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MG dau

Su phat trién ctia sé hoc, dic biét trong nhitng nim gan day, chiu anh
hudng rat 16n clia sy tuong tu gitta s6 nguyén va da thic. Gitta s6 hoc va
da thtic c6 su tuong tu rat 16n nén dé nghién citu cac tinh chat nao dé cua
s6 nguyén ngudi ta thit phat biéu tinh chat nay trén vanh da thic. Chang
han dinh 1y Fermat cho da thic dugc chiing minh rat don gidn dua vao dinh
ly Mason. Tu dinh Iy Mason cho da thtc ta c6 gid thuyét abc cho cac s6

nguyén, ma dinh 1y cudi cling ctia Fermat chi 1a hé qua ctia gid thuyét nay.

Muc dich chinh ctia luan vin 1a tim hiéu su tuong tu giita s6 nguyén va
da thtc trén truong s6 phic. Cu thé tng dung dinh 1y Mason trong nghién
cttu da thiic, tim toi nhitng tuong tu sé hoc ctia dinh 1y Mason va cac hé qua
ctia n6. Ung dung su tuong tu d6 dé xuit mot sé bai tap vé da thic va sb

hoc tuong tng. Dong thoi tim hiéu sy mé rong cia dinh 1y Mason.
No6i dung luan vin gom 3 chuong:

Chuong 1: Trinh bay dinh Iy Mason va mot s6 hé qua ctia dinh 1y Mason,
ap dung dinh 1§ Mason dé dé xuat mot s6 bai tap vé da thic.

Chuong 2: Mot s6 két qua tuong tir clia s6 hoc cho dinh 1y Mason nhu gia
thuyét abc, mot s hé qua ctia gia thuyét abe, cac két qua tuong tu ctia s6
hoc cho cac dinh ly va bai tap 6 chuong 1.

Chuong 3: Trinh bay dinh 1y Mason mdé rong, 4p dung dinh 1y Mason mé

rong vao nghién citu da thitc nhiéu bién.

Luan vin nay dugc hoan thanh dudi sy chi bdo va huéng dan tan tinh cua
GS.TS Ha Huy Khoai. Thay da danh nhiéu thoi gian huéng dan va gidi dap
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cac thic mac ciia t6i trong sudt qué trinh lam luan vin. Toi xin duge bay t6
long biét on sau sic dén Thay.

T6i xin cam on S& No6i vy, Sé Gido duc va Dao tao Tuyén Quang, trudng
THPT Tan Trao, T6 Toan trusng THPT Tan Trao da gitp dé tao diéu kien
cho t6i hoan thanh khéa hoc nay.

Toi xin gii t6i cac thay co6 khoa Toan, phong dao tao sau dai hoc Trudng
Dai Hoc Khoa Hoc, Dai Hoc Thai Nguyén ciing nhu cac Thay co da tham
gia gidng day khoa cao hoc 2008 - 2010, 15i cAm on sau sic nhat vé cong lao
day dd trong sudt qua trinh gido duc, ddo tao ciia Nha trudng.

T6i xin cdm on gia dinh, ban bé vd nhitng ngudsi da quan tam, tao diéu

kién, dong vién, co vi de t6i c6 thé hoan thanh nhiém vu cua minh.

Thai Nguyén, ngay 19 thang 9 nam 2010
Tac gia

Lé Thi Minh Nguyét
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Chuong 1

Dinh ly Mason va tng dung cua né

1.1. Dinh ly Mason

Trude hét ta thiy ro gitta tap hop cac sé nguyén va tap hop cac da thic
c6 nhitng tinh chat rat giéng nhau. Ta dé ¥ dén su tuong tu gitta phan tich
ra thita s6 nguyén t6 va da thitc bat kha quy. Néu gia thiét K 13 truong déng
dai s6 thi méi da thic f(z) € K[z] c6 thé phan tich dang:

f(x) = pi"py>...ppm,

trong d6 p;(z) = (v — a;), a; € K.

Nhu vay c6 thé néi rang, trong sy phan tich bat kha quy va phan tich ra thira
s6 nguyén t6, cac nghiém cia da thic tuong tng véi cac thita sé6 nguyén t6
clia s6 nguyén. Do d6 s6 cac nghiém phan biét ctia da thic ¢ vai tro tuong

tu nhu s6 cac wdc nguyén t6 ciia s6 nguyen.

Vao nam 1983, R.C.Mason da cho mot két qua danh gia quan hé giita bac
clia cac da thic v6i s6 cac nghiém phan biét ctia tich cac da thic dé.
1.1.1 Dinh ly Mason:
Gia st P, Q, R la cdc da thidc mot bién vdi hé so phic, nguyén té cung nhau
tung cdp, thoa man:

P+Q=R.

Khi dé néu ta ki hieu no(f) la s6 nghiém phan biét cia da thic f thi ta cé:
max{deg P, degQ, degR} < no(P.Q.R) — 1.

1.2.2 Ching minh dinh ly: Tu gia thiét P + Q = R ta suy ra

PQ—l
R R
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. P
Deé tién 1gi trong tinh toan ta dat f = - va g = % Khi dé, f+g =1 nén

f’ -|—g’ = (0 va thay f/ = —gl ta dudgc

f
f__9__ Q@
g F
g

Gia su ta c6 sy phan tich cac ham hitu ti theo cac nghiém cua da thic

P = mH(z — ;)" Q = nH(z — b))’ R = lH(z — ;).

Theo cong thitc dao ham cua tich ta dugc

~

B
I
3

N

1E

e

P
Q B
Q _nZZ—bt
R ¥
— =] J
R Zz—cj
Ta lai ¢c6 / , /
f_P_R
f P R’
Tuong tu cho
g_Q Ik
g Q R
Do dé6 o N
1 —l ]
Q mzz—aZ Zz—cj
F__ By Yj
—1
nzz—bt Zz—cj
Ta ki hiéu

Hién nhien D(z) = no(PQR) va
D(z) — no(POR) — 1 — D(z)  D(z)

2 —a; z—=b  z—c¢
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Nhan ca it s6 va miu s6 cho D(t) ta dugc

Q i
— 1
Q@ _ mzz_ai Zz—cj D(z) -
= . . .

Ny B Iy v D(z)

z — by Z — Cj
Theo (1.1) thi ca tit vA mau & (1.2) déu c6 dang tong ciia cic da thiic ¢6 bac

bang ng(PQR) — 1. nhu vay % 13 t1 86 ctia hai da thiic ¢6 bac nhé hon hoic
bang ng(PQR) — 1.
Vi P va @ nguyén t6 cling nhau va tir (1.2) ta c¢6

g f
0.0.Ly = —p(pL1)

( g) ( f)
Do dé ta c6 cd P va @ déu c6 bac nhé hon hodic bang ng(PQR) — 1.

Ta lai c6 R = P+ @ nén R cing c6 bac khong vugt qua ng(PQR) — 1.

! !/

Vay
max{degP, deg@,degR} < no(PQR) — 1.

Diéu phai ching minh.
1.2. Mot s6 hé qua ctia dinh 1y Mason

St dung dinh 1y Mason, ta c6 cach chiing minh don gidn cua dinh 1y
Fermat cho da thiic.
1.2.1 Pinh 1y cubi ciing ctia Fermat cho da thiic:
Véi Yn > 3 khong ton tai cic da thic P,Q, R khdc hang sb, hé so phic,

nguyén to cung nhau théa man phuong trinh:

P"+Q"=R".
Ching minh:
Gia sit cac da thic P, Q, R théa man phuong trinh trén: R6 rang s6 nghiém
phan biét cia da thic P"Q"R" khong vugt qua
degP + degQ + degR. Ap dung dinh 1y Mason ta cé:
max{degP", degQ",degR"} < no(P"Q"R") — 1.
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< max{n.degP,n.degQ,n.degR} < no(P.Q.R) — 1
< max{n.degP,n.degQ,n.degR} < degP + degQ + degR — 1,
= n.degP < degP + deg(Q) + degR — 1
n.degQ) < degP + degQ) 4+ degR — 1
n.degR < degP + deg() + degR — 1.

Cong lai ting vé ta dudc:
n(degP + degQ + degR) < 3(degP + degQ + degR) — 3.

(Vo 1y v6i n > 3) = Diéu phai chiing minh.
1.2.2 Hé qua cua dinh ly Mason
Khong ton tai da thic khdc hang P, Q, R, nguyén to cung nhau tung dos

mot thoa man:

P08 | 92009 _ p2010,
Ching minh:
Ap dung dinh ly trén ta coé:

max{degP*", degQ™", degR*""} < no(P**.Q*"" R*') —1

< max{2008deg P, 2009deg(), 2010deg R} < degP + degQ + degR — 1
= 2008degP < degP + degQ) + degR — 1
2009degQ) < degP + degQ) 4+ degR — 1
2010degR < degP + degQ + degR — 1
= 2008deg P + 2009deg@ + 2010degR < 3(degP + degQ@ + degR) — 3
& 2005degP + 2006degQ + 2007degR < —3.
(Vo 19)
= Diéu phai chitng minh

1.2.3 Dinh ly Fermat mé& rong cho da thic
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Khong ton tai cic da thic P, Q, R, nguyén to cung nhau tung doi mot thod

man:

Pm+ Qn — Rk,
111
vt —+ —+ - < 1.
n m k
Chtng minh: Ap dung dinh ly Mason ta ¢6 :

max{degP™, degQ", degR*} < ng(P™.Q".RF) — 1,
< max{mdegP, ndegQ, kdegR} < degP + deg() + degR — 1,

= mdegP < degP + deg(Q) + degR — 1,
1 degP
= — > .
m ~— degP + degQ) + degR — 1

Tuong tu :

deg()
degP + degQ + degR — 1
degR
~ degP + degQ + degR — 1’
Cong ting vé clia bat ding thic trén ta dudc:
1 1 1 degP + deg(@) + degR

> > 1.
m+n+k_degP—l—degQ—|—degR—1

>

V

1
n
1
k

Diéu nay mau thuan véi gid thiét. Ta duge diéu phai ching minh.
1.2.4 Dinh ly Davenport:
Gid st P, va Q la hai da thic khdc hang va P? # Q3. Khi dé ta c6 :

deg(P* — Q) 2 Sdeg(@) +1,

hay

deg(P? — Q%) > %deg(P) + 1.
Ching minh:
Dit R=P>—Q* < R+ Q° = P2

Ap dung dinh ly Mason :
max{degR, deg@®, degP*} < ny(P?RQ?) — 1
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= degP? < ng(P2Q3R) —1

degQ® < no(P*Q*R) —1
= 2degP < degP + deg() + degR — 1 1.3
3degQ) < degP + degQ + degR — 1 1.4

= 2degP + 3degQ < 2(degP + deg@ + degR — 1)
= degR > %deg@ +1
& deg(P? — @Q°) > %deg@ + 1.
Tuong tu tit cong thic (1.3) ta c6

ddegP < 2degP + 2deg() + 2degR — 2 1.5

Cong (1.4) va (1.5) lai ta dugc:
degP < 3degR — 3
= degR > %degP +1
= deg(P? — Q*) > %degP + 1.

(Diéu phéai chiing minh).
1.2.5 Dinh 1y Davenport téng quat:
Cho m, n la cdic s6 nguyén duong lon hon 1. Gid si P, Q la cic da thic

phiic, khdc hang sao cho P™ # Q™. Khi dé, ta cé:

deg(P™ — Q") > _n” — ™ deg(P) + 1, 1.6
va
deg(P™ — Q") > ik —mm — n.deg(Q) + 1. 1.7

Tu cong thic (1.6) va (1.7), ta suy ra dugc mot ho céc bai toan:

11
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Bai toan: Cho P va Q 1a 1a cAc da thitc véi hé s6 nguyén, khac hing, sao
cho P3 # @Q*. Khi dé ta cé:

deg(P® — Q") >

w | Ot

deg(P) + 1,

5)
deg(P” — Q") > 7.deg(Q).
Bai toan: Cho P va Q 1a 1a cac da thic v6i hé s6 nguyén, khac hing, sao
cho P" # °. Khi dé6 ta co:

deg(P7 — Q) > 2 deg(Q) +1,
va
.23
deg(P' — Q’) > E.deg(P)

Viéc ap dung tric tiép dinh 1y Mason hoidc cac hé qua clia né, gitp ching
ta sang tac dudc cac bai toan ve su ton tai da thic théa man mot s6 quan
hé vé bac, cac bai toan vé nghiém trong C[t]. Da s6 cic bai toan nay déu giai

duge dua vao phuong phap phan ching.

1.3. Ung dung cta dinh 1y Mason va dé xuit mot s bai toan vé
da thuac

1.3.1 Cac bai toan vé nghiém trong C[t]:
Bai toan 1.1:

Chitng minh phuong trinh X4 +Y* = Z2 chi ¢6 nghiém tam thudng trong
Clt] .

Hién nhién X =Y = Z = 0 |3 nghiém ctia phuong trinh. Gia st phuong
trinh trén c6 nghiém khong tam thuong. Theo dinh 1§ Mason, ta co:

max{deg(X*),deg(Y?"),deg(Z*)} < no(X*Y*Z?) — 1.

Ta suy ra dugc:
deg(X*) < nop(X.Y.Z) —1
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& ddeg(X) < deg(X) +deg(Y) +deg(Z) — 1 1.8.

Tuong tu ta co:
ddeg(Y) < deg(X) + deg(Y) +deg(Z) — 1, 1.9

2deg(Z) < deg(X) + deg(Y) 4+ deg(Z) — 1. 1.10

Tu (1.10) suy ra
deg(Z) < deg(X) + deg(Y) — 1. 1.11

Cong (1.8) va (1.9) vé theo vé ta dugc
2[deg(X) + deg(Y)] < 2deg(Z) — 2. 1.12
Thay (1.11) vao (1.12) ta dugc
2[deg(X) + deg(Y)] < 2[deg(X) + deg(Y) — 1] — 2,

= 0 < —4.

Diéu nay vo Iy vay phuong trinh da cho chi ¢c6 nghiém tam thudng.

Ching ta xét dén phuong trinh c6 dang X? + Y9 = Z".
Trudong hop p = ¢ = r > 3 thi day la phuong trinh Fermat cho da thic va
két qua 1a bai toan vo nghiém.
Truong hop p, q, r 13 cac s6 nguyén duong bat ky 16n hon 2 thi két qué van
ding.
Bai toan 1.2:

Cho p, q, r 14 cac s6 nguyén duong 16n hon hodc bang 3. Khi d6, phuong
trinh Fermat tong quat

XP4+Yi=7".

Khong ¢6 nghiém khong tam thuong trong Ct] .

That vay, gid si ton tai cAc nghiém khac 0 théa man phuong trinh. Khi
do, ap dung dinh Iy Mason ta dugc

pdeg(X) < deg(X) + deg(Y) + deg(Z) — 1,
qdeg(Y') < deg(X) + deg(Y) + deg(Z) — 1,
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rdeg(Z) < deg(X) + deg(Y) + deg(Z) — 1.

Cong vé theo vé cac bat dang thic trén, ta dudc
(p—3)deg(X) + (q — 3)deg(Y) + (r — 3)deg(Z) < —3.

Diéu nay mau thuan véi p,q,r > 3.

Bai toan 1.2 c6 thé phat biéu theo dang nghiém hitu ti nhu sau: Cho n > 3,
chting minh phuong trinh 2" + 3™ = 1 khong c¢6 nghiém hitu ti khac hing s6
X, y trong Clt].

Bai toan 1.1 va bai todn 1.2 chi 13 nhiing trusng hgp riéng cia bai toan tong
quat sau. Do dé viéc gidi bai toan sau cho ta cach giai khac déi hai bai toan
trén.

Bai toan 1.3:

Cho p, q, r 1a cac s6 nguyén duong. Néu E + E + % < 1 thi phuong trinh
XP + Y%= Z" chi c6 nghiém tam thuong tr(ilg C?[t]

That vay, gia sit ton tai cac da thitc khac khong va 1 nghiém ciia phuong
trinh trén. Khi d6, tit chitng minh phan (1.2.3) ta thay diéu mau thuin. Vay
bai toan dugce chimg minh.

Bay gio ta xét dén truong hop riéng ctia bai toan trén, 1a phuong trinh
Catalan cho da thiic.
Bai toan 1.4:

Cho p, q 1a cac s6 duong 16n hon 1. Chiing minh rang phuong trinh
X? — Y49 = 1 khong c6 nghiém 13 cac da thiic khac hing, nguyén t6 cling
nhau trong Clt].

That vay, gid st ton tai hai da thic mot bién véi hé s6 phiic nguyén t6
cung nhau X (¢), Y (¢) théa man hé thic X? — Y9 =1,

Theo dinh Iy Mason ta co:

max{deg(X?),deg(Y?)} < no(XP.Y?) — 1.

Tu do, ta suy ra
p.deg(X) < deg(X) +deg(Y) — 1, 1.13
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va

q.deg(Y) < deg(X) + deg(Y) — 1. 1.14

Cong vé theo vé (1.13) va (1.14) ta dugc
(p —2)deg(X) + (g — 2)deg(Y) < —2. 1.15

Vip,q>2nén (p—2)deg(X)+ (¢ —2)deg(Y) > 0. Do d6 (1.15) khong xay
ra ( Diéu phéi chitng minh).
Bai toan 1.5

Cho p, q, r 1& cac s6 nguyén duong théa 2 < p < ¢ < r vi gid st
X(t),Y(t), Z(t) la cac da thic thugc C[t], nguyén t6 cuing nhau ting ciap,
khong dong thoi 13 hing s6 va thdéa man phuong trinh
XP 4+ Y7 = 7. Khi do,

a)(p,q,r) = (2,2,r) v6i r > 2 hoac

b)(p,q,r) =(2,3,7) v6i 3 < r < 5.

That vay, gia st X (t),Y(t), Z(t) 1a cac da thiic thuoc C[t] c6 bac lan lugt
la a, b, c. Theo dinh 1y Mason, ta c6

max{deg(X?),deg(Y?),deg(Z")} < no(XP.Y9.Z") — 1.

T do, ta suy ra

pdeg(X) < deg(X) + deg(Y) + deg(Z) — 1,

Spa<a+b+c—1.

Tuong tu
gb<a+b+c—1,

rce<a+b+c—1.

Cong vé theo vé ta dugc:

pa+qgb+rc<3a+b+c—1). 1.16
Vip <q<rnén
pla+b+c) <pa+qb+r.ec. 1.17
15
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T ( 1.16) va (1.17) ta duge
pla+b+c) <3(a+b+c)—3.
Tu day ta suy ra dudc p < 3 ma p > 2 nén p = 2. Do d6
pa<a+b+c—1
Suy ra
2a<a4+b+c—1.

Tic la

a<b+c—1.

Két hop véi
gb<a+b+c—1.

Ta dudgce
q.b < 2b+ 2¢c— 2. 1.18

a) Néu ¢ = 2 thi
(p,q,7) = (2,2,7);7 > 2

b) Xét ¢ > 3.
Tu ¢ < r, két hop véi (1.17) ta suy ra

qb+c)<qgb+rc<2a+b+c—1)<4(b+c—1)<4(b+c) —4.

Nhu vay
(g—4)(b+c) < —4.

Suy ra g < 3. Khi ¢ = 3, tit (1.18) ta ¢
b < 2c—2. 1.19
Do d6 két hop (1.17) va (1.19) ta duge
re<a+b+c—1<2b+c—1)<6(c—06).

Suy ra r < 6.
Ma 3 =¢ <rmnéntacé (pqr)=(23,r) véi3 <r<5.
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1.3.2 Cac bai toan vé ton tai da thiic:
Bai toan 1.6:

Cho a 1a mot s6 phiic khac khong. Khi dé, néu ton tai cac da thic mot
bién v6i he s6 phic f(t), g(t) théoa man phuong trinh
f2(t) = ¢*(t) + a thi f v g la cac da thiic hing.

Gia sit cac da thic f va g khong 1a da thic hang.
Theo gia thiét f2(t) = ¢°(t) +a nén f2 — g3 = a # 0. Khi d6, 4p dung dinh
¥ Mason hosc dinh 1y Davenport tong quat ta két luan dugc bai toan.
That vay, theo cong thitc (1.6), ing véi m = 2,n = 3 ta dugc

degl(f? — ¢) 2 5 deg(f) +1,

& deg(a) > %.deg(f) + 1.

Do deg(a) = 0 va deg(f).0 nén bat dang thitc trén khong xay ra. Vay f va g
14 cac da thitc hing.
Lap luan tuong ty thi bai todn trén van con ding khi m va n 13 cac s6
nguyén bat ky.
Bai toan 1.7: Cho a 14 mot sé phiic khac 0. Khi d6, néu ton tai cac da thic
mot bién véi he s6 phite f(t), g(t) théa man phuong trinh f™(t) = ¢"(t) + a,
v6i m,n > 2 1a cac s6 nguyén duong tuy ¥, thi f va g 1a cac da thic hang.
That vay, gid st cac da thitc f vA g khong 13 da thitc khac hang.
Theo dinh 1§ Davenport tong quat ta cé

mmn—m—mn

deg(f™ —g") > - deg(g) + 1. 1.20

Vim,n > 2nén (m—2)(n—2) > 0.
Khai trién ta dugc m.n — (m +n) +4 — (m+n) > 0.
Dodéo mm—(m+n)>0(dod—(m+n)<0).
mmn—m-—n )
Nhu vay, deg(g) +1 > 1 ma deg(f™ — g") = deg(a) = 0. Bat
m

dang thitc (1.20) khong xay ra.

Vi vay, cac da thic f va g déu 1a cac da thic hing.
Bai toan 1.8
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Khong ton tai cac da thitc f(t) va g(t) nguyén t6 cing nhau trong C|t]
thoa man phuong trinh
(f+9)°+g" = f.

That vay, theo gid thiét (f,g) = 1, ta suy ra ged(f,g,f +¢g) = 1. Do
d6 ap dung dinh Iy Mason ho#c bai toan (1.2) cho p = 3,q = 4, f = 5 thi
phuong trinh trén vé nghiém.

Bai toan 1.9:
Khong ton tai cac da thic f(¢) vd g(t) nguyén t6 cung nhau trong Clt]
théa man phuong trinh

(f+9°=g"+r>

Ta c6 thé giai bai toan theo hing dang thitc sau:
(f+9)° =g+ f
& 3f°9+3f9° =0,

< 3.f9(f+9g) =0.
Tuy nhién, viéc giai bai toan cho sé mii tong quat rat khé khan néu dung
hing dang thiic.
Bai toan 1.10:
Cho n 1a s6 nguyén 16n hon hoidc bang 3. Tim cac da thiic mot bién véi

he s6 phic f(t) va g(t) trong C[t] théa man phuong trinh
(f+g)"=g"+ 1" 1.21

Xét truong hgp n 1a lé.
Gia st (f,g) = 1 thi ged(f, g, f + g) = 1. Khi d6, 4p dung dinh ly Mason
hodc dinh 1y Fermat cho da thic, ta suy ra dudc khong ton tai hai da thic
f(t) va g(t) trong C[t] théa man phuong trinh
(f+9)"=g"+ "
Ta thay rang, f(t) = —g(t) hodc it nhat f va ¢ 1a hai da thic 0 théa man
phuong trinh (1.21).
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Truong hop (f,g) = h,h # 0, h # f. Khi d6, ton tai cac da thiic u, v sao cho
f = h.au,g = h.v. phuong trinh (f 4+ ¢)" = ¢" + f"

< (u+v)" =0" 40" 1.22

Hién nhién (u,v) = 1 nén theo dinh 1y Fermat cho da thic ta suy ra phuong
trinh (1.22) v6 nghiém.

Nhu vay, khi n 1a s6 1é thi phuong trinh da cho chi ¢6 nghiém
f(t) = —g(t) hodc it nhat f va g 1a da thic 0.

Xét truong hgp n 13 s6 chén.
Gia st (f,g) = 1 thi ged(f, g, f + g) = 1. Khi d6, ap dung dinh 1y Mason
hodc dinh 1y Fermat cho da thiic, ta suy ra dudc khong ton tai hai da thiic
f(t) va g(t) trong C[t] théa man phuong trinh

(f+9)" =g"+ 1"

Ta thdy réng, it nhat f va g 14 da thitc 0 théa man phuong trinh (1.21).
Truong hop (f,g) = h,h # 0. Khi d6, ton tai cdc da thic u,v sao cho
f = h.u,g = h.v. Phuong trinh (f 4+ g)" = g" + f"

S (u+v)" =u" +0".

Hién nhién (u,v) = 1 nén theo dinh 1y Fermat cho da thic ta suy ra phuong
trinh v6 nghiém.

Nhu vay, khi n 1& s6 chdn thi phuong trinh da cho chi c6 nghiém khi it
nhat f va g 1a da thic 0.
Bai toan 1.11:

Tim cac s6 ngiém nguyén x cuia phuong trinh
(27 —4)3 4+ (4° — 2)3 = (4% + 2" — 6)°.

Theo bai toan (1.9) ta két luan duge 2° — 4 = 0 hosic 4* — 2 = 0 hoic
4* + 2 — 6 = 0. Vay phuong trinh da cho c6 hai nghiém nguyén la x = 2 va
r=1.

Bai toan 1.12:
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Ton tai hay khong da thiic v6i hé s6 thuc P sao cho moi nghiém thuc cta
P va P+1 deéu 1a nghiém boi.

Ta dé dang chi ra dugc bai todn cé nghiém, chang han da thiic
P(t)=(1—-1t*3-1.

R6 rang, nghiém thuc ctia P(t) 1la t = 0 bdi 3 va nghiém thuc cta
PH+1=(1—-t3)31at=1vat=—1 déu boi 3.

Khi chiing ta phat biéu bai toan (1.12) trén trudng sé phic va nghiém
phtic thi két qua sé nhu thé ndo? Ro rang, day 1a bai toan khoé néu ta khong
ap dung dinh Iy Mason.

Bai toan 1.13:

Ton tai hay khong da thitc v6i hé sé phiic P sao cho moi nghiém phiic cta
P va P + 1 déu la nghiém bai.

Gia stt ton tai da thic P v6i hé s6 phiic sao cho moi nghiém phitc cia P
va P + 1 déu la nghiém bai.

Do nghiém boi nhé nhat ciia mot s6 phiic 1a boi 2 va moi nghiém ctua P
déu 1a nghiém boi nén ny(P) < %.deg(P).

Tuong tir moi nghiém ctia P + 1 déu 1a nghiém boi nén ta ciing c6
no(P+1) < %.deg(P +1).

[deg(P) + deg(p + 1)].

1
T do, ta suy ra ng(P) +no(P+ 1) < B

Hay ta c6
deg(P) + deg(P + 1) > 2[ng(P) + no(P + 1)]. 1.23

Ta c6 su phan tich (P+1)— P =1, va (P, P+1) = 1, vi néu ngugc lai thi
ton tai da thitc h 13 w6c chung 16n nhat ctia P va P41, goi a 13 mot nghiém
phtc cta da thic h, khi dé a ciing la nghiém cta P va P +1. Khi d6
P(a) =0, P(a) + 1 =0, diéu nay suy ra dugc 1 = 0 (vo 1y).

Nhu vay, (P, P+ 1) = 1 4p dung dinh ly Mason cho da thic P, 1 v& P+ 1
ta co

max{deg(P),deg(P + 1)} < no(P.(P+1)) — 1.

T do6 suy ra
deg(P) < ng(P) +no(P+ 1) —1,
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deg(P + 1) < ng(P)+no(P +1) — 1.

Cong vé theo vé ta dugc
deg(P) + deg(P + 1) < 2[ng(P) + no(P + 1)] — 2. 1.24
Két hop (1.23) va (1.24), ta dugc
2[no(P) + no(P + 1)] < deg(P) + deg(P + 1) < 2[ng(P) + no(P + 1)] — 2.

<0< —2(vo ly).

Vay khong thé tim dudc da thiic P thda yéu cau bai toan.

Vao nam 1956 William Lowell da dua ra bai toan vé da thiic sau va bai
toan dugc trinh bay theo dinh Iy Masson nhu sau.
Bai toan 1.14:

Cho hai da thic mot bién véi hé s6 phiic P va Q ¢6 chung tap hgp nghiém
nhung c6 thé khac vé sé boi ctia nghiém, va hai da thitc P +1 va Q +1 ciing
c6 tap hop nghiem nhung c6 thé khac vé s6 boi clia nghiém. Chitng minh
rang hai da thic P va Q tring nhau.

That vay, gid st oy, as, ...y, 13 n nghiém phan biét ctia P vA hién nhien
day ciing la cac nghiém cua Q.

Bi, B2, .....Bm 13 m nghiém phan biét ctia P + 1 va hién nhién day ciing 1a cac
nghiém cua Q +1.

Vai trdo vé bac ciia cac da thic P va Q nhu nhau nén ta c6 thé gia st ring
deg(P) > deg(Q).

Ta c6 sy phan tich (P+1)—P=1va (P,P+1)=1

Theo dinh Iy Masson cho da thic P, 1 va P +1 ta c6

max{deg(P),deg(P + 1)} < no(P.(P+1)) — 1.

Tu do, ta suy ra
deg(P) < no(P)+no(P+1)—1.

S m+n>deg(P)+1>deg(P—Q)+1. 1.25
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Mat khac, (P+1) — (Q + 1) = P — () nén mdi nghiém ctia P hodc P + 1
déu 1a nghiém ctia P — Q. Do d6 m + n < deg(P).

Ta thay rang, mot da thic néu c6 sé6 nghiém phan biét 16n hon bac cta
da thic thi da thiic d6 bang 0.

Vi vay, theo ( 1.25) ta suy ra P — Q chi c6 thé 1a da thic 0. Tic 1, hai
da thic P va Q trung nhau.
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Chuong 2

Su tuong tu s6 hoc ctia dinh 1y Mason
va ing dung gia thuyét abc trong
nghién citu sé hoc

T thia xua, cac nha toan hoc da biét chuyén cac két qua s6 hoc sang
gidi quyét trén da thitc va tit cAc bai toan v gid thuyét cho da thitc, nguoi
ta phat biéu tuong tu cho s6 hoc. Trong nhiing nam gan day, su phét trién
ciia s6 hoc chiu 4nh huéng nhiéu tit sy tuong tu gitta s6 nguyén va da thic.
Tic 14, khi ching minh mot két qua nao dé cho sé hoc, ngusi ta thit phat
biéu va ching minh xem két qua nay cé ding cho da thiic hay khong. Viéc
gidi quyét cac bai toan trén da thic don gidn hon do da thiic c¢6 phép tinh
dao ham. Diéu nay hoan toan hop 1y, béi tap hop s6 nguyén va tap hop cac
da thiic c¢6 sy tuong tu rat 16n. C4 hai tap hgp déu c6 cac quy tic cong,
trir, nhan, chia nhu nhau. Déi v6i s6 nguyén ta c6 s6 nguyén té déi véi da
thic ta c6 da thic bat khd quy. Hai s6 nguyén bat ky ho#ic hai da thic
bat ky ta c6 thé dinh nghia wéc chung 16n nhat va tim dudc bing thuat
toan Euclid. Mdi s6 nguyén déu phan tich thanh tich cic thita s6 nguyén to,
moi da thitc ¢6 phan tich thanh tich cic da thic bat kha quy. Cac sd hitu
ty tuong tng véi cac ham hitu ty, ta biét deg(P.Q) = deg(P) + deg(Q) va
log(a.b) = log(a) + log(b), do dé bac cta da thic tich tuong tu nhu logarit
ciia hai s6 nguyén duong.

Bay gid, ching ta quan tam dén sy tuong tu trong phan tich ra thia
s6 nguyén to cho s6 nguyén va phan tich bat kha quy cho da thic. Tic 1
tir khai niém s6 cac nghiém phan biet ctia da thic P ki hieu 1a ng(P) va
no(P.Q) < ng(P) + no(Q), ta dugc khai niem tuong tu cho s6 nguyén a la
rad(ab) va rad(ab) < rad(a).rad(b). Vi vay, dinh Iy Mason cho da thic dugc
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phat biéu tuong tu cho sé nguyén la giad thuyét abc. Gid thuyét nay dude
phat biéu vio nim 1985 bdi J.Oesterle’ trong mot két qua veé dudsng cong
Elliptic ctia bo mén hinh hoc dai s6, ngay sau dé D.R.Masser phat biéu dua

vao si tuong tu clia s6 nguyén va da thiic.

2.1. Gia thuyét abc

2.1.1 Gia thuyét abc
Gid st a, b, ¢ la cdic s0 nguyén nguyén to cung nhau va théa man hé thic

a+b=c. Khi dé vdi Ve >0 ton tai hang s6 C(€) sao cho:
max{| a |, b],| ¢[} < Ce)r(abe)'™.

Ta thay néu bo ba (a,b,c) cac s6 nguyén duong théa man: a + b = ¢ va
(a,b) = 1, thi tich abc dugc 1ap nén tir cac s6 nguyén t6 khac nhau, véi phan
16n cic s6 mil tuong déi bé. Ta dit

Cle)= inf — 2.1

(abe)el (r(abc))t+e
v6ii = {(a,b,c) € N> :(a,b)=1;, a+b=c}.
Ménh dé sau day chi ra ring khong thé chon e = 0
2.1.2 Ménh dé:
Vdi e > 0, gid sit C(e€) la hang s6 zdc dinh trong ( *) théa man bat dang thic
cta gid thiét abc khi do:
lim C(e) = +o0. (%)

e—0
Ching minh:
Ta dinh nghia x, va 1y, bdi quan hé sau:
Tn +UnV/2 = (3 +2.4/2)"
Khin > 1;1+ 2.52 = 22 néu n = 2" (dé dang thi lai bang truy hoi)
Ap dung gia thuyét abc cho quan he: 22 = 1+2.y2 dbi véi n = 2™ ta nhan
dugc:

2y < C(€).(r(zn, ya))'™,
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< C(€).(r(znyn) /2™) ",
< C(E)xi(1+e)/2m(1+e).

Khi d6 C(e) > 2m1+9) /22¢ v3

lim C'(e) > 2™.

e—0

Diéu nay chi ra rang:

lim C(€) = +o0. dpcm

e—0

T sau khi phat biéu ndm 1985 ¢6 rat it két qua vé gid thuyét abe. O day
chting to6i phat bieu 2 dinh ly cho wéc lugng ciia hing s6 C(e) (c6 thé tim
thay chiing minh ¢ muc [3].)

2.1.3 Dinh ly:
Ton tai hang so tinh dugc k > 0 sao cho vdi moi bo ba (a,b,c) va cdc so

nguyén duong théa man a + b = c va (a,b) =1 ta cé:
c < exp{k(r(abc))*}.

2.1.4 Dinh Iy:
Ton tai hang so tinh dugc k > 0 sao cho véi moi bo ba s6 (a,b,c) va cdc so

nguyén duong théa man a+ b = c va (a,b) =1 ta co:
c < eXp{k(T<abC))2/3+k/ log.logr(abc)}.

Nhan xét ring cidc bat dang thic ctia hai dinh 1y trén 14 ham mi cia

rad(abc) trong khi bat dang thiic cia gid thuyét abc 1a da thiic

2.2. Mot s6 hé qua cua gia thuyét abc

2.2.1 Pinh 1y cudi ciing ctia Fermat.
Phutong trinh ™ +y" = 2" khong c6 nghiém nguyén khdc 0, vdi moi s6 nguyén
duong n > 3.
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Dua vao gid thuyét abc ta sé ching minh duge ton tai mot sé nguyén
duong ng sao cho phuong trinh Fermat v6 nghiém véi moi n > ny.
That vay, ta xét trudng hop ged(z,y,2) = 1 va gid st cac s6 x, y, z déu
n

duong, néu ngugc lai thi ta lay cac gia tri tuyét doi, sao cho " + y" = 2".
Theo gid thuyét abc ta cé:

max{z", y", 2"} < C..[rad(x"y"2")]" . 2.2

Chon € = 1, k = max{1, (4}, ta dugc

max{z",y", 2"} < k.[rad(z"y"2"))*. 2.3

Do céc sb x,y, z déu duong nén rad(z"y"2") = rad(z.y.z) < z.y.2 < 2°.

Do d6 2" < k.25 hay 2”79 < k, do ged(x,y,z) = 1 nén z > 3. Ta suy ra
376 < k. Lay logarit co s6 3 hai vé ta dudc n < logzk + 6 = ny.

Truong hop ged(z,y,z) = d # 1 thi bang cach loai bd thita s6 chung ta
duge phuong trinh 2" 4+ y™ = 2" vo nghiem
khi n > 3, véi ged(z',y ,2) = 1.

Nhu vay dinh 1§ cudi ciing ctia Fermat chi c¢6 thé khong diang véi n < ng,
titc 1a bai toan bi chin vA néu xac dinh duge C. = C) thi bai toan dudc giai
quyét xong. Chang han, chon C, = ¢ = 1 thi dinh 1§ cudi cling ctia Fermat
ding khi n > 6. Cac truong hgp n < 6 da dudc chiitng minh vao truéc dé.
Vao nam 1825 Ole da chiing minh véi n = 3, tit phuong trinh z* + y* = 22
khong c6 nghiém nguyén duong ta suy ra dinh Iy cudi cling ctia Fermat dung
v6i n = 4 ( xem [14]), Diricle v6i n = 5.

Gia thuyét abc c6 thé 4p dung nghién ctu cac phuong trinh diophing véi
ba an s6, trong dé c6 phuong trinh Fermat md rong.

2.2.2. Dinh ly (Gia thuyét Fermat mé& rong):
Néu gia thuyét abe la ding , thi vdi moi A, B, C phuong trinh:

Azl + By™ = C.2"
chi co hitu han nghiém nguyén duong z, y, z, I, m, n thoa man:
tem 4+t <1,
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va (r,y,2) = 1.
Chiing minh:
Néu z = 1 thi dinh 1y daing ngay c& khi khong c6 gia thuyét abe.
Néu z > 2 va (x,9,2) =1, goi d = (A.2!, By™, C.2").
Khi d6 d géi noi. Ap dung gia thuyét abc cho: (A.z!/d; B.y™/d, C.2"/d), ta
nhan dugc:

C.2"/d < Cy(e)(r(ABCzly™2" /d*))' .
Tu do:

2" < Cy(e, C)((dr(ABCxy™2" /d3)) 1,

Cs(e, A, B, C)(zyz)'te.

Vi Azl < C.2" va By™ < C2"
nén r < Oy(A,C).2"" vay < Cs(B,C).2M™.
Hon nita: 2" < Cy(e, A, B, C)(z™) 0 +m ™ 40146
Va do dé: (z7)1-0Fa+m ™) < Cu(e, A, B, C).
Néu "' +m ' +n"! <1 vhnéu e di nhd thi:
1— (1=l +m ™ +n71) >0 thi 2" géi noi .
Cing nhu thé véi z,y, 2,1, m,n, suy ra diéu phai chting minh.
Nhan xét:
Néu A = B = C =1, thi chi ¢6 10 nghiém da biét thda méan:
ITt4+mt4+nt<1;
1+23=3% 1324+ 7 =2
173427 =712, 25477 =34
3%+ 11* = 22,617 177 + 76271% = 21063928
14143 + 2213459% = 657,
92623 + 153122832 = 1137,
43% + 962223 = 30042907,
33°% + 1549034? = 156133
Tuong ty nhu dinh 1y Davenport cho da thtc ta c6 gia thuyét Hall cho s6
nguyén phat biéu vao nam 1965. Day chinh 14 15i giai ctia bai toan da dugc

phat bieu vio nam 1921: Tim cac sb6 x,y nguyén duong sao cho =3 — y? = k,
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v6i k 1a s6 nguyén cho truée.
2.2.3 Gia thuyét Hall: Gid st z, y la cdc s6 nguyén duong sao cho

x> —y? # 0. khi d6, vdi moi e > 0, ton tai s6 C. sao cho

1
| 2% —9? |> Ca2 .

That vay, trude hét ta c6 sy phan tich 2® = (23 — 9?) + y%. D@ tien lgi

trong ki hiéu ta c6 thé gia sit 23 — y? > 0. Theo gia thuyét abc ta co:
max{| 2* |, | 2 —¢* ||| ¥*} < Ce.[rad(a(2” — y*)y’] .
Vi ta c¢6 cong thitc danh gia sau:
rad(zryz) < rad(x).rad(y).rad(z)

va rad(z") = rad(x) < .

Do doé,
2? < Colrad(x®(z® — o)y .
Suy ra
P < Clrad(a®)][rad(a® — )] [rad(y?)]
PN 1’3 < C€$1+6($3 _ y2)1+ey1+e
PN x2—6 < 06(563 . y2)1+€yl+e. 2.4
Tuong tu
y2 < CGSCH—G(SL‘S o y2)1+ey1+e
1+4+e€ 1+4+e€
sSy<Cal—€@®—yHl—€ 2.5
Thay (2.5) vao (2.4) ta dugc
(1+4¢)? (1+¢)?
+(1+¢)
xz_egce(xg’_yz) 1 —¢ €T 1—¢€
1 — be 2+ 2e

<:>ZU]‘_€ Sce(xg_y2)1—5€
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Nhu vay,
1 12¢ 12¢ 1 12
— 2 —_—
22 T—be < C(aP—y?)  1—56'2 T—be
12
Dit ¢; = —— Khi d6, ta duoc
1 — be
1 1 3
——c 24€1)(——¢€ 1——e;—€2
22 <O — 92)( ralgma) _ C2z®—y?) 2
Tic 13,
1
x2 o < Ce(:r:?’ — y2)
1

€1

e 2d -y > Cq.q:g_ :

Ta c6 thé bién doi két qua cia gid thuyét Hall nhu sau:

1
| 2% —9? |> C’e.xﬁ_e.
2
sl -yt |1 -2 Cx
6
sl -y |1 —2e> C b
12

6+
sl -yt | 1—2> Ca?

| 2® —y? |99 O ab

Bing cach chiing minh tuong tu nhu trén, ta c6 thé mé rong gid thuyét Hall

cho cac s6 liiy thita nguyén m va n bat ky.

Gia thuyét Hall téng quat: Cho m va n la cdc sé nguyén lon hon 1. Gid

st z, y la cdc s6 nguyén sao cho a.x™ — b.y™ # 0. Khi dé, véi moi € > 0, ton

tar so C, sao cho

n.m(1 + €)

| 2™ |< Ce | 2™ —y" |mn—n—m
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Chitng minh [ xem [1.2.5 | , trang 11, chuong 1 |
2.2.4 Hé qua vé bo ba sd nguyén:
2.2.4.1 Ménh dé: Néu gid thuyét abe la ding thi Ye > 0, ton tai hdng s6
C(€) > 0, sao cho vdi moi bo ba cdic s6 nguyén duong (x1, 2, x3) théa man
x1 4 T9 = x3 va (r1,22) = 1 mot trong cic x; voi i € {1,2,3} théa man:

i < Cle)/(r(a)**.
Ta ciing c6 két qua sau:
2.2.4.2 Dinh ly: Néu gid thuyét abe la ding vdi Ve > 0 va vdi Va > 1 ton
tai hang s6 Ci(e,a) > 0, sao cho vdi moi s6 nguyén n > 2 va vdi moi so
nguyén x > 2 théa man (a,x) =1 ta cé:

"t < Oy (e, a)(r(z" — a™)) e
Chitng minh: Gia sit € ¢6 dinh sao sho 0 < e < 1/2.
Ap dung gia thuyét abc cho quan hé:
(" —a") 4+ a" = 2", véi (a,z) = 1, ta dugc:
2" < Cle,a)(r(z" — a™)) ezt
Khi dé:
21 < C(E, a)(n—l)/(n—l—e)(r(ajn o an))(n—l)(l—i—e)/(n—l—e)'

Néu e du bé véi n > 2, mot mit ta co:
(n—1)/(n—1—¢€) <2, vi mit khac:

(n—1)(1+¢) - 1—|—€:1+€/.

n—1—€e T 1—¢€
V6i € = 2¢/(1 — €). Nhu vay ta nhan dugc két qua cta dinh ly.
2.2.5 Mot s6 hé qua khac cua gia thuyét abce
Ta dua ra mot s6 hé qua khac ciia gid thuyét abc lién quan dén phuong
trinh Diophang.
2.2.5.1 Ménh dé:
Gid st A > 0; B > 0 va k nguyén. Gid thuyét abc suy ra rang: phuong trinh

Axz" —Buy" =k
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chi c6 hiu han nghiém nguyén, voi x > 1,y > 1;m > 1;m.n > 4.
Meénh dé nay 1a gid thuyét ctua Pillai.

Néu A =1;B = 1;k = 1 thi day 1a gia thuyét ctia Catalan, hon nita, nim
1976 Tijdeman khang dinh ring phuong trinh Catalan c6 hitu han nghiém .
2.2.5.2 Ménh dé:

Gid thuyét abc suy ra rang phuong trinh :

chi c6 nghiém nguyén duong vdi moi v, w,x,y, m,n > 1 thoa man
(x,v) =1;(y,w) =1 va m.n > 4.

2.2.5.3 Ménh dé:

Gid thuyét abc suy ra rang phuong trinh:

(@) +1=ym

chi c6 hitu han nghiém nguyén név v > 0;y > 0,n > 1,m > 2.

Meénh dé nay lien quan dén bai toan ctia Brocad ma chiing minh ctia né
dua trén bat dang thic sau day cta Stirling va Chebyshew véi x > 2.
2.2.5.4 Ménh dé:

Gia thuyét abe suy ra rang phuong trinh:

n'+1:P]gP]€+1b

chi co hitu han nghiém nguyén trong do:
n>1:a>0b>0wva Py <n <P, védi moi P, véi i > 1 la diy so nguyén
to.
Meénh dé nay lién quan dén gia thuyét ctia Erdos - Stewart.
2.2.5.5 Ménh dé:
Gia thuyét abe suy ra rang phuong trinh:

" +y"t =nl"

chi c6 hitu han nghiém nguyén x > 0;y > 0;z > 0 va n > 4.

Gia thuyét nay lien quan dén bai toan md vé phuong trinh Diophing.
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2.2.5.6 Ménh dé:

Gid thuyét abe suy ra rang vdi moi s6 nguyén a > 1 phuong trinh:

xn_yn

r—Yy

az™

chi c6 hiu han nghiém nguyén, trong dé x > 0,y > 0;z > 0;n > 0;m > 1,
vdi (x,y) = (1,3), nt+m <1
Meénh dé nay cho cau tra 10i bai todn ciia H.Edgar va Shorey- Tijdeman.
2.2.5.7 Ménh dé:
Gid thuyét abc suy ra rang phuong trinh:
" -1yt -1
x—1 y—1"

chi c6 hiu han nghiém nguyén x >y > 1, vam >n > 3
Viéc tim nghiém nay 1a bai toan cia Goosmaghtigh
véin = 3(x,y,m,n) = (2,5,5,3) 1a dugc biét nghiem duy nhat.
2.2.5.8 Ménh dé:
Gid thuyét abc suy ra rang, vdi moi d > 1 thi phuong trinh:

z(z+d)...(v + kd) = y",

chi c6 hitu han nghiém nguyén duong x > 0;y > 0k > 2;n > 2.

Meénh dé nay chi ra méi quan hé gitta gid thuyét abc v6i cap sb6 cong.
Nam 1975 Erdos va J.L.Selfrilge da ching minh phuong trinh trén khong c6
nghiém véi

d=1.
2.3. Ij’ng dung gia thuyét abc dé xuat cac bai tap sé6 hoc

O phan (1.3) tir dinh 1y Mason ta c6 mot sé bai toan vé da thitc, ¢ phan
nay tir gid thuyét abc ta ciing ¢6 mot sé bai toan tuong tir cho cac s6 nguyeén.
Sau day la giad thuyét Tijdeman-Zagier.

Bai toan 2.1:( Gia thuyét Tijdeman-Zagier)
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Néu p, q, r 14 cac s6 nguyén 16n hon hodic bang 3 thi phuong trinh
2P + y? = 2" khong c6 nghiém nguyén x,y, z khac 0, nguyén t6 cliing nhau.
That vay, gia st ton tai cAc s6 nguyén z,y, z khac 0, nguyén té ciing nhau

théa man phuong trinh 2? + y? = 2". Theo gia thuyét abc ta dugc
max{z?,y?, 2"} < C..[rad(aPy?z")] e
Ta chitng minh bai toan nay trong trudng hop sé6 mii du 16n. Tic 13,

min(p, q,7) > k, 2.7

log C.
log 2
Khong méat tinh tong quat, ta c6 thé gia sit max{z,y, 2} = z. Khi do,

trong do k = + (3 + 3e).

2P < O frad(aPy?2"))' e,
&P < O (wy2)te
o P < CLadte

<:> :Cp*?)*-?)é S CE

log C,
log 2

& p< + (3+3.¢) = k.

Diéu nay mau thuan véi (2.7).

Vay phuong trinh 2” + y? = 2" khong c6 nghiém tam thudng, nguyén t6
cting nhau khi p, q, r 14 cac s6 nguyén 16n hon ho#c bang 3.

Hay néi cach khac, néu p, g, r 14 cidc s6 nguyén l6n hon 2 vd théa man
! + -+ - < 1 thi phuong trinh 2? 4+ y? = 2" chi c¢6 nghiém tam thudng trong
g ho%,c cac nghiém c6 uéc chung khac 1.

Van de dit ra 1a khi — + ! + % < 1 vap, q, r la cac s6 nguyén bat ky,
b6 di gid thiét 16n hon ]}?macqbing 3, thi phuong trinh z? + y? = 2", véi
ged(x,y,z) = 1, ¢6 nghiém (x,y,z) khong tam thudng trong Z hay khong?
Day chinh 1a gia thuyét Fermat- Catalan.

Bai toan 2.2:(Gia thuyét Fermat-Catalan)

) ) 1 1
Néu p, q, r la cac so6 nguyén duong thoéa man hé thic — + — + — < 1 thi
rp q T
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ton tai hitu han cic s6 nguyén t6 cting nhau x, y, z 14 nghiém ctia phuong
trinh af 4+ y? = 2".

That vay, gid sit ton tai cAc s6 nguyén x, v, z khac 0 nguyén t6 cting nhau
théa man phuong trinh z¥ 4+ y¢ = 2". Ta c6 thé gia sit p < ¢ < r, néu ngudc
lai thi ta doi vi trf cac s6 hoac chuyén vé cho phuong trinh.

Khi dé, (p, q, r) ¢c6 mot trong cac cip sau:

(2, 3, r) v6i r > 7, hodc (2, 4, r) v6i r > 5, hoac (2, q, r) v6i r > q > 5,
hodc (3, 3, r) v6i r > 4, hodc (3, q, r) v6i r > q > 4, hodc (p, q, r) véi
r>q=>p=>4

Trong cac truong hgp trén thi

1 1 1 41

S R i
]9+q+1"_427

11 1 41

p q r 42
khi (p,q,7) = (2,3,7).
Theo gid thuyét abc ta dugc

max{z?, y?, 2"} < C..rad(zPy?2") . 2.8

1
Chone:4—2vadat max{| z? |,| y?|,| 2" |} = M.

Khi d6, theo (2.8) ta co

1
I+—

M < C.[rad(z?).rad(y?).rad(z")] 42,

voi C'=C q .
42
Do dé6
43
M<CO(lz|lyll =])42
11 143
S M C(MPMIMT)42
1 1 1 43
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e M1764 < (.

Diéu nay chitng t6 M bi chén, tic 14 x, y, z bi chin. Vi vay c¢6 hitu han
cac sb X, y, z nguyén té ciing nhau théa phuong trinh 2? + y? = 2" khi p, q,
r 14 cic s6 nguyén duong théa man heé thic — + — + - < 1.

Bay gio, ta xét mot trudng hop riéng cﬁpa béCJ]i toan (2.2). Day chinh la
phuong trinh Catalan cho s6 nguyeén.

Bai toan 2.3

Phuong trinh o — y? = 1 v6i p,q > 2 chi s6 nghiém nguyén duong duy
nhat (z,y) = (3,2).

That vay, theo bai toadn (2.2), v6i p = 2,¢ = 3,7 > 7 thi bai toan c6
nghiém (z,y) = (3,2). Néu p,q > 3, ap dung két qua (2.1) thi phuong trinh
vo nghiém.

Nhu vay, theo bai toan (2.1) thi phuong trinh a? + y? = 2" vd nghiém khi
p,q,r 1a cac s6 nguyén duong 16n hon hodc bang 3, khi dé6 ta cé 1+—+; <1.
Theo bai toan (2.2) thi phuong trinh 27+ y? = 2" ¢6 httu han ngiiénql (x,y, 2),

nguyén t6 cting nhau khi p, ¢, r 14 cac s6 nguyén duong théa man hée thic
1 1 1

“ -t -< 1
p q T
Tu hai ket qua nay ta suy ra phuong trinh z? 4+ y? = 2" chi c6 nghiém khi
, ) ) . ., 11 1
chi ¢6 duy nhat mot trong ba so p, ¢, r bang 2 va thoa — 4+ — + — < 1.
p q T

Ching han ta c6 cac nghiém ctia phuong trinh nhu sau:
1428 =352+ 72 =347+ 132 = 29,27 + 17° = 71%3° 4 11* = 1222
177 + 762713 = 21063928%; 33% + 15490342 = 156133.....
Truong hgp 1 + 1 + % > 1 thi viéc ton tai nghiém ctia phuong trinh
P 4yl = zrpdu’(j((:] xét gan gidng nhu bai tap [1.3 | cho da thic. Cu thé nhu
sau:
Bai toan 2.4:
Cho p, q,r 1a cic s6 nguyén duong théa 2 < p < qg<rvagidsix,y,zla

cac s6 nguyén, nguyén to cting nhau ting cap, khi dé:
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l-l-l-i—l > 1, tac 1a (p,q,7) = (2,2,r) v6i r > 2 hodc (p,q,r) =
(2,3,71) Véip?) §q7’ §r5 thi phuong trinh z? 4+ y¢ = 2" vd nghiém.

b) Néu % + é + % = 1 thi phuong trinh 2? 4+ y? = 2" khong c6 nghiém khi
(p,q,7) = (3,3,3) va (p,q,r) = (2,4,4) nhung c6 nghiém khi

(p7 q7 T) = (27 37 6)7
chang han phuong trinh 22 4 ¢ = 2% ¢6 nghiem 1& (3, —2,1).

a) Néu

Cac két qua nay dugce chitng minh bdi 1y thuyét ham Modular, khong thé
ap dung ducc gia thuyét abc.

Tuong tu nhu bai toan ton tai da thiic, ta phat biéu bai toan tim s6 nguyén
thoa dieu kién cho trudec.

Theo bai toén (1.6 ): Cho a la s6 phiic khéac 0. khi d6, néu ton tai cac da
thitc mot bién vai he s6 phitc f(t), g(t) théa phuong trinh f2(t) = ¢3(t) + a
thi f va ¢ 1a cac da thic hang.

Ta thay da thic trong bai toan nay bdéi cac s6 nguyeén thi bai toan sé c6
nghiém.

Bai toan 2.5

Tim cac nghiém nguyén ctia phuong trinh 23 — y? = 4.

Ching ta c6 thé gidi bai toan trén dua vao s6 nguyén Gauss. Tuy nhién
phuong phap nay kha phic tap. Ching ta cé cach gidi ngan gon hon nhiéu
dua vao gid thuyét Hall. Theo gid thuyét Hall ta c6

|28 — o P> O

| 2° — 7 "> Cof”
Nhu vay x va y déu bi chan bdi nhitng s6 nhé. Mit khéc, tit phuong trinh
23 — y? = 4 ta suy ra dudc z < y nén ta dé dang thay cac gia tri cia x va y
vao phuong trinh. Phuong trinh ¢6 nghiéem duy nhat (z,y) = (2,2).

Tuong tu nhu bai toan trén, 4p dung gid thuyét Hall cho cic s6 mii m, n
16n hon 1 véi cong thic

n.m(1 + e€)

| 2™ |< Ce | 2™ =y |mn—n—m, 2.9
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ta suy ra duge dinh 1y Lebesgue: Gia sit p 1a s6 nguyén t6. Khi dé phuong
trinh 2 — y? = 1 khong c6 nghiém nguyén théa z.y # 0.

Dong thoi 4p dung cong thiic (2.9) ta tim duge (x,y) = (0,1) 1a nghiém
duy nhat ctia phuong trinh 23 + 1 = y*. Bai toan nay chi 13 mot trusng hop
cia bai toan téng quat sau.

Bai toan 2.6 ( Trich dé thi vo dich qubc gia an Do 1998).

Tim céc s6 (z,y,n) nguyén duong sao cho (x,n + 1) = 1 va théa man he
thic 2" + 1 = y" 1.

Bai toan nay dudc gidi quyét don gidn khi ta 4p dung gid thuyét Hall. Ta
xét cac truong hgp sau.

Néu n = 1, ta dudc phuong trinh z + 1 = 32 ¢6 v6 s6 nghiém déu thoa
mén di¢u kién (2,2) = 1. Ta suy ra x 1a s6 1& y 1a s6 chin. Chang han
(z,y) = (3,2),(15,4),(35,6), ... la cdc nghiém cia phuong trinh.

Néu n > 1, theo gid thuyét Hall ta c6: v6i moi € > 0, ton tai s6 C, sao cho

n.m(1+ e)

[ 2" |[< Ce 2™ —y" |mn—n—m.

Thay m =n;n+1=mva | 2" —y" |= 1, ta dugc
| 2" |< C..1.
Do d6 = 0 va y = 1 thda hé thic 2" + 1 = y""!. Mit khéc, theo gia thiét
(,n + 1) = 1 nén phuong trinh da cho v6 nghiém.
Vay bai toan chi ¢6 nghiém khi n = 1, x 1é v y chan.
Bai toan 2.7 (Trich dé thi vo dich Nga 1997)

Tim cac s6 nguyén t6 p va q théa man hé thic sau:
(p+q)+q"=p". 2.10

Ta c6 thé giai bai toan trén ma khong can ap dung gid thuyét abc nhu
sau:

Xét truong hop p = ¢, ta duge phuong trinh p3(p? — p — 8) = 0 (loai )

Xét truong hop p # ¢, khi ay ta coé:

(p+q)?+4q" =0,
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¢ +¢ +3pglp+q) =p° —p’,
S ql*(g+1) +3p(g+1) +3p(g—1)] = p*(p* - 1).

Két hop véi p va q 1a cac s6 nguyén t6 nén ta suy ra

{p|<q+1>

q|(p*°—1)

Xét kha ning thit nhat
{p (g +1)

ql(p—1)

Ta suy ra

{p <(¢+1)
¢<(p-1)
ticla (p—1) < ¢<p-—1). Tadugc p—1 = ¢ ma p va q la cic s6 nguyéen t6
nén ta suy ra p = 3,¢q = 2, thay vao phuong trinh (4.6) khong théa man .
Xét kha nang thit hai

q|(p+1)

{p|<q+1>

Ta suy ra

9

{p <(g+1)
g<(+1)
ticla (p—1) < ¢<(p+1). Tadugc ¢ =p—1hodc ¢g=phoacqg=p+1
ma p va q l& cic sb nguyén t6 nén ta suy ra p = 3,9 = 2 hodic p = 2,9 = 3,
thay vao phuong trinh (2.10) khong thoa.

Vay bai toan vo nghiém.

Bai toan ( 2.7) c6 theé giai quyét that ngdn gon khi ching ta diing dén gia
thuyét abc ma tryc tiép 1a gid thuyét Tijdeman- Zagier, trong dé6
r=p+q,y=q,z2=p,(p,q) =1 va cac s6 mi déu l6n hon hodc bang 3. Khi
d6, phuong trinh (2.10) v6 nghiém.

Gia sit chiing ta thay doi gia thiét ctia bai toan va néu ta khong ap dung

gid thuyét Tijdeman- Zagier liéu c6 giai dudc bai toan sau khong?
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Bai toan 2.8

Tim cac s6 nguyén, nguyén t6 cling nhau théa man hé thic sau:
(p+q)+q" =p". 2.11

Bing cach lap luan tuong tu nhu bai tap (2.7) ta suy ra cac trudng hop
g =p—1hoic ¢ = p hoiic g = p+1 ma p va q 1 cic s6 nguyén t6 cling nhau
nén ching ta khong thé thi hét cac gia tri clia cac sé p va g nguyén t6 cling
nhau théa man hé thic (2.7). Do dé ta khong thé két luan dugc bai toan.
Tuy nhién, khi 4p dung gid thuyét Tijdeman- Zagier thi bai toan (2.8) thoa
man cac dieu kién ctia gid thuyét. Do dé bai toan vo nghiém.

Bay gio ching ta xét bai toan tuong tu nhu bai todn (1.9 ) cho s6 nguyén va
cling c6 cach giai tuong tuong tu.

Bai toan 2.9

Tim tat ci cic s6 nguyén a va b théa man phuong trinh
(a+b)%=a®+ 1.

Bai toan 4.9 c6 thé gidi theo hing dang thitc nhu sau:

(a+0)® =a*+ 1
& 3a’b+3a.b* =0
& 3a.b(a+b) = 0.

Tw d6 suy ra a = 0 hodc b = 0 hoac a = —b. Tuy nhién, viéc giai bai toan
cho s6 mil tong quat m > 3 thi sé rat khé khin khi diing hing dang thiic.
Trong trudng hop dé, chiing ta sé diing gid thuyét abc ma hé qua ctia né 1
dinh 1 cubi cling ctia Fermat cho s6 nguyén dé gidi quyét bai toan. Bai toan
(2.9) 1a mot truong hop cua bai toan sau.
Bai toan 2.10:

Cho n 1% mot s6 nguyén 16n hon hodc bang 3. Tim tat ci cac s6 nguyén a

va b thoa man phuong trinh
(a+0)"=a"+ 01" 2.12
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a) Xét trudng hop n 14 s6 1é.
Gid st (a,b) = 1 thi ged(a,b,a+b) = 1. Khi d6, ap dung gid thuyét abc hodic
dinh 1y Fermat cho s6 nguyén, ta suy ra dudc khong ton tai hai s6 nguyén a
va b théa man phuong trinh (a 4+ b)" = a" + b".
Ta thay rang, a = —b hodc it nhat a = 0 hodc b = 0 théa man phuong trinh
(2.12) .

Truong hop khéc, khi (a,b) = ¢, hién nhién ¢ # 0,c # a. Khi d6, ton tai

cac s6 nguyén u, v sao cho a = c.u, b = c.v. Phuong trinh
(a+0)"=a"+ 0"

S (u+v)" =u" + 0" 2.13

Hién nhién (u,v) = 1 nén theo dinh 1y Fermat cho s6 nguyén ta suy ra
phuong trinh (2.13) vé nghiém.

Nhu vay, khi n 1a s6 1é thi phuong trinh (2.12) chi ¢6 nghiém a = —b hoic
it nhat a = 0 va b = 0.

b) Xét trudng hgp n la chan.
Gid st (a,b) = 1 thi ged(a,b,a+b) = 1. Khi d6, ap dung gid thuyét abc hodc
dinh 1y Fermat cho s6 nguyeén, ta suy ra dudc khong ton tai hai s6 nguyén a
va b théa man phuong trinh (a 4 b)" = a™ + b".

Ta thiy rang, it nhat a = 0 va b = 0 thda man phuong trinh (2.12)

Truong hop (a,b) = ¢,c # 0. Khi d6, ton tai cic s6 nguyén u, v sao cho
a = c.u,b = c.v. Phuong trinh

(a+b)"=a"+ 0"

& (a+b)" =a" +0". 2.14
Hién nhién (u,v) = 1 nén theo dinh lj Fermat cho sé nguyén phuong trinh
(2.14) vo nghiém.
Nhu vay, khi n 1& s6 chdn thi phuong trinh (2.12) chi ¢6 nghiém khi it
nhat a = 0 hoac b = 0.
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Trong khi d6, néu ta khong dung dinh Iy Fermat cho s6 nguyén ma ap
dung khai trién nhi thic Newton thi chiing ta sé gip dudc khé khin va khong
két luan duge bai toan.

That vay, (a +b)" =a" + 0"

& O™ b+ C2a" 2 4+ O b =0

& ab(Cla" 2 + C*a" b+ ...+ C" 1" 2) = 0.

Sé rat kho dé tim a va b théa Cla" 2 + C2a"3b+ ... + C'~ 12 = 0.
Chiing ta phét biéu tuong tu cho sé nguyén ctia bai toan (1.13),
Bai toan 2.11

Ton tai hay khong s6 nguyén a sao cho moi wéc nguyén t6 ciia a va a + 1
déu c6 sb mil boi.

Gia sit ton tai s6 nguyén a sao cho moi wéc nguyén t6 ciia a va a + 1 déu
c6 s6 mii boi.

Do mil boi ctia mot s6 nguyén nhé nhat 13 boi 2 vA moi wée nguyén t6 cla
a déu 1a mi boi nén rad(a) < \/a.

Tuong ty moi u6c nguyén t6 ctia a + 1 déu 1a ¢6 s6 mil boi nén

rad(a+1) < va+1.

T do, ta suy ra
rad(a).rad(a + 1) < \/a.(a+ 1).

Nhu vay, ta co
[rad(a).rad(a + 1)) < a.(a +1). 2.15
Ta c6 sy phan tich (a + 1) —a = 1, 16 rang (a,a + 1) = 1, vi néu ngugc
lai thi ton tai s6 nguyén b 14 u6c chung 16n nhat cta a va a + 1. Khi doé,

(a,a+1) =1, ap dung gia thuyét abc cho cac s6 nguyén a,1 va a + 1 ta c6

max{a,a + 1} < C..[rada(a + 1)]**.
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Do dé,
a.(a+1) < C..[rad(a(a + 1))]*(dtng).

Nhu vay, khac véi bai toan [ 1.13, trang 20 | cho da thiic khong ton tai
nghiém, d6i v6i Bai todn (2.11) ton tai s6 a, chiang han a = 8, khi d6 8 = 23
va 9 = 3%

Chiing ta phét biéu tuong tu cho sé nguyén ctia bai toan (1.14).

Bai toan 2.12:

Tim hai s6 nguyén a va b sao cho rad(a) = rad(b) varad(a+1) = rad(b+1).

Ta dé dang chi dugc cac s6 nhu sau: @ = 2,b = 8 vi rad2 = rad8 = 2 va
rad3 = rad9 = 3 hodc a = 75,b = 1215.
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Chuong 3
Dinh ly MaSon md rong

Ta biét rang dinh 1y Mason phét biéu cho ba da thic nguyén t6 ciing nhau
timg cap, khong dong thai 14 hing s6. Vay dinh 1y Mason c6 thé ap dung cho
n ham s6 n > 3 dugdc hay khong? Khi dé bat dang thitc trong dinh 1y Mason
sé nhu thé nao? Ta da biét dén mot cach ching minh khéc ciia dinh 1y nay
la dung dinh thic ctia dai s6 tuyén tinh. Trong nhiing nam gan day, bang k¥

thuat Wronskian ching ta cé thé md rong cho ham nhiéu bién.

3.1. Bac ctia mot phan thitc va tinh chét

3.1.1 Dinh nghia: Bac cua mot phan thic
f(@)
p(z) = o) # 0
véi f(x), g(z) 1a cac da thic thiic he s6 phiic nguyén t6 cuing nhau, ky higu
degyp, dugc dinh nghia la degp = degf — degg.
Gia st p(x) 14 mot phan thic v6i mdi a € C, viét p(z) dudi dang:
kJ1(2)
g(x)’

trong d6 fi(z) va gi(x) 1a cac da thic nguyén t6 cing nhau va khong nhan

p(z) = (r —a)

a lam nghiém .

S6 k xac dinh nhu trén goi 14 bac clia ¢ tai a; ky hiéu ord,p. Tu dinh
nghia 3.1.1 ta c6:
3.1.2 Ménh dé Néu ¢1; s la cic phan thitc a € C' thi khi do:

(i) ordq(p1.92) = ord,p1 + ordgps

(i) ord,(~

o) = ordan
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(11) orda(ﬂ) = ord,p1 — ord,ps.
Y2

3.1.3 Ménh dé: Gid s ¢ la da thic c6 hé so phic, a € C. Khi dé néu
©F) <0 thi:

k
¥
ord > —k.
o75) 2
Chitng minh: Gia st p(z) = (z —a)™ L) v6i f(z), g(x) khong c¢6 nghiém

g(x

chung va khoéng nhan a lam nghiém. Ta c6:

met (M-f(2) + (x — a).f()).9(z) — (x — a) f(x).g(x))
. ) .

ola) = (&~ a)

Do ord,(g(x)) = 0 va

orda((m.f(x) + (z — a).f(2)').9(x) = (x — a) f(x).g(x)') = 0,
nén orc/la(gp(::r;) ) > m — 1 Do doé:

orda(%) = ord,(p) — ordy(¢) > m —1—m = —1, vi vay:

k / " k

¥ Y @ ¥
ord,(—) = ord,(—.—....
(90) (90 @ 90’“‘1)
/ " k
¥ ¥ ¥
= ord,(—).ord,(—)....ord,(—) > —k.
(gp) (g; ) ((pk’—l)

3.1.4 Ménh dé: Gid si f, g la cac phan thic, a € C khi dé
ord,(f + g) > min(ord,f,ord,g).

Chitng minh: Gia st

k1M

(@) = (=) 5,

) — x_akggl(x)
9(w) = (0 =) .

Trong do6 fi1, f2, g1, go khong nhan a lam nghiém:
Dat k = min(ky, ko) ta co:
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(z = a)"[(x = )" " f1(2).g2(2) + (& — @) " fo(2).g1 ()]

f(@) +g(z) = fa(w).g2(x)

Do fs, g2 khong nhan a lam nghiém nén:
ord,(f + g) > k = min(ord,f, ord,g).

3.1.5 Dinh nghia: Gia st fi, fo, ....f, 1a cAc ham phan thrc:

a) Ta goi Wronskian ctia ching la:

wl) =l fofull=|
N N

b) Gi4 st rang
fi # 0 v6i moi i, A fi + fo+ oo fu = 0.
Lay dao ham n — 1 lan, thu dudc mot hé phuong trinh tuyén tinh:

f1+f2‘|‘ ..... +fn =0
4 Ty
(fl)fl—i_““—}_'(fn)f”_o
L e
( fl )f1+....+_( fn )fn:O
c) Gia st
1 1
h L
=
( fl )fl . ( fn )fna
! 1 1
Rye o ey
L =| BT
T Y
( fl )fl 0 ( fn )fn
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Khi d6 L(f) = w(f)/(f1..-fn) va tuong tu dbi v6i L;(f). Néu fi fo...f, doc
lap tuyén tinh thi W(f) # 0 va do d6 L(f) # 0 ta c6 f; = L;(f)/L(f).

3.2. Dinh Iy Mason md rong

3.2.1 Dinh ly Mason md rong
Gid st fifo...fn la cdc da thiic trén truong ddc s6 0, khong cé nghiém chung,
khong dong thoi la cdc da thic hang. Gid si rang ged(fi, f;, fr) = 1 vdi cdc
0 khdc nhau bat ky 1,7, k, € {1,2,..n}, fi+ fo+ ... fu = 0 va fifo...fn_1 déc
lap tuyén tinh. Khi do:

max (degf;) < (n —2)| Zno fi) —1]. 3.1

1<i<n

3.2.2. Chitng minh: Gia st {aq, ....a,} 1a n — 1 chi s6 phan biét cta tap
hop céac chi s6 {1,2,..n}. Do fi+ fo+ ....[n =0,

wen || forr oS =0 | frofac | (6= 1)
Trong d6 || f1, f2,---.-fu_1 || 12 Wronskian ctia cac ham f1, fo, ... fn1
I R
W(f) =l frobua = T0 P e
O R

Do fi, fo, .....fn_1 doc lap tuyén tinh nén || f1, fo, .....fu_1 ||# 0
va do d6 || fay,---fa, , ||# 0. Dat

N oot |
P(t) N f17f27 ----- fn—l ’
B fi, fo, ... fn
AU el R N A

Suy ra f,(t) = P(t).Q(t), do d6 degf, = degP + degQ.
Trude hét, ta chiing minh

degQ < (n — 2)(_2 no(f:))
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That vay, gia st a 13 mot nghiem bat k¥ cia Q(t), suy ra a 1a mot nghiem-

117
=1

f» nguyén t6 cling nhau nén ton tai i, 1 < ip < n sao cho
a1 1a n — 1 chi s6 con lai. Tu (3.2.1) suy ra

o

Cua

Do fhf?a """
fi,(a) # 0. Gia st aq, g, ....

qu?fOéQ""fO( 1
QW) = o el

Dat
R(t) — H famfozz""foén—l H
fa17f042""f04n_1
Suy ra:
1 1 —_—

!

1 ’ f
fa1 fag Ap—1
fOzl fOzz fozn_l

n—2 n—2 n—2

(6751 [65) Op—1

fa1 fag fom—l.

C ) i Ty 72
Dinh thtc trén bing tdng cic s6 hang c6 dang: y——2——"=L
fiv-figee fin

V6i 1 <iq,i9....0, < n (*y il)

C fiy-fine )
Gia st ring s6 hang =2 o chtta tat ca cac f; ma f;(a) = 0 theo
f’il'f’ig "fln,Q

ménh dé 3.1.4 thi:

/ n—2

le fzz e d gy Q)IOTda(&)_*— +0Td (fznz)

fil'fiQ""on72 fil

ord,(

Ap dung ménh dé (3.1.6) suy ra:

ord, (f ) > —k > —(n—2) v6i moi i, ma f; (a) = 0. Vi vay:

fucbie i, >(n—2)( 1).

fil'fig""fln—Q B 1<k<n
fr(a)=0

ordg(
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Ap dung ménh dé (3.1.6) suy ra:

ord,R(t) > —(n—2)( Y _ 1)

Do doé,
ord,Q(t) = —ord,R(t) < (n — 2)( Z 1).

Bat dang thic trén dang v6i a 1a nghiém ctia Q(t) theo dinh nghia bac ctia

phan thic ta co:

degQ(t) < (n=2)(Q_ no(f)- 3.2
i=1
—2)(n—1
Bay gid ta chiing minh degP < — (n )2(n ) That vay:
1 1 o1
ho L e
poy=| S I
77:—2 n.—2 .n—2
fl f2 fn—l

Dinh thic trén bang tong cac s6 hang cé dang:

Déi v6i moi s6 hang thi

fo o Jis I i f.
deg(——....——) = deg(—) + deg(—)..... deg(——
eg(fﬁ1 5 fﬁn—2) eg(fﬂl) " eg(fﬁQ) " eg(fﬁn—Q)
(1) 4 (=D 4t (=) = - 1)2(" —2)
Ap dung menh dé ( 3.1.4) suy ra:
degP(t) < (n = 1)2(n —2) 3.3
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va tir (3.2) va (3.3) ta c6:

degfu < (n—2)(3  mo()) — LA =2)
i=0

2

Hoan toan tuong tu doéi véi fi, fo, ....fa_1 ta co:

n—1)(n—2)
5 :

1<i<n

max (degf;) < (n — 2)(2 no(fi)) — (

(n—2)(n—1)
2

Ta lai c6 >n—2,Vn > 3 nén

1<i<n

max (degf;) < (n —2)[Y_ no(f;) = 1].
i=1
Dugc diéu phai chiing minh.

3.3. Ap dung Mason md rong vao nghién citu ciac da thic nhiéu
bién

3.3.1 Dinh 1y cudi cung ciia Fermat cho cac da thitc nhiéu bién.

Phuong trinh

v0 nghiém khim > (n—2)n, trong dé cdc da thic nhiéu bién fi, fa, ... fo(n > 3)
tren vanh Clxy, o, ...7;] nguyén to cung nhau tung cip, khong dong thoi la
cac da thic khdc hang, dong thoi hé fI, fa, ...+ f™ doc lap tuyén tinh trén
truong C.

That vay, gia st phuong trinh (3.4) ¢6 nghiém khong tam thuong, 4p dung
dinh 1y Mason cho cac ham nhiéu bién ta c6

max [ < (n— 2)no(f"f3" f1) — 1].

1<j<n
Do do,
degf!" < (n—2)[no(f1.for fu) = 1],V5 = 1,2, ...
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Ta suy ra

degf; < (n=2)
m

Vi=1,2 ..n.
Lay tong vé theo vé n cac bat dﬁmg thiic trén ta dudc

Zdegf]_ Zdegfj—l

Chuyén vé ta dudc

(1—M)Zdegfj < _{n=2n < 0.

[deg(f1) + deg(fo) + .... + deg(f,) — 1],

(n—2)n
m Z
Truong hop [ = 1,n = 3 ta dudc dinh 1y cudi cuing Fermat cho da thic cta

Tu do, ta suy ra (1 — ) <0 hay m < (n — 2)n.
ba ham s6 mot bién: phuong trinh vo nghiém khi n > 3 [ xem Dinh 1y 1.2.1].
Tudng tu , chiing ta c¢6 dinh 1y sau cho cac s6 mii khac nhau.
3.3.2 Dinh ly Fermat tong quat cho cic da thic nhiéu bién.
Phuong trinh

A+ B L =S 3.5

vo nghiém khi m; > n(n—2),Vj = 1,2, ...n, trong dé, cdc da thic nhiéu bién
f1, f2, o fn-(n > 3) trén vanh Clxy, 1o, ...1)] nguyén to cing nhau tung cdp,
khong dong thoi la cdc da thic khdac hang, dong thoi hé fi™, f3'2, ... + fimn
doc lap tuyén tinh trén truong C.

That vay, gid st phuong trinh (3.5) khong ¢6 nghiém tam thuong, ap dung

dinh Iy Mason cho cdc ham nhiéu bién ta c6

max £ < (n=2)[no(fi™ f3 f) = 1.
Do doé,
degf;" < (n—2)[no(fr-fo-fu) —1],¥j =1,2,..n.
Ta suy ra

mjdegf; < (n —2)[deg(f1) + deg(f2) + ... + deg(fn) — 1,
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Vi=1,2,..n.
Lay tong vé theo vé n cac bat ding thic trén ta dugc

n

> Imj — (n—2)n]deg(f;) < —(n —2)n < 0.

j=1
Diéu ndy mau thuan v6i gia thiét m; > n(n—2),vj = 1,.2..n.  Vay phuong
trinh (3.5) vo nghiém.
Trudng hop | = 1,n = 3 ta dudc dinh 1y Fermat tong quat cho da thiic
clia ba ham s6 mot bién: phuong trinh vo nghiém | bai toan 1.2 |
3.3.3 Phuong trinh Fermat- Catalan cho cac da thitc nhiéu bién
Cho céac s6 nguyén duong m;(1 < j < n). Néu

1 1 1 1
— + —+ ... + <
myp M my, n— 2
thi phuong trinh
?h +—j§”2—%..“-+-f§ﬁgﬂ = fim 3.6

vo nghiém, trong d6, cac da thitc nhiéu bién fi, fo,...., fu(n > 3) trén vanh
Clx1, 2, ...17;] nguyén t6 cung nhau ting cip, khong dong thoi 1a cac da thic
hdng va gid st rang he f{", £, ... + f™ doc lap tuyén tinh trén truong C.

That vay, gia st phuong trinh (3.6) c6 nghiém khong tam thuong, ap dung

dinh Iy Mason cho cdc ham nhiéu bién ta c6

max £ < (n— 2o fy e f1) — 1]

1<j<n
Do doé,
degf" < (n—=2)[no(f1-far - fu) — 1],V = 1,2, ..n.
Ta suy ra
mjdegf; < (n — 2)[deg(f1) + deg(f2) + ... +deg(fy) — 1],

Vi=1,2,..n.

Thc 1a

deg(f;) < ——(n — 2)[deg(fi) + deg(fo) + ...+ deg(f)] — ==
J ]
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Lay tong theo vé n cac bat dang thiic trén ta duge

n

Zdeg £ <Z (n=2)[deg( 1) +deg(f2)+ . +deg(f)]~ (n—2) 3" —

Do dé

=1 "
@gn i(n—2)>1
- m;
J=1
"1 1
sy — >

Do dé khi

n

S

1
J=1 HJ
thi phuong trinh (3.6) v6 nghiém.

Truong hop [ = 1,n = 3 ta dudc phuong trinh Fermat- Catalan cho da

thitc ctia ba ham s6 mot bién

f g =

1 1 1
vo nghiém khi — + — 4+ — <1 [bai tap 1.3]
mp  ma2 M3
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Két luan

Luan van trinh bay su tuong tu gitta s6 nguyén va da thic, cu thé 1a sy
tuong tu clia gid thuyét abc va dinh Iy Mason v mot s6 hé qué cla ching.
T d6 luan van gi6i thieu mot sé bai toan so cap la tuong tu cta da thic
sang s6 nguyén, mot s6 két qua md rong cia dinh Iy Mason. Cac két qua nay
da dudc viét 6 dang cac bai bao céo ciia nhiéu tac gia. Do d6 trong qué trinh
thuc hién luan van nay, ching t6i chi yéu thuc hién viéc doc hiéu v& trinh
bay lai cac két qua da c6 mot cach chi tiét va hé théng, dong thsi bo xung
thém mot s6 bai tap cho phong pht hon.

Luan van da dat dudc cac két qua sau.

- Trinh bay hé thong v chiing minh chi tiét dinh 1y Mason va cac hé qua
ctia n6. Ung dung 1y thuyét d6 dé xuit mot sé bai tap vé ton tai da thuc,
cac bai toan vé nghiem trong C/[t].

- Trinh bay hé thong va ching minh chi tiét cac tuong tu s6 hoc ctia dinh
Iy Mason va cac hé qua clia né. Giai chi tiét cac bai tap tuong tur s6 hoc clia
cac bai toan vé da thic & trén.

- Trinh bay md rong ctia dinh 1§ Mason cho nhiéu ham s6 mot bién, hodc

ham s6 nhiéu bién, va cic hé qua ctia né.
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