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LG1 cam on

Luan van dugc thuc hién va hoan thanh tai truong Dai hoc Khoa hoc
- Dai hoc Thai Nguyén dudi sy huéng dan khoa hoc cia GS. TSKH. Ha
Huy Khoai. Qua day, tac gia xin dude gtii 10i cdm on sau sac dén thay gido,
nguoi huéng dan khoa hoc ctia minh, GS. TSKH. Ha Huy Khodi, ngusi da
dua ra dé tai va tan tinh huéng dan trong suét qua trinh nghién citu ctia
tac gid. Dong thoi tac gia cling chan thanh cAm on cac thay co trong khoa
Toan - Tin hoc truong Dai hoc Khoa hoc, Dai hoc Thai Nguyén, da tao
moi diéu kién cho tac gid vé tai lieu va thi tuc hanh chinh dé tac gia hoan
thanh ban luan van nay. Tac gid cling gti 10i cAm on dén gia dinh, BGH
truong THPT Yén Thtuy B-Yén Thiy-Hoa Binh va cac ban trong 16p Cao
hoc K4, da dong vién giup dé tac gia trong qua trinh hoc tap va lam luan

van.
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MG DAU

1. Li do chon dé tai

Trong chuong trinh todn hoc cap THPT s6 phiic duge dua vao giang
day & phan giai tich toan 16p 12. Toan bo phan s6 phitc méi chi dua ra
dinh nghia s6 phic vA mot vai tinh chat don gidn ctia n6. Ung dung sb
phtic trong giai toan méi chi dirng lai 6 mot vai bai tap hinh hoc don gian.
Nham gitp cidc em hoc sinh kha giéi ¢6 cai nhin toan dién hon vé s phiic,
dic biet sit dung s6 phiic dé gidi mot sd bai toan so cap: hinh hoc, dai
s6, t6 hop, lugng giac nén toi da chon dé tai luan van: Vé moét phuong
phap giai toan so cap.

2. Muc dich nghién cttu

He théng héa cac dang bai tap hinh hoc, dai s6, t6 hop, lugng giac duge
gidi bang phuong phap s6 phiic dong thoi ndm duge mot s6 ki thuat tinh
toan lién quan.

3. Nhiém vu dé tai

Dua ra dinh nghia va tinh chat ctia s6 phuc. Déac biét st dung s6 phiic
dé gidi mot s6 dang toan: hinh hoc, dai s6, t6 hop, luong giéc.

4. Pbéi tuogng va pham vi nghién citu

Nghién cttu cac bai todn hinh hoc, dai s6, to hop, luong gidc trén tap
hop s6 phiic va cac tng dung lién quan.

Nghién cttu cac tai lieu boi dudng hoc sinh giéi, ki yéu hoi thao chuyén
toan, ti sach chuyén toan...

5. Y nghia khoa hoc va thuc tién ctia dé tai

Tao dugc mot deé tai phu hop cho viéc gidng day, boi dudng hoc sinh
trung hoc pho thong. Dé tai déng gép thiét thue cho viec hoc va day céac
chuyén dé toan trong truong THPT, dem lai niem dam mé sang tao trong
viéc day va hoc toan.

6. Cau tric luan vin

Luan vin gom 3 chuong

Chuong 1: Dinh nghia va tinh chat ctia s6 phrtic

Chuong 2: Céc dang bieu dién s6 phtic

Chuong 3: Stt dung s6 phtc trong gidi toan so cap
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Do thoi gian va khoi luong kién thiic 16n, chic chan ban luan van khong
the tranh khéi nhiing thiéu sot, tac gia rat mong nhan dugce su chi bao tan
tinh ctia cac thay co va ban beé dong nghiép, tac gia xin chan thanh cim on!

Thai Nguyén, nam 2012
Tac gia
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Chuong 1

Dinh nghia va tinh chat ctia sé6 phic

1.1 Dinh nghia
Gia thiét ta da biét dinh nghia va cac tinh chat co ban ciia tap sé thuc R
Ta xét tap hop
R* = RxR = {(z,y)|z,y €R}.

Hai phan tt (21,41) v& (22, y2) bang nhau khi va chi khi

{ Tl = X9

Y1 =142

Cac phép toan cong va nhan duge dinh nghia trén R? nhu sau :

214+ 2= (z1,01) + (22,92) = (1 + 22,1 +12) € R”.

1.9 = (371, ?/1) . (5132, yz) - (5171932 — Y1Y2, T1Y2 + szyl) S R*.

v6i moi 21 = (z1,71) € R? vd 25 = (29,%2) € R% Phan tt 21 + 22 goi 1
tong clia 21, 2o , phan tit z1.29 € R? goi la tich cla 2y, 2.

Nhan xét

1) Néu z; = (21,0) € R? va 25 = (22,0) € R? thi 2129 = (2129, 0).
2))Néu z1 = (0,y1) € R? va 25 = (0,72) € R? thi 2120 = (=912, 0).

Dinh nghia 1.1.1. Tap hop R? ciing v6i phép cong va nhan goi la tap sb
phtic, ki higu C. Mdi phan tit z = (x,y) € C duge goi 1a mot s6 phiic.
Ki higu C* dé chi tap hop C\ {(0,0)} .
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1.2 Tinh chat s6 phiic
1.2.1 Cac tinh chat lién quan dén phép coéng

Phép cong cac so6 phiic thoa man cac dieu kien sau day
Tinh giao hoan : z1 + 29 = 29 + 21 v6i moi 21, 29 € C.
Tinh két hop (21 + 22) + 23 = 21 + (22 + 23) v6i moi 21, 29, 23 € C.
Phan tit don vi: C6 duy nhat mot s6 phitc 0 = (0,0) e Cdé 2 +0=0+z
véi moi z = (x,y) € C.
Phan ti doi : Méi s6 phiic z = (z,y) € C ¢6 duy nhat s6 phic —z =
(—z,—y) € Csao cho z+ (—2) = (—2z) + 2 = 0.

1.2.2  Céc tinh chéat lién quan dén phép nhan

Phép nhan cac s6 phiic thdéa man cac dieu kién sau day
Tinh giao hoan:zi1z9 = 2921 v6i moi 21, 29 € C.
Tinh két hop:(z120)23 = 21(2023) v6i moi 21, 29, 23 € C.
Phan ti don vi: C6 duy nhat s6 phitc 1 = (1,0) € C théa man 2.1 =
1.2 = 2. S6 phiic 1 = (1,0) goi 1a phan tit don vi v6i moi z € C.
Phan ti nghich ddo:Mbi s6 phiic z = (x,y) € C,z # 0 ¢6 duy nhat s6
v)

phitc 27! = (2,9) € C sao cho z.271

= 21z = 1 56 phitc 27! = (2,
goi 1a phan tit nghich déo ctia s6 phic z = (z,y) € C.

Liy thita v6i s6 mil nguyén ctia so6 phtic z € C* duge dinh nghia nhu

saul=1; 2l =2 22=22 vaz2" = Z.Z...z VOl Mol s6 nguyén n > 0
nlan
va 2" = (2717 véi moi s6 nguyeén n < 0.
Moi s6 phitic 21, 22, 23 € C* vA moi s6 nguyén m,n ta cé cac tinh chat
sau
1) 2™ = Zmtm
m
z
2) — ="
Z?’L
3) ()" = 2
n __ nyn.
4) (z122)" = 212}

Khi 2 = 0 ta dinh nghia 0" = 0 v6i moi s6 nguyén n > 0.
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Tinh phan phoi : z1 (22 + 23) = 2129 + 2123 Vv6i Moi 21, 29, 23 € C*.
Trén day 1a nhitng tinh chat cia phép cong va phép nhan,thay rang tap
hop C cac s6 phiic ciing véi cac phép toan trén lap thanh mot truong.

1.3 Dang dai s6 ctia s6 phic
1.3.1 Dinh nghia va tinh chéat

MBai s6 phitc duge biéu dién nhu mot cap sé sip thi tu, nen khi thuc
hién cac bién doi dai sé thuong khong duge thuan loi. D6 1a 1f do dé tim
dang khac khi viét

Ta sé& dua vao dang biéu dién dai s6 mdi. Xét tap hop R x {0} ciing véi
phép toan cong va nhan dude dinh nghia trén R2,

Ham s6

f: R — Rx{0}, f(x)=(z,0)

14 mot song anh va ngoai ra (z,0) + (y,0) = (x +,0) va (x,0).(y,0) =
(xy,0).

Ngudoi doc sé khong sai lam néu cht ¥ rang cac phép toan dai s trén
R x {0} dong nhat v6i cac phép toan trén R; vi thé ching ta c6 thé dong
nhat cap sb (z,0) v6i s6 x, véi moi z € R. Ta st dung song anh tréen va ki
hiéu (z,0) = z.

Xét i = (0,1) ta co

z = (:Uay) - ($70)+(Ony) = (:C,O)—I—(y,O).(O, 1)
=x + yi =(x,0)+(0,1).(y,0)

T trén ta c6 ménh dé

Ménh dé 1.3.1. Méi s6 phiic z = (x,y) c6 thé biéu dién duy nhdt dudi

dang
z2=x+ Yt
Voi x,y € R.
He thic > = —1 dugc suy ra tit dinh nghia phép nhan 2 = 4.4 =

(0,1).(0,1) = (=1,0) = —1.

986 héa béi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn



Biéu thitc = + yi dude goi 1a biéu dién dai s6 (dang) clia s6 phiic z =
(z,y). Vi thé ta c6 the viet C = {z+yilz €R, y € R, * = —1}. Tu
gio ta ki hieu z = (x,y) bdi z = x + yi. SO thuc x = Re(z) duge goi la
phan thyc ctia s6 phtic z,y = Im(z) duge goi la phan 4o ctia z. S6 phiic
c6 dang yi, y € R* goi la s6 thuan ao, sé phuc 7 goi 1a s6 don vi ao.

Tt cac heé thic trén ta dé dang c6 cac két qua sau:

a) 21 = 29 khi va chi khi Re(z1) = Re(22) va Im(21) = Im(29).

b) z € R khi va chi khi Im(z) = 0.

¢) z € C\R khi va chi khi Im(z) # 0.

Stt dung dang dai s6, cac phép toan vé s6 phiic duge thie hién nhu sau:

Phép cong

21+ 20 = (X1 + y1t) + (w2 + yot) = (w1 + 22) + (11 +12)1 € C.

Dé thiy tong hai s6 phiic 1a mot sé phiic c6 phan thuc 1a tong cidc phan
thuc, c6 phan 4o la tong cac phan ao:

Re(z1 + 22) = Re(z1) + Re(z2);

Im(z1 + 22) = Im(z1) + Im(29).

Phép tru

21 — R9 = (1’1 + y1i) — (ZQ + ygi) = (x1 — 1’2) + (y1 - yg)i e C.

Ta co

Re(z1 — z2) = Re(z1) — Re(2);

Im(z; — 29) = Im(21) — Im(29).

Phép nhan

21.29 = (21 + y19). (22 + y2i) = (122 — Y1y2) + (21y2 + 22y1) 7 € C.

Ta co
Re(z129) = Re(21) Re(z2) — Im(21) Im(22);

Im(z129) = Im(21) Re(29) + Im(29) Re(z21).
Modi 86 thuc A, s6 phic z =z + yi, Az = Mx 4+ yi) = Az + Ayt € C la

tich clia mot s6 thuc v6i mot s6 phitc. Ta c6 cac tinh chat sau
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1) AM(z1 + 29) = Az1 + Azo;
2) )\1()\22) = ()\1)\2)2;
3)()\1 + )\2),2 = )\12 + )\22.

Liy thita ctia sb i

Cac cong thtic cho s6 phiic vdéi liiy thita 1a s6 nguyén duge bdo toan doi
v6i dang dai s6 2 = x + yi. Xét z = 4, ta thu ducc

Ta c6 thé tong quat cac cong thic trén doi véi s6 mil nguyén duong n

1 At = 1, it =

—1
Vithé ™ € {—1, 1,—i, i} v6i moi s6 nguyén n > 0. Néu n la s6
nguyén am ta co:

N <l>_n: (—i)™".

S6 phiic lién hop

M&di s6 phttc 2 = x + yi déu c6 sb phiic Z = x — yi, s6 phitc d6 duge goi
1a s6 phtc lien hop hodc s6 phic lien hop ciia s6 phiic z.

Meénh dé 1.3.2. 1) Hé thitc z = Z diing khi va chi khi z € R;

2)Mdi 56 phitc z ta luon cé dang thic z = Z;

8)Méi s6 phiic z ta luon cé z.Z la mot so thuc khong am ;

4)z1 ¥ 25 = 21 + % (56 phiic lien hgp ciia mot tong bing tong cdc sé phitc
lién hop);

5)z1.25 = Z1.22(s0 phiic lién hop clia mot tich bang tich cdc so phic lién
hop);

6)Méi s6 phitc z khdc 0 dang thitc sau luon ding 1 = z7L

I
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z Z1 .
7) <Z—;> = z:: , 22 # 0 (lien hop cia mot thuong bang thuong cac lién

hop); B B

8)Cong thic Re(z) = - ; © v Im(z) = Z;Z, ding vdi moi s6 phic
i

z € C.

Ghi cha

a) phan t1t nghich dao ctia s6 phtic z € C* ¢6 thé duge tinh nhu sau

1 z T — Yl x Y
- = — = = 1.

2 2z x2 + y? 224+ 12 2242

b) S6 phric lien hgp duge st dung trong vieéc tim thuong ctia hai s6 phiic
nhu sau:

21 A1z (1 4+ y1i) (w2 — Y1)  TiT2+Y1y2 | —T1ye + $2y12.

— 2 D) - 2 2 2 2
Z9 2929 Ty + Y3 5 + Y Ty + Y5

Modun ctia sé phiic
S6 |z| = /2?2 +y? dugdc goi 1a modun clia 6 phiic 2 = = + yi.

Meénh dé 1.3.3. 1) —|2|] < Re(z) < |z]va—1z] < Im(z) < |z[;
2) |z = 0,Vz € C,ngoai ra |z| =0 khi va chi khi z = 0;

3) 2] = \—22\ = |zI;
4) 2z = |27
5)|z120] = |z1] - |22| (mé dun cia mot tich bang tich cdac mo dun);

6) |z1] — |zo] < |z1+ 22| < |z| + f2f;
N1t = 2T 2 A0

8) Gl - |Z—1; , 22 #£ 0 (mé dun cia mot tich bang tich cac mo dun);
29 29
ol =z < o =2 < |zl + |2l

1.3.2 Giai phuong trinh bac hai
Bay git chiing ta c6 thé giai phuong trinh bac hai véi hé s6 thuc:

ax’+br+c=0,a#0
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trong truong hgp biét thic A = b? — 4ac nhan gia tri am.
Bang cach bién ddi, d& dang dua phuong trinh vé dang tuong duong

sau
A
T T o 4a2 |
Do do 5
b\? V=A
T+ — | —i =0
2a 2a
Vi thé
—b+iv—A B —b—iv—A
= 2a ) 127 2a

Cac nghiém trén 1 cac sb6 phic lien hop ctia nhau va ta ¢6 thé phan tich
thanh thira s6 nhu sau

ax’ +br +c=a(x —x1) (x — 23) .
Bay gio chiing ta xét phuong trinh bac hai tong quat v6i hé sd phiic
az’? +bz4+c¢=0, a # 0

St dung cac bién déi dai sé nhu trusng hop phuong trinh bac hai véi he

sO thue ta duoc:
L2 2 T
Z —_— JE—
2a 4a?

Ding thic trén tuong duong véi

a =0.

hosc (2az + b)* = A,
Véi A = b — dac cting dugc goi la biét thitc ciia phuong trinh bac hai.
Dit y = 2az + b phuong trinh trén duge rat gon vé dang

= A =u+vi
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v6i u,v 1a cac so thuec

Phuong trinh trén c6 16i giai

y172:|:< T+u—|—(sgnv) T2u2> ,

2

V6i r = |A| ,va sgnu 1a dau ctia s6 thuc v
Nghiém ban dau ctia phuong trinh 1a:

1
— = (b |
212 2a( +y1,2)

Ta c6 mdi lien hé gitta cac nghiem va hé so:
b c
21+ 29 = —— , k1.9 = —.
a a

Khi phan tich ra thita s6

az+bz+c=a(z—2z)(z — 2).

Nhu vay cac tinh chat trén duge bao toan khi cac hé s6 ciia phuong trinh
thuoc truong s6 phiic C.

1.3.3 Y nghia hinh hoc cta céic sé phitc va modun
Y nghia hinh hoc ctia sé phic

Chung ta dinh nghia s6 phic z = (x,y) = x + yi 13 mot cap s6 thuc
sap thi tu (z,y) € R x R, vi thé hoan toan ty nhién khi xem méi s6 phiic
z =+ yi 1a mot diém M (z,y) trong khong gian R x R.

Xét P la tap hop cac diém cia khong gian [] v6i hé truc toa do zOy
vasong anh ¢ : C — P, ¢(2) = M (x,y) .

Diém M (z;y)duge goi 1a dang hinh hoc ctia s6 phiic z = x + yi. S6
phitc z = x + yi duge goi 1a toa do phitc ctia diém M (x;y). Ching ta ki
hieu M (z) dé chi toa do phiic ctia diémM 1a s6 phiic 2.

Dang hinh hoc clia s6 phtic lién hop z ctia s6 phiic z = = + yi la diem
M'(z, —y) d6i xting v6i M (x,y) qua truc toa do Ox.
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Dang hinh hoc clia s6 d6i -z ctia s6 phitc z = z+yi 1a diem Mj(—x, —y)
doi xting véi M (z,y) qua goc toa do.

Song anh ¢ t tap R lén truc Ox ta goi la truc thue, 1én truc Oy ta goi
1a truc do.

Khong gian [] ciing v6i cac diém duge dong nhat véi s6 phiic goi la
khong gian phic.

~ P 2 ax £ P P . DY 2

Ta cling c¢6 thé dong nhat cac so phtc z = x + yi v6i véc to v =0M
, v6i M (x,y) la dang hinh hoc ctia s6 phtic z.

Goi Vj 1a tap hap céc véc to co diem goc 1a gbc toa do O. Ta cé thé dinh

~ p / / —~ — A e SO
nghia song &nh ¢' : C -V, ¢'(2) =OM =z 1 +yj,v6i i , jlacac
véc to don vi trén truc toa do Oz, Oy.

Y nghia hinh hoc ctia modun

Xét s6 phitc z = x + yi biéu dién hinh hoc trong mat phang 1aM (z,y).
Khoang cach Oclit OM cho béi cong thiic

OM = \/(xM —20)” + (ymr — y0)".

Vi thé OM = /22 + y? = |z| = | 7| mo dun |z clia s6 phiic 2= —i—Ayz'
14 do dai ctia doan thang OM hoic 1a do 16n cia véc to T =xi + yJ-

Q

hi §
a) Mo6i s6 thyc duong r, tap hop cac s6 phiic ¢6 mo dun r tuong duong

v6i duong tronC (O;r) tam O ban kinh 7 trong mat phang.

Z a =Z

Cac s6 phiic z véi |z| < r 1a cac diém ndm beén trong dudng tron
O
C(

S O

;7). Céc s6 phiic 2 v6i|z| > r 1a cac diém nam bén ngoai dudng tron
;7).

1.3.4 Y nghia hinh hoc ctia cac phép toan dai sb

a) Phép cong va phép trir

Xét hai s6 phtic 21 = @1 + Y17 VA 29 = X9 + Yot tuong duong vdéi hai véc
— — - - — -
tovy =211 +Y2) Vava =221 +UY2 ).
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Tong ciia hai s6 phic la
21+ 2 = (21 + 12) + (Y1 + y2) 0.
Tong hai véc to

— —
W40 = (1 4+22) 0 + (1 +12) J .

Vi thé 21 + 25 tuong duong véi vf + v3.
Hoan toan tuong tu doi v6i phép trit

Hiéu ctia hai s6 phtec 1a
21— 2= (21— 22) + (Y1 — y2) 0.

Hiéu hai véc to

Vi thé z; — 25 tuong duong véi v — v3.
Cha §

Khoang cach gitta M (z1,y1) va My (x9,1y2) bang mo dun clia s6 phiic
z1 — 29 hodc do dai cua véc to v_1> — 1}_2> Vay :

MMy = |z — 20| = |0 — V3| = \/(372 — 1)’ + (g2 — )"
b) Tich ctia sé thyc va sd phiic

p . . — — p

Xét so phtc z = x + yi tuong duong vé6i véc to U =xi + y J . Neu
s6 thuce , thi tich s6 thuc Az = Az + Ayi tuong duong véi véc to

— —
Ax i + Ay g .

Chu y: Néu A\ > O_>thi véc t0 A\v va U cing hudng va [(A\T| = A |7,
néu A < 0 thi véc to Ao va ¥ ngude hudng va |A7| = —\|7/|. Tét nhien

%

A=0thi \U = 0.

Lla
AU =
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1.4 Dang luong giac ctia s6 phiic
1.4.1 Toa d6 cuc trong mit phing

Xét mat phang toa do véi M (x,y) khong tring gdc toa do. S6 thuc
r = /2% + 32 goi 1a bdn kinh cuc ctia diem M. Géc dinh hudng t* € [0, 27)
gitta véc to OM véi chieu duong clia truc toa do Ox goi 1a argumen cuc clia
diém M. Cap s6 (r, %) goi la toa do cuc clia diem M. Ta sé& viét M (r,t*).
Chi ¥ ham s6

h : RxR\{(0,0)} = (0,00)z[0,27) , h((z,y)) = (r,t")

14 song anh.

Gdc toa do O la diém duy nhat sao cho r = 0 , argumen t* ciia goc
khong duge dinh nghia.

Mbi diém M trong mat phang , c6 duy nhat giao diem P cia tia véi
dudng tron don vi gbc O. Diém P gidbng nhu argument cyc t*. St dung
dinh nghia ham sin va cos ta ¢6

x=rcost® , y=rsint".

Vi thé ta dé dang c6 toa do Dé Cac ctia mot diém tit toa do cuc

Nguge lai, xét diém M (x,y). Ban kinh cyc 1a r = /22 + y2. Ta xéc
dinh argument cyc trong cac truong hop sau

a)Néu z # 0, tr tant* = % ta suy ra

t* = arctan Y + kT
x

0 khix>0,y>0
k=<1 khix<0,yeR
2 khix >0, y<0
b)Néu z =0 va y # 0 thi
ngy>0

" =
3
-;kMy<O
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1.4.2 Toa d6 cuc ctia s6 phic
MBai s6 phiic z = x + yi ta c6 thé viét dudi dang cuc

z =r(cost” +1isint"),

voi r € [0,00) va t* € [0,27) d6 1a toa do cuc dang hinh hoc ctia s6 phric
Z.

Argument cyc ciia dang hinh hoc clia s6 phiic z dudge goi la argument
clia 2z, ki hiéu la arg z. Ban kinh cuc ctia dang hinh hoc ctia sé phiic z
bang mo dun cua z. Khi z # 0 mo6 dun vd argument clia z dude xac dinh
mot cach duy nhat.

Xét z = r(cost* +isint*) va t = t* + 2k7 v6i k 1a s6 nguyen thi

z =1 (cos (t — 2km) +isin (t — 2km)) = r (cost +isint).

M&i s6 phtic z ¢6 thé bieu dién nhu z = 7 (cost +isint) véi r > 0 va
t € R. Tap hop Argz = {t =t" + 2knw, k € Z} ducc goi 1a arguent md
rong clia so6 phic z.

Vi thé, hai s6 phtic 21, 20 # 0 ¢6 dang

21 =11 (costy +isinty) vad 29 = ry(costy +isints)

bang nhau khi va chi khi r; = r9 vad t; — to = 2km, véi k 1a s6 nguyen.
Chu y Céac dang sau nén nhé

1 =-cosO—+isin0 , i:cosg—HSmg
.. . 3m .. 37
—1 =cosm +isinm , —i= 6087 + isin o

1.4.3 Cac phép toan s phiic trong toa do cuc
Phép nhan Gid si ring
z1 =11 (costy +isinty) vA 29 = ry(costy +isints)

thi
2129 = 11719 (cos (t1 + to) +1isin (¢ + t2)) .
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Liiy thita ctia mot sé6 phitc (De moirve) Cho z = r (cost +isint) ,
n €N, ta co

2" =r" (cosnt + isinnt) .

Phép chia Gid si rang
21 =11 (costy +isinty) vd 29 = ry(costy +isints)

thi
z r
_1 — _1 (COS (‘[;1 — t2) -+ iSin (tl - t2)) .
29 2

1.4.4 Y nghia hinh hoc ctia phép nhan

Xét
21 =11 (cost] +isint))

29 =19 (costy +isints).

Biéu dién hinh hoc clia ching 1a My (r1,t}) , Ma(r2,t3). Goi Py, P lan
lugt 1a giao diém ctia C'(O, 1) véi cac tia (OM; va (OM,. Lay Py € C(O, 1)
vl argument cyc 1a ¢ +t5v a chon M3 € (OP; sao cho OM;3 = OM;.O M.
Lay 23 6 toa do M. Diém Mjz (rire, t¥ + t5) 1a dang hinh hoc 21.29

Lay A la dang hinh hoc ctia s6 phiic 1 . Vi

OM;  OM, - OM;  OM,
oM, 1 OM, OA

va Mmg = ml nén hai tam giac MoOM; va AOM; dong dang.
Khi bi¢u dién dang hinh hoc ctia mot thuong chi ¥ rang dang hinh hoc

2 Z3 N + 2
cua — la diem M;.
<2

1.4.5 Can bac n cua don vi

Cho sb6 nguyén duong n > 2 va s6 phiic 2o # 0, gidng nhu trén trudng
s6 thyc, phuong trinh
Z" — 20 — 0
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duge st dung dinh nghia can bac n cia so6 zp. Vi vay mdi mot gia tri Z

théa man phuong trinh trén la mot can bac n cia 2.

Dinh 1y 1.4.1. Cho 2y = r (cost* + isint*) la s6 phiic véi r > 0 wva
tx € [0,27) S6 phiic 2y cé6 n can bac n phan biét cho bdi cong thic

t* + 2k t* + 2k
Zy = /r (cos: + ¢sin :>

n n
voi k =0,n— 1.
Chitng minh:St dung dang cuc ciia s6 phiic véi argument xac dinh
Z = p(cos¢p +isin ¢). Theo dinh nghia Z" = z; hay
p" (cosng +isinneg) = r (cost™ + isint”).

Taco p" =r vang = t* 4+ 2kw véi k € Z . Vi thé p = /r va

t* 2
dr = — + k.22 Vi k € Z. Do d6 nghiem ciia (1) 1a
n n
4+ Ok t* + 2k
Zn = It (cosg +isin g)
n n
véi k € Z.

Nhan thay rang 0 < ¢p < ¢1... < Pp_1 , vi thé cac s6 ¢, k €
{0,1....,n — 1} chinh la cac argument va ¢; = ¢5. Ta c6 n gia tri can phan
biet ctia 20:Zy, Z1, .-y Zp—1 . Cho k 12 s6 nguyéen va r € {0,1,...,n — 1},
thi  dong du véi k theo modn. Khi d6 k = ng+1r € Z va

1 2wtk 2T
¢op=—+(ng+r)—=—+r—+2qm = ¢, + 2qr.
n non n

Nhan thay Z,. = Z, do d6
{Zk ke Z} = {Z(), 21, ...,anl} .

Vay c6 chinh xac n gia tri phan biét ctia can bac n.
Bieu dién hinh hoc cac gia tri cia cin bac n la cac dinh ctia mot n gidc

déu noi tiép trong duong tron cé tam la goc toa do, ban kinh la /7.
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Ta ching minh diéu trén nhu sau, ki hieu My, My, ..., M,_1 1a cac
dlém co toa d6 phﬁ’C Zo, Zl)"'7Z’I’L—1' Vi OMk; = |Zk‘ = \"/F vol k €
{0,1,...,n — 1} nén cac diém M}, nam trén duong tron C (O, /n). Bén
canh d6, s6 do ctia cung MM, bang

"+ 2(k+1)7m— (t*+2kr) 2w

arg Ly — arg Z = . =

. 2 2

voi k € {0,1,....,n — 2} va s6 do cung M,,_1 M, la T op— (n—1) il
n n

Vi tat ci cac cung MM, ..., M,_1 M, déu bang nhau nén da giac

MOMl---Mn—l la da gléC déu
Can bac n cua don vi

Cac nghiém phuong trinh Z" — 1 = 0 dudc goi la cac can bac n cua
don vi.Vi 1 = cos0 + isin 0 nén tit cong thitc cin bac n ciia s6 phiic ta c6
can bac n cua don vi

2k 2k
£k :cos—ﬂ—l—isin—ﬂ , ke {0,1,...n—1}.
n n

Cu thé ta c6
gp =cos0+1isin0 = 1;

2t . 27w
€1 = COS— +18SIn — = ¢,
n n
47 4w 9
€9 = COS — +18ln — = €7
n n
2(n—1)m . . 2n—1)m _
Sn_1:COS¥—|—181n¥:€n L
n n

Tap hop {1, g,€2, ..., 5”_1} ki hiéu U,,. Ta c6 tap hop U,, dugc sinh béi
e , mdi phan ti cia U, 13 mot liy thita clia €.

Gidng nhu trude, biéu dién hinh hoc cac can bac n ciia mot sé phiic la
cac dinh ctia mot da gidc déu n canh, noi tiép trong duong tron don vi ma

c¢6 mot dinh 1a 1. Ta xét mot vai gia tri cia n
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i) v6i n = 2, phuong trinh Z? — 1 = 0 c¢6 céc nghieém 1 va —1 day la
cac can bac hai cua don vi
ii) v6i n = 3, phuong trinh Z3 —1 = 0 ¢6 cac nghiém cho béi cong thiic

2km o 2km

€ = COST + 1sin —

3
voi k € {0,1,2}.
Vi thé /3
2 2 1 3
=1, <€1:cos?ﬂ+isin§7T :—§+z’7,
va
47r+,_ 2 1 V3
— — n—=—— —1—.
€9 cos3 is 5 5 12

Day la cac dinh ciia tam gidc déu noi tiép dudng tron C (O, 1).

iii) v6i n = 4 ,céc can bac 4 la

2kmwr . 2kw
€ = COST + 1smT
voi k € {0,1,2,3}.
Cu thé nhu sau
T .. T
50:1,51:COS§+18111§:Z
.. 3m .. 3w :
€9 = cosT +isinm = —1 , €3 20057+1S1n7 = —1.
Ta c6
U = {1,i,%%,} = {1,i,—-1,—i}.

Biéu dién hinh hoc ciia cac can bac bén 1a céc dinh ctia hinh vuéng noi
tiép duong tron C' (O, 1)c6 mot dinh 1a 1.

Can ¢, € U, dudc goi 1a can nguyén thiy néu moi sd6 nguyén duong
m < mntacoel # 1.

Ménh dé 1.4.2. 1) Néu n|q , moi nghiém cia phuong trinh Z" —1 =0
la nghiém ciua phuong trinh Z9 — 1 = 0;
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2) Nghiém chung cta phuong trinh Z™ —1=0wva Z" —1 =0 la cdc
nghiém ciia phuong trinh Z?—1 = 0; vdi d = ged(m,n) (d:udc chung lon
nhat), U, N U, = Uy;

3)Cac nghiém nguyén thiy cia phuong trinh Z™ —1 =10 la

2k . 2km
€k = COS—— + 151N ——;
m m

vdi 0 < k<m vaged(k,m)=1.

Meénh dé 1.4.3. Néu € € U, la mot can nguyén thiy cia don vi thi tat

i cdc nghiem cia phuong trinh Z" —1 =0 la e, e, .., e wgir
la 56 nguyén duong tuy ¥.
Meénh dé 1.4.4. Cho gy, €1, ...., €n_1 la cdc can bac n cia don vi . Vi

moi s6 nguyén duong n ta luon cé hé thic

n—1
k ) bl
8. g
jz:; g {O, n fk.
2T

2m
Meénh dé 1.4.5. Cho p la s6 nguyén t6 va & = cos— + isin —. Néu
p p

ap, ai, ..., Gp—1 la cdc 50 nguyén khdc khong ,hé thic
ag + a1€ + ... + ap_lgp_l =0

ding khi va chi khi ag = a1 = ... = ap—1.

1.5 Bai tap

Bai 1 Cho céc s6 phiic 2y = (1,2) , 22 =(—2,3) , 23 = (1 —1) hay
tinh céc tong sau:

a) z1+ 2o + 23; b) z129 + 2023 + 2321 ; C) 212223 ;
2 2
27+ z z z Z
2 2 2 . 1 2 . 1 2 3
d) 21+ 25 + 23 ; e) D) 5 3 f) —+—
25 + 23 29 Z3 21

Bai 2 Gial ac phuong trinh sau :
a) z+ (=5 ):( 1) ; b) (2,3)+2z=(=5-1) ;
c) 2.(2,3) =(4,5) ; d)
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Bai 3 Giai cac phuong trinh sau trén tap C

a) 2> +2+1=0; b) 22 +1=0.

Bai 4 Cho zp = (a,b) € C . Tim s6 phitc z thoa man 22 = 2.
Bai 5 Tim céac sb6 thyc z,y trong cac truong hop sau:

a) (1—20)ae+1+2)y=1+1i ; b)§1?+g:j’
c) (4 —3i)2® + (14 2i) vy = 4y* — %xQ + (3zy — 2y°%) i .
Bai 7 Tinh :

a) (2 —1) (=34 2i) (5 — 4) ; b) (2 — 43) (5 + 2i) + (3 + 4i) (=6 — i) ;
6 6

g (Lt 16+ A 0 RRCARN YA
1—i 1+ ’ 2 2 !

0 347 58
2430 2—3i

Bai 8 Tinh:

a) 2000 41999 g 200 g AT VB =144+ . ", 1<neEN;

¢) it.i%.4%.. 200 C d) i (=) T (=) a0 (=)™

Bai 9 Tim tat c4 cdc so phic z # 0 thda man z 4+ 1 € R.
Bai 10Chtng minh réng:

q) By = (2+z'\/5)7+(2—z'\/5)7eR;

194+ 70\" (204 5i\"
) EQ:( 0—i ) +(7+6z'> €R.
Bai 11 Cho z € C* théa man |2* + 5| < 2 .Ching minh ring
z+i<2.
Bai 12 Tim cac s6 phiic z thda man |z| = 1 va |22 4+ 2% = 1.
Bai 13Tim cac s6 phic z théa man 422 + 8 |z|* = 8.
3

Bai 14Tim cac s6 phtc z théa man 2° = Z.

Bai 15 Cho z € C v6i Re(z) > 1 .Chiing minh rang |1 — 3| < 3.
Bai 16 Cho a,b, c la cac s6 thuc va w = —% + i\/Tg Tinh tong
(a4 bw+ cw?) (a + bw? + cw) .

Bai 17 Ching minh cac dang thic sau :
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CL) ‘21 + 22‘2 + |ZQ + 23‘2 + |Z3 + Zl|2 = |Z1‘2 + |ZQ|2 + ‘23|2 + ‘21 + 22 + 23‘2;
) 1+ 207l + 2= 2 = (14 [2) (14 12)
c) |z1+ 20+ 23|+ |—21+ 22+ 23|+ |21 — 20+ 23| + |21 + 22 — 23] =

=4 (|21] + ‘22‘ +|Z3’
Bai 18 Tim tat ci cic s6 nguyén duong n sao cho :

“1+iv3)" [-1-iv3)"
(T) +(T> =2

Bai 19 Cho 21, 29, 23 1& céc s6 phiic thoa man |z1| = |z2| = |23 = R > 0.
Chiing minh rang :

’21—22| |22_23‘+’23_21| |21—22‘—|—|2’2—23| ‘23—21’ 9R2

Bai 20 Cho 2, 29, ..., 2, 1& cac s6 phtc thoéa man
|21| = |22| = ... = |z3] = r > 0.chting minh rang :

(214 22) (22 + 23) oo (21 + 20) (20 + 21)
Z1R9...2n, .

E:

Bai 21 (Bat dang thic Hlawa’s) Cho 21, 29, 23 1 céc s6 phitc. Chiing

minh rang :
‘Zl + ZQ| + |ZQ + 23‘ + ‘23 + Zl| < |Z1‘ + ‘Z2| + ‘2’3‘ + |21 + 29 + 23| .

Bai 22 Cho 1, z2 1a nghiém phuong trinh 22 — 2 + 1 = 0. Hay tinh :
a) 23900 4 23000 b) 219 + 2399, c)xt +xy ,neN.
Bai 23 Tim dang toa do cuc ciia cac s6 phiic sau:

1 3 1 3
a)z = 6+ 6iV/3; b)ZQZ_Z—f—'I;%; c)z3:—§—z’§;
d) 2z =9-9V3;  e)z=3—2i; f) 26 = —4i .
Bai 24 Tim dang toa do cuc clia cac s6 phic sau:
a)z = cosa—isina , a € [0,27) ;
b) zo =sina + i (1l +cosa) , a€|0,27) ;
¢)z3 =cosa+sina +i(sina —cosa) , a € [0,2m);
d)zy=1—cosa+isina, aE[O 27) .
Bai 25 Sit dung dang cuc cia s6 phiic,hiy tinh cac tong sau:
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a) (% B Z?) (=3 +310) (2\/5 + 2@') : b) (1+41) (=2 — 2i) ;

¢) — 2 (—4+4\/§¢) (3430 ; d) 3(1— 1) (=5 +5i) .

Bai 26 Hay tim modun va argument ctia cac so phiic z

8
(2v3+2) i
a) z= —— + S
(1-19) (2v3 - 2i)
(=1 +14)* 1
b) z = IR 1
(V3-i)  (2v3+2i)
c)z:(1+i\/§) +<1—i\/§)
Bai 27 Tim céan bac hai ctia cac sd phiic sau:
a) z=1+1 ; b) z=1; c)z——+
V2 \/_
d)z=—2<1—|—7j\/_> ; e) z=—T7+24i ;
Bai 28 Tlm can bac ba clia cac sd phiic sau:
a)z = b)z——27 c) z=2+2i ;
1 3
d) z ——z%; e) z =18+ 26i .
Bai 29 Tlm can bac bon clia cac sd6 phic sau:
a) = —7,\/ b)Z:\/§+Z7 C)Z:Z7
d) z=—2i ; e) z=—T+24i .
Bai 30 Giai cac phuong trinh sau:
a)z® —125=0 ; b) 2 +16=0 ;
c)z* +64i=0; d)z* —27i=0 ;
Bai 31 Giai cac phuong trinh sau:
a) 2" —2iz' =i —2=0; b) 2’ +iP+i—1=0 ;
¢) (2-3)2°+1+5i=0 ; d) 2104 (—2+1i)2°-2i=0 .

’
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Chuong 2

St dung sé phiic trong giai toan so
cap

2.1 S6 phiic va cac bai toan hinh hoc
2.1.1 Mot vai khai niém va tinh chat

Khoang cach giita hai diém

Gia stt cac sb6 phiic 2, va 29 c6 bieu dién hinh hoc 1a cac diém M; va M,
khi d6 khodng cach giita hai diem M; va M, dugc cho béi cong thiic
MMy = |z — 2|

Poan thang, tia, duong thing

ChoA va B la hai diém phan biét, trong mit phang phic c6 toa do 1a a
va b. Ta no6i diem M c6 toa do z ndm gitta A va Bnéu z #a , 2 # b va

hé thic sau thdéa man
la —z| 4+ |z —b| = |a — b].

Ta st dung ki hieuA — M — B.

Tap hop (AB) = {M : A — M — B} dudc goi 1a doan thang mé xac dinh
béi diemA va B.

Tap hop [AB] = (AB) U {A, B} dugc goi 1a doan thing déng xac dinh
béi diemA va B.

Dinh 1y 2.1.1. Gid st A(a), B(b) la hai diém phan biét. Khi dé cdc
trinh bay dudi day la tuong duong

1)M € (AB);

2)C6 s6 thuc duong k sao cho z —a =b(k — z2);
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8)C6 so thuct € (0,1) sao cho z = (1 —t)a + tb; vdi z la toa do phic
cua M.

Dinh 1y 2.1.2. Gid st A(a), B(b) la hai diém phan biét. Khi dé cdc
trinh bay dudi day la tuong duong

1) M € (AB;
2)C6 s6 thuc duong t sao cho z = (1 —t)a+ tb, vdi z la toa do phiic cia
M;
3) arg (z —a) = arg (z — b) ;
zZ—a
€ R*.
1)

Dinh 1y 2.1.3. Gid s A(a), B(b) la hai diém phan biet. Khi dé cdc
trinh bay dudr day la tuong duong

1) M ndm trén duong thang AB;
Z—a

Q)b € R;

—a

8)C6 s6 thuc t sao cho z = (1 —t)a + tb;
z—a Z—a

4) b—a b—a =0
z z 1

5)a a l|=0.
b b1

Chia doan thing theo mot ti sb
Cho hai diém A(a), B(b) phan biet. Mot diém M (z) nim trén dudng
thang AB chia doanADB theo ti s6 k € R\ {1} khi hé thiic véc to sau

thoa man:

MA =k ME.

St dung toa do hé thitc trén c6 thé viét a — 2 = k (b — 2) hoic
(1—k).z=a— k.b. Vithé ta co

a— kb
z= :
1—k
Khi k < 0 diém M nam trén doan thang n6i A va B. Néu k € (0, 1), thi

M € (BA\ [AB].
Truong hop con lai k > 1 thi M € (AB\ [AB]
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Go6c dinh huéng
Nhé lai rang, mot tam giac duge dinh huéng néu nhu cac dinh cia né
dugc chi 16 thit ty. Tam gidc c¢6 huéng duong néu huéng cac dinh ngudc
chiéu kim dong ho, huéng ngugc lai 1a huéng am. Lay M (z1) va
M (22) 1 hai diém phan biét khac gbc toa do trong mat phang phic.
Gébe MTOTWQ dugc goi 1a dinh huéng néu cac diem M; va My c6 thi tu
thuan chiéu kim dong ho.
Meénh dé 2.1.4. S6 do goc dinh hudng MTOTWQ bang

22

arg —.
21

DlIlh ly 2.1.5. Cho ba dzém phdn b’&ét Ml (21) s MQ (22) s M3 (23) 56
do goc dinh huong MMy Ms la

3 — X1

arg .
29 — 21

Goéc gitta hai dudng thang

Cho bén diem M; (z1) , ¢ € {1,2,3,4}. S6 do goc xac dinh bsi dusng
théng M1M3 va, M2M4 béng

23 — 21
arg
24 — 22
hoac
24 — 22
arg .
23 — 21

Phép quay mot diém Xét goc a va s6 phitc cho bdi € = cosa + isin o
Lay z = 7 (cost +isint) la s6 phitc va M 1a biéu dién hinh hoc .

Dang tich ze =7 (cos (t + ) +isin (t + «)) , ta o |re| =r va

arg (ze) = arg z + a.

Goi M’ 1a biéu dién hinh hoc clia ze, ta thay rang diém M’ 14 anh cia M

qua phép quay tam O ( gbc toa do ) goc quay la .

Meénh dé 2.1.6. Gid sit diém C la dnh cia B qua phép quay tam A goc
quay . Néu a, b, c la cdc toa do cia A, B,C phan biét thi:
c=a+ (b—a)e vdi e = cosa + isin a.
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Bai toan 1 Cho ABCD va BN M K 1a hai hinh vuong khong trung

nhau . F la trung diém ctia AN, F' 1a hinh chiéu vuong géc ctia B lén

dusng thang CK. Chiing minh rang E, F, B thiang hang.

Giai

Xét khong gian phic goc F' cac truc toa do CK va FB v6i FB la truc

0. Layc, k, bi 1a toa do cac diem C, B, K v6i ¢, k,b € R. Phép quay tam
T o oz . )

B gbc quay 0 = 5 bien diém C' thanh diem A vi the A ¢6 toa do la

a=>b(1—1)+ci.Tuong ty N la dnh ctia diém B goc quay 6 = —g va,

c6 toa do phrc la

n=>b(1+1) — ki.
Trung diém E ciia doan thing AN c6 toa do phiic la

a+n b+c—/€.
e = = 1.
2 2

Vay F nam trén duong thing F'B, ta c¢6 dpem.

Bai toan 2 Cho tt gidc ABCD | trén ciac canh AB, BC,CD, DA ta lan
luot dung vé phia ngoai clia tit giac cac hinh vuong c6 tam Oq, Oy, O3, Oy
phan biét. Ching minh réng 010310504 va 0103 = 0,0y,.

Giai LiayABMM' , BCNN',CDPP', DAQQ' lan luct 1a cac hinh vuong
c6 tam Oq, Oy, O3, Oy.

Diém M 1a anh ctia A qua phép quay tam B géc quay 0 = 55 Vi thé
m=>b+ (a—10)1.

Tuong tu

n=c+b—cli,p=(c—d)i,g=a+(d—a)i.
Tu do ta co
_a+m _a+b+(a—0b)i _btcH+(b—c)i

01 = 9 - 9 , 02

_ct+d+(c—d)i
2

2
d+a+(d—a)i
, 04 — 9 .

03 —
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03—01 c+d—a—-b+i(c—d—a+Db)
04—0y a+d—b—c+i(d—a—0b+c)
nén 01031050y .

Ngoai ra

= —1 € 1R*

03 — 01

— i =1

04 — 09
nén 0103 = 0504 .

Bai toan 3 Vé phia ngoai tam giac ABC ta dung cac tam
giacABR, BC P, C A(Q) sao cho

PBC = CAQ = 45°
BCP = QCA = 30°
ABR = RAB = 15°

Chiing minh rang Q/R\P =90° va RQ = RP.
Giai
Xét mat phing phiic véi goc toa do 1a R, goi M 1a hinh chiéu vuong géc

ia P len BC.
cua P lén MO

Tt MP = MB va MP:\/ﬁtacé
P _ i 2 03
b—m p—m
Vi thé
c++/3b b—c .
p = + 1.
1+v3 1++3
Tuong tu

c—l—\/§a a—c .

= + 1.
TV 1B
Diém B c6 dugc tit diém A bang cach quay quanh R mot goc 6 = 150° vi

thé
1
b=a <£+—i> .

2 2
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Stt dung bién ddi dai s6 ta c6 = =i € iR", vi thé QRLPR. Ngoai ra
Ip| = |ig| = |¢| nén QR = PR. Dpcm

<3

2.1.2 Diéu kién thing hang , vudng géc va ciung thudéc mot
dudng tron

Xét bém diem phan biet M; (z;) , i € {1,2,3,4}

Meénh dé 2.1.7. Cdc diém M, My, M5 thang hang khi va chi khi

3 — X1

€ R*.
2 — 21
Meénh dé 2.1.8. Duong thang MMy va MM, vuong goc khi va chi khi
21— %
Y
R3 T 24

Ménh dé 2.1.9. Bén dzém phdn blét M1 (Zl) ,MQ (22) ,Mg (23) ,M4 (24)
thang hang hodc cung nam trén mot duong tron khi va chi khi
o 23 — 29 R3 — 24

k = : e R*
21 —R2 21 — 24

S6 k duge goi la ti s6 kép cia bon diém
M (21) , My (22) , M3 (23) , My (24) -

Chua S/’ 1) cac dlém M1 (21) ,MQ (22) s M3 (23) , M4 (2’4) thfmg héng khi va
chi khi

23 — k9 23 — 24

e R* va e R*.
21 — 22 R1 — %4

2) Cac diém M (21), Mo (22) , M3 (23) , My (24) n3m trén mot dudng tron
khi va chi khi

Z3 — Ry R3 — k4

k = : e R*
21 —R2 R — 24
vOi
3 — 22 . R3 T 24
¢ R wva € R.
21 — %2 R1 — %4
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2.1.3 Tam giac dong dang

Xét sau dlém Al (al) ,AQ (ag) ,Ag (ag) ,B1 (bl) ,BQ (bg) , Bg (bg) tI‘OHg
mit phang phic. Ta néi rang tam giac A1 AsAs va By ByBs dong dang
v6i nhau néu goc A bang goc By , k€ {1,2,3}.

Meénh dé 2.1.10. Tam gidc Ay AsAs va BiByBs dong dang va c¢é cung
hudng khi va chi kha:

ag — aq by — by

az — ap b3—bl'

Meénh dé 2.1.11. Tam gidc AjAyAs va BiByBs dong dang va ¢ nguoc
hudng khi va chi kha:

ag — aj by — by

az—ar by —by
Bai toan 1 Trén ciac canh AB, BC,C'A cua tam gidc ABC ta dung cac
tam giac dong dang va c6 cung huéngADB, BEC, CF A. Ching minh
rang tam giac ABC va tam giac DEF c6 cling trong tam.
Giai Vi cac tam giac ADB, BEC, CF A dong dang va c6 ciing huéng nén

d—a e—b [f-c
b—a c¢c—b a—c

=z
T day ta co
d=a+(b—a)z,e=b+(c—=b)z, f=c+(a—c)z.

Suy ra

d+e+f a+b+c
33
Vay tam giac ABC' va tam giac DEF ¢6 cung trong tam.
Bai toan 2 Cho tam giac ABC trung diém cac canh AB, BC,CA lan
lugt 1a M, N, P. Trén duong trung tric clia cac doan thing
|[AB], [BC],[CA] cac diém A’ B’,C” duge chon phia trong tam gidc sao

cho
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MC' NA'  PB

AB  BC CA°
Chting minh riang tam giac ABCvA'B'C’ ¢6 cling trong tam.
Giai Tu

MCc" NA PP

AB ~ BC CA
Ta ¢6 tan(@) = tan(A/’B\C’) = tan(@). Vi thé tam gidc
AC'B,BA'C,CB'A dong dang véi nhau . Ap dung két qua bai trén ta
c6 1 gidi .
Bai toan 3 Cho tam gidc ABO deéu véi tam S, tam gidc déu khac
A'B’'O ¢6 cung huéng véi tam giac ABO va S # A',S # B' . Goi M va
N lan lugt 1a trung diem A’B va AB’. Chiing minh ring tam giac SB'M
va SA'N dong dang.

( 30" IMO-Shortlist)
Giai
Goi R 1a ban kinh duong tron ngoai tiép tam giac ABO va
2T 27

€ = cosS— +1sin —.
3 3

Xét mat phang phtic v6i goc S sao cho O ndm trén chic¢u duong clia truc
thuc. Toa do ctia cac diem O, A, B 1a R, Re, Re.

Xét R+ 2z 1a toa do ctia B’ khi d6 toa do A’ 1a R — ze. Toa do trung
diem M, N la

zp+zy R+ R—ze R(e®+e)—z2e —Re—ze —e(R+2)

M= T 2 2 T 9 T T
va

_zatzy Re+R+z R(e+1)+z -R?+z z—% R-—ze
NT Ty T 2 - 2 B R S Ve
Khi do ta co

Zpr — & ZA — R z —Z

T S e = eeEslekl =l

2 —%
Vay giac SB'M va SA’N dong dang va ngudc hudng.
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2.1.4 Tam giac déu

Meénh dé 2.1.12. Gid st 21, 22, 23 la toa do cdc dinh ciia tam gidc
A1 AsAs. Khi dé cdc khang dinh sau tuong duong:

1) A1 Ay Az la tam gide deu;

2) |21 — 22| = |22 — 23] = |23 — 2]

8) 22+ 25 + 23 = 2129 + 2923 + 2321;
/) g2 T Rl k3T k2
- )

Z3 — 22 21— 29

1
5) 4+ + ZOM-Z:M;
Z— 2 2—22 Z — 23 3
6) (21 +e2 +5 223) (21 + €220+ £23) =0 vdi e = cos— + isin %”,
1 1
7) 21 22 = 0.
Zo 23 21

Meénh dé 2.1.13. Gid st 21, 29, 23 la toa do cac dinh cia tam gidc cé
hudng duong AyAyAs. Khi do cdc khing dinh sau tuong duong:
1) A1AsAs la tam gidc déu;

. T .. T
2) z3—21=¢(20—21) vdie = cosg + isin 3
o . om
3) 29— 21 =€ (23 — 21) vdi € = cos— + zsm?
2T 2T

4) 21 +ezm+e2z=0 vdze—cos?szsm?

Meénh dé 2.1.14. Gid st 21, 20, 23 la toa do cdc dinh cia tam gidc cé
hudng am A AsAs. Khi dé cic khang dinh sau tuong duong :

1) A1A3Az la tam gide deu;
L. St .. om
2) z3 — 21 = € (22 — 21) vdi € = cos— + isin ?;
. s L.
3) 29— 21 =€ (23 — 21) vdi € = cos— + isin 3
21 L2m
)21+ e%m+ery=0 fudzs—cos?—kzsm?

Meénh dé 2.1.15. Gid st 21, 20, 23 la toa do cdc dinh cia tam gidc déu
A1 Ay As. Khi dé cdc khang dinh sau twong duong :

1) A1AsAs la tam gidc déu;

2) 217 = 73 = 2371;
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3) 22 = 223 VA 25 = 2123

Bai toan 1 Vé phia ngoai tam giac ABC' dung ba tam gidc déu co6
huéng duong AC'B, BA'C,CB’A. Chitng minh rang cac trong tam ciia
ba tam giac 1a cac dinh clia mot tam giac deu.

(Napoleon’s problem)

Giai Goi a, b, c 1a toa do ba dinh A, B, C. Sit dung ménh dé trén ta c6

a+cdet+be? =0, b+rdetes? =0, c+betas®=0 (1)
Vé6i ', b, ¢ )a toa do cac diem A’, B',C’. Trong tam céc tam giac
AC'B,BA'C,CB’'A c6 toa do 1a

//_1 / //_1 / //_1 /
a —g(a +b+c), b —g(a+b +c), ¢ —g(a+b+c).

Ta sé kiém tra ¢’ + a”e + b"e? = 0. That vay

("+d"e+b"e%)=(a+b+)+(d+b+c)e+ (a+b +c)e
= (b+de+ce?) + (a+de+be%) + (c+ Ve +ae?) =0.
Bai toan 2 Trén cic canh clia tam gidc, vé phia ngoai ta dung ba da

gidc déu n canh. Tim tat cd cac gia tri clia n sao cho tam ciia cac hinh n
giac do6 1a cac dinh clia mot tam gidc déu.
(Balkan Mathematical Olympiad-Shortlist)

Giai Xét Ay, By, Cp la trong tam cia cac n giac trén cac canh
BC,CA, AB $6 do cic goc ACoB , BAgC', AByC Ia -
Kihieua, b, c, ag, by, cy 1a toa do cac diem A, B, C, Agf By, Cy. St
dung cac cong thitc phép quay ta co

a=co+ (b—cy)e;

b=ap+ (c—ap)e;

c=by+ (a—by)e;
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Suy ra
b— ce c— ae a — be
3 b0: , Co = .
1—-¢ 1—-¢

0= 1—c¢
Tam gidc AgByCy déu khi va chi khi
ad + b3 + 2 = agby + bycy + coaq

Thay cac gia tri ag, by, co ta co

(b—ce)* + (c—ae)’* + (a — be)* =

(b—ce)(c—ae)+ (c—ae)(a—be)+ (a—be) (b—ce).
Déng thic trén tuong duong véi

(1+¢c+¢) [(a—b)2+(b—c)2+(c—a)2] — 0.

2 2
Suyra1—|—€—|—82:O<:>—7T:?ﬂtacén:&Vayn:?)théamanyéu
n

cau dé bai.
2.1.5 Hinh hoc giai tich véi sb phiic

Phuong trinh dudng thang phuong trinh cia duong thing trong mdit
phang phic 1o

az+az+ =0
voi aeC*,feRwva z=x4+yt € C.
Meénh dé 2.1.16. Cho hai duong thing d; va dy c6 phuong trinh
aztar.z+ i =0viag.z+as.z+ Pr=0

Duong thang dy va dy la:

1) song song khi va chi khi Sl %;
ap Qg
2) vuong goc khi va chi khi M + 2 _ 0;
ap Q2
, ], Qg
3) Cit nhau khi v chi khi — # —;
a1 %)
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Phuong trinh dudng thing xac dinh béi hai diém: Phuong trinh
mot duong thazng duoc xdac dinh bdi hai diém

Pl (Zl) , P2 (2’2) la

Z1 2
29 2o

—_

Dién tich tam giac

Dinh 1y 2.1.17. Dién tich tam gidac A1 AsAs vdi toa do cac dinh z1, z9, 23

bang modun cia so

£l <1
Zo %2
<3 <3

=~ .

Hé qua Dién tich tam giac dinh hudng Ay AsAs vdi toa do cdac dinh
Z1, %2, %3 ld

1
area [A1AsA3] = 5 Im (2123 + 2923 + 23%1) -

Bai toan 1 Cho tam giac A;A3As va cac diem M, My, M3 nim trén
duong thang AsAs, AsA;, A1 Ay. Gia st rang M, My, M; chia doan thang
[AQAg] , [AgAl] , [AlAQ] theo ti 86 >\1, )\27 )\3 Chfﬂlg minh réng .

area [MlMQMg] - 1— )\1)\2)\3
area [A1A2A3] (1 - )\1) (1 - )\2) (1 - )‘3>

Giai Toa do cac diem M, Ms, M la:

a9 — )\1&1 as — )\2&1 ayp — )\3&2
m = —— Mo = — Mg = ——
ST VI T Ve T W

Ap dung cong thitc (2) ta c6
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area [M My Ms] = % (Mima + Tams + mzm;)
_! ((a_2 — Mag) (a3 — Asar) | (@3 — Aoar) (a1 — Asas)
2\ (1=A) (=X (1= A2) (1= Ag)
(@1 — \saz) (a — >\1a3)>
(1—=As) (1= A1)
1 — A3

— (1 — )\1) (1 — )\2) (1 — )\S)area [AlAQAg]

Chii y Cong thitc dang (3) ta suy ra dinh li Menelaus : Cdc diém
My, My, Ms th(fng hang khi va chi khi Ay oA 3 = 1 tuong duong vdi:
M1A2 M2A3 MgAl .
My Ag MyAy M3zAy

Bai toan 2 Cho a, b, c 1a toa do cac dinh A, B, C clia mot tam giac. Biét
S b o , s
rang |a| = |b] = |¢| = 1 va ton tai goc « € (O, 5) sao cho

a + bcosa + csina = 0. Chitng minh réng

1+
2

I

1 < area [ABC| <
Giai Ta co
1= |af = |bcosa + csinal”® = (bcos o + esin ) (bcosa + csina)
= |b]? cos®a + |c|* sin® av + (b€ + be) sin acosa
b? + ¢
c

= 1+ SIN (LCOS(X.

Tir trén ta c6 b® + ¢ = 0 nén b = 4ic. Ap dung hé thitc (2) ta c6
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area [ABC| = ‘Im (@b + be + ca) |
1 _
=3 |Im [(=bcosa —Esina) b+ be — ¢ (becosa + csina)]|
1 -
=3 Im (—cosar — sin o — b sin o — bé cosar + be) |
1 - 1 —
=5 [Im |Im [bc — (sin o + cosa) be | = 3 Im [(1 + sin @ + cosev) be] |
1 1
=35 (1 +sina + cosa) Im (be) = 5 (1 + sin a + cosar) Im (+ice)
1 1
=3 (14 sina + cosar) Im (£i) = 5 (1 + sin a + cosa)
1 2 2 1
~[14+v2 £Smoz—l—£00804 :—<1—|—\/§sin(a+z))
) 2 2 2 4
R 3 )
Ta théy ring % <a+%< Iﬂ' Vi thé <sin<oz+£) < 1. Nhu vay

1 2
1 < area [ABC| < +2\/_.
Phuong trinh dudng thing dudc xac dinh bdi diém di qua va
phuong

Meénh dé 2.1.18. Cho duong thing d : az + az + =0 va diém
Py (29). Phuong trinh duong thing di qua Py (20) va song song vdi d la :

o«
Z—20=———\2Z—%2).
0=——(~=)
Meénh dé 2.1.19. Cho duong thing d : @z + az + 3 =0 va diém

Py (29). Phuong trinh duong thing di qua Py (20) va vuong goc vdi d la :

o
z—zoza(z—zo).

Hinh chiéu vudng géc cia mot diém lén mot duong thang

Meénh dé 2.1.20. Cho diém Py (z) duong thing d:Py(z) . Toa do hinh
chiéu ciia diem Py (z) lén duong thang d la:

azy —azy — f3
20 '
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Khoang cach tir mot diém dén mot duong thing

Ménh dé 2.1.21. Khodng cdch tic diem Py (zq) tdi duong thing d:
az+az+B8=0,a€c C* bang

ez + @z + [

D
2V o

Duong tron

Meénh dé 2.1.22. Phuong trinh cia mot duong tron trong mat phing la
zZ+az+az+ =0,

voi « € Cva f €R.

Phuong tich ctia mot diém déi v6i mot dudng tron

Ménh dé 2.1.23. Cho mot diém Py (z) va mot dudng tron cé phuong
trinh  z.
ZT+azt+az+B=0
Voiae C va PER
Phuwong tich ctia diém Py vdi duong tron trén la

p(z0) = 20.20 + a.zp + @.Zp + B.

2.1.6 Tich thuyc ctia hai sb phiic

Khai niém tich vo huéng ciia hai véc to da trd thanh kinh dién. Ta sé
giéi thieu khai niem dé ddi véi cac s6 phitc. Trong nhiéu truong hop si
dung tich nay lam cho 16i giai bai toan don gian di dang ké. Xét a va b 1a
cac sO phic
Dinh nghia 2.1.24. Ta goi tich thuc cta hai s6 phitc la s6 cho bdi cong

thice

a.b = (Eb + aE) )

N | —

4186 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



40

Dé dang thay rang

a.b = (aE + Eb) = a.b;

N | —

Vi thé a.b 1a s6 thuc, né thé da duge thé hién trong tén goi.
Nhitng tinh chat dusi day ta dé dang kiém tra.
Meénh dé 2.1.25. Moi s6 phiic a, b, c, z ta cé cdc hé thic sau
1) a.a = |al?;
2) a.b = b.a (tich thuc cé tinh chat giao hodn);
3) a.(b+ c) = a.b+ a.c (tich thuc phan phoi doi vdi phép cong);
4) (aa) .b=a(a.b) =a.(ab) , Va € R;
5) a.b =0 khi va chi khi OALOB,vdi A ¢6 toa do a, B ¢ toa do b.
6) (az).(bz) = || (a.b).
Ménh dé 2.1.26. Gid sit A(a), B(b),C(c), D(d) la bon diém phan biét.
Khi dé cic khang dinh dudi day la tuong duong:
1) ABLCD ;
2)(b—a)(c—d)=0;

b b
3) d_i € iR* (hodc 1a Re (d_i) ~0).

Ménh dé Cho tam giac ABC c6 tam duong tron ngoai tiép la goc toa
do trong mat phang phic. Néu a,b,c la toa do cia A, B, Cthi truc tam H
c6 toa do la h =a+ b+ c.

Bai toan 1 Cho ABCD la cac dinh clia mot ti gidc. Ching minh réng
AB? + CD? = AD* + BC?

Khi va chi khi ACLBD.

Giai St dung tinh chat tich thyc ciia s6 phiic ta cé
AB? + CD? = AD* + BC?

khi va chi khi

(b—a).(b—a)+(d—c).(d—c)=(c=b).(c=b)+(a—d).(a—d)
& ab+ced=bc+da
& (c—a).(d—b)=0.
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Tuong duong véi AC LBD. Diéu phai ching minh.
Bai toan 2 Cho M, N, P,Q, R, S 1a trung diém ctia cac canh
AB,BC,CD,DE,EF,FA cia mot luc giac. Chting minh rang

RN* = MQ* + PS?

khi va chi khi MQLPS.
Giai Goi a,b,c,d, e, f 1a toa do cac dinh cia luc gidc. Cac diém

M,N,P,Q,R,S co toa do la

a-+b b+ c c+d
m = n = —
2 Y 2 Y p 2 I
d+e e+ f f+a
q: Y /r.: Y S:
2 2 2

Stt dung tinh chat tich thuc clia s6 phic ta c6
(e+f—b—c).(+f—b—¢)
=(d+e—a—-b).(d+e—a—-b+(f+ta—c—d).(f+a—c—d)
hay
(d+e—a—=0b).(f+a—c—d)=0

Vi thé MQLPS, dpcm.
Bai toan 3 Cho AjA,...A, 13 mot da gidc déu noi tiép trong duong
tron tam O ban kinh R. Chting minh ring moi diém M trong mit phang
ta déu co hé thic }

> MA;=n(OM*+R?).

k=1
Giai Xét mat phang phic v6i O 1a gbe va Rey, 1a toa do dinh Ay | v6i e,
1a cac can bac n ctia don vi. Lay m 1a toa do diéem M
Stt dung cac tinh chat tich thyc ctia cic s6 phiic ta co
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n

ZMA% = Z (m — REk). (m — Rék)
k=1 k=1

= (mm — 2Re.m + R25k-5k)
k=1

—n|m|> — 2R (Z 5k) m + RQZ ek
k=1 k=1
:n.OM2+nR2:n(OM2+R2) , Ui Zek:O.
k=1

Chu y Néu M nam trén duong tron ngoai tiép da giac thi

En: MA2 = 2nR?

k=1

Bai toan 4 Cho O 1a tam duong tron ngoai tiép tam giac ABC' |, goi D
la trung diém ctia doan thang AB, va E la trong tam tam giac ACD.
Chting minh ring C'D va OF vuong goc khi va chi khi AB = AC.

Giai Lay O la gbc toa do ctia mit phang phiic va a, b, ¢, d, e 1a toa do cac

diem A, B,C, D, E. Khi dé

_a+b
2

_a—l—c+d_3a+b+20
N 3 N 3 '

d

, €

Stt dung tich thuyc clia cic s6 phiic, néu R 1a ban kinh dudng tron ngoai
tiép tam giac ABC thi a.a = b.b = c.c = R?
Duong thang CD va OF vuong goc khi va chi khi (d — ¢) .e = 0 vi thé
(@+b—2c).(3a+b+2c) =0.
& 3a.a+ a.b+ 2a.c+ 3a.b+ b.b+ 2b.c — 6a.c — 2b.c — 4c.c =0
& ab=ac (1)

Mat khac, AB = AC tuong duong véi

b—af = | - af’
& (b—a). (b—a)=(c—a).(c—a)
< bb—ab—ab+aa=cec—ac. —a.c+a.a

< ab=a.c (2)
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Tu (1) va (2) thay rang C'D vuong goc véi OF khi va chi khi AB = AC,
Bai 5 Cho E,F,G,H la trung diém céc canh AB,BC,CD,DA clia ti giac
ABCD. Chitng minh rang duong thang AB va CD vuong goc khi va chi
khi

BC* 4+ AD* =2 (EG® + FH?).
Giai Ki hiéu chit thuong 1a toa do ciia cac diém chit hoa tuong tng. Ta c6

a—+b b+ c c+d _d+a

e 2,f 5 9 5y 5

Stt dung tich thuc clia s6 phiic, hé thiic
BC* 4+ AD* =2 (EG® + FH?).

tré thanh

(c=b).(c=b)+(d—a).(d—a)=

1 1
:5(c+d—a—b).(c+d—a—b)+§(a+d—b—c).(a+d—b—c)

S ce+bb+dd+aa—2b.c—2a.d=a.a+bb+cc+dd—2a.c— 2b.d'
< ad+be=ac+bd

Hé thiic trén trd thanh (a — b) . (d — ¢) = 0 khi v& chi khi dudng thang

AB va CD vuodng goc.

2.1.7 Bai tap

Bai 1 Cho ABCD la mot hinh vuong ¢6 dinh. Xét tat ca cac hinh vuong
PQRS sao cho P, nam trén hai canh khac nhau va Q nam trén mot
dudng chéo ctia hinh vuong ABCD. Tim tat ci cac vi tri c6 thé duge
cua S.

Bai 2 Cho ti gidc ABCD. Goi E, F,G, H theo tht tu la tam cac hinh
vuong véi cac canh AB, BC,CD, DA dung ra phia ngoai tit giac. Chiing
minh réng:

a) Trung diém cac dudng chéo clia hai t1t giac ABCD, EFGHIa dinh
cua mot hinh vuong.

b) EF va GH vuong goc va bang nhau.
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Bai 3 Tren dudng tron w cho trude hai diém A, B ¢6 dinh va mot diém
M di dong trén w. Trén tia M A lay diém P sao cho M P = M B. Tim
quy tich diém P.

Bai 4 Trén cac canh AB, BC, C'A cia tam giac ABC, dung ra phia
ngoai ba tam giac dong dang ABCY, A;BC, AB,C. Chiing minh rang
trong tam hai tam gidac ABC, A1 B1C] c6 cing trong tam. Hoéi két luan
bai toan con ding khong néu cac tam giac ABCy, AiBC, AB,C dung
vao phia trong tam giac ABC?

Bai 5 Xét diem M trén dusng tron ngoai tiép tam gidc ABC, khong
tring véi cac dinh ctia tam gidc. Chiing minh réng tam duong tron Euler
clia cac tam giac M BC, MCA, MAB 1a dinh ctia mot tam gidc dong
dang vé6i tam giac ABC.

Bai 6 Cac canh AB, BC, C' A cta tam giac ABC dugce chia thanh ba
doan bang nhau béi cac diem M, N; P, va R, S. Vé phia ngoai tam
gidc ABC dung cac tam giac deu MND, PQE, RSF. Chiing minh ring
DEF la tam giac deu.

Bai 7 Vé phia ngoai tam gidc ABC dung cac hinh vuong ABEF va
ADGH lan ludt c6 tam 1a O va Q, M la trung diém ctia doan BD.
Chiing minh rang OMQ 1a tam giac vuong can tai M.

Bai 8 Vé phia ngoai tit giac 161 ABCD, ta dung cac tam giac déu
ABM,CDP; vé phia trong tam giac, ta dyng cac tam giac déu

BCN, ADQ. Chtng minh rang M N PQ 13 hinh binh hanh.

Bai 9 Cho ABC la ba dinh lién tiép ctia mot n giac déu, M 1a mot diem
nam trén duong tron ngoai tiép n-giac déu sao cho B va M nam khéc
phia déi véi AC. Chiing minh rang: M B + MC = 2M B cos %

Bai 10 Cho P 1a mot diém bat ki nam trén dudng tron ngoai tiép hinh
vuong ABCD. Tim tat ca cac s6 nguyén duong n sao cho dai luong
:PA" + PB" 4+ PC™ + PD" khong phu thuodc vao vi tri cua P.

Bai 11 Cho tam giac ABC ¢6 canh BC' =a,CA =b,AB = c¢.M la mot
diém bat ki trong mit phang tam giac . Ching minh rang:

a) a.MA*+b.MB*+ c.MC? > abc ;

b) a MB.MC +bMC.MA+cMAMA > abe .
Bai 12 Cho tam giac nhon ABC' ¢6 canh BC' = a,CA=b,AB = c.P la
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mot diém bat ki trong mit phang tam giac. Chiing minh rang:
a.PB.PC 4+ b.PC.PA+ c.PA.PA = abc

khi va chi khi P trung v6i trie tam cta tam gidac ABC.

Bai 13 Cho tam giac ABC c6 trong tam G. Goi R, Ry, R, Rz lan lugt 1
ban kinh duong tron ngoai tiép tam giac ABC,GBC,GCA,GAB.
Chitng minh rang Ry + Ry + R3 > 3R .

2.2 S6 phitic va cac bai toan dai sé , luong giac
2.2.1 CaAc bai toan lugng giac

Bai toan 1 Ching minh réng

7T+ 37T+ 57T+ 77T+ 97r_1
cos11 cos11 cos11 cos11 00511—2.

7 70
Giai: Dat z = cos— +1isin — ta ¢6
11 11

11
2+ 4+ 2+ 2+ 2= 21 21 1

Ta chiing minh két qua sau.

) 1 1
Néu z = cost +isint va z # 1 thi Re<1 ) =3
—z

That vay
1 1 B 1
11—z 1—(cost-+isint) (1—cost)—isint
B 1 B 1
2sin®L — 2isinfcost  2sini(sinf —icos})
-t . t 4
_ SN 5 + 1 COS 5 :1+i COS 5 .
2sin L 2 2sin &

2 2
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Bai toan 2 Tinh tich

P = c0s20°.cos40°.cos80°

Giai:Dat 2z = c0s20° + isin 20° ta c6 z° = —1va Z = c0s20° - isin 20°
vi 2 4 8
1 1 1
c0s20° = = 42_ , cos40? = 22; , cos80? = 22; .
nén
b (2+1) (" +1) (°+1)  (*-1)(%+1) (" +1) (*+1)
B 827 B 827 (22 —1)
216 1 —21—1 1

T8(22—2T)  8(-1—27) 8
Cach giai 2
sin 20°. P = sin 20°.c0s20°.c0s40°.cos80°

1
= 3 sin 40°.cos40°.cos80°

1 1 1
=1 sin 80°.cos80° = 3 sin 160° = 3 sin 20°.

1
Vay P = —.

Bai toan 3 Cho x, vy, z 1a cic s6 thiyc théa man sinx + siny +sinz = 0

va cosxX + cosy + cosz = 0.

Chting minh rang : sin 2z +sin 2y+sin 2z = 0 vA cos2x+cos2y+cos2z = 0
Giai: Dat 21 = cosx +isinx , 29 = cosy +isiny ,z3 = cosz +isinz , ta
€621+ 20+ 23 =0 va |z1| = |22| = |23] =1 . Tu day

zf — z% + z§ =(z1+ 22+ Z3)2 — 2 (2129 + 2223 + 2321)

1 1 1 o
= 2212023 | —+ — + — | = —2212023 (Z1 + 25 + Z3)
21 29 23

= —2212923 (Zl + z9 + 23) =0

Suy ra ( cos2x + cos2y + cos2z) + i (sin 2z + sin 2y + sin2z) = 0.
Tt day ta c6 dieu phai ching minh.
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Bai toan 4 Ching minh réng
21 N0 2E=Nn0 2~nM0 3
cos“10? 4 cos“50? 4 cos“70° = 5
Giai Dat 2z = cos10° +isin 10° ta ¢6 22 =i
2 +1 21041 M

50° = 70° =
, COS , COS 5,7

cos10° =
z 220

Dang thiic can chitng minh tuong duong véi
241 2+ 2041 2+ A1\t 3
22 225 227 2

6 4o 04 12 2 o 14 4y 8 4o 1 14
R it ()

hay

St dung 28 = —1 ta thu duogc

zl6+zl2—z10—26—|—z4+1:0

& (1) (z2—F41) =0
(z +1) (218+1) _0
26 +1

Khang dinh dude ching minh.
Bai toan 5 Giai phuong trinh
cos T + cos2x — cosdz = 1.
Giai Déat z = cosx +isinz ta co
2241 241 2541

, COS2X =
2z 222

COSX =

phuong trinh tré thanh

http://www.lrc-tnu.edu.vn



48

22+1+z4+1 z6+1_
2z 222 223
s APl -1-9223-0

& (26—25—,244—23)+(z3—z2—z—|—1):0
& (P+1)(P-2L—-2+1)=0
S (Z+D) (-1 (=+1)=0

1

viz=1 z2z=-1, 22=—1nén

2k
ve{2knlkeZ} , ve{n+2kn|kel} ,xE{HTﬂ\kEZ}.

hgp cac nghiém ta co

2k +1
3

vef{kr |kelZ} ,a:e{ w\keZ}.

Bai toan 6 Tinh tong S = Xn: ¢*.coskx vaTl = Zn: ¢*.sinkx .
k=1 k=1
Giai Ta c6
n n
1+ S5+l = qu (coskx +isinkzr ) = qu (cosz + isinz)"
k=1 k=1
1 — qn+1 ( n+1
1 —qcosx —igsinx
1— ¢ " cos(n+ 1)z +isin(n+ 1) 1]
1 —qgcosx —igsinx
[1—¢"tcos(n+1)z—ig"sin(n+1)z][1 — geosz + igsinz]
g2 —2qcosx + 1 '

cosx + isinx)

vi thé
49— ¢ cosnx — ¢"cos(n+1)x —qcosx + 1
q®> —2qcosx + 1
T "2 sinnx — ¢"lsin (n+ 1)z + ¢sinz

q®> —2qcosx + 1
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Chua y Khi ¢ =1 ta c6 hé thiic quen thuodc

sin 2 cog Mtz n sin 22 gip (P4be

n
Y coskxr = 22 i Y sinkz = 2 2
=1 sin § =1 sin £

2
That vay

2 (1 —cosx)
2n+1 :
@ntl)e n; o 281112%
4 sin?
(2n+lz nx (n+1)x
— sin 75 cos—

: X : xXr
2 sin 5 sin 5

zn:coskx _ cosnz — cos (n+ 1)z — (1 —cosx)
k=1

z

2 sin 5 sin

SERE

sin sin

- sinnr —sin(n+ 1)z +sinz
Zsm kr =
p 2 (1 —cosx)

N Zeos? — 9 gin Leoq 2t
_2811120082 281D2COS 5

2
4 sin 5

z (2n+1)x c N (n+1)x
5 COS—2 o S11n 9 S11 5

s - s
2:311’12 sin 5

COS

Bai toan 7 Cho cac diém A, As, ...., Ao, dudc xép theo thit tur va cach
déu nhau trén duong tron ban kinh R. Chiing minh rang
A1Ay — A1Ay = R.

T T ) .
Giai Dat z = cos— + isin — khong mat tinh tong quat ta cho R = 1.

10 10

Ta can chi aZSin?ﬂT sin — = 1
a can chir — - — =1.
10 10
2 .. . 22 - 1 2
Trong truong hop tong quat z = cosa+isina thi sina = ———. Dang
1z
thiic can chiing minh trén tré thanh
6 2
22—1 z2z—=1
2 — =1e 20— 427 —1=2i2"

223 2iz
Vi =imnen 2% — 2% +2* — 2241 = 0. Dang thic nay dang vi
(2% =202t =22 4+1) (224 1) =20 +1=0vaz2+1#0
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Bai toan 8 Chiing minh ring
™ 2w 3T 1
COS — — COS — + COS — = —.

7 7 7
(5"IMO)

Giai Dat z = cosT +isin 7 taco 2z’ +1=0Doz#1vaz +1=
(z+1) (P =2+ 2 =23+ 22— 2+1) = 0mnen 2% — 2° 4+ 2% — 23+ =

1
0o z(z2—z2+1)=——.
z(z zZ+ ) 1[_ 2
2 3
Tacécosg—cos%r—l—cos?ﬂ:Re(z3—z2—|—z).

Ta chiing minh két qua sau.

) 1 1
Neu z = cost +isint va z # 1 thi Re(1 ) =35
—Z

That vay
1 1 B 1
1—2 1—(cost+isint) (1—cost)—isint
B 1 B 1
B 2sin” L — 2isin Scost  2sini(sini —icosi)
ot oot ¢
:sm§+zcos§:1+icos§'
2sin L 2 2sinl

2 2

1 1
S R = —.
uy ra e(l—z) 5

Bai toan 9 Chiing minh réang:trung binh cong ctia cac s6 k sin k°
(k=2,4,...,180) Ia cot 1°.

(1996 USA Mathematical Olympiad)

Giai: D#t 2 = cost +isint ta c6 dang thic

2+227% 4 4n" =4+ )+ (P )
— - i 1 (27— 2) 4 (27— 22) 4 o (27— 2")]
n+1

nz 2l g

2=1  (z—1)%
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tit day ta thu dc hai dang thiic

- (n+ 1) sin (2";1” l—cos(n+1)t
2 keosht == ot - e ()
k=1 2 2
va (2n+1)t
i i 1)t ncos ="
stinkzt:SIH@tt) — — (2)
P 48in” 5 28in 5

St dung hé thiic (2) ta thu dc

2sin2° +4s8in4° + .... + 178sin 178° = 2 (sin 2° + 28in 2.2° 4 ... + 89sin 89.27)

sin 90.2° 90 cos 179° 90 cos 179° o
—9 —— — _ = ————— = 90cot 1°.
4sin” 1° 2sin 1°

sin 1°
Suy ra
1
50 (2sin2° + 4sin4? + ... + 178sin 178° + 180 sin 180°) = cot 1°.
Khang dinh duge ching minh.
Bai toan 10 Cho n la s6 nguyén duong. Tim s6 thuc a, va
ap , k,l =1,_TL,/€ > [ théa man

sin® nx

5— = (g + Z agcos2 (k — 1) x;

S~ T 1<I<k<n

v6i moi s6 thyc x #mmr, m € Z .

Giai: St dung dong nhat thic

n . 1
S — Z cos2ie = sinnxcos(n+ 1)z

: sin x
j=1
n . .
o sinnzsin(n+ 1)z
Sy = g sin2jx = :
: sin x
J=1

Ta thu ducc

Sin

S%+S22 _ (sin.nx>2
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mat khac
S2 4+ 82 = (cos2x + cosda + ... + cos2nx)® +
(sin 2z 4 sin 4z + ... 4 sin 2nz)
=n+ Z (cos2kx cos 2l + sin 2kx sin 2lx)

1<I<k<n

=n-+ Z cos2 (k — 1) x;

1<I<k<n
nhuvay ag=n , ay =2, 1 <l <k <n.
Bai toan 11 Tinh cac tong sau véi 6 = 30°
cost)  cos (26 cos (36 cos((n—1)60
i)l—l— + <2) ( )—f—...—i- (( 1));
cost cos26 cos36 cos"~ 10
ii) cosfcost + cos*Ocos (20) + cos>Ocos (30) + ... + cos"fcos (nd).

Bai toan 12 Chitng minh réng
1+ cos®™ (Z) 4 cos® (2%) + ... + cos® ((n_Tl)W) =nd™"(2+C%)

n
v6i moi s6 nguyén duong n > 2 .
Bai toan 13 Cho s6 nguyén p > 0. Tim cac s thuc ag, a1, ..., a, v6i
a, # 0 sao cho

cos 2pa = ag + ay sin* a + ... + a,. (sin® a)”

vl moi o € R.

2.2.2 Céc bai toan dai sb

Bai toan 1(Viét Nam 1996) Giai hé phuong trinh
1
V3 (1 + ) =2
T4y
1
Vi (1= ) =1v2
T4y

Giai Nhan thay > 0,y > 0. Dat /2 = u, \/y = v. Hé da cho tr¢ thanh

1 2 1 2
u(1+u2+v2>:\/§ u+u2+02:\/§ (1)
1}<1— ! >:4\/§ v v — ! :4\/§ (2)

u? + v? V7 ur+v? 7
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lay phuong trinh thi (2 ) nhan véi ¢ sau d6 cong véi phuong trinh (1) ta

. , U — v 4\/_
cou+w+u2+v2 \/_ \/_ (%)
Dit z = u 4 v thi u? 4+ v? = |z|°. Khi d6 phuong trinh (¥) tré thanh
K 2 4+/2
24— = +1 V2
FovETA
2 4V2
A 2 iy~ o =
2 V3 VT

Suy ra

Hé da cho c6 hai nghiém

o= (G vin) - (377) ) - G+

Bai toan 2 Giai hé phuong trinh

x3—3:py2—1
{Sxy y
Giai

23— 3z’ =1
{Bxy 9P —V3

23— 3xy® =1
@{ (1y) +zy —iV3

:c+3x zy =1

o
{ :C—l—zy) —1—2\/_ (1)

~

4 2218>
3WT TNV

322 (iy) + (4 y)? = —iV3 (2).
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Dit z = x 4y tit (1) ta c6 22 =1 — /3 =2 (cos (—g) +isin (—%))

Suy ra
—Z 4+ 2km —5 + 2km
z =2 <cos?’T + 1sin 3T>
— 6k — 6k
) <COS% +isinu> vGik=0,1,2.
T day ta c6 cac nghiém ctia hé phuong trinh da cho la

3 - k 3 . k
(gj, y) = (ﬁcos%) \/ESIH %67‘->

véi k =0,1,2.

2.2.3 Bai tap

Bai 1 Chitng minh rang :

I 1 —1
a) cos’a + cos®2a + ... + cos’na = sin (n + ) atosRa ™ ;
2sin « 2 .
b) sin®a + sin*2a + ... + sin* na = ntl_sm (n+1)arcosna
2 2 sin «v ’
Bai 2 Chiing minh rang :
) 27 i 47 N 67 P 2nm 1
a) cos cos cos .o + oS = ——
2n +1 2n +1 2n +1 2n + 1 2’
™ 24+v2+2
b) cos— = :
16 2
. 2m 10 4+ 2v/5
c) sin — = —————.

Bai 3 Chiing minh rang véi moi n chdn (n = 2m),ta déu co:

cosng =

cos" ¢ — C2cos"2¢sin® ¢ + Clcos"*¢sint ¢ — ... + (—1)" C"sin" ¢.
Bai 4 Chiing minh réng :
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T i 2m i nm vn + 1

a) sin sin ... sin = ;
2n+1  2n+1 2n +1 2"
7T 2T nmw 1
b) cos cos ...COS =—;
2n+1 2n+1 2n+1 27

2 —1
c) sin —— sin —... sin (n—Lm = v ;
2n 2n 2n PAC
2 —1
d) cos%cos%cos (n 5 ) = 2\7{51'

Bai 5 Giai phuong trinh

a) ® +at 4+t 4t a41=0;

b) 2’ + art + a2’ + PP +alr+a’=0,0£a€C .
Bai 6 Ching minh rang v6i moi n 16 (n = 2m + 1),ta déu co:

sinng =
Cleos" Lo sin ¢ — C3cos" 3psin® ¢ + ... + (—1)m_1 C"Lsin 3 ¢cos® .
Bai 7 Giai hé phuong trinh :

( 3r —y
T+ — 5 =3
< T4 +y
r+3y
R

Bai 8 Giai hé phuong trinh :
( 12
1— =2
Ve ( 3x + y)

12
1+ —6
\\/§< 3x+y>

2.3 S6 phitc va cac bai toan té hop

Bai toan 1 Tinh tong
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Giai Ta co
3n—1 3n—1 3n—1

Z(_ 213 Z C2H1 ¢ Z 2k+1( >2k

k=0
3n—1

Z 2’“1( >2k+1:%lm<1+z\/_>

I |: ( T 6n
= ———1m cos—+1sm )}
z\/_ 3
1
27 (cos2mn + isin 27n)]| = 0.
- )

Bai toan 2 Tinh téng

3

vl a € [0, 7).

n
Giai Ta c6 Dat z = cosa +isina va T, = > C’T’f sin ka. Ta ¢6
k=0

Sy + 1T, = Z C* (cos ka +isin ka) = Z C* (cos a + isina)”
k=0 k=0

n
=y Chr=(1+2)" (1)
k=0
Dang toa do cuc ciia s6 phitc 1 + z 1a
.. 2 « N 8 4 [0
1+ cosa + isina = 2 cos” — + 2¢8In —cos—
5 o ( o s a)
= — — in— ).
0082 cos2 18 5
Vi a € [0, 7] dang thiic (1) tré thanh
n
S, +1i1,, = (2008%) <cos% + 7 sin %) .

Tu day ta thu ducc

S, = <2€OS%) cos%
T, = (QCOSg) sin%.
2 2
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Baitoan 3 Chtng minh dang thic

2

(CO—C24+Ci =)+ (CL-CB 45— ) =2,

Gidi Datz, =CV - C*+Cl— ... vay,=Cl —C3+C> — ....ta ¢
(144" =z, + 1y,

Lay modun hai vé ta thu dudc |z, + iy,| = [(1+4)"| = [1 +i|" = 2"
Diéu nay tuong duong v6i 22 + y2 = 2". Khang dinh dugc chiing minh.
Chti ¥ Ta c6 thé xay dung cong thic tinh z,,, 1y, nhu sau

(1+4)" = (\/5 (cos% + isin %))n =2 (COS% + isin %) :

(NI

n nm o n . N
Suy ra x, = 2QCOSZ va Y, = 22 sz'

Baitoan 4 Chtng minh dang thic

2~ [ kr\"  (n—2m)k
Cl+ O P+ O P = — (COS—W> cos(n m) T
p=\"p p

Giai Goi g, €1, ...,p—1 la cac can bac p ctia don vi. Khi dé6

p—1 n
Zs,;m(lqtek)" = ZCﬁ (6™ + ... +ei!). (1)
k=0 k=0

Ta ¢6 két qua quen thuodc sau:

, k—m
815“"'““{}8,2;@_;) ©)

er" (1 +ex)"

( omkmr 2mk7r> lmr) " < onkm . 2n/<:7r>
= | cos — isin 2 cos — COS + isin
p p p p p

= 2" (cos k—ﬂ> <cos(n — 2m) kr + isin (n = 2m) lmr)
p p p
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Stt dung (1) va (2) dé dang suy ra hé thiic can chiing minh.
Chu y: Tt trén ta c¢6 hé thic luong giac tha vi sau :

p—1 n
Z (cosk—ﬂ> sin(n Qm) b =0
P

k=0 p

Bai toan 5 Cho a,, b, ¢, 1 cac s nguyén véi

a, =C) +C2 + C8 +

b, =Cl+Ct+Cl+

Cr=C2+Cp+Ch4 -

Chting minh ring

Da +0b +c —3a,buc, =2

2)a: + b2 + 2 —a,b, —b,c, —c,a, = 1.

3) Hai trong ba s6 nguyén a,, by, ¢, bang nhau con s6 thit ba bang 1

Giai 1) Goi € la cdn bac ba ctia don vi va khac 1. Ta ¢6
(141" = ap+bytcy, (1+¢)" = apt+buetene®, (1+%)" = ay+b,e’+ene

vi thé
ad + b} + & — 3a,byc, = (an + by + ¢3) (an + bug + cue?) (an + bpe® + c,e2")
=2" (1+e)" (1+&%)"=2" (=&%)" (e)" = 2"
2) Stt dung dang thic quen thuoc
Py + 2 —Bayz= (v +y+2) (P +yP+ 22—y —yz— zx) .
tu hé thic trén ta co
az + b2 +c —a,b, —b,c, —c,a, =1
3)az + b2 + 2 —a,b, — b,c, —c,a, =1
S (an —bp)* + (by — ) + (cn — an)* =2
tit dang thitc nay suy ra:hai trong ba sb a,, b, ¢, bing nhau va s6 thit
ba bang 1.
Chu y Tu bai toan 5 ta thu dugce

o +( 1) 2nm _1(2n+2 mr)
cos— cos——| =3 cos—

7] L (5 122)

l
[ b eost =T )” 4 (1) COSM] - % (2” + 2(:05@) .

OJ|H

n—2)

2" + cos———— + (—1)" cos

C»JI»—l ool)—\

3
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Dé thay rang

a, = b, khi va chi khi n = 1 mod (3);
b, = ¢, khi va chi khi n = 2 mod (3);
¢, = @y, khi va chi khi n = 3 mod (3).

Bai toan 6 C6 bao nhiéu s6 ¢6 n chit 6 chon tur tap hop {2,3,7,9} va
chia hét cho 37

(Romanian Mathematical Regional Contest “Trian Lalescu”)

Gidi:Goi x,,, Yn, 2, lan luot 1a s6 cac s6 nguyén c6 n chit s6 chon ti tap
hop {2,3,7,9} va lan lugt dong du véi 0, 1,2 theo modun3. Ta can tim
cac gia tri x,, .

7T 2T L s
Dat ¢ = cos? + isin? , ta thay rang x,, + y, + 2z, = 4" va

Tp + €Yn + 522n — Z 52j1+3j2+7j3+9j4
Ntjetjstja=n
= (2+ed+"+£%)" =1,
hay z, — 1 + ey, + €22, = 0. Tathu dc z, — 1 =y, = 2, = k. Khi d6
3k =z, +y,+ 2, —1=4"—1 dan dén
k=3(4"—1).Suwraz,=k+1=3(4"+2).

Bai toan 7 Cho s6 nguyén té n va cac s6 nguyén duong aq, as, ..., Gy, -
Goi f (k) 1a 86 cac bo m s6 (c1, ¢2, ..., Cy) thoa man dieu kien 0 < ¢; < gy
va ¢ + ¢+ ... + ¢ = k (modm). Chitng minh réng
f(0)=f(1)=..=f(n—1) khi va chi khi n |a; v6i j nao d6 thuoc tap
{1,2,....m}.

Giai Xét € = cos®Z + isin 2*. Dé y ring dang thic sau luon ding

(X+X2+ . +X%) = J[ Xat-ta

1 1< <ag

=5 TT::]3

FO+f(Dateaf(n—Dat= [ Xat+o =] (a+a®+..+a%)
k=1

1< <ag
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suyra f(0) = f(1)=..= f(n—1)khiva chi khi f(0)+f (1) a+...+
f(n—1)a™! = 0. Didu nay tuong duong véi H (a4+a?+..4+a%)=0
k=1

tic 1a a + a® + ... + a% = 0 v6i j ndo d6 thuoe tap {1,2,...,m}

Bai toan 8 Cho s6 nguyén té n va cac sd nguyén duong aq, as, ..., Gy,.
Goi f (k) 1a 86 cac bo m s6 (c1, ¢2, ..., Cy) thoa man dieéu kien 0 < ¢; < gy
va ¢ + ¢+ ... + ¢y = k (modm). Chitng minh réng
f(0)=f(1)=..=f(n—1) khi va chi khi n |a; v6i j nao d6 thuoc tap
{1,2,....m}.

(36" IMO)

Giai Truong hgp p = 2 1a tam thuong. Xét p > 3 va ¢ = cos%7T + ¢ sin %”
Ki hieu z; 1a sd cac tap con véi tinh chat |B| = p va m(B) =

j (modp).Khi dé

n—1

Zx]gg — Z Em(B) — Z 801+02+--.+Cp

j=0 BCA,|B|=p IS <. <<ep<2p

tong trén chinh 1a he s6 ctia X? trong da thic (X + ¢) (X + &%) ... (X + &%)
Tu he thic quen thuoc X —1 = (X —1)(X —¢) ... (X —eP!) ta

thu duge (X +¢) (X +¢2) ... (X +e%) = (XP+1)°, vi thé he s6 cla

p—1 .

XP1a2Suyra Yy xjel =2 19— 2+ 216 + ... + 25 18" = 0 ta 6
j=0

To—2 = xl = .. =12,1 = k. Dan dén pk = zo+z1+...+xp_1—2 = Cgp—

hay k=~ (C% —2
ay p( )

Két qua bai toan dacho la zp =2+ k =2+ — (C’ )
p

n
Bai toan 9 Chiing minh ring s6 Z (C3h 1) 2% khong chia hét cho 5 vdi
moi s6 nguyén n > 0.
Bai toan 10 Tinh tong

(CF) ? cos kit
k=0
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véi t € [0, 7]
Bai toan 11 Ching minh ding thic sau

1 "
DNCY+ Cl 4 C8 + ... = 1 (2” + 22+ 4 cos%) :

(Romanian Mathematicanl Olympiad —Second Round 1981)

1 (\/3 + 1) nm <\/§ — 1) N
0 5 10 _ n
Q)Cn+Cn+Cn +...= g 2 + TCOS? + 2n—1 COS 5 ]

Bai 12 Cho cac s6 nguyen A, B,,, C,, xac dinh nhu sau
A, =Cp—C3+Cf— ...,
B,=-Cir+C1—Cl + ...
C,=C>-C24+C5— ...

Chitng minh cac dang thic sau

1) A2+ B2+ C?— A,B, — B,C, — C,A, = 3"

2) A2 + A, B, + B2 =3""1.
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Két luan

Luan van da trinh bay huéng tiép can mdéi mot s6 dang toan so cap

bing cong cu s6 phtic.Cac két qua chinh ctia luan van:
e St dung sb phiic dé giai toan hinh hoc phang.
e St dung sb phiic dé giai mot s6 16p toan dai s6 ,luong giac.
e St dung sb phiic dé giai mot s6 bai toan t6 hop.

Huéng nghién citu tiép theo ctia luan van 1a tiép tuc ap dung sé phiic
dé giai cac bai toan:tdo mau, sé hoc, da thic , phuong trinh ham.
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