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LOI MO PAU
Phép tinh tich phan bat ngudn tir nhu ciu sang tao phuong phap tong quat
dé tim dién tich, thé tich tir cach day rat lau. Ngay nay, phép tinh vi tich phan
chiém mot vi tri hét stc quan trong trong Toan hoc, va dugc img dung rong
khép trong cac linh vyc nhu Xac suét théng ké, Vat ly, Thién van hoc, trong
cac nghanh cong nghiép nhu dong tau, san xuit 6 t6, may bay,...

Phép tinh tich phan dugc gidi thi¢u cho cac hoc sinh 16p 12, va duoc phé
bién tai céac truong Pai hoc cho khoi sinh vién nim tht nhit va nim tha 2.
Pong thoi phép tinh tich phan ciing 12 ndi dung quan trong trong cac ki thi tot
nghiép THPT, va tuyén sinh Pai hoc.

Trong ludn vin ndy ching toi trinh bay mot s6 van dé “Phan dang va ki
thuat tinh tich phdn ham mot bién”, ciing bai todn Gng dung tinh dién tich hinh
phang va thé tich khéi tron xoay.

Luan van bao gom 3 chuong.

Chuong 1. Trinh bay céc khai niém, tinh chit co ban cua nguyén ham tich
phan ham mot bién.

Chuong 2. Tap chung vao vi¢c phan dang va cac ki thuat tinh tich phan
ham mét bién.

Chuong 3. Trinh bay vé hai Gmg dung cta tich phan ham mot bién, d6 1a
xac dinh dién tich hinh phang va thé tich khéi tron xoay.

Mic du dd cd gang hoc tap va nghién ctru mot cach nghiém tic, song chic
chan luan van khong tranh khoi nhirng thiéu s6t. R4t mong nhan duge nhiing ¥
kién dong gop dé hiéu chinh tét hon luan vin cta quy thay co, va ban bé dong
nghiép.

Luan van dugc hoan thanh dudi su chi dan tryc tiép cta thiy huéng dan va
su tro giip cua cac thﬁy cd & khoa Toan — Tin truong Pai hoc Khoa hoc, Pai
hoc Thai Nguyén. Toi xin chan thanh cam on Thay gido, TS. Nguyén Minh
Khoa di tan tinh giang day, chi bao va tng ho trong sudt qua trinh nghién ctru
viét luan vin cua t6i. Cam on Ban giam hiéu truong Pai Hoc Khoa Hoc cung
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cac thﬁy cO & khoa Toan - Tin va ban be hoc vién 16p cao hoc Toan K3b, da
gitip d& dong vién tng ho t6i trong sudt qua trinh hoc tap, hoan thanh luan vin.

Thai Nguyén, ... thang 10 nam 2011
Hoc vién

Nguyén Vin Thai.
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Chuong 1. Phép tinh tich phan ham méjt bién
1.1. Nguyén ham va tich phan bat dinh
1.1.1. Dinh nghia

Ham s6 y=F(x) dwoc goi la nguyén ham ciia ham sé y = f(x) trén (a;b)
néu: F'(x)= f(x),Vxe(a;b).

Vidul.l.l

Ham s6 y =cosx la mdt nguyén ham ctia ham s6 y=-sinxvi (cosx) =—sinx

\ 4 . N A \ ) \ 4 1 \
Ham s6 y=arcsinx 1a mgt nguyén ham cta ham sé y =———,Vxe (-L1)vi
I-x

(arcsinx)' = ! .
1-x*
1.1.2. Pinh Iy vé dang tong qudt ciia nguyén ham

Néu trong khodng (a;b)ham $6 y=f(x) c6 nguyén ham la y=F(x), thi
trong khodng dy:

i) y=F(x)+C voi Cla mot hdang s6 tity ¥ ciing la mét nguyén ham cia

y=f(x).

ii) Moi nguyén ham cua ham s6 y=f(x)déu cé dang y=F(x)+C, voi Cla
hang sé tiy .

Churng minh:

i) Vi [F(x)+C]’ =F'(x)= f(x)nén F(x)+C, véi Cla hang sé ty y la mét

nguyén ham cua y = f(x).
ii) Gid sir ham s6 y=H(x)ciing la mot nguyén ham ciia y = f(x),Vx e (a;b).

Ta co: [H(x)—F(x)]’ =H'(x)—-F'(x)=f(x)— f(x)=0,Vx e (a;b).
Suy ra, H(x)-F(x)=C,Vxe(a;b) < H(x)=F(x)+C (dpcm).

4
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1.1.3. Tinh chit.

Tinh chit 1. Cho y=f(x) la ham sé c6 nguyén ham, khi do

Uf(x)dx}v = f(x)

Tinh chit 2. Néu vy = F(x) ¢6 dao ham, ta cé Id(F(x)) =F(x)+c, cla hang

Tinh chit 3. Gida sir f(x);g(x)la hai ham s6 ¢6 nguyén ham.Véi hai sé

thuc o8 bat ky: ~[[ocf(x)+ﬂg(x)] dx :ajf(x)dx+ﬂjg (x)dx

Tinh chat 4. Neu [f(t)di=F(t)+c thi:

J.f(u(x))u'(x)dx:F(u(x))+c:F(u)+c VOT u = u(x)

1.1.4. Nguyén ham mét sé ham co bin

-joczx:c
OIdx=x+C
OIxadxz ! x“*yC
a +1
dx
e | — = 1n + C
[EE
° Isinaxdxz—l—cosax+C
a
° Icosa xdle—sinaerC
a
° J.e'”dlei—e'”JrC
. Iaxdxz a + C
Ina
oJ. ,df = —cotx + C
sin ~ x
dx
° IcoszxztanerC
° J.;d—x=\/x+C
VX

u=u(x)

° Idu =u +
° Iu“du =
du
° I7= In
° Isinaudu

° Icosa udu

C

1
leaH + C

a +1

|u|+C

1
=——cosau +C
a

|
—sinau + C

a
° Ieﬁ“dx = 1—eﬁ“ + C
e Jardu=2—scC, 0<azl
In a
du
=—-cotu +C
.Isinzu
du
° =tanu + C
‘[coszu
du

’Izﬁ

=Ju+cC
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Vidu 1.1.2. Tinh cac nguyén ham sau.

(ax+b)“"!

a 1 “
sh=Jlacsbytde= Sf (ax ) d (exsb) = S0

4

1
oI, = j(;—4+ Ux)dx = J‘x"‘dx + Ix3dx = —;—xS + %)ﬂ +c

o I, = jx(ax+b)a dx = éj[(aerb)—b](aerb)a d(ax+b)

1 a +1 _2 “
_;j(ax+b) d (ax +b) aj(ax+b) d (ax+b)

:1_2'(ax+b)"‘+2 _Lz'(ax+b)°‘+1 L C
a a+2 a a +1

1.1.5. Mpt sé6 nguyén ham mé rong

J dx 1 X

. ﬁ:—arctan—+C

a“ + x a a

',[ 2dx - 1 lna+x+C
a” —x 2a a—x

Jd—x=ln(x+\/x2ia2)+C
Vxtta?l

X

=arcsin—+ C ;a >0

J dx
Na? - x? a

Jd—x— 1—arcsin —|+ C
xx?—a? a a
1 a+~x’>+a’
. —1In +C

dx
'[x\/x2 +a’ a

Jln(ax+b)dx=(x+£jln(ax+b)—x+€

a

Chii y: Khi sit dung mét trong cdc cong thirc trén, ta cdan phdi chirng
minh céng thire do bang cdach ldy dao ham hai vé.
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1.2. Tich phan xac dinh

1.2.1. Dinh nghia

Dinh nghia tong tich phin:

Gia sw ham y = f(x)xdc dinh va bi chan trén [a;b]. V&i phép phdn hoach
batky 5 cua [a;b] tiec la chia doan [a;b]thanh: a=x, <Xx,...<X,_, <x,=b, ldy bat
ky diem &, e[x,;3x,],i=Ln; goi do dai ciia [x, ;x]la A, =x,—x._. Khi do:

if(;,)Ai = f(EDA, + f(EDA, +...4+ f(E)A, duoc goi la téng tich phdn ciia ham
i=1
s6 y=f(x) ung v6i phép phan hoach & trén [a;b].
Dinh nghia tich phan xdc dinh:
Gia sir Z FEN, = FEDA, + F(ENA, +..+ f(E)A, la tong tich phin ciia ham s6
i=1
y=f(x) tng v6i phép phdan hoach & trén [a;b]. Néu ton tai gidi han Mggﬁoiﬂéﬁf =1
thi I dwoc goi la tich phan xdc dinh cia ham s6 y= f(x) trén[a;b] va ki hiéu la:

I:j.f(x)dx.

Khi do hamy = f(x) dwoc goi la kha tich trén [a;b].

1.2.2. Cong thirc
Cong thirc Newton — Leipnitz. Né'uJ.f(x)dx =F(x)+C,Vxe(a;b)thi:

j f(x)dx =F(x)| = F(b)-F(a)

a

—j () e

b

b
Cong thurc dao can. Gia suw f (x) kha tich trén [a; b] thi: I ()=

va j.f(x)dx:O.
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Cong thirc tach can. Gia sw f(x) kha tich trén [a; b] ta co:
b

[£(x)ax= jf dx+jf )dx e € (a;b)

a

Céng thire tich phdn tirng phan. Gid st u = u(x);v=v(x)kha tich trén [a; b]

Ta co: judv: uv|z —jvdu

a a

Céng thire doi bién. Gid st y= f(x)lién tuc trén [a; b]va x=e(t)khad vi
lién tuc trén [c; d]va min@(t).., = a; maxe(t), ., =b; ¢(c)=a;p(d)=b. Ta co cong

thirc doi bien so.  [f (x)dx=[f[o(t)]o'(r)dt

1.2.3. Tinh chit

Tinh chét 1. Néu ham sé f(x)lién tuc trén [a; b]thi no kha tich trén [a;b]

Tinh chdt 2. Gia sir f(x);g(x)kha tich trén [a; b]va vdi Va; B eR ta co:
b
[[ef (x)+Bg(x)]dr= ajf dx+ﬁjg

Tinh chdt 3. Néu f(x) la ham chan va lién tuc trén [-a;a] thi,

if(x)dszfo(x)dx

Tinh chat 4. Neu f(x) la ham lé va lién tuc trén [-a:a] thi [ f(x)dx=0

—a

, b
Tinh chdt 5. Cho f(x) lién tuc trén [a;b]va f(x)ZOVxe[a;b]:If(x)deO

Tinh chit 6. Néu f(x);g(x) la hai ham lién tuc va f(x)<g(x)Vxela;b] thi
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Tinh chat 7. Cho f(x);g(X)ia hai ham lién tuc trén [ab] va gx)<f(x),

b b
Vx e[a:b] khi do, [ f(x)dx <[ g(x)dx.

Tinh chit 8. Cho f(x)la ham lién tuc trén [a;b] va f(x) khong d‘o”‘ng nhat

b
bcing 0 trén [a;b] khi do, If(x)dx>0.

Tinh chit 9. Cho F(x);g(x)la hai ham lién tuc trén [a;b] va X)<f(x) ,
Vx e[a;b] do”‘ng thoi f(x);g(x) khong d‘o”‘ng nhat véi nhau trén [a;b] khi do:

[ £Gdx < [ g(x)dx.

Tinh chét 10. Cho f(x)la ham lién tuc trén [a;b] va m< f(x) <M,
Vx e[a;b] do”‘ng thoi f(x) khong d‘o”‘ng nhdt véi m hodc M trén [a;b] khi do,

m(b—a)<j.f(x)dx<M(b—a).

b

< j|f(x)| dx .

a

Tinh chit 11. Cho f(x)la ham lién tuc trén [a;b] =

j f(x)dx

Mé¢nh d@é 1.2.1. Cho f (x) lién tuc trén [a;p]va f(a+b-x)= f(x)Vxe[a;b]

= bxf(x) dx =

a

a+
2

bj.f(x)dx.

Chung minh: Bat t =a+b—x,Vx €[a;b].

b

:xf(x)dx:jxf(a+b—x)dx<:> bxf(x)dx:T(a+b—t)f(t)d(a+b—t)

o [xf (x)dx==[(a+b-1) f(t)dt = fxf(x)dx= (a+b)if(t)dt—f#(t)dt

a b
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b

& jxf(x)dx =(a +b)j.f(x)dt—jxf(x)dx: bxf(x)dxz

a a

b
a+b

> !f(x)dx (dpcm).

Ménh d@é 1.2.2. Gid sir y = f(x) la ham xdc dinh, lién tuc trén R va tuan
a+T

hoan voi chu ki T . Khi do jf(x)dx :If(x)dx
a 0

Churng minh.

a+T a+T

Ta ¢6, j F(x)dx = j F(x)dx+ j F(x)dx+ j F)dx ()

a+T a+T

Pdt x=t+T = jf(x)dx jf t+T)d. jf t)dt = jf(x)dx jf dx (2)

a+T

Tir (1;(2) = j F(x)dx = j F(x)dx + j £(x)dx + j F(x)dx = j f(x)dx (dpcm).

a+nT

Homn nita , ta co cong thirc mo rong: j f(x)dx—njf(x)dx

1.2.4. Vi du

2

. 1, _j(x+—) dx—j(x +2+—)dx—( W aox-t =18
X

1

o1, = j(e +1)dx_j(e +1)dx = (e* +1)| =e-1

0

T
s

Iy = [(sin 2x + )dx = %J.sin 2xd (2x)+ [ dx = (~cos 2x)
0 0

0

+ |”—
xo—ﬂ'

0

10
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.1, :J‘(cosx+1)4dx:jcos4 xdx+CJ‘J‘cos3x+C42JAcos2 xdx+CiIcosxdx+Idx

1+cos2x )
:j(%j dx+4I(COS3xz3cosxjdx+3I(I+cos2x)dx+4sinx+x+C

s1n3x+7sinx+4x+3s1n2x+c

:%J‘(1+2cos2x+cos2 2x)dx+

:17_x+7sinx+sm3x+7sm2x+lj 1+cosdx vt C
4 3 4 2

4
35x ) sin3x 7sin2x sin4x
=——+7sinx+ + + +C
8 3 4 32

11
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Chuong 2. Phian dang va ki thuit tinh tich phan ham mét bién
2.1. Céac dang bai toan tich phan tirng phan
Céng thirc tich phdn tirng phan.

Ta c6 d(uv)=vdu+udv = udv=d(uv)—vdu

& j udv = jd(uv) —jvdu

@judv:uv— vdu

Tir ddy ta c6 céng thire tich phdn tirng phdn cho tich phdan xdc dinh.

b b
J.udv = uv‘l; —_[ vdu

Nhdn xét: Mot cau hoi dat ra la khi nao thi s dung cong thirc tich phan
tirng phan dé tinh tich phan. Céu tra 101 néi chung la nhitng tich phdn ma ham
dudi dau tich phdn co cau tric tich hodc la ham hop. Khi do mot van dé cot
yéu ddt ra la cdan chon ham w,dv phit hop sao cho ¢é thé dwa tich phdn vé dang

tich phan co ban. Cach phan dang dwoi day chinh la viéc lya chon theo u;dv .

u=P(x)

dv =e""dx

Dang 1. I :J.e”.P(x)dx , P(x) la da thirc. Ta dat {

Nhie vdy néu P(x)la da thitc bdc n thi sau n lan tich phén timg phan ta
sé thu dwgc két qua.

Vi Dy 2.1.1. Tinh céc tich phan sau

1 2 :
] J‘ +x+1 [2 _ J'ex+lnxdx; [3 = Ix3exzdx (BH Cén Tho 1999)
0

1 0

Ta co:

ol = J.Lmd I(x +x+1)e "dx

0 e

12
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vV=—€

— 2 — 2 1 1
Dat {u g -i:x+1:{du ( x—i:x)dx :I]:—e_x(x2+x+l)r +Je_x(2x+l)dx
dv=e"dx 0

0

., ! N , o :2 +1 d :2d
Ta lai tinh 7, :je‘x(2x+1)dx bang cach dat , {u * { e

—X :> —X
0 dv=e"dx v=—e

1
Suy ra I, =-¢” (2x+1)| +2[e "dx=-3¢" +1-2¢7| =-5¢"+3
0

1
0

= [ =-3¢"'+1-5¢"+3=-8¢"' +4.

.[2

1

je"”’”‘dx = Txe"dx = j.xd (e") = xe" = jexdx =2¢’—e— (62 — e) =¢’
1 1 1 1

1

1

2 1 2 - AR+ A

-13:J'x3e"dxzajx2e" dx*.Pat r=x*> d0ican x=0->¢=0; x=1->r=1
0 0

1 1 1 1
=1, Z—Ite’dt:—jtd(e')Z—te’] —Ie’dtzf—e:—g.
2O 20 2 0 0

2 2

_ ax+p 3 . 5 u= P(X)
Dang 2. I= IP(x)a dx P(x) la da thirc. Ta dat {dv:a““ﬂdx

Vi Dy 2.1.2. Tinh céac tich phéan sau

1
o1, = [(e+1)2%dx
0

1

1
, 1
Taco, I, :£(x+1)22xdx:E£(x+l)2d(2")

N T o 2 e 7 2 .
= =27 (x 1) ‘0_E£2 (x+1)dx—m—ln22£(x+l)d(2 )
7 2 ‘ ‘ 7 6 2 i
=—- 2% 1 2%dx = - -
In2 1In*2 (x+ )0+1n22-([ g In 2 1n22+1n32 0
7 6 4

= - +
In2 In?2 1In’2

13
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1
o1, = (=13 dx
0

1

1
r + 3 x
Taco, I, =£(x—1)23x ‘dxzmg(x—l)zd@ )

x 3

:E” \‘—J3 —‘—3‘12 f(x D (3)
1

__ 3 ? 3 (x —1) ? J.3"dx: 3, ? + ? £ ? + 132

In3 In°3 0ln30 In3 In"3 In"3 " In3 In°3 In’3

=P
Dang 3. I:J.P(x)sinaxdx , P(x) la da thirc. Ta dat { ! ‘(x)
dv = sinaxdx

Vidu 2.1.3. Tinh tich phan sau:

O'—.O\\N

« I, = |xsinxcosxdx (BO dé)
s E E
Ta co: oI, = Ixsznxcosxdx = ij sin 2xd (Zx) =7 xdcos2x
0 0 0
Tl G T
:—lxcos2x +ljcos2xdx= —lxcos2x +lsin2x|6 :—1+£
4 o 4y o 8 0 48 16

o[, =

2

(x +x+1)sm(2x)d

o'—.w\bl

u=x"+x+1 du=2x+1

T di -
a dat {dv=sin(2x)dx:> v:_cosg2x)
=17 :—l(x2+x+1)cos(2x)z+1J2'(2x+1)cos(2x)dx

? 2 0 20
7248 L 1) a (sin2)

8 4+
14
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s
s — s

2 2 2 2
=w+l(2x+l)sin2x ’ —ljsin2xd(2x) =w+lcos2x ’ =M
8 4 4l 8 4 . 8
, . . , . u=P(x
Dang 4. I :IP(x)cosaxdx voi P(x)la da thue. Ta dat )
dv = cosaxdx

Vidu 2.1.4. Tinh tich phan sau:

s

8
ol = Ix(sin“ x+cos® x)dx
0

: : :
/4 . 1
Taco, I, = Jx(sm x +cos® x)dx = J‘x(sm4x+cos4 X)dx :Ix(%+zcos 4x)dx
0 0 0
zgj‘xdx+—J‘ cosdxdx = +—de(s1n4x) —3—+—xsm4x 8 ——Is1n4xdx
4 4 o 167 512 16 16
3t o« 1 ~ 370 nm 1
=——+—+—=C0 s4x8 = t———
512 128 64 512 128 64

= |x(sin® x + cos® x)dx (BO dé)

oo | 3 o(—.oo‘§

3 3 3
Ta c6, 1, = [x(sin® x +cos® x)dx = jx(§+§sinsin4x)dx=§ [at+ 3 [xsindxx
) 788 8y 81

% 8 2 x isz
=§x2 3 xd(cos4 x)—5—+ixcos4x1§ —iJ.cos4xdx
8 o 329 512 32 323
57 3 . 50 3

- - § = =

X]
512 128 ° 512 128

u=lIlnax

Dang 5. I :J.P(x) Inaxdx  vOi P(x)la da thirc. Ta dat {
dv = P(x)dx

Vidu 2.1.5. Tinh tich phan sau:
1
1, = [xin(x+1)dx  (DB-2007)
0 ] 1 ]
3 xzd(ln(x+1))

0 0

:%j'ln(x+l)d(xz)=%x2 In(x +1)
0

15
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1 1
——lnx+1 ==
5 (x+1)

0

—lln2—ll—dx——ln2——j(x 1)dx——j _1n2
2 29 x+1 2

2
oI, = [(x=2)Inxdx (DB-2007)
1

2

J?(%—bc]d(lnx) = 22— I(——Zx]id

2

= J’lnxaf(—2 -2x)= (— - 2x] Inx

2

2
:—21n2—j(£—2jdx:—21n2—(x——2x) — 22+,
2 4 ] 4
. . , . =1In"
Dang 6. I :IP(x)lnk axdx véi P(x)la da thicc. Tadat | "~ "
= P(x)dx
Vidu 2.1.6. Tinh tich phan sau:
ol = jx In* xdx (NT95/Dé 149 . Sach 150 d& Bo Dai Hoc)
1
r ¢ 2 1 I 2 2 1 2 2 ‘ 1 I 2 2
Ta co, I:Jxln xdx:—jln xd(x ):—x In” x ——Ix d(In” x)
1 2] 2 1 2]
2 e 2 e 2 e 2 e 2
=< xlnxa’x:e——ljlnxa’(xz):e——lenxr+l xa’x:i+lx2 S 1
2 2 29 2 12 2 47|, 4

oJ = Ixz In? xdx
1

Sl o, e 2F
—gjx d(In x)—?—gjx In xdx

1 1 1

¢ 1¢ 1
Ta co,J = [x* In’ xa’x:—J‘ln2 xa’(x3) =—x"In’x
1 3] 3

3 e 3 e 3 e
%—%Ilnxd(f) :%—xSInxLe +§Ix3d(lnx) %——+§ x’dx

Il
|m
|
S
'—.‘S‘Q
=
QU
—
=
W
N—
Il

1 1 1 1
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u = arcsinox

Dang 7. 1 :J.P(x) arcsinaxdx  vOi P(x) la da thue. Ta dat {
4 = P(x)dx

Vidu 2.1.7. Tinh tich phan sau:

2

o [ = |x"arcsinxdx

o'—.w\—-

1
1 1 Loy

x’arcsinxdx = — I arcsinxd (x3 ) = —x3arcsinx‘2 —— I x’d(arcsinx)
39 3 0 39

Taco, I =

o'—.m\—

1

21(1x

1
" Jﬂ R el
]ii_

3 1
——( —x’)? =
, 1448 3

T a’(l x) 1
x) 144 P ﬂ \/1 —x*d(1-x%)

T 1
= 4_
144 3

0

o J = j(}f —1)arcsin(2x+1)dx

-1

2

0
Taco, J= I X —1)arcsm(2x+1 =%I[(M] —1]arcsin(2x+1)d(2x+1)

2

1 3 1
Dat t=2x+1:>J:lj (g] -1 arcsintdt:LJ.(f—3t2+3t—9)arcsintdt
232 16

0

i — dt
u = arcsint N
Ta dt, s = I
dv=(r' =3¢ +3t-9)dt A 38
v=—— +——9
2
17
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16
— 1 3
L | N ( l—tz)
128 16\ 4 2

_ 3
_ 3 +L(t——t2 +2—9] 1-¢

128 16| 4 2 0
_ 1}
= 33”+i——j EPYR \/1 £ dt
128 16 165( 4
dt = cosudu

bat ¢ =sinu = P
t=0>u=0t=1>u=—

T

2 )
=J= 37 9 1 ff3sin u—2sinu+§ os’udu
128 16 16O 4 2
_ 3 12 2
= 337T+i—i (sinucosu)zdu+—jsinucos2ud —ijcoszudu
128 16 64+ 81 )
_ : L
_ 337T+2_i Sir122udu_cosu ij1+cos2udu
128 16 2561 L34 2
337 9 3 El—cos4u 1 3(u sin2u)?
- TR j du+———| =+
128 16 256O 2 8 32\2 4 0

_ 36z 113 (z_sin4u]2

) =36z 11 3x 11 291x
128 16 256\ 2 8

128 16 1024 16 1024

0

u = (arcsinox)*

Dang 8. 1= nax) dx . Ta dat
ang J. (arcsinax)” dx ‘ { oo d

Vidu 2.1.8. Tinh tich phan sau

« I = |(arcsinx)’ dx

O'—.I\)\—

18
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1

2 1
Taco, I = J (arcsinx)’ dx = x(arcsinx)’ ‘;
0

+
\S]
O 0 | —

1
4

oJ = J(x + 1) (arcsin2x)’ dx
0

1

- 1t
bat t:2x:J:ZJ (¢+2)(arcsin?)’ dt

0

1
1 2
ZEJ'
0
1 1
2 2
Xét J, = I arcsmt = %J‘(arcsin t)2 d (tz) = (zarcsin t)2 2
0 0
1 1
7[2 2 Z‘2 2 2
= arcsintdt =—+ || V1-¢
144 ! 1-7 ![

0

2
=J, =

o'—.w\—

1
2

—I d(arcsin” x) ———2
0

arcsinxd(N1—-x*) = —+ 241-x? arcsmx

1
. 13 11 g
(arcsmt ) dt+— I arcsmt dt=—I+-J, . V01 j -
43 274 72

2 2 .
T ) Vs arcsin” ¢
, —Jarcsm ta’ arcsmt + 1 t* arcsin tdt = I\/I —t* arcsin tdt + - |
0

J1—# arcsintdt — 2— . bat u =arcsinr =
144~

1
2
_[ xarcsmx

1

1
2

- 2J.\/1 — x*d(arcsinx)
0

2 71'\/_

~1 (theo trén)

1

% t*d (arcsin2 t)

0

O Cm— 1O | —

1

1
Jz' arcsinzdt

2 2
arcsinzd =—— + I V1—¢* arcsinzdt —
144 0

N | —

144 2

b

(=]

t=sinu

dt = cosudu

t:0—>u:0;tzé—>u:£

g s 2 1% g 2% /
=J = +Iucos2udu: +—Iu(1+cos2u)du: N Iud(s1n2u)
) 144 2 144 4| 43
19
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-t usin2u|% 1% . 73 cos2u|% 31
= +—t ——js1n2ud(2u): + = -
144 144 4 |, 83 48 8 |, 48 16
2
A E AL R T
20 72 6 4( 48 16
u = arctanax
Dang 9. I= J.P(x)arctanaxdx VOl P(x) la da thue. Ta dat
dv = P(x)dx

Vidu 2.1.9. Tinh tich phan sau

1
ol = Ixarctanxdx
-1

1

1
Taco, I,= j xarctanxdx = 2[xarctanxdx (do tinh chat ham chin)
-1 0

' l n ¢ xXdx 7w dx
= |arctanxd (x*) = xzarctanx‘ - I x’d (arctanx) = 7 —! =—= Idx + I

1
0 l+x° 4
0 0

T 1
=——1+arctanx| =—-1
4 0

u = (arctanox)"

dv=dx

Dang 10. 7= J.(arctanax)k dx. Ta dat {

Vidu 2.1.10. Tinh tich phan sau

o] =

arctan® (2x)dx
1

O C—yt0 | —

1
x:—t:afx:ﬁ
2

Ta dat, t=2x= .
x:0—>t:0;x:§—>t=1

20
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1
1 t(arctant)’| 1 21 odt
:I]:—j(arctant)zdt:M ——Itd(arctant):ﬂ———j -
2 o 2% 32 241+t
2 1 2
2 L) S22
32 o 32 4
1
= j x(arctanx)’ dx
0
1 1 1
Taco, 1, = jx(arctanx)zdx = Ejarctan2 x d(x2 + 1)
0 0
1o 2 ! 2 2arctanx
—E(x +1)arctan x‘o— j(x +1)d(arctan x)—g——f( .de
2 1 2 1 2 1
=T arctanxdx=ﬂ——xarctanx|] + |xd (arctanx)zﬂ——£+ I dez
0 16 ‘e 16 4 {l+x
2 2
S - j—d(1+x) ﬂ——£+ln(1+x2)r:ﬂ——£+ln—2.
16 4 29 1+x° 16 4 o 16 4 2

u =arccosax

Dang 11. = P(x)arccosaxdx voi P(x)la da thirc. Ta dat
= P(x)dx

Vidu 2.1.11. Tinh tich phan sau

1

= J. arccosxdx
1
2

1

1 e -1
Ta cb, I, = |arccosxdx=—xarccosx| —— |x. =
b 2 12 1_x2 12 2I,/
2 2,
1 = 1 r—
=z __ (l—xz)zd(l—xz):—l—— 1-x7 = 7 N3
12 44 12 2 - 12 4
2
1
= J. xarccosxdx

N | —
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. 1 1 -1 r 1 x’dx
Ta co, I, :—J' rccosxd —xzarccosx ——I :——+—I—
24 24 — 2 24 2941-x*

2 2 2
2 2

bit x=sint=> 1, =-—— lj sin”«d (sin’) :—l+ljsin2tdt:—£+lj(l—cos2t)dt
4 2% Jl—sin?¢ 2; 24 4%
6 6 6

SIE]

. 48 16

Dang 12.

T 3

= k
I= J. (arccosax) dx . Ta dit {u = (arccosax)

dv=dx

1

2
Vidu 2.1.12. Tinh tich phan sau 7 = I(arccos 2x)*dx

1

2
Taco, 7= I(arccos 2x) dx =
0

l\.)Ir—‘

1
1
= > t.(arccost)?

1| 1
——|td 1) =——
2{ (arccost) 2_[

0

1
= —jarccost d(\/l —1*)= —\/1 —t* arccost
0 0

1
] + J\/l —t* d(arccost)
0

1 1
1+I\/1—t2' ! dtz%—jdtzi—
0 0

NI

2

Dang 13. I :J.xR’(sinx; cos x)dx

Ta dat {
dv =

Vidu 2.1.13. Tinh tich phan sau

u=x

R'(sinx; cosx)dx

S6 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén

2. arccost

he

1
2
jarccos 2x)° d 2x I(arccost) dt
0

I arccost.

1-¢

1

R(sinx;cosx) la phdn thirc

22
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z
3
I Xxsinx

I= dx (PHSP Vinh A, B -2001)
J cos’ x
% xsznx Z Xsinx . ~
Ta co, I = j j — dx (do ham dudi du tich phan 1a ham chén)
COS X COS X
T

T

1 |% * odx 47z %
=2 =-2x. 2 =
-[ d(cosx) * cosx|0 * -([cosx -([

_ J d (cosx)
. cos’

COSX

1-¢
CoSX = >
z 1+1
3
Xét J= 2I dx dafltt:tanfz dx = dt
cosx 2 1+¢
T 1
x=0->t=0x=—>t=—F
3 3

1
V3 2 T
I+1¢ 1+t 4r
:>J:2j1 g ! _2—1nTO _ln(2+\/§):>[:—T+ln(2+\/§)
. ., |u=sinf(x)
Dang 14. I:J.smf(x)dx . Ta dat
dv =dx

Viduy 2.1.14. Tinh tich phan sau

Taco, 1= ] sin(lnx)dx = x.sin(lnx)|j§ —Txd(sin(lnx)) =e% —Tx.lcos(lnx)dx
1

1 1 X

Ed ka

L3 e? L3 T 2 b2 p2

=e? - ! cos(lnx)dx = e —xcos(lnx)| + de cos (Inx)) = ez—!sin(lnx)dx:ez—l

1
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3
X =

Tadat (=Yx= dx =3t =1,=
3

V4 T
x:0—>t:0;x:——>t:§

3¢*sint dt ==3|t*d(cost)

O Cm— 0 [N
S L]

T T T

L3 3 26 2 x 3
= —(3t200st)‘ 3+ 6Itcostdt S 6Itdsint S 6tsint|5 —6|sintdt
o 18 0 18

0
2 n

2

-7 T -7
= + w3 + 6cost|3 =—+7T\/§—3

18 |° 18

Dang 15. 1 :J.cosf(x)dx . Ta dat {u =cosf (x)

dv =dx

&°

Vidu2.1.15. Tinh tich phan sau 7= J cos(/nx)dx

1

e’ e* er

Taco, I = J cos(Inx)dx = x.cos(lnx)Le” - de(cos(lnx)) =—e" —1- de(cos(lnx))

1 1 1

T 4

=" -1+ I sin(/nx)dx = —€" -1+ x.sin(In x)|le” —~ de(sin(lnx)) =—e" —1- I cos (Inx) dx
1

1 1

=[=-"-1-1 @I:—%(e”+l)

Dang 16. I :J.arctanf(x)dx . Ta dat {u = arctan.f (x)

dv=dx

Vidu 2.1.18. Tinh tich phan sau

24
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.l =

1+
arctan,/—xdx
I-x
1 1
2 > 2 g
Taco, I, = J. arctan / dxx xarctan /— de arctan,/—
—x
0 0

1 ! |

S 0 | —

1
2 1 1t xd« =« lad Zn 1 PR 4
A

(1) /@1 I 6 42 62 , 6 4 2
Vi-x I-x

.[2

o'—.m\—-

arctan (2x) dx

1 1
2 2

Ta co, 1, Iarctan (2x)dx = x. arctan(2x)|2 —de (arctan 2x)
0 0

1

1
2 1
“I] 2xdx _ T _ IM Z_lln(1+4xz)‘z:£_£
8 01+4x 8 44 1+4x° 8 4 o 8 4
1 1_x2
I3=Iarctan dx
4 X
2
! 1
, 1-x? 1-x?
Ta c0, I,=x.arctan - de arctan
b PR X
2 2
T 1-x? T
=2 [x( ). =—-|x “dx
6 b -X 6 1 x2
kS 1+ 2
2 x2 2
T ¢ xdx T T 3
=T T d(\/— )_ 1| =242
6 1J1-x* 6 1 6 2
2 2
o u = arccotf (x
Dang 17. I :J.arccotf(x)dx . Ta dat /)
dv=dx
25
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1
2

1 2
Vidu2.1.19. Tinh tich phansau 7= arccot[ I7x ]dx

. u =arcsin f(x)
D 18. I = ] dx . Ta dat
ang J.arcsznf(x) x . 1ada { v = dx

3

.
Vi dy 2.1.20. Tinh tich phan sau 7 = [ arcsin- ix
f X

dx

2

2x

> dx = x.arcsin >

1+x 1+x

NEEENY
. 2x
— I x.d (arcsm 2]

N
Taco, I = J.arcsin
1 1 1

T 3_2_\5)( 2(1+x2)—4x2 dx T 3_£+f2xdx
30 2 4 (1+x2)2 ’1 4x° 302 41+x
(1+x°)°
N3 o« ﬁd(1+x2) B
—+j —= ——+In
I+x 3

1

. u = arccos f(x)
D 19. I = dx . Ta dat
ang J.arccosf(x) x ada { v = dy

V3
Vidu 2.1.21. Tinh tich phan sau 7= Jarccos

1

2
xzdx
1+x

X A 2x
- I x.d (arccos 2]
. | 1+x

26

> dx = x.arccos >

1+x 1+x

i
Taco, = J.arccos
1
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3 2 2 I+ x? )‘4352 dx 73 B 2
+jx =
1

6 (1+x) | 1—44X22 2 ‘ _1 b
(1+x7)
N
77,'\/5 d(1+x) ﬂ\/_ )‘f_i_lnz
6 ] 1+ x?
. Ju=Inf(x)
D 20. I1=|! dx . Ta dat
ang J.nf(x) x . 1la da { o = di

Vidu 2.1.22. Tinh tich phan sau:
1
o/, :jln(x+\/1+x2)dx

0

1

0

1 1
Ta co, I, :jln(x+\/1+x2)dx:xln(x+\/1+x2) —de(ln(x+\/l+x2)
0 0

:1n(1+\/§)—j xdx :ln(1+\/§)— 1+x2]
0 0

:ln(1+\/§)—\/§+1

0
= jxlnxll —xdx

-3

Ta co, I, = qulnx/l—xdx :%j.ln\/l—xd(xz)
33 3

0
ChNl-x| 1}, 9m2 17, -1 dx
=t —— 2 ——|¥d(InV1-x)=-T"2—— ¥
2 _32£( ) 2 2% 2dl-x JI-x
0 2 0
:_91n2+lj'xdx:_9ln2+LJ-( —(1+x)]dx
2 4% 1-x 2 1-x
2
o2 Ly e A 2 _oh2 m215_ 5.3
2 =400 2 ) 2 2
u=f(x)
Dang 21 I g'(x)dx. Ta dat
g [ f().g'(x)dx { dv= o'
27
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Vidu 2.1.23. Tinh tich phan sau:

= Ix tan® xdx (HVQS - 1995)
0

i i T3 2
Ta co, I = Ix tan” xdx = Ix(tanz x+ 1)dx - dex = jxd(tanx) —Z—2
0 0 0 0
2 o % 2 T 2
= —7T—+x.tanx|Z - Itanxdx =L 1n|cosx”1 =L lnﬁ
32 0 0 32 4 32 4 2

d  (A-2011)

v
]‘- Xsinx + x + 1 cosx
0

XSInx + cosx

v
, 4 xsinx + x +1 cosx
Taco, I, = I dx =
{  XSinx+cosx

(xsinx + COS)C) + xcosx

X

O [N

XSinx + cosx

T T ”

Y '
XCOSX z XSinx + cosx

0 o XSinx +cosx \ XSinx + cosx

4 Va

Z In(xsinx + cosx)|4 =7 + In (_\/_.;_ £)

_ 2 2
Dang 22. I=J‘\/x2 +b*dx. Ta dit {u =X+

dv=dx
Néu biéu thirc trong cdn la dang bdc hai day du, thi ta bién doi.
2 2 2
ax” +bx+c=(ax+ L) +y

Vidu 2.1.24. Tinh tich phan sau:

1
I:J’\/x2 +3dx
0

1 1
Ta co, I:j\/x2+3dx:x X +3] —J.xd(\/x2 +3)=2—
0 0

Sy S
=
S
=
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fi

3 ¢ dx
2 ae=2-143[ 2
\/x2+3] !\/x2+3
1
dx

=2/=2-3

e

Vi (ln(x+\/x2+a2 )) = J 1n(x+\/x2+a2)+c

x+a

=21, =2-3In(x+vx* +3

1 —
:2—3ln\/§:>I:M
0

2

Dang 23. I=[x*-pdx. Ta dit {”Zm

2
Vidy 2.1.25. Tinh tich phan sau 7= J.\/x2 —ldx
5

2 2 2 2
Taco,l = J.\/xz—ldxzx x2—12 —J.xd(\/xz—l)z%/g—\/g—j X d
g AN o

NE|

:2\/5—\/6—}[

Nl_ﬁjd 2= [

2
:21:2@-%-[ dx
3

Vi (ln(x+m))’ “in(x+ e —a )+ C

1 dx
——— = | ——
Vx* —a? J‘\/x2+az

2 2+3
:>2[=2\/§—\/€—11’1(x+ x—1) _2\/_ \/— \/_+\/—
2+4/3
[2\/’ \/_1\/_+\/_]
Dang 24. I=j\/b2—x2dx.Ta dat {uz b* —x*
dv=dx

NG
Vidy 2.1.26. Tinh tich phan sau 7 = J.\/4—x2dx
1

29
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—ﬁd(ﬂ):

1

V3 N
Taco, I = J.\/4—x2dx=x 4—x*
1
1

— t—.&
><I\)
&

dx =2 costdt

bat x=2sinr=
’ xzﬁ—)tz%;x:2—>%

[N

ey

4sin® tdt =

== (1—cos2t)dt:2(t—smzt]

2

w\h\'—.w\h\
w\ﬁ'—.w\ﬁ

r
3

Dang 25.  Dang tach tich phan I =1, + I, véi 1; I, tinh bdng tich phdn timg
phan.

Vidu 2.1.27. Tinh tich phan sau

I, = dx
COS™ X
2 2 x z z Z
34 3 3 3 . T 3
X XSinx z x |3 dx
Ta co 1=I > +I dx=jd(tanx)+jxd =tanx|03 + | —I
(, COS™ X | COs” X 0 0 cos x cosx|0 ), COSX

K]

e S e —j(smx L a sin)

3 o 1—sin” x sinx+1

sinx —1||3

_ 3+ 2E

~ — 3+ 2 n2-3)
2 |sinx +1]|, 3

1+ cosx

T
_ [ LS g (Duge -2000)
0

2

( zn2+coszj 1% 1%

Taco, I,= edr=—| (I+tan2)2e'dx = — | (I+tan’ 2 + 2 tan)e*dx
2cos? Y 29 2 29 2 2

2

O 0 |y
]
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1 1 ﬂ
Dang 26.  Dang tich phan truy hoi tung phan 7, = J (x;n)dx

s

2
Vidy 2.1.28.Cho I, = [(sinv)"dx . Chimg minh 7, =217
0

s

, 2
Ta co, I, = J(sinx)" dx = — (sinx)”fl d (cosx)
0

S m—o [N

T

-3
+
0

:—cosx.(sinx)n osxd(smx) = (n—1)| cos® x(sinx)"" dx

o'—.m\:\
o'—.N\a

(sinx)"_2 dx—|(sinx)"dx |=n-1)(I, ,—1,)

O 0 [ 3
o'—-.w\kl

3
I(l sin x) sznx dxz(n—l)
0

L/, (dpcm)

n
=1, =

Mt s6 bai luyén tap.

Sty
—_

1) |(x+1)sinxdx
i

2) L=[x(2cos’x-1)dr ~ DPHTCKToéan 98
0
1

3)1=[(x—1)edx DHDLNN.Th 97

0
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2
1= [0 PH.Hué 98
X

1

5) 1= jln(xz —x)dx DBH CP KD .2004

6) I =|e" sindxdx DPHANinh 97

O [N

7 1= J].(x2 +2x)e""dx CbGTVTai 2003
0

8) I= J].(4x2 —2x—1)ez"dx CbGTVTai 2004
0

T

9) I= I x” sin xdx DPHANIinh 98
0
10
10)7 = j xlg® xdx DHDugc 2001
1
11) 7= [ % In® xdx CPKTé HDuong 2002
1
2
12) 1= (1) 4y PHCPoan 2000
| X
e 2
13) 1= [ 1 xdx PH-CP-KD.DBi 2-2003
1

X

0
14) 1= (e” +3 x+l)xdx PH-CP-DB; 4-2002
-1

15) I=[x%"dx Dy Bi 1. PH.CP Khéi D -2003
0
16) 1 =[(x-2)"dx DH.CD Khoéi D -2006
0
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2.2. Cac dang bai toan tich phan lwgng giac
Dang 1: Sur dung cdc nguyén ham lwong gidac co ban

Bang cdc phép bién doi lrong gide, sir dung cdc céng thire lwong gidc ta
dwa nguyén ham tich phan vé nhitng dang nguyén ham lhrong gidc co ban.

Vi Dy 2.2.1. Tinh cac nguyén ham tich phan sau

dx
1+ sinx

L]
M~
Il
O 0|

3 : =% :
2 2 2 _— -
Cachl: Tacs, [—[— & [ & [ 4 2 I 5"
01+cos(C—x) 92cos’(F-x) vcos’(F-D) 0
2 2 4 2

2d¢
1+¢2°

Cach 2: Hodc ta d6i bién ¢ = tang =dt = %(1 +tan’ f) = dx =

:”_j 1 2dt _j 2dt _ 2| _,
N 2t2 (1+2%) 3 (1+8)> 141,
1+¢
.[zzjzd—le—jwzl—tan(ax+b)+c
cos“(ax+b) a?cos (ax+b) a

ol = J‘tan5 xdx = J‘tan3 x(tan2 x+1—1)dx = J‘tan3 xd (tanx) —J.tan3 xdx
= ltan4 x—jtanx(tan2 x+1 —l)dx = ltan4 x—ltan2 x— Itanxdx
4 4 2

1 1
=—tan® x——tan’ x—In |cosx| +C
4 2

Nhiéu bai toan viéc dwa vé dang nguyén ham co ban sé can qua vai buéc
bién doi bang cach sw dung két hop cac cong thirc lwong giac, doi bién, ...

Dang 2. I= J. (sinx)" (cosx)" dx
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P . I, = ~[(Sinx)"a'x
v' Neéu n=0 hogc m=0=
I, = ~[(cos x)"dx
Khi d6, c¢6 thé tim nguyén ham bang cdch tich phan timg phan, hodc lam
theo cach sau.
Néu n chan hodc n<3ta sir dung cong thirc ha bdc.
Néu n léva n>3ta bién doi.

I(sinx)"dx = J‘(sinx)zl”1 dx = I(Sinx)zk sinxdx

- —J'(l —cos’ x)k d (cosx) = —jic;; (—l)i (0052 x)i d(cosx) (*)

v’ Néu m; n cing chan ta ha bdc, bién déi tich thanh tong.
v’ Néu m; n cing Ié ta bién doi theo (*).
v’ Néu m; n khéng ciing chan Ié.

Ta bién d6i theo cach: Chan thi ha bdc, 1é bién doi theo (*).

Vi Dy 2.2.2. Tinh cac nguyén ham tich phan sau

. o ) |
ol :J.s1n3 xdx:J‘ sin 3x + 3sinx dx:—cos3x—§c0sx+C
4 12 4
1+ cos6x 1
+ 1, = [cos* 3xdx = | (— ) dv= [(1+2c0s 6x + cos” 6x)dx

:lJ.(3+4cos6x+cos12x)dx:§x+isin6x+Lsin12x+C
8 & 12 96

el = J.sin2 xcos’ xdx = ~[sin2 xcos” xd(sinx) = Isinz x(l —sin’ x)2 d (sinx)

. . . 1. 2 . 1 .
= J.(sm2 x—2sin* x +sin® x)d(sinx) =§sm3 x—gsm5 x+7sm7 x+C

dx
Dang 3. I )
ang 3 jsin(x+a)sin(x+b) (a b# kﬂ')
Ta bién doi, I=— ! ISi'n[(““)—'(Hb)]dx
sin(a—b)? sin(x+a)sin(x+b)
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~ 1 Isin(x+a)cos(x+b)—cos(x+a)sin(x+b)d

- sin(a —b) sin(x+a)sin(x+b) *

_ 1 DCf)s(erb)dx—IC(,)S(era)dx}: ‘ 1 1n|s?n(x+b)|+c
sin(a—b)| 7 sin(x +b) sin(x + a) sin(a —b) |s1n(x + a)|

Chu y: Phwong phap trén ciing dwoc si dung cho dang tich phdn sau.

dx sin[(x+a)—(x+b)]

I = . T 9 d d,\ h’(t 1:

1 J.cos(x+a)cos(x+b) a su dung dong nhat, -

1= & . Ta st dung dong nhat, 1= cos[(x+a)—(x+b)] .
sin(x+a)cos(x+b) cos(a_b)

Vi Dy 2.2.3. Tinh cac nguyén ham tich phan sau

.I]:J' dx

. T
Sinx.cos (X + 4]

1 COSKX"'AJ—X} sin (x+] .
_ [ dx=+/2. j@dﬁj—“dx — 2| —"* e

Sinx

cos” " si 47 cos(x + E) cos(x+ E)
g Simxcos| x 4 1 1

dx

oI, = j -
cos2x.cos| 2x— E

J.sin{Zx(Zx:Sﬂdx_ J.sian.cos(Zijoosh.sin(h;[)dx

Taco, L, = -
sin— cos2x.cos(2x—ﬂj
3 3

) /4 T
! <in 2 s1n(2x—3) - ) cos(Zx—3j
= I d(2x)—f—d(2x—§] =—.Inl———+C

\/g cos 2x cos(2x—§]

Dang 4. I=J'L

Sinx + sina
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Ta bién doi nhw sau, 1 :lj dx — Dang 3.
2 L x+a xX—a
Sin COS

dx
1= L1
J.sinx+}/’|}/|<

dx
J= j SR
CcoSX + coso

Cdch lam trén ciing ap dung cho nguyén ham dang:

3
Vi Dy 2.2.4. Tinh tich phan sau 7 = | —%
0 1+ 2sinx
x x L (6x+ﬂ_6x—7r]
2 2 2
Ta c6, 1 =lj dx =—_[ dx _ J‘ 12 12 e
24 . T 49 . 6x+nm 6x—1m 6x+7m 6x—1
0 sinx + s — 0s Ccos 4cos— 0 sin Ccos
6 12 12 6 12 12
z 6x+r 6x—-m . 6x+m . 6x—71 i3 6x+71 T . 6x—1
| 2cos coS +sin sin 1 | 2008 2
_ J’ 12 12 12 12 = J’ 1 +I 12
239 sin 6x+7rc0s 6x—r1 23]1 sin 6x+7  cos 6x-r1
12 12 12 12
6x+7 |2
1 n 12 1 T
=—In|——*=—| =-—=/n| tan—
V3|0 057 3 ( 12]
12 |,
Dang 5. I :J.tan(x+a)tan(x+ﬁ)dx

sm a) sin(x + f3)
cos(x+a)cos(x+ )

Ta bién déi nhuw sau, I = j

—J(COS (x+a)cos(x+ B)+sin(x+oa)sin(x+ ) l]dx

coSxcos (x +p )

dx
COSXCOS (x +a )

:coscos(a—ﬁ)j —-x = Dang 3.

Cdch lam trén ciing ap dung cho nguyén ham dang:
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J= J.cot(x+a)cot(x+ﬁ)dx

s

6
Vi Dy 2.2.5. Tinh tich phan sau 7= Itanxtan (x+%j dx
0

T . T 7 T . . T T
s sinxsin (x + 4] R {cosxcos (x + 4) + sinxsin (x + 4)] —CoSXCoS (x + 4]
Taco, 1= dv=| d
0

X
T T
0 cosxcos (x + 4] COSXCOS (x + 4)

cos(x+£—x)
4 -1 dxz\/zz dx

Il
O'—;O\‘N
O 0 [N

/s
T U 6
cosxcos(x + Z) cosxcos(x + Z)

Dé tinh J = dx

, ta ¢6 thé lam theo mot trong hai céch sau.

O o [N

p/s
cosxcos(x + Z)

Céch 1: bién doi theo Dang 3

ZsinKx+Z) x} ”sin(x+chosx—cos[x+Z]sinx
sz/ij dx = \/—J d

X
T
0 cosxcos(x+ ) cosxcos(x + Z)

YR

T

T

0

\/EC 0SX

COSX — Sinx

Zsin(x+] o
=\E j—4dx—J. X dx zﬁlnﬂ :\/§|:ln
0

/
0 cos(x+—
(x+7)

v/
CoS(X +—
@)

R

Céch 2: Thuc hién bién doi
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g dx

S =[N

cosxcos(x + 4 )

tanx

j-d(l tanx)
o (1

Dang 6.

z
.i
0

O'—:O\\N

OSX COSX — smx cos x —tanx)

£J 1=-Z i [1_£

\/_ln|1 tanx”é——\/—l {1— 3

dx

asinx + bcosx + ¢

I~

. A A <A X
Thuc hién doi bién, ¢ =tan= = { sinx =
2

Vi Dy 2.2.6. Tinh tich phan sau

dx

3sinx +4cosx +5

2dt

dx =
1+17

- X ) 2t e A
Datt = tana =< sinx = 1—2 . doi can T
+

2dt 1

241
1+17

1+17

x=0—>¢=0

x=—-—>t=1
2

1

d(t+3)

3 2t)+4(1—t )+501+2%) 2jt +61+9

dx

Sinx +cosx + 2

(PHNNI - 99)
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2dt

dx = >
1+1 x=0-1=0

- X ) 2t e A
bat ¢=tan= = { sinx =——, d0i can P

2 1+¢ X:5—>f:

-7

COSX = 2

1+1¢

‘ 2dt ¢ dt (dt
—h !(m)+@—ﬂ)+2a+ﬂ) !ﬂ+2p+3 I2+(r+1)2

_lﬂHDﬂLl N t+1
_2!.—24_(“_1)2 _\/5!—1+(H‘\/_1)2 —\/Earctan—\/E
2

1
1 1
=—| arctan~/2 —arctan—

G B

dx

Dang 7. I= IM

csinx + dcosx

A 2. al(csinx+d.cosx)+ B (c.cosx —d.sinx
Ta bién doi, I:j ( )+ 5 )dx
c.sinx +d.cosx

C.COSX — d.sinx) dx

=ajdx+ﬂj(

- =ax+ PB.In |c.sinx + d.cosx| +C
c.sinx + d.cosx

4dsinx + 3cosx

Vi Dy 2.2.7. Tinh tich phan sau 7 = dx

O [N

sinx + 2cosx
Ta cO, 4sinx+3cosx = A (sinx + ZCosx) + B(cosx — 2sinx)

& 4sinx +3cosx = (A - ZB) sinx+(2A+ B)cosx

. P A-2B=4 (A4=2
Dong nhat hai vé ta duogc: =
2A+B=3 B=-1

2 (Sinx + 2cosx) —(cosx —2sinx) J
e =

—9gi
o[- (cosx —2sinx)dx

Véy: I=

sinx + 2cosx sinx + 2cosx

O [N
O [N
SR YN

= 2x|0% —In |sinx + 2cosx”0% = %— lni

22
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sinx +b.
Dang 8. IZ_[ as.mx bcosx2 dx
(c.sinx + d.cosx)
A 2. asinx + bcosx o (csinx +dcosx )+ [ ( ccosx —dsinx
Tabzendoz,lzj. . - :I ( . )+ 5( : )dx
(csinx + dcosx) (csinx + dcosx)

dx (c.cosx —-d .sinx) dx dx B

=af— B =af— -—
c.sinx +d.cosx (c.sinx +d.cosx)’ c.sinx+d.cosx  c.sinx +d.cosx

dx

csinx + dcosx

Vol J = j xac dinh theo Dang 6

2z

COSX

3
Vi Dy 2.2.8. Tinh tich phan sau 7= [ —— dx
0 V3 sin2x —cos 2x +2

2z 2z

Ta cé. I j~ cosx :i cosxdx
’ 0 \/gsian—cos2x+2 0 (\/_smx+cosx)2

Gia su: cosx= A(\/gsinx+ cosx) +B(\/§cosx—sinx) &> cosx = (A\/§ - B) sinx+(A+By3)cosx

A\/—BO A=

1
Pong nhat hai vé ta duoc 1
lainol |, B

B=—
4
27” cosxdx Tﬂz(\f sznx+cosx)+{(f 3cosx — sinx)
== j > = I > dx
0 (\/gsinx+cosx) 0 (\/gsinx+cosx)
2z 2z 2r
3 3 Y
:x/_J' x/_cosx sznx)al "‘lj .dx :_Q. . 1 3+1,J:0+1,J
4 3 (\/gsinx+cosx) 4 4 [3sinx + cosx 4 "\sinx + cosx|, 4

2l
dx

3
Voi J=| ———
‘([\/_Si

3sinx + cosx

xac dinh nhu sau:
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w:fﬁ
+
2r
- e A =— >t=+3
Pit = tant = Sinx:iz,dmcan * 3 ~>1=V3
2 I+ x=0->7=0
1-¢
COSX =
1+¢
N N N
=J= =2 2| —
!1—t2+2\/§t !4-(;—\/5)2 !22—(t—\/§)2
N
lf[ ! )dt_llnﬂ W2 123
23 —B+2 1-B3-2 2 |e-3-2], Bk AT R SN
Dang 9.

I _[ asinx +bcosx + ¢

asinx + Pcosx+y

dx

X 2. Al(asinx + Bcosx+v )+ Blacosx — Bsinx )+ C
Ta bien doi, 1 :J. p 7/) ( P )

asinx + fcosx+y

= Ajdx + BJ a.cosx — Psinx dx + CI - dx = Ax+ B.n |asinx + Bcosx + }/| +J
asinx + fcosx+y asinx + fcosx+y

vei J=| dx

, dwoc xac dinh theo Dang 6
asinx + fcosx +y

Vi Dy 2.2.9. Tinh tich phan sau /=

Ssinx

: dx
2sinx —cosx +1

M\N'—sw"ﬁ)

G1a su, Ssinx=A (2sinx —cosx + 1) +B (ZCosx + sinx) +C

& 5sinx = (24 + B)sinx + (2B — A)cosx +(A+C)

24+ B =5 A=2
Pong nhat hai vé ta co, {2B-4=0=1 B=1
A+C=0 C=-2

41

S0 hoa boi Trung tam Hoc ligu — Pai hoc Thai Nguyén

http://www.lrc-tnu.edu.vn



2(25‘im—cas:x+l) +(2cas:x+sinx) -2

2r 2 2
3 3 ?(2c0sx+simc)dx 3 dx
== de=2|dx+ 2
;[ 2sinmc—cosx+1 ;[ ;[ 2sinmc—cosx+1 ;[2.5'mx—cosx+l
3 3 3 3
2 2
= 2|} +1n|2si ”3—2J:2ﬂ+1n3+\/§+2.]
3 3 3 1+ \/g
27
3
. d.
Ta co, J = I . al
° 2sinx—cosx+1
3
2
dx = dtz 2r
1+1 X:?—)t:\/g

< 2t S
Dat t= tanfz Sinx =—F > doi can -
2 1+¢ =" =

1
1-¢#2 3 NG

COS)C=1+t2
:'J‘f 2”” —f ai__1 ﬁﬁ_fd(wz)
12(2f)—(1—t2)+1+t2 ]Z‘2+2t 20 1 ¢t 42
" = 5B
PN T A RIS e S
2 t+2% 2 2+\/_ l+\/_ 2+\/—
3
c 2 . 2
Dang 10. I:J'(l.Sll'l X+ b.sinxcosx + c.cos de

asinx + Pcosx
Ta bién doi, a.sin® x + b.sinxcosx + c.cos’x = (Asinx + Bcosx) (asinx + ﬂcosx) +C

dx

=1[= j(Asinx + Bcosx)dx + CI+ =—Acosx + Bsinx + C.J
asinx + Bcosx
Véi J = jd— x4c dinh theo Dang 6.
asinx + fcosx
42

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



ER
Vi Dy 2.2.10. Tinh tich phan sau /= J‘4$m—\7_+1dx
cosx ++/3sinx

6
Gia su, 4sin’ x+1= (Asinx+Bcosx)(cosx+x/§sinx) +C(sin’ x + cos” x)
<:>4sin2x+1=(A\/§+C)sin2x+(A+B\/g)sinxcosx+(B+C)coszx
AB+C=4 [4=3

Pong nhét hai vé ta c6, { A+B3=0={B=-1
B+C=1 Cc=2

(x/_smx COSX)(COSX+\/_SZHX)+2

== dx
I cosx + \/gsinx
6
: L .
I(\/_sznx cosx)dx+2j— (—\/gcosx—sinx)‘i +J=2—\/§+J
- coSxX + \/— 3sinx H
6 6
3
Véi J = 2I xac dinh dugc theo Dang 3 (hodc Dang 6).
" COSX + \/_ 3sinx
6
3 dx 3 dx 3 dx
Jzzj'cosx+\/§sinxzj. T :I T X
™ zsin(x+—) z2sin(—+-—)cos(—+-—)
6 6 6 6 2 12 2 12
T T X
3 sd| tan(—+—
_lj’ i _j‘ [ an(2 12)} In tan(£+ ) lln3
2 J 2 = 2
6 6

:>I:2—\/§+§1n3.

Dang 11. I =j dx

) - 2
a.sin” x + b.sinxcosx + c.cos“x
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Ta bién déi, I :j d(tanx)

- . Dat t=tanx
atan” x + btanx +c¢
:>I_J‘ dt _J‘ dt
at> +bt+c (at+B) +y

dx

.2 . 2
3sin” x — 2sinxcosx —cos” x

Vi Dy 2.2.11. Tinh tich phéan sau 7 =

S m— o [N

: d (tanx) x=0->¢=0
Taco, I = anx dat ¢ =tanx =
-([3tan2x—2tanx—1 ' xzz_”:ﬁ
6 3
N NG 1 3 1 3 1
3 g 13 d(f—J 1|2 de=2) 5 dt=2)
o f ot e T [
0 30 =20=1 33( 1) 4 4 0@_1]_2 0(_1] 2
3 9 3) 3 3) 3

N
Lt =LY o L
4 o 4 3 8

Dang 12. | :J.R(sinx;cosx)dx , R(sinx;cosx) la phdan thurc doi véi sinx;cosx.
dy — Zdt2
1+1¢
« 2 2t 1-¢2) 2
Ddt ¢ =tan X = sinx = t2:>I:IR tz; t2 dt2
2 1+¢ I+t 1+t )1+t
1-¢
cosx =——
1+1¢

FO ~
Vi Dy 2.2.12. Tinh tich phan sau /- [2302X=2€0s2x=1
o 3cos2x+4sin2x+5

dt
dx = >
L+t Xx=0->£=0
bat ¢ =tanx = {sin2x=—— , d6i can p
+1 X Z—)f:
1-¢
cos2x = >
1+¢
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Tacé,lzj' 3(2t)_2(1_’2)_(1+t2) dt :%j( 2463
° 0

3(1+17)+4(2t)+ 51 +17) 1+1£° t+2)2(1+1¢%)

+61-3 A B Ct+D

Gia su, = + —+ .
(t+22)+1) 142 (+2°  1+2

= +6t—3:A(t+2)(1+t2)+B(1+t2)+(Ct+D)(t+2)2
<1 +61-3=(A4+C)’ +(B+24+4C+D)t’ +(A+4C+4D)t+(2A+B+4D)

Pong nhat hai vé, :A_—% B_—(chot——2) C_ﬁ-D:2

25° 25

cdt 11p dt 1 [24t+12

+ —
54t+2 59(1+2)° 254 1+¢°

Hag P FRATMY NI N e LAV B AY B

25 25 25 10 25 25 50 20
Dang 13. I = J.R(sinx;cosx)dx ,R(—sinx;cosx) =—R(sinx;cosx) . Pat t=caosx

Vi Dy 2.2.13. Tinh tich phan sau

ﬁ E 3
_[ sznx _[ sznx i) = j‘41 cos x
o 1+cosx 0 +c0sx o 1+cosx ]
z
3 dx
-J :J‘ﬁ
* SINXCOS’ X
7

dx

sinx cos® x

1 1
, d g P |
Taco, J (czosx) —= f - —= I — dt
(I-cos"x)cos’x ¢ '(1-t") \t°—-1 t

V2 2

I

BN —w Y
I
|

AN C—y

1

1

201 1 1 1 -t 1 1 1]2
= di =| In—+-+—+—
J,‘(tz—l £ r t(’] ( 1+t ¢ 3¢ 5 )

=——-In3-2In
15

139 (V31 )_ﬂ

&
S
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Dang 14. /= J.R(sinx; cosx)dx ,R(sinx; —cosx) =—R(sinx;cosx). Pat t=sinx

Vi Dy 2.2.14. Tinh tich phan sau

COSX + SInxcosx

dx

L]
M~
Il
S LI

2 + sinx

o F(l4si 2 (1+si
Taco, I :J-( + sinx)cosx d :J-( Slnx) d(sin)
v 2+sinx o 2+ sinx

1
dr:j(l—Ljdtz(t—1n|2+t|)\; =1-In3+In2
0
.z2zfﬂdx (DH DN - 98)
0

: d|l =
-t e

T

4

0

V2
Dang 15. I = J.R(sinx; cosx)dx ,R(—sinx; —cosx) = —R(sinx;—cosx) . Pat t = tan x

Vi Dy 2.2.15. Tinh tich phan sau

, 4 n n dx Z mnx dt
*4h _J‘\/ I4 I 2.4 3 .f J-
o NV Sin 3xcos’x 0 tan® xcos®x ocos xNtan" x an X
. r z 1
8 8 & d (tanx) 2 dr € 3-4/3
= - _plam) Ed o3
0 cosx(sznx cosx 0 cos* x tanx 1 0 tanx 1 o -1 0 3

Dang 16. I :J.R(sinx;cosx)dx,R(sinx; cosx) la phan thurc doi xung ddi véi sinx; cosx.

Noi chung ta dat t:%—x

Vi Dy 2.2.16. Tinh tich phan sau
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L= oot (PHGT - 95)
0

\/COSX + \/smx

COSX ++/sinx \/COSX + \/Sll’lx \/COSX + \/Sll’lx

3 5 — >
j sznx dx = 2[ J'( COSX + Sinx ]dx _ Idx _ E
0 0 0

:>I]:Z
4

cos® x + sin’x

R :
o= [—"——dx (DH.Hué - 95)
0

T
0 6 2 6
cos’ t cos’ x
=1 =-|—————dt= [—————dx
© cos’ x+sin’x ) €08” x +sin’x
2
z z
2 . 6 6 2
sin’x cos” x Vs V4
:>212:j c ——+—— — dx:_[dx=— =1, =—
o\ COS" X+ sin°x COS x+sin’x 0 2 4
b
Dang 17. I= IR(x; sinx; cosx)dx
a

Véi ham dwéi ddu tich phdn théa man Ménh dé 1.2.1.
Dat t=a+b—-x,Vxela;b].

Vi Dy 2.2.17. Tinh tich phan sau
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o] =

1

T .
Xsinx
j dx

09+ 4cos*x

bat t =7 -x,Vxe[0;7]

T xsinx (7w —t)sinsin(7z—1) T (m—1) sznt
=1, =Ig+4—2 :I I
0 COS”“ X 9+ 4cos? (71' t 0 9+4cost
:ﬂ]' sintdt _]- tsint _ar
0 dt4dcost (9+4cost
© sinxdx T xsinx © sinxdx
~1=n) s N brrra
) I+ 4cos’x 0 9+ 4cos’x 9+4cos x
T sinxdx d(cosx) d(cosx)
o2t -t pfdeor) __gf_dlom)
o 9 +4dcosx 9+ 4cos’x ( ]
| +cos’x
2
2cosx T 2
= ——.—arctan = [, = —arctan —
o 6 3
g, :]5 XSinx e
o 1+cos2x

Dat r=7-x,vxe[0;7] = dx=-dt

T

0(—  \oi .
zlzzjwd(ﬂ_t): J‘ sintdt J- tsint

= 1+cos2t I+cos2t O1+cosZt
T sinxdx sinxdx Td(cosx) n 1| =«
©12:7TJ.1—_ __.[ = J. 2 = —, | = —_—
o 1+cos2x l1+cos2x 2 v 2cos'x 4 cosx|0 2
Dang 18. I= IR(Slnx C0SY) 1 : R(sinx;cosx) 12 ham chin

Néi chung, ta sir dung phép doi bién: x=—t

Vi Dy 2.2.18. Tinh tich phan sau

48

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



V3
* sin® x+cos® x
.[:.[_________

dx (DH.Mo - 2001)

X
,z 6" +1
4
™
0 4
, 11’1 x+cos x Sll’l x+cos X
Taco,lzj - I . dx
- 6" +1 6" +1
4

bat x=—t=
) 6" +1

I

V3
0 . 4 .
J‘sm6x+cos6xd ]“sm6t+cos t
x:
. 6+l

Z t

sin® 7+ cos® £)6
j LS
0

T
0 - 6 6 4,56 6 x
sin” X +cCoS’ X sin” x +cos’ x)6
- [Snirveosy ,flsinlrscos’ )
e 6" +1 0 6" +1
4

(Sll’l X+COS X
I/ =

U

T

6" +1

Oty

i
4

3
= j(gcos4x+§]dx = (isin 4x+§xj
o\ 8 8 32 8

0

+J=[27"dx (DPH.Ng.Th)
Ta CO J= jSll’l x J'Sll’l xdx
37 +1 0 3 +1

YA
I(sm x +cos’ x)6"
0

4
dx = I(sin6 x +cos’ x)dx
0

Ry

)

0 . 2
it x=-r= [ S X2
+

jJ:"isin%c o "f3x sin’ x Isin2x
Y3+ y 3+ 3+

f x 1. "o

I ———cos2x dx=|———sin2x | =—
o 2 4 o 2

Dang 19. I= J.R(sinx;cosx)dx

S6 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén

t + 2 T ~AXx

3'sin td Ism xdx:I3 §1n xdx
3 +1 3" 41 o 3+l

d jsin xdx
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Swr dung tinh chan, 1é, tuan hoan cia R(sinx;cosx). Néu ham duéi ddu tich
phdn théa man Ménh dé 1.2.2. Ta doéi bién x=t+T véi T la chu ki cia
R(sinx; cosx)

Vi Dy 2.2.19. Tinh tich phan sau

20117z

= I 1—cos2xdx
0

Do ham f(x)=+1-cos2x 1a ham tuan hoan chuki T=r, suy ra

jf (x)dx = ”Jt”f (x)dx = If(x)dx =..= zo_i‘]”f(x)dx

20107

= 1, —J'f(x)dx+ﬂjt”f(x)dx+If(x)dx+ +20j‘]”f(x)dx

20107

=2011[f (x)dx = 2011 [\1-cos 2xdx = 201 12 [sinxdx=—201 1ﬁcosx: = 402242.
0 0 0

in 2
sin2x .

[
[a—
N
Il
N '—.g‘g’

4 !
COS xX+Sin x

sin 2x dy = ”J- sin 2x

Taco, I, = - —
COsS X+ sin X

dx

N'—.a‘g‘

4 .4
T COS Xx+s8in x

T Vi
sin2x t  2sinxcosx t 2tan x
e dy= [— dxz [— -
cos”’ x + sin'x . » cos” x(1+tan” x)

Il
N'—.#\N

cos x 1+tan x

2 4 2
tanjc d(tan x) = I d(tan” x)
(1+tan” x) cos” x(1+tan* x)

N [N

T

L

= arctan(tan’ x)‘4 ==
T

Dang 20. Dang ghép t6 hop 7, = IRl(sin x;c08 Xx)dx
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Can tim I, = I R, (sin x;cos x)dx sao cho: {

Vi Dy 2.2.20. Tinh tich phan sau

al, +bl, =«
cl,—-dl,=p

T
'11:_[ .smxdx
0Sll’l)C‘I‘COS)C
i 3
. 3 cosxdx Il+l2:jdx M
Xét, 1, I suy ra:
0Sll’l)C‘I‘COS)C
sin x — cosxd (2)
sin x + cos x
el +1,=2
3
1
el -1, :—j d(s1nx+cosx) 1n|s1nx+cosx”3 ——ln\/§+
sin x +cos x 2
[ +1,=% PO RS
P3 T 2 2 1, B+l
— = [,=———In .
V3 +1 z 1 3+1 6 2 2
[l—lzz—ll’l [2 =
2 6 2 2
2 sin® x
012=I — d« (PH.GVVT.HCM - 99)
0Sll’l X+COS X
b
z ) I+1,=[dx (1)
, cos” xdx . 0
Xét, =I — = suyra:
o SIn X +Cos” X % . .
Il_lzzjs?nz‘x—cosz‘xdx 2)
0Sll’l X+COS Xx

S6 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén
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T
1 I+ =—
()C> l+ 2 2
2 cos2x 2 d(sin2x) d(sm2x)
2 I -1 = d =
@ h-1 !sin4x+cos4x a ‘!1 s1n 29y 2fj 2 —sin’ 2x
2

1 ‘\/5+sin2x‘§ L+ == 11:77: T

=1 -I,= \/_111\/_ : 0= ' 7?7 3 :>[1:Z
2 ‘ 2—sm2x‘0 [-1,=0 12:7?:

Mot s6 Bai Luyén Tép:

1) I= cost(cos X + sin x)dx (BK —-98)

o'—.w‘k\

1= j(2 sin® x —sin xcosx —cos’ x)dx (NN1-97)

0
J2-4s1n xdx e jt(tgx 1]
, 1+cosx o\ gx+1

41 = j l+cos2xdx  (TL-97)
0

T

2
5) 1 :J- cos xdx

O1+cosx

(NNgl1-98)

53/ .. 3 .
6) 1= Usin X ZSIMY otxdx (HVKTOS —97)
Sll’l3 X

g4
3

% sin xcos’ xdx

NI = j > " (HV.BCVT-98)
0 1+cos” x
T xsin xdx

8)I:j—2
O1+cos X
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:J-e (smx+cosx+l)dx (BCVT1—98)
0

(1+cosx)’

z
2

10) /= [In

(1+sin x)lmsx

dx = | In(1+#gx)dx

o t—,»\u

1+ cosx

1)1 =

(m—m)dx

|y =y o

sin 2xdx

—
\O]
~
~
Il

(A-2006)

2 <2
\/cos x+4sin” x

sin2x+sin x

J1+3sinx

13) 1

dx  (A-2005)

14)1 = (es“” + cos x)cos xdx (D —2005);1 = (2x —l)cos2 xdx (DBI1)

O | Y

15) I = [sin’(tgx)dx (DB2-2005)

Sl W [N O [} OV [N O ———

16) = | XCosxdx  gpy_gg)
bt 1+sin®x

H
17)] = j _ (SP.HCM)
0 s1n x+2cosx

18)] = j sin'' xdx (HV.QHOT —96)

0

19)1 = In (1gx) ;. (CD.TCHOQ)
SIH X

sin2xcos x

20)1 = dx (B -2005)

S —o | N R

1+ cosx

53

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



2.3 . Cac dang bai toan tich phan ham vo ti

Pé xdc dinh nguyén ham, tich phdn ciia cdc ham sé vé ti, ta can sir dung
linh hoat cac phép bién doéi, phwong phdp doi bién, phirong phdp tich phdn
tirng phan. Dudi ddy la mét sé két qud phdn dang cho I6p badi todn tich phdn
ham vo ti.

Dang 1 1= dx

an . B e

ang 2+ b
Ta dat \x*+b=t—x

t*+b
dx = e dx dt \/7
= = =|=—=1Inlx+ x2+b‘+C
\/m=t—t2_b=t2+b J.Vx2+b jt
2t 2t

Vi Dy 2.3.1. Tinh tich phan sau

3
e J‘\/ j dx :%j‘ d(x 2_\/§]
2% =3x+9 % 3V 63 V2% 3) 63
J( a5 *? J(’“ﬁ‘@] s
N
=—In| x 3 + 3 63 —Ln \/g ! n
“ ) J(IH NER T R
‘ 8
‘ B __l (3x-1)
e J.\/9x —6x+1 1[3\/(3x 1)’ I|3x 1 3'[
= ——In[3x~1] 1“310
Dang 2. I=j7?%jf (b > 0)
Tadat, x =bsint
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X
t = arcsin— dx

- b :>I—
dx = bcostdt Vb* —x*

:J‘dt:t+C:arcsin%+C

Vi Dy 2.3.2. Tinh tich phan sau

dx
—8x—10x?

.J:IJ7

I d(x i) = Larcsin (HDV3 1)\6 +C
\j7 8x — IOX f (x+1) \/§ ﬁ
\/9

Taco, J= j

-2 (v 2150
= \/— _[ O arcsin———+C

N
./50—( X2y

I=J- (ax+ B)dx
Vax? +bx + ¢

.J:J' dx
V7 -8x—10x7

Dang 3.

Ta bién doi, (ax+B) = 21(2ax +b)+(B —‘;—b) . Khi do:
a a

[ (2ax+b)ds ( )I a ﬂx+bx+0)+(ﬁ_ab]J
2a° \gx* +bx+c Jax* +bx+c 2a \/ax +bx+c 2a

Voi J=| dwoc suy ra tir Dang 1 va Dang 2.

dx
Nax® +bx+c
Vi Dy 2.3.3. Tinh tich phan sau

I j (x +4)dx

Vx* +4x+5

(x +4)dx (x+2)dx ‘ dx

1
o[ = -
‘[J *+4x+5 }[\/x +4x+5  oNx+4x+5

3 J‘d(x +4x+5) 2_[ dx+2) _ ]+J:\/m_\/§+J
VP +4x+5 0\/(x+2)2+1 0

x> +4x+5
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1 3
Vc’yiJzszﬂj D Tadit Jlelet-x
2

0 (x+2) +1

2t 2t
x=2-t=2+J5:x=3>t=3+10

3+\/ﬂ_ 3+4/10

todx g
= | —= —=In|t =ln——
Ryl
3++/10 7 /—10_\/§+21n3+\/10

2+\/§ 2+\/§

= J=2In

b 4 I_J~ dx
ang 4. =
s (ax+ B)Vax’ +bx+c

Dat (ax+p) :%:> x :l(%—ﬂ] , khi d6 ta dwa tich phdn vé Dang 1, 2.
(04

3
Vi Dy 2.3.4. Tinh tich phan sau 7= J' dx

2 (x—1)Vx® —2x+2

(Bo de)

x=-+1
t
_a

Dat x—lzl:> dx =——

t t
x=2—>t=lix=3—>1t=2

31=I _dt/t :I dt :ln‘t+\/t2+1H :n2+2\/§
11\/( 1)2 ( 1) LV 1 Lo 145
- JIT+=| =2{1+-[+2 2
t t t
mx + n)dx
Dang 5. I=_[ ( Z
(ax+,8)\/ax +bx+c
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Ta bién déi "7 _ 4o B khids:

ax+ f ax+p

dx dx
+B .
Nax* +bx+c J.(ocx+ﬁ)\/ax2+bx+c

I=4f

:I\/ax2+bx+c

dx xac dinh

theo Dang 1 va Dang2 va I,=]

1

(ch+ﬁ)\/ax2 +bx+c

2x+3)dx

xac dinh theo Dang 4.

Vi Dy 2.3.5. Tinh tich phan sau 7 :J.

Taco, I = 2I

VxXP+2x+2

0 x+1)

] ¢ dx+1
I]:J;\/x +2x+2 !.\/(x(+l)2)+1:1n‘x+l+m‘0
Izzj dx
o (x+1)Vx® +2x+2
x:l—l
t
Dat x+1213 alx=—ﬂ

TV +1
2

2+J_ 2+2J§
l+f 1+\/§ '

=I1=21+I,=2In

xdx

1
+j -
o NX2+2x+2 o x+1 X +2x+2

1
=In

=In

1
t+\/t2+1‘] =1
2

I=
Dang 6. J.(ax2 +b)\/cx2 +d
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Dat t=vcx’+d = tdt

Khi doé tich phan dwa vé dang 1= IAt 7
+

bdc hai day di thi ta bién déi dwa vé Dang 6

xdx
Vi Dy 2.3.6. Tinh tich phan sau 7 =
I 3x —5)\/2—)(2
X' =2-
bat r=2-x" = xdx = —tdt , khi do:

x=0—>t=\/§;x=1—>t:1

I j _j —tdt :Lf d(t/3) L
2 (352 —5)V2-x* H(1-37)r VBil-@3 3 fi- ff
g 11\EH J3-1
B Ve-1 \/§+1
dx
Dang 7. I=

5 m
X ==
" —n dt
DPat xt=+nx*+m = ZI
- _ Tt AP +B
2
tz—n)
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£’ =5
d.
Dat xt=+5x"-2 = xdx:ﬁ ,khldé
x—%—) 1; x 1—>t:\/§
dx _ tdt ~ dt
(357 ~1)5x" -2 x(ﬁ_s)z(xt)( o ] (s _s)( _65_1]
dt dt
t2__25( 2 )2(—:_—51] 2(t +1)
N
:Izlf dt = —arctant 1(2_2]
29 (£ +1) 2 P 2(3 4

(ax+ B)dx

Dang 8. ) I (ax2 + b)\/mc2 +m

Ta dwa vé téng cia hai tich phdn Dang 6 va Dang 7.
Vi Dy 2.3.8. Tinh tich phan sau

4x+3)dx

2 x —2x- 4)\/3x2—6x+5

N
'—.w

Taco, I =

; (4x+3)dx I (40r=1)+7)dx _j (41+7)dr
(

'[(xz—2x—4)\/3x —6x+5 2 ((x=1)"=5)y3(x-1)’ 2 9 £ =5)\38 +2

2
Bai toan trg thanh tinh tich phan 7= | (4x+7)dx

1 (x2 —5)\/3)(2 +2

=J, +J,.

xdx dx
Vo J, =4 J, =7
o J‘(x —5)\/3x2+2 v I x —5)\/3x2+2
xdx o
Xét J, =4 ,dat r=+3x*+2
© I x —5)\/3x2+2 e r
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i
- xdxz%tdt —J =4 dt |t \/7|

jt—w NEh \HJ_\
x=1o1=5x=2>1=414

d -
Xét J, _7I(x —S)h , dat xt =+3x"+2

x'= 2
*-3
D = =2tdt dx B Dtdt ~ _dt
- ) _(t2—3)2 :(xz—S) 3+2 (o2 a2 2 2 5 -17
(t _3) (t2—3_5]t2—3
le—)t:\/g;x:2—>t:E
=J :7?4_—dt:—l?é d(3) __ 7 t\f \/7” "
SRR AT RN N T fzr t5+ruf
g %
N 2 =t 7 1[5 f|
Nhu vay, J_J1+J2_ ‘H\/,‘ NG 2\/7 ‘t

Dang 9. I=If(x;\/a2—x2 )dx,Ta dat x=asint, te[—%;%}

1
2 2
7 4 r ~ d
Vi Dy 2.3.9. Tinh tich phan sau 7 = J‘x—xs
i)
dx = cos tdt
bat x=sinr=

1
x:0—>t:0;x:——>t:£

. ¢ gin [ f z
:>I:J‘ sin’ ¢ costdt :JSIH idt J‘( jtanztzjtanz l‘d(tant):ltan% 6 :L
0\/(1—5Tt o oSt cos’ ¢ o 3 . 9\/3
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Dang 10. =] 7 (xvx'=a” Jax Tadit <= fe[o;ﬂ]u[ﬂ;l”j

Vx-16

Vi Dy 2.3.10. Tinh tich phan sau / = J ———dx
X

dy = 4sint

5 4 2
Tadat x=—= cos™ !
cost

dt

x=4—>t=0;x=8—>t=%

16( L —1] | z
cos ¢t 4sint I
4 cos’ ¢ ’

cos?

T

3 T 3
(1+tan ¢)de —4[dt = 4tant]3 445 =443 -==
0

'—xw\N

=1/= an’ tdt = 4 [1+tan t ]dt

O 0 [N

=4

O | N

Dang 11. I=If(x;\/x2+a2)dx

Tadat t=x++a*+x* hodc x=atant, te [O;%j
Vi Dy 2.3.11. Tinh tich phan sau

1
.1 :Ix\/xz —2x+2dx
0

1

1 0
Ta co, I, :J.x\/x2 —2x+2dx=J.xw/(x—l)2 +1dx = I(u+1)\/u2 +ldu  (u=x-1)
4

0 0

:_j(xﬂ)ﬁdx

dx:(1+tan2t)dt
Ta dat x=tanr = -
x:0—>t=0;x=1—>tzz
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z
j
y cost
z z z z
4 4 4 4
1+tant sint +cost sin tdt costdt
__[Ltanty, _jsinteosty, _fsinidt_j
o Cos’t , cos't v, COs" ¢ o(l—sinzt)

B B
1% de 1% dx 1 dx 1P o1 lex
:—j 2+—I 2+—I = —In|—
40(1—x) 40(1+x) 20(1—x)(1+x) 41—x ‘0 (1+x)0 4 |1-x
1 1 1 V2
- Ln(3e42) =22+ Lin(s
4-242 4+2ﬁ+4n( +I) 2 a" ( +I)
V21

.1, =J\/x2 +adx

bat t=x+\/x2+a:>t—x=\/x2+a:>(t—x)2=x2+a:>x=t —4

2

2t
Khi do, 1, =I\/x2+adx=j(t—x)dx=jtdx—jxdx=tx—jxdl—xz—2
t*—a 2 x 1 a x> t* a
=tx— J.—dt———tx————J‘ (—Z ldt=tx————+ZInlt|+C
2t 2 2 t 2 4 2

2
B L e
4 2 2 2 4

2

2
:(x—+§\/x2 +a]—%+%ln‘x+\/x2 +a

+C

2

X a
=x*+a +Eln‘x+\/x2+a

+C
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at+x
Dang 12. I=J.f(x§1[E}L‘. Ta dat x=acos2t, te(O;%j :

a—x

a+x

DPoi voi nguyén ham dang J = f (x; }dx ta ciing ding phép doi bién

tren.

1
2
Vi Dy 2.3.12. Tinh tich phan sau/ = | /1 LN
0 — X
Cach 1:

dx = —2sin 2tdt
Ta dat x=cos2t =

T T
x=0>t=—x==——>1t=—
4 6
4 1+cos2t 4 )
:I:—2I51n2t —dt=2J‘2cos tdt
. 1—cos 2t o
4 6
i .
=2I(1+cos2t)dt:(2t+sin2t); :£+1—£
T s 6 2
6

Cach 2: Tadat:

|

TP+l
o 1+_x: doe 4tdt2 :”:4f tzdtz
Vi-x (1+¢) L (1+2)

x:0—>t:1;x:%—>t=\/§

X
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=2|(1-cos2u)du =(2u—sin2u)E :%H—%
4

Tiép tuc dit ¢=tanu = I =4/|sin’ udu

ax+b

I=]711]x:k ad—bc#0

Dang 13. Jf[ ”cx+d}‘ ( )
Pt t_k/ax+b :x_b—dtk
“  Nex+d ot —a

Vi Dy 2.3.13. Tinh tich phan sau

1
2+Xx
o/, :J; /2 xdx

BN 0y
BN — Y

2(t3—1)
£ +1

2
Pit = 327% o de=—2C g
2-x (t3+1)

x:0—>t:1;x:1—>t:3/§

X =

== 8[ il 8[ EL— 2 li(x+1)
(t +1 x+l | X+l (x+1)
s 16 [
=8In[x+1| +—| =8In2-4
box+1j
] 2+x
-12:£x3. 2_xdx
2(¢ -
. (-1)
t*+1
Pt 1= |21 de=— gy
2-x (t2+1)
x=0->r=Lx=1->1=+/3
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=1, =f8<t2_1) i —32ﬁ@d(t2)=32jﬂdx
| (t2+1) (t2+1) 1(t2+1) L (x+1)

bat u=x+1=x=u-1. Ta co:

2

4(u=2) 4t — 4 _
I, =32j%u=32j“425“”du=32j(i—%+i5 u:32(—1+i3—i4]
2 u 2 u

S )
Dang 14. I=J—dx
,/[g(x)]zira
Gidsi S0 _AlgWa)  Be)

Jewlza el za Jewlta ew]ta

Do”‘ng nhdt hai vé ta xdc dinh hé s6 4:B.C

¢ 2x7+1 ;
Vi Dy 2.3.14. Tinh tich phan sau = dx (Bo be)
'1|‘\/x2+2x
2
Gidsi, 2541 __ 241 =A[(x+1) —1L B(x+1) . C
Ve 2x ) =1 1) =1 (e =1 J(x1)
2 Ax*+(24+B)x+B+C 4=2 4=2
o 2’; 1 _ A zx —124+B=0<{B=—4
x*+2x (x+1)" -1 B+C=1 C=5

o 2[(x+1)2—1l ) s )
K I!{ Joe1 =1 J(x+1) =1 \/(x+1)2—1}d

2(4-1) 4

5
— + dt
Ji-1 -1 \/tzl}

3
Pit t—x+1:>I—J.{
2

: totdt :odr
T INRR LL _2 -4+ -1
! L/tz—l '[\/tz—l 1

3
+5I, =21, —4(\/§—\6)+512
2
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3
Xet [, =Ix/t2 —1dt. Bat u=¢+~t* -1 vatheo Vi Du 2.3.11 ta suy ra:
2

1l

3
dt 2
Xét I, =|—— (co thé st dung cach dat u=t+t’ -1 )
’ '!‘\/tz -1

2+\/_
=342~ J_ 7

I = J\/t _ dt_(t t —1+—ln‘t+ -

Ta thay [ln(t+ tz—l)]zx/zl 1:>j\/zh 1:ln(t+ t2—1)+C
- -

[ } 3+24/2
J; (t+\/t_—1)2:1n N
2+[ 3+2f 3+2J§
1 2 - 2o

Dang 15. Phwong phdp thé Euler
Dé khir \Jax® +bx+c ta ¢é thé doi bién theo cdch sau:
Néu a>0, dit Nax* +bx+c =t+xa
Néu ¢>0, dat Nax’ +bx+c =tx+-Jc
Néu ax? +bx, +c=0, ddt Jax* +bx+c =t(x—x,)
Vi Dy 2.3.15. Tinh tich phan sau

-1

= dx

1 i[x\/x2+x+1

2
Vi ¢=1>0,tadat /x> +x+ =t—x:>x+1=t2—2tx:>x=; 11
t+
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J - —1
2t+1 & 2dt ° dt |t 1| 3— f
| 2 | _

I = = = =—In=——=
= ﬁ_ztz—l(t_tz—l) ALl ﬁ_z(t—l)(t+1) |t+1| B-1
2t +1 2t +1
4
dx
o[ = dx
’ ‘3[1+\/x2—4x+3
_£-3
£ -1
Vi x* —4x+3=(x-1)(x+3), dat H(x—1)=vx —-4x+3= dxz( jtdt)z
-1
x—3—)z‘—0'x—4—)z‘—i
’ V3
1 1
75 5 5
4tdt tdt 2t—-2+2)dt
:”2:£ , -1 :4£t2—2t—1 20( 2t)1
1)1 -1
05
1 1 1
Bl (212 2 Bd(t?-2t-1 B4
:2j{t£—2t—)l t2—2t—1} =2] 52—2t—1)+4~[t2—2t—1
0 0 0
o
NE
=2In|? 201" +4 dt
0 o[t (1—\/5)}[t—(1+x/5ﬂ
il il =
2423 4 T B 2423 f—(1+\/5)
2\/5 o [ — (1+\/§) Ot—(l—x/a) t—(l—\/i)
0
223 lnﬂ—ln(3+2\/§)
3 1-3 ++/6

Dang 16. I:pr (ax" +b)kdx (p.qeQkeZ)
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Gid sir o = MSCNN (p:q), ta dat t =¥/x

9
Vi Dy 2.3.16. Tinh tich phan sau 7 = J'L
]X(l'i‘\/})
Ta co I:j' dx :jx_](x%+l)_]dx dﬁtl‘=\/;:>x=l‘2
’ ]x(1+\/;) ] s UG
3 3 3 3 3 3
L[ :2I(l_Ljdtzzjﬂ_zj—d(Hl):21nL w3
V(1) Te(1+r) o\ e+ ' r 0 1+ 1+1], 2
k p+1
Dang 17. Izjxp(axq+b) dx (p,q,ke@; er
q
Gidsd’k:%, tadat t* =ax'+b
1
dx
Vi Dy 2.3.17. Tinh tich phan sau 7 = S
£\/1+3/x72
1 1 2 l
. dx = 2 . 2 1 +1
Taco, I= L x[x3+1] dx , V1 p:l;q=—;k=—:>p—=3€Z
N 32T
2 — 2 _q\°
nén dat tzz\/x5+1:>(t2—1)3=x2:> de_3t(t 1) dt
x=0>t=Lx=1—t=+2
ﬁt(tz—l)zdt 2 , B o 7 12 s
=1=3[——=3[(F 1) B[ (' -2 +1)dt=3| -=—+1| =———
oy 1 ] 5 3 5 5

Dang 18. Izjxp(axq+b)kdx (p,q,ke@;p—ﬂ+ker
q

e . / “+b
Gia sv k=%, ta dattzﬂax
B x”

68

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



_.c_.ﬁ
&

-1

P 1 -1 -
d - 3 R
Ta co I=J. al =J.x3(2—x3) dx, Vi p=-3;q= 3k——:>p+1+k=—leZ nen
1X332—X3 0 3 q
P —2¢%dt
y J2—-x° 2-x° - 2
dit i=2 T o p = - = o (£ +1)
X X t +1
x=lot=1x=3Y2—>1t=0
Lk % xdx I 217 1§ 2" 1
:>[:J. 3 3:J- ; 3 :J- 4t R 2_ 2Itdt:T :Z
1 X \/2 X 1 ( 3)2 \/2—X 1 (t +1) 1 1
’ X (t3+1)
P P
Dang 19. I:JR xxx® ax” dx

Gid sir k=BSCNN(q;:...:q,), khi d6 ta dat t =4/x = I = [ S(t)at

81 4
Vi Dy 2.3.19. Tinh tich phin sau 7 = I\/_ \/_
1X(1+\/_)

Taco, 1= j4

lx(1+x/_) I EI:J

dx =8¢t dt

Vi BSCNN(4;8)=8 nénta dit r=Yx=>x=r=
x=1>t=Lx=81>r=3

3d(l‘ +1) A dt 3 5
tg(t2+1) :8!‘; +1 4I 241 —Sjt2+l=4ln(t2+l)‘] ~Sarctant|}”

(4ln4—8?ﬂj (41n2—27z) 41n2—2T7T
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4 J2) Pj

Dang 20. [:IR X; ax+b ql; ax+b qz;m; ax+b \y
ex+d ex+d ex+d
dt—b
+b x:—Cl-i-a di—-bp o b d—b
Ddtt:dx = d b =1I=R ;tql;tqz;,_,;tqi a Czdt
ex+d | ge=_9470¢ 4 —ct+a (<ct+a)
(—ct+a)2

Gid sii k=BSCNN(q,:...:q,), khi d6 ta dit u=41 = I = [ S(u)du

Vi Dy 2.3.20. Tinh tich phan sau 7= j / 421
X+

x+2
12
dx = tczltz
s —4 _
bat ¢ = =t =1- =S x+2=—5> (1 t)
x+2 x+2 1-¢ 1
x=4->t=0;x=6>t=—
1 1 1 1 1
2 2 2 2 2
A e () el
0 6 (l—t) 0 0 o r 0
1
2 1
—2in [ —24p =21n3-1

0
Mt s6 Bai Luyén Tép:

] xXdx x+2 dx

= [—2 2) =
: '(’).(2+5x4)7 : Im

2 dx 3
N =|——— N =|——
) J,.\/x+1+\/x—1 ) J;(x—l)\/x2+l

\F _; (3x—4)dx
= j e 6)[_}[(1—2x)\/4x2+2x+5
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7ﬂ=j—;£@;— &zzf xedx
x—+x* -1 I (5)(2—11)\/7—3x2

N dx

2
dx
NI = 10)] =
) ‘!\/x2+x ) l[1+\/1—2x—x2

2.4. Cac dang bai toan tich phan hiru ti
Cac Dinh Nghia:

P(x)

Phdn thiec hitu ti co dang o0 VGi P(x); O(x)la cdc da thire véi hé sé
X

thuc.

Phdn thirc thuc sy la phan thiee hitu ti QE ; VO deg P(x) < deg O(x).
X

Phdn thirc don gian la phan thuc o dang sau day:

A A4  Bx+C _ Bx+C

2 .
o (x‘“)k’x2+19x+‘1’(x2+px+(1)k (A_p 4q<0’k€N)

Pinh ly tong quat vé phin tich da thirc:

Moi da thirc O(x),deg O(x) =n Vi hé s6 thuc déu cé sur phdn tich duy

nhdt nhw sau:
O(x)=a(x—x, )a1 (x—x, )az ...(x—x[)a" (x2 +px+gq, )ﬁ1 ...(x2 +pjx+qj)ﬁ’

Vvoi a#0;(x,,...,x,)la nghiém ciia O(x) va A, =p>—4q,<0;n=) a,+2> B,

Xet I' = P—(x)dx VOl it )la phdn thirc hitu i . Néu deg P (x) > deg O(x) thi
O(x) O(x)

ta chia da thire tir cho da thirc mau.
:JZS%k Pﬂﬂﬁ+f()w (deg P(x) < deg O(x))
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Va ta can xdc dinh | = j%dx ,deg P(x) < deg O(x). Cdc dang todan dudi day
X

sé phdn nao gitip dinh hwémg dwoc cach ngan nhdt dé xdc dinh nguyén ham

1= j%dx ,deg P(x) < degQ(x).

Dang 1. I :Iaxdib
Ta co: I= I S IM 11n|ax+b|+C
ax+b a axb

Vi Dy 2.4.1. Tinh tich phan sau

6 6

-[]:J dx :l d(5x+2)—lln|5x+2”6:lln&
2 5x+2 59 5x+2 4 11
1 1

-[zzjzx_ldx:j(2— / ]d (2x 71n|x+3|‘ =2+7ln—
o Xx+3 0 x+3
t dx : dx 1 x—1 1. 3

o[ = = __1 -

’ !xz—l '[(x—l)(x+l) 2 x|, 202
dx
D 2. I=|——
ang J‘ax2+bx+c

(ocx+,3)2 +p°
(ocx+ﬂ)2 -p’

Ta co: ax’ +bx+c—{

Khi d6 ta bién d6i nguyén ham vé mét trong cdc dang sau:

qucflaz zéarctanu+C qudj{az ziln Z;Z +C Z—?:—i+c
Vi Du 2.4.2. Tinh tich phan sau
-l—j j dx lj d(2x+2)
! 4x* +8x +1 0(2x+2)2_(\/§)2 20(2x+2)2_(\/§)2
1 2= 1 (,4-3  2-43
= In = In —1In
43 4+3 243
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1
ﬂdxzj(l—%jdx—ﬂ _3J'd—
0 x"—4x+8 x 2) +4

P—4x+8
3 (—1] T
=]1-—| arctan| — |+ —
0 2 2 4

=1-—arctan

_1-3 d(x 3 x-2f
+22 2

]
Sl

Ia _[ x+n)d
ax’* +bx+c

Dang 3.

2ax+b)dx dx
( ) + j 5
ax +bx+c

mx+n J- 2ax+b +,B aJ-

ax’ +bx+c ax’ +bx+c

Ta bien doi: I
ax’ +bx+c

Vi Dy 2.4.3. Tinh tich phan sau

1

ol = j de _ (HVKTQS - 95)

O

Ta ¢ I— j xdx 1} 2x+2)dx_J- dx __jd(x +2X+1 _jd x+1)
0 x+1 25 (x+1) 0(x+1)2 y X t+2x+1 0 (x+1)

1
:1n2—l
2

:lln‘xz +2x+1H] —
2 o x+1f,

R 3(xP+1)-1 _
Ta cé, Izzj x dx ::J-(x + ) dx:_[x x+1dx_J- dx :
o (x+1) o (x+1) . x+l1 o (x+1)
3 3 2 3 3
:I(x—2+ & ]dx—jd(XJrlz):[x——2x+3ln|x+l|j b =2 6m2
0 x+1 0(x+l) 2 X+ 4

2 D keN
(ax +bx+c)

Ta xét truong hop k=1=1 = j—b
ax” +ox+c
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S6 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén

2 2_
Neu k>1, Ta co ax’ +bx+c:a(x+i] —w , da l‘t—x+i
2a a’ 2a
1 dt L , A s A ;.
=1, :—kj—k .Tiép tuc tich phan tung phdn voi
a (t2+A)
1 2ktdt
T k du=— 2 K+l Ny PR A,
(t +A) = (t +A) .Tte do ta thu dwoc hé thure truy hoi .
dv=dt v=t
1
Vi Dy 2.4.4. Tinh tich phan sau 7 = j d— (Bo bBé)
o(x +4x+3)
1
Xét [ :jd—
o(x +4x+3)

[ dx ] dx Lef 1 1
Véin=1,=1 = = "2 4l 343

_1 |x+1

Y11 1) I3-In2
S [ P P L L
T A

2

3

Xétn>1,tad€1tt:x+231n:j dt -
2(1‘2—1)
__ 1 - duzim:il
pat, (F-1) =1 (-1
dv=dt v=t
3
jzn:( ! +2nj(t _1)):11dt8%—3—n+2n([n+ln+l)
t°—1 t -1
2

ool =1, —8%+3%—2n[n o1, :L[—i i+(1—2n)ln}
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! 2\ 24 2 ) 48 4

R AR L
221 8 3 4576 48 4

;151 3 3

372304 16 2

Vay 12:%[—82+%+(1—2.1)[1}:1( ! +—ln3_ln2]— 7  n3-In2

Dang 5. IkZJM,keN
(ax2+bx+c)

Ta co mx+n:ﬁ(2a+b)+n—m—b

2a 2a

:Ik:ﬁ (2ax+b)dx +(n—m—b] ( dx

- — theo Dang 4 ta thu duoc két
2a (ax2 +bx+c) 2a ax’ +bx+c)

qua.

1
Vi Dy 2.4.5. Tinh tich phan sau 7= [ (2" )4

0 (x2 +4x+3)3

1
_ -1 ‘ 3 dx -55 dx

=2 3
2(x2+4x+3)2‘0 o (2 +4x+3) 1152 4 (2 +4x+3)

1

de  -151

Mat khac, theo Vi Dy 2.4.4 ta c6 -=
0 (x2 +4x+3) 2304

3.3
—ZIn2
16 2

A =55 -151 3.3
nénsuyra [ = -3 A P
1152 2304 16 2

Dang 6. = j@dx

Q(x)
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vei £ 14 phan thicc thue su, va Q(x)=a(x—x)(x—x,)..(x—x,).

(x)

P __4 4 A Thire hién dong nhdt hai vé ta thu

Gia su,
diroc hé sé 4,4,
2x* —5x-3
Vi Du 2.4.6. Tinh tich phan sau I = I4d
X +x"—2x
3

2
Tacé,lzjzf —5x— 3d J- 2x* —5x 32)dx
x+

S X +xT-2x

2
Giasy, 2r—>x3 A4, B, €
Xx+x"=-2x x x-1 x+2

= 2x* =5x-3=(A+B+C)x’ +(4+2B-C)x-24

3
A+B+c=2 |473
& {A+2B-C=-5¢B==2
24=-3 o5
2
3
:_I___gj___ S ( Infu|—21nfx— ”+ Infs +qj 3In3+5In5-17In2
S X+2 , B
Dang7. |- _[L)C)dx
Q(x)

vei L&) 14 phan thiec thyc sw, va Q(x) :a(x—x,)...(x—xl.)k...(x—xn).

0(x)
Gia su, PO__ A , Aa | B, 5 =... =t = |+ Ao A
O(x) x-x,  x—x, |x-X (x-x) (x-x) | ¥—X, Xx-—X,
Thuc hién do”‘ng nhdt hai vé ta thu dwoc hé sé A, A BB A4, A,
Vi Du 2.4.7. Tinh tich phan sau I_jx—ﬂdx
_1(x —4x+3)
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0

. 1 ° 1
Taco, I = X g I Al

-1 (x2 —4x+3)2 -1 (x_1)2 (x—3)2

dx

Giasg, —~++ -4, B C D
(x2—4x+3) x=1 (x-1)° x=3 (x-3)

& x+1=(A4+C)x’ +(-74+B-5C+D)x* +(154-6B+7C—-2D)x-94+9B-3C+D

3
A+C=0 4
—T7A+B-5C+D=0 B:l

= 2
154—6B+7C-2D=1 ;
94+9B-3C+D=1 |C=—

vei P39 14 phdn thiec thuce sy ,va:
O(x)

O(x) :a(x—x])...(x—xl._] )(x2 +px+q)(x—xl.+])...(x—xn) (p2 —4g < O)

., o P A , B A, A
Gia su, ) __4 oo BAC A
X) Xx-Xx X=X,

+ n
> .
X +px+q x-x,, X—Xx

n

Thuc hién do”‘ng nhdt hai vé ta thu dwoc hé sé6 4,...4 ,B,C, 4 A

il 900 Ay -

2
Vi Dy 2.4.8. Tinh tich phan sau 7 = [—2— (B D8)
1

x(x3 +1)

dx
x(x+1)(x2 —x+1)

k’w)
+
—_—
~

Il
—— o
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vy . 1 A B Cx+D
Gasoe —=—+ +

x(x3+1) x x+1 x*—x+1

e 1=A(x’+1)+Bx(x’ —x+1)+(Cx+ D) (x+1)x (*)

Cho x=0=>A4=1vacho x=-1=>B=—

()= 1=(4+B+C)x’+(-B+C+D)x’+(B+D)x+4

A=1
A= -1
I B Ay
=N 3 o i)
B+D=0 C:?
A+B+C=0 D:l
3
2d(x*—x+1
= j___ __j e~ Linfeiff L M
" x+1 —x+1 3 Po3d xT—x+1
:ln2—£+ln_2_lln‘x2—x+luz=41n2—21n3
3 3 3 !

3 3

vei P39 14 phdn thiec thuce sy ,va:
O(x)

Q(x)=a(x—x1)...(x—xi71)(x2+px+q)k(x X)) (x—x,) (keN,p2—4q<0)

Gid sir, Px) 4 ny ‘471 Bx+q _ Bx+G + 4.

ot A"

p .
(x2 +px+q) X=Xy XX

n

X) x—x  X-Xx, |X +px+q
Thuc hién do”‘ng nhdt hai vé ta thu dwoc hé sé Ays 4 ,B,C LA A (j:l;_k)

5 2
Vi Dy 2.4.9. Tinh tich phin sau I = 2x—+182dx
1 (x2 —6x+13)
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cr 2x* +18 Ax+B Cx+D
Gia su, == + 2
(x2—6x+13) x"—6x+13 (x2—6x+13)

< 2x"+18=Ax’ +(-64+ B)x* +(134-6B+C)x+(13B+ D)

A=0 A=0
= A+ B=2 B=2 =1= ZI dx +j 12x-8 ~dx
13A—6B+C:O Cc=12 —6x+13 1(x2—6x+13)
138+ D =18 D=-8
:2j d(x—23) +j«6(2x—6)+2§dx:arctanx_3|s+6sd(x2_6x+132)+285 &
(x=3)" +4 (¥ —6x+13) T (Pebx+13) 1 (P —6x13)
-z |5+28j dr Mg
2 X —6x+13|1 ] (x2 —6x+13)2 2 1 (x2 —6x+13)2
. P dx ¢ d(x-3) ¢ dt ¢ dr
Xét J = = — )
- '!.(xz—6x+13)2 ![(x_3)2+4T Iz(t +4) !(r2+4)2

dt:2(l+tan2u)du

bat r=2tanu = t2+4:4(1+tan2u)

(=0—>u=0t=2—>u="2

42 2(1+tan’ u)d i % o\
I an’ u ’ lJ‘ cos’ udu = J. 1+cos2u du——(u+sm2uj4:£ i
0 16(1+tan’ u) 45 8% 2 ), 2 16
Vay I——+28(— L]:llﬂ'+l4
2 32 16 8
Dang 10. ZIMOZX Ta dat 1 =u(x)= I:jP(t)dt
O(u(x)) o)

Vi Du 2.4.10. Tinh tich phan sau

1 3
xdx
.1]:J' 8
0
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dt =4x>dx

bat r=x*=
x=0->r=0x=1>1t=1

ba  feedf, aff 0 2
jl_4£(t2_4)2_64j (r2—4)2 dt_64ﬂ(t—2)2 (t-2)(¢+2) (Hz)z}X

e L
Teali-2 2 |t+2| t+2)  64l3 2
1
Z (2x+1)dx A A
o] = Bo6 D
’ £x4+2x3+3x2+2x—3 (B0 Be)

1 1
Ta c6, 1, Jz- (2x+1)dx j- (2x+1)dx
’ 0x4+2x +3x +2x-3 3

x +x+1) —4

dt =(2x+1)dx i
Dat =" +x+1= 1 =1,= Izdt —2) IS
x= 0—>t—1x———>t_ | ¢ t+2 4
2 4
Dang 11. /= jP(x)Q ()
0" (x)
u=P(x)
Ta st dung phwong phdp tich phdn tirng phdn véi oo O'(x)dx
0" (x)
1
, P A t x4dx
Vi Dy 2.4.11. Tinh tich phan sau = I K
0 _
1 1
2 4 2
Ta co I:I de3=Ix3- Xy
o(xz—l) 0 (xz—l)
u=x du =3x X % % ,
bat¢, _ xdx =, = -1 =1= —zx . +%I fdxz
(v -1) A1) -1, Aol o)
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___1+ij[(x+1 x1]dx -1, i 2 1
18 169 (xz—l)z 18 64 x 1) (x+1)(x—1) (x+1)2

1
-1 3( i ]2 -1 3(4 j 7 3In3
18 16 |x+1| x+1

Dang 12. S dung khai trién Taylor

3

18 16

Pa thirc P.(x)c6 khai trién Taylor tai diém x=a la:
' " (n)
P (x) =Pn(a)+%‘a)(x—a)+%‘a)(x—a)2 +...+P"—‘(a)(x—a)"
. . n.

Vi Du 2.4.12. Tinh tich phan sau

p x4dx
Rl [

B (D

Y (x—1)2+

! (3) 4)
Ta co, x* =H(x)=ﬂ(l)+alfl)(x—l)+ B Oy LD

(x-1)

& xt=1+4(x-1)+6(x-1) +4(x-1) +(x-1)’

1

E _ 3 _ 4
e J»1+4 xX— 1 +6 x 1) +4(x 1) +(x 1) e
0

(e-1)

1 1 1 1
dx+4J2. x 1 dx+6j. x 1 dx+4j. x 1 dx+j‘
0 0 0 0

Il
o'—;w\—

L ! ‘

_1 2 4 _35 _215 4 2 l _29
1 ——(x-1 -3(x-1 - | 1|2 =——-=1In2
=5 (1) R s Sl (x-1) Hnfe-f = -
X 4+x+1
.[2:".()6—2)20” X

Pit P(x)=x'+x+1 , khi d6 ta co6 khai trién:
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P (2) P'(2) PY(2)
R R@+ LB (r-2)e LB 2+ LB oy
& B(x)=11+13(x-2)+6(x~2)" +(x-2)’
2 3
312:."11+13(x—2)+6(x2;]2) +(x-2) i
(+-2)
=11 (x=2) ™" dv+13[ (x=2) " dx+ 6] (x=2) " dv+ [ (x-2) " dx
11 2010 13 2000 6 2008 1 2007
= (x=2)" e (x=2) " - (x-2 — (x-2 C
2010 ( ) 2009 ( ) 2008 ( ) 2007 ( ) "
dx
Dang 13. Ikzj—k (2<keN)
x(ax"+b)
Ta co, I, I :_J' @’ +b)- :_J" k_] d(“xn+bk)
(ax +b nb ( +b)
( n+b)—k+1
=3 =llk_1+ax—+c. Nhw vy sau k lan tinh tich phan ta thu dwoc ket
b nb(—k+1)
qua.
Vi Du 2.4.13. Tinh tich phan sau
¢ dx
S v
, e dx e dx le(3 201o+5) 3x2010
T I = = = — d
LE0 4 '{3x2°]]+5x '!.x(3x2°]°+5) 5! x(3x71+5) g
1 pdx ¢ 3x°dx l1 d(3x2°]°+5)
5 ]7_!3x2‘”°+5 =5, 30 45
e 2010
L L :l__1n3e =
55 55 8
82

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



Taco, 1, = dx:j' a:f —j 3d 5

1 x(3x]° +5) 1 x(3x +5) 1 (3x]° +5)
Ce(3x04+5) =36 ed(3x0+5) de 4d (3x"+5) 3x‘°+5)
_J,- x(3x'°+5) dx—Jl- (3x'° _|_5)2 _'!- x (3xl°+5 '{
_1n| L O U S 8¢
CBx 45| X045, 8 3¢+5 3045

Dang 14. St dung téng hop cdc phwong phdp phén tich khdc nhau

Trong phan ndy ta ciing xem xét vai bdi todn dwoc gidi bang cdc thi thudt
ddc biét khdc. Va muc dich quan trong nhdt la phirong phdp suy ludn qua moi
Vi du.

Vi Dy 2.4.14. Tinh tich phan sau

ol = j X +1dx (HV.KTMM - 2000)

o X" +1
. x+1 ‘ x—x+1+x P N
Taco, I= J' I x:I : +J‘ :
x° +1 0 x +1 —-X +1) o X~ +1 o(x3) 41
11 N A I -
:>I:arctanx| +—arctanx‘ =4 2=
°3 0 123
[ dx
o] = | —/——
? J‘lx6+1
1 1 1 .
1L (x* +1 1) 1h vt 4 Lt
Ta co, I, = gt X, 1 i
’ J.lxé*‘l 2[ x+1 2£x6+1 ij6+1
Xt 1 1 o 2nm
Vi, I < dx arctanx| +— arctanx‘ =422
x° +1 3 172 6 3
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L R ] ,(x2+):2J_1 '(“32_3
D@m:(x+§)tac@‘l fﬁ{3 NG t+vh\ 1(2—«5)
:»1;%—%111(2—&)

. :ixsd_xf :E,x (ff_l) :Ex;4_(gc)j4—_1;)dx_j;x‘?’il fd_

B (x3—1)dx
! _jx(x3 —4)(x4 —4x+1)

(x3 —l)dx :J. (x3 —l)dx
x(x3 —4)(x4 —4x+1) (x4 —4x)(x4 —4x+1)

Ta co, 14:J'

Vi (x* —4x+1)-(x*—4x)=1 nén ta bién d6i,

14:J.[(x4—4x+1)—(x4—4x)]<x3—1)d I dx j‘x _1 dx

(x4—4x)(x4—4x+l) ] Y 4x+1

—ljd(X4_4x)—ljd(X4_4x+l) :lln‘x4—4x‘—lln‘x4—4x+l‘+C
4

Cad i oax 4) yoax+1 4
4

RN = e

4 |x"—4x+1

Mt s6 bai luyén tap:
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1 3 3 2
l)lzj 2x+11 5 2)I:J- 22x—7 i 3)[:J-(x+2) azlx
0 X +5x+6 0 X —3x+2 ) x(x—l)
¢ 2dx dx ¢ X -1
4)[ = sy =[— 6)I = d
) !x(l+x2) ) Ix(x10+1)2 ) -!4x3—x gy
2 Yo NP
= [2E g B = [ LN 01 = [ 22 i
_1(x+3) o X -1 X7 +1
10)1=j - 11)1=j xx . 12)1:? E__(711,-99)
1x(1+x4) 0(2x+1) 1x(xs+1)

2.5. Tich phéan chira dau gia tri tuyét d6i va bat dang thirc tich phan

2.5.1. Tich phén chiva diu gid tri tuyét doi
b
Xét tich phin 1= I |f(Gx;m)|dx, khi do ta can thuc hién phd dau gid tri
tuyét doi trén [a;b].

fom), Vx €lac]

Gid sir |/ (x:m) ={_ o veelah [ fCemyde— £ (s myd

Nhue vy ¢6 hai dang tich phdn chiva dau gid tri tuyét doi, d6 la nguyén

ham chiva tham sé va khéng chiva tham sé. Nhung ban chdt van la céng viéc
pha ddu tri tuyét doi trén [a;b].

Vi Dy 2.5.1.1. Tinh tich phan sau
4

ol = sz —3x+2‘dx
-1

Ta xét f(x)=x"+3x+2 Vxe[-1;4] ta c6 bang xét dau:

\—1 I 2 4
-

f;) 77/ 7
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Khi do, 1, = Hx —3x+2\dx jx —3x+2)dx—j(x2—3x+2)dx+j(x2—3x+2)dx
1 2

-1

3 2 ! 3 2 3 2 4
B RSP [ I A2 SN (N IS oS I
32 3 32 i
of, = [|(2 = 4) (x— 1)
0
bat f(x)= ( )(x 1) ta co bang xét dau:
X 0 1 2 3
S (x) + - +
1 2
=1, =[(2"=4)(x=1)ax— (2 -4)(x-1) 1dx+j 4)(x—1)dx
0 1
Xét, J=[(2°-4)(x-1)dx = [2" (x~1)dx—4[ (x~1)d
N N dy e [
- 1)d(2")-2x = (x=1)2" jzdx 237 +4x
1 2 )
—(x—1)2x— >=2x"+4x+C

2 (In2)

2

1 2 )
L= —(x-1)2"- _2x% 44
=1, an(x ) (n2) X+ x}

1
- L(x—1)2"— 2 - —2x7 +4x
. In2 (ln2)

1
3

+ L(x—l)2"— 2 2—2x2+4x
In2 (In2)
2
_ 2 3
In2 (1n2)2

Vi Dy 2.5.1.2. Tinh tich phan sau
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I= jx|x—a|dx (a>0) (BDHYD.HCM.96)

0

Ta xét cac truong hop sau:

Néu a>1 :I:—jx(x—a)dx:—j(xz—ax)dx:_(xg_ﬂ]

0 0

, a 1 3 2
Néu 0<a<l1 :I:—jx(x—a)dx+jx(x—a)dx:—(x——ﬂ] +

0 a

a a (1 lj a @ a 1
>l=——|+|-——|-|——|=—7———
3 2 3 2 3 2 3 6

2.5.2. Bat ding thikc tich phéin

Gid s f(x);g(x) la hai ham sé lién tuc trén [a;5]. Khi do:

b
i. Dé chung minh Asjh(x)deB ta can xdc dinh f(x);g(x) la hai
ham s6 1ién tuc trén [a;b] sao cho.
S(x)<h(x)<g(x) Vxela;b]

jf(x)dx = A;ig(x)dx - B

m=min,,, h(x)

Hoac la ta di tim
M =max,,h(x)

= A= jmdx < jh(x)dxﬁ jde =B

b b
ii. DPée chung  minh I f(x)dx < j g(x)dx  ta chung  minh
f(x)<g(x) Vxelab], sau do lcfy tich phan hai Vé.

Do bdt dang thirc la dang todn phike tap véi nhiéu ki thudt, & ddy ching ta
chi minh hoa vai vi du don gian.
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7
Vi Dy 2.5.2.1. Ching minh rang; —<j—<l
5+3cos’x 10

1 ‘A A V4
Xét =—— lién tuc trén [0;=
S 5+3cos’ x i [ 2]
Vi 0<cosx <1Vxe[0;Z]= 0<cos’ x<1Vx [0, 2] = 1<;<1Vx6[0 5l
2 2 8 5+3cos’x 5
Suy ra lfdx!fL —’7dx<:>l }AL Z (dpcm)
89 + 5+3cos’x 51 16 5 5+3cos’x 10 '
Y
Vi Dy 2.5.2.2. Chung minh rang: £< J Slnm"x<l
4 X 2
i
Xet f( )_smx E[z Z] Taco f( )_XCOSX;SII’IX Dét
6 3 X
) , ) T T
g(x):xcosx—smx:>g(x):—xs1nx<OVxe[g;§],
do d6 g(x)=xcosx—sinx nghich bleane[% %]:>g(x)<g(%)=ﬂ\/1§2_6<0
= /'(x)<0 nén f(x) =32 nehich bién Vxe[%;%] :f(%j<f(x)<f(%j
, 7
:£<smx J dx J‘smxa’x Iidx J'smxdx 1 (dpem).
27 X 7 %4 2
% e
: ¢ dx V4
Vi Dy 2.5.2.3. Chung minh rang: 1n2<j <=
1+x/x 4
Tacod, 0<x<1 nén x<Jx<lo ¥ <xx<xol+x <l+xfx <l+x
1 1 1 (de ¢ dx
= < < .Va < <In2< <Z (dpcm
l+x  1+x/x ? 'y01+x '[1+xf '(|).1+x J.+x\/7 (dpem).

Mt s6 bai luyén tap:
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Bai 1: Tinh céc tich phan sau.

x+11 i
= ~|x-2|)d
N jmdx 2)I j3 (Je+2|=|x—2[)dx
4)] = j ~|d|ax 5)I=jx/1—sin2xdx
0
3 s P ¥
7)I:J'|xe‘x _4‘dx 8)I:J. e"—l—x—?dx
e 0

Bai 2: Ching minh rang j e x> 37”
0

n 2
Bai 3: Chung minh rang 0< j x+/tan xdx < Z—z
0

—4>dx
6)1 =1 = [\/2+2.cos 2xdx
0

3= (]2
0

N
9l = ”x2 —(a+1)x+a‘dx
1

27r\/§

Bai 4: Chung minh 3 < dx

Lo
Bai 5: Chirng minh J e dx >

0

m+4
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Chuong 3. Ung dung ciia tich phan ham méjt bién
3.1. Dién tich hinh phing xac dinh béi dwong cong y = 7(x)

3.1.1. Dién tich hinh thang cong gioi han boi:

©):y=/(x)

Ox):y=0 P

(x)_y S=[lr@ldx @
X=da Y

x=b(a<b)

Khi vao bai toan cu thé, ta can tim du 4 duong trén va thuc hién bo ddu
gid tri tuyét doi theo phwong phdp do thi hodc phwong phdp dai s6.

Phwong phdp dé thi: Vé do thi (C):y = f(x)Vxela;b], ¢6 cdc truong hop

sau.

b
i. D6 thi nam trén truc hoanh (f)20)=>0)<=S= If(x)dx

b
ii. Do thi nam dwdi truc hoanh (f)<0)=>De=S= —If(x)dx

iii. Do thi (C)NOx =x, €[a;b] (Hinh vé) " iy =i
/s / '
Xo b / // /
p—l - Ay ;
oS j F(x)dx+ j f(x)dx o ‘\"":ifiéiffJ':, yamm

Phwong phdp dai so:

Gidi phwong trinh f(x)=0 (*). Tim nghiém x, €[a;b], ldp bing xét diu.

Voi bang.

X | a Xg b ., =S sz(x)dx—jl S (x)dx
- & L M = N 2 %
Chu y:

Dién tich $>0.
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Voi cau hoi “Tinh dién tich gioi han boi (C):y=f(x) va truc hoanh”. Thi
ta phai di tim thém hai dwong x=a;x=b lam hai cdn cua tich phan (1).
x=a,x=b chinh la hai nghiém cua phuwong trinh f(x)=0.

Doi voi mot s6 ham co tinh chat doi xung nhuw: parabol, duwong tron,
elip...Ta nén sw dung tinh chat doi xung cua ham dé tinh mot phan S, sau do
suy ra dién tich can tim.

Nén ding phwong phdp do thi dé tim S sé hiéu qud hon so véi viéc sir dung
phwrong phdp dai sé. Trie khi do thi ciia y= f(x) kha kho vé dé thi, thi ta méi sir
dung phirong phdp dai sé.

Néu f(x) khong doi dau trén [a;b] thi S =

j f(x)dx|.

Vi dy 3.1.1.1. Tinh dién tich hinh phang giéi han bdi duong cong
y=xyJ1+x*, truc Ox va duodng x=1.

Ta co, (C):y=xv1+x*glao v&1 Ox tai hoanh dJ giao diém 1a nghiém cua

phuong trinh xv1+x* =0 < x=0.

1
Do xv1+x*>0 Vxe[0;1] nén S = Ix 1+x°d ——I\/1+x d(1+x’ )

0

Ui a4 n Lo ol 2v2-1
:SZEJ(HX )/d(l+x ):§(l+x )/ = 3

0

(dvdt).

0

Vi dy 3.1.1.2. Tinh dién tich hinh phang gidi han bdi duong cong
A1+1Inx

X

y= ,vaduong x=Lx=e.

Taco, y= dx

X

| X

>0Vxe[l;e] :Sz‘

S = jM(%)

1

[ a(inx) =

1

‘§(1+lnx)

( 242 -1)(dvd).
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3.1.2. Dién tich hinh phang gidi han béi.

(C):y=f(x)

C):y= (

(2)xy:ag(x) S:J'|f(x)_g(x)|dx (2)
x:b(a<b)

Céng thirc khai trién.

i. Néu f(x)zg(x)Vxela;b] =>2)=S= “f(x) - g(x)]dx
ii. Néu f(x)<gx)Vxela;b] = Q)= S= “g(x) — f(x)]dx

iii. Moi x,e[a;b] = Q)< S= j |/ (x)— g(x)|dx + j |/ (x) - g(x)|dx

Phwong phap giai.

Ta sir dung phwong phdp dé thi hodc phwong phdp dai sé6 dé bé dau tri
tuyét doi ciia (2).

Vi dy 3.1.2.1. Tinh dién tich hinh phang
gi61 han boi

(P):y=x"-2x va (B):y=—x"+4x.

Xét phuong trinh hoanh d¢ giao diém

x2—2x=—x2+4x<:>{x:0,
x=3 23 \4 X
(Py)
Qua dd thi ta co,
3
S = j[(—xz + 4x)— (x2 -~ 2x)]dx :>S=j(—2x2 +6x)dx:(%x3+3x2] =9(dvdt).
0 0 0

Vidy 3.1.2.2. Parabol y*=2x(P) chia hinh phang géi han boi dudng tron:
x> +y* =8(C) thanh hai phan, tinh dién tich mdi phan.
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Hoanh d6 giao diém cua (P)va duong tron la nghiém cua hé:

{ 3% =2x @{x:—4<0(L)

¥ +y'=8 |x=2->y=%2

Goi toa do giao diém lan lugt 1a: B (2;2)va C (2;-2).

2 22
Khi o, S,,, = [V2xdr+ [ V8-’ :%%
0 2

dx=2x/§cost
bat x=22sint =

™ %
== j2x/§cost\/8—85in2 talt:8jcos2 tdt
7 7y

7 SPNZ:
=4j(1+cos2t)dt=4(t+81r;2t] =r-2
V4 Y4

2
=S ,08 :§+7T—2=7T+§

x=2—>t=%;x=2\/§—>t=

T

2
+I:§+I.
. 3

(P)

Do tinh doi xtng nén S, =25, =27 +§ (dvdt). Suy ra phan dién tich

con lai la: S=7R*=S,,. - 8ﬂ-zﬂ+§: 671—% (dvdt).

3.1.3. Dién tich hinh phang gidi han béi nhiéu dwong cong.

Gia sw co 4 duong cong (C);(C,);(G);(C,) co do thi nhw hinh vé. Pé xdc

dinh dién tich hinh phcfng gioi han boi chung, can vé do thi va xdc dinh hoanh

do giao diem chung (x;x,;x;;x,) gitta

chung.

Khi @6 S=5,+8,+8,
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5= [(G-Ch+ (G -G (G -G

Vi dy 3.1.3.1. Tinh dién tich hinh phang gii han bdi cac dudng

2
— 2. _x_. _2 v 1
Congy—X,y—S,y—x- (Pl)
A — A
-
Giai: X i (Py)
J4 A . 9 x2 27 91’2 _____ B
Xét do thi cua (E):y=x2;(1’z):y=?;(H)iy=—- 3r- i
x 1 1
Phuong trinh hoanh d6 giao diém cua (P) va 0 3 6 -
(H)lax? :2:)(:3:/1(3;9).
X
Phuong trinh hoanh d6 giao diém cua (P) va (H)la:
2
XY 6= B6:D)
8 X 2
Dién tich mién 2161 han can tim la:
1 x’ ¢(27 X 7x’ ’ x’ ‘
§S=5+S, :j x - x+I ———|dx=— +| 27Inx——
) 8 ox 8 24|, 24,
= 8§ =27In2 (dvdt).
Vi dy 3.1.3.2. Tinh dién tich hinh
hang gi¢i han boi dudng cong 1
p g8 : (dy) (dy)
(P):y=4x—x va tiép tuyén cua(P), 6

biét tiép tuyén di qua M (%;6) :

Gia st (d): y:k(x—§)+6 1a tiép tuyén cuia

(P). Ta co hé:

94

0 2 52

S6 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén

\j
http://www.lrc-tnu.edu.¥in



4x—x2:k(x—§)+6 x=1=k=1
2 =
x=4=k=-4

k=4-2x

Suy ra tiép tuyén cua (P) la:(d):y=2x+1;(d,): y=—4x+16

%
Do @6, S = f(2x+1—4x+x2)dx+j(4x+16—4x+x2)dx
1 5

2

- % (dvd).

%
Mt s6 bai luyén tap:
Bai 1. Tinh dién tich hinh phéng gidi han boi  (P):y=x"—4x+3va Ox.

Bai 2. Tinh dién tich hinh phéng gidi hanboi (P):y=x"—-4x+3va
d):y=x-Lx=2;x=4.

Bai 3. Tinh dién tich hinh phang gi¢i han boiy = x> —2x+2;

y=x +4x+5y=x"—4x+3 va y=I.

Bai 4. Tinh dién tich hinh phang gi¢i han boix+y+1=0; )" =x+1.

Bai 5. Tinh dién tich hinh phang gi¢i han boi y=xe'va y=0;x=—L;x=2.
Bai 6. Tinh dién tich hinh phang gidi han bdi y=e'va y = (x+1)5 ix=1.

2

Bai 7. Tinh dién tich hinh phéng gid1 han boiy = %+ 2x|;y=x+4.

Bai 8. Tinh dién tich hinh phéng gid1 han bo1y =x+sinx;y=x;x=0,x=7.
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3.2. Thé tich khoi tron xoay
Khi tim thé tich ciia khéi tron xoay, ta can xdc dinh:
Mién hinh phang (H) sinh ra: cdc dwong gi6i han cia (H).

Néu (H)xoay quanh truc Ox thi khi dé ham dwéi dau tich phdn la y = f(x)
Jbién la x.

Néu (H) xoay quanh truc Oy thi khi do ham duoi ddu tich phan la x= f(y)
Jbiénla y.
3.2.1. Thé tich khéi tron xoay sinh béi dién tich S quay xung quanh truc Ox
Bai Toan 1.
y=f(x) (C

(C): y=0

x=a;x=b(a<b) ['(27

b
= V=V, =x[ f*(x)dx b

Bai Toan 2.

(C):y=/1(x)
. (G):y=g() T f 208N 42
(C): 0< £ o) :V—Vx—ﬂ!'[g ()~ f(x) |dx
x=a,x=>b

Néu bdi todn chi cho (C):y=f(x) va (C):y=g(x), thi ta can xdc dinh

cdn tich phan bc%ng cdach giai phwong trinh  f(x)=g(x)=> {x -
X

Vi dy 3.2.1. Xét hinh phang (H) gi6i han béi P(x):y* =8x va x=2. Tinh
thé tich khéi tron xoay khi quay (H) quanh truc Ox .
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Ta cd, P(x): 1’ =8x < y=1/8x (x=0). o

P)
2 4 4 - /L
The tich ctua khéi xoay khi (H) quay quanh %
0 7. x
truc Ox la.
R
x=2
V=V=nrn

X

S 0

(Jgg)zdngﬂjxdx=16ﬂ(dVﬁ)

3.2.2. Thé tich khéi tron xoay sinh béi dién tich S quay xung quanh truc Oy .

x=f(y) .
Bai Toanl. (C): x=0 )
y=a;y=b(a<b) b
=V =V, =x[ [ ()dy x
Bai Toan 2.
(C):x=f(»)
(C)):x=g(y) i,z )
C): V=V, = - d
ONoc rin<ey =" n![g -2 ] dy
y=ayy=>b

Vi dy 3.2.2.1. Xét hinh phang (H) gi6i han boi (C):y=+/x;(C,):y=2-x
va y=0. Tinh thé tich khéi tron xoay khi quay (H) quanh truc Oy .

Taco, y=+x <x=f()=)" va y
y=2-xox=g(y)=2-y. y=+/x

Toa d¢ giao diem A=(C)N(C,) 1a

of 1 2 4
‘A =/ x=1 X
nghi¢m, {y o :>{ 1:>A(1;1) y=2-x
y:

y=2-x

Do d6 thé tich khoi tron xoay khi (H) quay quanh truc Oy 1a.
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327
=25 (v

v, :ﬂj;[(2—y)2 —yqdy zﬂj;(4—4y2)dy=ﬂ(4y—47y3]]

0

Vi dy 3.2.2.2. Xét hinh phang (H) gi6i han boi (P):y =2x—x* va
(Ox): y=0. Tinh thé tich khdi tron xoay khi quay (H) quanh:

a) truc Ox.
b) truc Oy .
Ta co:
a) Thé tich ctia khdi tron xoay khi () quanh quanh truc hoanh 1a

5 2

V:ﬂjjyzdx =ﬂi(2x—x2)2 dx :ﬂ(§x3 —x* +x?]0

l6rx
=15 (dvtt).

b) Ta co,(P):y=2x-x" &x*=2x+y=0(*) yj A'=1-y=0< ye[0:1] nén

=1=4/1- ) ,
() = {x‘ FVy (x,,x, €[0;1])  Thé tich cta khdi tron xoay khi (#)
X, =1+41-y

quanh quanh truc tung la:

1 1 1
V:ﬂJ.(xz2 —xf)dyZEI(xz +x,)(x, —xl)dy=4ﬂ_[«/1—ydy
0 0 0

V4

(=

T

1

'

[

'
—
o
-
o

Mot s0 bai luyén tap:
1) Tinh ¥, biét: D={y=xlnx,y=0,x=1,x=¢} (DHXDHN.97)
2) Cho D 1a mién gi6i han boi dd thi y =1g%x;y =0;x = 0;x :%
a)Tinh dién tich mién phang D

b)Cho D quay quanh Ox, tinh thé tich vat thé tron xoay dugc tao

thanh.
(CBbSP.BTre.A. 2002)
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, 3

3) Tinh ¥, biét: D:{y:%, y:xz} (PH.HH.99)

4) Tinh V,, biét: D={y=2x";y=2x+4} (PH.Luat 96)
5) Tinh ¥, biét: D={y=x"-4x+6;y =—x"-2x+6} (PHQGHN .99B)
6) Tinh 7,, biét: D={y=x";y=x| (PH.NN1 HN .98)
7) Tinh ¥, biét: D:{y:x In(1+°); yzO;le} (HV.NH. TPHCM .99)
8) Tinh 7, biét: Dz{yzex;yzl;yzo;xzo} (CP.CN.HN .03)

e
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KET LUAN
Trong luan van nay ching t61 da hoan thanh dugc nhiing viéc sau.

Trinh bay duoc khai quat vé phép tinh tich phdn ham mot bién. Va phan
nao phan dang phép tich tich phdn ham mdt bién voi khoang trén 80 dang toan,
v6i lugng bai tap duoc 14y ra tir cac bd dé va trong cac ky thi tuyén sinh Pai
hoc, Cao dfmg.

Trong nhitng ndm gan day, cac bai toan tich phan ludn 1 van dé kho tiép
can ciia cidc em hoc sinh phd théng. Ching t6i thuc hién dé tai nay véi muc
dich 13 c6 thém mét tai liéu bo ich giip cac em hoc sinh tiép can dé dang hon
vGi cac bai toan tich phan trong cac ky thi tuyén sinh.
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