hai bat ding thic trén ta cé

1
33 L 3> (220 2 _
a’+b° +c _3(@ +b +c>(a+b+c)
Leo 10, o
zé(a +0b +c>[(a+b)+(b+c)+(c+a)]
1 2
Zg(a\/b+c+b\/c—|—a+cva—i—b) (1.11)

Mat khéc,theo bat dang thic AM, ta c6

avb+c+bvec+a+cva+b> 3<’/abc\/(a—|—b)(b—l—c)(c—|—a)

> 3\3/ abeV 8abe = 6. (1.12)

Tu (1.11) va (1.12) suy ra diéu phéi chiing minh.
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Bai toan 1.17. Cho a, b, ¢ > 0. Chitng minh rang

CL2012 b2012 62012 CL2011 b2011 62011

p2011 + 2011 + q2011 2 H2010 + 2010 + a2010'

Gidi. Theo bat dang thic Holder, ta c6
G012 2012 2012 Q2011 2011 2011

2010 2011
(b2011 T 2011 T a2011) (a +o+ C) = (b2010 T 2010 ™ a2010>

a2011 62011 2011

c 2010 2011
(62010 + 2010 + a2010) <b +c+ a) > (a + 0+ c) .

T hai bat déng thic trén ta c6 diéu phai chiing minh.

Bai toan 1.18 (USA). Vi a, b, ¢ 1a cac s6 thyc duong. Chiing minh rang

<a5—a2+3)<b5—62+3)(05—c2+3> > <a+b+c)3.

Gidi. Tru6e hét ta chiing minh
@ —a’+3>a+2
Theo bat diang thitc AM, ta c6
@ +a’+a°+1+1>5a%
a® +a°+14+1+1>5ad%
Cong hai bat dang thic trén ta dudc

CH1>d+dded—d?+3>dd+2

Tuong tu
b — b +3>b 42
C—+3>342.
Do do6
(a5—a2—|—3)(b5—b2—|—3)(c5—02—|—3> > (a3+2>(b3—l—2)(03+2)

(1.13)
Theo béat ding thiic Holder, ta c6

<a3+2>(b3+2)(c3+2) = (a3+1+1><1+b3+1)(1+1+c3> > (a+b+c>3.
Ti(1.13) va (1.14) suy ra diéu phai chiing minh. (1.14)
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Bai toan 1.19 (IMO 2001). Véi a,b,c la cac s6 thyc duong. Ching minh
rang
a b c
> 1.

+ +
Va2 +8bc Vb2 +8ca 2+ 8ab

Gidi. Theo bat dang thic Holder, ta ¢

a b & 2
+ +
<\/ a? 4+ 8bc b2+ 8ca 2+ Sab>

X [a(aQ + 8bc) + b<b2 + 8ca) + 0(02 + 8ab)] > (a +b+ 0)3 (1.15)
Ta cin chitng minh
(a b+ 0)3 > a(a2 + 8bc) + b(b2 + 8ca) + c(c2 + 8ab) (1.16)
That vay, bat dang thic (1.16)
= (a+b—|—c)3 > a® + 1 + ¢ + 24abe
& cfa- b)2 +b(c— a)2+a(b— c>2 > 0,
Tit(1.15) va (1.16) suy ra didu phai chiing minh.

Bai toan 1.20. Vdi a, b, ¢ 1 cac s6 thue duong va théa man abec = 1. Ching
minh rang

Va3 + T+ VB +T7T4+VA+7<2(a+b+e).

Gidi. Do abc = 1 nén bat dang thitc can ching minh tuong tuong véi bat
déng thrc

Va3 + Tabe + Vb3 + Tabe + Ve + Tabe < 2(a + b + c).

Theo béat ding thic Holder, ta c6

(a+b+0) |(a*+ ) + (82 + Tea) + (4 Tab) | (14 1+ 1)

, ( 3
> (\3/ a3 + Tabc + Vb3 4 Tabe + V' c3 + 7abc> (1.17)
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Ta can ching minh
8(a +b+ c>2 > 3(@2 + 7bc> + 3(62 + 7ca> + 3(02 + 7ab) (1.18)

= a?+ b2+ > ab+ be + ca.

Bat dang thic nay luon ding.
Tu (2.11) va (2.23) ta suy ra diéu phai ching minh.

Bai toan 1.21. V6i a, b, ¢ 1a cac s6 duong va théa man a + b+ c = 1. Tim
gi4 tri nhé nhat cia bicu thic

a b c
= - - .
Va+2b /b+2c e+ 2a

Gidi. Theo bit ding thitc Holder, ta c6
P’ [a(a+26> +b<b+2c> +C<c+2a>} > <a+b+c)4 = 1.
Mt khac
a(a+20) +b(b+2¢) +c(c+20) = <a+b+c)2 ~1

Do d6 P > 1. |
Vamemzlkhia:b:c:§.

Bai tap ap dung
S Py 1 < 3 3 3 3 P . ¥
Bai 1. Véi a,b,c € <0; §> vaa®+ b’ + ¢’ = 6—4.Chu’ng minh rang

! + 1 + ! > 12
1—3a¢ 1—-3b 1—3c—

Bai 2. Véi a,b,c,d 1& cac s6 thuc duong va théa man
A+l dP =1
Chiing minh rang

a? b? 2 d? 44
+ + + po
B+3+dd S+dB+ad B+ad+0 B3+83+3 - 3
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Bai 3.[IMO 2005] Cho a, b, ¢ 1a cac s6 duong va thoa man dieu kien abe > 1.
Chiing minh rang

) 2 ) 2

a’ —a n b — b? N c —c
ad®+02+c2 P+t a? ASHar+b? T

Bai 4. Cho a, b, ¢ 1a cac s6 thuc duong. Chitng minh réng

ar/a(b+c)+by/b(c+a) + cy/cla+b) < \/6<a4+b4+c4).

Bai 5. Cho a, b, ¢ 1a cac s6 thuc duong. Chitng minh réng

a23 2a +b23 2b —|—C23 2c ZCLQ—l—bQ—i—CZ.
Vob+ec Veta Va+b

Bai 6. Cho a, b, ¢, d 1a cac s6 thyc duong. Chitng minh rang

(a"—a® +4)(b" = +4) (" =+ 4)(d —d®* +4) > (a+b+c+d)"

Bai 7. Cho a,b, ¢ 1a cic s6 duong va théa man a + b + ¢ = 1. Chitng minh
rang
Va3 + 26abc + Vb3 + 26abc + vV 3 + 26abe < 3.

1.3 Bat dang thdc Bernoulli va cic bai toan lién
quan.

Dinh 1y 1.8 (Xem [1]). Cho ham s6 y = f(z) ¢6 dao ham cap hai f”(z)

trong (a,b)
a) Néu f"(z) > 0 véi moi « € (a, b) thi

f(@) = f(zo) + f'(xo)(x — x0), VY, 20 € (a,b). (1.19)
b) Néu f(x) < 0 v6i moi z € (a, b) thi

f@) < flao) + f'(@o)(x — 20), Vz,20 € (a,b). (1.20)

Ching manh.
a)

-Néu x = z; thi ta c6 dang thiic .

Néuz > zp thi (1.19) < L (32 - i (20) & pr(g) "SI 1000) > P () v
— 40
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x1 € (7,;b) Bat dang thic nay ding vi nén ham sé dong bién .
) — L
-Néu x < ¢ thi (1.19) & f(z) = Jzo) < fllxo) B ) < fxo) voi
r — X
11 € (7,;b) Bat dang thiic nay ding vi f”(x) > 0 nén f’(z) 13 ham s6 dong
bién .
b) Chiing minh tuong tu.

Dinh 1y 1.9 (Bat dang thitc Bernoulli). Véi moi s6 thic z > —1
a) Néu o > 1 thi
(x+1D)*>14ax (1.21)

Dau dang thic xay ra khi z = 0.
b) Néu 0 < a < 1 thi
(x+1D)*<1+ax (1.22)

Dau dang thic xay ra khi z = 0.

Ching minh.

a.Xét ham s6 f(z) = (z+1)* véixz > —1 va a > 1.

Ta c6 f"(z) = a(a—1)(x +1)*2 >0 v6i x > —1 vd @ > 1 nén theo Dinh
li 1.8 ta co

f(x) = f0)+ f(0)(z—0) = (x+1)* > 1+ ax.

Dau déng thic xay ra khi x = 0.

b.Xét ham s6 f(x) = (r+ 1) véix > —-1val<a <1

Ta co f'(z) = ala—1)(z+1)*2 <0véiz>—1va0 < a<1nén theo
Dinh It 1.8 ta ¢6

f(x) < f(0)+ f(0)(z—0) & (x+1)* <1+ ax.
Dau dang thic xay ra khi z = 0.

Néu trong (1.21) va (1.22), ta thay x + 1 bdi x thi khi d6 Dinh li 1.9 c6
thé phéat biéu nhu sau:

Dinh ly 1.10. V6i moi s6 thic x > 0
a) Néu a > 1 thi
+a—12>ax. (1.23)
Dau dang thic xay ra khi z = 1.
b) Néu 0 < o < 1 thi
“+a—1<ax. (1.24)
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Dau déng thic xay ra khi x = 1.
Bai toan 1.22. Véi a, b, ¢ 1a cac s6 duong. Chitng minh rang

V4 ¥ va
<2b10) 4+ (QCi-a) 4+ (Qac—l—b) 42317%'

Gidi.Bat dang thic can chiing minh tuong duong véi
3a \ V4 3b V4 3c V4 -
(2b+c> + (26+a) + <2a+b) -

Ap dung bat déng thitc Bernoulli dang (1.23), ta c6

() e Va1 V()

2b+ ¢ 2b+ ¢
3b \V1 o, ) 3b
<20+a> TVA-12 4<20+a>’
\3/41 3 3
<2bgi D) Vi 4(2a3i )

Cong theo vé ba bat dang tren ta dugc
3a \ V4 3b V4 3a \ V4
(@13) *(@ra) *(gye) +3VE-s

2b+ ¢ 2c+a 2b + ¢
a b c
2334( )
\/_ 2b—|—c+2c—|—a+2a—|—b

Theo bat dang thic Schwarz, ta c6
a b c a’ v’ c? S (a+b+c)

Qb+c+20+a+2a+b - 2ab+ca+2bc+ab+2ca+bc ~ 3(ab + bc + ca)

Do
(a+0b+c)® = 3(ab+ be+ ca)

a n b N c S 1
+c¢ 2c+a 2a+b”-

Vi vay

<zbgi ) T (zcgj ) " (ngj_ ) Y sVio3>3Vi

Vi Vi Vi
< (Qij— c> 4+ <203j a) 4+ <263j— c> 423
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Ta dudc diéu phai ching minh. Dau déng thic xay ra khi a = b = c.

Bai toan 1.23. Vdi a, b, c 1a cac s6 duong théa man a + b + ¢ = 3. Chiing
minh rang

2 3 2 3 2 2
(bC—LI—c) 2+(c[—)|—a) 2+(aj—b) 223(%)

Gidi.Bat ding thic can ching minh tuong duong véi

2a% \ V2 2% \ V2 2a% \ V2
<bic> (c+a> <bic>

=

Ap dung bat ding thitc Bernoulli dang (1.23), ta c6

(-2 )“lﬁ—lwib“z |

b+ c +c
b2 \ V2 b2
( ) +vV2-1>2 :
c+a c+a
2 3 2
(S v 1sv S
a+b a+b

Theo bat ding thiic Schwarz, ta cé

\/§(be+ LA - )2\/§M:\/§(a+b+0):3\/§.

c+a a-+b a+b+c

Cong cac bat dang thic trén ta dugc

> 3.

2 2 2 2 2 2
<b2j:c> 2+(c2n[za) 2+(b2:ic> 2

Dau déang thic xay ra khia = b =c = 1.

Bai toan 1.24. Cho tam gidc ABC va a > 1. Chitng minh rang

1 1 1 V3@ 2\
in® A+ sin® B +sin® C >3 — 3l— ) .
sin® A +sin™ B +sin +sinO‘A+sino‘B+sinaC’ = < 5 ) + <\/§)
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Gidi .Ap dung bat ding thitc Bernoulli dang (1.23), ta c6

<Sin£A>a+a_ 1> asinﬁA
2 2
& sin®A > (1 — «a) (?)a + a(?)a_l sin A.
VRS V3
<si§A> ta-lzagm
1 2\« 2 ya—1 ]
g () o)
Khi do
VT > 3(1 - &)K?)a—% (%)a} +a(§>a_1<sinA+sinB+sinC)

+O‘(%)a:(si;14 * siiB i siriC’)
() () on () (s )
+ (Si;B + (jg):inB) + (Siic + (jg):inC’)] -

a {(%) " (?) al] (SinA 4 sin B + sin 0).

Lai c6
1 2 \2 2 1 2 \2 2
— A>2—; ( ) inbB > 2—;
sinA+( 3) St V3 sinB+ V3 St V3
3v/3

1 2 \2 2
: -|—(—) sinC > 2—;sin A +sin B +sinC' <
sin C'

V3
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a—1 a
3 2\ 3 3 2\
L3 <_) (V3 :3(£> L3(2)"
2 V3 2 2 V3
DAau bang xay ra khi va chi khi tam giac ABC' déu.

Bai toan 1.25. Cho tam gidc ABC'. Chiing minh rang

1\V2 1\V2 1\V2 1\V2
il il il >3(—)
(h) + <hb> + (h) = 3<37~)
trong do6 r 1a ban kinh duong tron noi tiép,hq, hy, he 1an lugt 14 cac duong

cao ha tur dinh A, B, C' ctia tam gidc ABC
Gidi .Ap dung bat ding thitc Bernoulli dang (1.23), ta c6

(3rhi)ﬁ+ V21> ﬂ(srhi),

a

(3rh—) +V2-1>V2 (3r—)

b

(3rh—c) V21> \/_(3r—>

Cong theo vé ba bat dang thitc trén, ta thu duge

(3r)ﬂ[<hia>ﬁ+(hib>ﬂ+<hic>q+3\/_ 3>37°\/_< hb }jc)

Ta lai ¢c6

(i D) -2 e Bt
Do do6

IR Q) (0) e
hay

vz v vz vz
G) G G ()

Dang thiic x4y ra khi va chi khi tam giac ABC' déu.
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6a + 4b + 3c
Bai toan 1.26. Cho a,b,c > 0 va théa man < 3b+ 2¢ > 12
c>4
Tim gia tri nhé nhat ctia biéu thic
P=a"’+b"" Y
Giai .

T gid thiét suy ra

~

+
— R0 W o
WV +
NN oY

V
o

N\

BSlowl o

Ve

Ap dung bat déng thitc Bernoulli dang (1.23), ta c6

(g)“ﬁm_lmg

()74 va-1= V5

V5
() V15 Vi
4 4

Cong theo vé hai bat dang thiic(1.25),(1.26) va (1.27) va st
ta thu ducc

()" () () A 2t

Lai cong cac bat dang thic (1.26),(1.27) ta nhan dudc
3

4 3 4

P20+ 0

(727 |(3)

() ()

> 36

(1.25)

(1.26)

(1.27)

dung gia thiét,

>3, (1.28)

(é>ﬁ+(£)@¢g(é+2>+2_2¢g>g, (1.29)

RGN
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Tu (1.28),(1.29) va gia thiét suy ra
P>2534 (3“5—2@ 24 (4“5—3@ 1=25 435 45

Vay gia tri nhé nhét ctia P bing 2V° + 3V5 4+ 4Y5 khia = 2,b = 3,¢ = 4.
Bai toan 1.27. Cho tam gidc ABC va 0 < a < 1. Chiing minh réng

B C 3\ @

cos® 2 + cos® 5 + cos® 5 < (\/_) .

2

Gidi .Ap dung bat ding thic Bernoulli dang (1.24), ta c6

COS%O‘ COS%
("5) ta-t<o2
2 2
COS% « COS%
<L§) +a—1<a.£,
2 2

Cong theo vé cic ba bat dang thiic trén ta dudc

cos% “ cos% e! cos% ! 5 3 < Q A B C
—\/75 + (—\/Tg ) + (—\/75 > +oa — o < §<cos§+cos§+cos§>.

Lai co

5
Do do
COSE « 0085 « COS% «
(ﬁ) (\/3)+(J§>+3a_3<3&
2 2 2
COSE @ COS% @ COS% @
& ) + > + > <3
V3 V3 V3
2 2 2

B C 3\ ¢
& cosO‘E + cosa5 + cosO‘E < 3(\/_> .
Ta dudgc diéu phai chiing minh.Dau dang xay ra khi va chi khi tam giac ABC

deu.
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Bai toan 1.28. Cho a,b,c > 0 va 0 < @ < 1 . Chitng minh réng

2 a b2 N 5 . .
(5a2 +Czb+c)2) " <5b2+(6+a)2> i (502+§a+b)2) =535

Gidi .Bat ding thitc can chiing minh tuong duong véi

9a? a 90? a 9¢? a
( )+ )+ ) <3
5a%2 + (b+¢) 562 + (¢ +a) 5¢2 + (a +b)
Ap dung bat déng thic Bernoulli dang (1.24), ta c6

< 9a2 >04 N - 9q2
Oé - AN Oé
5a? )

+ (b+c 5a2 + (b + ¢)*’
90?2 a 9b?

( 2) +a—-—1<a 55
502 + (¢ +a) 502 + (¢ +a)
9¢? o 9¢?

( 2) +a—-—1<a 5
5¢2 + (a +b) 5¢2 + (a +b)

Cong theo vé cac ba bat dang thic trén ta dudc

9a? o 9b2 o 02 .
(5a2+(ab+c)z) +(552+(6+a)2> +(5CQ+(Z+b)z) +3a—3

a( 9a? N 9? N 9c? )
5a2 4 (b+¢)* 52+ (c+a)® 52+ (a+b)°/

9a? N 92 N 9c?
5a2+ (b+c¢)® 502+ (c+a)® 532+ (a+b)
Theo bat dang thitc Cauchy, ta c6

9a? 92

5a2+ (b+c)*  (a®+ 0>+ ) + (20> 4 be) + (2a% + be)

1 1 1
< a? :
= <a2—|—b2—i—cz+2a2—|—bc+2a2+bc>
Suy ra

A < a? N b2 N 2 N 2a> N 22 N 202
Tat b2+ a0 a? b2+ 2a2+be 202 4-ca 2c¢2 + ab
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2a2+262+202 _4(bc N ca_|_ ab
202 +be 202 +ca 22 +ab 2a2 +bc 202+ ca  2c¢2 +ab

— 14 )-

Lai theo bat dang thitc Cauchy, ta c6

be N ca N ab S
202 +bc 202 +ca 22+ ab —
(ab + be + ca)? _ (ab+ bc+ ca)?

>
— be(2a? + be) + ca(20? + ca) + ab(2¢? + ab)  (ab+ be + ca)?

Suy ra
M < 3.

Do do

9a? a 9h? a 9c2 a
<5a2+ ?b+c)2) i (5b2+ (C+a)2> " (502 + (C(L+b)2) Tda—3<da

9a? a 9p2 N 00 .
& (5a2+(ab+c)2> + <5b2+(c+a)2) + (502+(Ca+b)2) < 3.

Tu day ta thu duge dieu can chitng minh.Dau bang xay ra khi a = b = c.
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Chuong 2

Mot s6 bai toan nodi suy bat dang
thac

2.1 No6i suy bat dang thic bac hai trén mot doan.

Nhic lai mot s kién thiic co ban lien quan dén tam thitc bac hai véi he
sO thue.

Dinh 1y 2.1 (Xem [3]). Xét tam thtic bac hai f(z) = ax® + bx + ¢, a # 0.
Véi A = b? — 4dac, ta co
i) Néu A < 0 thiaf(x) > 0Ve € R.

ii) Néu A = 0 thi af(x) > 0,Vz € R. Dau dang thitc xay ra khi v& chi

b
khiz = ——.
a
iii) Néu A > 0 thi f(x) ¢6 hai nghiem phan bi¢t x1,xs (1 < x9), trong
truong hop nay af(z) < 0 khi x € (x1,22) va af(xz) > 0 khi x < z1 hodc
T > X9.

Dinh 1y 2.2 (Xem [3]). Diéu kién can v& di dé ton tai s6 a sao cho af(a) < 0
la A > 0vax < a < xy trong d6 x1,x2 (r1 < x2) 1a hai nghiém cla
f(z) =az*+ bz +c

Bay gid, xét tam thiic bac hai G(z) = P2? + Qx + R.
Van dé dat ra 1a bat dang thitc G(x) > 0 thoéa man v6i moi x € [a, b] x4y ra
khi nao?
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Bai toan 2.1. Gia st G(z) = Px? + Qx + R. Cho
Gla)=a>0,G(b)=5>0

G (VO /E):

: — v
G(CLTH)) - (%G(a) . \/G(b))2 s

1) Xac dinh G((x) khi biét a, 5, . Ta goi G(z) trong truong hop nay 1a G (x).
2) Xac dinh G(x) khi biét «, 3, 0. Ta goi G(x) trong truong hop nay 1a Gs(z).
Gida.

1) Ap dung cong thiic noi suy Lagrange cho tam thitc bac hai G(x) tai cac
nat noi suy

G(a) = o, G(b) = ﬁaG(a—l— b) =7+ <M>2

2 2
Ta co ;
G () = 3 Gla)Gil)
=1
5i
vi I
T = a,x 5 ,r3=>
va
3
T — X; 2 —a—0b)(z —0b
Giy= I - _;‘:( b)(Q )
j=1jA1 Tt (a—1)
3
; Tr— 4(x —a)(x —b
iy = [ L7 M)
j=lj2 % (a—0)
3
T — X; 20 —a—b)(x —a
- [] 22 rmaba=o
j=1j#3"3 (a—1)
Vay
1
Gw(x)
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= !a[(a:—a)—i—(x—b)] (x—b)—4(v—|— (\/a;r\/B)Q)(x—@)(x—b)

+ B l(x —a)+ (x — b)] (x—a)]

:(a—lb)2 :oz(x—b) + B(z — a)® —2v/aB(z—a)(z—b)—4y (x—a)(x—b)}
= (a—lb)2 :<\/5(:17—b)—\/B(:zs—a)>2 — 4y (x—a)(x—b)}.
=(wfm2Ku¢——v@—wm@—a¢mf—4ﬂx—@m—bﬂ

2) Ap dung cong thitc noi suy Lagrange cho tam thic bac hai G(z) tuong
tu cau 1) tai cac nat noi suy

G(a):a,G(b):ﬁ,G(a;b):5+(\/_;\/3)2
Ta c6
Ga(x):ﬁ[(aﬁ(\/ajt\/g) bf+af) —45m—a)(x—b)]

Meénh dé 2.1. Véi G, (z), Gs(z) 6 Bai todn 2.1. Khi d6
1) G,(x) > 0 v6i moi z € [a,b] khi v > 0.
2) Gs(x) > 0 v6i moi x € [a, b] khi va chi khi § > 0.

Ching minh.
1) Theo cau 1) cia Bai toan 2.1, ta ¢

o | (AVE - V) - 0Va - a/B) (e a)(a -

Vi (x —a)(x—b) <0 véimoi x € [a,b] vay > 0nén —4y(z —a)(z—0b) > 0.
Do d6

G,(z) >0, Vx € [a,b].

2) Theo cau 2) cta Bai todn 2.1, ta c6

2[(33(\/54‘\/3) bf—i—(lf) —46(x —a)(z —b).

(a—b)
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Néu § > 0 thi tuong tir nhu trén, ta c6
Gs(z) >0, Vz € [a,!].

Ngugc lai, néu Ggs(x) > 0, Va € [a,b] thi ta can ching minh § > 0.
That vay, xét

y :b\/5+a\/3
" Va+VB
Vi
g Watays o Valb—a)
’ Va+B NCERV/:
xo_b:bﬁwﬁ_b_ﬁ(a—b) <o,

Va+VvB  Ja+B
nén xg € [a,b).
Do Gs(x) > 0, Vx € [a,b] nén

Gs(zg) > 0 < —45(xo — a)(xg — b) > 0.
Suy ra 6 > 0.

Hé qua 2.1. Gid st G(z) = P2* + Qx + R. Khi d6 G(z) > 0 véi moi
r € [a, b] khi va chi khi

Gla) > 0,G(b) > 0 va G(QT“)) > (¥ Gla) - G(b))Q.

Bai toan 2.2. Tim tham s6 m dé bat phuong trinh (m + 1)z>+ 22 +3 > 0
dung v6i moi x € [—1;1].
Gidi. Dat G(z) = (m+ 1)z? + 22 + 3.
-Xét truong hgpm+1=0<m=—1. Khid6 G(z) >0 < x > _73, do do6
G(x) >0, Vo e [-1;1].
-Xét truong hgp m+1>0& m > —1.
Dé G(z) >0, Vx € [—1;1] thi
—2
+) Hoiic A’ <0< 1—-3(m+1) <O<:>m2?.

+) Hoac G(x) ¢6 hai nghiém phan biét x1,zs théa man 1 < x; < x5 hodc



42

(A >0 (1-3(m+1)>0
(S i —1
— > 1
2>1 m+1
11 < T9 < —1, titc 1a ta can c6 < G(1) 20 &4 m+6>20 &
S —1
—< -1 < -1
2< m+1
G(-1) >0  L{m+2=20

L L
2 2
—2<m< —3 Két hop v6im > —1,suy ra —1 < m < —3
- Xét truong hop m+1 <0 & m < —1.
Dé G(x) > 0, Vx € [—1;1] thi G(x) c6 hai nghiém phan bigt 1,7 théa
G(1) =0 {m +6>0
=+
G-1)>0  \m+2>0
m > —2. Két hop véi m < —1, suy ra —2 <m < —1.
Vay két hop ca 3 truong hop ta duge m € [—2; +00).

ménx1§—1<1§:c2,t1’1’clatac§ncé{

V6i bai toan nay néu st dung két qua cta Hé qud 2.1 thi ta c6 1oi gidi
ngan gon nhu sau:
St dung két qua ctia Hé qua 2.1,ta c¢6 G(x) > 0, Vx € [—1; 1] khi va chi khi

G(1) =0 m+6 >0
G(-1) >0 o lmt220 & m >
G0) > <\/G(1) —2\/G(—1))2 3> (vm + —4\/m+2)

Vay m € [—2; 400).

Bai toan 2.3. Tim tham s6 m dé bat phuong trinh ma? — (3m-+1)z—1 < 0
ding v6i moi = € [0;2].

Gidi. Bat phuong trinh mz? — (3m + 1)z — 1 < 0 ding véi moi z € [0; 2]
tuong duong véi bat phuong trinh—ma? + (3m + 1) + 1 > 0 ding véi moi
z € [0;2].

Dit G(z) = —ma?* + (3m + 1)z + 1.

- Xét truong hop —m =0 < m = 0. Khi d6 G(x) > 0 < x > —1, do d6
G(x) >0, Ve €[0;2].

- Xét truong hop —m > 0 & m < 0.
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Dé G(z) > 0, Vx € [0;2] thi
I
+)Hoac A <0 IM?>+10m+1<0& -1 <m< 5 Két hop véi

1
m < 0, suy ra m € [—1;——] )

9
+) Hodc G(x) ¢6 hai nghiém phan biét x1,zy théa man 2 < x; < x5 hodc
(A >0 (9m?+10m+1>0
(S T ( 3m+1
— > 2 > 2
2 2m
1 < 29 <0, titc 1a ta can co < G(2) >0 < [ 2m+32>0 PN
S J3m+1
— <0 <0
2 2m
| (G(0) >0 1>0
1 \ \ ~ \
——<m<0
g =Y.
O<m<1

. 1

Két hop v6i m < 0, suy ra m € (—§;O>.
- Xét truong hop —m < 0 & m > 0.
Dé G(x) > 0, Vz € [0;2] thi G(x) c6 hai nghiém phan biét x1, 7o théa man
G(0) > 0 { 1>0

54

G(2) =0 2m+3 >0
Két hop v6i m > 0, suy ra m € (0; +00).
Vay két hop ca 3 truong hgp ta duge m € [—

- N X 7z 3
1 <0 <2< a9, tiic la ta can co <:>m>—§.

1; +00).
St dung két qua ctia Hé qud 2.1 thi ta c6 10i gidi nhu sau:

Theo Hé qua 2.1, ta ¢6 G(z) > 0, Vz € [0;2] khi va chi khi

G(0) =0 1>0
G(2) =0 o ) 2m+320 am> 1.
1
) > ( (0))2 2m+2 > 2(V2m+3 - 1)

Vay m € [—1; +oo).

Bai toan 2.4. Tim tham s6 m dé bat phuong trinh
322 — 2(m + 1)x — 2m? + 3m — 2 > 0 ding v6i moi x € [2; +00).
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_9
Gidi. Dat1—y—

2
,suy ra x = —. Do x € [2;400) nén y € (0;1].
Y

Khi d6 bat phuong trinh da cho tuong duong véi bat phuong trinh
(=2m? + 3m — 2)y* — 4(m + 1)y + 12 > 0 ding vé6i moi y € (0;1].

Dit G(y) = (—2m? + 3m — 2)y? — 4(m + 1)y + 12.
Theo Hé qua 2.1, ta c6 G(y) > 0, Vy € [0;1] khi va chi khi

G(0) >0
G(11) >0 2
G(§) > ( G(l); G(O))

—2m2—m+6>0
& m2  5m 19>(\/—2m2—m—|—6—\/12)2 S 2<m<

21 27 2

DO | Lo

3
Vay m € [—2; 5]

Bai toan 2.5. Cho hai s6 a, b théa man 0 < a < 1;b > 2. Chiing minh réng

4a*s* — 4a(a® + 0¥z + (a* + b%)* > 0, Vo € [1;2].

Gidi. Trude hét ta ching minh

4a’z® — da(a® +b*)x + (a® +b*)* > 0, Vr € [a;b].

G(x) = 4a*z® — da(a® + b*)x + (a® + b))%

Ta co
G(a) = 4a* — 4a*(a® + b*) + (a® + b%)* = (a® — b*)* > 0,
G(b) = 4a*V?* — dab(a® + b*) + (a* + b*)* = (a — b)* > 0,

G(a;b) - (v Gla) . G(b))2 — (a—b2(H —a%) > 0.
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Khi do6 theo Hé qud 2.1,ta dugc

4a*z® — 4a(a® + bH)x + (a® + b*)* > 0, Vr € [a;b].
Do 0 <a<1,b>2neénsuyra[l;2] C [a;b] . Vi vay

4a*r* — 4a(a®* + bH)x + (a* +b*)* > 0, Vo € [1;2].

Bai toan 2.6. Chiing minh ring véi moi tam thic bac hai
f(z)=A2z*+ Bz +C
ta déu ¢o |f(z)| <1, Vz € [a,b] xdy ra khi va chi khi

- o - sy < 19T
< 14+/(1— f(a)(1 — F(b)).

a+b

2f(*

) <

Giai. Dat
Gi(x) =1— f(x),Go(z) =1+ f(x), YV € [a,]
Khi do, theo Hé qua 2.1, ta co
Gi(x) > 0,Go(x) > 0,Vx € [a;b]
khi va chi khi
f(@)] <1,[f()] <1

va

Gl(a——i_b) > \/Gl(a> — \/Gl(b) 2

2 2
e )

c6 nghia la
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2.2 NOi suy tam thic bac tuy y.

Xét bat dang thitc Cauchy dudi dang co ban:
2?4+ 1> 2z, Vo €R. (2.1)

Ta nhan thay (2.1) c6 thé xem nhu bat dang thiic "tam thic bac (2,1) "(ting
v6i lity thita 2 va liiy thita 1 ctia x) trong trusng hop dau dang thiic xay ra
khi va chi khi z = 1.

Khi ¢6 nhu cau mé rong bat dang thic cho tam thic bac (o, 1);(a > 1)
dé thu duge bat dang thiic ¢6 dang tuong tu nhu (2.1) bang cach thay s6 2
béi s6 « sao cho dau déng thitc x4y ra khi va chi x = 1, ta thu dudc phép
noi suy bat dang thitc (2.1). Ta can thiét lap bat dang thitc dang

%47 > azr,Vr € RT (2.2)

Thay = 1 vao (2.2) suy ra ? = o — 1, ta thu dugc bat dang thitc Bernoulli
quen thudc
*+a—1>ax, Vo € R" (2.3)
Bat dang thitc (2.3) xem nhu bat dang thitc tam thic bac (o, 1). Mot cau
héi dit ra néu dau dang thiic ctia (2.3) x4y ra khi va chi khi z = zo(z > 0)
thi bat dang thic (2.3) c6 dang nhu thé nao?

Trong (2.3) ta thay = bdi —, khi d6 bat ding thitc (2.3) tré thanh
L0

(5) +a-1>a", VoeR? (2.4)
Lo Lo

Hoan toan tuong t1t ta c6 thé mé rong cho tam thiic bac(a, 8), (o > 3 > 0)
dé c6 duge bat dang thiic tuong tu nhu dang (2.1) bing cach thay liy thita
2 cua r bdi o va lay thira 1 cua x béi 5.

Do dé ta can thiét lap bat dang thic dang

e+? >272° Vo e RT (2.5)
sao cho dau dang thiic xay ra khi z = 1.
Dit 8 =y, 7 = % > 1 thi 2% = ¢ va tit (2.5), (2.3) ta suy ra

Y +y—1>qy, YyeR".
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Dau déng thic xay ra khi va chi khi y = 1
hay

xa+%—12%xﬁ, Ve eR:a> B> 0. (2.6)

Bat dang thic (2.6) 1a mot dang ctia bat dang thitc Bernoulli ddi véi tam
thitc bac («, 3), ing véi trusng hop dau dang thiic xay ra khi va chi khi z = 1.

Dé sit dung bat dang thiic (2.6) trong truong hop dau dang thic xay ra
khi v& chi khi = 2y > 0 cho trude, ta can thay bat dang thiic (2.6) béi bat
déng thic sau

x o a, T
() +==1>—=(2) VzeeR a>p3>0.
dau ding thic xay ra khi va chi khi x = .

Sau day 1a mot s6 ting dung ctia cac bat dang thiic trén.
max {a,b,c} =a <5
Bai toan 2.7. Cho a,b,c > 0 va théa man < 4a + 5b > 2ab
3a + 5¢ = 3ac

Tim gié tri 16n nhat cia biéu thiic

P = Sa\/g + 2b\/§+ c\/g.

Giaz.

T gid thiét suy ra
(a>ba>c
ER
a
5 4
124250
a b
5 3
—4+-2=2
\a ¢

Ap dung bat ding thitc (2.6), ta c6

<§)ﬁ+\/§—1>\/§g (2.7)

a

(%)ﬁ+¢§—1 > \/§% (2.8)
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+\/§—1>\/5§

()"

(2.9)

Cong theo vé hai bat dang thitc(2.7), (2.8) va st dung gia thiét, ta thu dugc

() G ea-ass

Lai cong cac bat dang thitc (2.7), (2.9) ta nhan duge
5\VE 3\ V3 5 3
0"+ () (32 2>
a c

a ¢
Tu (2.10),(2.11) va gia thiét suy ra

[BEION

V3
V3 443 = pV3 + (a¥? = bV?) <§>

a

5\ V3
FV3 4 3V3 = ¢V3 + (aV? — c‘/g) <—>

a

Khi do

2,

2,

(2.10)

(2.11)

> aV?® + b\/g,

= a\/ng V3.

P =2(aV?4+bY)+aV?+¢Y3 < 2(5V3+4V3) 453 44V3 = 3.5V342.4V34.3V3

Vay Prax = 3.5Y3 +24Y3 4+ 33 khia=5,b=4,c = 3.

Bai toan 2.8. Cho a,b,c,p > 0 va n € N. Chiing minh rang

an—i—p 4 bn+p 4 Cn+p > 31—n—p(a + b T C)n—kp.

Gidi. Ap dung bat ding thitc (2.6), ta c6

a ntr n+p n—+p a n
33— —1> 3
<a+b+c) * n - n <a+b+c)

b n+p b n
(3 ) +n+p_12n+p(3 )

a+b+c n n a+b+c
n—+ n
(3 & ) P+n+p_12n+p(3 & )
a+b+c n n a+b+c

Cong theo vé ba bat dang thic trén, ta thu duge

a n+p

n n b
L [(m) T e

n+
) p] S s

-3

n
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0| ) G

Theo bat dang thiic Holder, ta c6
a n b
Giore) )
{a—kb—kc a+b+c
a c n
>
_(a+b+c+a+b+c+a+b+c>
a n b n c n
o (— B = ) >3t
<a+b+c) +(aerJrc> +<a+b+c) -

n—+p

n

+ (#m)n] (1+1+1)""

suy ra

gntp [(#)nﬂzr(ﬁ) <ﬁ)n+p]+3n+p_323n+27

n n
n+ n+p n+
v () ) G 2

a+b+c a+b+c a+b+c
PN aner i bn+p i Cn+p Z Slfnfp(a L b+ C)n+p.

Vay ta c6 diéu phai ching minh.

Bai toan 2.9. Cho a,b > 0. Chitng minh rang

a3+ b7V3 > 21 V3(ab(a + b)]\/3

Gidi .Bat ding thic can chiing tuong duong véi

a3\/§ - N b3\/§ - > 21_\/3
lab(a +b)]¥?  [ab(a + b)Y’
- 2v3 2v3
<:> L b > 21—\/g
| Vb(a+ ) a(a+b)
- 2v3 ) 2v3
N BV R — > 2
b(a+b) a(a+b)
Ap dung bat ding thitc (2.6), ta c6
- 12V3 - 12
Va—2 | VB -1 V3|V | |
| Vbla+D) I b(a+b) |
- 1 12V3 - ! 12
V2 e—e—| +V3-12>V3|V2 e
I b(a+b) I b(a+b)
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Cong theo vé hai bat dang thiic trén ta dudc

.

,22\/5[

<~

<~

b(a+b)

2

2V/3

_|_

2V/3

62

v

a(a+b)

>\/§!\/§

bla+b

_ﬁ\/b(a + b)_

_ﬂ\/b(a+b)_

)-I-

_\/ix/b(a + b)_

2V/3

2V/3

2V/3

+

+

_|_

ala + b)]

V2

V2

V2

v b(a+0b)

ala+b

ala+b

o

a(a+b)

23
+2v3 -2

2V3

2V/3

2V/3

2
+3

2V3
+2v3 -2

+2v3-2>2

b(a+b)

2

a? — ab + b?
3
V3 ab

12V3-2>2V3

>

2.

Vay ta c6 diéu phai chiing minh. Dau dang thic xay ra khi a = b.

Bai toan 2.10. Cho a,b,c¢ > 0 va o > 2. Chiing minh rang

(6%
aa+b°‘+ca>31_o‘(a+b+c> .

Gidi .Bat dang thic can chitng tuong duong véi

(B * <3%b+c>‘“ +(3

ta co
e}
+§_ =
e}
+§—1
a0
+§—1

a+b+c



o1
Cong theo vé ba bat dang thiic trén ta duge
e b o e 3
)+ ) () + oo
a+b+c a+b+c a+b+c 2
9 2

2 b 2
> e ) )

« « a 2 2 2
o (i) ) ) e

Do

>+ 0+ > (a+b+c)

Wl

(3— )a+(3 ’ )a+(3 o )a+3 3> 30
a+b+c a+b+c a+b+c 2 2
@ b @ @
S O S O (O ("
a+b+c a+b+c a+b+c
Vay ta c6 dieu phai chitng minh. Dau ding thic xay ra khi a = b = c.
Pe Z ? ]_
Néu trong bat dang thitc (2.3), ta dat o = B,yﬁ =2 v6i0< B <1th
bat dang thic (2.3) c6 thé viét
v+ 5 —1< By, VyeR"
Hay ta c6 bat dang thitc Bernoulli dang
" +a—-1<ar, Ve R 0<a< 1. (2.12)
Tu day ta ciing dude mot dang cia bat dang thitc Bernoulli

x‘“l—%—lﬁ%xﬁ, Ve e RY0 < a < B. (2.13)

Dau dang thic xay ra khi z = 1. .
Trong bat dang thic (2.12), thay x bdi 3 v6i a, b > 0 thi ta dugc

aa+ (1 —a)b > a"b' ™2,

T day ta c6 bai toan sau:
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Bai toan 2.11. Cho a,b, o, 8 1a cac s6 thuc duong va a + 8 = 1. Chiing
minh rang
aa + Bb > a“b’.

Dau déng thic xay ra khi a = b.
Bai toan 2.12. Cho a,b > 0 va théa man a® 4 4b* < 4. Chting minh ring

b b
azihats + qarthars < /5.

.. ) b
Giat. Ta co + =1.
a+b a-+b
Theo Bai toan 2.11, ta c¢6
¢ a+ b b)aﬁ%ﬁﬂ
a—+b a-+b
b a+ ¢ b)aﬁ%ﬁﬂ
a—+b a-+b

Cong theo vé hai bat ding thic trén, ta duge
a@ihats 4 qats b <a+b.
Lai theo bat dang thitc Cauchy,ta co

1
(a+b)2<(a2+4b2)(1+1)©a+b<\/5

Tt day ta suy ra diéu phai ching.
Bai toan 2.13. Cho z,y > 0. Chitng minh réng

C/(1+:c)3(1+y) > 1+ /23y,

Gidi. Bat dang thitc can ching minh tuong duong véi

1 i/ 1 N3 T N\Ni/ Y \1
() ) ) () =
1+ 1+y 1+ 1+y

Theo Bai toan 2.11, ta c6

3, 1 1/ 1 1 \i/ 1 \1%
Z(l—kx)—i_Z(m) Z<1+aj> (1+y> ’

3 1
Z(lix)+i<ﬁ) 2 (1155) (1—yky> '

Cong theo vé céc bat dang thiic trén ta dudce diéu can ching minh.
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2.3 NOoi suy bat dang thiic trong 16p ham don diéu
Ta nhan thiy rang tng véi a, b, ¢, o, B 1a cac s6 duong, o > 3 thi ta luon

)+ @ () =26+ + ()

va dang thic xay ra khi va chi khia = b = c.

co

That vay,ta co

GRERETO
HREREOX
G +5-r2 5

I
|
—_

G0+ O+ )] G- -

Cong theo vé bén bat dang thic trén ta thu duge diéu phai chiing minh.

Bat dang thic trén c6 thé viét g(a) > g(B) v6i

a\* b\ c\?
s@)=(5) + () + ()
dong bién trong [0; +00).Vay cau héi ty nhién ndy sinh 13 tit mot bat dang
thitc da tuong minh cach chiing minh ta c6 thé thiét lap duge hay khong céc
ham don diéu ma vé trai va vé phai ctia bat ding thic do 1a gia tri ciia ham
sb tai hai tai vi cho truée ? Ta thu dudce bai toan noi suy bat ding thic

Bai toan 2.14. Cho a, b, ¢ 14 cac s6 duong. Chiing minh ring
< 4a >2+< 4b )2+( 4c )2> 4a N 4b N 4c (2.14)
3b+c 3c+a 3a+b/ —3b+c 3c+a 3a+b '

Gidi. Ta co
da \2 4a
( ) +1>2 ,
_|_

3b+c 3b+c
4b 2 4b
1>2
(3C+CL) tlz 3c+a’




o4

Theo bat dang thitc Schwarz, ta c6

4a 4b 4e 4a? 4b? 4c?
+ +

3b+c+3c+a+3a—|—b:a(3b+c> b(Sc—l—a) c<3a+b)

N 4<a+b+c)2 N B(ab+bc+ca)

_4<ab+bc+ca) N (ab+bc+ca> -

hay
4a 4b 4e

Sb—|—c+ 30—|—a+ 3a+0b Z
Cong theo vé cac bat ding thic trén ta thu dude diéu can ching minh.
Bat dang thitc (2.14) c6 thé viét dusi dang
< 4a )2+< 4b )2+( 4c >2>( 4a >1+( 4b >1+( 4c )1

3b+c 3c+a 3a+b/ T \3b+c 3c+a 3a+0b
(2.15)

Li¢u réng vé trai va vé phai (2.15) c¢6 phai 1a hai tri cia mot ham s6 don
diéu nao do6 tai 2 va 1 khong ? Ta xét bai toan sau.

3

Bai toan 2.15. Cho a, b, ¢ 14 cac s6 duong. Chiing minh rang

F(t) = ( 4a )t+< 4b )t+( 4c )t
- \3b+e¢ 3c+a 3a+0b
1a ham s6 dong bién trong [1;2].
Gidi. D¢ ¥ rang, vé6i a, b, c duong bat ky va ¢ > 1 thi

(Sb4j— c>t + (304j a>t * <3CL4—C|— b)t =

That vay, ta co

( da )t+t—1>t da
3b+c — 3b+c
4b N\t 4b

t—1>1t
<36+a) + ~ 3c+a’
4de N1 4c
t—1>1t
(3a—|—b) + ~ 3a+0b’

4a n 4b n 4e >3
3b+c¢c 3c+a 3a+b—
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() + () + ()

3b+c 3c+a Ja+0/ —

V6i Viy, ty € [152], ¢ < tg, ta can ching minh F(t;) < F(t) hay can ching
minh

<3b4j‘ C)t2+<3c4—|[i a)t2+(3a4j— b>t2 & (31)41 c>tl+(304j a>t1+(3a4jr b)tl'

T z
& o 4a to r 4da \t
A
3b tl Sb—l-C

4b \t
> __1_2(30—I—a)
2 t 4 t
3a+b> t1 1Zti(3ajb>
t t t
(% B 1) [(3[)4%&— c) + (3c4f— a) * (2a3jL b> ] = 3(% B 1)
Cong theo vé bén bat dang thic trén ta thu duge
<3b4—C|L— c)t2+<364—l; a)t2+<3a4j— b>t2 : (3b4fL c>t1+(3c44b— a>t1+(3a4j— b)tl'

hay F'(t) 1a ham s6 dong bién trén [1;2].

Do do

(
(s
(

Bai toan 2.16. Cho a, b, ¢ 1a ba canh ciia mot tam giac. Chitng minh rang

Vo) o)+ )

S 2c N 2a n 2b
~—2a+b—c 2b+c—a 2c+a-—0>

(2.16)

Giai. Ta co

2c 5 3 3 2c
() e e
20 +b—c 2 22a+b—c

2a : 3 3 2a
) - hs
2b+c—a 2 22b+c—a

2b : 3 3 2b
) -1 ds
2c+a—0 2 22c+a—0b
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suy ra

[SJ[eY

2c 3 2a 2b 5 3
(Qa—i—b—c) +(2b—|—c—a) +(2c—|—a—b) +§
S §( 2c n 2a n 2b )
“2\2a+b—c 2b+c—a 2c+a-—0b

Theo bat dang thitc Schwarz, ta co

2c 2a 2b
2a+b—c+2b+c—a+20—|—a—b
_ 2¢2 n 2a? N 2b?
c(2a+b—c> a<2b+c—a) b(2c+a—b>
. 2<a—|—b—|—c)2 . 6(ab—|—bc—|—ca> .
3<ab+bc+c>—a2—b2—c2 2<ab+bc+ca>
hay
1 2c 2b 2b 3
5(2a+b—c+2b—l—c—a+2c—l—a—b)25
Do do 5 s 5 5 2% 3
c 2 a 2 2
<2a—l—b—c> +(2b—i—c—a> +<2c—|—a—b) z

2c N 2a n 2b
20+b—c 2b4+c—a 2c+a—b
Ta dudc dieu can chitng minh.

P ) ) 3
Ta nhan thay rang vé trai va ve phai cla (2.16) la cac gia tri F(§) va F(1)

vii
2c t 2a t 2b t
PO~ (2 ) e (Y (2 Yo
®) 2a +b—c * 2b+c—a * 2c+a—>b -
Liéu rang ham s6 nay c6 dong bién trén [1; 5] hay khong ?

Bai toan 2.17. Cho a, b, c 1a ba canh ciia mot tam giac. Chitng minh rang

9 ¢ 9 t 2b t
F(t) = <F[C)_C) T (WZ—C) + (m>



o7

PN P 3
la ham s6 dong bién trén [1; 5] :
Giai. Ta c6 nhan xét sau day.
Véi a, b, c 1a 3 canh ctia tam giac va ¢t > 1 thi

2 t 2 t 2b t
Gorr=s) *rre=e) Taramy) 23

That vay, ta co

( 2 )t—i—t—1>t 2
2a +b—c — 2a+b—c
( 20 )t+t—1 A
2b+c—a ~ 2b+c—a’
( 2 )t+t—1t 2b
2c+a—0b ~ 2c+a-"b

suy ra

(#)t + (%)t + (ﬁi_b)t 3 =3

>t< 2c N 2a N 2b )
~— \2a+b—c 2b+c—a 2c+a-—0»

Theo bat ding thitc Schwarz, ta co
2c 2a 2b

2a—|—b—c+2b—|—c—a+20—|—a—b
_ 2¢2 N 2a> N 20°
c<2a+b—c> a<2b+c—a) b<20+a—b>

2(a+b+c)2 >6(ab—|—bc—|—ca>

- S(ab—i—bc—i—c) S 2<ab—i—bc—|—ca)

= 3.

Do do

() + ) + () 23 W21

V6i Vi, ty € [1,400),t1 < t2, ta can ching minh F(t;) < F(t3) hay can



H8
> (=) + )+ (i)

2c t2 tg tg 2c t1
() v )
20 +b—c ty t1\2a+b—c

2a t2 tg tQ 2a t1
)+ 12 B
2b+c—a t t1\20+c—a

( 2b >t2+t_2_1 tg( 2b )tl
2c+a—0b t T ti\2c+a—0>
t2 2c t1 2a t1 2b 2l tg
(E_1> [(2a+b—c> +<2b—|—c—a) +(20+a—b> ]ZS<E_1)'
Cong theo vé bén bat dang thitc trén ta thu duge
2c ta 2a ta 2b ta
<2a+b—c> Jr(2b+c—a> +<20+a—b)
2c ty 2a t1 2b t
Sy T T L

2a+b—c 2b+c—a 2c+a—0
hay F(t) 1a ham s6 dong bién trén [1, +00).

Ta co

Bai toan 2.18. Cho a, b, ¢ 14 cac s6 duong. Chiing minh rang
3 b3 3
+ —— + — >3 (2.17)

Ap dung bat ding thic AG ta c6 ngay diéu phai chiing minh. Tuy nhién, ta
viét (2.17) dudi dang
3 b3\ 1 3

(B + (%) () 21

() + (&) + () = () + (&) + (@) e

thi ta xem (2.18) nhu la F(l) F(O) v6i

PO = () + () 4 (2w

Lieu ham s6 nay c¢6 dong bién tren (0,1) ?

hay

Ta xét bai toan sau .
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Bai toan 2.19. Cho a, b, ¢ 14 cac s6 duong. Chiing minh rang
3t b3 t 3\t
a c
F0 = () +(z) + (@)
t) bc * c2a * a’b
14 ham s6 dong bién trén (0,1).
Gidi. V6i Vi, ty € (0,1),t; < to, ta can ching minh F(t;) < F(t3) hay
can ching minh
3 3 3

(B )"+ ()" )+ (5" () v

Ta co

CL3 ta tQ tQ a3 t1
) v
(526) * 11 A b2c
b3 2 t2 t2 b3 t1
L)
<c2a> * t ~ t; \c%a
C3 t2 t2 t2 63 t1
£t
<a2b> * t1 ~ t1 \a®b
(E-0) )+ () + ()"
t we) T\aa) T \a

3 B3 A3
>3 - )i —2 ()

Cong theo vé bén bat dang thic trén ta thu duge

(B () (@) G+ ()" ()" v

hay F'(t) 1a ham s6 dong bién tréen (0, 1).

Bai toan 2.20. Cho a,b, ¢ 14 cac s6 duong. Chiing minh ring

9a? N 9? . 9c?
a2 +20b+c¢)° +20c+a)’  A+2a+0b)
3a 3D 3c

\/a2+2(b+c \/b2+2 (c+ ) +\/02+2(a+b)2.
(2.19)
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Gidi. Trude hét ta chitng minh
3a 30 3¢
Vaz+2(b+ c)? \/62+2c+a \/c2+2a+b)

a b
Va4 2(b+c)? \/b2+20+a \/62+2
B=ala®+2(b+c)’] +b[b*+2(c+a)’] +cc —i—2(a—|—b) ]
= a® +b° + & + 2a°b + 2b%a + 2b%c + 2¢°b + 2a’c + 2c¢*a + 12abe.
Theo bat ding thiic Holder,ta c6

A’B > (a+b+c)’.

Ta can chiing minh (a + b+ ¢)® > B hay

(a+b+c) > a4+ 0>+ &+ 2a%b + 2b%a + 2b%c + 2¢%b + 2a’c + 2c%a + 12abe
& alb—c)* +b(c—a)’*+cla—b)?*>0.

Do d6 A > 1. Tu day suy ra

3a 30 3c
Va2 +2(b+ c)? \/b2-|—20+ \/CQ+2a—|—b)
Lai co
9a? 3a 2 3a
= +1>2
7 = ;
a? +2(b +c) (\/a2+2(b+0)2 \/a2+2(b+0)2
2 2
: 9b ( 3b L1309 3b |
b* +2(c+a) \/b2+2 (c+a) \/bQ+2(c—|—a)2
9¢? 3¢ 2 3¢
= +1>2 .
2 =
¢? +2(a +b) (\/02+2(a+b)2 \/02+2(a+b)2
Cong theo vé bén bat dang thic trén ta thu duge
9a? n 9b? n 9¢c? S 3a n
@2 Prera’ e2Aar T e apa o
3b 3c

_|_

\/b2—|—2(c+a)2 \/02—|—2(a—|—b)2.
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Diang thiic x4y ra khi va chi khi a = b = c.
Nhan xét rang (2.19) c6 thé xem nhu tinh chat F(2) >

dong bién véi

F(1) ctia ham sb

F(t) = (

> 1.

3a )t ( 3b
Va2 +2(b+c)? V0 +2(c+a)

t 3c t
) (\/02+2 (@ + b)? ) vz

Ta khang dinh nhan xét trén bdi bai toan sau.

Bai toan 2.21. Cho a, b, ¢ 14 cac s6 duong. Chiing minh rang

F(t) = (

14 ham s6 dong bién tren [1,2].

3a t 3b t 3c t
\/a2+2(b+c)2> * <\/b2+2(c—|—a)2) * (\/02—|—2(a—|—b)2)

Giai. Ta theo chiing minh ctia bai toan trén, ta cé
3a 30 3¢
Va2 +2(b+ c)? \/b2+2c+a \/02+2a+b)
V6it > 1, ta co
3a ¢ 3a
+t—1>
(\/a2+2(b+c)2) \/a2+2 (b+c)?
( 3D ) 1> 30
Vb2 +2(c+a)? \/62—|—2 (c+a)?
( 3¢ )t—i—t—1>t 3¢
V& +2(a+ b)? — o/ +2(a+b)?
3a 30 3c > 3
\/a2+2b—|—c \/b2—|—20—|—a \/C2+2a+b) '

Cong theo vé bén bat dang thitc trén ta thu duge

3a t 3 ; 3. ,
<\/a2+2(b+0)2> +(\/b2+2(c+a)2) +(\/CZ+2(a+b)2> =

V6i Vi, ty € [1,2],t1 < to, ta can ching minh F(¢;) < F(t3) hay can ching

minh

3a t2 3D
(\/a2—|—2(b+c)2) (\/bQ+2 (c+a

BB



3a ty 3b ty 3c ty
Z(\/612+2(l)+c)2> +<\/b2+2(c+a)2) +(\/02+2(a+b)2) .

ta tQ tz 3a t1
e -
5] t1\\/a? +2(b+ c)?

t2 t2 t2 3¢ t1
e )
t t1\\/2 +2(a +b)?

N N /N I/

)
30 b2 ¢ t 3b th
\/b2+2(0+a)2) +i_12 ti(\/b2+2(c+a)2) ’
)
)

da h 3b h 3c ty
Va2 +2(b + c)? +(\/624—2(0—|—a)2) +<\/C2+2(a—|—b)2> ]

> 3(%—1).

Cong theo vé bén bat dang thic trén ta thu dugc

3a ta 3 ta 3c ta
(\/a2+2(b+0)2) +(\/bQ+2(c+a)2) Jr<\/62+2(a+b)2>

S ( 3a )tl N < 3b )tl N ( 3c )fl
—\Va2+2(b+c)? Vb2 +2(c+ a)? Ve +2(a + b)?
hay F(t) 1a ham s6 dong bién trén [1,2] .

Bai toan 2.22 (JAPAN MO 2002). Cho a, b, ¢ 1a cac s6 duong. Chiing minh
rang
(b+c—a)?® (c+a—0?% (a+b—2c)? 23 (2.20)
(b+c)+a®> (c+a)?+0 (a+b2+c 5
Gidi. Khong mat tinh téng quat, ta cho a + b + ¢ = 1.Khi do6, bat dang
thiic can chiing minh tuong duong véi

402 —da+1 4b2 —4b+1 42 —4de+1 3
+ + > .
2042 —2a+1 202 —-2b6+1 2c2—2c+1 — 5

Xét hiéu
4a? — 4a + 1 H4 1

132
IR} 2(30 —1)*(6a +1)
2 —2a+1 ' 25" 3

25(2a% — 2a + 1)

+1]—
;=
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Do do6
4a2—4a+1> 54 1 1

202 —2a+1 7~ 25 3

Tuong tu,ta co
46 — 4b + 1 54 1

>
202 —2b+1 — 25
4c? —4c+1 54 1
> +
2¢2 —2c+1— 25 3
Cong theo vé céc bat dang thiic trén va két hop véi a + b+ ¢ = 1, ta dugc

402 —4da+1 4b* —4b+1 42 —4ec+1 3
+ + > .
2042 —2a+1 202 —-2b+1 2c2—2c+1 — 5

Bat dang thiic (2.20) c6 thé viét dudi dang

5(b+c—a)*>  5(c+a—b)? 5(a+b—c)2>3
(b+c)2+a® (c+a)?+b® (a+b2+c2~

Tu day ta xét bai toan sau.

Bai toan 2.23. Cho a, b, ¢ 14 cac s6 duong. Chiing minh rang

Flt) = (5(b—l—c—a)2>t+ (5(c—|—a_b)2>t+ (5(a—l—b—c)2)t

(b+¢)* + a? (¢ +a)® + b? (a4 b)* + 2
1a ham s6 dong bién trén [1; +00)
Giai. V6it > 1, ta co
5(b+c—a)*\t 5(b+c—a)?
t—1>t
(b+c +a2) * — (b+o)?+a*
(c+a—0b)? 5(c+a—b)?
t—1>t
(c—l—a +b2) - ~ (c+a)2+0v¥’
b— 5 b—c)?
(5(a+ C)) Lioqspolatboo
(a+b)2+c2 (@+0)% + c?

5(b+c—a)®* Blc+a—>)? 5(a+b—c)? 5
(b+c)2+a®  (c+a) >+  (a+b2+c2] —
Cong theo vé bén bat dang thic trén ta thu dugc

5(b+c—a)*\t 5(c+a—b)*\t 5(a+b—c)?\!
((b+c)2+a2> +((c+a)2+62> +((a+b)2+02> =3
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V6i Vi, ty € [1;400),t1 < t2, ta can ching minh F(t;) < F(t3) hay can
chiing minh

(5(b—l—c— a)2>t1 N <5(c—l—a— b)2>t1 N (S(a—l—b— C)Q)tl <

(b+c)?+ a? (c+a)?+ b2 (a+b)> + c?

(Mb+c—®3h+(W0+a—®3@+<wa+b—d32

(b+¢)? + a? (c+a)?+ b2 (a+0)%+ c?
Ta ¢co b 20¢ b 2 ¢
<5(+c—a)>2 75_2_1215_2(5(+c—a))17

(b+¢)? + a? t 1\ (b+c)? + a?
5(C—|—CL—b)2 t2 1o to 5(c+a—b)2 t

2 12

<(C+a)2+62> +t1 - 1((c+a)2+62) ’
<5(a+b—c)2>t2 t—2—12t—2(5(a+b_c)2)t1,

(a+0)2+ c? ty ti\(a+0)?+c?

(oo [y (et (e

Cong theo vé bén bat dang thic trén ta thu dugc

5(b+c—a)’*\t 5(c+a—b)*\t 5(a+b—c)*\h
((b++c)2+a2) + ((c—:—a)Q—l—bz) * ((a++b)2—|—02) =

5(b+c—a)®>\t2  /5(ct+a—0b)*\t2 /5(a+b—c)*\t
(wJQMwQ +ley+w>+<m:W+@)'

hay F(t) 1a ham s6 dong bién trén [1,400).

Bai toan 2.24. Cho a, b, ¢ 14 cac s6 duong. Chiing minh rang
( 2V adc )3+( 2V b3a )3+( 2V c3b )3
vVb3a + be Vb + ca vadc+ ab
- 2V a3c N 2V b3a N 24/ ¢c3b
“VWa+be VAb+ca Vade+ab

Gidi. Trude hét,ta chiing minh

2V a3c N 2V b3a N 24/ ¢c3b -
Va+be VSbdca Vade+ab

(2.21)
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That vay,bat ding thiic can chitng minh tuong duong véi
a9 b C\o
N A
c
\[ \/’ <. \/* \[
a

Theo bat dang thitc Schwarz,ta c6

3
> 2
b~ 2

G“I@

a b c a b
(\/j)2 (\/j)z (\/j)2 LTI
- b c n a b > ( b c

c a a a
Y Y T
C+ a \/; b+ C < b+
1 a b c 3
— (/=2 Z -y > 2
i) =
Ta co
2va3c \3 2\/&3
(—) +2>3
b3a + be \/b3 +be
3 3 3
(2\/()@)_'_223 \/ba’
Vb 4+ ca Vb + ca
3 3 3
< 2V ¢e3b ) 9> 3 2V ¢e3b |
vadc+ ab Vadc+ ab

2v/ a3c 2v/b3a 24/ ¢c3b
2( + + ) > 6.
Vba+be Veb+ca Vade+ ab

Cong theo vé cac bat dang thiic trén ta duge

2Vadc \3 2vb03a \3 2V/c3b 3
(\/%—Fbc) " (\/%—Fca) " (\/E—Fab)
2Vade 2Vb3a 2V/c3b
Z Patbe VAbtea Vaorab
Dang thiic xay ra khi va chi khia =b = c.
Bat dang thiic (2.21) c6 thé viét dudi dang

2vade \3 2vVba 3 2VAb \3
(\/%erc) +(\/%cha) Jr<\/E+ab)
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2v/ade \1 2vb3a N1 NAb A1
> (Tari)  anre) "~ Voera)

Ta thay rang (2.22) ¢6 ddng dap clia mot ham s6 dong bién F'(3) > F(1) vdi

(2.22)

Vade Vbia Vb
F(t) = (\/%a—a_?::l)c)t+ (\/in—b?w)tJr <\/2Tc—ibcw)t Vi > 1.

Ta xét bai toan sau dé khang dinh nhan xét trén.

Bai toan 2.25. Cho a, b, ¢ 14 cac s6 duong. Chiing minh rang

Vade \t VB3a \t Vbt
”ﬂ=(£%15)+féﬁ%a)+(f%i%ﬁ

la ham s6 dong bién tren [1, 3].
Giai. V6it > 1, taco

2v/ad3c N\t 2v/ adc
(DY Yy /T
vb3a + be vVbda + be
24/b3 t 24/b3
(—a) +t—1> t—a’
Vb 4+ ca Vb + ca
27/ c3b t 24/ c3b
<—C) ft—1> t—67
vade + ab vadc + ab

t( 2V adc N 2V b3a N 2V ¢c3b
Vbha+bec Ve3b+ca Vadc+ ab
Cong theo vé cac bat dang thiic trén ta duge
oade \t ;1 2V/Ba \! VTR
() ) Hm ) 23
b3a + be c3b+ ca a’c + ab

V6i Vi, ty € [1,3],t1 < to, ta can ching minh F(t;) < F(t3) hay can ching

minh

)ZBt.

(o) + () ()

Vb3a + be Vb + ca Vade + ab
>C£ﬁ§;f+(;&@20“+cﬁlﬁLy{
~ \Vba + be Ve3b + ca Vade + ab

Ta co _ .
(R ) s ()
b3a + be t t1 \VB3a + be
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2\/1)T 12 2\/63_ t1
<\/%+aca) —1—%—122—?(@4_&0&) ’
Vb Wb \h
(\/Ec-mb) +%_ = %(\/ﬁc—mb) ’
() () s (o) s () ol - ),
1 a -+ be c ca asc+a 1
Cong theo vé cac bat ding thic trén ta dudc
2\/@ t2 2\/% 12 2\/% 2
(\/%—H)c) +(\/%+ca) +<m+ab>
S < 2V a3e )tl +( 2V b3a )fl +( 2V c3b >t1
~ \Wba + be Vb + ca Vadec+ ab

hay F'(t) 1a ham s6 dong bién tren [1, 3].

Bai toan 2.26. Chitng minh rang v6i moi bo s6 a, b, ¢, ta déu cé
a n b n c_ o 3
b+c c+a a+b 2

Day 1a bat dang thiic co ban ( c¢6 trong tat ca cac gido trinh vé bat dang
thitc va c6 tén 1a bat dang thitc Nesbitt) nham dé mo ta cac ting dung khac
nhau clia cac bat ding thitc ¢ dién nhu bat dang thitc Cauchy,bat dang thiic
AG,...dé giai. Tuy nhién, néu viét lai bat dang thiic trén dusi dang

al bt c! 1 1 1

>
bl+cl+cl+a1+a1+b1_1+1+1+1+1+1

hay
al bl c! a’ 0 o

+ + > + +
b+l cl+al  al+b T 0+ D+ad @l 0

(2.23)

v6i quy wéc a’ = b¥ = ¢® = 1, thi ta c6 nhan xét ring (2.23)cé dang dap
clia mot ham dong bién
F(1) > F(0),
at bt c

F(t) =
*) bt+ct+ct-l—aa+at—|—bt’

Vvt > 0.

Ta xét bai toan sau
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Bai toan 2.27. Véi a, b, ¢ 1a cac s6 duong. Chitng minh rang
B al n bt N c
bW+ d4+al at+ bt

0 t

12 ham s6 dong bién trén (O; 1>
Gidi. Voi Vty,ts € (0;1),t1 < t9, ta can ching minh F(t1) < F(t3) hay
can chiing minh

a'? bi2 ct? aht bl ch

btz + ct2 + ct2 + at2 + atz + b2 = bt + ch + ct + al + alt + bt )

Khoéng giam tinh tong quat, ta coi a > b > ¢, suy ra b' + ¢ < a' + ¢ <
at + b, Vi e (0;1).

Ta co
T at? - alt _ albl (a2~ — pl2=h) 4 ghigh (gla—t — cla—t) .
b2 4 ct2 bh 4 ch (bf2 + ct2) (b 4 chr)
atlbtl (atgftl _ btg*t1> + atlctl (atgftl _ Ct27t1>
(a% + c'2)(ah + 1) |
Ctg Ctl Ctlatl (Ctg—tl _ atz—tl) + Ctlbtl (Ctg—tl _ btg—tl)

T+ be a4 (a2 + bi2)(aht + 1) ”
cigh (Ctz—tl _ at2—t1) + Ctlbtl(CtQ_tl _ btz—tl)
(a2 + ct2)(al 4 ci)
th bt1 btlatl (btz—tl _ atQ_tl) + bt1 Ctl (btz—tl _ CtQ—tl)
T3 - Ctg _|_ atQ o Ctl + atl - (atz + Ctz)(atl _|_ Ctl)

Suy ra

Y

T+ T,+13>0
a'? b2 cl2 ah bh ch
< btz 4 cte T ct2 + at2 T al? + btz = bt 4+ ch T chh + gt T alt + bt1’
hay F(t) 1a ham s6 dong bién tréen (0;1).

Bai toan 2.28. Ching minh rang véi moi bo s6 a, b, ¢, d ta déu c6

a N b n c n d
b+c+d a+c+d a+b+d a+bi+c

4
> —.
-3
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Bai toan nay c6 thé ching minh bang cach dua vao bat ding thic Cauchy
hoic bat dang thiic AG.
Tuy nhién, néu viét lai bat dang thic trén dusi dang

al bl cl d!
>
bl+cl+d1+al+cl+d1+al+bl+d1+a1+b1+cl—
1 n 1 n 1 n 1
1+1+1 1+1+1 14141 1+1+1
hay
al bl cl d! a’ »0
>
Micdtd adtdtd adibtd dibtd - Widtd a@tdid

o d°
+ +
CLO+bO+dO a0+b0+60
v6i quy uée a’ = b = ¥ = d” = 1, thi ta c6 nhan xét ring (2.24)c6 dang

(2.24)

dap ctia mot ham dong bién

(1) = F(0),

al bt c

F(t) =
(*) bt+ct+dt+at—|—ct+dt+at—|—bt+dt’

Dé kiém chtng nhan xét trén, ta xét bai toan sau

Vt.

Bai toan 2.29. Véi a, b, ¢, d 1a cac s6 duong, Chiing minh réng

at bt ct

T did didid divid

F(t)

1a ham s6 dong bién trong (0; 1).

Gidi. V6i Vi, ty € (0;1),t; < to, ta can ching minh F(t1) < F(t3) hay
can ching minh

at? btz ct2
bl2 4 ¢l + d2 i a' 4+ ct> + d'» i a'> 4+ bz + d'»
. an b dh
S A T S S S
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Khong gidm tinh tong quat, ta coi @ > b > ¢ > d, suy ra

V+cd+d <d+d+d <d+v+d <d+b+, vt>0.

Ta co

to tq

b2 +ct2 +dl2  blr 4 ¢ 4 dh
atlbtl(atQ—tl _ btz—tl) + atlctl(atz—tl _ Ctz—t1> + alrdh (atz—tl _ dt2—t1)
(W 1 = + d2)(0h + & + d)
aliph (atz—tl _ btz—tl) + alich (atz—h _ Ctz—tl) + alldh (atz—tl _ dtz—tl)

(a'2 + ct2 4+ d2)(ahr 4 ¢l + d')
btg btl

Ty

= 9

2= a +c+d ah +ch+dn
btlatl(btz—tl _ at2—t1> + btlctl(btz—t1 _ Ct2—t1) + btidt (bt2_t1 _ dt2—t1)
(> + s + A=) (ab + b+ di) |
T AT S atlctl (atz—fl _ CtQ_tl) + at1dt1 (atz—h _ dtz—tl)
1 2 Z (atQ + ct2 + dtz)(atl + ct + dtl)
btlctl (btg—tl . CtQ_tl) + btldtl (btg—tl _ dtQ—tl)
(at2 + ¢t + d2)(ah + b + dh) '
cl? cl
Iy =+ t ts At ¢ o
atz + b2 4 dt2 atr + bl 4 dh
Ctlafl (Ct2*t1 _ afzftl) + Ctlbtl (Ctzftl _ btzftl) + Ctldtl (Ctzftl _ dtzftl)
(at2 + btz + dtQ)(atl + btr + dh) ’
> dh
T4 — ; — —
a? + bz + ¢tz al + bl + b
dtlatl (dtz—t1 _ atQ_tl) + dtlbtl (dtQ_tl _ th—tl) + dtlctl (dt2—t1 _ Ctz—tl)
(a2 + b2 4 cf2)(alr 4 b + i)
dtlatl (db*tl _ atQ*tl) + dtlbtl (dtzftl _ th*tl) + dhcfl (dtzftl _ Ctzftl)
> .
(af2 + b2 + dP)(alt + bl + dh)
N T + T < ctlatl (Ct2_t1 . atQ—tl) + Ctlbtl (Ctg—tl _ btg—tl)
3 4 =

(a + b2 + d=)(ah + b + din)
dirat (dt2_t1 _ atQ—tl) + dt1bt1(dt2—t1 _ bt2—t1)
(a + b2 + d=)(ah + b 1 di)
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Do do
T+ T+ T35+ Ty >

atlctl (atZ_tl _ Ctz—tl) + atldtl (at2—t1 _ dt2—t1)
(af2 4 ct2 + db2)(al + ch + di)

btlctl(th_tl _ Ct2—t1) + bhdh(btz—tl _ dtz—tl)
(CLt2 + CtQ + dt2)(at1 + Ctl —+ dtl)

Ctlatl (Ct2—t1 _ atz—t1> + Ctlbtl( to—t1 __ btz—tl)
(at2 4 ct2 + d'2)(alr + ¢ + dh)

dtlatl (dt2*t1 _ at2*t1) + dtlbtl (dtQ*tl _ bb*tl)

(atQ + Ctz + dtz)(atl + Ctl + dtl)
a’? bt cle

< bl2 4 cl2 + dt2 i a'? 4 ¢tz + d'» i a'> + bz + dt2
ah b dh

= 0.

> +
bl 4+l 4+ div - alt + ch + dh atl + bh

Ta dudc dieu can chitng minh.

Ta xét bai toan tong quat sau

o

Bai toan 2.30. Véi ay, as, . .., a, 1a cac s6 duong, o > 3 > 0. Chiing minh
rang
ad as a®
« (07 1 O[+ (07 01 2 O{+...+ « (07 = « 2
a2+a3+"'+an a1+a/3+"'+an a1+a2+"'+an_1
af as a’
I BT B B CR B
CL2+CL3+"'—|—CLn a1+a3+"'+an +a2+ +an71
Gidi. Xét ham sb
t t t
a a a
L 2 n , Vit > 0.

F(t) = + +et
(t) ab+al+---+al, al+al+--+al al +ab+---+al,_,

Ta chiing F'(t) 1a ham s6 dong bién trén [0; +00).
Dat

S=a+a,+al+-+d,

tlnaj(ah +ak+---+a) —al(ablnas +alInas + -+ + af Ina,)

F _ - a;
0=2 (S —af)
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B Z alab(Inay; — Inas) + afal(Inay

—Inaz) + alal,(Ina; —

Ina,)
(S —al)”
Z aja’(Ina; — Inay)
ij=1 (S —al)’
n
1 1
t
= Zaiaj(lnai—lnaj)< 5 — 2)
ij=1 (S—aﬁ) (S—aé)
“ 25 —al — at
— Z a;ai(Ina; —Ina;)(a; — af) Y : ]t 5 > 0.
ij=1 (S —a)"(S - aj)
Do d6 F(t) 1a ham s6 dong bién trén [0; +00). Khi d6 Voo > 5 > 0 ta luon
co
ay ay ay
+ Ho
ay +as+---+a% af +a§+---+al +aj+---+a;
g ! g
a a a
L FR o e gttt IR
CL2+CL3+"’+CLn a1+a3+"‘+an CL1—|—CL2+ +a
Dau dang thiic xay ra khi va chi khi a; = ay = ag

Bai toan 2.31. Chiing minh réng v6i moi bo s6 (ai> (bz), ta luén c6 bat
déng thic sau

n n 9
(Z a?) (Z b2) > (Z aibi) . (2.25)
i=1 i=1 i=1
Dau dang thic trong (2.25) xdy ra khi va chi khi hai bo s6 <ai) : <bz) ti e
v6i nhau, tic 1a ton tai cip s6 «, 8 khong dong thoi bang 0, sao cho

aa; + b, =0, Vi=1,2

Bai toan nay la bat ding thitc Cauchy rat noéi tiéng va ciing cé rat nhiéu

cach ching minh. Tuy nhién, néu ta viét lai bat dang thiic nay dudi dang
n n

2-07.0 0720 = 2-171 122-1
(;ai bz><i§:;azbZ >> <;al bl><2ab )

(2.26)
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v6i quy ude af) = b) = 1(k = 1,2,...,n), thi ta nhan thiy ring (2.26) c6
dang dap ctia mot ham sd nghich bién
F(0) > F(1)
vGi

F(t) = (Zn: ai%) (z”: aﬁcbit) .t e0;1].
k=1 k=1

Nhan xét trén sé ducc khang dinh bdi bai toan sau.

Bai toan 2.32 (H.W.Melaughlin, F.T.Metcalf). Chiing minh ring véi moi
cap day s6 duong (ay, as, ..., a,); (b1, b, ..., b,) va véi moi «, 5 € [0; 1],
a < 3, ta déu co

(Z ) (Z ) > (Z ) (Z o).

Ching minh. Xét ham s f(t) = (Z ai_th) (Z asz_t) véi t € [0;1].
k=1 k=1

Ta co

| I



H
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) miy + C) mi]
Zln a;b; [&(ﬁ(@%) 2b2(b al> }
= aibj "7 \a; b a; b;
T

aij

z (lna]b In aibj> {(aibj)%lt) — (ajbi)2(1 t)} 0 Vit € [O 1] .

“i_tb’f?) (> et ) > (kzn; a "1f) (kzn; a7,

k=1
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Két luan

Luan vin da trinh bay duge mot sé6 bat dang thiic co dién va tit viec noi
suy cac bat dang thitc don gian va quen thudc da khai quat duge mot sd bai
toan, tit d6 c6 cai nhin tong quat tit mot vé mot bai toan bat ding thiic.
Tiép theo cho mot sé vi du minh hoa va ap dung dé thiét lap cac bat ding
thiic méi tit bat ding thic dong bac da cho.

Tuy nhién, bat dang thic 1a mot linh vuc khé v vo cling rong 16n, méi
bai toan vé bat ding thic thi cé nhiéu cach gidi khac nhau.Vi thé tac gia
ciing chi mong rang luan vin nay c6 thé géop mot phan vao thuc tién gidng
day vé mot chuyéen dé bat dang thic trong pho thong.

Maic du da hét stic ¢ gang, song vi khuon kho bai viét va vi thai gian va
kha nang c6 han nén chic chin luan van sé khong tranh khoi khiém khuyét.
Tic gid mong muodn nhan nhiéu ¥ kién déng gop ciia cac thay co, ciing ban
be dong nghiép dé luan vin duge hoan chinh hon.
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