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MG dau

Phuong phéap sai phan 1a phuong phap dudc ap dung rong rai trong nhiéu
linh vuyc khoa hoc, ky thuat cing nhu trong thiyc tién. Noi dung cua né la dua
cac bai toan can xét vé viec giai phuong trinh sai phan hoac hé phuong trinh
sai phan. Bing phuong phap sai phan c6 thé giai phuong trinh vi phan thudong
hodc phuong trinh dao ham riéng. Trong linh vyc toan bac THPT phuong
trinh sai phan ciing c6 rat nhiéu ting dung. Véi muc dich tim hiéu, nghién citu
ve ly thuyét phuong trinh sai phan dé tit d6 4p dung vao viéc giai toan bac
THPT, phuc vu cho cong tic giang day tai trusng pho théng, luan van nay
tap trung trinh bay vé sai phan, phuong trinh sai phan tuyén tinh va mot s

tmg dung ctia phuong trinh sai phan tuyén tinh trong giai toan bac pho thong.

Luan van bao gom phan mdé dau, ba chuong, phan két luan va danh muc

cac tal lieu tham khao.

Chuong 1 trinh bay cac kién thitc co ban vé sai phan, mot sb ing dung cla,
sai phan va phuong trinh sai phan tuyén tinh.

Chuong 2 trinh bay cac kién thitc vé phuong trinh sai phan tuyén tinh cap
1 v phuong trinh sai phan tuyén tinh cap 2 véi hé s6 hdang s6 va hé s6 bién
thién.

Chuong 3 dé cap t6i van dé tuyén tinh héa phuong trinh sai phan va cac
tmg dung ctia phuong trinh sai phan tuyén tinh trong giai toan bac phd thong
nhu: bai toan x4c dinh s6 hang tong quat ctia diy sé khi cong thic truy hoi
I bicu thiic tuyén tinh, 13 hé biéu thic tuyén tinh hay cong thitc truy hoi cé
dang phan tuyén tinh véi hé s6 hing, tng dung ctia phuong trinh sai phan
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trong cac bai toan mang tinh chat s6 hoc, ing dung ctia phuong trinh sai phan

vao giai cac phuong trinh ham.

Luan vin dugc hodn thanh duéi sy huéng dan truc tiép ctia TS Nguyén
Van Minh. Nhan dip nay tac gid xin bay té long biét on chan thanh vé sy chi
bao, huéng dan tan tam, nhiét tinh cta thay trong sudt qua trinh thuyc hién
luan van.

T4c gid xin chan thanh cdm on cac thay co gido trong Ban gidm hiéu, phong
dao tao dai hoc va sau dai hoc, khoa Toan - Tin truong Dai hoc Khoa hoc -
Dai hoc Thai Nguyén cuing cac thay co gido da tham gia gidng day khéa hoc.

Toi xin chan thanh cAm on cac thay c6 dong nghiép & t6 Toan trusng THPT
Phi Binh, Ban giam hiéu truong THPT Pha Binh, da quan tam tao diéu kien
thuan loi dé toi thuc hieén ké hoach hoc tap ctia minh. Xin chan thanh cadm on
gia dinh, ngudi than va ban beé da dong vién co vil t6i trong subt qua trinh
lam luan van.

Maic du rat nghiém tic va ¢6 gang trong qué trinh ldm luan van, nhung
noi dung ctia luan van khong tranh khoéi nhitng khiém khuyét. Vi vay tac gia
mong nhan dugc nhitng ¥ kién, gép ¥ ciia cac thay co, cac anh chi va cac dong

nghiép dé luan vin dugc hoan thién hon.

Thai Nguyén, thang 09 nam 2010.
Hoc vién

Nguyén Thi Huong Lan
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Chuong 1

Mot so khai niém co ban vé sai phan

va phuong trinh sai phan

1.1  Sai phan vA mot sé6 tinh chit co ban

1.1.1 Dinh nghia

Cho ham s6 y = f(z) xac dinh trén R, dit zp = xo + kh (k € N*) vdi
ro € R; h € R, bat ky, cho trude. Goi y, = f(xx) 1a gia tri ctia ham s6 f(z) tai
r = x5.. Khi dé:

e Hicu s6 Ayr = yrs1 — yr (K € N*) dugce goi 1a sai phan cAp mot ciia ham
0y = f(x).

e Hicu s6 A%y, = Ayrr — Ay = A(Ayi) (B € N¥) duge goi 1a sai phan

cap hai ctia ham s6 y = f(x).

e Tong quat, Aty = Ay — Ay = A(AT 1) (k€ N*) duge goi 1a

sai phan cap ¢ cia ham s6 y = f(z) (i =1,2, -+, n,-- ).
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1.1.2 Mot s6 tinh chat co ban cuia sai phan

Tinh chat 1.1. (Sai phan cia hing s6) Sai phan moi cip cia hdng s6 deu
bang 0.

Tinh chat 1.2. (Biéu dién sai phan theo gid tri ciia ham s6) Sai phan moi

cap déu cé the bieu dién theo cdc gid tri cia ham so, tic la

Ay =Y (=1)°Cyris (i € N).

s=0
Tinh chat 1.3. (Tinh chdt tuyén tinh cia sai phan) Sai phan moi cip la mot
todn ti tuyén tinh trén tap cdc ham so, tic la

Vi e N Vo, € R;Vf(z),9(x) : R — R, ta luon co:

A'(af(x) + Bg(r)) = al' f(z) + BA'g(x).
Tinh chat 1.4. (Sai phan cia da thic) Sai phan cap i cia mot da thic bac n
i) La mot da thic baecn —i khii < n.
i) La hang so6 khi i = n.
i) Bing 0 khii > n.
Chiing minh. Do sai phan moi cap 14 mot todn ti tuyén tinh nén ta chi can
ching minh tinh chat cho da thic y = P,(z) = 2",
i) Khii <n taco
- Véii=1thi: Az" = (x +h)" — 2" = P,_1(z) 1a da thitc bac n — 1 dbi véi
x. Vay khzzmg dinh dang véi ¢ = 1.
- Gia st khang dinh ding v6i i = k < n tic 13 Af2" = P, ;.(z) 1a da thic
bac n — k doi véi x. Khi do
AR — A(AF2™) = AF((2 4 h)™) — AF(2™)
=P, k(x+h)— P, p(x) = P_p_1(z)
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la da thitc bac n — k — 1 déi v6i x. Vay khang dinh dang véi i = k + 1. Theo
nguyén 1y quy nap toan hoc, suy ra khang dinh dang véi Vi € N*.

ii) Khi 7 = n thi theo trén, A"(z") la da thic bac n —n = 0 d6i v6i z, nén

1a hang so.
iii) Khi i > n thi

Al(z") = AT (AM(2™) = A""C = 0, (C' = const).

Tinh chat 1.5. Cong thic sai phan tung phan

A(frgr) = [rDgr + g1 D fr

Tinh chat 1.6. Tong cdc sai phan

n
Z Ay = Ynt1 — U1
k=1

1.2 Ung dung ciia sai phan

Dua vao khai niém va tinh chat ctia sai phan ta c6 thé gidi mot sé bai toan
thuong gip ¢ pho thong nhu:
- Tim quy luat ciia mot day sb.
- Tinh tong htu han.

1.2.1 Tim quy luat ctia mot day so.

Vidu 1.1. Cho day so 1;3;15;43;93;171;283; - - -.

Haéy tim ra mot quy ludt cia day so do va tim hai so hang ké tiép theo quy ludt
do.

Bai giai. Lap bang mot s6 sai phan ban dau
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y 1 3 15 43 93 171 283
Ay 2 12 28 50 78 112
A%y 10 16 22 28 34

A3y 6 6 6 6

Ta thay sai phan cip 3 khong doi nén day sé 1a day cac gia tri ctia da thiic
bac ba y = an® +bn®+cn+d (a # 0), trong dé n 1a s thit ty clia cac s6 trong
day s6. Cho n = 0; 1;2; 3 (danh s6 thit tu clia cac s6 bat dau tur 0) ta duge he
phuong trinh

( 4
d=1 a=1
a+b+c+d=3 b=2
< & 4
S8a+4b+ 2c+d =15 c=—1
27a +9b+ 3¢ +d = 43 d=1
\ \

Vay day sb tuan theo quy luat v, = n® + 2n> —n + 1.

Hai s6 hang tiép theo ctia day ting véin = 7;n = 8 1a y; = 435; ys = 633.
Chii ¥

- Quy luat tim dudc 6 trén khong 1& duy nhat, vi roé rang cac sé da cho ciing
thod man, chang han quy luat y, = n® + 2n* —n + 1 + P(n), trong d6 P(n)
1a da thitc bat ky nhan n € 0..6 lam nghiém. Do vay trén day ta mdi chi tim
dudge mot quy luat ma day cac sé da cho thod man ma khong tim dudc tat ca
cac quy luat ma day cac s6 da cho thod man.

- Ta c6 A?(ax® + bx + ¢) = const nhung A%y = const thi chua thé suy ra
y = ax® + bx + c.

1.2.2 Tinh tong hitu han.

Vi du 1.2. Tinh tong

1 1 1

g
1234 2345 Tt D)+ 2)n+3)
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Bai giai. Ta ¢6

k(k + 1)(k1+2)(k+3) :é k(k + 1§(k+2) N (k+1)(ki2)(/~c+3)
__3(k+1)(k1+2)(k+3)+3k(k+11)(/~c+2)
= A (y’“:_3k<k+11)(k+2))'

Vay sl 1 g
306 n+ D(n+2)(n+3)

Vi du 1.3. Tinh cdc tong sau
1) A, =sinx +sin2x + - - - + sinnax.

2) B, = cosx + cos2x + - - - + cos nz.

Bai giai.
1) Ta cé
1 1 1
Acos(k — =)z = cos(k + =)z — cos(k — =)z
2 2 2
— —2sinkaz.sin .
2
Néuz = k27 k € Z (sing —0) thi A, = 0.
1
. Acos(k — =)z
Néu z # k2w, k € Z (sin = # 0) thi sinkz = — x2
2 2sin —
2
Do d6
1
n n Acos(k — =)z 1> 1
An:ZSinkx:Z— : x2 =—— xZACOS(k—§)$
1 1 2sin — 2sin — -
2 2
.n+1l . n
1 [ 1) . sin z.sin g
= — cos(n+—x—cos—}:
QSing 2 2 sing

S6 héa boi T rung tam Hoc liéu - Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



Vay
(
0 khi x=kK2m, k € Z
. n+1 . n
A, = { sin r.sin —x
2 khi z#k2m k€L
sin —
\ 2
2) Ta c6
: 1 . 1 . 1
Asin(k — =)z = sin(k + =)z —sin(k — =)z
2 2 2
= 2cos k. sinz.
2
Néu z = k2w, k € Z (Sing =0) thi B, =n.
1
. Asin(k — =)z
Néu z # k2w, k € Z (sin = # 0) thi cos kz = IQ
2 2 sin =
2
Do do6
. 1 ~— .. 1
B, = Zcoska: =—7 ZAsm(k — §)x
k=1 2SID§ k=1
n+1 . n
1 . 1 o COS ZT. S EQL’
= = [sm(n—l——)x—sm— = =
2sin — 2 2 sin —
2 2
Vay
(
n khi x=k2m ke Z
n+1 . n
B, = { cos r.sin —x
2 khi x#k2nke L.
sin —
L 2

Vi du 1.4. Cho ddy s6 (x,) thod man dieu kién

1
T = §;ajn+1 = :Un—i—:z:i, Vn > 1.
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Tinh

2010 1
g —
>

n=1

trong dé [z] la ki hiéu chi phan nguyén cia x.

Bai giai. Ta c6 z,41 = 1, + 22 suy ra 2,1 — 2, = 22 > 0 nén (z,,) 1a day sb
tang.
. 3 3 3\2 21
Tit gi4 thiét L (—) s l=a,>1,Yn>3
gia thiet suy ra xs 1 3 1 + 1 16 T n >
Mat khac

(I T
Toi1 To(l+z,) 2 Tp+1
Hay
1 1 1 1
D)
x, + 1 Tn+1 In Ln
Do dé
SN NI
— :Un+1_n:1 o/ Taon x1
1 1 1
- —9_
T1  T2011 2011
2010
Doz,>1,Yn>3nénl< > < 2. Vay
n=1 Tn
2010
1 1
[;In+1 [ xzon]

Vi du 1.5. Cho day s6 (x,) zdc dinh nhu sau
r, = tann.tan(n — 1),Vn € N*.

Chatng minh rdng ton tai cdc hang so o, 3 € R sao cho ta cé

n
Zxk = atann + On,Vn € N*.
k=1
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tann — tan(n — 1)
1 + tann. tan(n — 1)

= tan 1 + tan 1. tann.tan(n — 1) = tann — tan(n — 1) = Atan(n — 1)
Atan(n — 1)

Bai giai. Ta ¢6 tan1 = tanjn — (n — 1)] =

= tann.tan(n — 1) = — 1. Do d6
tan 1
. " | Atan(k — 1)
= —1
k=1 k=1
- 1
At —1) 1= t —n.
" tan 1 Z an(k — tan 1 anm
Vay ta luon tim dugc a = . B=—1dé

tan 1

n
Zxk = atann + On,Vn € N*.
k=1

1.3 Phuong trinh sai phan tuyén tinh

1.3.1 Dinh nghia

Dinh nghia 1.1. Phuong trinh sai phan tuyén tinh cap (bic) k cia ham so
yn = f(n) la phuong trinh c6 dang

aoYn+k + A Yn+k—1 + - arYn = g(n) (11)

trong do

e y, = f(n) la ham s6 can tim va dudc goi la an ham;

o ap;ay; - a (ag # 0;ar # 0) la cde hang s6 hodc ham s doi vdi n va

duoc goi la cdc hé so cia phuong trinh sai phan;

e g(n) la mot ham s6 cia doi s6 n va dude goi la vé phdi.

Dé tim duge ham s6 y, = f(n) cu thé ta phai cho trude k gia tri ban dau

lien tiép ctia ham vy, (dugc goi la cac diéu kién ban dau). Khi d6 moi gia tri
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ctia ham 3, déu c6 thé duge tinh dua vao cong thitc truy hoi (1.1) va cac diéu

kién ban dau.

Dinh nghia 1.2. Néu g(n) # 0 thi (1.1) dudc goi la phuong trinh sai phan
tuyén tinh khong thuan nhat.

Néu g(n) = 0 thi phuong trinh (1.1) ¢6 dang
A0Yntk + Q1Yntk—1 + - -+ axyp =0 (1.2)

va dude goi la phuong trinh sai phan tuyén tinh thuan nhat tuong @ng vdi
phuong trinh (1.1).

Néu ag; ay; -+ ay, (ag # 0;ay # 0) la cac hdng so thi (1.1) dudc goi la phuong

trinh sai phdan tuyén tinh véi hé sb6 hang so.

1.3.2 Nghiém ctia phuong trinh sai phan tuyén tinh

Dinh nghia 1.3. Ham s6 y, = f(n) thod man phuong trinh sai phan tuyén
tinh (1.1) wa tat cd cic dieu kién ban dau da cho cia né dude goi la nghiém
cia (1.1).

Moi nghiém cia (1.1) con dudc goi la nghiém riéng cia (1.1) va thuong duge
ki hiéu la v .

Dinh nghia 1.4. Ham s6 v, phu thuoc k tham so Ci; Co; - - -; C) thod man
phuong trinh (1.2) dugc goi la nghiém tong qudt ciia (1.2) néu vdi moi tap cdc
gid tri ban daw yi;ye; - - -y ta déu zdc dinh dude duy nhat bo cdc gid tri cia
tham so Cy; Co; --+; Cy sao cho nghiém 3, Ung vdi bo gid tri cia tham s6 dé trd
thanh nghiém cia phuong trinh (1.2) vdi cdc diéu kién ban dav da cho. Tiic la
nghiém y, do thoa man (1.2) va 11 = y1;Y2 = Y23 * 3 Yk = Yk-

Dinh Ii 1.1. (Ve nghiém tong qudt ciia phuong trinh sai phan tuyén tinh (1.1))
Nghiém tong qudt y, ctia phuong trinh (1.1) bing tong cia nghiém tong qudt
Un cta phuong trinh (1.2) vdi mot nghiém riéng y;; cia phuong trinh (1.1), tidc
la

Yn = gn"‘?/:;
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Chitng minh. Xem [5]
Nghiém tong quat ciia phuong trinh sai phan tuyén tinh thuan nhéat
(1.2).

Dinh nghia 1.5. y,1; Yn2; - - - Yk dudc goi la k nghiém doc lap tuyén tinh cia
(1.2) néu tu hé thic

Clyn1+02yn2+' : '+Ckynk =0
suyra C1 =Cy=---=(C =0.

Dinh 1i 1.2. Néu y,1;yn2; - *; Ynk la k nghiém doc lap tuyén tinh cia (1.2) thi

nghiém tong quat cia (1.2) c6 dang
Un = C1yn1 + CoYpz2 + - - - + CrYn
trong dé C1,Cy, -+ ,Cy. la cdc hang so tuy 4.
Chitng minh. Xem [5]

Dinh 1i 1.3. Néu v, va v, la hai nghiém nao dé cia phuong trinh sai phan
tuyén tinh thuan nhat (1.2) thi véi Vo, 8 € R; o, + (7, cing la nghiém cia
(1.2).

Chatng minh. Do ¥,,7, 13 hai nghiém ctia phuong trinh sai phan tuyén tinh
thuan nhat (1.2) nén

AYpir T O Ypip—1 + -+ apy, =0

a0Ynik + O Ypyp—1 + -+ axl, =0
Khi d6
(ol p + Qi1 + -+ ) + B(a0Tyip + OYpip—r + -+ @y,) = 0.
Hay
ao( Yk + Bnir) + a1 (Y1 + BYnir ) + - - + ax(ay, + 8y,) = 0.

Vay a7, + (7, ciing la nghiém ctia (1.2). O
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Ta sé di tim nghiém tong quat ciia (1.2) dudi dang 7, = C.A" (C # 0, X # 0).
Thay 3, = C.A" vao phuong trinh (1.2) ta dugc

ag.C A" P 4+ a . C AL oo g . O = 0.
Rt gon ta duge phuong trinh tuong duong
ap\" + e N - g = 0. (1.3)

Phuong trinh (1.3) dugc goi la phuong trinh dac trung cia (1.2) (ta ciing xem
d6 la phuong trinh dic trung cia (1.1)). Nghiém y,, cta phuong trinh (1.2) va
Y’ ctia phuong trinh (1.1) phu thuoc c6t yéu vao cau tric nghiém ctia phuong
trinh (1.3).

Dinh nghia 1.6. S6 x( dudc goi la nghiém boi k, (k € N*) cia da thic
P(z)(tic la cia phuong trinh P(z) = 0) néu P(x) = (z — x0)*.T(x), trong
do T(x) la da thic co6 T(xg) # 0.

Dinh 1i 1.4. Néu phuong trinh ddac trung (1.3) c¢6 k nghiém thuc phan biét
A1 Ao+ - -3 A thi nghiem tong quat cia (1.2) c6 dang

Un = CLAT + Co\y + - - - + Cp A, (1.4)

trong do Cy; Cy; -+ -: Cy, la cdc hang so thuc tuy 4.

Chiing minh. Xem [5]
Chu y. Néu phuong trinh diic trung (1.3) ¢6 di k nghiém thyec, trong dé c6
nghiém A; la nghiém boi bac s thi cong thic nghiém tong quat ctia phuong
trinh sai phan tuyén tinh thuan nhat (1.2) sé la

Jj—1 s—1 k
i=1 i=0

1=7-+s

Tuong tu ta c6 cong thic nghiém tong quéat ctia phuong trinh sai phan tuyén
tinh thuan nhat (1.2) trong truong hgp phuong trinh dic trung (1.3) ¢6 du k
nghiém thyc, nhung c¢6 nhiéu nghiém boi hon.
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Dinh 1i 1.5. Néu phuong trinh ddc trung (1.3) c6 nghiém phic don
Nj = a+bi =r(cosp+ising) thi nghiém tong quadt cia (1.2) cé dang

j-1 i
5= 550+ Oy 4 s 3 o
=1 i/=j+2

Dinh 1i 1.6. Néu phuong trinh ddc trung (1.3) c6 nghiém phaic
Aj =a+bi =r(cosp +ising) boi s thi nghiém tong qudt cia (1.2) c6 dang

k
U = Z CyNo 4+ 1"[(A1 + Aon + - - A cosng

i=1
i #J
+ (By + Bon + - - -Byn® 1) sinng)].

Chu y. Néu phuong trinh diic trung (1.3) ¢6 nhiéu nghiém boi phiic hon
thi ta cling sé c6 cong thiic nghiém tong quat ctia phuong trinh sai phan tuyén
tinh thuan nhat (1.2).

Tim nghiém riéng ctia phuong trinh sai phan tuyén tinh khéng thuan
nhat (1.1) v6i hé s6 hing sb.

Xét phuong trinh sai phan tuyén tinh khong thuan nhat (1.1) véi he s6

hang sb
A0Yn ik + Q1Yntk—1 + o agyn = g(n),

trong d6 a; € R;Vj € 0..k; ag # 0; ay, # 0.
Trong phan nay ta xét phuong phap tim nghiém riéng ctia phuong trinh (1.1)
néu tren.
Ta thuong dung phuong phap hé sé6 bat dinh dé xac dinh nghiém riéng cuia
phuong trinh sai phan tuyén tinh khong thuan nhat. O day ta sé néu lai dang
nghiém riéng ctia (1.1) trong trudng hop vé phai g(n) c6 dang don gidn. Ki
hieu P, (n); P(n); T,(n); Ry(n); Qm(n) 1a cac da thic véi he so thuc, bién s6
n € N, v6i bac lan lugt 1a m, I, p € N.

Truong hop 1. g(n) = Py(n).
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- Néu phuong trinh dic trung (1.3) ¢6 k nghiem thuyc Aj; Ag;- - -5 Ay khéac
nhau va khac 1 thi nghiém riéng cia (1.1) 1a ¢y = Q.. (n), véi Qn(n) la da
thitc cuing bac m véi g(n).

- Néu phuong trinh dic trung (1.3) c¢6 nghiém A = 1 boi k thi ta c6 thé
chon nghiém riéng cia (1.1) 1a ¥ = n*Q,,(n), v6i Q,,(n) 1a da thiic cling bac
m véi g(n).

Truong hop 2. g(n) = P, (n).b", trong d6 b 14 hang s6 thuc cho trudce.

- Néu phuong trinh dic trung (1.3) ¢6 cidc nghiem thyc déu khac b, thi
nghiém riéng cia (1.1) [a v = Q,,(n)b",v6i Q,,(n) la da thic cung bac m véi
g(n).

- Néu phuong trinh dac trung (1.3) c6 b 1 nghiem boi & thi ta c6 the chon
nghiém rieng ctia (1.1) 1a y* = n*Q,,(n)b", véi Q,,(n) 1a da thic cing bac m
voi g(n).

Truong hop 3. g(n) = acosnf + bsinnf, véi a,b € R cho trude.

Khi d6 ta tim nghiém riéng cia (1.1) dudi dang y* = ccosnf + dsinng.
M¢ rong. g(n) = Py(n)cosnf + Fi(n)sinnf, (8 € R)

Ki higu p = max{m;(}.

- Néu cos f+isin 3 (i> = —1) khong 13 nghiém ctia phuong trinh dic trung
(1.3) thi nghiém riéng cta (1.1) la yi = T,(n) cosnf + R,(n)sinn.

- Néu cos 3 £isin 3 (i* = —1) la nghiém boi s clia phuong trinh dic trung
(1.3) thi nghiém riéng cta (1.1) 1a

yn =n’[T,(n) cosnf + Ry(n)sinnf.

l
Trudong hop 4. g(n) = Zlgj(n)-
]:

Trong trudng hdp nay ta di tim nghigm riéng y;;; ting véi tiing ham g;(n),j =
1,---,l. Khi d6 nghiém riéng cua (1.1) la

!
Yp = Z y;klj'
j=1
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Mot sb6 vi du vé tim nghiém riéng ctia phuong trinh sai phan tuyén

tinh khong thuan nhat véi hé sé6 hing sb
Vi du 1.6. Tim mot nghiém riéng cua phuong trinh sai phan

T T
Yni3 — 3Ynso + 3Yni1 — Yp = N COS ng + 2sin ng. (1.5)

Bai giai. Phuong trinh dic trung ctia (1.5) ¢6 dang

AN =3\ 43\ —1=0.

Phuong trinh nay ¢6 nghism A = 1 (nghism boi 3) va A = 1 # cosg + ising

nén nghiém riéng cia (1.5) c6 dang
* ™ . m
Y, = (an + b) cos ng + (en 4 d) sin ny-

Thay y* vao phuong trinh (1.5), roi rat gon va so sdnh céc hé s6 ta dugce

1 1
“= 2’61 1 v
Vay yt = (Zn — 5) cosng + (Zn — Z) Sinng.

Vi du 1.7. Tim mot nghiém riéng cua phuong trinh sai phan

3 T V3 T

Yn+2 — Ynt1 + Yp = _5 COSTLg — 7 Sinng. (16)

Bai giai. Phuong trinh dic trung ctia (1.6) ¢c6 dang A> — A + 1 = 0. Phuong

trinh nay c6 nghiém A\ = cos T tisin . Khidé nghiém riéng cua (1.6) c¢6 dang

. 7 . T
Y = n(acos ng + bsin ng)

Thay y* vao phuong trinh (1.6), roi rat gon va so sanh céc hé s6 ta duge
s
a=1;b=0. Vay y, = ncosng.

Vi du 1.8. Tim mot nghiém riéng cua phuong trinh sai phan

Yt — TYns1+ 12y, = 60— 5+2" 4 (11n —2) cos%+7(n+1) sin % (1.7)
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Bai giai. Phuong trinh dic trung ctia (1.7) ¢6 dang A2 — 7A + 12 = 0. Phuong
trinh nay c6 nghiém A =3 va A = 4.

il nw . nm
g(n) =6n—-5+2 +(11n—2)0087+7(n+1)sm7
9(n) = g1(n) + g2(n) + gs(n), . -
v6i g1(n) = 6n — 5; go(n) = 2" g3(n) = (11n — 2) cos 5 + 7(n 4+ 1) sin 5

- Véi g1(n) = 6n — 5, ta di tim nghiém riéng ctia phuong trinh sai phan
Ynio — (Yns1 + 12y, = 6n — 5. (1.7a)

Do phuong trinh dac trung c6 hai nghiém phan biét A = 3 va A = 4 nén nghiém
riéng cua cua phuong trinh (1.7a) ¢6 dang vy = an + b. Thay y'; = an + b

vao phuong trinh (1.7a) roi so sanh cac hé s6 ta duge y5; = n.

- V6i go(n) = 2" ta di tim nghiém riéng ctia phuong trinh sai phan
Ynt2 — Tyns1 + 12y = 2", (1.7b)

lam tuong ty nhu trén ta thu dugc nghiém riéng cta phuong trinh (1.7b) 1a
. nw . nmw . : : .
- V6i g3(n) = (11n — 2) cos 5 +7(n+1)sin -0 ta di tim nghiém riéng cia
phuong trinh sai phan

Yn+2 — TYn+1 + 12y, = (11n — 2) cos % +7(n+1) sin% (1.7¢)

Phuong trinh (1.7¢) c6 nghiém s = n cos % Vay nghiém riéng ctia phuong
trinh (1.7) la
. nm
Y, = n+2”+n0087.
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Chuong 2

Phuong trinh sai phan tuyén tinh cap
moét va phuong trinh sai phan tuyén

tinh cap hai

2.1  Phuong trinh sai phan tuyén tinh cip mot véi hé

sO0 hang so

2.1.1 Dinh nghia

Phuong trinh sai phan tuyén tinh cap mot véi hé sé hang s6 1a phuong trinh
sal phan c6 dang
atp1 + bu, = f(n) hodc wuyy1 = qu, + f(n) (2.1)
trong d6 a # 0,b # 0,q # 0 1a cac hiang s6 va f(n) la biéu thic cia n cho
truée, u, 1a an.
Néu f(n) = 0 phuong trinh (2.1) ¢6 dang
a1 + bu, = 0 hoac u,+1 = qu, (2.2)

va, dugc goi 1a phuong trinh sai phan tuyén tinh cip mot thuan nhat tuong
ting v6i phuong trinh (2.1).
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Néu f(n) # 0 thi phuong trinh (2.1) dugc goi 14 phuong trinh sai phan

tuyén tinh cdp mot khong thuan nhat.

2.1.2 Nghiém
Nghiém tong quét ctia phuong trinh (2.1) ¢6 dang:
Uy = Uy, + U,

trong do:

U, 1a nghiém tong quat ctia phuong trinh sai phan tuyén tinh thuan nhat
(2.2).

v’ 13 mot nghiém riéng clia phuong trinh sai phan tuyén tinh khong thuan
nhat (2.1).
Sau day ta sé néu ra cach giadi phuong trinh sai phan tuyén tinh thuan nhat
(2.2).

Giai phuong trinh dic trung: a\ + b = 0 dé tim nghiem .

Tim nghiém téng quat clia phuong trinh sai phan tuyén tinh thuan nhat
(2.2) dudi dang w, = C.\" (C 1a hang s0).

2.1.3 Mot sé6 phuong phap tim nghiém riéng ctia phuong trinh sai
phan tuyén tinh cAp mot khong thuan nhat
Dé gii tron ven phuong trinh (2.1) ta di tim mot nghiém riéng ctia phuong

trinh (2.1). Sau day ta sé néu ra mot s6 phuong phap tim nghiém riéng ctia
phuong trinh (2.1).

Phuong phap hé sé6 bat dinh

Trong noi dung nay trinh bay cach tim nghiém riéng ctia phuong trinh (2.1)
khi vé phai f(n) c¢6 dang dic biét.
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Truong hop 1.
f(n) = P,(n) la da thic bac m déi véi n.

Khi dé:

- Néu A # 1 thi ta chon v} = Q,,(n) cing & da thic bac m do6i véi n.

- Néu A = 1 thi ta chon u’ = nQ,,(n), trong d6 Q,,(n) cling 1a da thitc bac

m doi vé6i n.

Ching minh. Xét phuong trinh au,1 + bu, = P,(n)

. b
- Néu A = - #1=0b# —a. Véiu, = Qnn) = u,,; = Qn(n+1). Suy

ra a@Qm,(n+ 1) + bQ,,(n) 1a da thic bac m, tic la cung bac véi f(n).
b

-Néu A = —— =1 = b = —a. Suy ra au,41 + bu, = atu,.

a
a(upi1 — up) = alAu, = Py,(n). Nén w, phéi la da thic bac m + 1, vi tim

nghiém riéng nén ta tim u; = nQ,,(n) la du.

Truong hop 2.
fn)=p.p"  (p;B#0).
Khi dé:
- Néu A # 3 thi ta chon v’ = d.3" (d € R).
- Néu A = (3 thi ta chon v =dn.f"  (d€R).

Chiing minh. Xét phuong trinh:
ap+1 + bu, = p.g" (a#0;0#0;p#0;6+#0)

Un+1 Unp

Diit v, — % khi d6 phuwong trinh d3 cho c¢6 dang:

afv,1 + bu, = p, p la da thic bac 0.

Phuong trinh dic trung cia (2.3) c6 dang: aft + b= 0.
Theo két qua truong hop 1:
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) b
- Neu t = ~a0 # 1< XN # fthi v/ =d (d ladathic bac 0).Vay
a
ulh = dp".
) b
—Néut:——ﬁzl(@)\zﬁthi vy =nd. Vay u; = dnj3". [
a
M¢ rong: f(n) = P,(n).5" (B#0).
Khi dé:

- Néu A # (3 thi ta chon v’ = Q,,(n).0", trong d6 Q,,(n) 1a da thitc bac m
doi véi n.
- Néu A = 3 thi ta chon v} = n.Q,,(n).5", trong d6 @,,(n) 14 da thiic bac
m doi véi n.
Truong hop 3.
f(n) = asinnw + Beosnz (o + 3> # 0,0 £ km; k € 7).

Khi d6, ta chon u = Asinnx + Bcosnz v6i A; B € R 1a céc hing sb.

Chiing minh. Xét phuong trinh: aw, 1 + bu,, = asinnz + 3 cosnzx.

Thay u; = Asinnx + B cosnx vao phuong trinh trén ta co:

a[Asin(n+1)x+ B cos(n+1)x| +b[Asinnz + B cosnz] = asin nz + [F cosnx
& [A(acosx + b) — Basinz]sinnx + [Aasinz + B(acosx + b)| cosnx

= asinnx + 3 cosnz.

So sanh hé so cua sinnx va cosnx & hai vé ta co:

{A(acosx+b)—Basinx =«
Aasinz + B(acosx +b) =0

Hé nay c6 dinh thic

acosr+b —asinx
D = + = a4+ b+ 2abcosx

asinx acosx +b

Do x # km;k € Z nén | 2abcos z |<| 2ab | hay —|2ab| < 2abcosx < |2ab|
Mit khéc: a® + b >| 2ab | nén D > 0, vi vay tit hé phuong trinh trén ta xéc
dinh dugc A, B duy nhat. ]
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Mo rong.
1)f(n) = Py(n)sinnx + Q;(n) cosnx, trong d6 P,,(n), Q;(n) lan lugt 1a cac da
thitc bac m; [ ctua n.
Khi do, ta chon u) = T,(n)sinnz + R,(n) cosnx, trong dé T,(n), R,(n) 1a cac
da thitc bac p cta n, véi p = maz{m;l}.
2)f(n) = a"[P,(n) sinnz + Q;(n) cos nz|, trong dé P, (n), Q;(n) lan lugt 1a cac
da thic bac m; [ cua n.
Khi do, ta chon u) = o"[T,(n)sinnx + Ry(n) cosnx], trong dé T,(n), R,(n) la

cac da thic bac p cia n, véi p = maz{m;}.
Truong hop 4.

fn) =Y fi(n)

k=1

m
Khi dé ta chon nghiém riéng v} duéi dang: v, = > w;,, trong d6 u;, tuong
k=1

ting 14 nghiém riéng ctia phuong trinh sai phan (2.1) v6i vé phai la fy(n).

Vi du 2.1. Guar phuong trinh sai phan

{ w=1 (2.4)

Ups1 = U, —6n + 1

Bai giai. Phuong trinh dac trung cta (2.4) c6 nghiém A = 3.
Ta co:

x u, = C.3".

x f(n) = —6n+ 1;\ = 3 # 1 nén ta chon u; = an + b. Thay v} = an +b
vao phuong trinh (2.4) ta tim dugc: a =3;0=1=u, =3n+ 1.
Khi d6: u, = C.3"+3n+ 1, ma u; = 1 = C' = —1. Vay phuong trinh (2.4) c6
nghiém la: u, = —3" + 3n + 1.

Vi du 2.2. Giar phuong trinh sai phan

{ u =8 (2.5)

Upi1 = 2U, + 6.2"
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Bai giai. Phuong trinh dic trung cia (2.5) c6 nghiem \ = 2.
Ta co:

x u, = C.2".

x f(n) =6.2" X =2 = 3 nén ta chon u; = d.n.2". Thay u’ vao phuong
trinh (2.5) ta tim dugc d = 3 = u;, = 3.n.2".
Khi dé6: u, = C.2" + 3.n.2", ma u; = 8 = C' = 1. Vay phuong trinh (2.5) c6
nghiém la: u, = 2"(3n + 1).

Vi du 2.3. Guar phuong trinh sai phan

V2

Ul = —/—
{ 2 1 . nm 1 nm (2:6)
Upi1 = 2up, + (— — 2) sin — + — cos —.

NG TG R

Bai giai. Phuong trinh dic trung cia (2.6) c6 nghiem A\ = 2.

Ta co:
x u, = C.2".
1 . nm 1 nmwo
x f(n) = (—= — 2)sin — + —= cos — nén ta chon

/2 TR R

uf = A. sinnTjT + B.cos Thay u! vao phuong trinh (2.6) ta tim dugc

4
A:1;B:O:>u;§:sin%.
2
Khi dé: un:C’.Q”—FSin%,ma u1:§:>C:0.

Vay phuong trinh (2.6) ¢6 nghiém la: u,, = sin %T

Vi du 2.4. Giai phuong trinh sai phan

{ up = 333

(2.7)
Ups1 = 26.uy — 494.7" — 2475.m + 99

Bai giai. Phuong trinh dac trung ctia (2.7) ¢6 nghiém A = 26.
Ta co:

* u, = C.26".
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x f(n) = —494.7" — 24750 + 99 = f1(n) + f2(n)
trong d6 fi(n) = —494.7"; fo(n) = —2475.n + 99.
Suy ra uf; = 26.7"%ul, = 99.n. Khi dé: u, = C.26" + 26.7" + 99.n, véi diéu
kién ban dau u; =333 = C = 2.
Vay phuong trinh (2.7) ¢6 nghiém wu,, = 2.26" + 26.7" + 99.n.
Phuong phap bién thién hing sb
Xét phuong trinh sai phan (2.1): au,41 + bu, = f(n).
Phuong trinh thudn nhit tuong ng véi phuong trinh (2.1) c6 nghiém tong

quat u, = C.\", v6i A = ——. Dé tim nghiém riéng ctia (2.1), ta coi C bién
a
thién theo n, ¢6 nghia C' 13 mot ham s6 cia n (C = C(n) = C,) va tim

u = Cp.A". Thay u) = C,.\" vao phuong trinh (2.1) ta dugc:
a.Crpt N+ 0.0, \" = f(n)

b
—a) +0.C,. A" = f(n)
& —bN'[Chi — Co]l = f(n)
o —bA'AC, = f(n)
_f(n)
b A"
LAy tong hai vé theo k tit 0 dén n — 1, ta dugc:

~ CL.Cn+1.)\n.(

< AC, =

b A\
k=0 k=0
n—1
L f(k)
k=0

Vay

Vi du 2.5. Dung phuong phdp bién thién hdang s6 tim nghiém cia phuong

{ u =8 (2.8)

Up i1 = 2U, + 6.2"

trinh sat phan
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Bai giai. Phuong trinh dic trung cia (2.8) c6 ghlem A=2.
Ta c6: u, = C.2" = v’ = C,.2". Thay u = C},.2" vao phuong trinh (2.8) ta
dugc:

Cpp1.2" =2.C,.2" +6.2"

& Ch—Cp=3

< AC, = A(3n)

= C, =3n

= u, = 3n.2".
Do d6 u,, = C.2"+3.n.2". Viu; =8 = C = 1.
Vay nghiém ctia phuong trinh (2.8) la: u, = 2"(1 + 3n).

Vi du 2.6. Dung phuong phdp bién thién hdng so tim mot nghiém riéng cia
phuong trinh sai phan

1
Upt1 = DUy, + g(n2 —3n+ 1)nl. (2.9)
Bai giai. Phuong trinh dac trung cta (2.9) ¢6 nghiém A = 5.

Ta di tim mot nghiém riéng cia phuong trinh (2.9) duéi dang v’ = C),.5".
Thay u! = C,.5" vao phuong trinh (2.9) ta dugc:

1
S Ch —C, = 5n+2(n +2n+1—>5n)n!
_(n+D(n+1)! nn!
& AC, = 5n+2 ~ pntl
= AC A(5n—|—1)
n.n!
= C - 5n+1
n.n!
Vay mot nghiém riéng cta phuong trinh (2.9) la: u} = =

Vi du 2.7. Dung phuong phdp bién thién hdng so tim mot nghiém riéng cia
phuong trinh sai phan

1—n
2n—|—1

Unp1 = Up + (2.10)

S6 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



26
Bai giai. Phuong trinh dic trung cia (2.10) ¢6 nghiéem A = 1. Ta di tim mot
nghiém riéng ctia phuong trinh (2.10) dué6i dang v, = C,,. Thay u}, = C,, vao
phuong trinh (2.10) ta duge:

1—n
n—+1 n
@ACn: 2n—|—l —%
@A@:A%
n
= (), = —.
2n

Vay mot nghiém riéng ctia phuong trinh (2.10) la: u} = 2%

Trong vi du (2.6), (2.7) ta nhan thay vé phai f(n) khong c6 cac dang dic
biét nhu da néu trong phuong phap hé sé bat dinh vi vay viéc 4p dung phuong
phap phuong phap hé s6 bat dinh 14 khong kha thi.Viéc sit dung phuong phap

bién thién hing s6 cho ta 10i gidi ngan gon.

2.2 Phuong trinh sai phan tuyén tinh cap mot véi hé sb
bién thién

Dinh nghia 2.1. Phuong trinh sai phan tuyén tinh cap mot véi hé so bién
thién la phuong trinh sai phan co dang

a(n)un+1 + b(n)u, = f(n) hodc upi1 = q(n)u, + f(n)
trong dé a(n) # 0,b(n) # 0,q(n) # 0 va a(n),b(n),q(n), f(n) la cic ham so

cua n.

Trong muc nay ta xét phuong trinh sai phan tuyén tinh cip mot véi hée sb
bién thien dang
Ups1 = q(n)u, + f(n) (2.11)

trong d6 ¢(n) # 0 va ¢(n); f(n) 1a cadc ham sb cia n.
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Dinh li 2.1. Nghiém tong qudt u, cia phuong trinh (2.11) c6 dang:
Uy = Uy + U,
trong do:
U, 1o nghiém tong qudt cia phuong trinh sai phan tuyén tinh thuan nhat
tuong Ung:  Up+1 = q(n)uy,.

w) la mot nghiém riéng tuy ¢ cia phuong trinh (2.11).

Viéc gidi cac phuong trinh sai phan tuyén tinh véi cAc hé s6 bién thien la
rat phic tap. 0] day ta sé xét mot s6 dang don gidn clia cac phuong trinh sai
phan tuyén tinh véi cac hé s6 bién thién dugc gidi chi yéu bang phuong phap
dat day s6 phu, dung cong thiic truy hoi va phuong phap bién thién hing so.
Bai toan. Tim u,, biét

Uy =«
{ (2.12)
Un+1 = ﬁp(n)un + f(n)7 Vn € N*

trong do
a, 3 € R;p(n); f(n) la cdc ham s6 ciia doi sé n € N,p(n) # 0,¥n € N.
Bai giai. Dat day s6 phu
n—1
Up = Up. Hp(k)
k=0

Khi d6 v = —— va (2.12) ¢6 dang

p(0)
vnsr. [Lo(K) = Beow. [ p(R) + £(1)  vnr — o = 220
k=0 k=0

kl;lop(k).

Day 1& phuong trinh sai phan tuyén tinh véi hé s6 hing s6 ma ta da biét cach
giai.
Vi du 2.8. Tim u, biét ring

3 n 1—06n
—u —_—
n+2 " (n+2)
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1 n—1 1
Bai giai. Ta ¢6 p(n) = = k) = )
5 pln) = = Hph) =2
1
bat u,, = - Uy, khi do ta co

(n+1)!

vl = 2;Vps1 — 3V, = 1 — 6n.

Giai phuong trinh nay ta duge v, = —2.3""! 4+ 3n + 1.

Va —23" 14 3n+1

ay u, =

Y (n+1)!

Vi du 2.9. Tim u, biét rang

up=1; Upse = V2.3%u, + n.2".3nT+n(cos% + sin %), Vn € N,

n—1 n—1 n(n—1)

Bai giai. Taco p(n) =3"= [[ p(k) = [[3¥ =377 .
k=0 k=0

bat u,, = 3n(n271).vn, khi do6 ta co

v = 1 0pe1 = V2.0, + 2".(n cos % + nsin %)

Giai phuong trinh nay ta dugc
1 2 nm 1 nm
vy = —(V2)" 1 4+ 2" [(———=n + —=) cos — + —=nsin —|.
n(n— 1 2 1
Vay u, = 3 (n1) {_(\/i)n—l + 2n[(_ﬁn — ﬁ> COS% + Ensin %} } .

Vi du 2.10. Twm u, biét rang

1 (n+ 1) n(n+1)
=g e n(n+ 2) tn nte " (2.13)
Bai giai. Trudc hét ta di tim nghiém tong quéat clia phuong trinh sai phan

tuyén tinh thuan nhat

(n+1)2
— = u, =0.
Un+1 n<n + 2) Unp,
Ta viét lai phuong trinh nay duéi dang
n+ 2 n—+1
" Up1 — u, = 0.
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1
bat v, = ntl U, khi d6 phuong trinh trén c¢6 dang v, .1 — v, = 0, phuong
n
trinh nay c6 nghiem v,, = C' (v6i C' 1a hing s6).
Suy ra @, = C - —
y n ntl .
Ta di tim nghiém riéng cta (2.13) dudi dang u} = C,, - ST
n
Diung phuong phap bién thién hang s6 ta tim dugc
n
= (C I —1). :
(Co+n ) n+1
n n.n! n
S =—(C+C — :
Y et n+1( + O)len—Fl n+1 |
Véi dieu kién ban dau u; = = = C + Cy = 1. Vay u,, = na
2 n+1
Vi du 2.11. Tim w,, biét rang véi Vn > 1
Uy = a; Uny1 = g(n)ulr{w (214)

trong do g(n) > 0 vdi Vn € N*; k € R,
Bai giai. T gia thiét ta suy ra u, > 0 véi Vn € N*. Lay logarit theo co s6 e
hai vé ctia phuong trinh (2.14) ta dugc
Inu, =Ing(n) + k. Inu,. (2.15)
Dat v, = Inw,, khi d6 (2.15) c6 dang
Upt1 — kv, = Ing(n). (2.16)
Ta lai dat v, = k" 1y, khi d6 (2.16) c6 dang

In g(n) lng
Yn+1 — Yn = L _yl"‘f_z .

T gid thiét uy = a > 0 = y; = Ina. Do vay

n—1

=Ina +Zlng vn:k"_1<lna+zlngi(i)>.

1=1

Khi do6 ta c6 )
n—1 " Ing(s)
k (ln a—i—l; i )

u, =€e" =e
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Vi du 2.12. Tim u,, biét rang véi Vn > 1

. fln+1) 4
U =a > 0, Up+1 = W * Uy, (217)
trong dé f(n) > 0 vdi Vn € N*; k € N*,
Bai giai. Tu (2.17) ta c6
k
Up+1 Uy,
= . 2.18
fn+D ) (215)
u
Dit v, = ——, khi d6 (2.18) c6 dang
Fy K401V
Upyp1 = VN (2.19)

Ta lai dat y, = Inv,, khi d6 (2.19) ¢6 dang
Yni1 = kyn = y, = C.k", (v6i C la hang s6).

a a
Douy=a=v1=—=y1=In——=C.k. Tu do6 ta co

f(1) f(1)

n—1
_ a fn—11p -4 a k
Yp=k" ' In— = v, =¢ nf(l):<_) _

f(1) f(1)

Vay cudi cung ta cé

2.3 Phuong trinh sai phan tuyén tinh cap hai véi hé sb

hang so6

2.3.1 Dinh nghia

Phuong trinh sai phan tuyén tinh cap hai v6i hé sé hang s6 13 phuong trinh

sal phan c6 dang

Upio + by + cu, = f(n) hodc  w,i2 = puy1 + qu, + f(n) (2.20)
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trong d6 a,b, c,p, ¢ 1a cac hiang s6; a # 0,c # 0,q # 0, f(n) 14 biéu thic cta n
cho trudc.

Néu f(n) = 0 phuong trinh (2.20) c6 dang
Ay + by + cu, =0 hodc  Uyio = puni1 + qu, (2.21)
dudc goi 14 phuong trinh sai phan tuyén tinh cip hai thuan nhat tuong tng
v6i phuong trinh (2.20).

Néu f(n) # 0 phuong trinh (2.20) dugc goi 14 phuong trinh sai phan tuyén
tinh cap hai khong thuan nhat.

2.3.2 Nghiém
Nghiém tong quét ctia phuong trinh (2.20) ¢6 dang:
Uy = Uy, + U,

trong do:

U, 1a nghiém tong quat ctia phuong trinh sai phan tuyén tinh thuan nhat
(2.21).

v’ 14 mot nghiém riéng cia phuong trinh sai phan tuyén tinh khong thuan
nhét (2.20).

Sau day ta sé néu ra cach giadi phuong trinh sai phan tuyén tinh thuan nhat

(2.21).
Phuong trinh dic trung ctia (2.21) la:

a)’ +bA+c=0 hay M\ =p\+gq (2.22)

Truong hop 1. Néu phuong trinh (2.22) ¢6 hai nghiém thyc phan biét Aj; Ao
thi u, = AN} + B\}, trong d6 A; B 1a hai hdng so.

Truong hop 2. Néu phuong trinh (2.22) c6 nghiém thuc kép Ay = Ay = A thi
u, = (A+ Bn)\", trong d6 A; B 1a hai hdng so.
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Chatng minh. Do A\; = Xy = X 1& s6 thuc nén z, = A" 1a mot nghiém ctla
phuong trinh (2.21). Ta di tim nghiém th hai du6i dang vy, = v,A". Thay
Yn = v, A" vao phuong trinh (2.21) ta dugc

o N2 4 by AT cv N = 0.

T dinh nghia ta ¢6 ¢ # 0 nén tit phuong trinh (2.22) suy ra A # 0. Vi vay ta
viét lai phuong trinh trén duéi dang:

b
Upsod? + avnﬂ)\ + gvn = 0. (2.23)

Theo dinh 1y Viete, tit phuong trinh (2.22) ta c6

Khi dé phuong trinh (2.23) c¢6 dang A\2v,, 10 — 2A\%0,,41 + A?v, = 0.
Hay

Upt2 + Up = 20541
Do d6 (v,,) 1a cap s6 cong tuy ¥, dé don gian ta lay (v,) = (n);n € N.

Khi dé vy, = n\", mat khac Yo _ n, suy ra vy, doc lap tuyén tinh.
Tn

Do vay
U, = (A+ Bn)\".

Truong hop 3.

Néu phuong trinh (2.22) ¢6 nghiém phtic A = x + iy = r(cos p + isin @),

voi 2 = —1;r = |A| = /22 + 12 tanp = %;gp € (—g,g) thi phuong trinh
(2.22) con ¢6 nghiém phic lién hgp A = = — iy = r(cosp — isinyp). Khi do6
u, = r"(Acosnyp + Bsinny), véi A; B 1a cac hing so.

Chatng minh. Néu phuong trinh (2.22) ¢6 nghiém phitc A = x + iy thi \" sé 1a
nghiém cta phuong trinh(2.21). Theo cong thic Moivre ta c6

A" =r"(cosny + isinnp) = x,,
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At = 1"(cosny — isinng) = y,.

Suy ra Ax, + By, cing la nghiém.

. 1
Lay A= B = 3 ta co 5%n + QU = r" cosne.
, 1 171 1 ,
Lay A = 2—2,”3 =5 ta co 2;%n ~ 5 = r" sinne.
Mt khac M = cot ny # const(p # k), nén r" cos ng; r" sin np la hai
r’ s1in ny

nghiém doc lap tuyén tinh. Do vay nghiém tong quat ctia phuong trinh (2.21)

N

1a

~

u, =1"(Acosnyp + Bsinny), véi A; B 1a cac hing sb.

2.3.3 Mot s6 phuong phap tim nghiém riéng ctia phuong trinh sai
phan tuyén tinh cap hai khong thuan nhét
Phuong phap hé s6 bat dinh

Noi dung sau day trinh bay cach tim nghiém riéng ctia phuong trinh sai phan
tuyén tinh cap 2 khong thuan nhat (2.20) khi vé phéi f(n) c6 dang dac biét.

Truong hop 1.
f(n) = Py(n) la da thic bac m d6i véi n.

Khi dé:

- Néu phuong trinh dic trung (2.22) khong c6 nghiem A = 1 thi ta chon
vt = Qn(n) cing la da thic bac m do6i véi n.

- Néu phuong trinh diic trung (2.22) c6 nghiém don A = 1 thi ta chon
ut = nQy,(n) cing la da thic bac m déi véi n.

- Néu phuong trinh diic trung (2.22) ¢6 nghiém kép A = 1 thi ta chon

u’ = n?Q,,(n) ciing 1a da thic bac m déi véi n.

Chitng minh. Ta di tim nghiém riéng v = Q(n). Khi d6 Q(n+2);Q(n+ 1);

Q(n) 1a cac da thiic c6 hé s6 clia hang tit bac cao nhat bang nhau.
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- Do phuong trinh dic trung (2.22) khong ¢6 nghiem A\ = 1 tic la Ay #
I;0#1nénl—p—q#0.Suy ra

deg(Q(n +2) = pQ(n +1) — qQ(n)) = deg Q(n).
Mat khac Q(n+2) —pQ(n+1)—qQ(n) = f(n), nén deg Q(n) = deg f(n) = m.
Do vay u! = Q,(n).
- Do phuong trinh dic trung (2.22) c¢6 nghiem don A =1nén 1 —p—q = 0.
Ta di tim nghiém riéng u} = R(n), trong d6 R(n) la da thitc ma bac sé dugc

xac dinh ¢ phan sau. Ta c6 R(n + 2); R(n + 1); R(n) 1a cac da thtc c¢6 hé s6

ctia hang tit bac cao nhat bang nhau ma 1 —p — ¢ = 0 suy ra
deg(R(n+2) — pR(n+ 1) — qR(n)) = deg R(n) — 1 = deg f(n).

Suy ra R(n) la da thic bac m + 1, do d6 ta chon v = R(n) = n@,,(n), trong
d6 Q(n) 1a da thic bac m doéi véi n.

- Do phuong trinh dac trung (2.22) ¢6 nghiém kép A = 1 nén ta c6

l—p—q =0 —2
{ p—q @{p
q = -1 qg =—1

Ta di tim v, = R(n) la nghiém riéng ctia phuong trinh (2.21) nén khi dé ta c6

f(n)=R(n+2)—pR(n+1)—qR(n)=R(n+2)—2R(n+1)+ R(n)
=R(n+2)—R(n+1)—[R(n+1)— R(n)=ARn+1)—AR(n)
= A%R(n).
Suy ra deg R(n) = deg f(n) + 2.

Vay nén v’ = R(n) = n*Q,,(n), trong d6 Q,,(n) la da thic bac m ddi véi
n. []

Truong hop 2.
f(n) = Py(n).f" (B#0),
trong d6 P,,(n) la da thic bac m d6i véi n. Khi doé:
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- Néu [ khong phai 1a nghiém ctia phuong trinh diic trung (2.22) thi ta
chon u) = Q. (n).5"
- Néu 4 1a mot nghiem don ctia phuong trinh dic trung (2.22) thi ta chon
up =n.Qm(n).m"
- Néu 3 1a nghiém kép ctia phuong trinh dic trung (2.22) thi ta chon u =
n2.Qm(n)./"

Chiing manh. Xét phuong trinh sai phan

Upt2 = PUps1 + quy, + Pp(n).0" (8 #0). (2.24)
Chia c4 hai vé ctia phuong trinh (2.24) cho 5" ta dugc
Un+2 Un+1 Un,
B2Bn—|—2 - pﬁﬁnﬂ - q@ = Ep(n).
Dit v, = %, khi d6 phuong trinh trén dugc viét dudi dang
BPnsa — PBUnt1 — qun = Bn(n). (2.25)
Phuong trinh dic trung cia (2.25) 1a
B —pft—q=0 (2.26)

voi Ay = 3(p* + 4q) = B2.A trong d6 A = p? + 4q 1a biét thic clia phuong
trinh (2.22).

- Néu 3 khong 1a nghiem ctia phuong trinh dic trung (2.22) tic 1a 32 —
pB — q # 0 thi phuong trinh (2.26) khong c6 nghiém ¢ = 1. Khi d6 ta chon
mot nghiém riéng cua phuong trinh (2.25) la: v} = Q,,(n), trong d6 Q,,(n) la
da thic bac m do6i véi n. Vay u) = Q,(n).5".

- Néu (3 1a mot nghiem don cia phuong trinh dic trung (2.22) thi ta c6

A >0 A >0
2 < 2
fr=pb—q =0 G =pb—q =0
Hay ¢ = 1 la mot nghiém don ctia phuong trinh (2.26), khi d6 ta chon mot
nghiém riéng cia phuong trinh (2.25) la v} = n@Q,,(n).
Vay u;, = n.Qp(n).6", trong dé Q,,(n) la da thitc bac m doi véi n.
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- Néu 8 13 mot nghiém kép ctia phuong trinh dic trung (2.22) thi ta c6

A =0 Aq =0
2 At 2
G7=pBb—q =0 G7=pB—q =0
Hay ¢ = 1 14 nghiém kép cia phuong trinh (2.26), khi d6 ta chon mdt nghiém
rieng ctia phuong trinh (2.25) 1a v} = n?Q,,(n).
Vay v = n?.Qu(n).0", trong d6 Q,,(n) 1a da thiic bac m déi véi n. O

Truong hop 3.
f(n) = Py(n)cosnf + Q(n)sinnf.

trong d6 P,,(n); Q;(n) lan luot 13 cac da thic bac m,l doi véi n. Ki hiéu
k = max{m;(}. Khi d6

- Néu cos 3 +isin § khong 1a nghiém ctia phuong trinh diic trung (2.22) thi
ta chon
u, = Ty(n) cosnf + Ry(n)sinnf,

trong d6 Ty(n); R(n) 1a cac da thic bac k doéi véi n.
- Néu cos f+isin 8 1a nghiém ctia phuong trinh dic trung (2.22) thi ta chon
u, = n[Ti(n)cosnf + Ry(n)sinnf],
trong d6 Ty(n); Ri(n) 1a cac da thiic bac k doi véi n.
Ching minh. Xem [4].
Mo rong.
f(n) = a"[P,(n) cosnfB + Q;(n) sinnf] (e #0).
Khi do

- Néu a.e® = a(cos 8 + isin ) khong 1 nghiém ctia phuong trinh dic
trung (2.22) thi ta chon

u, = a"[Ty(n) cosnf + Ry(n) sinnf],

trong d6 Ty(n); R(n) 1a cac da thic bac k doi véi n.
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- Néu a.e™™ = a(cos 8 + isin3) la nghiém ctia phuong trinh dic trung
(2.22) thi ta chon

u;y = n.a"[Tp(n) cosnf + Ri(n)sinng],

trong d6 Ty(n); Ri(n) la cac da thitc bac k doi v6i n, k = max{m;[}.

Chiing minh. Xét phuong trinh
Up+2 — PUp4+1 — qUp = &n[Pm(n) cosnfd + Ql(n) sin nﬁ]
Do a # 0, ta chia ca hai vé ctia phuong trinh trén cho o™ ta cé

Up+9 Up+1 u .
042az+2 - pOéaZH - qa—z = P,,(n) cosnf + Q;(n) sinnp.

u L
Dat v, = —Z, khi d6 ta viet lai phuong trinh nhu sau
o

Q10 — pow, — qu, = P(n)cosnf + Qi(n)sinnf. (2.27)
Phuong trinh dic trung cua (2.27) ¢6 dang
o*t? — pat — q = 0. (2.28)

- Néu e’ = cos 3 % isin 8 khong 14 nghiém clia phuong trinh (2.28) thi
.t = a(cos f £ isin 3) khong 1a nghiem ctia (2.22). Theo két qua trén ta
c6 v = Ti(n) cosnf + Ry(n)sinnf.

Vay u! = o"[T)(n) cosnf + Ry(n)sinnf].

- Néu e*¥ = cos 3 & isin 3 1a nghiém ctia phuong trinh (2.28) thi a.e™ =
a(cos =i sin §) 1a nghiem ctia (2.22). Theo két qua trén ta c6 v = n[T)(n) cosnS+
Ry(n) sinnf).

Vay u! = na"[Ti(n) cosnf + Ry(n)sinnf). O

Truong hop 4.

m
f(n) =>" fi(n)
k=1
m
Khi dé ta chon nghiém riéng v} duéi dang: v, = > w;,, trong d6 u;, tuong
k=1
ting 13 nghiém riéng ctia phuong trinh sai phan (2.21) v6i vé phai 1a fi.(n) va

duge tim theo mot trong cac truong hop trén.
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Vi du 2.13. Tim mot nghiém riéng ciua phuong trinh sai phan

Upo — My i1 + du, = 2713, (2.29)

Bai giai. Phuong trinh diic trung ctia (2.29) 1a: A2 — 4\ +4 = 0. Phuong trinh
nay c6 nghiém kép \ = 2.

Ta chon mot nghiém riéng ctia phuong trinh (2.29) 1a u = n?.a.2". Thay
u = n?.a.2" vao phuong trinh (2.29) ta dugc

4a(n +2)* = 8a(n + 1)* + 4na = 8.
Chon =1tadugca=1. Vay u; = n>.2",

Vi du 2.14. Gia: phuong trinh sat phan sau day

Uy = 2; Uy = 1
{ nw (2.30)

Upro — Upr1 — 2u, = —(3n + 2) cosn?7T + (n+ 1) sin TR

Bai gidi.Ta c6 P, (n) = —(3n+2);Qi(n) =n+ 1,6 = g
Phuong trinh dic trung ctia (2.30) ¢6 dang \*> — X\ — 2 = 0. Phuong trinh nay
c6 nghiém A = 2; A\ = —1.

Nghiém tong quét ctia phuong trinh thuan nhat 1a: u, = A.(—1)" + B.2".

Ta thay cos g +1 Sing = 47 khong la nghiém cta phuong trinh déc trung cuaa
(2.30) nén

u, = (an +b) COS%T + (en +d) sinng.

Thay u’ vao phuong trinh (2.30), rat gon va so sanh céc hé s6 ta dugc

azl;b:c:d:()iu;’;:ncos%r.

Phuong trinh (2.30) c6 nghiém tong quét la:

u, = A.(=1)" + B.2" 4+ ncos %

{u0:2 {A+B =2 {Azl
< <
up =1 —A+2B =1 B=1
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Vay phuong trinh da cho c6 nghiém

U, = (—1)" + 2" + n. cos %T

Phuong phap bién thién hing sb
Xét phuong trinh sai phan (2.20):

Up42 = PUp+1 + qUp + f(n),
va phuong trinh thuan nhat tuong tng (2.21)
Up+2 = PUp+1 + qUy.

Gid st uy,, v, 1a hai nghiem doc 1ap tuyén tinh ctia phuong trinh (2.21), khi d6
phuong trinh (2.21) c6 nghiém tong quét 1a u, = Au, + Bv,, trong dé A, B
I3 hai hing s6. Dé tim nghiém riéng ctia phuong trinh (2.20) ta coi A, B bién

thién theo n va di tim u, dudi dang

*
u, = Ayu, + By,

e Néu A;; Ao (A1 # )\2) 1a hai nghiém phan biét ctia phuong trinh dic trung
(2.22) thi hai nghiém doc lap tuyén tinh ctia phuong trinh (2.21) 1a u,, =

T, v, = Ay. Ta di tim nghiém riéng u;, dudi dang
u, = Ap AT + Bpy.
T phuong trinh dac trung A2 — pA — ¢ = 0 ta c6

AM+X =p
)\1.)\2 = —(q.

Thay u; = A, A\ + B, vao phuong trinh (2.20) ta dugc

An+2)\?+2 + Bn+2A§+2 - p[AnJrleHl + Bn+1)‘g+l] — q[AnN] + BuXs] = f(n)

~ An+2)‘711+2 + Bn+2)‘g+2 - ()\1 + )\2)[14”+1)\§L+1 + Bn—l—l)‘g—H]
+ A [AN] + BoAS] = f(n)
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A )‘?+2(An+2 - An+1) + )‘g+2(Bn+2 - Bn+1)
— NN (Apyr — An) = MASTH(Byaa — B) = f(n)

& NAAL 4+ AT2ABL — MTOWAA, — MATHTAB, = f(n)

S MNT2AA L — NIT2AA, + ATT2AA, - MTINLAA,
+ M 2AB, 41 — MTPAB, + M T2AB, — MASTAB, = f(n)

& APATAAATTAA N =A) A PARB AT AL, (A M) = f(n)

Theo cong thiic sai phan ting phan thi phuong trinh trén cé thé viét lai

nhu sau:

AAANTY) — AATTHA(AL) + ATTAA (A — o)
+ A(AB AT = ANSTHA(B,) + ASTTAB, (A — A1) = f(n)

Hay A(AANT + AB MY + (WTAA, + MTAB,)
— NTIGAA, = MNTINAB, = f(n).
Dé phuong trinh trén dudc thod man ta phai cé

NTAA, + NyTIAB, =0
—MNTINAA, - XTI AB, = f(n).

Giai hé phuong trinh trén ta dugc

= f(n)
A= A (g — A1)
AB, f(n)

TN e - )

T do6 ta tim duge A, B, va u} = A, A\ + B, \5.
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e Néu \; = Xy = A la nghiém kép clia phuong trinh dac trung (2.22) thi
hai nghiém doc lap tuyén tinh ctia phuong trinh thuan nhat (2.21) 13
Uy, = A", v, =n\". Khi dé

—(n+1)f(n)
Ad, = f( ))\n+2
n
ABy =5

e Néu A = r(cosy + isiny) 1a nghiem phic clia phuong trinh dic trung
(2.22) thi hai nghiém doc lap tuyén tinh ctia phuong trinh thuan nhat
(2.21) 1a u,, = " cosnp, v, = r"sinnp. Khi dé

—f(n)sin(n + 1)y

rnt2sin @
f(n)cos(n+1)p
rmt2Zsing

AA, =

AB, =

Vi du 2.15. Tim mot nghiém riéng cia phuong trinh sau bang phuong phdp
bién thién hang so

Upso — Uy — 3, = 3" (2.31)

Bai giai. Phuong trinh diic trung ctia (2.31) 14 A2 — 2\ — 3 = 0. Phuong trinh

nay cé cac nghiem 1a \; = —1; Ay = 3. Theo két qua néu trén ta co6
AB, = )\SH{)E:)— ) = i = Ain =B, = in
Vay u! = %(n — Z)

Vi du 2.16. Tim mot nghiém riéng cia phuong trinh sau bang phuong phdp
bién thién hang so
Upyo — Upi1 + u, = 3.2". (2.32)

Bai giai.Phuong trinh diic trung ciia (2.32) 1a A2 — A + 1 = 0. Phuong trinh

1+iv3
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co
Ady = =V3.2" sin(n +1)5 = A[2"(cos 5 — V3 sin )]
1
— A(2n+1 cOS (n + )77)
3
1
= A, = 2" cos LL i )W.
3
ABn = \/§.2n+1 COS(n + 1)% = A [2n<\/§COS n?ﬂ- + smn?ﬂ)]
: + 1)
— A 2n+1 (n
( sin 3 )
1
= B, = 2" gin 7(71_; )ﬂ.
1 1
Vay u;, = 2n+1[cos (n_; ) . Cosn?ﬂ +Sinw ) Sinn?ﬂ} — 9n

2.4 Phuong trinh sai phan tuyén tinh cap hai véi hé sb
bién thién

Dinh nghia 2.2. Phuong trinh sai phan tuyén tinh cip hai vdi hé so bién
thién la phuong trinh sai phan co dang

a(n)uns2 + b(n)upi1 + c(n)u, = f(n) hode upio = p(n)uyi1 + g(n)u, + f(n)
trong do a(n) # 0,¢(n) # 0,q(n) # 0 va a(n),b(n),c(n),p(n),q(n), f(n) la

cac ham so cua n.

Trong muc ndy ta xét phuong trinh sai phan tuyén tinh cap hai véi he sb

bién thién dang

Upro = p(N)Ups1 + qg(n)u, + f(n) (2.33)
trong d6 q(n) # 0 va p(n),q(n), f(n) 14 cdc ham s6 cta n.
Dinh li 2.2. Nghiém tong qudt u, cia phuong trinh (2.33) cé dang:

~ *
Up = Uy + U,
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trong do:
U, la nghiém tong qudt cia phuong trinh sai phan tuyén tinh thuan nhat
tuong wng:  Unyo = p(N)Unr1 + q(n)u,
w) la mot nghiém riéng tuy ¢ cia phuong trinh (2.33).
Vi du 2.17. Giar phuong trinh sai phan sau

1 1 1 1 4n? — 1

-~ T 5 5/)Un _2n l—— - n—1 —
on 2n2)u ik tin + 2n2)u ! 2n?

1
(+ 2n

3n (2.34)

Bai giai. Phuong trinh thuan nhat tuong tng v6i phuong trinh (2.34) c¢6 hai
1

nghiém doc lap tuyén tinh 1a u, = n;v, = 5 nén u, = An — B%- Dé tim

nghiém riéng u*, ta tim u® = A, -n— B, - P Theo két qua clia phuong phap

bien thién hang so ta co:

on? 4n? — 1 3" 3
AA,_ | = - 3" = A— = A, -3"
Y21 o2 )
4n4 4n? — 1 n 1
ABn_1:4n2_1- 52 3"=2n%-3"= B, =(n"—n+1)3

3n—|—1 3n—|—1 n—1
2n - 2 n

3
Vayu;';:§n-3”—(n2—n+1)
Thu lai: Ta c6

1 1 1 1
(1+%_2_?,L2)un+1_2un+(1_%_2_nz)un—l
_(n+1)(2n—1).3”+2. n_ 3"*1'n—1+(n—1)(2n+1).3_”.71—2
N 2n2 2 n+l1 2 n 2n2 2 n—1
4n? — 1
_ A1,
2n?

Do d6 nghiém cia phuong trinh (2.34) la:
1 3l n—1
= An — B— -
" 2n i 2 n

trong d6 A, B 1a cac hang s6 tuy .

Trong nhiéu trudng hgp ta c6 thé bién doi dé dua phuong trinh sai phan

v6i hé s6 bién thién vé phuong trinh sai phan véi hé s6 hang sb.
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Vi du 2.18. Giar phuong trinh sat phan sau

uy =0;us=—-3;n=1,2,---
{ "o — 3 (n+2) " (n+1)(n+2)  n(n+2) (2.35)
T D+ 3) nn+3) "  n+3
e e P, . n -+ 2
Bai giai. Chia cé hai vé ctia phuong trinh (2.35) cho n ta dugc
n
n+3 3n+2 +2n+ 1
un - —un Un = nN.
n—+ 2 2 n+1 i
1
Dat v, = iun, ta dugc
n
9

=0: = n=1.2.-..
{Ul 2T Ty (2.36)

Upto — 3Upa1 + 20, =n

Phuong trinh (2.36) 14 phuong trinh sai phan véi hé s6 hing s6, gidi phuong
trinh nay ta dugc

7 5 1
=2 gn 1).
vy, 52 2n(n—|— )
Vay -
n 5
= Lo Dgn 1
Y n+1b A n(n +1)
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Chuong 3

Mot vai tng dung cua phuong trinh
sai phan tuyén tinh trong giai toan

pho thong

3.1 Bai toan xac dinh sé hang téng quat cia day sb

Bai toan xac dinh s6 hang tong quat ciia day sé dudc cho béi hé thiic truy
hoi 14 mot bai toan thuong giap 6 chuong trinh phé thong. Bai toan tong quat
dugc phéat biéu nhu sau: Xac dinh sé hang tong quét cta day sé (u,) (theo
quy luat da thiic) duge cho bdi he thiic truy hoi

Ul = 1, U2 = Q9 5 UL = O
{ I I I (3.1)
F@nak; Tpr—15 - 5 Tng1; Tpsn) =0
trong d6 aq; ;- - -y 1A cac hiang s6 thuoc R cho trude, con f 14 mot bieu

thiic chita k + 2 bién cho trudc.

Thuyc chat ciia bai toan néu trén 13 ta dang xét bai todn xac dinh ham sb6
u, = u(n) thod man phuong trinh (3.1) véi cac diéu kién ban dau cho trudc.
Vi Iy do d6, dai khi ta cling goi bai toan xac dinh day s6 dugdce cho béi hée thiic
truy hoi (3.1) 1a bai toan gidi phuong trinh (3.1).

Trong cac vi du ¢ chuong 2 ta da dung 1y thuyét ctia phuong trinh sai phan
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tuyén tinh dé giai bai toan néu trén khi cong thic truy hoi 1a mot biéu thic
tuyén tinh v6i hé s6 hdng s6 ho#ic hé s6 bién thién. Trong muc ndy ta tiép tuc
dé cap dén dang toan néu trén va khi cong thiic truy hoi 13 mot hé biéu thic

tuyén tinh, cong thic truy hoi c6 dang phan tuyén tinh véi he sé hing.

3.1.1 XaAc dinh sé hang téng quat ctia day sb khi cong thic truy

hoi 1a bieu thitc tuyén tinh

Vi du 3.1. Tim s6 hang tong qudt ctia day so (u,) thod man

{u“:a (3.2)

Upt1 = qu, +p  (p,q €R).

Bai giai

- Néu ¢ = 1 thi (u,) 1a cap s6 cong véi cong sai p nén u, = « + np.

- Néu p = 0 thi (u,) 1& cip s6 nhan véi cong boi g nén u, = aq”.

- Taxét ¢ # 1;p # 0, ddt u,, = v, +b (v6i b duge xac dinh sau), khi d6 phuong
trinh (3.2) dugc viét nhu sau:

Upy1+b= Q(Un + b) + P

Chon b = IL ta dudc v,11 = qu, < v, = V9"

Vﬁyun==(a-——lz—>q”+——fla
lI—q lI—gq
Day s6 xac dinh trong vi du (3.2) dugc goi 1a "day s6 nhan - cong". Cap s6
cong la truong hop riéng ctia "day s6 nhan - cong" khi ¢ = 1, con cap s6 nhan

1a truong hop riéng ctia "day s6 nhan - cong" khi p = 0.

Vi du 3.2. Tim tat cd cac day so (uy,) thod man u,q = 7" — 11u, va (u,) la

mot day so tang.
Bai giai. Xét phuong trinh sai phan

Upyp1 = 7" — 11u,. (3.3)
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Giai phuong trinh (3.3) ta dugc nghiém tong quét clia phuong trinh nay 13
1
= C(=11)" 4 — - 7"

Vi (u,,) 1a day s6 tang nén u,.1 > u,. Do d6

1 1
C(—11)"" + — . 7" > C(=11)"+ —= -7 VneN.

18 18
Suy ra
1
120(-11)" < 5 - 7" ¥neN. (3.4)
) 11\7 1 )
- V6i C' > 0 thi (3.4) tuong duong (— 7) < 360 v6i Vn € N. Ta khong
tim duge C' thod man diéu nay vi khi n chin thi ( — 7>n — +400.
11\7 1
- V6i C' < 0 thi (3.4) tuong duong (— 7) > 360 v6i Vn € N. Ta khong

tim duge C thod man didu nay vi khi n 18 thi ( _ 7) - —co.
1 ,
- Vé6i C'= 0 thi u, = I 7" la day so tang.

Vay day s6 can tim c6 u,, dudc xac dinh 1a u,, = = 7",

Vi du 3.3. (Mathematical Olympyad in China, 2004)
Cho day so (u,) dudc zdac dinh nhu sau

uy = 3
{ (3 —up)(6+u, 1) =18 Vn € N, (3.5)

no1
Hay tinh > —.

i=0 Uj

1
Bai giai. Dat v, = — (n=0,1,2,---), khi d6 phuong trinh (3.5) c¢6 dang
U,

(3 — i)(6+

Un Up—1

) =18 < 3v, — 6v, 1 — 1 = 0.
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\ . N 1
Giai phuong trinh nay (v6i dieu kién ban dau vy = g) ta tim dudc v, =

1
~ (271 — 1). Khi d6 ta c6

3
Z Zv,_z (21 — 1):%(2””—71—3).

1=0

3.1.2 Xac dinh sé hang téng quat ctia day sd khi cong thic truy
hoi 1a hé biéu thitc tuyén tinh

Bai toan 3.1. Xdc dinh s6 hang tong qudt ciia cac day so (uy,); (v,) thod man

)
uy =a;v1 =0>0

 Upt1 = Py + qu,  (3.6a) (3.6)
Upt1 = TUy + Sv,  (3.60)
\

trong dé a,b,p,q,r, s la cic hang s6 thuoc R.

Bai giai. T phuong trinh (3.6a) trong (3.6) thay n bdi n + 1 va bién doi ta

~

CO

Up+2 = PUp4+1 T qUn+1
= PUp+1 + Q(Tun + SUn)
= PUp41 + qru, + S(un—i—l - pun)'

Suy ra u,o — (p + $)upi1 + (ps — qr)u, = 0.
T (3.6) ta cing c¢6 us = pa + qb. Khi dé ta thu duge phuong trinh

{ Uy = a;us = pa+ qb
Unt2 — (P + 8)uni1 + (ps — qrju, = 0.

Giai phuong trinh nay ta tim dugc u,, thay u, vira tim dugc vao phuong trinh
(3.6a) cua (3.6) ta tim dugc v,.
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Vi du 3.4. T'm u,, v, thoa man

(
u = —1;v; =2

$ Ungr = 2u, — Bu,  (3.7a) (3.7)
| Unt1 = 2u, — 6v, (3.7D)

Bai giai. Trong phuong trinh (3.7a) thay n bdi n 4+ 1 ta dugc phuong trinh

Upyo + 4upiq + 4u, =0, va ta cing ¢6 uy = —1,uy = —18.

Giai phuong trinh nay ta dugc u,, = (— 5n+ ?) (—2)". Thay u,, vira tim dugc
5 3

vao phuong trinh (3.7a) ta duge v, = (— §n+ 5) (—2)". Vay ta tim dugc u,, v,
théa man hé da cho 1a
11
{ u, = (—5n+ ?)(—2)”
5 n
v, = (— §n+ 5)(—2) :

Ta c6 thé tong quat bai toan 3.1 nhu sau

Bai toan 3.2. Tim u,,v, thoa man

)
Uy =a;v1 =0

9 Up4+1 = PUy + qup, + Sp(n) (38)

| Un+1 = TUy + sv, + ¥(n).

trong dé a,b,p,q,r, s la cic hang so thuoc R, p(n),y(n) la cdic ham s6 so cap

cho trudc.

Vi du 3.5. Tim u,, v, thoda man

p
U1:1;U1:1

§ Unt1 = 4uy, — 20, +9n — 3 (3.9)

| Unt1 = Un + v, + 3n
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Bai giai. Ap dung cach lam nhu trong cic bai todn néu tren ta tim duge
Up; U, thod man (3.9) la

{ u, = —2"+2.3"—3n
v, = —2" 4+ 3".

3.1.3 Xac dinh sé hang tdong quat cta day sd khi cong thic truy

hdi c6 dang phan tuyén tinh véi hé s6 hing

Bai toan 3.3. Tim day so (x,) thod man cdc dieu kién sau

Pon 14 Vn € N,
rTy, + S

o= a
3.10
{ Tpy1 = ( )

trong dé a, p, q, r, s la cdc hang so thuoc R.

Bai giai. Gia st u,, v, la mot nghiém ctia hé phuong trinh sai phan

)
ug = a;vy =1
(3.11)

7\

Up+1 = PUp + qUn

\Un—l—l = TUp + SUp,

u .
thi 2, = — thod man (3.10). That vay ta chiing minh bing quy nap nhu sau:

Un
U
2o =— =a, (ding).
Vo
U
Gia st x, = — la nghiém ctia (3.10). Khi dé
Un
U,
pP— T4
_ Upy1  PUup +QqUy Ty, _ px,tq
Un+1 rUy + SU, r—2 4 s rT, + S
Un

ciing 14 nghiém ctia (3.10). Vay khang dinh trén ding véi moi n € N.
Nhu vay phuong trinh sai phan dang phan tuyén tinh (3.10) sé dugc giai bang

cach lap va giai hé phuong trinh (3.11).
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Vi du 3.6. Tim ddy s6 (x,) thod man cdc dieu kién sau

{ Ty — —1
2x, — 3 (3.12)
nal = ,  Vn > 1.
Tntl 3r, —4 "=
Bai giai. Xét hé phuong trinh
(
uy = —1;v9=1

 Upi1 = 2u, — 3v,

| VUn+1 = 3u,, — 4v,,.
Giai hé nay ta dugc

uy, = (—1)"(6n — 1);v, = (—=1)"(6n + 1).
Vay nghiém cta phuong trinh da cho la

v, 6n+1

u, 6n—1
Ty = —

Vi du 3.7. Cho day s6 (x,) thod man cdc dieu kién sau

{ o = 2
2z, + 1 (3.13)
ntl = Vn € N.

Tn41 T 19 n

Tim phﬁn nguyén cla A2010 =1+ T2+ -+ T210-

Bai giai. Trudc hét ta di tim 2, thod man (3.13). Xét hé phuong trinh

p
UOZQ;?)Ozl

\ Upt1 = 2Uy + Uy

\
Giai hé nay ta ducgc

1 1
Up = 5(3n+1 + 1),'Un = —5(1 — 3n+1).
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Vay nghiém ctia phuong trinh (3.13) la

Uy, 3t 41 1+ 2
g_’jn = — Q= — = _—

v, 3ntl—1 3n+l 1
Ta o 2010 9 2010 1
Suy ra

2010
2010 < Aggip < 2010 + 2; o < 2011,

Vay [A] = 2010.

Trén day ta vira xét bai toan xac dinh s6 hang tong quat ctia day s6 khi
cong thic truy hoi 13 biéu thic c6 dang phan tuyén tinh, tuy nhién trén thuc
té nhiéu bai tap danh cho hoc sinh giéi trong chuong trinh toan bac phé thong
ta con gip cac bai toan ma trong dé cong thitc truy hoi ¢ dang phi tuyén. Sau
day 14 mot s6 bai toan 6 dang dé va cach giai.
Bai toan 3.4. Tim z,, thoda man
22 +d

2%,

Ty =a; Tpy = n € N*. (3.14)
Bai giai

1 1\ n—1
Khid=0taco6 x,.1 = §xn va T, = (5) a.
Ta xét truong hop d > 0. Gia st u,, v, la mot nghiém cia hé phuong trinh
sal phan
)

uy =a;v; =1

 Upy1 = ud + dv? (3.15)

\Un—H = 2u,v,

u .
thi 2, = — 13 nghiém ctia phuong trinh (3.14). That vay, ta chiing minh bang
v
quy nap nhu sau:
r=—=a (dang).

. 1
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Gid sit 2, = - 13 nghiém cia (3.14). Khi d6

n

u
n
2 dv2 ) +d 2 d
. 1_u,hLl_un—l— v, v Tyt
n+1 — — — U —
Un+1 2, vp o 2z,
Un

cing la nghiém cua (3.14).
Vay dé giai phuong trinh (3.14) ta can giai he (3.15). Ta c6

4
up =a,v; =1

 Upp1 = u? + dv? (3.16a)
Vv, 1 = 2V du,v, (3.16b).

\

(3.16)

Cong vé v6i vé cta phuong trinh (3.16a) va phuong trinh (3.16b) trong he

(3.16), ta thu dugc
Upi1 + \/EUTH_l = (u, + \/Evn)Q.

Do do
Uni1 + Vv 1 = (uy + V) = (a+ Vd)? .

Tuong ty trit vé véi vé clia phuong trinh (3.16a) va phuong trinh (3.16b) trong

hé (3.16), ta cing thu dugc
Up+1 — \/Evnﬂ = (u1 — \/avl)Zn = (CL — \/E)zn

Khi do ta co ]
{ w1 = 5[+ VD + (a— V)]

1 9 0 on
Uny1 = 2—\/3[(6““/3) (a—Va)"].

u
Do x, = —, nén tit (3.17) ta c6

Vi[(a+ VAP + (o= V"]
(a+ VD" —(a— ViR

Thit lai bang quy nap ta thay két qua tim duge thod man (3.14).
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Xét truong hop d < 0. Dat d = —q, (¢ > 0). Gid su uy,, v, 14 mot nghiém
cua hé phuong trinh sai phan
(
w =a;v; =1

§ Upi1 = u — qu? (3.18)

\Un—i—l = 2u,vy,

u 2
thi 7, = — 1 nghiém ctia phuong trinh (3.14). Tuong tu nhu trén ta c6 thé
Uy,

chiing minh diéu nay bang phuong phap quy nap toan hoc.
Vay dé giai phuong trinh (3.14) ta di giai he (3.18). Ta c6

)
u =a,v; =1

 Upp1 = u — qu? (3.19)
\z’\/ﬁvnﬂ = 21\/qupvp.

D61 v6i he (3.19) ap dung cach lam tuong tu nhu véi he (3.16) ta thu dugc

{ Upy1 = % [(a+ i)™ + (a —iy/q)*"]

Uni1 = 5 \[ ——[(a+1iy/Q)* — (a —iy/q)*"].

un ~ N\ ~ ~ yd
Do z,, = —, nén tu hé trén ta co
n

_ivalative” "+ a—ivp™]
(a+ Z'\/§)2n_1 — (a — z'\/§)2n_1

Thit lai bang quy nap ta thiy két qua tim dugc thod man (3.14).

n

Bai toan 3.5. Tim z,, thoa man

21,
1+ da?’

T1 =0, Tpe1= n € N, (3.20)

Bai giai.

Khi d =0 ta ¢6 2,41 = 22, va x, = 2" la.
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Ta xét truong hop d > 0. Gia st u,, v, la mot nghiém cia hé phuong trinh
sai phan
)

uy = l;v1 =a

 Upyp1 = ud + dv? (3.21)

\Un—i—l = 2u,v,

thi 2, = " 11 nghiem ctia phuong trinh (3.20) (tuong tu bai toan (3.4) ta

¢6 thé chitng minh diéu nay bang phuong phap quy nap). Vay dé giai phuong
trinh (3.20) ta can giai he (3.21). Ta c6

(
u =1,v1 =a

 Upi1 = uZ + do? (3.22)

\/Evnﬂ = Qﬂunvn.

D61 v6i he (3.22) ap dung cach lam tuong ti nhu hé (3.16) ta thu dugc

\

{ tni1 = (L+avd)™ + (1 - avd)”
Vo1 = VA[(1 +aVd)* — (1 - aVd)?"].

un o~ hY ~ yd
Do z,, = —, nén tu trén ta co
n

(1+avd)?" ™ + (1 —ava)? ™
\/&[(1 n a\/a)2n—1 _ (1 _ a\/a)fl_l] .

Thit lai bang quy nap ta thiy két qua nhan dugc thoa man (3.20).

n

Xét truong hop d < 0. Dat d = —q, (¢ > 0). Gia sit u,, v, la nghiém cua hé
phuong trinh sai phan

u = l;v1 =a

2 2
§ Unt1 = U, — qU;,

| Vnt1 = 2U,V,
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thi z, = 9 1a nghiém ctia phuong trinh (3.20). Ap dung cach lam tuong ti
Un
nhu bai toan (3.4) (véi trudng hgp d<0) ta thu dugc
[(1+ aiy@)? ™ + (1 —aiyg)? ]
xn = . . n— . n— °
i/ |(1+ ai/q)? - ain/q)? 1}

Thit lai bang quy nap két qua nay théa man (3.20).

3.2 Tuyén tinh hoa phuong trinh sai phan

Mot s6 bai toan sai phan khong tuyén tinh ta bién doi dé dua vé phuong
trinh sai phan tuyén tinh goi 14 tuyén tinh hoa. Diéu nay lam ting hiéu qua
ting dung cua phuong trinh sai phan.

Gia st day s6 (u,) thod man diéu kién

{U1:a1§u2:@2;"';uk:@k

Up = @(Up_1,Up_2," -+, Up_k) V6in; k € N*;n > k,

trong dé ¢ 1a mot da thic dai s6 bac m, 14 phan thic, hoac 1a biéu thic sicu
viet hodc ¢ c6 dang khong tuyén tinh doéi véi cac bién wu,_1, u,_2, * -, Up_.

O day ching ta dé cap t6i hai van dé nhu sau:

- Nhitng 16p ham s6 nao cé thé tu tuyén tinh hoa dugc? Nghia 1a ton tai

cac gia tri xy, xo, - - -, 1) dé

Uy = T1Up—1 + TolUp_o + * * + + TplUp_k. (3.23)

- Néu ham ¢ ty tuyén tinh hoa dugc thi cich tim biéu thic tuyén tinh né
duge mo6 ta nhu thé ndo?
Truéc tien ta khdo sat van dé thid hai
Dé tim @1, 29, - - -, T, ta xac dinh wg, 1, Uppo, -+ -, Ugp, tit cong thite lip da cho

ta co
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”

U1 = @(ag; g1; -+ - ;005 01) = Qg
Up42 = 90(0%+1; (07 TR O % 042) = f42
\u% = 90(04%—1; Qof—2;° 5 041, Oék) = 02k-
Thay cac gia tri uq, uo, - - -, up va cac gia tri upiq, Urio, - - -, Ugp vVUa tim dudc

vao (3.23), ta dugc hé phuong trinh tuyén tinh géom & phuong trinh véi k an

L1, X," ", Tk

Up41 = 10 + To0p—1 + -+ - + Ty

U2 = T1Qky1 + To0p + - - - + TpQo

\U2k = T109_1 + ToQop_o + -+ + + TpQ.

Giai hé phuong trinh nay ta thu dugc xy, x9, - - -, g, sau d6 thay vao (3.23) ta

ducc bieu dién tuyén tinh can tim.
Up = Sp(un—la Up—2, un—k) = X1Up—1 + ToUp—2 + + + + + TpUp_f.

Cudi cung kiém nghiém coéng thiic vira tim dudc bang phuong phap quy nap
toan hoc. Chu § rang, néu hé phuong trinh tuyén tinh trén vo nghiém thi ham

¢ khong thé tuyén tinh hoa dugc.
Bai toan 3.6. Cho day so (u,) thod man dieu kién

Uup g + 2

Up—2

up =ug = lyu, = ,Vn > 3. (3.24)
Hay néu cach tuyén tinh hod. Ching minh rang u, € Z,¥n € N*.
Bai giai. Gia st u, c6 biéu dién tuyén tinh la

Uy = A1Up—1 + A2Uy—2 + b.
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Ta c6 us = 3;ug = 11;us = 41. Thay uz = 3;ug = 11; us = 41 vao biéu dién
tuyén tinh trén, ta thu dugc hé phuong trinh

4 4 4
ajus + asu; + b = us a1 +as+b=3 a; =4
Sajuz +asus +b=us <= <3a1+a+b=11 = a = —1
ajug + asus + b = us 11a; + 3as +b =41 b=0
\ \ \

Vay ta ¢c6  u, = 4up_1 — Up_o.
Bay gio ta sé ching minh bing quy nap rang day s6 (u,) thod man (3.24) c6

bieu dién tuyén tinh la
Uy = uy = 1;uy, = 4,1 — Up_o, V0 > 3. (3.25)

That vay, ta c6 ug = 3 = 4.1 — 1 = 4.uy — uy, suy ra (3.25) ding véi n = 3.
Gia st (3.25) ding v6i n = k tic 1a ta ¢6 up = dug_1 — up_o (k > 3). Ta phai
ching minh (3.25) ding v6i n =k + 1. Ta ¢

up +2 (dupoy — up—2)* +2

Uk—1 Uk—1
16u; | — 8up_ U9+ ui o+ 2

Ug—1
2 2
15uy | —4up_qup—o +uj_; — 4up_1Up—2 + Up—1Uk—3

Uk41 =

Uk—1
2
15uy | —4up_jup—o + uk_l(uk_l —4dup_o + uk_g)

Uk—1
2
15uy | — 4up_qup—2

Uk—1
= 15up—1 — dup—o = 4(dup—1 — up—2) — up—1

= 4dup — up—
Vay (3.25) dang t6i n = k + 1. Theo nguyén ly quy nap ta c6 diéu phai ching
minh.
R6 rang tur (3.25) ta cé ngay u, € Z,Vn € N,

Bai toan 3.7. Tuyén tinh hod day so (u,) thod man dieu kién

Ul = Q5 Upy1 = Ay, + /U2 + ¢ vdi az—bzl;a>0;a>1.
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Bai giai.

Up1 = AUy + A/ bU2 + ¢ & Uy — au, = /bu2 + ¢

= (Up 1 — auy)? = bu’ +c
= ur,q + (a® — b)ul = 2au,uy, 1 + ¢
= Ui+1 +u? = 2au, 1u, + ¢

= u +ul | = 20Uy, 1+ c.

Trit ting vé hai ding thic cudi ta co

2 2 _
Uy — Wiy = 24U (Upg1 — Up_1).

Mat khac do u,, 11 — u,—1 > 0 nén ta c6 v, — 2au, + u,—1 = 0. Khi dé bai
toan da dudc tuyén tinh hoa.
Tré lai van dé thi nhat, sau day ta sé néu lén mot vai 16p ham c6 thé tu tuyén

tinh hoa dugc.

Bai toan 3.8. Tuyén tinh hod day so (u,) thod man dieu kién

u .
Ul = QG Upy] = - véi > —b=1,a>0;a> 1.
a++/u?+b
Bai giai. Ta ¢6
Uy, 1 a b
Up+1 = A = —+4/1+ —-
a+\Ju:+b  Uny1 Uy Uy,

1 . .
Dat v,, = —. Khi d6 ta viet phuong trinh trén dudi dang
Uy,

1
V] = —Upg1 = av, +/bV2 +1 véi az—bzl;oz>0;a>1.
o'

Day chinh 13 phuong trinh sai phan ma ta da tuyén tinh hoa trong bai toan
(3.7).
Bai toan 3.9. Tuyén tinh hod day so (u,) thod man dieu kién

2
U, +a

U = Q;Us = B3 Upsq = vt a, B,a € R.
n—1
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Bai giai.Ta c6

u? +a )
= Upp1lp—1 = U, + G

Up+1 =
n—1

= UpUp_2 = ui_l + a.
Trit vé v6i vé ciia hai dang thitc trén ta dugc

2

2
Up+1Up—1 — Uplp—2 = Uy — Uy_q

Up . Up—1

2 2
Upt1Upn—1 + Upy_1 = Uy + Uplp—2 < = ,
Up+1 1 Up—1 Uy + Up—2

U, _ Un—1 L U2 _ O‘B — K
Up+1 T Up—1 Up, + Up—2 uz + ug a? + 52 +a '
Do d6 ta c6 u, = k(ups1 + 1), hay 1a
{ Uy = a;up = 3
kupiq — up + kuy,q = 0.
Vay bai toan da dugc tuyén tinh hoa xong.
Bai toan 3.10. Tim u,, khi biét u; = a;us = B(a, 3 € R) va
2 2 .
Uy — us + 2buy, — buy_1 + C,n > 9.
b+ uy_q
Bai giai.Ta thay
2 2
uz + 2bu, — buy, 1+ ¢ (up +b)° + ¢
Upi1 = S Uyl + b= .
n+1 b+ Uy 1 n+1 Uyl + b

Dit u, + b = v, khi d6 c6 thé viét lai phuong trinh trén dusi dang

V2 + ¢
Un+1 — .
Un—1

Day chinh 13 phuong trinh sai phan ma ta da tuyén tinh hoa trong bai toan
(3.9).
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3.3 Ung dung ctia phuong trinh sai phan tuyén tinh vao

mot so bai toan mang tinh chat so6 hoc

T viec tim dugc sb hang tong quat clia mot day sé ta c6 thé gidi quyét
dudce cac bai toan lién quan gitta day s6 va s6 hoc nhu: Day s6 va tinh chia
hét, day s6 va tinh chinh phuong ....Cac dang bai tap trén rat phong phi va
da dang, trong khuon kho noi dung ciia luan vin chi néu ra mot s6 vi du dé
thay dugc tng dung rong rai ctia phuong trinh sai phan trong linh vuyc toan
pho thong.

Vi du 3.8. (Bai 7/385 Tap chi Todn hoc va tudi tré thang 7, 2009).
Cho day so (u,) zdc dinh bdi

Uy = 18uUp_1 — Up—s VN >2,n € N.

2
uy, — 1

Chatng minh rang la 50 chinh phuong vdi moi s6 tu nhién n.

Bai giai. Ta di tim u,, théa man phuong trinh (3.26). Phuong trinh (3.26) 1a
phuong trinh sai phan tuyén tinh cap hai thuan nhat. Giai phuong trinh nay
ta tim dugc

|

Un:_

Sl + V80)" L 4 (9 — V/80)" .
Do [<9 T \/@)n—i—l T (9 _ \/@)n+1]2 — [(9 + \/%)nﬂ _ (9 _ \/%)n+1]2 14

Cui-1 1 [(9 +4/80)" ! — (9 — /80)" 112
nén ——— = — .
5) 5) 2
Ap dung khai trién nhi thic Newton ta cé: (9 & +/80)""! = M + N+/5, véi
2
Z - 1
M, N la cac so nguyén duong. Tt do6 suy ra u”5 = N2
Vi du 3.9. Cho day s6 (u,) dudc zdc dinh nhu sau
— 0w =1
{ to= (3.27)
Upi1l = 2Up — Up1+1 VN > 2.

Chaing manh rang M = 4u,u,o + 1 la 56 chinh phuong.
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Bai giai. Trong phuong trinh (3.27) thay n bdi n — 1 ta dugc
Uy = 2Up—1 — Up—o + 1.
Trit cac vé tuong ting clia hai phuong trinh trén ta c6
Upt+1 — Up = 2Up — 3Up—1 + Up—2,

hay

Upt1 — Uy + 3Up—1 — Up—o = 0.
Day 14 phuong trinh sai phan tuyén tinh cip ba thuan nhat, giadi phuong trinh
n(n+1)

2
Do d6 M = 4u,ty0o+1=nn+1)(n+2)(n+3)+1=(n?>+3n+1)=%

nay ta tim dugc nghiém wu,, =

Vidu 3.10. ( Bai 8, dé thi dé nghi cia truong THPT Luong Van Chdnh, Phi
Yen - Tuyén tap dé thi Olympic 30 — 4 nam 2001 ).
Cho déy so (u,) dudc zdac dinh nhu sau

{ mel Up (3.28)

Upt1 = Vn € N*.
o 2+ /3 +u
2

S u ? .2 .x z ? AL
Chitng minh rang —~ — 2 co the biéu dien thanh tong binh phuong cia ba so
Uay,

nguyén lién tiép.

Bai giai. Truéc hét ta di tim cong thitc tong quat ctia u,. Ta nhan thiy day
s6 da cho 1a mot truong hgp cu thé clia bai toan (3.8). Ap dung cach lam tdng
quat ta c6 thé viét lai (3.28) thanh dang

1
Upt1 = 20, + /302 + 1,v6i v, = —
n

Ap dung két qua ctia bai toan (3.8) suy ra v, 1 — 4v, + v,_1 = 0. Gidi phuong

trinh nay ta thu dugc Un\/_: 2—\1/3 [(2+ V3 — (2 — \/§)n]
2v3
Va2
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Ta thay luon ton tai k € N* sao cho (2 +v/3)" — (2 — V3)" = V3k.

Do vay
2

2= 24 V3)"+ (2 V3 -2

Uap,
=2+ V3)" = 2=V +2
=3 +2=(k+ 1>+ K+ (k- 1>~
Vi du 3.11. ( Bai 1, dé thi dé nghi cia truong THPT Hoang Lé Kha, Tay
Ninh - Tuyén tap dé thi Olympic 30 — 4 nam 2001).
Cho day so (u,) dudc zdac dinh nhu sau

{UO:O,U1:1

(3.29)
Upio = 2Upi1 + Uy, VN € N,

Chatng minh rang u, : 28 < n i 2% (k € Z).

Bai giai. Ta thay phuong trinh (3.29) 14 phuong trinh sai phan tuyén tinh
cap hai thuan nhat, giadi phuong trinh nay ta dugc

1 n n
un:2—\/§[(1+\/§) —(1-+v2)"],¥n € N.

Dung khai trién nhi thitc Newton ta c6

Uy = 2\;[% ZCZ : }

n—1 n—1
2

1 2 , : S
- .9 § 022+1 \/5 2i+1 — § 027,4—122'
2v/2 P n (VD) "

i=0
Goi m 1a s6 mil cao nhat ctia 2 trong phan tich n thanh tich cac liy thia
nguyén t6. Ta c6 n = 2™p vdéi p 18.
Vi (2i + 1)C*H = nC2 | 2™ nen C2F1 1 2m Yy,
2i-+1
Dé_vit Vy =

thi vy = p. Vay

22’"1}22’—2’"1} —|—2m2v22’—2m p+Zvl Ms, voi s lé.

Do vay u, i 28 < 275 1 2F o 2m 1 28 o 1 2R,
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Vi du 3.12. Cho day s6 (u,) dudc zdc dinh nhu sau

{ U =2 (3.30)

Up = 3Up_1 + 20 —IN>+9In—-3 Vn>2,n€N.

p—1
Ching minh ring vdi moi s6 nguyén to p, thi 2010 > u; chia hét cho p.

i=1
Bai giai. Ta thay (3.30) la phuong trinh sai phan tuyén tinh cip mot véi he
s6 hang s6, giadi phuong trinh nay ta tim dugc

Up=3"—n> Yn=1,2,---.

p—1
- Véi p = 2 thi 2010 Y u; = 2010.2 : 2.
i=1

- V6i p la s6 nguyén t6 18 thi ta c6

p—1 p—1
Y=Y 3 - =B+ 3 [P+ 24+ (p 1),
1=1 1=1
1 7]
Tacd 12422+ 4 (p—1)° = 5 X[ + (0 — 1))
i=1

Mit khac 2 + (p —1)? = p* — 3p*i + 3pi® i p

1 , )
Ta cling ¢c6 3+ 3%+ --- + 371 = 5(3?9 —3), vi p la s0 nguyén t6 nén theo dinh
Iy Fermat nho ta c6 37 — 3 : p.

Suy ra {(3P —3) +i§[z‘3 + (p — z’)3]} L D,

1 1 p—1 p—1
hay 2{5(31’ —3)+ 5 S[EB+ (p— 2)3]} tp. Vay 2> u; i p.
i=1 i=1
p—1
Suy ra 2010 > u; i p.
i=1
Z Z p_l
Vay v6i moi s6 nguyeén t0 p thi 2010 > u;  p.
i=1

S6 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



65
3.4 Ung dung ctia phuong trinh sai phan tuyén tinh vao

giai cac phuong trinh ham

Ta da biét moéi ham s6 f : N — R dugc tuong ting v6i mot day s6 (uy,) v6i
s6 hang tong quat u, = f(n), vi vay nhiéu bai toan xac dinh ham s6 trén tap
N dugc dua vé bai toan xac dinh s6 hang tong quat ciia day s6. Trong noi dung
nay ta sé néu ra mot s6 vi du giadi phuong trinh hdm bang cach dua phuong
trinh ham veé phuong trinh sai phan.

Vi du 3.13. Xdc dinh ham s6 f: N — R théa man dieu kién
f0)=1f(1) =2 f(n+ 1) f*(n—1) = f*(n),Vn € N". (3.31)
Bai giai. Gia st ton tai ham s6 f(n) théa man yéu cau dé bai. Bang phuong

phép quy nap ta ching minh duge f(n) > 0 v6i moi n € N. Logarit héa hai
vé ctia (3.31) theo co s6 e ta duge In f(0) = 0,In f(1) =In2 va

Inf(n+1)+2Inf(n—1)=3Inf(n),vn € N*

Dit u, = In f(n), (Vn € N) ta dugc phuong trinh sai phan tuyén tinh cap hai

thuan nhat
ug = 0;u; = In2;up19 — 3upyy + 2u, =0, (n € N).

Giai phuong trinh nay ta tim dugc u, = (2" — 1)In2 = In 2% 1. T d6 ta tim
dugc f(n) =221,

Thit lai ta thay ham s6 nay thoéa man yéu cau deé bai. Vay ham s6 can tim 1a
f(n) =271 (neN).

Vi du 3.14. Xdc dinh ham so f : N* — R dudc cho bdi phuong trinh
9
f(1) = g;f(n+1) =nf(n)+nn!,Vn e N (3.32)
Bai giai. Gia st ton tai ham s6 f(n) thoa man yéu cau dé bai. Ta c6 nghiem
tong quat ctia phuong trinh f(n+ 1) —nf(n) =0 la:
fn)=C-1-2---(n=1)=C(n— 1)
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Ta tim nghiém riéng cua phuong trinh da cho dudi dang
f*(n) = Cp(n — 1)!. Thay vao phuong trinh (3.32) ta dugc
Coomn!=Cnl+nnl < C, —C,=n,VYn € N.

n(n—1) o1
ML) ) = A — D0 - 1)),

Vay nghiém tong quét ctia phuong trinh da cho la

Tu day ta tim duge C,, =

1
f(n)=C(n—1)+ §n(n — 1)((n—=1)!).

» 9 9 _ 9 1 .,
Véi f(1) = 3 ta duge C' = g.Vay f(n) = g(n— I+ §n(n— 1)((n—1)!). Thu
lai ta thay ham s6 f(n) théa man yéu cau dé bai nén dé6 14 ham sb can tim.
Vi du 3.15. Cho ham s6 f : N* — R théa man cdc diéu kién

f()=1f2)=0;f(n+1)—=2f(n)+ f(n—1)=n+1,Yn € N*,

Ching minh rang (6f(n) — 24) la boi ciia n.
Bai giai. Diat f(n) = u, ta dugc bai toan gia tri ban dau
uy = l;us = 0;upyy — 2up + Uy =n+ 1.
Day 13 phuong trinh sai phan tuyén tinh cap 2 khong thuan nhat . Giai phuong
~ 1 1
trinh nay ta thu dugc u, = A+ Bn;u; = n2(8n + 5) Do dé
,1 1
up, = A+ Bn+n(=n+ =),
6 2

va, véi cac dieu kién ban dau u; = 1;us = 0 ta dudc nghiém ctia bai toan gia

tri ban dau 13

11 n® n?
=fn)=4— —n+ 4
Suy ra 6f(n) — 24 = n + 3n? — 22n 1a boi cia n.

Vi du 3.16. Tim tat cd cic ham s6 f : N — N théa man dieu kién

(1) = 15 2f(n)f(k+n) —2f(k = n) = 3f(n)f(k), k = n; k,n € N.
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Bai giai. Cho k = n = 0 ta dugc f2(0) = —2f(0). Suy ra f(0) = 0 hoic
£(0) = —2.
- Néu f(0) = 0, chon n = 0 thay vao phuong trinh ham trén ta dugef (k) = 0
v6i Vk € N. Diéu nay 1a vo 1y vi theo gia thiét f(1) = 1. Vay f(0) = —2.

- Véi f(0) = —2 chon n = 1 ta dugc phuong trinh
2f(k+1) —3f(k) — 2f(k—1) =0,k € N".
Dt up = f(k), ta duge phuong trinh sai phan tuyén tinh cap hai thuan nhat

ug = —2;u1 = 1; 2upq — 3up — 2up_q = 0, k € N¥.

Giai phuong trinh nay ta dudc ux = —2( — i)k
Iin
Vay f(n) = 2(~ )"

Vi du 3.17. Xdc dinh ham s6 f : N — R thoa man phuong trinh ham
f(0)=2;f(n+1)=3f(n)++/8f*(n)+1,Vn € N. (3.33)

Bai giai. Gia st ton tai ham s6 f(n) théa man yéu cau dé bai. T gia thiét
ta co f(n+1)—3f(n)=+/8f%2(n)+1 (> 1,vn € N) nén (3.33) tuong duong

véi
(f(n+1)=3f(n))>=8f*(n)+1 = f*(n+1)+f*(n) = 6f(n)f(n+1)+1. (3.34)
Trong (3.34) thay n bdi n — 1 ta dugc
£2(n)+ f2(n—1) =6f(n—1)f(n) + 1. (3.35)
Trit timg vé ciia (3.34) va (3.35) ta dugc
fPn+1) = fAn—1)=6f(n)(f(n+1)— f(n—1)). (3.36)

Tu gid thiét dung quy nap ta con ching minh duge f(n) > 0 v6i moi n. Hon

ntta ta con cod

f(n+1)>3f(n)=9f(n—1)+3/8f2(n—1)+1> f(n—1)
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= f(n+1)— f(n—1) > 0. Khi d6 (3.36) ¢6 dang
f(n+ 1)+ f(n—1)=6f(n).
Vay ta dugc phuong trinh sai phan tuyén tinh
FOO) =2 f(1) =6+ V33; f(n+2) —6f(n+1)+ f(n) =0,Vn € N.
Giai phuong trinh nay ta dugc

(8 +1/66)(3 +/38)" L (8- V66)(3 — V8)"

f(n) = - -

Thit lai ta thdy ham s6 nay théa man dé bai nén d6 14 ham s6 can tim.
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Két luan

Trong luan van Phép tinh sai phan va ing dung tac gia da tim hiéu, nghién

ctu, hé thong mot s6 van dé nhu sau:

1. Cac van dé co ban vé sai phan va phuong trinh sai phan tuyén tinh.

2. Trinh bay mot cach c¢6 hé théng vé phuong trinh sai phan tuyén tinh cap
mot va cap hai, dé cap dén mot vai phuong phap tim nghiém riéng cia
phuong trinh sai phan tuyén tinh cAp mot va cap hai c6 thé ap dung dé
giang day cho hoc sinh bac pho thong.

3. M& rong phuong phap hé sé bat dinh dé tim nghiém riéng ctia phuong
trinh sai phan tuyén tinh cAp mot va cap hai khi vé phai c6 dang f(n) =
" [Py (n) cosnf + @Qi(m) sinng].

4. Mé rong bai toan xac dinh s6 hang tong quat cta day s6(u,); (v,) thoa
man

(

uy =a;v; =0

9 Up 11 = PUy + qU, + gp(n)

| Ont1 = Ty + sv, + ¥(n).

trong d6 a, b, p, ¢, 7, s 1 cac hang s6 thudc R, ¢(n), ¥ (n) 1a cac ham sb so

cap cho trudc.

5. Xét mot s6 ting dung ctia phuong trinh sai phan tuyén tinh trong viéc
giai toan chuong trinh THPT.

S6 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



70

Tai liéu tham khao

|1] Nguyén Vian Mau (Cht bién) (2008),Chuyén dé chon loc day s6 va dp

dung, Nha xuat ban Gido duc.

2] Nguyén Van Mau, Nguyén Van Tién (2009), Mot so chuyén dé gidi tich
boi dudng hoc sinh gioi trung hoc pho thong, Nha xuat ban Gido duc.

[3] Nguyén Van Mau, Chuyén dé: Cdc phép tinh trén day so (Tai lieu boi
dudng truong he 2003).

|4] Nguyén Van Mau (Chi bién) (2009), Bién phic dinh Iy va ap dung, Truong
Dai hoc Khoa hoc T nhién - Dai hoc Qubc gia Ha noi.

[5] Lé Dinh Thinh (Cht bien) (2001), Phuong trinh sai phan va moét so ing

dung, Nha xuat ban Gido duc.
6] Tap chi Todn hoc va Tuoi tré, S6 389 ( thang 11, 2009, tr. 21)

7] S6 giao duc va dao tao TP. H5 Chi Minh (1999) , Tuyén tap dé thi Olympic
30 thdang 4 - lan thet V, Nha xuat ban Gido duc, tr 238 - 240.

8] S& gido duc va dao tao TP. Ho Chi Minh (2001), Tuyén tap dé thi Olympic
30 thdng 4 - lan that VII, Nha xuat ban Gido duc, tr. 211 - 212, 222.

S6 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



