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MG dau

Phan thtc hitu ty 1a mot trong nhitng khai niém co ban cua chuong trinh
Toan & bac hoc phd thong. Dac biét, & cac trusng THPT chuyén va céc 16p
chuyén toan c6 rat nhiéu dang toan lién quan dén ham phan thic. Trong
cac ky thi hoc sinh gioi Toan trong nuée va cac ky thi Olimpic Toan ctia cac
nuéc trén thé giéi, c6 nhiéu bai toan vé day so, bat ding thitc, phuong trinh,
bat phuong trinh va hé bat phuong trinh ... sinh béi ciAc ham s6 dang phan
thitc va vi thé can biét cach giai van dung tinh dic thit ctia biéu thic phan
thic da cho. Hién nay cac tai lieu c6 tinh hé thong vé van dé nay con chua
dugc dé cap nhieu.

Dé dap tng nhu cau hoc tap va gidng day mon toan & bac pho thong, luan
van Phan thitc hitu tyj va cdc bai toan lién quan nham hé thong va gidi quyét
cic bai toan lien quan dén phan thic hitu ty. Luan van dugc chia ra lam ba
chuong.

Chuong 1 xét cac phan thic hitu ty va cac bai toan lién quan.

Chuong nay néu léen mot s6 kién thiic co ban vé phan thitc hitu ty va cac
tinh chat co ban ctia né, tap trung chlt yéu vao viéc phan tich phan thitc hitu
ty thanh phan thic don gidn va gidi thieu mot sé6 phuong phap dic biét st
dung cong thitc noi suy dé xay dung thuat toan tim nguyén ham clia ham
hitu ty nhu phuong phap Oxtrogradski, ap dung cong thiic néi suy Lagrange,
ap dung cong thitc noi suy Hermite, va phuong phap Horowitz. Ngoai viéc
giéi thiéu cac thuat toan, trong ting muc déu cé xay dung cac vi du minh
hoa va phan tich chi tiét cac luge do giai.

Trong chuong nay ciing xét mot sé tinh toan trén cidc phan thic hitu ty
va khdo sat mot s6 16p phuong trinh v6i ham phan thic hitu t3.

Chuong 2 khéo sat cac phan thic hitu ty v6i hé s nguyén va phan thic
nhan gia tri hitu ty.

Xét 16p cac ham phan thic hitu ty dac biét, dé la 16p ham phan thic
chinh quy hitu ty. Chitng minh dinh 1y co ban vé gia tri nho nhat ctia ham

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



phan thic chinh quy hitu ty mot bién, hai bién va nhiéu bién trén tap cic so
duong.

Tiép theo, xét tinh chat ctia ham phan thic nhan gia tri hitu ty. Tuong
tu nhu déi véi s6 hitu ty, ta ciing ching minh dude rang moi phan thic hitu
ty nhan gia tri hitu ty trén tap cac s6 tu nhién déu c6 dang phan thic hitu
ty v6i hée s6 nguyen.

Muc cubi ctia Chuong 2 nham khao sat mot s6 16p bai toan vé day sb sinh
bdi mot s6 ham phan thitc hitu ty.

Chuong 3 nham khao sit mot s6 dang bat dang thitc v6i ham phan thiic
hitu ty.

Trudc hét xét cac ki thuat co ban vé st dung bat ding thic Cauchy dé
ching minh céc bat ding thiic dang phan thic.

Tiép theo, dua vao sip thit tu ciia day sd dé van dung k¥ thuat cong mau
s6 Engel ctia bat ding thitc Chebyshev dé chiing minh mot sé dang bat ding
thitc ¢6 dang phan thic dac biét.

Phan cudi clia chuong 1a xét mot s6 dang phan thitc ciia cac da thic doi
xiing ¢ ban. Day la nhitng dang bat déng thiic loai kh6 can su phéi két hop
cach chitng minh quy nap véi cac biéu dién tuong ting.

Dé hoan thanh luan vin nay, trude nhat tac gia xin dude gii 161 cadm on
sau sac t6i GS.TSKH Nguyén Van Mau da danh thoi gian huéng dan, chi
bao tan tinh gitp dd trong sudt qua trinh xay dung dé tai cling nhu hoan
thién luan van.

Tiép theo, tac gid ciing xin gt 16i cAm on chan thanh cac thay co da
doc, kiém tra, danh gia va cho nhing ¥ kién quy bau dé luan van dude day
du hon, phong phil hon. Qua day, tac gia cling xin dudc gii 161 cam on t6i
Ban giam hiéu, phong sau Dai hoc, phong Dao tao, khoa Toan - Tin Trudng
DHKH, Dai hoc Thai Nguyén va cac ban dong nghiép da tao diéu kién thuan
lgi trong sudt qua trinh hoc tap tai truong.

Tuy ban than cé nhiéu c6 ging, song thoi gian, trinh do va dieu kien
nghién citu con han ché nén luan van kho tranh khoéi nhitng thiéu sé6t. Rat
mong dudc su déng gép v kién ciia cac thay co va cac ban dong nghiep dé
luan van dudc hoan thién hon.

Tac gia xin chan thanh cadm on!

Thai nguyén, Thang 07 nam 2011
Cao Thi Kim Anh
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Chuong 1

Phan thic hittu ty va cac bai toan
lién quan

1.1 Phan thic hitu ty va cac tinh chat lién quan
1.1.1 Dinh nghia va cac tinh chit co ban

Dinh nghia 1.1 (xem [4]). Da thic bic n vdi cac hé so thuc la ham so cho
boi cong thic

P(z) = anx™ + ap 2™ ' 4 -+ agx® + ayx + ag
voia; €R, i =0,1,...,n vaa, #0.
Dinh nghia 1.2 (xem [4]). Ham s6 f : R — R duogc goi la phan thic hiiu
ty néu ton tai cic da thic P(x) va Q(x) sao cho
P(x)
Q(z)

Khi P(z) va Q(x) la cdc da thic nguyén to cung nhau (khong cé udc chung)
thy (1.1) dugc goi la phan thiic hitu t3j chinh tac.

fla) = (1.1)

Vé sau, nham muc tiéu gidi quyét cic bai toan bac THPT, ta chi xét da
thitc va phan thitc trén truong s6 thuc (bién thyc va véi he s6 thyc). Nhitng

truong hop dic biét can sit dung s6 phic sé duge cha dan riéng.
W (C))
ay
(x —a) [p(x)]"

Nhitng phan thic hitu ty dang véi n > 1 dudce goi

la nhitng phan thic don gian.
Bay gio ta xét biéu dién méi phan thic hitu t¥ thong qua cac phan thic

httu ty don gian (céc biéu dién kem theo thuat todn cu thé dung cho viec
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tinh cac nguyén ham ctia ham phan thic hitu ty sé duge trinh bay trong céac

muc sau cia chuong).

Dinh 1y 1.1 (xem [4]). Néu hai da thic g(z), h(z) nguyén t6 cing nhau véi
deg g(x) = m va deg h(x) = n thi da thic bat ky f(x) véideg f(x) <m+n
déu c6 thé biéu dién duge dusi dang f(x) = r(z)g(x) +s(z)h(z), degr(x) <
n va deg s(z) < m.

Ching minh. Vi g(x) va h(z) nguyéen t6 cing nhau, nén ton tai cac da
thitc a(z), b(x) sao cho dong nhat thic 1 = a(z)g(z) + b(x)h(x) duge thoa
man.

Nhan hai vé ctia h¢ thitc nay véi f(x) ta nhan duge

f(@) = f(@)a(z)g(x) + f(x)b(x)h(z).

Thuec hien phép chia f(z)a(z) cho g(z)h(x), ta thu duge biéu dién f(z)a(z) =
q(z)h(x) + r(x) véi degr(x) < n. Khi d6

f(x) = f(z)a(z)g(x)+f(2)b(x)h(z) = r(x)g(x)+]g(x)g()r+f(2)b(x)]h(z).

Dat s(z) = q(x)g(z) + f(z)b(z). Khi d6 f(x) = r(z)g(x) + s(x)h(x). Vi
deg f(z) <m+n vadegr(x)g(x) < m+ n nén degs(z) < m (dpcm).

B6 dé 1.1. Gia sit hai da thiic g(x), h(z) nguyén t6 ciing nhau va da thiic
f(x) véi deg f(x) < deg g(z) + deg h(x). Khi dé ta c6 biéu dién sau:

trong do6 degr(x) < degh(z) va deg s(x) < degg(x).

Ching minh. Theo dinh 1y 1.1, thi f(z) = r(x)g(z)+s(x)h(x) véidegr(z) <
deg h(z) va degs(z) < degg(z). Chia hai vé hé¢ thic nay cho g(z)h(x), ta

nhan dugce
f@) @) | sla)
g@)h(z)  h(z) g(x)
Dinh ly 1.2. M6i phan thiic hitu ty % véi deg f(z) < deg g(z) déu phan
g(x

tich dugc thanh tong cac phan thiic hitu ty don gidn.
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Chitng minh. Ta bat dau bang viéc xét cac phan thic don gidn dang

r(z)

v6i degr(x) < degp(z). St dung phép chia da thiic, ta ¢ biéu dién

OR
r(z) = 51(2)[p@)]" ) + i),
ri(z) = sa(z)[p(x)]™ 2 + ra(2),
P 2(5) = 51 (2)p(5) + o1 ()
e @) sil@) | si) (@)
@ p@ @k

Trong truong hop dic biét, khi p(x) = (z — a), ta c6 bicu dién

r(z) _ by + by N —bm
(x—a)™ (r—a) (r—a)?

Tiép theo, ta xét truong hgp phan thic c6 dang
x
Biéu dién phan thiic thanh dang

r@) b o(x)
@—a)yp@)  @—a)  (z—a)y-

Quy dong cac phan thic, ta duge dong nhat thic

r(z) = bp(x) + (z — a)q(z).
—b
Choxz =a,tacob= rla) va q(x) = riz) p(a:)
p(a) r—a
Trong trudng hgp tong quat, gia st ta ¢6 phan tich

my

g(x) =(x—a)}...(x —as)™pi(x)™ ...p.(x)",

trong do céc p;(x) 1a nhitng da thiic bat kha quy véi bac 16n hon 1.
Theo cac két qua da nhan dude & trén, ta c6 biéu dién

%:i bl 4. +Z x_as Z[Slz +Z Sm

— (@ —a)

flz)
g()

Nhu vay phan tich dugce thanh tong cac phan thitc don gian (dpcm).
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f(x)
g(z)

cua mot da thiic va cac phan thic hitu ty don gian.

Hé qua 1.1. Moi phan thidc hitu ty déu phan tich dugc thanh tong

Chitng minh. Néu deg f(x) < deg g(x) thi ta c6 ngay két qua chiing minh
(Dinh 1y 1.2).
Néu deg f(x) > degg(x) thi ta biéu dién f(z) = q(z)g(zx) + r(z) véi
degr(x) < degg(z).
Khi d6 Jo) q(z) + r(z) a két qua can ching minh duge suy ra ti
g() g(x)
Pinh 1y 1.2.

V6i mdi da thite g(z) bat kha quy trong R[z] (trén truong s6 thyc) chia
biéu thitc dang 2% + bz + ¢ véi A = b*> — 4c < 0, thi g(x) viét duge thanh
dang

S r

g(x) = H(x —a;)" l_I(x2 + b + ;)™

T do6 ta ¢6 hé qua sau

fz)

déu biéu dién dugc dusi dang
g(z)

Hé qua 1.2. M6i phan thic hiu ty

—

(SE s szercij
+ZZ (x — a;)’ +ZZ (22 4 bjx + ¢;)7

g(ZL' =1 j=1 i=1 j=1

N—

trong d6 Q(x) la da thiec.

1.1.2 Phan tich phan thic hitu ty thanh nhan ta

Ta da biét rang ddi véi moi da thiic dai s6 P(z), khi © = 2 1a mot nghiem
ctia n6 thi da thite P(x) chia hét cho x — xg, tic 1a

P(x) = (x — xg)Pi(x), deg Pi(z) = deg P(x) — 1.

Tuong tir nhu déi véi da thic, ta ciing c6 két qué sau day ddi v6i phan thiic

hitu ty.

Dinh 1y 1.3 (Dinh 1y vé phan tich thanh nhan ti d6i véi ham phan thic).
x .

Xét phan thitc htu ty f(z) = p(x) véi (p(x),q(x)) = 1. V6i mdi x( sao cho

q()
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f(xq) c6 nghia, ta luon c6 biéu dién
h(z)
f(z) — f(zo) = (x — x9) —=,
() = flaw) = (o = )
trong do6 h(z) 1a da thic va deg h(x) < degp(z) — 1.

Chitng minh. V6i phép chia da thic, ta c6 thé biéu dién

p(x) = (z — zo)pr(z) + 7

va
q(z) = (2 = zo)qu(z) + 5,
trong d6 p1(x), q1(z) 1a cac da thitc va r, s 1a cac hiang s6 (Dinh 1y 1.1). Vay

oy — P@)  plao) _ p(@)a(zo) — plao)q(2)
F(z) q(z)  q(xo) q()q(z0)
B [(x — xo)pl(x) + p(xo)]q(ato) — p(:vo)[(a: — il?o)ch(x) + Q(l‘o)}
) () ()q((fﬁ))Q(on) (z) — f(20)q1()
— (g — ) [P PR BTO) p1(z) — f(zo)q(x
==y g ey ) =
h(z

q(z)
Trusng hop dac biét khi ¢(x) = (2 — 21)(x — 29) ... (¥ — 2,,) V& c6 biéu
dién . .
p\x a P\ T,
oy 2 _ ) ()

g(x) —r—mp = ()@ — )
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1.1.3 Mot s6 tinh toan trén phan thic hiu ty

Vi du 1.1. Ta ludén c6
1 k xTH—l

a_x_zakﬂ_'_anﬂ( — )

k=0

Va # 0,n € N*,

1
Gidi. Theo Dinh 1y 1.3 v6i phan thic f(z) =

,xo =0, ta co

1 1 =z 1

a—r a aa—2x
Lap lai sau n lan ta thu ducc

1 k anrl

a_x_zak+1+an+1( — )

k=0

Vi du 1.2. Gia stt cho bo s6 duong aq, as, . . ., a,. Khi d6

. ap — az ap—1 — An an — a

i ot +

(i) (a1 4+ a)(as + a) (an-1+a)(a,+a) (a,+a)(a; + a)
(i) V6i ham phan thic f(z,u) = T

=0,

va coi a,11 = ap, ta luén
ut+ax+a ’

c6 dong nhat thic

n
H z,ag) — f(ak+1, ar))

::]:

xak

Giaza.
(i) D& dang kiém tra dong nhat thiic

Tr— as — ay a] +axr — as

Tr+a as + a as+a x+a
Nhu vay, ta ludn cé cac hé thic dudi day:

1 z—a as — ay 1 z—a
ap+axr+a (ag+a)(as+a) atazta

1 z—as as — as 1 z—as
ay+ax+a (as+a)laz+a) azt+axta

1 T — Ap_1 Ap — QAp—1 1 x—a,

ap—1+a x+a _(an_l—i—a)(an—l—a) Ca,+ax+ta

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



10

1 z—a, a; — a, I z—a
an+axr+a (a,+a)(a;+a) atazta

Cong cac vé theo cot doc, ta thu duge dong nhat thitc can ching minh.

(ii) Tuong tu, nhan cac vé theo cot doc, ta duge diéu phai chiing minh.

Vi du 1.3. V6i moi da thic p(x) ¢6 deg p(z) < n, ta luon c6

p(x) 1 7+ ay 1

=—— ~p(0
1 2nk:1x__akp&uﬂ4—2p(),
(2k + )7 (2k + )7

+isin Ck=1,2,...,n.

n n
T do suy ra cac dang thic

trong d6 aj = cos

- 2k + 1 2k + 1
Z cot ( + )W CcOsS ( + )W
— 2n

va
n

2k +1 2 1
Zcot( + )Wsin( k+ )77—
— 2n

Giai. Ta co

1 n
Cho z =0, ta c6 p(0) = — > p(ag).
N =1
Khi dé6 ta c6

plz) 1 (0) = 1 2pay) 1 S plow)

1 2P0 =5, ~
r+1 2 2n — Ty 2n —
1 T+ ay
= “on T — o plaw)
k=1 k
Do vay
p(x) 1 T+ oy 1
= —— —p(0).
"+ 1 2n — - kp(ozk) o 2])( )
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Khi chon p(x) =z vax =1, ta ¢6

1 1 1+ a
5T T 2 T
k=1
Dé dang bién doi duge
1 2k + 1 2k + 1 2k + 1
1— 2n n n
Vay nén
- 2k +1 2k +1
Zcot( + )Wcos( + )W =0
2n n
k=1
va

- 2k + 1 2k + 1k
Zcot( + )Wsin( + ) 7T:n.
— 2n

n

Vi du 1.4. . V6i moi da thic p(x) c6 deg p(z) < n, ta ludn c¢6

p(x) 1 <2+ ay 1
= o — —p(0
-1 2n — - ozkp(ak) 2])( )
2k 2k
trong d6 ay = COS—Tr +isinl,k =1,2,...,n.
n n
T day suy ra
2n < 2COS4kT7T—COS2kT7T-
_1 2km
2" — 1 — Db —4dcosTF
Giai. Ta c6
plz) < p(a) _ 1 zn: app(an)
e nal Hr—ap) n —~ T — o

1
Cho z = 0, ta nhan dugc p(0) = - > plag).

Khi do, ta co

—p(0) = — = — .
x”—1+2p() anzl T — Qp 2n a:—akp(ak)

2n
=1

p(x 1 1 « 20 p( o 1 — 1 =2+ ag
(@) § —( ) + E p(ag)
k

k=1
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Do vay

p(x) 1 <z + oy 1 (0).

T — 1 - %kZI I—Ozkp(ak) _§p

Chon p(z) = z ta thu duge

Cho z = 2, ta nhan ducc

2n — 1 nk:12—ozk

T day suy ra
2n i 2(3084’%”—005%77T

n __ = 2km
2 1 — 5—40087

Vi du 1.5. V6i s6 nguyén duong n va so thyc

r&{-2n,—n,—2n+2,—n+1,...,—2 —1,0}, ta luon co:
o (—1F n!
k=0 [T (x+ k)
e
—1 12n

=0 T2k T o)
k=0

Giai. Tu viéc tach cac phan thic (theo cong thitc noi suy Lagrange)

n

n! B T
— —
[[(z+k) iz r+k
k=0
va
n!2" - T

ﬁ (x +2k) k=
k=0

Y

Ox—l—Zk

ta suy ra két qua can chitng minh.
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1.1.4 Mot s6 16p phuong trinh véi ham phan thitc hitu ty

Vi du 1.6. Gia st cac s6 a1, as . .., doi mot khac nhau va a; + j # 0 v6i
moi¢,j=1,2,...,n.

Hay giai hé phuong trinh sau:

(X ) T
1+ 24 oy n + o
T ) Tn 1
{l4a9 2+ an n—+ ag
SENEEERS . .
b —1
1+a, 2+, n + o
Giai. Gia st x1,x9,...,x, la nghiém ctia hé phuong trinh da cho. Xét ham
£ x x9 L p(z) . -
_ L — 61 da thua
so f(x) 1+x—|—2+x+ +n—|—x ' vdi da thiic p(z)
(1 + z)
i=1
bac n.
Vi f(OéZ)IO, izl,...n, Ilénp(Oéi):O
Do do6
f(g:):_(:c—al)(:c—cyg)...(x—ozn).
(+1D)(x+2)...(x+n)
T hé thic
x x Tn r—a)(r—a9) - (x—ap
S B - -a)@—ay)--( ),
l+x 24z n+x (x+D(x+2)--(z+n)

ta suy ra

ri(x+2)(z+3)...(x+n)+x(z+1)(z+3)...(x+n)
+r+3x+1)(x+2)(x+4)...(x+n)+ x4z +1)(z+2)...(x+n)
+-F e+ D(z+2)...(z+n—1)—(z+ D(x+2)...(x+n)

= —(rx—-—)(r—0a)...(x — ).
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Ta nhan dugc cac nghiém

(=D)" ' TIA + aq)
T, = =1 Vi x = —1

(n—1)!
(=D T12 + )

i=1

( n

T = 1(n — 2)! ting v6i x = —2
{ n—3 T
(1) 113+ )
T3 = 2(n —3)! ting véi x = —3

Ty = ing v6i x = —n
\ (n—1)!
va hé da dugc giai xong.
n
Vidu 1.7. Gid st ¢(x) = [[(z + ;). Khi d6
i=1

Giazi.
(i) Tu cach giai G trén ta suy ra dong nhat thitc sau day:

n

Z (—=1)""p(i) - (x—aq)(z —a9)...(x— )

(a4 -Dn—-9!" (@ +D)@+2).. (z+n)

Vé6i x =0 ta ¢co

T — )] - |
—~ il(n—1)! n!

hay ta nhan dugc cong thic

n

S (~1)/Clipli) = (1)L

1=1
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(Cht ¥ rang cong thiic nay cling ding cho ca trudng hop cac ; ¢6 thé bang

nhau).

(ii) Cong thic >_(—1)'C%i" = (—1)"n!. ding cho moi «; nén khi lay
i=0
Q=g == q, =0, ta thu duge >_(—1)'C"i" = (—1)"n!
i=0

(iii) Khi lay o; = i ting v6i moi 4, ta c6 >_(—=1)'CLCL.,; = (—1)™.
i=0
Vi du 1.8. Gid stt ¢(x) = [[(z + «;). Khi d6

i=1

0 3 S5 -2 i)

L (D)2 =100 27 (nl)?
(i) 2 % — 1 T on

1=1

Gidi. Xuat phat tit dang thic

L I I I 4
f(x)'_1+x+2+x+ +n+x 2x + 1
oz —al)(r—a)... (T — ap)
e+ D)(z+1)(z+2)...(x+n)
ta suy ra (i) khi thay z1, z9,...,z, va x bdi z¢; con (ii) duge suy ra tur (i).
Vi du 1.9. Gia st cac s6 thuc ag, as, . .., a, théa man hé phuong trinh sau
- 4
Z L , r=1,2....n.
k+r 2r+1
k=1
Chiing minh rang
<1
£ 2k + 1
Giai. Xét
f@) = [T+ (e D[S0 -2
x) = x x4+ = —
P 2 k:1x+/€ x+%
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1a da thic bac n cia x. B6i vi f(r) =0v6ir=1,2,...,n, nén
f(a:):aH(:L'—r).
r=1
1
Cho x = —5 ta dugc
1
n o r——
az—QrI %
il
Nhu vay
1;[ )|:Zk‘+l' x_’_%}:—Zg_r_%rl:[l(a:—r).
Tu day suy ra
- 2 " (x—k)(—k+1
w2 fjlbicke)
P o (@ +R)(k+ )
Vé6i x = —, ta thu dugce
c~2k+1 (2n+1)
ag
D < 1.
Ovayz2k:+1
—1,—2, -3}, gia st

Vi du 1.10. Véi ba s6 a,b.c phan biet va a,b,c & {0
cac s6 x,v, z thoa man hé phuong trinh
( x Y
+ L= -
<1%a+1?b+1?c:
2$a+2§b+2?c:
3+b 3+c

(3 +a

Chu’ngmmhrang——i—y—l———l—l——
b abc
http://'www.lrc-tnu.edu.vn
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e s z y z p(t) y
Gidi. Xét f(t) = 1= d
di. Xet ) = oty e CEDIETICE R

thic p(t) bac 3. Vi f(1) = f(2) = f(3) =0 nén p(1) = p(2) = p(3) =0 va
nhu vay

T Y L2 _1__(t—1)(t—2)(t—3)

a+t b+t c+t  (a+t)b+t)(c+t)
Vit =0, tadwoe S+ ¥y io14 5
a b ¢ abc

Vi du 1.11. Gia st 21, 22, 23 1a nghiém ctia phuong trinh 2% 4+ az +b = 0
v6i a + b # —1. Hay tinh céc gia tri
1 1 1

D= T U T A

va

DQ = (5131 — 562)2($2 — .563)2(563 — 561)2.

Gidi. Vi 2° +ax + b= (v — x1)(x — 22)(x — z3) nén
322+ a = (x — x2)(x — x3) + (x — x3) (2 — 21) + (& — 22) (T — 71).
Tu day suy ra

Dy = —(a +32%)(a + 323)(a + 323) = —4a® — 27b%.

Ta lai c6
1 1 1 322 +a
+ + = .
(x—x1) (r—m9) (r—u3) 234ax+bd
Vay nén
L S S 32" — 6b + o’
(x—21)2  (z—29)? (x—23)?% (v4+a+b)?’

V6ix=1co

ot .1 1 _ 3—6b+4a’
Pl (=) (-3 (I+a+b)?
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Vi du 1.12. Gia st x1, 72, 3 1 nghiém ctia phuong trinh 22 +ax +b =0
v6i b # a+ 1.

2 2 2
T T T
Tinh T = 1 2 3

Tt D@t D) @t D@mtl) @t D@t l)

Gidi. Viz? +ar+b= (v — 21)(x — 22)(x — 23) nén

2 _:U%(1+x1)
($2—|—1)($3—|—1) l+a—0b’

73 _a3(1+ a9)
(x1+1)(z3+1) 14+a—-0b"

va
73 _$§(1+$3)
(x1+1)(za+1) 14+a—-0b"
SuyraT:x?{+x‘;’+x§+az%—|—x§+x§ _ —2a—3b.
l+a—0 l4+a—0

Vi du 1.13. Chting minh réng phuong trinh

1 N 1 N 1 _ o
r—1 -2 x-3

c¢6 ba nghiém thuyc phan biét
Gidi. Xét tong cac phan thiic

Fo) LS SR S 2a° — 152” + 34z — 23
xr) = - = - .
r—1 -2 x-3 (x —1)(z —2)(x — 3)

Dat g(z) = 22% — 152% + 342 — 23. Vi g(1) < 0,9(2) > 0,9(3) < 0 va
g(4) > 0 nén g(z) = 0 c¢6 ba nghiém thuc phan biét . Do vay f(z) = 0 c6
ba nghiém thyc phan biét.

Vi du 1.14. Gia st f(x) la da thitc bac n > 2 ¢6 n nghiém thuc phan biét
x1, T14y,.. Khi d6 Vda thic g(z) bac < n — 1, ta luon ¢6
o g(x) _ 5 9(r)
flx) = fla) (@ — )
T d6 hay tinh tong

v6i moi x # xp, k=1,2,...,n,

n [L’S
T, = E_ 0<s<n-—2
;f’(ﬂfk) ==
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va tong
n I’Z_l
T, 1=
= 2 e
(ii) Tinh tong

n—1

g = ok
0 T — &L

. 2kmr . 2kmw
VOl € = COS —— + 281N ——.
n n

Giai. Theo dinh 1y Lagrange, ta cé

o) gl
f(x)_zf’ )

(x — x)

=

voi moi x # xy, k =1,2,...,n, va da thic g(z) c6 bac <n — 1.

, Suy ra

i J (@) (@ — @)

S
T,= -k _—0, 0<s<n—2
—~ (k)
V6i s =n — 1, c6 tong
n n—1
x
Thq = =1
b ,; f'(xr)
n—1
(il) Tuz™ — 1= ] (x — &), suy ra
k=0
nz" ! L1
" —1 =T
Do do6
Ut na" n
~r—egp A" — x" —
Vi du 1.15. Phan tich
1
f(z) =

oz + 1) (22 4+ 22) ... (22 + n?)
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(tren R) thanh téng cac phan thiic don gian. Tit d6 hay tinh tong dudi day

. (—1)"
2 (n+k)(n—k)I(1+ k%)

k=1

n b
Gidi. Theo Dinh Iy 1.2, ta ¢6 f(x) = % +3 ‘;’f—jk;

T day suy ra
! " (=)=
f(x) - (n|>2x + 22 (n + k;)'(n — k)'($2 + kz)

k=1

Cho x = 1, ta nhan dugc
u (—1)* B 1 1
(n+KE)!(n—kKN1+k)  4(1+22)...(1+n2) 2(n!)?

k=1

Vi du 1.16. Cho ba sb thuc phan biet ay, as, ag # {0, —1,—2}. Khi d6 c¢6

1 1 1
a a a
il il ik

det D #0, v6i D =

a1 +1 as+1 as+1
Bl ’1 ’1

ar+2 ay+2 az+2

Gidi. Néu dinh thitc det D = 0 thi cic dong ctia ma tran D 1a phu thuoc
tuyén tinh. Khi do6 c6 ug, u1, us khong dong thoi bang 0 sao cho
Uy U2

()
24 + =0, 1=1,2,3.
a; a; + 1 a; + 2

Xét ham (2)
. @ Uy U9 _ p\x
Jx) = a; +ai+1+ai+2 z(x+ 1)(z + 2)
v6i da thite p(x) c¢6 bac < 2. Vi f(a;) = 0 nén p(a;) =0 véii=1,2,3.
Vay p(x) =0 hay f(z) =0 khi z # {0, —1, —2}.
u.

Néu ton tai u; # 0 thi khi + — —i ta c6 —— — o0.

T+
Khi d6 f(z) — oo. Do do6, khi x di gan —i ¢6 |f(x)| qua 16n, mau thuan

vl f(x) = 0. Diéu nay chi xdy ra ug = u; = ug = 0, hay diéu gia si la sai.
Vay det D # 0.
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Vi du 1.17 (xem [4]). Chiing minh rang

b+c+d n c+d+a n
(b—a)(c—a)(d—a)(xr—a) (c—0b)(d—>b)(a—>b)(x—Db)
d4+a+0b a+b+c

(d—c)(a—c)(b—c)(x—c) + (a—d)(b—d)(c—d)(x—d)
B r—a—b—c—d
~ (z—a)(z—b)(x —c)(z —d).

Gidi. Ta can chitng minh

(a+b+c+d)—a N (a+b+c+d)—b
(a=b)(a—c)la—d)(a—z) (b=a)b=c)(b—d)(b-1)
a+b+c+d) —c (a+b+c+d) —d

(c—a)(c=b)(c—d)(c— ) * (d—a)(d—"b)(d—c)(d—x)
(a+b+c+d)—z

Gz -—De—m—q

Ap dung cong thiic noi suy Lagrange véi f(y) =a+b+c+d—1y, y1 = a,
yo = b, y3 = ¢, ys = d, y5 = x, ta thu duge diéu phai chiing minh.
1.1.5 Phuong trinh ham trong 16p ham phan thitc hittu ty

Trong muc nay ta xét mot s6 bai toan vé phuong trinh ham lién quan dén
ham phan thic hitu ty.

Bai toan 1.1. Ching minh rang khong ton tai hai da thic thuc f(x), g(z)
thoa man dieu kién

2+1= _f(:c)
9()
Gidi. Gia st ton tai f(x),g(x) sao cho Va2 +1 = %x; Ta c6 thé coi
g(x
(f(z),g(x)) = 1. Khi d6, g(z)*(z* + 1) = f(x)? Vi z? + 1 1a bat kha quy

nén f(z) @ 2>+ 1 hay f(z) = (z* + 1)h(z).
Vay g(z)? = (2% +1)?h(x)? va nhu thé g(z) : 2? + 1, mau thuin véi viec
chon (f(z),g(x)) = 1.
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Bai toan 1.2 (xem [4]). Tim cac ham s6 f(x) thoa man diéu kién:

r—3 3+
=, Vo # =+1. 1.2
- t
Gidi. Dit — B:MMx:ii<Mﬂ%meMmm
x+1 1—t¢
t—3\ _ 3+t
Vit # +1. 1.3
DatS—HE—tthlx—gKhldo
- t+1
34t t—3
12) & f | — t) = ——, Vt#+1 1.4
R e R (U (14

Cong vé véi vé ctia (1.3) va (1.4), ta thu duge

34+t t—3 3 34t
—t ir1 f()+f(t+1>+f(m)’ vi# £l

i t, 4t
—— = 2f(t) +1, Vt# £1 hay f(t) = — +

21—t
. ) €x 4x i ~ o ..
thay ham s6 f(z) = ) + .2 théa man dieu kién bai ra.
—x

Suy ra

. Thit lai, ta

Bai toan 1.3 (xem [4]). Cho ham s6 f(z) lién tuc tréen R va thoa man céc
dieu kien
£(2010) = 2009 (1.5)
F()-fulz) =1, VxR, (1.6
trong d6 f.(x) = f(f...(f(x))), nlan f. Hay tinh f(2008).
Giai. Dat Ir = f(R). Khi do, ta ¢6 xf3(z) = 1, Vo € Ip. Tu (1.5))

Z 1
cho ta 2009 € Iy. Trong (1.6) the x = 2010 thi f,(2010) = 2009 hay
1
2009 € Iy. Mat khac, f lién tuc trén R nén D := {m 2009} C Iy. Do do

1
fs(x) = —, Vo € D. Suy ra f la don anh trén D.
x
Hon ntta, f lién tuc trén D nén f don diéu giam trén D.
1
Gia st xy € D sao cho f(zg) > —.
L0
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St dung tinh don diéu gidm cta f(x), ta c6

f(zo) > :L,io hay  fo(wo) < f <$io> : (1.7)
1 1
Suy ra — = f3(xg) > fo (—) . Do d6
X0 i)
f<l><sﬁ<i>:xo (1.8)
i) i)
Tu (1.7) va (1.8), ta thu duge zo > fa(xg), hay f(xo) < f3(xo) = xio- Diéu

- , 1
nay mau thuan véi gia thiét f(xg) > —.
o
Chiing minh tuong tu, ta thu duge két qua khong ton tai g € D sao cho
L
f(xo) < . Vay f(x) =

Hién nhién, 2008 € D nén f(2008) =

, v eD.

SR

2008
Bai toan 1.4 (xem [4]). Dat S = (—1;+00), tim tat cd cac ham s6 f : S —

S théa man céac dieu kién

fle+ fly) +af(y) =y + flz) +yf(z), Yo,y e S (1.9)
fix) tang trén (—1;0) va (0; +00). (1.10)

Gidi. Néu ton tai a € S sao cho f(a) =0 thi ta ¢c6 a = 0.
That vay, trong dieu kién (1.9) cho x = y = a, ta dugc

fla+ f(a) +af(a)] = a+ f(a) + af(a),

suy ra f(a®+ 2a) = a* +2a (Vi f(a) = a).
Dit b = a® + 2a suy ra f(b) = b. Ta xét ba trudng hop

—Néub:athia2—|—2a:a<:>lg i _01 (loai) Sa=0
_Néub>athia?+2a>as | ¢ 7 0 Sa>0
a < —1 (loai)
b
Vib>a >0 thi fé)>f(a) (vi /(@) tang trén (0;+00)). Suyra 1 > 1
a x

(diéu nay vo 1y).
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ub<athia®?+2a<a< —1<a<0hay —1<b<a<O0suyra

f< ) EL (vi (x 7) tang trén (0;+00)). Do vay 1 < 1 (vo 1y).
Vay néu {;ﬁ €5 thi @ = 0.

Trong (1.9) cho y = z, ta dude

fl@+ f(x )+$f( ) =+ f(z) +xf(x). Suy rax+ f(z) +2f(r) =
hay f(z) = H——x Thit lai ta thay f(z) = % thoéa man céac diéu kién bai

ra.

Bai toan 1.5 (xem [4]). Tim tat ca caic ham s6 f : RT™ — R thda man dicu

kién
af(xf(y) = f(f(y)), Yo,y €RT (1.11)
U e e L] _ )
Guar Dataf(l) = a, thay @ bii w5 ta 6 o5 f(1) = f(f(y)) hay
FUHW) =505
. 1 fw)\ _a
ooy 201 77 dose 7 (705) = 460 = 75
fWy _ @)
1(50) ~ 7 )
Vit lai diéu kien bai ra dudi dang 7 = (chf(sz))))

Theo cong thitc (1.12) ta duge f(z) = f ( /() ) = af(a:f(y))) %

f(@f(y)) F(f(y))

Dé& dang kiém tra ham sé nay théa man cic diéu kién bai ra.
PR a . <Ly 2
Vay ham s6 can tim la f(x) = —, Vz > 0 v6i a la hang s6 duong.
T

1.2 Mot s6 thuat toan tim nguyén ham ctia ham phéan
thic hiu ty

Dinh 1y Laplace khing dinh rang moi ham hitu ti déu c6 nguyén ham so
cap. Tuy nhién, viéc di tim cidc nguyén ham nay khong phai 13 mot cong
viec don gian. Noi dung ciia chuong nay sé tim hiéu mot s6 thuat toan tim
nguyén ham ctia mot ham s6 hitu ti cho trude, theo thi ty ti don gidn dén
phiic tap.
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p(z)
q(x
1 va he sb cia s6 hang chita bac cao nhat cta ¢(z) bing 1. Ap dung phép
chia Euclide ta duge hai da thic s(z), r(z) sao cho p(x) = q(x)s(x) + r(z)

Chuy 1.1. Gia st 14 mot ham s6 hitu ti thoa man dieu kién (p(x),q(x)) =

v6i r(z) = 0 hodc degr < degq. Khi do, ta co6 /p(—xdx = /s(x)d:l: +

q()
/@d:p.
q(x)
L Cx e e r(x)
Viec tinh [ s(z)dz 1a dé dang, ta can gidl quyét bai toan tim ﬁdx
q(x
véi degr < degq-

Sau day 14 mot s6 thuat toan gidi bai toan trén.

1.2.1 Phuong phap Oxtrogradski

Phuong phap Oxtrogradski cho phép ta tinh dugc tich phan ham hitu ty

P .

/ ng;daz trong d6 da thiic mau Q(x) c6 nghiem boi va phuong phap nay
x

doi khi don gidn hon phuong phap phan tich thanh cac phan tit don gian.

P(z)

Q(x)

bac ciia Q(x). Gia stt mau s6 phan tich duge duéi dang

& mot phan thic thuce sy, nghia 1a bac ctia P(x) bé hon

Ta gia st

Q(x) = C(x — al)k1 (= ar)kr(x2 + prx + Q1)h1 . (m2 + psx + qs)Z.

Ta biét khi d6 ta c6 phan tich

Pl) _ A Ay
Q(x) N (x —ap)k x—a;
B}(Z)IC + C,S‘z) Bf)x + C’{S)

T tpara) | @A pata)

Tich phan hai vé déng thitc vita néu, nhu ta da thay & trén, nhitng tich phan
& vé phai dang [ (xd_% v6i k > 1 cho ta nhitng ham dang
Bz +C
(2% + pr + q)™dx

N

(x — a)k—1 0

v6i m > 1 cho ta tong ctia mot

1

nhitng hang thiic dang /
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D E B’ C’
5 zt : va mot tich phan dang f 5 il .
(2 + pr+ )" (22 +pr+ q)rde

Tinh lui dan ta dugc
/ Bz + ¢ F(x) N Bz +C"
aj‘ o
(22 + px + )™ (22 +pr+q)™ ! (224 pr + q)dz,

ham httu ty dang

trong d6 F'(z) la da thiic bac bé hon m — 1.
Nhu vay, tich phan hai vé cudi nay, ta c6

P(z) _ Py(z)
/ @ —a) dr =

{C e (‘7;2 +psx + qs)? (:U o al)kl_l T (372 + DsT + QS)hs_l
A; B C'.
+---+/ ’ dx+---+/ 5 s N P
T —aq x°+ p;jx+q;

Nghia 1& & vé phai ta chi can tinh nhiing tich phan vé6i mau sb 1a cac liy
thita bac 1 ctia (z — a;) va clia (2 + p; + ¢;) ma thoi. Néu bing mot céch
nao dé ma ta biét duge da thic Py(x) va cac hing s6 A;, B;, C; thi viec tich
phan thue hién duge mot cach dé& dang. Ta c6 thé tinh duge da thiic Py(z)
bang cach viét n6 duéi dang hé s6 bat dinh ma ta sé néi ro hon sau day.

Ta chi § rang néu ta ky hieu
Qx) = (z —a)" ... (2! + px + q,)",

Qi(x) = (xr—a)" ™' (24 pertq) T Qo(x) = (x—ay) ... (22 Fpsx+qs),
thi dé thay Q(x) = Q1(x)Q2(z) va Q1(z) chinh 1& wéc chung 16n nhat cla
Q(x) vd dao ham Q'(z) clia n6 va do d6 Q1(x) c6 thé thu duge biang thuat
toan Oclit.
Ta viét P P P
/ (x)d.r = 1(2) + 2(2) dz.
Q(x) Q1 () Q2()

Pi(x), Py(x) (bac bé hon bac clia mau tuong ting ), duge coi ¢6 cac hé s6 bat

dinh. Dao ham hai vé, ta c6
P(x) [Pl(:zj) }’ Py(x)
Q1(z)
Viéc xac dinh céac he s6 bat dinh ctia Py (z), Py(x) duge thyce hién theo phuong

phap da biét, hoidic 1a sau khi khit mau s6, ta khai trién hai vé va dong nhat
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hé s6 cac sd hang cling lily thita clia x, hodc 1a ta gan cho z nhitng gia tri
dac biét.

Vi du 1.18. Tinh

/4x4—|—4x3—|—16x2—|—12x+8d
x.

(3 + 22 + 2+ 1)?

Dé thay ring
(P + 2 +24+1)% = (z+ 12>+ 1)~

Ta c6 Qi(z) = Qa(x) = (23 + 22 + 2+ 1) = (z + 1)(2? + 1). Ta viét

/4x4+4x3+16x2+12x+8
(3 +x2+x+1)2
A2x + Br + C / D /Ex-l—F

= + dx +

(Bt at1) r+1 2+ 1

dx

dzx.

Tt d6, 1ay dao ham hai vé

dat 4+ 42° + 1622 + 122 +8 [A2?+Bx+C) D  Ex+F
(23 + 224+ 2+ 1)2 LR | +x—|—1+ 2+17
(1.13)

hay
Aot + 423 + 1627 + 120 4+ 8 = (24x + B)(2® + 2° + z + 1)

—(Az? + Bx +C)322 + 22+ 1) + D(2® + 1)(a® + 2 + z + 1)
+(EBr + F)(z+1)(2® + 2%+ + 1). (1.14)

Ta c6 thé khai trien hai vé va can bang hé s6, tuy nhién phép tinh sé phic
tap. Ta sé cho hai vé nhitng gia tri dac biét, tinh toan sé don gidn hon.
Da thica® 4+ 22+ + 1 triét tieu khi tai x = —1 viz = ¢. Tacho z — —1,
khi do
A—-B+C=—6.

Cho x — 14, sau d6 can bang phan thic, phan 4o,ta dugc
A-C=3,B=1.
Ba hé thiic trén cho ta

A=—-1,B=1,C = —4.
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Nhan hai vé (1.13) v6i x, x — oo, véi chil ¥ bac clia ti s6 clia vé trai va clia
hang thic dau vé phai déu bé kém bac clia mau sb6 tuong tng hai don vi, ta
dugce

D+ FE=0.

Cho z — 0 trong (1.14), chi y B = 1,C' = —4, ta c6
D+ F =3.
Chox —1,chiy A=—-1,B=1,C = —4, ta dugc
D+ FE+F=3.
Ba hé thitc cudi cung cho ta

D=0E=0,F=3.

Tom lai
A=-1,B=1C=-4D=0,E—=0,F =3,
Tu do
/4x4+4x3+16x2+12x+8d 22— +4 +3/ dx
= —
(3 + 22+ +1)2 B4 +r+1 241
2
— 4
___ vt + 3arctan x + C.
B+ +r+1

Phuong phap Otxtrogradski mang lai su tinh toan don gian hon so véi
phuong phap phan tich ham dudi dau tich phan thanh cac phan tit don gian,
nhat 1a trong trudng hop khi mau sé Q(z) c6 chita thita s6 (ax?® + bz + ¢)™
v6i m du 16n. Ching han néu m = 3, thi theo phuong phap phan tich ham
dué6i dau tich phan thanh cic phan tit don gidn, ta phai tinh I3 qua I, I
qua I; (theo cong thitc truy hoi), con phuong phap Otxtrogradski tranh duge
diéu nay.

1.2.2 Ap dung cong thic noi suy Lagrange
Trong muc nay, sé gidi thieu mot thuat toan tim nguyén ham ctia ham
. P(x
s0 hitu ti ¢6 dang f(z) = _P@) trong d6 P(z) la mot da thic, x; # x;

v6i moi @ # j.
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Ta nhéc lai cong thiic noi suy Lagrange: Cho n s6 x1, xo, . .., x, phan biét
van sb ay, as, ..., a, tuy y. Khi d6 ton tai duy nhat mot da thitc P(z) véi bac

khong vugt qua n—1, théa man dieu kien P(z;) = a;, véimoij = 1,2,...,n.
" T —x;

Da thic nay dugce xéc dinh theo cong thic P(z) = > a; ] :
=1 i=li£j Lj — Li
Tt cong thic trén, ching ta ¢6 mét phuong phap tim nguyén ham htu

hiéu ctia ham s6 httu t{ ma mau thitc bac n c6 n nghiém don phan biét.
P(z)

Dé tim nguyén ham ctia ham s6 hitu ti ¢6 dang f(z) = ————— trong

[](z—)

i=1
dé P(x) 1a mot da thic va z; # x; v6i moi @ # j, ta tién hanh theo trinh tu

nhu sau.
Budc 1. Ap dung cong thiic noi suy Lagrange, ta phan tich P(z) thanh
dang tong

Zn:aj H x—xi’ aj = P(zj), Vj=1,2,...,n.

j=1  i=l4#j "/ !

Bu6e 2. Thuc hién phép chia P(z) cho [] (x — ;) ta sé thu duge tich
i=1
phan bat dinh dang don gian.

Vi du 1.19 (xem [3]). Tim nguyén ham ctia ham s6

.%‘2

(z=1)(z=2)(z—=3)(z—4)

fx) =

Gidi. Xét P(x) = 22 v6i bén nit noi suy 1a 2y = 1,29 = 2; 13 = 3; 24 = 4.
Tacéa; =1,a2 =4,a3 =9,a4 = 16.
Ap dung cong thitc noi suy Lagrange, ta duge

Pla) = —2(@—2(x—3)(r—4) + 2(x—1)(z—3)(&—4)—

@ DE- (-4 + 2@ -1)(-2)-3).

Rut gon f(x), ta thu dugec ham s sau

—1 2 9 8

&) = e -9 20-3 3@-0
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Tit day, ta suy ra nguyén ham ciia ham s6 can tim 1a
—1 9 8
/f(a:)dx: e =10+ 2hnfe — 2|~ Jlfe =3+ S Infe — 4] +C,

trong d6 C' 14 mot hang so.
Vi du 1.20. [xem [3]] Tim nguyén ham ctia ham s6
307 +4x + 1
r(x—1)(x—2)(z+2)
Gidi. Dat P(z) = 322 + 42 + 1 va xét bon nit noi suy 1a z; = 0529 =

lixs=2,204=—-2.Tacoa, =1,a0 =8,a3 = 21,a4 = 5.

flz) =

Ap dung cong thitc noi suy Lagrange, ta dugc

P(z) = %(x—l)(a:—Q)(x—kl) _ S - @+2)+
Pa@-D@+) - Sra-1)@-2).
Rut gon f(x), ta dugec ham s6 sau.
1 8 21 5!

f(x):%_g(x_1)+8(x—2)_24(5U+2).

T day, ta suy ra nguyén ham ciia ham sé can tim 12
1 8 21 )
/f(x)dx:§ln\x| —§1n|x—1|+§ln|x—2| —ﬂln|x—|—2|—|—C’,

trong d6 C' 14 mot hang sb.

1.2.3 Ap dung cong thic noi suy Hermite
Trong muc nay, sé giéi thiéu phuong phap tim nguyén ham cia ham
r(x k , .
phan thic hitu ti ¢6 dang /%dw, voi q(x) = ] ¢;(x)" va mdi g;(z) (i =
q\r i=1

1,2,...,k) la da thitc c6 hé s6 ctia hang ti cao nhat bang 1, ¢;(x) khong
chinh phuong, (¢i(x), gj(x)) = 1 v6i moi ¢ # j va deggx(z) > 0.

Chi ¥ 1.2.
k .
1). V6i moi da thitc q(x), ta déu c6 biéu dién q(z) = [] ¢i(z), trong
i=1

d6 méi ¢;(z) (1 = 1,2,...,k) 1a da thic c6 hé s6 clia hang tif cao nhat
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bang 1, ¢i(x) khong chinh phuong va (¢;(z),¢j(x)) = 1 v6i moi i # j va
deg gr(x) > 0.

2) Néu p(x) va q(r) 1a hai da thiic nguyén t6 cing nhau (ttc (p(x), ¢(x)) =
1) thi ton tai hai da thitc s(x) va t(x) sao cho

p(x)s(z) +q(z)i(r) = 1.

3) Theo cong thitc noi suy Hermite (xem [3]), néu (p(z), ¢(x)) =1 va he
s6 clia hang ti c6 bac cao nhat cia ¢ bang 1 va deg p(x) < deg g(x), thi

i) Taco
/Zgi /b (1.15)

trong do6 a,b,c,d 1a cac da thic voi dega () < degb(x) va dege(zr) <
deg d(z).

k .
ii) Vig=]] ¢ nén

=1
PE) v [ P .
/q(x)dx— ) /qg(x)d | (1.16)

trong d6 degp,(x) < degg;(x).
k .
iii) Trong (1.15), ta c6 b(x) = [] ¢:(z),d(x) = T[] ¢ *(z).

i=1 1=2

k .
Ta c6 q(x) = [] ¢} (x), v6i mdi ¢;(x) (i =1,2,...,k) la da thiic c6 he sd
i=1

ciia hang tit cao nhat bang 1, khong chinh phuong, (¢i(z), ¢j(x)) = 1 v6i moi

i # j va deg(qy) > 0. Ta biéu dién " Quo dang
q

k

a ZZW:
.CC

’Ll]lq’bx

trongdo 1 <i < k,1 <j <4, 1mj(x)lacac da thic véi degrj(x) < deggi(x)
khi deg g;(x) > 0 va r;;(x) = 0 khi ¢;(x) = 1. Khi dé, ta co

k 1
/ x Zz/r”x
x =1 j=1

SC
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Tiép theo, ta sé tinh /szj(x) dx.
g (x) -
Truong hop 1. Néu j =1 thi | ijdx da tinh dugc.

q;
L. 2 . az riji\T
Truong hop 2. Néu j > 1, ta xem xét ham s6 dudi dau tich phan [ %dw.
q; \*

Vi ¢;(x) khong chinh phuong nén (g, q;) = 1. Do d6 luon ton tai céc da
thic s, € K[z] sao cho sq; + tq; = ryj, trong d6 deg(s) < deg(q;) — 1 va
deg(t) < deg(g;). Khi d6

ij tq,
/r—jdajz/—d +/%d:€.
q@ 4;

4
St dung phuong phap tich phan timg phan (dat u = ¢;dv = q—;daj), ta duoc
4
t/

tq{(m)dx — —t : dx.
/ ¢ (z) (G—1q () " / (G—1q '(x)

T day ta suy ra
(=) t
.. S _|_ —
/—nj(x)dx = (j j) + / T 1( Y .
Tiép tuc qua trinh trén dén khi 7 — 1 = 1 thi viéc tim nguyén ham sé hoan

thanh vi khi d6 ta thu duge truong hop 1.
Tiép theo, xét mot s6 vi du minh hoa.

Vi du 1.21. Tim nguyén ham ctia ham s6
r 4o + 2120 + 223 — 322 — 3
flz) =-= 7 2 .
q (" —x+1)

T— 2 +1vaqg = 725 =1 1a hai da thic nguyen to

Giai. Ta c6q = x
ciing nhau. T d6 suy ra ton tai hai da thic s,t sao cho gs + ¢'s = p. Vi
deg(q) = 7 va deg(q') = 6 nén khong mét tinh téng quét ta c6 thé chon da

thic s va t nhu sau.

s =ay+ a1x + asx,t = by + byx + bex? + byx>.
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Tit ddng thiic ¢s+ ¢ s = p, thuc hien phép dong nhét ta thu duge he phuong
trinh

(as + Tbs =4
a; + 7b2 =0
ap + 7b1 =0
7by = 21

\ —ag — b3 = 2
—Qy +a; — b1 =0
ag — b() = -3

(L —a1+ay —by = —3.

Giai hé nay, ta dugc nghiem la ag = 0,a1 = 0,a0 = —3,byp = 3,01 = 0,00 =0

=

va bg = 1. Tu do6 suy ra

—32? 3 726 — 1

Ap dung phuong phap tich phan tit phan bing cach dat u(z) = 2% + 3, dv =
720 — 1)

dx, ta tinh dugce

(27 — x4+ 1)
Ta8 — 1 3+ 3 —3z2
3
3 dp = ———— ~— | — = (.
/(:CjL )(3:7—:(:+1)2x " —x+1 /:z;7—:v+1x
Do do
3+ 3
— C,
/f erlJr

v6i C' 1 mot hang sb.

Vi du 1.22. Tim nguyén ham ctia ham s6

r 2x 4+ 3
o) = q - (x+1)3(x+2)

3
Gidi. Ta coé g = (x+ 1)3 (z+2) =[] ¢ = qg5¢3, trong d6 1 = = + 2;

1=1

. T )
g2 =1, va q3 = x + 1. Theo thuat toan Hermite, ta viet — dudi dang
q

r_a n b N c N b
g z+2 z+1 (:(:+1)2 (:z:+1)3’
trong d6 a, b, ¢, d 14 cac hang s6. Dong nhat thic, ta dugc hé phuong trinh

a+b
3a+4b+ ¢
3a+5b+ 3c+d
a—+2b+ 2¢c+ 2d

0
0
2
3.
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Giai hé nay, ta tim duge nghiem laa=1,0=—1,c=1vad=1. Do d6

r_ 1o -1 1
q v+2 x+1 (z+1)?2 (z41)3

Tu do suy ra

r 1 —1 1 1
—dx = d d —d —dx.
/qx /513+2 x+/x+1x+/(az+1)2x+/(x+1)3x

Vay, nguyén ham ctia ham s6 can tim 1a
r x+2 —1 —1
/ —dr =1n
q

+ + = In
r+1
trong d6 C' 13 mot hing s6.

z+1 " 2z + 1)

Vi du 1.23. Tim nguyén ham ctia ham s6

r o 5xd—3x2—21x+22

M) = = e 1@ - 37

3
Gidi. Tacoqg= (x—1)°2c =37 =[] ¢ = @@, véiqn = 1;¢o = 20 — 3
i=1
va g3 = x — 1. Theo thuat toan Hermite, ta viét L duéi dang
q

T a n b N c n d n €

¢ 20-3 (20-3° z+1 (z—-17% (z—1)°
trong do6 a, b, c,d, e 1a cac hing s6. Dong nhat thtc, ta thu duge hé phuong

trinh

2a + 4c = 0
—9a +b—24c + 4d =5
15a — 3b + 33¢ — 16d + 4e = -3
—11la+ 3b — 30c + 21d — 12¢ = —-21
3a — b+ 9¢c —9d + 9e = 22.

Giai hé phuong trinh nay ta dugca = 0,6 =5,c=0;d=0va e = 3. Do d6
r 3 5

¢ @—1F  e-3r

3 -3 5) -5
T A B ————— = — > B ———— e ———
aco/(x_l)?)dx 2(%—1)2+Cl vaf(2$_3)2dx 2(2x—3)+027

v6i C, Cy 1a cac hiang s6. Tu d6 suy ra

_3 _5 —gx2+2x+2
/f(x)dx T2 12 222-3) (1-1) (2x—3) e

v6i C' 1 mot hang so6.
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Vi du 1.24. Tim nguyén ham ctia ham s6

-t A+ 22— +5

)= xt — 23 45?2 —dx+4
-t A+ 22— +5 »—r+1
G1idi. Ta cé = = 1 '
iai. Taco f(r) ot — 223 + 522 —4x +4 v +(a:2—:c+2)2
T B —r+1 . 2y ) .
Dat p = (q:Q—x+2)2'Ta coq:i];[lqi = q145, trong d6 1 = 1;¢2 =

2 —x+ 2.
., T
Theo thuat toan Hermite, ta viet — dudi dang
q

r ar +b cx +d

5_x2—x—|—2+(x2—x—|—2)2’

trong d6 a, b, ¢, d 1a cac hang s6. Dong nhat hai vé, ta duge hé phuong trinh

a =1
—a—+b =0
2a—b+c¢c = —1
20+ d = 1.

Giai hé phuong trinh nay ta dugc a = 1,b=1,c = =2 vad = —1. Tu dé

suy ra
rz+1 —2x —1

22 —x+2+( —x+2)%
:1:+1

Bay gio, ta sé tim dx Ta c¢b

r
q
/=
r+1 20 — 1 3 1
% ————dz+5 : dx.
x—x+2 Tt —x+ 2 2 ( 1— 47 +1-|—\/7

Tu do suy ra

r+1 1., 3 |7~

v6i O 1a hing s6.
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. —2r — 1
Tiép sau day ching ta sé tim [ 2
x

dz. Theo thuat toan Hermite
—x+2)?

ta co
2z — 1=tz —2+2)+ (ux +v)(2x — 1),

v6i t,u, v 1a cac hang s6. Dong nhat hai vé, ta dugc

Tu do suy ra

/ e -1, / T +/(?x_?)(2x_1)d
r= | ——dz .
(22 —x +2)? 22 —x + 2 (22 — x4 2)?

Ta dé dang tim duge nguyén ham

E R
L S 2_lt1c
/scz —x+2 7 1447 >
T
v6i Cy hang sb.
) . 4 9
Ap dung phuong phap tich phan tiung phan, dat u = ?9: — va
2x — 1
dv = L dx, ta dugc
(22 —x + 2)?
4 9 4 9 4
(22— 2)2x — 1) (57— 2) -
7 7 _ T 7 7
| s—dr = + J dx
(22 —x +2) x? — 2 +2 22— x+2
(4 9) 1— V7
= 7 (A : 2 + (3
2 — 1+ 2 7 1+4iV7 ’
x
2

v6i O3 1a mot hing so.
Nhu vay, ta cé

[ flayiz =

woo 13, 20— (1-iV7)

1 1
—x2+x+§1n‘x2—x+2‘—7 + —1In

+C,
2 (:CQ—ZC—I—Q) 14 2$+<1—i\/7)
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voi C 1a mot hang sob.

Ciing v6i muc dich gidi quyét nhitng bai toan trén, dé tinh tich phan
(1.15), Horowitz da dua ra mot cdch khac dé x4c dinh cac da thitc d(z), b(x).
Tu do, ta ¢6 mot thuat toan mdi nhu sau.

1.2.4 Phuong phap Horowitz

p()

Dinh ly 1.4. Cho el véi (p(x), q(z)) = 1 va he s6 ctia hang t1t ¢6 bac cao
q(x

nhat ciia ¢(x) bang 1 va degp(x) < degq(z). Khi d6, cac da thic d(x) va
b(x) trong cong thiic (1.15) duge xac dinh nhu sau:

d(x) = UCLN (g(a),¢(@)); @) = &2,

k .
Ching minh. Viq(z) = ][] ¢!(x) nén theo (1.16), ta c6

i=1
x p” x

Hon nita, theo cong thiic noi suy Hermite (xem [3]) thi

plx) o) @x ega(x egb(z); degc(z egd(x
L/Kam_duyﬁ/mwd,dg()<dgM)adg()<dgﬂ)

va . .
b(z) = [[a(e), d(z) = H g (x)
Tu do suy ra
k
(q(2).q'(x)) = qul(x) d(x) o [14

T noi dung dinh 1y trén, ta xay dung dugce thuat toan tim nguyén ham
ctia ham s6 hitu ti nhu sau.

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



38

e ;dx trong d6 (p(x),q(x)) = 1, degp(z) <

deg g(x) va hé s6 clia hang tt chita bac cao nhat ctia ¢(x) bang 1. Ta ta tién
hanh theo trinh tu sau.

Gia su, ta can tinh f

Bude 1. Xéc dinh hai da thite d(x) = UCLN (g(x), ¢'(x)) va b(z) = L&)

Bu6e 2. Dé xac dinh hai da thic a(x), c(z), ta goi m = degb(z); n =
deg d(x). Khi d6 a(x), c(z) la cdc da thitc c6 bac tuong ting nhé hon m, n.
Gia st

m—1

a(r) = am1x + - 4+ ax + ap,
c(z) = ¢t 4+ -0+ cax + .
p(z) c(x) o)
Dao ham hai vé ctia dang thitc [ q(x)dx a02) + [ o) dz, ta dugc
p(z) _ dlz)d(z) — c(@)d(z) | alz)
q(x) d?(x) b(x)

Vi g(z) = b(z)d(z) nén p(z) = b(x)d(z) — c(x)(%) + a(x)d(z).

Thuc hién phép dong nhat thiic, ta tim duge hai da thic a(x) va e(x).
Buéc 3. Ta c6 /Mda:: @%—/ alz )dx Ta tim fa(x)
q(x) (@) b(x) b(x)
tim dugc tich phan [ ]ida:.
q(x)
Sau day, ching to6i gidi thiéu vai vi du minh hoa.
p(z) 20 + 3
gx)  (z+1)%z+2)

Gidi. Ta c6 d = UCLN (¢(z),¢(x)) = 2® + 22 + 1 va b(z) = % —

dx tu do ta

Vi du 1.25. Tim nguyén ham ctia ham s6 f(z) =

2+ 3z + 2.
Tu d6 suy ra hai da thic a(z) va ¢(x) ¢6 dang
a(z)
c(x)

Tt dang thic p(z) = b(z)d () — c(x)(%) + a(x)d(x), thyc hien

ar —+ ao,
ar + cp.

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



39

phép dong nhat ta dude hé phuong trinh

al =0
ayg — C =0
20,0 —C — 20() = 2
ap + 2¢1 —4cy = 3.
Giai hé phuong trinh nay ta tim duge ag = —1,a; = 0,¢c9 = —% va c; = —1.

Tu do suy ra

T+ 2
r+1

3
p(x) —r — 3 / —1 —2x — 3 |
—dr = ——= + dr = — = +1n +C,
/q(a:) (x+1)2 (x4 1)(z+2) 2(x 4+ 1)?
v6i C' 1a mot hang so.
Day chinh 13 két qua ta da biét trong Vi du 1.22 clia thuat toan Hermite.

Vi du 1.26. Tim nguyén ham ctia ham s6

p(x)  ba® —3a? — 21w + 22

=4 = e -

Gidi. Ta c6 d(z) = UCLN (¢(z),¢'(z)) = 22° — 72* + 8x — 3 va b(x) =
q()

2 = 22% — 5z + 3. Tit d6 suy ra hai da thitc a(z) va ¢(z) c6 dang

d(x)
a(x) = amr + a,
c(r) = wr* + ar + cp.
b(x)d'(x)

Tit dang thiic p(z) = b(z)d (z) — () < a00) ) +a(x)d(x), thyc hién phép

dong nhat ta dugc hé phuong trinh

al =0
2&0 - 7CL1 - 202 = 5
—7CLO + 8CL1 - 401 — 262 = —3
8ag — 3a; — 6cy + 3¢1 + 6 = —21
—3ag + 8¢y + 3¢1 = 22.

Giai hé phuong trinh nay ta tim dudc ay = 0,a; = 0,¢9 = 2,¢1 = 2 va

O 5
co = ——. Tu do6 ta tinh dugc /—dx = 5 + C, v6i C' la mot
2 q (z — 1) (2x — 3)

hang so.
Day chinh 14 két qua ta da biét trong Vi du 1.23 cia thuat toan Hermite.
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plz) 2’ —a+1
q(r) (22 — 2 +2)%

Gidi. Ta c6 d(z) = UCLN (q(z),d(z)) = 2 — o + 2 va bz) = % _

Vi du 1.27. Tim nguyén ham ctia ham s6 f(z) =

x? — z + 2. Tit d6 suy ra hai da thiic a(z) v c(x) c6 dang

a1r + ap,
ar + cp.

b(x).d(x)
d(x)

Tit dang thic p(z) = b(x)d (v) — c(:z:)( > + a(x)d(x), thyc hién

phép dong nhat ta duge hé phuong trinh

ai =1
—a1+a—c =0
2&1—&0—260 = —1
200 + 2c1 +c9p = 1.
e R R R 3 4 9
Giai hé phuong trinh nay ta tim dugc alzl,aoz?,q:—? va C():?.
T do suy ra
4 +9 +3
plz) 7% i
—tdr = —""—-"—+ | —————dx
q(x) 2 —x+2 2 —x 42
13
= — - T
T(x?—x+2) 2 22—z +2

_ 20 — (1 —iV/7
= - Y —|—%ln‘az2—x+2‘—|—§1n < >

7(2? —x+2) 14 2x+(1—z‘\/7>

+C,

v6i C' 14 mot hang sob.
Day 1a mot két qua ta da biét trong Vi du 1.24 ctia thuat toan Hermite.
Vi du 1.28. Tim nguyén ham ctia ham s6
p(x)  a"— 24z —42* 4 8x — 8
q(z) a8+ 620 + 122* + 82

Gidi. Tac6 d(x) = UCLN (q(z),¢'(v)) = (JJ4+4IE2—|—4)$ vab(z) = —fl(x) —
(22 4 2)x. Tt d6 suy ra hai da thiic a(x) va c(z) c6 dang

a(x) = asr? + air + ap,
c(r) = 2 + @ + cr + .
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b(x).d (x)

] ) + a(x)d(z), thyc hien

Tt dang thic p(z) = b(z)d (z) — c(m)(

S

phép dong nhat ta duge hé phuong trinh

( ay

ay

das + ag — 2c3

40,1 — 302

< 40,2 + 40,0 + 463 — 401
4@1 + 262 - 560
4CLO

L —2¢

Giai hé phuong trinh nay ta tim dugc
a9 = 1,&1 = O,CL() = 2,63 = 3,02 = 8,01 = 6760 = 4.

Tu do suy ra

/p(x)d 3x3 4 8x% + 6x + 4 dx  3x3 4+ 8x% +6x+4
€Tr = _— =

1 C
Q(ZE) .T(.T4+4X2-|—4) + T x(x4_|_4x2 _|_4) + Il|l'| + C,

v6i C 1a mot hang sob.
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Chuong 2

Phan thic hitu ty véi hé sé nguyén
va phan thic nhan gia tri htu ty

2.1 Ham phan thidc chinh quy hiu ty
2.1.1 Ham phan thitc chinh quy hitu ty mot bién

Trude hét, ta nhac lai khai niem ham phan thitc chinh quy mot bién (xem
[2]).

Dinh nghia 2.1 (Ham phan thitc chinh quy mot bién). Ham so f(x)(# 0)
zdc dinh trén tap RY duoc goi la phan thic chinh quy, néu

fl@)=>" apa™, (2.1)
k=1

trong do

a, >0, k=1,2,...,n; Zakxazo.
k=1

Vi du 2.1. Dé dang kiém chitng ham s6 sau day la phan thic chinh quy

1 sina cosa
fo(z) = 4o + +5E +

xSlIl (0% xCOS «

Trong phan nay, ta khao sat 16p cdc ham phan thic chinh quy véi he s6
nguyén. D6 1& 16p ham s6 dude st dung nhiéu trong cac bai toan vé cuc tri

clua cac bieu thic dai sb.

Dinh nghia 2.2 (Ham phan thiic chinh quy hitu ty mot bién). Ham so
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f(x)(# 0) zdc dinh trén tap RT dudc goi la phan thic chinh quy, néu
flz) =) apa™, (2.2)
k=1

trong do

ar €N, ap €Z, k=1,2,...,n; Zakxo‘:o.

Vi du 2.2. Dé dang kiém chiing ham s6 sau day 14 phan thic chinh quy hitu
ty
, 1 1
filz) =1+2x+ 32" +5-+ —.
roox

T dinh nghia, ta dé dang kiém tra cac tinh chat sau day.

Tinh chit 2.1. Néu f(z) la cdc ham phan thitc chinh quy hitu ty, thi
f(x) > 0 ung v6i moi x > 0.

Néu f(x) va g(x) 1a cac ham phan thitc chinh quy httu ty, thi v6i moi cip
s6 nguyén duong o, 8, ham so

h(x) = af(x) + By(z)

cting la ham phéan thitc chinh quy httu ty.
Néu f(z) 1a cdc ham phan thic chinh quy hitu ty, thi h(z) := [f(x)]™,m €
N*. cling 1a ham phan thic chinh quy hitu ty.

2.1.2 Ham phan thic chinh quy hitu ty nhiéu bién

Dinh nghia 2.3 (xem [2]). /Ham phan thitc chinh quy httu ty nhiéu bién]
Ham s6 f(x1, 22, ...,2,) Z 0 duge goi 1a ham phan thitc chinh quy hitu ty

m bién, néu

n
_ k1 Ok a
flxy, o, ... xpm) = E apry* gt . akm
k=1
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trong do

(a, €N, ay; €Z, k=1,2,...,n; j=1,2,...,m,
aio1 + agaoy + - - -+ apa, =0
< a1s + asaigg + -+ -+ apaye =0

101y, + G202y + + -+ + Ay = 0

T dinh nghia trén, ta dé dang kiém tra tinh chat sau:

Tinh chat 2.2. Ham s6 f(x1,29,...2,) 13 ham phan thic chinh quy hiu
ty khi va chi khi cac ham phan thic thanh phan cta f(1,1,..., 2, 1,...,1)
cting la cac ham phan thitc chinh quy httu ty.

Tiép theo, ta ching minh dinh 1y co ban sau day.

Dinh 1y 2.1. V6i m6i ham phan thic chinh quy f(x1,x9,...z,,) trén tap
1> 0,29 >0,...2, >0 dang

n
« « Ok,
flxy, o, ... ) = E apry gt . akm
k=1
trong do
( . : JR—
ar €N, ap; €Z, k=1,2,...,n; 3 =1,2,...,m,
aiaq1 + asaoy + -+ + apa =0
L ajog + asavgg + -+ - 4+ apoe =0
\alaln + A20on + -+ An Oy = 0
ta deu cb

n
f(:b‘l, o, .. .:Um) Z Z ar.
k=1

Chitng minh. Dé chiing minh dinh 1y, ta nhic lai bat dang thiic gitta trung
binh cong va trung binh nhan AM-GM: V6i mdi bo s6 khong am wq, us, . . . Uy,

ta deu c6
Uy t+us+---+uy,

n
Dau dang thic xay ra khi va chi khi

> uiug ... Uy,

Uy =Uy =+ =u, = 1.
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Stt dung két qua nay, ta thu duge

n
> apr{Magt . xlEm
k=1

f(z1, 29, ..., Tm) _
ay+as + -+ a, ay+as +...ay
Dau déng thic xay ra khi ) =29 = --- =2, = 1.

Nhan xét 2.1. V6i moi ham s6 dang
g(x) =) arz**;ar >0,

dat

ap + az + -+ ay = p,

ajoy + agg + -+ Aoy, = g,
thi ham s6
_4q
flz) = a"rg(x)
la mot ham phan thic chinh quy.

Ching manh. That vay, ta co

m m

flz)=a"7 Z aprt = Z ARz v
k=1 k=1

va vi vay
Z%(%--) => aror— Y @ =q—p-=q—p=0,
k=1 p k=1 = P p

diéu phai ching minh.
Tu day, ta thu dugc mot két qua quan trong sau day.

Dinh ly 2.2. Moi ham dang

m
g(x) = apz™;ap > 0;
k=1

deu c6 tinh chat
q

g(x) > g(1)xr, v6imoi z >0
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trong do
p=ai+ax+- -+ Qp,

q = 410 + A9 + * + + + Q.-

Ching manh. That vay, theo nhan xét & trén, ta co

flz)=a"7 zm: apr™*
k=1
la mot phan thic chinh quy, nén theo dinh 1y 1.2, thi
f(x) > f(1).
Ma f(1) = g(1), nén ta c6 ngay diéu phai chitng minh.
Vi du 2.3. Tim gia tri nho nhat cia

flx) = 2% 4+ 22 + 32" 4+ -+ - + 92,2 > 0

Giaz. Xét
1 2 3 9 o 20 o
_fig) —= Exal + 4—53;O‘2 + 4—5550‘3 e 4—5330‘9 > xﬁ.x% ..... x% = 1.
f(z) o _ o e
Suy ra 15 > 1< f(z) > 45. Do d6 min f(z) = 45 khi va chi khi z = 1.

2.2 Tinh chat ctia ham phan thitic nhan gia tri hiu
ty
Trong phan nay ta xét mot sé tinh chat ctia phan thic hitu ty tuong tu
nhu ddi véi s6 hitu ty trong s6 hoc.

Trude tien, ta xét mot s6 dang toan lien quan dén da thic nhan gia tri
hitu ty va da thic nhan gia tri nguyén.

Bai toan 2.1. Xéc dinh céac he s6 ctia tam thitc bac hai f(x) = ax’+br+c
dé f(x) € Q khi z € N*,
Gidi. Viét da thice f(z) dudi dang

(z = 1)z —2)
2

f(x) =« + Bz —1)+7, (2.3)

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



47

trong do
o
a = 53
b= —505 + 6
c=a=0F+y

Tu (2.3), ta thu duge f(z) € Q khi x € N* khi va chi khi o, 5,7 € Q. T
d6 suy ra didu kien can va dt dé tam thiic bac hai f(x) = az® + bz +c € Q
khi z € N* 1a cac hé sb a, b, ¢ hitu ty.

Bay gio ta chuyén sang chitng minh két qua ciia bai toan tdng quét.

Dinh 1y 2.3. Dé da thic

1

P(z) = apz" + a1z +---+a,

théa man diéu kien P(z) € Q khi € N*, diéu kién can va du la cac he s6
ctia da thitc da cho déu la sb hitu ty.

Chiing minh. Viét da thic P(z) dudi dang
(:13—1)(:1:—2)-~(x—n)Jr (x—1)(x—=2)---(x —n+1)

Plz) — D,
() = po o P1 ) +tp
(2.4)
trong do
( Po
CL():—'
n:
14244 1
< ap = — TL' p0+ (n_ 1)|p1
\an:po_pl'i'"'_pn—l'i'pn

Tit (2.4), ta thu duge P(z) € Q khi € N* khi va chi khi po, p1, - - ., pn € Q.
Tit d6 suy ra diéu kien can va di dé da thic P(z) € Q khi z € N* 1a tat ca
cac hé s6 clia n6 1a cac so hitu ty.

Bai toan 2.2. Xéc dinh céac he s6 ctia tam thitc bac hai f(x) = ax’+br+c
dé f(x) € Z khi z € N*.

Gidi. Viét tam thiic bac hai f(x) dudi dang

(x = D(x—2)

fla) = ot

+ B(x— 1)+, (2.5)
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trong do
o
a = 53
b= —505 + 6
c=a=0F+y

Tu (2.5), st dung tinh chat ctia s6 hoc 1a tich clia 2 s6 nguyéen lien tiép
luon chia hét cho 2 ta thu duge két luan f(z) € Z v6i © € N* khi va chi
khi o, 8,7 € Z. Tt d6 suy ra diéu kién can va di dé tam thic bac hai
f(z) = ax? 4+ bz + ¢ € Z khi x € N* 1 cac hé s6 a, b, ¢ c6 dang

(0%
CL:§
3
b:_§&+6
c=a=0F+7y

trong d6 «, 8,7 € Z.
Dua vao két qua va phuong phap chitng minh clia bai toan nay, ta ¢ theé
giai bai toan tong quat.
Bai toan 2.3. Cho 1 < n € N. X4ac dinh cac hé s6 cia da thic
P(z) = apa" + a;z" ' 4+ -+ + a, dé P(x) € Z khi x € N*.
Gidi. Viét da thic P(z) dudi dang
(x—1)(z—=2)---(z—n) (z—1)(xz—=2)---(r—n+1)

P —
(=) = po — +p1 T + 4D,
(2.6)
trong do
( Po
CLO:—'
n!
I+ 24-+n 1
lar=— o p0+mp1
\an:p0_pl+"'_pn71+pn

Tu (2.6) va stt dung tinh chat ctia s6 hoc 1a tich ctia n $6 nguyén lién tiép
luon chia hét cho n!, ta thu duge két luan: P(x) € Z v6i © € N* khi va chi
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khi
(Do
ayg — —
n!
1+24+---+n n 1
a; = —
a1 ol Po (n—l)'pl
\anZPO_pl"'_"'_pnfl"i_pn

trong do po, p1, ..., pn € 2.
Bay git ta chuyén sang xét tinh chat ctia ham phan thic hitu t¥.

Bai toan 2.4. Chiing minh rang néu ham phan thic

Q(x) = cler 7 € Q, Vx e N, (2.7)
thi Q(x) ¢6 dang )
Qz) = Cri D (2.8)

trong d6 A,C, D € Z.

Gidi. Theo gia thiét thi H(z) = cx +d € Q, do d6 theo bai toan ?7? thi cac
. . M.

hé so ¢, d 1a cac so hitu ty. Vay ¢ = Fl va d = F?’ trong d6 My, Ms, N1, No

1 2
14 cac s6 nguyen. Tu day ta co

1 1 N1Ns
Q(fﬁ) CIE—l—d %$+% MlNQSC—i—MQNl, ( )
Ny Ny
dpcm.
Bai toan 2.5. Chitng minh rang néu ham phan thic
ar +b
= € Vx € N 2.10
Q)= e e (2.10)
thi Q(x) ¢6 dang
Ax + B
= — 2.11

trong d6 A, B,C,D € Z.
Gidi. Xét Q(x) — Q(1). Theo dinh 1y phan tich phan thic hiu ty thanh
nhan ti (xem Dinh 1y 1.3), ta thu dugc

Qr)—Q(1) e

= € Ve e N* . n>1.
x—1 cx +d Q va ak
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Theo két qua ctia Bai toan 2.4 thi
M.
Qa)—% M
r—1 Cx+ D’
trong d6 Ms, N3, M, C, D la cac sb nguyen. Tt day, chuyén vé ta thu dudc
biéu dién (2.11).

Bai toan 2.6. Chitng minh rang néu ham phan thic

az? + br + ¢
= v N 2.12
Q(7) e € Q, Vz €N, (2.12)
thi Q(z) c6 dang
Ax?+ Bx +C
— 2.1

trong d6 A, B,C,D, FE € Z.
Gidi. Xét Q(x) — Q(1). Theo dinh 1§ phan tich phan thitc hitu ty thanh
nhan tit (xem Dinh Iy 1.3), ta thu dugc

Qz) —Q(1) pr+gq
r—1 - cx+d

€Q, Vx e N*,n>1.

Theo két qua ctia Bai toan 2.5 thi

Q(x)_%s . M1$+N1
r—1  Myx+ Ny

trong dé Ms, N3, My, No, My, Np 1a cac s6 nguyen. Tit day, chuyén vé ta thu
dugc biéu dién (2.13).

Bai toan 2.7. Chitng minh rang néu ham phan thic

_ax2—|—bx—i—c

€7, Vr €N 2.14
dr + e y ¥ ’ (2.14)

Q(x) :
thi Q(z) c6 dang
Q(z) = Oz + D hoiac Q(z) = Av* + Bx +C €7Z, Vo €N,  (2.15)

trong d6 C, D € Z.

Gidi. Nhan xét ring néu d = 0 thi ta c6 ngay két luan

Q(z)=Ar* + Bz +C €Z, Vxr € N.
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Xét truong hop d # 0. Khi d6 ta viét (2.14) dudi dang

QW) —QO) _arth ;0 o,
x dr +e

Theo Bai toan 2.5 thi
Q(x) — M o Alil?—f-Bl
x  Dx+ E’

v6i Ay, By, D.E, M la cac s6 nguyén. Vay nén

Q(m) - M . Al AQ %
. ) D:U+E€Z’ Vr eN (2.16)

voi Ay, As, D.E, M 13 cac s6 nguyen.

Tt day suy ra A, = 0 va vi vay A; chia hét cho D, ta thu duge dpem.
Bai toan 2.8. Cho ham phan thic hitu ty
P(x)
Q(z)

Chting minh ring f(z) c6 thé bieu dién duge dudi dang phan thitc cia hai

fx) =

€Q Vz € Z, (P(2)Qx)) = 1.

da thtic v6i hé s6 nguyen.
Giat. Gid st
P(z) = ay+ a1z + asx® + -+ + ama™,

Q(z) = by + bz + bya® + - - - + by

Taiz =3 (j =0,1,2,...m + n) ham f(z) nhan cac gid tri hitu ty tuong
ting 1a ¢;. Khi d6 ta c6 hé phuong trinh tuyén tinh véi m +n + 2 an

a07a17a27'"7a’m7607blab27---7bn
c6 dang
ag+ark+---+apk™ —bocy —bicp—---—bycpk =0, k=0,1,2,...m+n.

Hai nghiém ctia hé nay cho ta hai cip da thic tuong ting P(x),Q(x) va
Pi(x),Q1(x) c6 tinh chat

Pk) — e Q(k) = 0, P(k) — cxQu(k) = 0, Yk =0,1,2,...m +n.
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Hai cap nghiém nay cho ta da thic

g(x) = P(x)Qi(z) — Pi()Q(z), deg g(z) <m +n

nhan gia tri 0 tai m +n + 1 diém nén g(z) = 0. Do P(z), Q(z) nguyén to
cung nhau nén P(x) = c¢Pi(x),Q(r) = c¢Q1(x). Vay hé da cho chi c6 mot
nghieém véi sy sai khiac mot ty 1é va nhu vay ton tai ma tran cap m +n + 1
trong ma tran hé s6 ctia hé phuong trinh dé dinh thiic ctia né khac 0 va

nghiém nhan dugc 1a cac s6 hitu ty, dicu phai chiing minh.

Nhan xét 2.2. Ta ciing c6 thé gidi bai toan nay bang phuong phap quy nap
toan hoc dya trén két qua clia cac bai toan da gidi § muc nay (Bai toan 2.4).

2.3 Day sb sinh béi ham phan thic hitu ty

Bai toan 2.9. Cho day s6 thuc (a,) duge xac dinh bdi :

1 1
a=1,ap11 ==(ap,+—-—) v6imoin=1,23, ...
0 n+1 2( n San) v
-, . N ] . S ~ S 3 N ~ S s
Chting minh riang véi moi s6 nguyén n, so A, = 32 1 la mot so chinh
a:z —

phuong.
Gidi. Trude hét, ta sé chiing minh rang 34,1 = 4A,(A, + 3) véi moi n
nguyén duong.

That vay, ta co

(An+3) 3a2 —1  (3a2 —1)?

Mit khac, thi

314n—|—1 =

diéu phai ching minh.

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



33

Hon nita, ta tinh duge A, = 9 nén dé dang thiy ring A, luon chia hét
cho 3 v6i moi n.

Tiép theo, ta sé& chitng minh bang quy nap % + 1 1a s6 chinh phuong véi
moi 7.

Véin =1, thi % + 1 =4 13 mot s6 chinh phuong.

Gia stt v6i n = k, ménh dé trén cling dang, tic 1a ton tai s6 tu nhién p
Saocho%—l—lsz

Ta c6
A1

AAL(Ay +3 A A
’“(9” )+1—4?k(1+?k)+1:4p2(p2—1)+1:

(2p? — 1)? ciing 1a mot s6 chinh phuong.

+1=

A .
Suy ra ?n + 1 cling dang v6i n = k + 1, dieu phai chiitng minh.

A, .
Tu 34,11 = 4A,(A, + 3) suy ra A, = 4A,. (? + 1>ta ciing dé dang
chitng minh dugc bang quy nap rang A, 14 s6 chinh phuong véi moi n.

Bai toan 2.10 (VMO 1982). Gia sit a va z 1a nhiing s6 thuc, n 1a s6 nguyén
duong. Néu 0 < a <1 vaa"! <z <1 thitaco

n ok
H’z—i—ak’ Hl—I—ak

Gidi Néu a = 1thi z = 1 va bat dang thitc ding vi hai vé déu bang khong.

Néu a = 0 thi ca hai vé déu bing 1 va bat dang thiic ciing ding .
Xét0<a<l.Vil>a>a*>>--->a">0vaad"™m <z<1
nén cé6 so6 n nguyen duong r dé o’ < 2z < a’.

k
z—a z—a
Va = khi k > r
'y’z-l—kak{ z-l—ak :
z—a
va =% khik<r
z+ak z+a”
ta co
z—a" 1—-ad¥ z—ad 1—ak_ 2aF(z — 1)

— <0,k >
‘z—kak‘ l+a* z+a 1+a (14 d¥)(z +a*) — "

2 —a 1—a* a—z 1—a _
= <0,k <r

k 2ar+1—z
‘z+ai‘_ l+a* z+a 1+a* (1+d)(z+ai)
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va chon i + k = r + 1. Tt cac bat dang thic trén suy ra hai bat dang thic

sau: i i B} B}

noz—a " 1l—a noz—a nol—a

el S e T ol < T r

=1 2 ta =11+a k=r+1 21+ 0 k=rt1 1+ a
z—a n 1—ak

n
Do d6 nhan duge [] ‘
k=1

<

z+a po1 1+ af

Ta nhic lai dinh nghia vé day tuan hoan.

Dinh nghia 2.4. Day s6 (u,) dudc goi la day sé tuan hoan (cong tinh) néu
ton tai s0 s € N* sao cho Uyqs = U, vdi moin € N. 86 s nhu vay dudc goi la
chu ky cia day. Chu ky (nguyén duong) nhé nhat ciia mot day so tuan hoan
con dudgc goi la chu ky co sd cia day so do. Trong thuc hanh, dé ching minh
mot day so la tuan hoan khong nhat thiét phdi xdac dinh chu ky co sd clia no.

T dinh nghia trén ta thay ngay mot day so la tuan hoan chu ky 1 khi
va chi khi day s6 do 1a day s6 hing. Bdi vay, néi dén chu k¥ ctia mot day soé
tuan hoan, khac day hang, hién nhién ta phai coi chu ky dé 16n hon 1.

) 24+u, .
Bai toan 2.11. Cho day s0 u, xac dinh béi u; = 2; u, +1 = % vGi
— 2u
moi n > 1. !

Chting minh réng
a) u, # 0 v6i moi n nguyén duong,.
b) Day khong tuan hoan.

Giai. Chon a la géc sao cho tana = 2, khi do

2tan o

2

——— — tan 2«
1 — tan® «

up = tan o ug =

Bang phuong phap quy nap ta c6 u, = tanna.
24w,  2+tan(na)  tana + tan(na)

Mat khac u,41 = = = .
' T 2w, 1-— 2tan(na) 1 — tana. tan(na)

Vay
Ups1 = tan(n + 1)«
22U,
1-U?
ton tai n sao cho u, = 0 thi sé ton tai n 1é dé u, = 0.

a) Tu cong thic u, = tan(na) ta suy ra us, = Tu d6 suy ra néu
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2+ uos
Gid st ugs + 1 = 0 tic la — 27 — 0 khi d6 uss = —2 va ta ¢o
) 1 —2uss
—2 = Uy = s Do d6 U2 + us — 1 = 0, suy ra uy, vo ty.
1 — uss

Diéu nay vo 1y vi theo cong thitc truy hoi da cho trong gid thiét thi uy la
httu ty. Vay wu,, # o v6i moi n nguyén duong.

b) Gia st day s6 da cho 1a day s6 tuan hoan.

Khi d6 ton tai hai s6 nguyén duong n va k, (n > k) sao cho u, = uy
hay tanna = tanka = (n — k)a = mm = wu,_ = 0. Mau thuan véi két
qué phan a) diéu nay ching t6 day u, da cho khong tuan hoan

x tan T 1

Bai toan 2.12. Cho ham s6 f(z) = ——3——.

T + tan —
4

Chtng minh rang ham s6 da cho 14 ham tuan hoan véi chu ky bang 3.
Giai. Ta c6 L -
rsint —cosZ

f@) = .

1

T COos T4+sinZ

Suy ra

3

xcosz+sin§ 1

ff@) = —F——==—

§—$Sln

Bién doi tuong tu nhu trén, ta duge f(f(f(z))) = z.
Vay ham s6 da cho 1a ham tuan hoan véi chu ky 3.

rol3

T
rtan — — 1
3 —. Chiing minh rang ham so

T + tan —
3

Bai toan 2.13. Cho ham s6 f(z) =

da cho 13 ham tuan hoan véi chu ky bang 6.
. T
o T S1n g — COS §
Gidi. Taco f(x) = - Suy ra
T CoS - +sIn —
3 3
2m

xcos——l—sm—

f(f(z)) = o 237r

COS? — LUSIH?
in0— -1
FUFF@) = iiosw—%(:i)rsljr Tz
P ) = — it
3 3
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U@ = g 2
PG fap)) = ZBTET_

COST — xsinTm

\/§x—1

Bai toan 2.14. Giast f(z) =
(n lan f).

G1idi.Ta viét

V3, 1
fla)=3+—=
1,4 /3
3T T %
s 3 s
o ZCCOSE—SIHE.

- T T
T s ¢ +0086

Bang phuong phap quy nap, ta dé dang chitng minh dugc

xcos & — gin

6 6
g(z) = — :
(z) xsm%Jrcos%
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Chuong 3

Bat dang thic véi cac ham phan
thdc hiu ty

3.1 Phuong phap bat dang thic Cauchy dbi véi ham
phan thiic hitu ty

Trong muc nay ching ta thuong sit dung bat dang thic trung gian sau
day.
Bai toan 3.1 (xem [2]). V6i a, b, ¢ 1a nhitng s6 thiic duong, chiing minh réng
am—i—n + bm—i—n + Cm+n > ambn + bmcn + Cman.

m - am—i—n + nbm+n

Gidi. Ta co > a™b" (bat dang thitc Cauchy v6i m + n
m-+n
s0),
mbm+n + ncm—i—n
> b"c",
m-+n
mcm—i—n _|_ nam—i—n
> c"a”.
m-+n

Cong cac vé tuong tng ctia ba bat dang thic trén, ta thu duge bat ding
thiic can chiing minh.

Dé c6 dude phuong phap giai doi véi cac bat dang thic dang phan thic
don gian nay ching ta rat ra nhitng nhan xét tit nhing bai toan cu thé.

Bai toan 3.2 (xem [2]). Vdi a, b, ¢ 1a cac s6 thyc duong, ching minh rang

a@ b

3 3 3
bQ—l_E—l_?)a +b° +c
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Giai. Ta co :

a + b+ & > ab® + be? + ca?
Cong bon bat dang thic trén, ta thu dude bat dang thiic can ching minh.

Nhan xét 3.1. Dé mo ta cac s6 hang ctia vé phai ta phai st dung cac so

hang c6 chita mau sb clia cac s6 hang vé trai nhu ab?, bc?, ca®.

Bai toan 3.3 (xem [2]). Véi a, b, ¢ 1a cac s6 thyc duong, chiing minh rang

a@ P
2 a’+ b+ ¢
be ab

Giai. Ta co:

a® + b+ > 3abe

Cong boén bat dang thiic trén, ta thu dudce bat dang thiic can ching minh.

Bai toan 3.4 (xem [2]). Vdi a, b, ¢ 1a cac s6 thyc duong, ching minh ring

5 b5 5 3 b3 3

a _|_ +c a n +c
b3 a3/ b c a
5 3
a a
Giat. Ta c;ﬁ—l—ab /3 33 3
Suyra2—3+2ab % %—I—ab}%—i—%ﬂ
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Twong tu, cling c6

b° b’
—3+2bc>—+2b2
C C
5 3
%4—20@ C——|—20

Stt dung bat déng thic 2(a® + b + ¢*) > 2(ab + be + ca).
Cong cac bat dang thic trén ta thu dugc bat dang thic can ching minh.

Bai toan 3.5 (xem [2]). V6i a, b, ¢ 1a céc s6 thyc duong phan biét thda man

dieu kién
102 p02 102

a
+ + < 1.
ploo " 100 " 4100

Chiing minh rang ludn ton tai cac s6 thuce ty nhien k& (0 < k& < 99) sao cho
bat dang thitc sau day ding

k+3 bk+3 k+3 1 k+2 bk+2

a

a C
pk+1 + ck+1 + a1 — 100 + bk + ck + ak

Gidi. Via,b,cla cac s duong phan biét nén ta c6 day bat dang thiic sau:

3 b3 CS CL4 b4 C4 CL102 b102 6102

2
0 < a*+b°+c° <€+ +—<ﬁ+ + <b100+0100+a100<1'

. 1
Chia doan [0, 1] thanh 100 doan nhé bang nhau c6 do dai 100° Suy ra tit
101 biéu thtc phai c6 hai bieu thitc ctiing thuoc mot doan. T két luan do ta

thu dugce bat dang thiic can ching minh.

Nhan xét 3.2. Dé sit dung bat ding thitc Cauchy ta can chi ¥
1. Thém cac hé s6 dé dau bang ctia bat dang thic xay ra.
2. C6 thé them nhicu sé hang khi sit dung bat dang thitc Cauchy khit

mau so.

Bai toan 3.6 (xem [2]). Vdi a, b, ¢ 1a cac s6 thyc duong, ching minh rang

a’ v 3 1
2_ b2 2'
TR i LR
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Gzai. Ta co
3

20) > 6a°
a+26+a(a+ ) a

9b3
b+ 2c

9¢3
c+ 2a

+ b(b + 2¢) > 6b°

+ c(c+ 2a) > 62

va két hop véi 2(a? + % + %) = 2(ab + bc + ca).
Cong cac bat déng thic trén, ta thu duge bat dang thic can ching minh.

Bai toan 3.7 (xem [2]). Vdi a, b, ¢ 1a cac s6 thyc duong, ching minh ring
I S S TR
> —(a c).
(b+¢)? (c+a)? (a+b)? 4

Giai. Ta co
8a’
(b+ c)?
8b3
(c+ a)?
8c3
(a + b)?

Cong cac bat dang thiic trén, ta thu duge bat dang thitc can chitng minh.

+(b+c)+ (b+c¢) > 6a,

+ (c+a)+ (c+a) > 6D,

+(a+b)+ (a+b) > 6e.

Bai toan 3.8 (xem [2]). Vdi a, b, ¢ 1a cac s6 thyc duong, ching minh rang

a’ v 3 >1( bt o)
+ + > —(a+b+c).
blc+a) cla+b) alb+c) 2

Giai. Ta co X
4a

b(c+a)
40°

cla+0b)

+2b+ (c+a) > 6a,

+ 2¢ + (a + b) > 6D,

4c
a(b+c)

Cong cac bat dang thiic trén, ta thu duge bat dang thitc can chiing minh.

+2a+ (b+c) > 6¢.
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Bai toan 3.9 (xem [2]). Véi a, b, ¢ 1a cac s6 thyc duong, ching minh rang

Giai. Ta co

ﬁ+a+b+b>4c.
a

Cong cac bat dang thic trén, ta thu duge bat ding thic can ching minh.

Bai toan 3.10 (xem [4]). V6i a, b, ¢ 1a cac s6 thuc duong, chiing minh rang

¢ __,__ ¥ ¢ > Yatbro
> —(a c).
(a+0)(b+c) (b+c)(ct+a) (c+a)la+d) 4
Giai. Ta co:
S +(a+b)+ (b+c)>6
a c) > 6a
(a+0b)(b+c)
8 +(b+c)+ (c+a)>6b
c a) >
(b+c)(c+a)
8¢c?

(C+a)<a+b)+(c+a)+(a+b)>6c

Cong cac bat dang thic trén, ta thu duge bat ding thic can ching minh.

Bai toan 3.11 (xem [2]). V6i a, b, ¢ 1a cac s6 thyc duong, chiing minh rang

a? b P 9

R i J— ; - .
b 3 + a?” a+b+c

Gidi. Ta co bat ding thic
ool

3
a
?—l—ﬁ—l—g?a—kb—kc
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Suy ra:
| 1
@ e G )P () 111 9 )
A VA S T A R (dpem)
a b c

Bai toan 3.12 (xem [2]). Vdi a, b, c la cac sd thuc duong phan biet thoa
méan dieu kién a + b + ¢ = 3abc. Chitng minh rang

be ca ab

p— > 1
Bt 20)  Plat20 A0+ 2a)

Gidi. Ta co6 bat dang thiic

a’ b3 3 5 5 5
> - b . 3.1
b 120 " oqroa Tazm o3t ) (3-1)

—_

That vay,

9a?
b+ 2c

9b3
c+2a

9¢3
a4+ 2b
3(a® + b* + ¢?) > 3(ab + bc + ca)

+a(b+ 2¢) > 6a*

+ blc + 2a) > 6b°

+cla +2b) > 6¢°

Cong cac bat ddng thitc trén, ta thu duge bat ding thiic (3.1). Ap dung (3.1),
ta thu duoc

1 1 1
_a b 3
P=1"=5+1 3t1 3

b ¢ c a a b
>1(1+1+1)

T 3%a?2 2
1(1+1+1)

“3%ab  be  ca

1l a+b+c

= — =1 d .
R <1 (e
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Bai toan 3.13 (xem [2]). V6i a, b, ¢ 1a cac s6 thyc duong, chiing minh rang

5 5 5
a b c
ﬁ+§+? > ab® + be? + ca’.
Giai. Ta co
a> b 3 3 3 2 2 2
§+§+¥>a +0° + ¢ > ab® + bc” 4 ca”, (dpcm).
Tiép theo, xét mot s6 vi du liéen quan dén udc lugng mot s6 dang phan
thitc hitu ty cu theé.

Bai toan 3.14 (xem [2]). Cho p 1a mot s6 nguyen duong, g € (0,1). Gia st
x € [P 1] va

R o Kb id
f(x)_lgx—i_qk.

Chting minh ring

p 1—qk
< .

Ching manh. Ta co
D<M <P <---<qg<l.

V6i ¢/ 7P <o < ¢/ thikhii>j+1,tacéz>q.

Vay nén . .
r—q| x—¢
T+ q| T+
Xét hiéu ‘ ‘ ‘
i i i _
voq _l-od 21
r+q 1+q¢  (r+q¢)(1+g
Do do6 »
I < 1T =% 5.2
k=j+1 T+q k=j+1 T4
V6i k=1,2,...,7, thitaco
€T — qj_(k_l) qj_(k_1> — X
g+ g~k | T i1 4 g
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Ta c6 . ‘
q]f(k‘fl) — 1 — qk 2(qj+1 . .CE) 0
G Tt (Lt 0 S
Vay nén
J k J k
T —q l—q
11 <1[—= (3.3)
k| — k
priel '} P 1+g¢q
T (3.2) va (3.3), ta thu dugc
ﬁ z—q" 1-¢"
k k
el Kt k=1 1+4q
hay
p k
l—q
z)l < .
=1l

n
Bai toan 3.15 (xem [2]). Gid sit a1, a9,...,a, € (0,1) va > ar = 1. V6i
k=1

a € (0,1) vi a > aj, v6i moi k, ta luon c6 bat dang thric

Giai. Theo Dinh 1y 1.3, thi

a—vy 1—v  2y(a—1)
at+y 1+ (a+7)(1+7)

<0

tng véi moi v € (0,a).
Nhu vay

Béi vi bat dang thiic

n
1+ak:Zai—l—ak2(n—l—1)"“
i=1
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dang cho moéi k, nén ta co

n

H(l + CLk

Vay nén

3.2 Ky thuat cong mau sé6 Engel ctia bat dang thiic

Chebyshev

Nhu cac ban da biét Bat déng thitc Chebyshev 14 mot cong cu manh dé
gial quyét mot 16p cac bat dang thic. Trude khi dén v6i bai viét nay t6i xin

nhic lai mot chat vé bat ding thiic nay.

3.2.1 B4t dang thitc Chebyshev va Chebyshev dang Engel

la. BAt ding thitc Chebyshev trén 2 day don diéu ciing chiéu.

Cho 2 day hitu han céc s6 thuc aq, as, . . .,

P

co
>CLZ Zan
hoac
a;r <ay <---<a,
by <by<---<b,
thi ta co

n(a1by + asby + - -+ + apby) > (a1 +ag + - -

Dau déng thic xay ra khi { by —
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B4t dang thic Chebyshev suy rong:
a;+az+---+ap

Néu ) N
alzalzazz..._ -
{
512b1+b22"'2b1+b2+ + b,
\ 2 n
hoéac
(
algal—;—QQS--'_afl‘Fa@‘; + ay
{
b1§b1;b2§---§bl+b2—; + b,

\
thi n (a1by + agbe + -+ - + apby) > (a1 +as+ -+ ap) (b1 + ba... +by)

., by, khi d6, néu

1b. Bat dang thic Chebyshev trén 2 day don diéu ngudc chiéu

.,anvébl,bz,..

Cho 2 day hitu han cac s6 thuc aq, as,

co
ap > Qg 2 - 2 ay
by <by<---<b,
hoac
ap < ag < ---<ay
by >by>--->by

thi ta c6
n(aiby + aghs + -+ apby) < (a1 +as+ -+ ay) (b + by

Dau déng thic xay ra khi { all

B4it ding thic Chebyshev suy rong.
ay+ag+---+ay

Néu
’a >a1+a2>
1= Z e 2
2 n
{
b1§61+b2§--~§b1+b2+ + b,
\ 2 n
hoac
(a <a1—i—a2< ay+as+---+ay
L < <. <
2 n
{
512b1+622---261+b2+ + b,
\ 2 n
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thin(a1b1+agbg+'--+anbn) < (a1+a2+'--+an)(b1+b2...+bn).
Bay gio trd lai véi bai toan. Néu ta thay day by, b, ..., b,

1 1 1
béi day —, —, ..., — thi khi d6
Ty X2 Tn
2a. Néu co
ap = as 2 -+ 2 ay
rp <x9< - <1y
hoac
a; <azx <---<a,
Ty 2Ty 20 2 Xy
thi ta co:
aj as anp 1 1 1
nl—+—+...+— ) >2@+a+...4a,) | —+—+...+ —
Ty X9 Ty I T2 L
2b. Néu ¢6
a; 2 az = - > ay
T1 2Ty 2> 2@y
hoac
ar < ax <---<a,
< x9S - <1y
thi ta co
ap  ao a, 1 1 1
nl—+—+..+— ) <(@+a+...+a) | —+—+...+— .
T X9 T X o) T

Tuy nhién trong mot sé truong hgp, ta khong thé danh gia theo 2 day
nay. Khi d6 ta c6 mot cach khac phuc, dé la
ay az anp ai az an
. [ E2s=Z2s> 0 [ DAeZZolc
da. Neu c6 ¢ oy — x9 — oz, hoac < =z T xy T — r, thita
T 2 X2 2 2 Ty

CO
_+_+”.+%Sn(a1+a2+...+an)

X1 X9 T 1 +To+...+x,

a a a
<_1_*__2_|__‘_+_n> (x1+ 20+ ...+ )

o ) T

a1 as Qp
<n|—z1+—x9+ ...+ —x, | =nlag +ay+ ...+ a,).

X ) T
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a a a nla +ay+...+a
Dodo—l—l——2+...—|——n§ (@ 2 n)
Tr1 X9 Ty T+ T2+ ...+ 2,
3b. Neu co a 4 4
_1__2§ S_"
T ) Ln
T > X9 > Ty
hoac
a a a
—~>2>...>
I i) Iy
r1 < X9 <z,
thi ta co

W TS (R U R
r1 X9 Ty T+ 2T2+...+x,

Ching minh. theo 1b, ta c6

a a a
(_1+—2+...+—n> (w1 + a2+ ...+ 2p)

T i) Ty
a a a
2n(—1x1+—2x2+...—|——nxn> =n(a1+as+...+a,)
I i) Ty,
Dod’ﬂJr@Jr...qL%Zn(alJraﬁ”'Jra”>
T To T, 1 +xT9+ ... +xy

Mac di hai bat dang thitc nay duge phat biéu don gidn va duge suy ra tir
bat dang thitc Chebyshev ¢o dién, trong mot sé truong hop, viec danh gia
theo 2a va 2b nhieu khi khong hieu qua. Vi thé, 3a va 3b két hop véi viec
them bién thich hop lai tré nén hiéu qua déi véi cac bat ding thitc déi xing
ba bién c6 chita ham phan thic hitu ty.

Ngoai ra ta con c¢6 mot dang bat dang thic Chebyshev khéc nita la:

V6i ay,as,...,a,; by, ba, ..., by x1,29,...,2, > 0. Neu
ap _ az a, by _ by b
—>—=>... > —>=>...>—
T ) Tp I1 o) T

thi ta sé co

al_ln+a2_bg+..'+anbn> 1(a1—|—a2—i—...—l—an)(bl—l—b2—|—...—|—bn).

1 T Tn T +x0+ ... +x,

S

Bat ding thic nay ding va hoan toan cé thé ching minh bing quy nap.
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3.2.2 Phuong phap cong mau sé6 Engel

Bai toan 3.16 (Italia - 2007). Cho céc s6 thyc duong a, b, ¢ sao cho
1+})+c + 1+i+a > 1
Chtng minh rang a + b+ ¢ > ab + bc + ca.
Giai. Ta c¢o
1 1 1 B a b c
1+a+b+1+b+c+1+c+a N a+ab+ac+b+bc+ba+c+ca+cb'

1
1+a+d +

Khong méat tinh tong quéat, gia st a > b > ¢ thi a +ab+ ac > b+ bc + ca >
c+ ca+ cb va
a b c 1 1 1
> > & > >
a+ab+ac — b+bc+ba ~ c+ca-+ch l+a+b - " 14+b+c 14+c+a
Sbt+cec<ct+a<a+b.

Bat dang thic trén luon ding.
Tu do theo 3a, thi

1 1 1 a b c
1—|—a—|—b+1—i—b—1—c+1—|—c—|—a_ a+ab+ac+b—i—bc+ba+c—|—ca—|—cb
3(a+b+c)

= a+b+c+2(ab+bc+ca)
Két hop v6i gia thiét ta suy ra
3(a+b+c)
a+b+c+2(ab+ be+ ca)
Vay ta c6 diéu phai ching minh.
Ding thitc x4y ra khi va chi khia =b=c = 1.

>1=a+b+c>ab+ bc+ ca.

Bai toan 3.17. Cho tam gidc nhon ABC. Chiing minh rang

1 1 1 3
+ + <
l+tanA+tanB  1+tanB+tanC 1+tanC +tanA ~ 1+ 23

Giai. Ta co
1 n 1 n 1
l+tanA+tanB 1+ tanB +tanC 1 +tanC +tan A

< 3 (tan A + tan B + tan C)
~ tan A+ tan B + tan C' + 2 (tan Atan B + tan B tan C' + tan C' tan A)
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T bat dang thitc ab+be+ca > /3abc(a + b+ ¢) v dang thiic Y tan A =
[Jtan A, ta c¢6

3 (tan A + tan B + tan (')
tan A 4 tan B + tan C' + 2 (tan Atan B 4 tan Btan C + tan C'tan A)
B 3
1+ 2(tan A tan B+tan B tan C+tan C tan A)
tan A+tan B+tan C
3 3 3

< _ - .
Vay, ta c6 diéu phai chitng minh. Déng thitc x4y ra khi va chi khi tam giac
ABC déu.

Bai toan 3.18. Cho cac s6 thyc duong a, b, ¢ sao cho a + b + ¢ = 3. Chiing
minh rang
ab—|—§1 N bc—|—% N ca—|—% >E
ab+a+b bec+b+c catct+a 4
(a+1)(b—c) >0

Giai. Khong mat tinh tong quat, gid st a > b > c. Ta c6
nén ab+a+b>ac+a+c,
tuong tu tasuyraab+a+b>ac+a+c>bc+ b+ c.

9 9
ab—l—z CCH_Z 3
Lai c6 < < (b—c) (3 — -] > 0 (luo
al 0 T S (b—rc)( a)<a+4) > 0 (luon

dang).

9 9 9
ab + — ca + — be + —
4 - 4 4

<
ab+a+b " ca+c+a " bct+b+c

Tuong ty, ta suy ra
Tu d6 theo 3b, thi

ab+ § be + § ca+ 3 3(ab+bc+ca+2¢7)
+ + >
ab+a+b bec+b+c cat+c+a ab+bc+ca+2(a+b+c)

~ 3(ab+bc+ca+9)
~ ab+betcat+6
3> ab+9) 13

> — & ab+b < 3.
ab+bc+ca+6 — 4 ab+be+ca =

Ta can ching minh

(a+b+c)
3

Bat dang thic trén dung do ab + bc + ca < = 3.
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Vay, ta c6 diéu phai chitng minh. Dang thiic xay ra khi va chi khia = b =
c=1.

Bai toan 3.19. Cho cac s6 thuc duong a, b, ¢ sao cho a®?+b>+¢? = 1. Chiing

minh rang
a-+b c+a b+c 9

< .
1—|—ab+1—|—ca+1—|—bc_ 2(a+b+c)

Giai. Khong mat tinh tong quat, gia st a > b > c.
Khido1l+ab>14+ac> 1+ be.

R , b b
Ta chi cin thiét lap them —— 0 > 7% 5 0+ ¢
1+ab ~ 1+ca 1+ be

That vay, ta co

a+b S c+a
1+ab ~ 1+ca

S Ob-c)(1-a®) >0 (b—c) (b*+ %) >0.

Tuong tu ta cing c6

c+a N b+ c
1+ca — 1+be

& (a—b) (a*+b*) > 0.

Do do6 theo 3a, ta c6

a+b+c—|—a+b+c< 6(a+b+c)
1+ab 1+ca 14+bc~ 3+ab+bc+ca

Va ta chi can ching minh

6(a+b+c) < 9
3+ab+bc+ca = 2(a+b+c)

& dla+b+c) < 3(3+ab+ be+ ca)

S 4(a®+0"+ ) +8(ab+be+ca) <9 (a®+ b+ ¢*) + 3 (ab+ be + ca)
= a?+ b2+ > ab+ be + ca.

Bat ding thic trén hién nhién ding, dpcm.

Bai toan 3.20 (Poland - 1992). Cho céc s6 thuc x, y, z sao cho x+y+2z = 1.

Chting minh ring

x i Y N z <9
224+1 241 2241710
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Giai. Ta co
T R I
2241 y24+1 2241 2241 241 2241

Vay nén ta chi can chiing minh bat déng thic véi z,y, z > 0.
Khong mat tinh tong quét, gid stz >y > zthia?+1> y?+1 > 224 1.
Tiép tuc ta co
T oY

x2+1—y2+1<:>(X_Y)(1_Xy)ZO'

Dol=x+4+y+2>z+y>2/Ty nén xy < 1 va bat ding thic trén hien
nhién duang.
Tuong ty ta suy ra
I S
24+1 7 y?4+1 7 2241

T do6 theo 3a, ta co

T LY L E 3(x+y+2) < 3 _
22+1 y?+1 22417 2249y +2243

9
Je+y+2)'+3 10
Vay, ta c6 diéu phai chitng minh.

, 1
Dang thic xay ra khi va chi khi z =y = 2z = 3

1 1
1+2ab+1—|—2bc+

Bai toan 3.21. Cho céc s6 thuc duong a, b, ¢ sao cho

> 1. Chitng minh rang a + b + ¢ > 3abc.
1+ 2ca

Giai. Ta co
1 n 1 N 1 B a N b n c
1+2ab 1+4+2bc 1+2ca a+2abc b+ 2abe ¢+ 2abe’

Khong mat tinh tong quat, gid stta > b > c thi a+2abc > b+2abec > c+2abe

va
a b c

a+ 2abc — b+ 2abc — ¢+ 2abc
1 1

= > >
14+2ab — 14+ 2ca — 1+ 2bc
Bat dang thic trén luoén ding véi a > b > c.

< ab > ac > be.
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T do6 theo 3a, ta ¢

1 1 1 a b c 3(a+b+c)
+ + = + + < :
1+2ab 1+2bc 1+2ca a-+2abc b+ 2abc ¢+ 2abc — a+ b+ ¢+ 6abe

Két hop v6i gia thiét suy ra

3latb+c) >1=a+b+c> 3abe
a-+ b+ c+ 6abe

Vay ta c6 diéu phai chitng minh.
Diang thiic xay ra khi va chi khia = b =c = 1.

Bai toan 3.22 (Mathlinks Contest). Cho céc s6 thuc duong a, b, ¢ sao cho.
Chung minh
1 n 1 . 1 < 3
1+a2(b+c¢) 140 (c+a) 1+c(a+b) ~ 1+ 2abc

Giai. Bat ding thic trén tuong duong véi

1 1 1
1+2abc_1—|—a2(b—l—c)+1—|—2abc
1 1 1
_1+62(c—|—a)+1—|—2abc_1—|—02(a—|—b) 20
a(l — be) b(1 — ac) c(1 — ab) - 0
l+aB3—bc) 1+b3—ac) 14c¢(3—ab) —
1 —bc 1 —ac 1 —ab

& > 0.
1 + abe(3 — be) 7 + abe(3 — ac) 1 + abc(3 — ab) —

Khong mat tinh tong quat, gia st a > b > ¢, thi

1+ abe(3 —ab) < 1+ abc(3 — ac) < 14 abe(3 — be),
va 1—bc 1 —ac 1—ab
> >
1+ abe(3 —0bc) = 1+ abe(3 —ac) — 1+ abe(3 — ab)
(do 3 = ab + be + ca > 3v/a2b?c? nén abe < 1).
Do doé theo 3b, ta co
1 —bc N 1 —ac n 1 —ab
1+ abe(3—0bc) 14 abe(3 —ac) 1+ abe(3 — ab)
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- 3(1—=bc+1—ac+1—ab)
— 1+ abe(3 —be)+ 1+ abe(3 — ac) + 1+ abe(3 — ab)
Phép chitng minh hoan tat. Dang thic xay ra khi va chi khia =b=c = 1.

= 0.

Bai toan 3.23 (Serbian National Olympiad 2008). Cho céc s6 thuc duong
x,y, z sao cho  + y + z = 1. Chiing minh ring
1 1 1 27
_|_

Yyz+r+—- Rr+Y+-—- TY+2z+-
x Yy z

Giai. Bat dang thic da cho tuong duong véi

x Y z 27
2 + 2 + 2 < o7
xyz+x-+1 xyz+y*+1 zxzyz+22+1 " 31

Khong méat tinh tong quat, gid st o > y > 2. Khi d6 zyz + 22 +1 >
ryz +y* 4+ 1> zyz + 22 + 1.
o eo 1AL - ) 'y )

T gia thiet nay ta cling c6 > :
& Y & xyz+a2+1 " ayz+y2+1
That vay, bat ding thitc nay tuong duong véi

1 1

1 1
yz+r+—  zxr+y+-—
z y

@yz%—x%—iﬁzx—ky%—é@(x—y) <x_1y_1+z> > 0.
Chu y rang tu dieu kien 1 =z +y+ 2z > x +y > 2,/7y suy ra zy < 1 nén
a:i — 1+ 2z > 0 va theo gia thiét trén = > y. Do d6 bat déng thic trén la
dgng.

Tuwong tu ta cling suy ra dudgc

Y > - N ‘ > Y > © .
xyz+y2+1 " ayz+22+1  zyz+a?4+1 " wyz+y+1 T axyz+ 22+ 1

Do doé theo 3a, ta dugc

x N Y N 2
xyz+ a2 +1  wyz+9y +1 ayz+22+1
(zyz+ 2+ 1+ayz+y* +1+ayz+ 22+ 1) <3(x +y+2) = 3.
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Suy ra

x N Y n z < 3
ryz+a2+1  zyz+y2+1 wyz+22+1 7 Bayz+ a2 +y2+22+3

Mat khéc, tit bat dang thic Schur, ta cé

dzyz 2, .2 .2
——— >2(xy+yz+zx)— (2" +y" +27),
rt+y+z (y Y ) ( Y )
suy ra
1 2
Sxyzzg(x—l—y—i—z)2—§(x2—l—y2+22).
Vay nén
1 1 10 1 31
3ryz+a’+yt+ 2243 > 3+3 (* +y* +2%)+3 > §+§(;U+y—}—z)2 =5
Do do6
x Y z 3 < 27

< —.
xyz—l—x2+1+xyz—|—y2+1+xyz—l—22—|—1 T 3ayz+ a4yt +22+3 7 31
Phép chiing minh duge hoan tat.

Bai toan 3.24. Cho cac s thuc duong a, b, ¢ sao cho ab+ be+ ca + abc = 4.
Chiing minh rang

1 1 1\?
3<\/5+\/E+\/E> > (a+2)(b+2)(c+2)

. ) 2x 2 2z
Giai. Tir didu kien bai todn ta c6 thé dat a = P

b= ,C= :
y+z zZ+x r+y
Va bat dang thitc can chiing minh duge viét lai thanh

(F F Z+x> - a:+yx(;_i—z|_)2+m)'

Tit bat dang thitc (v +y) (y + 2) (2 + ) > 9(:L'—|—y—|—z)(xy—|—yz-|—z:p)

2 2

N 3 9
tachicanchﬁngminh—(\/x+y+\/y+z_|_ /z—i—x> > (z+y+2) 7
2 < x Yy 2y +yz + 2w
T+ +z ita 6(z+y+z

z x \/xy+yz+zx
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/\/x+y \/y+z z+x T4y T+ z y+z

Ta co + + — + 4+ .
z x Yy VTz+yz Jry+yz oy + zx

Khong méat tinh tong quat, gia stz > y > 2. Khi d6 22 4+yz < a2y +yz <

fr+y /y+z>\/m
z xr y
r+y > r+z > y+z

Vriztuyz — Jry+tyz T oy + 2z

Do dé theo 3b va tit bat dang thic Cauchy, thi

Ty + zx, Va

Suy ra

\/35—|-y+\/y—|—zJr c+r w4y N T+ 2z N Y+ z
z x Y Vez+yz Ny +yz o Jry +zo
Sx+y+z+ar+y+2)

T VrzFyz+ry tyz+Jry +zr
Phép chitng minh hoan tat. Dang thiic x4y ra khi va chi khia =b=c = 1.
3.3 Dang phan thiic ctia cac da thic dbi xing co ban

Bai toan 3.25 (xem [4]). .Cho s6 tu nhien n (n > 2) va x1, 29, . .. 1, € [0, 1].
Chitng minh bat dang thiic

x1+:€2—|—...xn< 1
n T 1l4+n(l—x)(l—29)...(1 — )

Gidi. Dat 1—x2; = a;(i = 1,2...n). Nhan xét ring 0 < a; < 1 va bat dang
thic da cho tré thanh

(1—a1)—|—(1—a2)+--~—l—(1—an)< 1
n ~—1+naja—2...a,

hay
(a1 4+ ag+ -+ ap)(1 +najas . ..a,) > naas. .. ap,.

Theo bat ding thic AM-GM thi

ar+as+ -+ a, > nYaas...an,,

l+naas...a, > 14+ (n—1aas...a, > nfaias ... ay.
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T hai bat déng thiic cudi nay ta thu duge diéu phai chiing minh.

Nhan xét rang ding thic x4y ra khi va chi khi
a—1l=a=--=a,=0

hay

T1=T9 ="'+ =1x, = 1.
Bai toan 3.26 (xem [4]). Cho (aj...a,) 1a cac s6 thuc duong. Dat Py =
1, P, = Pi(ay,...,a,); B = E.(ay,...,a,). Ching minh ring

P, 1P <P (k=12,...n—1).

Ching minh. Gia st
f(xa y) = (37 + aly)(ﬂf + CLQy) . (.CC + CLny) = E().ilj‘n + E2xn_1y + .. 4 Enyn,

E; 13 tong tat ca cac tich sd khac nhau,

I(n — k)!
P, kl(n k;)E

k — k-

n!
p x . 1s . , S
Vi tat ca cac a; > 0 va — = 0 khong phai la nghiém ctia phuong trinh
)

x

f(x,y) = 0 nén — = 0 khong phéai 14 nghiém boi trong cac phuong trinh
Y

nhan tu dao ham cta né.

T d6 ta c6 thé két luan rang cac so6 P; duong, tic 1a phuong trinh
Py1z® 4 2Py + Pray’ =0
nhan dugdc tit f(x,y) = 0 bang cach lay vi phan lién tiép theo x v y. Do
phuong trinh nay c6 nghiém thyc nén P FPriq < P,? .

Nhan xét rang, néu cac a; déu duong va khong dong thoi bang nhau thi
ta c6 dau bat dang thic thuc su.

Bai toan 3.27 (xem [4]). Chitng minh bat dang thiic

Er—lEr—i—l < E?
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Ching minh. Tl bat dang thitc Markuc-Lopes, ta ¢

Py 1Py < PP

Suy ra
kE—Dl(n—k+1)! k+Dlin—k+1 kl(n —k)!
hay

(k—1)(n—k+1)
k(n —k)
Bai toan 3.28 (xem [4]). Cho céc s6 a; > 0 (i € {1,...,n}) phan biét.
Chitng minh bat dang thiic

Ey 1By < EfEy 1By < Ef

1 1 1
P >1322 >P33 >...> P,
Ching manh. Ta co
PP, < P},
(P P3)? < P}
(Pr_1Poy1) < P

suy ra

(PyPo)(PLPs)* ... (Pr_1Pryy)" < PEPy ... P*

1 1
" 1
P, <Ppr.<plhitl

Nhan xét 3.3. Ta c6 thé ching minh P, 1 P,;; < P? bang phuong phap
quy nap.

Gia st bat dang thitc ding véi n—1 s6 duong a1, as, . . . a,_1 va dat B, P!
la cac E,, P, tao bdi n — 1 s6 ay va gid st tat ca cac sd6 d6 khong dong thoi
bang nhau.

Khi do

E =a,E P, = H+£%34

Tu do suy ra
n*(P,_1Pyy — P?) = A+ Ba, + Cd?,
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trong do

A={(n—r?~1}P Py~ (n—r)P,
B=m—-r+1)(r+1).F_ P +0m-—r—1—-10F P, —20r—-1)F_ P,
C = (r*—1)P_,P —r*P*,

Vi cac a; khong dong thoi bang nhau nén theo gia thiét, ta co
P P ,<PP _,—P <P_,,
P _,P <P _PA<—-PB<2P_|PC
< Pl n*(P,.1Pry1 — P) < —(P)) —a,P/_, <0.

Nhan xét ring bat dang thic vAn dang khi a1 = as = -+ = a,_;. Khi do6

a, # aj.
1 .
Bai toan 3.29 (xem [4]). Cho ay,...,a, € (0; 5} va cac sO thuc duong

n
aq,...,q, théa man dieu kien > a; = 1. Chiing minh rang

X

Z 1 Z
Gidi. Xét ham s6 y(z) = In (1 ) vl x € (O; 5} . Ham s0 y(x) don diéu
—x

1 L as
tang va 1om trén (0; 5} nén theo bat dang thitc Jensen ta co

> agag n n

() S ) w2
k=1

va nhu vay ta c6 bat déng thic

Z QA n
S vl I
& 1— Qg

1— > agap k=1
k=1
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1 2 2
Bai toan 3.30 (xem [4]). Choay,...,a, € (0; 5} ta luon c6 bat dang thrc

duéi day
n
I ax I1(1—ax)
k=1 < k=1
n n o3 n n
ol [Z0-w)]
k=1 k=1
Gidi. Bat dang thic can ching minh dude suy ra tit vi du trén véi oy =
1
C=Qy = —
n

Bai toan 3.31 (xem [5]). Cho AABC véi do dai céc canh la a, b, ¢ va ban
kinh duong tron l1a r. Ching minh réng
(a—b)? (b—c)? (c—a)? p* 27

<4 -
ab + bc + ca 472 4

Giai. Via,b,c, la nghiém ctia phuong trinh (xem [2],[5])
2 — 2px* + (p* +1* + 4Rr)x — 4Rrp = 0,

nén dé dang kiém tra he thic

(a—b)? (b—c)? (c—a) B 2(p% +r? + 4Rr)
ab + be + ca ARy 9

Nhu vay

(a—b)? (b—c)? (c—a)? 2(p*+1r?)
— 7.
ab + be + ca 4Rr
Béi vi R > 27, nén

02 (h— )2 — a2 92 4 g2 2 97
(@b (b—c (c—af 20+r) . _» 27
ab bc ca 8r2 4r2 4

Bai toan 3.32 (xem [5]). Cho AABC véi ban kinh dudng tron noi tiép la
r véi do dai ba canh la a, b, c. Ching minh rang bat dang thic

1 n 1 n 1 o 1

a2 b2 2 4r?
Gidi. Vi a,b,c, 1a nghiem cta 22 — 2p2® + (p? + 72 + 4Rr)z — 4Rrp = 0
(xem [2],[5]) nén

f(x) = 2% = 2p2® + (p* +r* + 4Rr)x — 4Rrp = (z — a)(z — b)(z — c).
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Lay hai lan dao ham ta thu duge 3z — 2p = (x —a) + (x = b) + (z — ¢).
Khi d6
3z — 2p | 1 1
_ + + -
fz)  (z=a)z=b) (z=b)(r—-c (z-c)(z-a)

Cho z = p, ta thu dugc

1 1 1 1
G- -b G-Dw-0 G-dp-a =
Vay
1 1 1 1 1 1 1

P Ap-ap-b) Ap-Dp-o Ap-op-a) @ B e
Bai toan 3.33. Cho a, b, c la do dai ba canh ciia mot tam giac khong can.
Chitng minh bat dang thiic

1 1
(@ =B = AT+ ) - = = L+ )
(2 —=a?)(2—=b*)(1+?) < 8abc

_|_

Gidi. Biéu dién
1 _Ax—I—A’ Bx+B Czx+C

T = = .
(z) (2% 4+ a?)(x? + b?) (22 + ?) 2+ a? 2 + b2 2 + 2

Tinh A, A’ B, B',C,C" va cho x = 1, ta nhan dugc bicu thiic

1 1

T = < .
(1+a?®)(14+0*)(1+ %) ~ 8abe
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Két luan

Luan van "Phan thtc hitu ty va cac bai toan lién quan" da dat dugc mot
s6 két qua sau:

- He théng héa mot s6 kién thitc co ban vé phan thic hitu ty va va cac
tinh chat co ban clia nd, chiing minh dinh 1y phan tich phan thic hitu ty
thanh nhan ti (Dinh 1y 1.3).

- Phan tich phan thitc hitu ty thanh phan thic don gian va giéi thiéu mot
s6 phuong phap diic biét sit dung cong thiic ndi suy dé xay dung thuat toan
tim nguyén ham cua ham hitu ty nhu phuong phap Oxtrogradski, ap dung
cong thitc néi suy Lagrange, ap dung cong thitc néi suy Hermite, va phuong
phap Horowitz.

Ngoai viéc gidi thiéu cac thuat toan, trong ting muc déu cé xay dung cic
vi du minh hoa va phan tich chi tiét cac luge do giai.

- Xét mot s6 tinh toan trén cidc phan thic hitu ty.

- Khao sat mot s6 16p phuong trinh v6i ham phan thic hitu ty.

- Khéo sat 16p cac ham phan thtc hitu ty dic biet, do 1a 16p ham phan
thtitc chinh quy httu ty. Chting minh dinh 1§ co ban vé gia tri nho nhat cla
ham phan thic chinh quy hitu t§ mot bién, hai bién va nhiéu bién.

- Khdo sat cac tinh chat ctia ham phan thic nhan gia tri hitu ty. Tuong
tu nhu doéi véi s6 hitu ty, ta cling ching minh dude rang moi phan thic hitu
ty nhan gia tri hitu ty trén tap cac sb6 tu nhién déu c6 dang phan thic hitu
ty véi hé s6 nguyen.

- Khao sat mot s6 16p bai toan vé day so sinh béi mot s6 ham phan thiic
hitu ty.

- Khéo sat mot sé dang bat dang thiic v6i ham phan thitc hitu ty. Trudce
hét xét cac ki thuat co ban veé sit dung bat déng thitc Cauchy dé chiing minh
cac bat dang thitc dang phan thiic.

Tiép theo, dua vao sip thit tu ciia day sd dé van dung ki thuat cong mau
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s6 Engel ctia bat dang thitc Chebyshev dé chitng minh mot s6 dang bat dang
thitc ¢6 dang phan thic dac biét.

Phan cudi ctia chuong 1& xét mot s6 dang phan thic clia cac da thic doi
xiing co ban. Day la nhiing dang bat ding thic loai kho can phdi két hop
cach ching minh quy nap véi cac biéu dién tuong tng.
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