Ij’ng dung ctia mét bat dang thic dao ham

Ngay 10 thang 6 nam 2013

Tém tat nodi dung

Mot sd kién thiic co s6

Bai toan mé dau

Mot s6 vi du dién hinh

Mot s6 bai tap ap dung

Cac tai lieu tham khéo

1 Nhac lai vé dinh 1y Lagrange

Cho f(x) 1a ham lién tuc trén [a,b] va khé& vi ( ¢6 dao ham ) trén (a, b) khi d6 ton
tai mot diém c thuoc (a, b) sao cho

f(0) — f(a)

R

Chting minh dinh 1y nay c6 thé tim trong [1] hodc mot s6 tai lieu khac trén mang.
Dinh 1y Lagrange 1a mot dinh 1y ¢6 nhiéu tng dung trong giai tich, c6 thé néi day
1a dinh 1y dep nhat trong céc dinh 1y vé gia tri trung binh cia giai tich.

1.1 Bai toaAn md dau

Cho ham s6 f(z) c6 dao ham cap hai trén R hon nita f(x) > 0, Va € R ( nghiegm
ciia dao ham cap hai f(z) = 0 1a httu han dém dugc ). Ching minh rang:

f(n) — £(0) < Z fl6) < f(n+1) = f(1), YneN" (%)

Day 14 mot bat dang thitc rat dep mat va "manh”. Chting minh bat dang thiic
nay bang cach st dung dinh 1y gia tri trung binh ( dinh 1y Lagrange).
Chiing Minh



Vi f”(xz) >0, Vz€R (nghiém clia dao ham cap hai f” () = 0 1a hitu han dém
duge ) nén f'(z) dong bién tren R.
Theo dinh 1y Lagrange ton tai mot so6 thuc x; € (i;4 + 1) sao cho :
ffx)=f+1)—fi), VieR
Vi f’(z) dong bién trén R nén ta c6
f1@) < fila) < fii+1)
— f;(z') < fi +n1) —f(t) < fi(i+1), VieR

— Zf’(i) < Z[f(H )= f@)]=fln+1)-f(1) vnelN

va
> 1) Z fi —1)] = f(n) = f(0)
i=1
Nhan xét: Néu f” () <0, € R thi bat dang thitc trén ddi chiéu titc 13
fint+1) = f1) < ) f'(0) < f(n) = £(0), VneN
i=1

Toan bo chi dé nay chiing ta sé néi ve tng dung ctia bat dang thic trén. Trudce

S ~ ~ -« 2 e s
hét ta sé tim hiéu qua cac vi du sau

Vi du 1| Chiing minh rang

"1
2Vn+1-2<) —<2Vn
= VE

Loi Gia
Ta xét ham f(z) = 2y/x thi ro rang f'(z) = = >0va f"(x) < 0 nén theo bat dang
thitc () ta co

n

fln+1) = f(1) <Y < f(n) = f(0)

1=1

1
= 2/nt+l1-2<) —<2Vn
=V

Bai toan trén ciing c6 thé giai bang bat ding thic AM-GM. Téng quat bai toan nay



ta c6 dude vi du sau:

Vi du 2| Ching minh rang
p(Vn+1—-1)<

<p¥n peN,;p>2

1 1 1
+ + ...+
V1 o1 /np-1

Loi Giai
Ta chiing minh vé tréi ctia bat dang thic

Tu bat ding thic AM-GM ta c6
n+1+(p—n>pynt~(n+1)

< pn+1>pyYnr-tn+1)
= 1>pVnP Y (¥Yn+1—9n)

= = >p(Vn+1-yn)

= p(Vn+1-1) < gz + g + o+ 5o

Tuong tu ta ching minh cho vé phai clia bat dang thic
n—1+(p—1n>pg/(n—1)nr1

—pn—-—1> p{’/m

(¢ — i)

L_ < pv/n

Bay gio ta sé chiing minh bing cach sit dung bat dang thic (x)
Ta xét f(z) = p¥/x, ta cd f'(x) = ﬁvaf”()<0.\/aytfidétacé

p(Vn+1-1)< <p\/_p€Np>2

1 1
+ + ..
\’VT /9op—1 A /



Bai toan dugc gidi mot cach nhanh chéng va dep mat

Vi du 3| Chitng minh bat dang thic

"1
1+1nn>zﬁ>ln(n+1), ¥n € N*

Giai

1

Ta tim ham nguyen ham cta f'(z) = , mot nguyén ham ctia ham nay la [+ =

Inn ( 14y hiang s6 C =0 )

Ro rang ham s0 f(z) = Inn la ham dong bién vi f/(z) =2 >0, Vne N

Ap dung bat déng thic tren ta duge

f) = f)+ Q) >3 f'(@) > f(n+1) = f(1), YVneN

— 1+ln>Y"L>In(n+1), VhnelN

Tu bat déng thic trén ta 4p dung vao bai toan ban dau:

Chii y: Mau chét ciia viec 4p dung bat dang thiic dang (*) vao chitng minh céc
bat dang thiic khac 1a tim duge ham f(z)

Vidu 4| Tim gi6i han cta

lim — E cos —
n—oo M

Giai
Ap dung nguyen 1y “kep”
Xét ham s6 f(z) = £sin2 = f'(z) =cosZX. Vay suy ra f'(z) > 0, x € [—n,n]
hay nghia 1a ham f’(x) dong bién trén [—n, n]
Ap dung bt déng thitc (*) suy ra f(n) — £(0) < S0, f'(i) < f(n+1) — £(1)
Vay ta co

TT T
—cos <E cos—<——sm—
2n

1 s
— —cos—< cos—<———sm—
n 2n

Vi lim (z CcoS x—ﬂ) = lim (g — 1sinl) = 2

x—00 \ TT n z—00 \ T n 2n T



Theo nguyeén ly “’kep” suy ra giéi han can tim 13 %

Céach 2: Ap dung dinh nghia vé tich phan xac dinh ( téng tich phan Riemann)

Ta chia doan [0;1] thanh n doan con bang nhau béi n + 1 diém chia 0 = zy <

T, < ... <z, =1.Mbi doan con c¢6 do dai la Az; =+

Trén moi doan con |24 2;,1] ta lay diem & = % Lap tong tich phan

1 2
oi(T.§) =— cos% +cos% + .. —|—COSZ—Z]

1
N e e R X

Cho n — oo thi gia tri giéi han bang gia tri ctia tich phan / coS de

0

Tich phan trén dé dang tich dugc va ta tim dudce két qua 1a fo cos 5rdx =

2 Mot s6 bai tap ap dung

2.1 Tinh giéi han ctia cac biéu thiic sau

JL%(\[ \[ \/m \/@

( 7r 27 (n—1)m >
lim — [ sin—+sin—+... +sin———
T—00 M, n n n

l L+ cos = + cos 2% 4 ... + cos "= LT
1im — COS — COS — COS ————
z—00 2N 2n 2n 2n

- n(ds g+t 7)
1to0 1T+ V2+ .. +n

2.2 Chitng minh bat ding thic

%n\/ﬁ<ﬁ+\/§+...+\/ﬁ

S +1>3<3(+1)2 1)
— — —— - n —
Vi V2 In = 2

1
4498 < < 4500

ffV_




2.3 Tim phan nguyén ciia biéu thiic sau

1 1 1 1
+

A= —+—+ +...+—
Vi 5 V6 /216

2.4 Chiing minh rang

nle"” < (n+1)"" V¥n>1 ( séng tac)

nd  4n? 23 n 0 . .
Z+7—|—3n—§—|—3>m+ v (n)?2 4+ {/(n!)? ( sang tac)
n

Chting minh réang Vn € N* ta luon co:

AN T

Tai liéu tham khao chinh
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Bai viét duge viét v6i mot tinh than va trach nhiém cao tuy nhién khé c6 thé
tranh khoi nhitng thiéu x6t do trinh do con nhiéu han ché, tac giad mong nhan dudc
st nhan xét clia moi ngudi vé bai viét dé bai viét dude hoan thien thém.
Cubi cung xin cam on thay gido Hoang Minh Quan ( THPT Ngoc Tao-Ha Noi)

da doc ban thio va cho nhiéu ¥ kién xac dang.

Neudi thue hien

Tran Van Lam
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