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MG dau

S6 hoc 1a mot trong nhing linh vie ¢d xua nhat ctia Toan hoc, va
cling 13 linh vyc ton tai nhiéu nhat nhiing bai toan, nhitng gid thuyét
chua c6 cau tra 10i. Trén con dudong tim kiém 10i gidi cho nhiing gia
thuyét do, c6 nhiéu tu tudng 16n, nhiéu li thuyét 16n ctia toan hoc da
nay sinh. Hon nita, trong nhitng nam gan day, S6 hoc khong chi 1a mot
linh viyc clia toan hoc li thuyét, ma con 1a linh vic ¢6 nhiéu ting dung,
dac biet trong linh vic bdo mat thong tin. Vi thé, viéc trang bi nhiing
kién thiic co ban vé sd hoc ngay tit truong phd thong la hét siic can
thiét. Khong nhu nhiéu nganh khéic clia toan hoc, cé rat nhiéu thanh
tuu hien dai va quan trong ctia S6 hoc ¢6 thé hiéu duge chi véi nhiing
kién thic pho thong duge nang cao mot bude. Do d6, day chinh 1a linh
vuc thuan loi dé dua hoc sinh tiép can nhanh véi khoa hoc hién dai. Tuy
nhién, trong chuong trinh S6 hoc & truong pho théng hién nay, mon S6
hoc chua duge gianh nhiéu thoi gian. Cling vi thé ma hoc sinh thuong
rat lung tung khi gidi bai toan S6 hoc, dac biét 1a trong cac ki thi chon
hoc sinh gioi.

Trong phan S6 hoc, cac ham s6 hoc déng vai tro quan trong trong
viéc hinh thanh va nghién citu I thuyét dé hoan thien. Day la mot van
dé c6 dién va quan trong ctia S6 hoc. Cac bai tap ting dung cac ham s
hoc co ban dudc dé cap nhiéu trong cac ki thi chon hoc sinh giéi cap
tinh (thanh phd), Qubc gia, Qubc té.

Muc dich chinh ctia luan van 1a néu ra duge mot s6 tng dung co ban
clia cac ham s6 hoc co ban (Phi-ham O-le, ham tong cac udc duong clia
n, s6 cac uéc duong ciia n, tong cac chit s6 clia s6 tut nhién n, ham phan
nguyen). Cu the 1a phan loai dugc cac dang bai tap clia cac ham sé hoc
thong qua hé théng bai tap st dung cidc ham sd hoc va cac dinh i co

586 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



ban ctia S hoc.

Noi dung ctia luan van gom 2 chuong

Chuong 1: Trinh bay cac kién thitc co ban clia cidc ham sb hoc.

Chuong 2: Mot s6 tng dung ctia cac ham sé hoc.

Luan van nay dugc hoan thanh véi syt huéng dan va chi bdo tan tinh
cia GS.TSKH. Ha Huy Khoai - Vién Toan Hoc Ha Noi. Thay da danh
nhiéu thoi gian huéng dan va giai dap cac thic mic clia toi trong sudt
qué trinh lam luan vin. Toi xin duge bay té long biét on sau sic dén
Thay.

Toi xin cAm on t6i S6 Noi Vu, S6 Gido duc va Dao tao tinh Bac Ninh,
truong THPT Thuan Thanh 1, t6 Toan trusng THPT Thuan Thanh 1
da tao diéu kieén gitp dé toi hoan thanh khoéa hoc nay.

Toi xin gii t6i cadc Thay Co khoa Toan, phong Dao tao sau Dai hoc
Truong Dai Hoc Khoa Hoc - Dai Hoc Thai Nguyén, ciing nhu cac Thay
co6 tham gia gidng day khoa Cao hoc 2009-2011 15i cdm on sau sic ve
cong lao day dé trong sudt qua trinh gido duc, dao tao clia nha truong.
Dong thoi toi xin gii 16i cdm on té6i tap thé 16p Cao Hoc Toan K3A
Truong Dai Hoc Khoa Hoc da dong vién gitp dé toi trong qua trinh hoc
tap va lam luan van nay.

Tuy nhién do su hiéu biét ctia ban than va khuon kho ctia luan vin
thac si, nén chic riang trong qua trinh nghién cttu khong tranh khoi
nhitng thiéu sot, toi rat mong duge sy dong gop v kién ctia cac Thay Co
va doc gia quan tam tGi luan van nay.

Thai Nguyén, ngay 31 thang 07 nam 2011
Tac gia

P66 Cao Son
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Chuong 1

Cac ham so hoc co ban

1.1. Phi - ham O-le

1.1.1. Dinh nghia

Dinh nghia 1.1. Gi4 sit n 14 mot s6 nguyén duong. Phi-ham O-le cia
n 1a s6 cac s6 nguyén duong khong vust qua n va nguyén t6 cing nhau
VOl n.

Ki hieu Phi-ham O-le 1a ¢(n).
Vidu 1.1 (1) =1, 9(2) = 1, p(3) = 2, p(4) = 2, ¢(5) = 4.

Dinh nghia 1.2. Cho n 14 s6 nguyén duong. Néu a 1a sb nguyén véi
(a,m) = 1 thi luon ton tai s6 nguyén duong k dé ¢ = 1(mod n).
S6 nguyen duong k bé nhat théa man o = 1(modn) dude goi la

cap clia s6 nguyén a (modn).

Dinh nghia 1.3. M6t hé thang du thu gon médulo n la mot tap hop
gom (n) s6 nguyén sao cho mdéi phan tit ciia tap hgp déu nguyén t6
ciing nhau véi n va khong c6 hai phan tit khac nhau nao dong du modulo

n.

Vi du 1.2. Tap hop {1,3,5,7} 1a mot hé thang du thu gon modulo 8.
Tap hdp {_37 _17 17 3} Cﬁng Vay

Dinh nghia 1.4. Mot tap hop A nao d6 dude goi 1a mot he thang du day
dt (mod n) néu véi bat ky s6 2 € Z ton tai mot a € A dé x = a(modn).
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Vi du 1.3. A = {0,1,2,...,n — 1} 1a mot he thang du day du theo
modulo n.

Chi y 1.1. Dé thay mot tap A = {a1,as, ..., a,} gom n s6 sé 1a mot he
thang du day du theo modulo n khi va chi khi a; = aj(modn) (ta ki higu
"khong dong du" 1a =) v6ii # j vai,j € {1,2,....,n}.

1.1.2. CaAc tinh chat

Tinh chdt 1. Gid st {7“1, T9,y .en, rw(n)} la mot hé thang du thu gon modulo
n, a 14 s6 nguyen duong va (a,n) = 1. Khi do, tap hop {arl, ary, ..., arw(n)}
ciing 1a hé thang du thu gon moédulo n.
Chitng minh. Trude tién ta ching t6 rang, mdi s6 nguyén ar; 1a nguyen
t6 cting nhau véi n. Gia st ngugc lai, (ar;,n) > 1 v6i j nao dé6. Khi d6
ton tai ude nguyén to p cla (arj,n). Do d6, hodc pla , hodc plr;, tic
12 hodc pla va p|n, hodc p|r; va p|n. Tuy nhién, khong thé c6 p|r; va
pln vir; va n la nguyén té cing nhau. Tuong tu, khong thée c¢6 pla va
p|n. Vay, ar; va n nguyén t6 cing nhau véi moi j = 1,2, ..., p(n).

Con phéi chimg t6 hai s6 arj, ary (j # k) tiy ¥ khong dong du modulo
n. Gid st ar; = arg(modn), j #kval <j<oepn); 1<k <epn). Vi
(a,n) = 1 nén ta suy ra r; = rx(modn). Diéu ndy mau thudn vi r;,ry
ciing thuoc mot hé thang du thu gon ban dau modulo n.

Vi du 1.4. Tap hop {1,3,5,7} 1a mot hé thang du thu gon moduls 8.
Do (3,8) =1 nén {3,9,15,21} ciing 1a mot heé thang du modulo 8.

Tinh chat 2.(Dinh li O-le) Gia sit m 1a s6 nguyen duong va a la s6
nguyén véi (a,m) = 1. Khi d6 a®™ =1 (mod m).

Ching minh. Gia st {7’1,7“2, ...,fr’(p(m} la mot hé thing thu gon gom
cac s6 nguyen duong khong vuct qua m va nguyeén té cting nhau véi m.
Do Tinh chat 1 va do (a,m) = 1, tap hop {arl,arg, ...,arﬂn)} cling 1a
mot hé thang du thu gon moduld m. Nhu vay, cac thang du duong bé
nhat clia ary, ary, ..., arypy) phai la cac sO nguyén ri, ra, ..., Tym) X€p
theo thit tir nao d6. Vi thé, néu ta nhan cac vé tit trong hé thing du thu

gon trén day, ta dugc: ary.ars...ary(,) = r1.72...7p(m)(modm).
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Do doé, a@(m)rlrg...rsp(m) = T172...Tp(m) (mod m).

Vi (11,79, .7 p(m), m) = 1 nén a#™ =1 (mod m).

Ta c6 thé tim nghich ddo moduld n bang cach st dung Dinh li O-le. Gia
st a,m 1a cac s6 nguyén t6 ctiing nhau, khi do:

a.a?™~1 = q#(™ =1 (mod m).
Vay a?™~! 14 nghich do ctia ¢ moéduld m.

Vidu 1.5. 2¢0)~1 = 26-1 = 25 — 32 = 5 (mod 9) 13 mot nghich dio ctia
2 modulo 9.

Hé qua 1.1. (a,b) = 1 thi a®® + @ = 1(mod ab).
Hé qua 1.2. V6i (a,b) = 1 van,v la hai s6 nguyén duong nao dé thi
a™?®) b2 = 1 (mod ab).

Hé qua 1.3. Gia sit ¢6 k(k > 2) s6 nguyén duong mq, ma, ...,my, va
chiing nguyén té véi nhau ting doi mot. Dat M = my.ma..my, = m;.t;
voii=1,2,...,k ta co:

t+t+ ...+t = (t1 +ta+ ... + t)"(mod M) véi n nguyén duong.

Bay gio ta sé cho céng thic tinh gid tri cia phi-ham O-le
tai n khi biét phan tich cia n ra thwa sé6 nguyén to.

Tinh chét 3. Véi s6 nguyen t6 p ta c6 o(p) = p — 1. Ngudgc lai, néu p
14 s6 nguyen duong sao cho ¢(p) = p — 1 thi p la s6 nguyen to.
Chitng minh. Néu p 1a s6 nguyén t6 thi v6i moi sd6 nguyén duong nho
hon p déu nguyeén t6 ciing nhau véi p. Do ¢6 p — 1 s6 nguyén duong nhu
vay nén ¢(p) =p — L.

Nguogc lai, néu p 1a hgp sb6 thi p ¢6 cac uéc d,1 < d < p. Tat nhien
p v d khong nguyén t6 ciing nhau. Nhu vay, trong cac s6 1,2,....,p — 1
phai ¢6 nhiing s6 khong nguyén t6 cing nhau véi p, nén p(p) < p — 2.
Theo gia thiét, p(p) = p — 1. Vay p 1a s6 nguyen t0.
Tinh chat 4. Gia sit p 1a s6 nguyen t6 va a 1a s6 nguyén duong. Khi dé:

p (p") =p" —p"h
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Chitng minh. Cac s6 nguyén duong nhé hon p® khong nguyén t6 ciing
nhau v6i p 1a cac s6 khong vigt qua p®~! va chia hét cho p. C6 ding
¢=1 56 nguyén nhé hon p® va nguyén
_ pa—l'

Viduy 1.6. ¢ (125) = ¢ (5%) = 5% =52 =100 ; ¢ (2'9) =210 -2 = 525

p®~1 s6 nhu vay. Do d6 ton tai p* —p

a

t6 cing nhau véi p. Vay, o(p?) = p

Tinh chat 5. Néu m,n la cac so6 nguyén duong nguyén td cing nhau

thi (mn) = p(m).o(n).
Chitng minh. Ta viét cac s6 nguyén duong khong viigt qua mn thanh

bang sau:
I m+1 2m+1 .. (n—1)m+1
2 m+2 2m+2 ... (n—1)m+2
3 m+3 2m+3 ... (n—1)m+3
m  2m 3m mn

Bay gio gid st r 14 mot s6 nguyén khong vugt qua m. Gid sit (m,r) =
d > 1. Khi d6, khong c6 s6 nao trong dong thit » nguyén t6 cling nhau
v6i mn, vi moéi phan ti ctia dong d6 déu c6 dang km + r, trong dé
1<k<n—-1,d|(km+r),vid|m,d]|r.

Vay, dé tim cac sb trong bang ma nguyén t6 ciing nhau véi mn, ta
chi can xem céac dong thit r véi (m,r) = 1. Ta xét mot dong nhu vay, né
chita cac s6 r,m +r,...,(n — 1)m +r. Vi (r,m) = 1 nén mdi s6 nguyéen
trong dong déu nguyén t6 cing nhau véi n. Nhu vay, n s nguyén trong
dong 1ap thanh he thang du day di modulo n. Do d6 c¢6 dang ¢(n) sd
trong hang d6 nguyeén té cting nhau véi n. Do cac s6 d6 cling nguyén t6
ciing nhau v6i m nén chiing nguyén t6 cing nhau véi mn.

Vi ¢6 p(m) dong, mdi dong chita p(n) s6 nguyén t6 cing nhau vdi
mn nén ta suy ra (mn) = p(m)e(n).

Két hop hai tinh chat trén, ta dugc tinh chat sau:

Tinh chat 6. Gia st n = p}'py?...p;* 1a phan tich n ra thita s6 nguyén

t6. Khi do:
1 1 1
gp(n):n<1——) (1——) <1——>.
D1 D2 Dk
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Chitng minh. Vi ¢ 13 ham c6 tinh chat nhan nén néu n c6 phan tich
nhu trén, ta dudge: p(n) = p(pi")e(Ps?)...o(PLF).

Mat khac: ¢ (p?j) = p?j —p?j_l = p;” (1 — p%) 7 =1,2,..., k.

Vay

p1 D2 k
1 1 1
aq a9 Q.
=pi'py’...p 1——)(1——)...<1——)
b " ( D1 D2 Dk
1 1 1
=n(l—— l—— .. (1=-—].
b1 D2 Dk
Tinh chat 7. Gi st n 1d mot sé6 nguyén duong. Khi do:
2o (d) =n.
dlp
Chitng minh. Tong tren day dugc lay theo cac udc s6 ctia n. Ta phan
chia tap hgp cac s6 tu nhién tir 1 dén n thanh cac 16p sau day. Lép Cy
gom céac s6 nguyen m,1 < m < n, ma (m,n) = d. Nhu vay m thuoc Cy
néu va chi néu d 1a uéc chung ctia m,n va (m/d,n/d) = 1. Nhu vay, sd
phan t1t cia Cy 1a céc s6 nguyen duong khong vugt qua n/d va nguyén
t6 cling nhau véi n/d ; tiic 1a Cy gom ¢(n/d) phan tit. Vi moi sé nguyén
m tit 1 dén n thuoc mot va chi mot 16p Cy nao d6 (d = (m,n) nén n
bang tong clia sd cac thanh phan trong cac 16p Cy, d 1a uée sd cia n.

Tacon=> ¢ (2).
dln

1.2. Ham tbéng cic udc sé duong ctia n
1.2.1. Dinh nghia

Pinh nghia 1.1. Ham tong cac uéc duong clia sé tu nhien n duge ki
hiéu 1a o(n).
Vidul.7.0(12)=1+24+3+4+6+ 12 =28,

Cha § 1.2. Ta c6 thé bicu dién ham o(n) dudi dang: o(n) = > d
d|n
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1.2.2. CaAc tinh chat

Bé dé 1.1. Gid sit m,n la cac sé nguyen duong nguyén té ciing nhau.
Khi dé6, néu d Ia uéc chung clia mn thi ton tai cap duy nhat cac uéc
duong d, ctia m va dy ctia n sao cho d = d;.dy. Nguoc lai, néu d; va ds
la cac uéc duong tuong 1ing ciia m va n thi d = dy.dy la udc duong ciia
mn.

Chitng minh. Gia stt m,n c6 phan tich ra thita sé6 nguyén t6 nhu sau:

a2 ms . _ N1, n2 ny
m=py Ps~--Ps® 3 N =41 4o ---q; -

Vi (m,n) = 1 nén tap hop s6 nguyen to p1, pa, ..., ps va tap hop céac
sO6 nguyen to qi, ¢o, ..., ¢ khong cé phan tit chung. Do d6 phan tich ra

thita s6 ctia mn ¢6 dang: mn = p{"'py?..p".q7 q52...q;".

Nhu vay, néu d 13 mot uée chung ctia mn thi d = p?p?...p?.qlflqu...qgft,
trong d6 0 <e; <m(i=1,2,...,8); 0< f; <m(i =1,2,...,9).

Dat: dy = pf'pL..pt , dy = ¢'¢f?...¢f*. R rang d = dydy va (dy, do) = 1.

Ngugc lai, gia st d; va dy la cac uéc duong tuong tng ctia m va n.
Khi do:

dy = pi'ps*...p% trong d6,0 < e; <m;(i =1,2,...,5)
dy = qlflq;...qift trong d6,0 < f; <m;(i =1,2,...,t).

S6 nguyen d = didy = pflp?...piﬁq{lq?...ql{t.

R6 rang la uée ctia mn = p{"'py2..pl.q1 qy2...q;"
vi lily thita clia mdi s6 nguyén té xuat hién trong phan tich ra thia s
nguyén to ciia d bé hon ho#c bang lity thita clia s6 nguyén t6 dé trong

phéan tich cia mn.

Bo6 dé 1.2. Gid sit p 1a s6 nguyén t6, a 1a s6 nguyén duong. Khi dé:

a+1
p

c(p)=1+p+p*+..+p) :p—l

T(p")=a+1
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Ching minh. Cac uéc ctia p® 1a 1, p, p?, p®. Do do, p® c¢6 ding a + 1 uée
at+l 1
duong, 7 (p*) = a+1. Mit khac, o (p?) = 1+p+p?+...+p* = p—l
p —_
Dinh 1y 1.1. Gid sit f la mot ham c6 tinh chat nhan. Khi dé ham
F(n) =3 f(d) ciing c¢6 tinh chat nhan.
dln
Chitng minh. Ta sé chi ra rang néu m, n 1a cac s6 nguyén duong nguyén
t6 ciing nhau thi F(mn) = F(m).F(n). Gia st (m,n) = 1, ta co:
Fn) = 3 1(0)
dlmn

Vi (m,n) = 1 nén theo bo dé 1.1, mdi udc s6 ctia mn c6 thé viét duy
nhat dudi dang tich cac udc dy ctia m va dy clia n va dp, dy nguyén to
cing nhau, dong thoi mdi cap uéc s6 d; ciia m va dy clia n tuong dng
v6i u6c dy.dy ctia mn. Do d6 ta c6 thé viét: F(mn) = Y. f(dids).

d1|m
d2|n

Vi f 1a ham c6 tinh chat nhan va (d;,ds) = 1 nén

F(mn) = > fld)f(d2) = > f(dr). 32 f(da) = F(m).F(n)

dl\m d1|m dg‘n

dg\n
Tinh chat 1. Ham o(n) 13 ham nhan tinh, tic 1a: V6i moi s6 tu nhien
n1,ne nguyén t6 cuing nhau thi o (ny.ns) = o(ny).0(n9)
Chitng minh. Tt Dinh 1i 1.1 suy ra ham s6 o(n) ¢6 tinh chat nhan. Vi
thé ta co the viét cong thiic clia ching khi biét phan tich thanh thita sé
nguyen to clia n.
Tinh chat 2. Néu p la s6 nguyeén t6 thi o(p) =1+ p
Chitng minh. Dudc suy ra tit Bo dé 1.2.
Tinh chat 3. Gia st n 1a s6 nguyen duong va c6 khai trién chinh téc

a1+1 1 as+1 1 ap+1 -1

_ DN Do Dy,

pm—1 p-1 " p—1
Chitng minh. Do ham o c6 tinh chat nhan nén ta co

n = pi'py*...pp" thi o (n)

o(n) =o(pr') o (py’) .o (py).
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1.3. Ham tong cac chit s6 cua so6 tu nhién n

1.3.1. Dinh nghia

Dinh nghia 1.1. Gid st n 14 mot s6 ty nhién. Ta dinh nghia S(n) 1a
ham tong cac chit s6 ciia n, khi biéu dién trong hé thap phan.

1.3.2. Céac tinh chat

Véi n 1a s6 nguyen duong. Ta co:
Tinh chat 1. S(n) = n (mod9).
Chitng minh. Gia sit trong biéu dién thap phan, s6 nguyén duong n
c6 dang: n = @pa;_1.--20100 |10

Khi ay

n = ay+ 100y + 10%as + ... + 10" Lay 1 4+ 10y,
S(n)=ayg+a1+as+ ... + a1 + oy,

Vi thé

n—Sm) =9 +9%+ ..+ 99..9 ap_1+..+99..9a;  (1.1)
(k-1)s69 k s6 9

Tu (1.1) suy ra [n — S(n)]:9 hay S(n) = n (mod 9), suy ra diéu phai
chiing minh.
Tinh chat 2.0 < S(n) <n
Tinh chat 3. Sn)=n<1<n<9
Chitng minh. Ta c6 n = apag_1...ap0100 |10. Vin > 0 nén a; > 0.
Ngoai ra a; € {0,1,2,...,9} v6i moi i = 1,2, ..., k.
Tu do, do S(n) = ag + ag—1 + ... + a1 + ag suy ra S(n) > 0.
Lai thay tur (1.1) thi S(n) <nva S(n)=n & oy =y = ... = a; =
0 ap>0s ap e {1,2,...,9}. D6 1a diéu phai chitng minh.
Tinh chéat 4. S(m+n) < S(m) + S(n), v6i moi m,n nguyén duong.
Chutng minh. Gia st trong hé thap phan, n va m lan ludt cé dang:

n = dpap_1...0010 |10

m = BrBr_1.--B150 |10
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Khoéng gidm tong quat, ta c6 thé cho la n > m = k > s. Ta c6 thé viét
lai m duéi dang sau day m = (0...0 5568_1...5150 ’10
(k-s)s60
L [ Biveii=012..s
bat 5; =
i B { 0 véii=s+ 1.k

A ~ ~ e 2 . N z N . - 2 X
Vi the ludén luén c6 thé coi n va m c6 cung loai bieu dién sau:

N — dpQ&p_1...00001 |1()

m = BBr-1---B28150 |10

trong d6 0 < «;, 5; <9, v6i moi ¢ = 0,1, 2, ..., k va «;, 5; nguyeén.

Ta sé& chitng minh bat dang thitc S(m +n) < S(m) + S(n) véi moi m,n
nguyen duong bang phép quy nap theo k.

- Néu k =0, khi d6 n = o, m = Sy suy ra S(n) + S(m) = g + fo

Ta c6 m +n = ay + Py, do vay

[ a+ B néu ap + B < 9
S(m+")_{ (a0 + By — 10) + 1 néu ap + By > 9

Chi ¥ rang do 0 < ap < 9:0 < By < 9 nén ag + By < 18, suy ra
a0+50—9§9<040+50(khi Oz()—l—ﬁo>9)

T6m lai, ta ludn ching minh duge S(m+n) < S(m)+S(n), trong trudng
hop k = 0. Vay diéu khang dinh ding khi k& = 0.

- Gia st diéu khéng dinh da ding dén k — 1, ttc 1a v6i moi bieu dién
trong he thap phan: n = @_1...a2a1apo |10, m = Br—1.--520150 |10

(trong do6 it nhat mot trong hai s6 ag_1, Br_1 phai 16n hon 0), ta luon
c6: S(m+n) < S(m)+ S(n)

- Xét trudong hop véi k, tic 1a khi n va m bieu dién nhu sau:

n = opap_—q...0200 K |10, m = BiBr-1.--B20150 |10

¢ day it nhat mot trong hai s6 oy, 8 phai 16n hon 0.

Ta c6 thé viét lai: n = 10.az0p_1.cnco ; m = 10.8:85—1...51 50

Vi 10.axap_1...01 = apg_1...a10 nén suy ra S(n) = S(n’),

6 day n' = apag_1...0q

Tuwong tu: 10.5;8k—1...01 = BrBk—1...010 nén suy ra S(m) = S(m'),
¢ day m' = Bi.fr-1...01
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RO rang ta c6: S(n) = ag + S(n') va S(m) = By + S(m').
Ap dung gia thiét quy nap, ta thay ngay: S(m/ +n') < S(m') + S(n’).
Mt khac, ta c6: m +n = 10(m’ +n') + oy + 5o nén

S(m+mn) < Sm')+ S(n') + ay+ Bo.

suy ra S(m +n) < S(m) + S(n') + ap + By = S(m) + S(n).

Vay diéu khang dinh cling ding dén k. Tt d6 suy ra diéu phai ching
minh.

Nhan xét 1.1. Bang quy nap dé dang ching minh dugc:

Néu aq, as, ..., a; 1a cac s6 nguyén duong thi:

2
Slar +as+ ... +ax) < ZS(ai)
i=1
ag

).

Tinh chat 5. S(mn) < S(m).S(n), vé6i moi m, n nguyén duong.
Chitng minh. Gia sit B c6 biéu dién dusi dang thap phan la:

S(aias...ar) < S(ay).S(as)...S(

B = biby. by

Do d6 B = by, + 10b_1 + 10%by_5 + ... + 10 1p,
Truée hét ta cé nhan xét sau:

Néu N 1a s6 tu nhién thi véi moi s6 p nguyén duong, ta co:
S(10"N) = S(N)

(Nhan xét nay quéa hién nhien dua vao truc tiép tit dinh nghia ciia ham
S(n)) Ta c6: AB = Ab;. + 10Ab;_1 + 102Abk_2 + ...+ 1()/{7114[)1
Theo chitng minh ciia Tinh chat 4, suy ra:

S(AB) = S(Aby + 10Aby_1 + ... + 10F 1 Ap,

< S(Aby) + S(10Ab_1) + ... + S(10F 1 Ab,) (1.2)
Lai theo Tinh chat 4, ta c6

S(Ab,) = S(A + Ai + A) < S(A)+ S(A)+ ...+ S(A) = b.S(A)

by, s6 hang A

16S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



15

Tuong tu, ta co

S(10Aby_1) < bp_1S(10A) = bp_1S(A);
5(102Abk—2) S bk—ls(102A) _ b]{;_QS(A)7

S(10A*1h)) < b;S(10"1A) = b, S(A).

Vi vay, thay vao (1.2), ta c6: S(AB) < (by +ba + ... + bi) .S(A)
Do S(B) = by + by + ... + b nén tu déng thiic trén ta thu dudc

S(AB) < S(A).S(B)
D6 1a diéu phai chiing minh.
Cha y 1.3. Theo nguyén li quy nap, ta suy ra két qua sau:

Néu Ay, Ao, ..., A, 14 cac s6 nguyén duong thi

S (A1 As.. A,) < S(A1).S(As)....S(A,).

1.4. Ham sb cac uéc 7(n)
1.4.1. Dinh nghia

Dinh nghia 1.1. S6 cac u6c duong clia cia s6 tu nhién n duge ki hieu

la 7(n).

Vidu 1.8. 7(1) =1, 7(2) = 2, 7(12) = 6.

1.4.2. CaAc tinh chat

Tinh chdat 1. Ham 7(n) 1a ham c6 tinh chat nhan.

Chitng minh. Dya tryc tiép vao Dinh i (1.1)

Tinh chdt 2. Néu p la sd nguyeén to6 thi 7(p) = 2.

Tinh chat 3. Gia sit s6 nguyéen duong n ¢6 khai trién chinh tic
n=p'py*..ppf thi 7(n) = (g + 1) (e + 1) ... (o, + 1).

Ching minh. Dudc suy ra truc tiép tit Bo dé 1.2
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1.5. Ham phan nguyén [z]

1.5.1. Dinh nghia

Dinh nghia 1.1. Ham phan nguyén [z] clia mot s6 nguyen z 1a s6

nguyén 16n nhat khong vuot qua x.

Vidu 1.9. [2.33] =2, [-2.33] = -3

1.5.2. Céac tinh chét

Tinh chéat 1. Cho z,y la cac s6 thuc, khi dé:
Lz]<z<z+4+1; z—-1<[z]<z; 0<z—[z]<1
. V6i moi s6 nguyén m, [x +m| = [z] + m

2
B+l <le+yl <le]+[y]+1
4 0  néu z la mot s6 nguyén

SURECLE —1 néu trai lai
5. —[—z] & 6 nguyén nh6 nhat 16n hon hoic bang .
6. Néu m 1a mot s6 nguyen thi [m = [ﬁ]
m m

7. Néu a,m la cac s6 nguyén duong thi [%} 1a s6 cac boi s6 clia a nam
trong khoang [1,m].

Ching manh.

1. Hién nhién suy ra tit dinh nghia.

2. Chi can ching minh cho 0 <z < 1. Khi d6, m <z +m < m + 1 nén
theo dinh nghia, [z] =0, [z +m] =m = [2] + m.

Tic la [vr +m]| = [x] +m

3. Do f(x) = [x] 14 mot ham khong giam va [y] <y < [y] + 1 nén tir 2)
ta c6 [a] + [y] = [ + [ol) < o+ 3] < [z + (@] + 1)

Tuacla 2] + [y] < [z +y] < [2] + [y] +1

4. Néu z = m la mot s6 nguyen thi [x] = m,[—z] = —m

nen [x] + [—z] = 0.

Néu x khong 13 mot sé nguyén, x = m + h v6i m 1a mot s6 nguyén va
O<h<lthi—z=-m—-1+(1—h)v6i0<1—h<1nén theo dinh
nghia [x] =m va [—x] = —m — 1. Do d¢, [z] + [-2] = —1.
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5. Chi can chitng minh cho truong hop x khong phai 1a mot sd nguyén.
Giad st x = m + h v6i m la mot s6 nguyén vad 0 < h < 1, Khi d6 nhu
ching minh trén ta ¢6 [—2] = —m — 1 nén —[—z] = m + 1 chinh 1& s
nguyeén nhé nhat 16n hon hoac bang .

6. Gia sit [1} — k. Khid6, k <~ <k+1nenkm <z < k(m+1).
m m

Do [z] 14 s6 nguyén duong 16n nhat khong vugt qua z nén
km < [z] <z <m(k+1).

Do d6 km < [z] < m(k+ 1),
T

Suyrak§m<k+1,tﬁ:cla [@] = [—}
m m m

7. Gi& st a, 2a, ..., na 1a tat ci cdc boi s6 clia a nam trong khoang [1,m],
ta can ching minh [m/a] = n. That vay, do a,2a,...,na 1a tat ci cac
boi s6 clia @ ndm trong khoang [1,m] nén na < m < (n + 1)a. Do do,
n <m/a < (n+1). Theo dinh nghia ta c6: [m/a] = n.

Dinh 1i dugc chiing minh.

Tinh chét 2 (Céng thitc Polignac). Cho p 13 mot s6 nguyeén t6, khi

=1 Ly’
Chitng minh. Goi e; 14 cac s6 chia hét cho p’ trong khoang [1,n]. Khi

£ g P o, < = |
d6 s6 mit 16n nhat k sao cho p* 1a udc ctia n! 1a k = —]

d6 s6 cac s trong khodng [1,n] chia hét cho p’ ma khong chia hét cho
pt 1A f; = e; — e;j 41 vA sO mil 16n nhat k sao cho p* 1a uéc s ctia n! c6

s . n n n
dang k = » if;. Theo tinh chat 1) tacoe; = |—=| , fi=|—| — |—
e ; ) [pZ] I Lﬂ] [W]

i:zl ; ([pl} [W“D ;1 Lﬂ]
Diéu phai ching minh.
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Chuong 2

Mot so tiing dung cua cac ham so
hoc

Trong chuong trinh phd thong, céc bai toan vé s6 hoc dong vai tro
quan trong trong viéc hinh thanh tu duy toan hoc. Viéc st dung cac
ham s6 hoc da gidi quyét dudc nhitng 16p bai todn co ban trong cac bai
toan so cap.

Trong chuong nay trinh bay mot sé ing dung clia cic ham s6 hoc co
ban trong viéc giai cic bai toan so cap. Ngoai ra, con c6 nhitng bai toan

tong hop st dung mot s6 ham sé khéc.

2.1. Ung dung ctia Phi - ham O-le
2.1.1. Xét dong du mo6dulé ctia mot sd6 nguyén to

Vi du 2.1. Gid sit p nguyén tb, r 1a s6 tir nhién nhé hon p sao cho:

(—1)"r! = 1(mod p) (2.1)
Chitng minh rang:
(p—r—1)!+1=0(modp) (2.2)
Loi giai. Theo dinh 11 Wilson ta c6
(p— 1!+ 1=0(mod p). (2.3)

Mat khéac, (p— 1) (p—2)...(p —r) = (—=1)"r!(mod p). Suy ra

p—=@p@E-r—D(=1)"r(modp)=(p—r—1)(modp). (24)
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Tu (2.3) va (2.4) suy ra cac dong du (2.1) va (2.2) 1a tuong duong nhau.

k(k+1
Vi du 2.2. Xét day U — *E D
néun = 2°(s > 1) thi trong day trén cé thé chon dugc mot hé thiang du
day di modulo n.

voi k = 1,2, ...,n. Chitng minh rang

Loi gidi. Xét n s6 Uyp_y v6i k = 1,2, .... Ta chi can chiing minh v6i moi
1< <j <nthi Uy = Ugj_l(mod n)
Gié st nguoc lai ton tai 1 <4 < j < n ma Uy_1 = Us;j—1(mod n)

& (2i— 1)1 = (2§ — 1)j(modn)

< (j—1i)(2)+2i—1) =0(modn) (2.5)
Do n = 2%(s > 1) nén n khong c6 uéce 1é.
Tu (2.5) = j = i(mod n) (vo 1y) suy ra diéu phai ching minh.

2.1.2. Chutng minh phép chia véi du

Vi du 2.3. Chitng minh ring: néu a nguyén té véi 7 thi a®*1° — 1 chia

hét cho 7.

Loi gidi. Do 7 1a s6 nguyén t6 nén p(7) =7 -1 = 6.

Do dé theo dinh 1y O-le ta cé a?(") = a5 = 1(mod 7).

Tt d6 'Y = (a%)?% = 1(mod 7) hay a®*' — 1 = 0(mod 7).

Vay a?*'% — 1 chia hét cho 7.

Vi du 2.4. Chiing minh rang: 20 — 1 chia hét cho 11.31.61

Léi gidi,

Chtng minh 20' — 1 chia hét cho 11.

Do (20, 11) = 1 va ¢(11) = 10. Theo dinh li O-le ta ¢
20711 = 20" = 1(mod 11)

Do do 201 = 20° = (—2)° = 1(mod 11)

Vay 20" — 1 chia hét cho 11.

Chitng minh tuong ti, ta c6: 201° — 1 chia hét cho 31 va 61.
ma 11, 31, 61 1& cac s6 nguyeén t6 cliing nhau.

Vay 20! — 1 chia hét cho 11.31.61
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Vi du 2.5. Chiing minh riang: m?™ + n#(™ = 1(mod mn)

véim, n > 1va (m, n) = 1.
Loi giai. Do (m,n) =1 nén theo dinh 1i O-le ta c¢6

m?™ = 1(mod n) N m?") 4 n#M = 1(mod n)
=1 n?™m 4+ m#™ = 1(mod m)

2.1.3. Giai phuong trinh déng du
Vi du 2.6. Tim it nhat 4 nghiém ctia phuong trinh:
23 +y" = 1(mod 30).
Loi gidi. Do 30 = 5 x 6 va (5, 6) = 1 nén theo hé qua (1.1) ¢6
5¢() 1 690) = 1(mod 30)
Vi ¢(6) = ©(2).0(3) = 2 va p(5) = 4; 6 = 6(mod 30) nén ta co
52+ 6* = (25 + 6) = 1(mod 30)
Ta thay 25% = 25(mod 30) ; 62 = 6(mod 30) nén theo he qua (1.2) c6
25% + 67 = 25 + 6 = 1(mod 30)
Tuong tu c6 257 = 25(mod 30) ; 63 = 6(mod 30) nén
63 + 257 = 1(mod 30)
Néu phan tich 30 = 3 x 10 v6i (3, 10)=1 thi theo he qua (1.1) c6
3¢10) 1109 = 1(mod 30)

Tinh toan tuong tu trén ta c6 3* + 103 = 1(mod 30)
Vi 3% = 81 = 21(mod 30) ; 10> = 10(mod 30) nén theo hé qua (1.3) c6

(397 + (102)" = 1(mod 30) va (3)" + (102)” = 1(mod 30)
Suy ra phuong trinh c6 it nhat 4 nghiem (z,y) la:
(25, 6), (6, 25), (21, 10), (10, 21).
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Vi du 2.7. Chiing minh rang phuong trinh dong du sau c6 nghiém
(z,y, z,t) khac (0, 0, 0, 0): ° + y* + 2* = t3(mod 210).

Loi giai. Do 210 =5x6x 7 va (5,6) = (5, 7) = (6, 7) = 1 nén ta dat
my = d,t1 =42, my = 6,12 = 35, m3 = 7,13 = 30.
Theo hé qua (1.3) ta co
423 4+ 353 + 30 = (42 + 35 4 30)° = 1073(mod 210).

Vay phuong trinh ¢6 nghiém (z,y, z,t) la (42, 35, 30, 107).
Néu phan tich 210 = 3 x 7 x 10 thi tuong tu nhu thé ta thay phuong
trinh c6 nghiém (x, y, z, t) 1a (70, 30, 21, 121).

2.1.4. Tim nghiém nguyén cuia phuong trinh
Vi du 2.8. Tim nghiém nguyén ctia phuong trinh:
12x - 19y + 21 = 0.

Loi giai. Phuong phap nay dua trén ménh dé sau:
Meénh dé. Xét phuong trinh ax + by + ¢ = 0, trong d6 a,b 1a cac sb
nguyen duong, (a,b) = 1,c 1a s6 nguyén. Khi d6 phuong trinh nay c6

:[;0 = —Cago(b)_l

mot nghiém riéng sau day: a?® 1
Yo=C—p

Do a, ¢ 1a cac sd nguyeén, con ¢(b) > 1 14 s6 nguyén nén hién nhién g 1a
s6 nguyén. Theo dinh 1i O-le thi

a#®) = 1(mod b) = (a#® — 1) :0.
T do6 vy 1& s6 nguyen. Mat khac
axg + byy + ¢ = —aca+ ca — ¢ + ¢ = —ca®®) 4 ca¥®) = 0
Vay (xo,y0) 1& nghiém riéng cua phuong trinh axz 4+ by + ¢ = 0, suy ra

diéu phai ching minh.
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Tr6 lai phuong trinh da cho

122 =19y +21 =0
<1204+ 19(—y) +21 =0
S 120+ 192421 =0,v61 2z = —y.

Do 19 1a s6 nguyén t6 nén p(19) =19 — 1 = 18. Do d6

zo = —21.1217
1218 — 1
) p—
19

la mot nghiém riéng cia phuong trinh 12z + 192 + 21 = 0.
Vay moi nghiém ctia phuong trinh nay c6 dang

r = —21.12"7 + 19¢
1218 — 1
- 19

No6i cach khac, phuong trinh 12z — 19y + 21 = 0 ¢6 nghiém la:

z =21 —12¢

xr=—21.127 4+ 19¢
218 _ 1

B P ¥
Y 9

Nhan xét 2.1. Cach gidi nay hoan toan mang tinh chat I thuyét. Trong
thuc té, ching ta sé khong sit dung cach nay.

2.1.5. Tim cap cta sé nguyén

Vi du 2.9. Tim cap (mod 101) ctia 2.

Loi giai. Dat n = 101 va a = 2. Goi h 1a cap ctia a (mod 101).
Vi 290190 = 1(mod 101) neén ta cé

p(101) h (2.6)

Do 101 1a s6 nguyén t6 nén dé thay ¢(101) = 101 — 1 = 100. Nhu vay
tr (2.6), ta c6
101:h
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Néu h < 100 thi do cac uSc nhd hon 100 ctia 100 chi c6 thé 1a 2, 4, 10,
20, 25, 50 nén suy ra hodc la 50: A hoac la 20: h.
Vi h 1a cap ctia 2 (mod 101) nén ta c6

2°0 = 1(mod 101) hosic 2% = 1(mod 101) (2.7)
Mat khac, 290 = (219)° = 10245, Vi 1024 = 14(mod 101) nen ta di dén

1024° = 14°(mod 101)
= 19.196.14 (mod 101)
= (—6)(—6).14 (mod 101)
= 504 (mod 101)

= —1 (mod 101)
Vi thé ta co
2° = —1(mod 101) (2.8)
Lai thay
2% = 1024 = 14* = 196 = —6 (mod 101) (2.9)

Tu (2.7), (2.8) va (2.9) suy ra mau thuin. Vay gia thiét phan ching
h < 100 1a sai. Vi thé tir 100: h suy ra h = 100.
Vay 100 1a cap (mod 101) cta 2.

2.1.6. Tim s6 ty nhién théa man tinh chat ham sé p(n)

Vi du 2.10. Tim tat cd cac s6 tu nhién n cé tinh chat n chia hét cho

©o(n), trong dé ¢ la ham O-le.

Loi gidi. Hién nhién néu n = 1 thi ¢(n)|n. Ta xét n > 1. Gia st n c6
ks
i .

phan tich thanh thita s6 nguyen té dudi dang n = piph?..p

Tacc’)go(n):n<1—pi1) (1_]912) (1_%)

Tit diéu kién ¢(n) [n, chang han n = z.¢(n), suy ra

pip2--pi = x(pr — 1)(p2 — 1)...(pi — 1).
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Nhu vay, phéi ¢6 p; nao dé bang 2 (néu ngugc lai thi vo li, vi vé trai la
s0 1é, vé phéai 1a s6 chdn). Gia st p; = 2, ta ¢6
2p9..pi = x(ps — 1)...(p; — 1).

Do ps, ..., p; khac 2 nén tit dang thic trén suy ra rang n c6 nhiéu nhat
1a mot uéc nguyen t6 1é, chang han po.
Dat po = 2y + 1. Ta ¢6: 2py = z(2y).

Do p; nguyén t6 nén suy ra x = po,y = 1. Vay p» = 3 va n c¢6 dang
n=23" Lk>1 m>0.
Dé thit lai rdng, cac s6 n ¢6 dang néi trén thoa man dieu kien: ¢(n) [n
Vi du 2.11. Chitng minh rang véi moi s tur nhién n > 2, ta c6
a(n) + ¢(n) > 2n.
Loi giai. Gia st cac ubc cuianlal=dy <ds < ... < dp = n.
Trong cac s6 tu nhién khong vuct qua n, co dﬁ sO 14 boi cia d. Mbi sb

7
khong vugt qua n va khong nguyén td cing nhau véi n phai 1a boi clia

mot uGe ndo doé (16n hon 1) ctia n. Vi thé ta co

n—pn) < — 4+ 4
po(n) < Lottt

Mat khac, n + n + ..+ o dp1+dgo+...+dy =0c(n) —n.
do ds d,
Vay n — ¢(n) < o(n) —n, tic la o(n) + p(n) > 2n.

Khi n nguyén td, ta c6 dang thic: o(n) + o(n) = 2n.

2.2. Ung dung ctia ham tdng cac udc sé duong cia
s6 tu nhién n

2.2.1. Chitng minh moét sé 1a hop sb

Vi du 2.12. Chitng minh rang n la hop s6 khi va chi khi:

o(n) >n++/n.
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Loi giai. Gia st n 1a hop s6. Khi dé ngoai u6c ciia 1 va n ra, n con it
nhat mot wée d(1 < d < n). Lic nay y ciing 1a mot wde cta n (rod rang
n . 2 - ?
1< p < n). C6 hai kha nang xay ra:

1) Néu g £ d. Khi d6 c6 it nhit 4 ude 1a 1,n, d, %. Vi thé

0(n)21—|—n+d+g (2.10)
Ta co
d+g > 92v/n > /n. (2.11)

T (2.10) va (2.11) suy ra trong truong hop nay ta cé o(n) > n + /n.
2) Néu g = d (titc 1a d = y/n). Liic nay n c6 it nhit 3 udc 1a 1, v/n, n.
Vithé o(n) > 1+n++/n>n+/n.
Tom lai khi n 1& hgp s6 ta luon c¢6 o(n) > n +/n.
Dao lai, gia sit

o(n) > n—+ V. (2.12)
Ro rang n # 1. Vio(1) =1, suy ra

o(1) <1+ V1. (2.13)

Tit (2.12) va (2.13) suy ra néu n thdéa man (2.11) thi n khong thé bang
1.
R6 rang n khong thé 1a s6 nguyen t6. That vay, néu p la sé nguyeén t6
thio(p)=p+1<p+/p(chiyp>2)
Vi thé, néu n théa man (2.12) thi n cling khong thé 1 s6 nguyeén to. Vi
1i do d6 suy ra néu n théa man (2.12) thi n 1a hgp sob.

Tém lai n 14 hop s khi va chi khi o(n) > n + /n. D6 1a diéu phai
chiing minh.

2.2.2. Chiing minh mot s6 1a s6 hoan hao

Vi du 2.13. S6 nguyén duong n goi la sé6 hoan hdo néu o(n) = 2n.
Chitng minh rang s6 nguyén duong chan n la s6 hoan hdo khi va chi
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khi n ¢6 biéu dién: n = 2™~1(2™ — 1), trong dé m la s6 nguyén sao cho
m > 2 va 2™ — 1 la s6 nguyén to.

Loi gidi.

1) Gia sit n 1a s6 nguyéen duong chén va c6 dang n = 2™~ 1(2™ — 1) trong
d6 m 1a s6 nguyen, ma m > 2 va 2™ — 1 1a s6 nguyén to.

R6 rang (2771,2™ — 1) = 1, ma o(n) 1a ham nhan tinh nén ta c6

o(n) =c(2" H.0(2™ — 1) (2.14)

Do 2™ — 1 14 s6 nguyén t6 nén dya vao cong thiic o(p) = p + 1 khi p 1a

s6 nguyeén to, ta co
o2 — 1) = (2" — 1) +1=2m.

Mat khac 2™~ ¢6 cac ue duong 1a 1,2,22,....2"1 va c6 tong cac ude
la
2m —1

142422 42771 =
+2+22 + S

=2 —1.

Tt d6 theo (2.14) suy ra
o(n) = (2" —1).2" = 2.271(2" — 1) = o(n) = 2n.

Vay n 1a s6 hoan héo.

2) Déo lai, gia st n 14 s6 hoan hio chin. Biéu dién n dudi dang sau:
n = 25.t, trong d6 s va t 1a cac s6 nguyén duong va t 1a s6 18.

Do o(n) 1a ham nhan tinh va vi (2%,¢) = 1 nén

o(n) =o(2%).0(t) = (2°T1 = 1).0(t) (2.15)

(Chi ¥, lap luan nhu trén, suy ra o(2%) = 2571 — 1),
Do n 14 s6 hoan hao nén theo dinh nghia thi

o(n) =2n =211 (2.16)
Tu (2.15) va (2.16) ta c¢6

25Tt = (25T —1).0(t) (2.17)
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Tu (2.17) suy ra

{2 = 1) o(t)} 2o (2.18)
Vi (2571 2571) = 1 neén tur (2.18) ta co
25T (1) (2.19)
Tir (2.19) ta c6 biéu dién sau
o(t) = 2°t1 g (2.20)

Thay (2.20) vao (2.17) ta thu dugc
2 -2t =2t = (2T - 1) g =1t (2.21)

T (2.21) suy ratiq. Rorangt #q (vinbut =¢=2"1 -1 =1=
2t =92 = 5=0=>n=t=nlé dotlé D6 la dicu vo li vi n la s6
nguyén duong chn). Ta lai thiy t + ¢ = (25T — 1)g + ¢ = 25Tlqg = o (t)
(theo (2.20)). Ta chitng minh réng ¢ = 1.

That vay, néu ngucc lai ¢ > 1 thi ¢ c¢6 it nhat 3 u6c khac nhau la:
1,t,q (chu y tiq, t # q). Theo dinh nghia thi o(t) > 1+ ¢ + ¢. Nhu vay
ta thu dugc hé phi i sau

{J(t):t+q

o(t)>t+q+1
Vithé g=1.Dovay o(t) =2 =t =0(t) -1 =251 — 1. Tw d6
n = 252511 — 1),

Chu ¥ rang cing tit ¢ = 1, ta ¢6 o(t) = t +1 = t 1 s6 nguyeén to.
= 25t _ 1 13 s6 nguyén to.

Dit m = s+ 1, thim > 2van =2""12" — 1), trong d6 2™ — 1 1a sb
nguyen t6. Bai toan da dudc giai hoan toan.

Nhan xét 2.2. 1) Tir bai tap trén suy ra dé tim céac s6 hoan héo, ta chi
can tim sb cac s6 nguyén to c6 dang 2™ — 1 (vi khi d6 s6 2™ 1(2™ — 1)
14 s6 hoan hao).

2) Gid sit m la s6 nguyén duong, khi dé s6 M,, = 2™ — 1 dugc goi la s6
Mersenne thit m. Néu p la s6 nguyén to va M, ciing la s6 nguyén t6 thi
M, dugc goi 1a s6 nguyén t6 Mersenne.
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Vi du: My, My, Ms, M7 1a cac s nguyen to Mersenne, con M 1a
hop sb.

Vi du 2.14. Cho n la s6 hoan hao va la s6 1é. Chitng minh rang n c6 it
nhat 3 udc nguyén té khac nhau.

Loi gigi. Gia st n 13 s6 hoan héo, va goi o(n) 1a tong tat ca cac wdc sb
ctiia n. Khi dé: o(n) = 2n.

Bay gio gia st n 1a s6 hoan héo va la s6 1é nhung két luan ctia bai toan
khong dung. Khi do6 chi c6 hai kha nang sau xay ra:

1) Néu n chi c6 mot ue sd nguyen t6, tiic 1a sé6 n c6 dang n = p* véi p

1a s6 nguyen t6 1¢é (cha ¥ do n 1a 6 1¢). Ta c6

_on) l14p+pr+..+pF

1 1 1
:1+_+_2+"'+_k

n p* p P p
1
1_pk+1 1 P
=P =P
- 1-- pr-1
p p
(Ll<2(:>p<2p—2(:>p>2.Doplasénguyéntélénénp>2la
p_
dang).

T 2 < 2 suy ra diéu vo li. Vay 6 truong hop nay gid thiét phan ching
la sai.

2) Néu n c6 2 uéc s6 nguyén to 1é khac nhau p va ¢ sao cho n = pg® (c6
thé cho 1a p < ¢). Liic nay ta c6

o o) _o'd) _ o) o(d")

n 2W¢ pt ¢2 .
I+ p+p 0" 1 +qg+tq+ . +g
B e ' ¢

Lap luan nhu trén suy ra

1 1

T~ 1
1—=-1-=
P q

2 <

(2.22)

Vi p va ¢ 1a hai s6 nguyén t6 1é va p < g nén p > 3,q > 5. Vi vay
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L1 11 15
I 1> 17 1- g °*%
l—-1-> 1-=-1-2=
D q 3 5

Thay vao (2.22) ta ¢6 2 < 2. Diéu vo li nay chiing t6 gia thiét phan

chiing trong truong hop nay ciing sai.
T6m lai gid thiét cho 1a két luan ctia bai toan khong dung 1a gia thiét
sai. D6 chinh 1a diéu phai ching minh.,

2.2.3. Chitng minh bat dang thiic lién quan téi o(n)

Vi du 2.15. Chitng minh rdng bat dang thitc: o(n) > 3n ding véi mot
tap hop vo han céac sb tur nhién n.
Loi giai. RO rang néu d 1a uée ctia n thi L cling 13 mot uée s6 cia n. Vi
vay: o(n) =di +da + .. +dk—n(1 i+ -+ 1)

di  do dy;
& day dy,do, ..., d; 1a tat ci cac u6c tu nhién cta n.
Lay n 1a s6 tuy ¥ sao cho né la boi s6 ctia s6 16! = 1.2.3...15.16. Di
nhién s6 nhitng s6 n nhu vay 1a vo han (d6 1a cac s6 c¢6 dang k.16! véi

k=1,2,..,).

No6i rieng trong cac udc ctian c6 1, 2, 3, ..., 16. Vi thé luc nay
on)=n <1+1+ +1) (1+1+1+ +1> (2.23)
di  d dy, 2 3 16

Dé ¥ ring
LR +i=1+1+<1+1>+<1+1+...+1>+
2 3 16 2 3 4 5 6 8
1

+ ! +...+ = !
9 " 10 16
Mat khéc, hién nhién ta c6

L. ,1 1

3 4 4 2

1.1 1,1
5+6+..+8 375
1 1 11
TR TR T
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Do vay

el oyl (2.24)
Stgtet o .

Bay gio tu (2.23) va (2.24) ta di dén o(n) > 3n. Nhu vay ta da ching
minh dugc ring ton tai vo han s6 tu nhién n, sao cho ta c6 bat dang
thiic o(n) > 3n. D6 1a dieu phéi ching minh.

Vi du 2.16. Cho s6 tu nhién n > 1. Chitng minh rang ta luon cé bat
dang thitc sau: o(n) < ny/n.

Loi giai. Xét hai truong hop sau:
1) Néu n = 2% Do n > 2 nén « la sd nguyén 16n hon hogc bang 2. Ro
rang lic nay

atl _ q

a(n):0(20‘):20+21+22+...+20‘:ﬁ

=2t 1 (2.25)
Via >2mnéntacoo(n) =2 —1<20F <2005 =2925 =ny/n
Vay bat ding thic da cho khi n > 2 vi n c¢6 dang n = 2% 14 dung.

2) Néu n khong c¢6 dang 2% (ttic n khong phai 1a liy thita ctia 2). ta sé
chitng minh bang quy nap trong truong hop nay.

Do n > 2 nén s6 nhé nhat khong c6 dang 2% 14 s6 3.

Lic nay o(3) = 1+ 3 = 4 < 34/3. Vay bat ding thtic ding khi n = 3.
Gia thiét quy nap o(k) < kv/k da ding véi moi k, 3 < k < n va k khong
c6 dang 2. Ta sé chiing minh:

o(n) < ny/n (2.26)

Vi n khong chia hét cho 2 nén n c6 dang n = mp trong dé m nguyeén

duong, p 1a s6 nguyen to6 18. Dé thay

1+p<pyp (2.27)
That vay, khi p = 3 thi 1+ 3 < 3v/3, con khi p > 5, ta ¢6
1 1 1
S )
p p i)
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Métkhéc\/132\/5>2:>%<\/1_9hay1+p<p\/]_9.

Vay (2.27) ding.

Chi c6 cac kha nang sau xay ra:

a) Néu m = 1 = n = p, khi d6 p nguyén t6 nén o(n) = o(p) =1 + p.
Tt (2.26) suy ra trong truong hop nay ta cé: o(n) = 14+p < p\/D = ny/n.
Vay (2.26) ding trong trudng hgp nay.

b) Néu m = 2 = n = 2p. Do p nguyén t6 nén lic nay

on)=02p)=1+2+p+2p=3(1+p).

Vi p 1a nguyén t6 1é nén p > 3. Ta c6

DO
P 3
3
=3+ - <4.
P

Lai c6: 2v/2.,/p > 2/6 > 4. V1 thé

3+§<2\/§.\/E

= 3(1+p) < 2V2.p\/p = 2p\/2p = n\/n
= o(n) < nyn.

Vay (2.26) ding trong truong hgp nay.

c) Néu m > 3. Vi m khong c6 dang 2%, nén m > 3 vA m < n, nén theo
gia thiét quy nap ta c6: o(m) < m+/m. Ta thiy ring cac uéc s6 cua
n = mp chi c6 dang d hosic dp v6i d 1a uée s6 ctia m. Vi thé

o(n) = o(m) + po(m)
= (p+1)o(m).

Tu d6 di dén o(n) < (p+ 1)m+/m

Lai ap dung (2.27), ta c¢6 o(n) < p\/p.my/m = mp/mp = ny/n.

Vay (2.26) cang ding trong truong hgp nay.

Tom lai khi n khong c6 dang 2%, ta cling luon c¢6 o(n) < ny/n. Vi 1é ay
bat dang thiic o(n) < ny/n dugde chiing minh hoan toan.
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2.3. Ung dung ciia ham S(n)
2.3.1. Tim n bdi S(n) théa man mot hé thikc cho trude
Vi du 2.17. Tim s6 tir nhién n sao cho S(n) = n* — 2003n + 5.
Loi giai. Ta c6
0<S(n)<n (2.28)

Gia st n 1& s6 nguyen duong théa man yéu cau dé bai, tic 1a

S(n) =n?—2003n + 5.
Tt (2.28) di dén hé bat phuong trinh sau (an n)

n?=2003n+5>0 _ [ n®=2003n+5>0 (a)
n?—2003n+5<mn n? —2004n+5<0 (b)

Tt (a) suy ra, noi rieng (n — 1)(n — 2002) > 0 va tuong tu tt (b) ta co
n(n —2004) < 0. Vi lé do ta di dén

2002 < n < 2004 (2.29)

T (2.29) va tur tinh nguyén ctia n ta thu duge n = 2003.

Do lai, néu n = 2003 thi S(2003) =2+ 3 = 5.

Mat khéc, r6 rang 20032 - 2003.2003 + 5 = 5.

N6i cach khac S(n) = n? — 2003n + 5 < n = 2003,

Diéu d6 c6 nghia 1a n = 2003 1a gia tri duy nhat ctia n théa man yéu

cau bai toan.
Vi du 2.18. Tim s6 tu nhién n sao cho: n + S(n) = 2003.
Loi giai. Ta c6
n+ S(n) = 2003 < n = 2003 — S(n) (2.30)
Vi S(n) > 0 va S(n) nguyén, nén S(n) > 1. Do do tut (2.30) ta c6

n < 2002 (2.31)
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Chi ¥ rang trong cac so6 khong vuot qua sé 2002, thi sé 1999 c6 tong cac
chit s6 16n nhat. nhu vay ta co6 bat ding thic sau

S(n) < 5(1999) = 28 (2.32)

dtng véi moi s6 ty nhien n < 2002.
Thay (2.32) vao (2.30) ta c6: n > 1975, két hop vdéi (2.31) ta di dén

1975 < n < 2002. (2.33)

Do $(2002) = 4; $(2001) = 3; S(2000) = 2, nén n = 2002, 2001, 2000 di
nhién khong théa man hé thitc (2.30), vi thé két hop véi (2.33), ta co:

1975 < n < 1999 (2.34)
Vi 16 &y, ta c6 thé biéu dién n dusi dang
n=19ab(a,be N),0<a<9,0<b<09.

Khi d6 hé thiic n+S(n) = 2003 ¢6 dang: 1900+10a+b+10+a+b = 2003
hay

11a + 2b = 93. (2.35)

93 — 11 1—
Ttr(2.35)tacéb:Ta:46_5a+ 26‘

=thaya=1—2t vab= 11t + 41, trong do6 ¢t

Do b nguyén nén
nguyeén. Vi a, b 13 cac s6 nguyén khong am, nhung khong vuot qua 9 nén
suy ra hé thic sau dé xac dinh ¢

( 1
9>1—-2t>0 —4§t§§
9>11t+41>0 ¢ H - 32 o¢--3
te’Z 1=~ 11

| teZ

Khit=-3thia="70b=8

Nhu vay néu n thda man yéu cau bai toan thi n = 1978.

Déo lai, néu n = 1978 thi S(n) =1+9+ 7+ 8 = 25.

RG rang n + S(n) = 1978 + 25 = 2003.

Tom lai n = 1978 14 gia tri duy nhat ctia n théa man yéu cau deé ra.
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Vi du 2.19. Tim tat cd cac so tu nhién n thdéa man:
n+ S(n)+ S(S(n)) = 2001.
Loi giai. Ta c6
n < 2001 = S(n) < S(1999) = 28 = S(S(n)) < S(28) = 10.

Suy ra n > 2001 — 28 — 10 = 1963.

Tit d6 S(n) > S(1970) = 17 va S(S(n)) > 2

nén n < 2001 — 17 — 2 = 1982.

Mat khéc 3n =n + S(n) + S(S(n)) = 2001 = 3(mod 9)

nén n = 1(mod 3). Tit d6 n € {1963, 1966, 1969, 1972, 1975, 1978, 1981}
Bang cach thit tryc tiép ta thay chi cé cac s6 1969, 1972, 1975 thoéa man.
Nhu vay, dap s6 ctia bai toan 1a n € {1969, 1972, 1975}.

Vi du 2.20. Tim s6 n nhé nhat sao cho trong n s6 tu nhién lién tiép
tiy y Iuon chon dugec mot s6 N ma S(N) chia hét cho 13.

Loi gidi. Ta chiing minh s6 can tim 1a 79.

Trude hét ta ching minh trong 79 sé lién tiép thi luon chon dugc mot
s6 N ma S(N) chia hét cho 13. Xét 2 truong hop:

1) Néu trong 79 s6 ¢6 s6 M chia hét cho 100. Khi d6 néu trong 79 s6
d6 c6 it nhat 39 s6 16n hon M thi trong 13 s6 lién tiép trong cic s6 sau:
S(M),S(M +1),....S(M +9),S(M +19), S(M + 29), S(M + 39) phai
c6 mot s6 chia hét cho 13, con néu c6 it nhat 40 s nhé hon M thi trong
13 s6 lien tiép
S(M —40),S(M —39),...,S(M —31),S(M —21),S(M —11),S(M — 1)

cling phai c6 mot sb chia hét cho 13.
2) Néu trong 79 s6 khong c6 s6 nao chia hét cho 100 thi goi M 1a sb
chia hét cho 10 nhé nhat trong 79 s6. Khi d6 trong 13 s6 lién tiép

S(M), S(M +1), ..., S(M +9), S(M + 19), S(M + 29), S(M + 39)

phai c6 mot s6 chia hét cho 13.
Cudi ciing c6 theé kiém tra 78 s6 lien tiép bat dau tir 9 999 999 961 khong
c6 s6 N nao dé S(N) chia hét cho 13.
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2.3.2. Tinh gia tri S(n)

Vi du 2.21. (IMO-1975). Dat A = S(4444%%) va B = S(A). Tim
S(B).

Loi gidi. Dat N = 4444*% Do N < 10000**** nén N c6 khong qua
4444.4 < 20000 s6. T dé: A < 9.20000 = 180000

— B < 5(99999) = 45 = S(B) < 39 = 12 (2.36)
Mit khac 4444 = (—2)(mod 9) nén
N = 244 = 831 9 = (—2)(mod 9) v do d6 S(B) chia 9 du 7. (2.37)
T (2.36) va (2.37) suy ra S(B) = 7.
Vidu 2.22. Data= S ((29)1999) ;b=3S(a); c=S5(b). Tim c.

Loi giai. Dat n = (27)1% thi n = (23)3199 = 85997 < 10°%7. Vay n la
mot s6 c6 khong qua 5997 s6. Do 99...9 1a s6 16n nhat c6 5997 chit sob.

5997 s6 9
Tit d6 suy ra a = S(n) < S(99..9 ) = 9.5997 = 53973
5997 6 9
Nhu thé ta c6
a < 53973 (2.38)

Trong cac s6 khong vuot qua 53973, chit s6 49999 13 s6 c6 tong céac chit
6 16n nhat. Vi thé ti (2.38) suy ra

b= S(a) <5(49999) = 40
Do vay
b <40 (2.39)

Trong cac s6 khong vugt qué 40 thi s6 39 lai 14 s6 c6 tong céc chit s6 16n
nhat. Vi 1& ay, tir (2.39) ta thu duge: ¢ = S(b) < S(39) = 12.
Nhu vay

c<12 (2.40)
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Theo céch xac dinh trén thi n = (23)°97. Do 23 = (—1)(mod9) nén
n = (—1)"7(mod 9) hay n = (—1)(mod 9), ciing titc l1a

n = 8(mod 9) (2.41)

Ta ¢6 v6i moi m tu nhién thi m = S(m)(mod 9).
Vilé ay, tit (2.41) suyra: c=b=a = S(n) =n = 8(mod 9)
Tom lai ta ¢6 0 < ¢ < 12 va ¢ = §(mod 9) nén ¢ = 8.

Vi du 2.23. (Dé thi QG 2004). Tim gia trj nhé nhat ciia S(n) khi n

chay trén cac boi ciia 2003.

Nhan xét 2.3. 1) Cho p la s6 nguyén t6 1é va c6 dang p = 4k + 1, ta
co:

27 = (—1)"(mod p). (2.42)
2) 2 1a s6 chinh phuong (mod p), vdi p nguyeén to 1é thi diéu kién can va
du la

p=8t+1. (2.43)

Loi gidi.

Dit p = 2003, thi p 1a sd nguyén t6. R6 rang n khong thé c6 dang
100...0. That vay, khi d6 n = 10* va 10* khong chia hét cho 2003 véi moi
k. Vi lé d6 khi n chay trén céc boi cua 2003 thi S(n) > 1.

Gid st ton tai n 1a boi cia p ma S(n) = 2. Vi S(n) = 2, nén chi ¢6
the xay ra hai trudng hop sau:

1) Hoac 1a n = 200...0. Trudng hop nay khong thé c6 vi 200...0 = 2.10%
khong chia hét cho 2003.
2) Hodc lan = 1a,_1a,-9...a1a9, trong d6 cac hé s6 ag, ay, ..., a,—1 ¢6 ding

mot sd bang 1, con lai déu bang 0, tic 1a n ¢6 dang n = 107 + 107 véi
0<j5<q.
Theo gia thiét ta c6 n 2003, tic 1a

109 = —10’(mod p) = 1077 = —1(mod p).

Dat k = ¢ — j, thi 10" = —1(mod p)
Dé thay 2! = 1024 = 107(mod p) suy ra
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(25F)% = 210k = 107F = —1(mod p)

Vay -1 la s6 chinh phuong (mod p). Theo (2.42), thi p phai ¢6 dang

1001
4k‘+1,suyra2003:4k+1:>k:TgéZ

Ta thu dugce diéu vo li (do k ¢ Z).
Vay S(n) khong thé bang 2, suy ra S(n) > 2.
Bay gid ta sé chi ra rang ton tai n 1a boi ciia 3 ma S(n) = 3. Ta ¢6

p—1
2

107 = 2%(mod p) = 2.10™° = 21001 = 2% = —1(mod p)

(do p = 2003 # 8t + 1) (4p dung (2.43): 2 1a s6 chinh phuong (mod p)
& p phéi ¢6 dang 8t +1). Vi 2003 # 8t + 1, nén 2 khong phai 14 s6 chinh
phuong (mod p). Theo nhan xét trén, suy ra: 2= = —1(mod p). Tit d6
suy ra (2.10700 + 1) L.

Dat n = 2.10™ + 1, thi n 12 boi ctia 2003 va S(n) = 3.

Tom lai, mi})l S(n) =3, 6 day
ne

D = {n : nnguyén duong va la boi ctia 2003}.

Nhan xét 2.4. Ta da ap dung céc két qua vé s6 chinh phuong (mod p)
dé giai bai toan tren.
2.3.3. Chitng minh mot s6 biéu thitc lién quan téi S(n)

Vi du 2.24. Cho n la s6 tu nhién bat ky. Chiing minh rang:
S(8n) - 1
S(n) — 8

Loi giai. Truée hét ta c6 nhan xét sau: Néu n la s6 nguyén duong thi vdi
moi s6 nguyén duong p, ta cé hé thic:

S(n) = S(107n) (2.44)

~ ~ « 2 2 — e N D —
That vay, gia st n = ajas...aj thi 10°Pn = ajas...a; 00...0.

ps60
Vi thé S(n) = S(10Pn) (vi cing bang aj + as + ... + ay), tic 1a (2.44)
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dang.
Tt (2.44) noi riéng ta c6

S(n) = S(1000n) = S(125.8n). (2.45)

Ap dung tinh chét cia ham S(n) thi

S(125.8n) < S(125).5(8n) = 8.5(8n) (2.46)
Tu (2.45) va (2.46) ta di dén S(n) < 85(8n) = i,((%j)) > é

Vi du 2.25. Cho s6 nguyén duong n. Goi A la tap hop tat ca cac so
nguyén a trong [10”, 10”“) ma S(a) chin va B la tap hop tat cd so
nguyén b trong [10”, 10"*!) ma S(b) 1. Ching minh ring:
Z a” = Z b" v6i moi s6 tu nhienm < n. (2.47)
acA beB
Loi gidi.
Ki hieu A(n), B(n) la céc tap A, B ¢ dé bai v6i n > 0 va A(0) =
O\ {0}, B(0) = L\ {1} véi C = {0,2,4,6,8} va L = {1,3,5,7,9}.
Ta ching minh (2.47) quy nap véi n > 0.
V6in = 0 thi m = 0 va (2.47) hién nhién ding. Gia st (2.47) da ding
t6i v6i n, ta chiing minh né cing ding véi n + 1.
Ta co

Soadm= Y Y (10a+2)"+ > > (100 +y)™

acA(n+1) a€A(n) zeC beB(n)yelL

Tu d6, néu m = 0 thi ta c6 ngay diéu phai ching minh.
Néu 0 <m <n+1 thi

m—1
S Y 10a+2)" = > 10ma™+ > (C}ﬁ.loi.Si. 3 xm1>
i=0

acA(n) veC acA(n) zeC
vl
SZ' = Z Z bZ VZ < .
acA(n) beB(n
> a Z 10™a™ + Z 10mb™ + Z (CZ ST >
a€A(n+1) acA(n beB(n zeCUL
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m

Do tinh ddi xting nén suy ra  ». a™= > ™
a€A(n+1) beB(n+1)
Theo nguyén i quy nap ta c6 diéu phai chitng minh.
Nhan xét 2.5. C6 thé phat biéu lai két qua Bai toan 2.25 nhu sau:
"Cho s6 nguyén duong n. Goi A la tap hop tat ca cac s6 nguyén a trong
khoang (1, 10") ma S(a) chin va B la tap hop tat ca cac s6 nguyén b
trong khoang (1, 10") ma S(b) 1é. Chiing minh ring:

S a™ = > 0" véi moi s6 tu nhien m < n".
acA beB

2.3.4. Xét tinh bi chin ctia ham s6 chita S(n)

) S
Vi du 2.26. Xét tinh bi chdn ctia ham so f(n) = (@) vii a € 7"

cho trudc.

Loi gidi. Dat a = 2%.5°.b; (b,10) = 1
) S(n)  S(10%.10%.n)

Neub=1thi f(n) = = < S(5*.2%) = const

/() S(a.n) S(20.59.m) ~ ( )
Néu b > 1 thi goi p 1a mot wéc nguyén t6 cia b. Ta c6

foy o S0 St S
S(a.n) = S(pn).S(a/p — S(pn).a/p
107(=1)

p 2

v6i n du 16n thi S(z,.p) = 1 + S(c) = const va dé ching t6 ham
f(n) khong bi chin ta chi can ¢6 S(x,) — +oo khin — +oo. Do
T, — +o00 khi n — 400 nén ta chi can chting minh trong biéu dién

Ta chon day xz, = vii 0 < ¢ < p va (c+10)ip. Khi do

thap phan ctia x,, khong c6 chit s6 0 ndo.
That vay, néu ngugc lai, dé thay rang pz, c6 it nhat 3 chit s6 khac 0.
Vay ham f(n) bi chan khi va chi khi a khong c6 uéc nguyén t6 nao

ngoal 2 va j.
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Vi du 2.27. Cho a la s6 chin nhung khong chia hét cho 5. Chitng minh

rang: n1—1>I—§I—100 S(a") = +o0.

Loi giai. Lay n > 8, dit a" = arar_1...a1

Ta chitng minh néu 1 < i < % thi trong cac chit s6 a1, ..., ay; phai
6 1t nhat mot s6 khac 0.

That vay, vi néu khong thi dit ¢ = @;a;,_1...a; va ta c6

(a™ —¢) 110% = ¢:2% (vi a chén)

nhung 0 < ¢ < 10’ < 2% nén mau thuln.
T do6 1lay n > 4™ thi

S(CL”) > (CLQ + CL3 ‘|‘ a4) + ‘|‘ (a/4m_|_1 —|— a/4m+2 —|— ‘|‘ CL4m_~_m) Z m.

Vay ta c6 diéu phai chitng minh.

2.4. Ung dung ctia ham sb cac uéc 7(n)
2.4.1. Tim n théa man moét diéu kién cho trudc cua 7(n)

Vi du 2.28. Tim n nhé nhat dé 7(n) = 1. (Giai bai toan khi thay 1 bdi
mot trong céac so sau: 2, 3, 6, 14 va 100).

Loi giai. Ta biét rang trong cac udc duong ctia n luoén c6 mit 1 va n.

1) Xét khi 7(n) = 1. Vin chi ¢c6 mot uéc duong nén tit nhan xét trén suy
ran = 1. 7(n) = 1 <= n = 1. Di nhién 6 n nh6 nhat cling la n = 1.
2) Xét khi 7(n) = 2. n chi ¢6 hai u6c khi va chi khi n 1a s6 nguyen t6.
Vay khi 7(n) = 2 thi n nh6 nhat 1a 2 (vi 2 14 s6 nguyen t6 bé nhat).

3) Xét khi 7(n) = 3. Ta c6 néu trong khai trién ra thita s nguyén
to n = pi'ps*..pr*, & day «; nguyén va 16n hon 0 (i = 1, 2,....,k) thi
7(n) = (a1 + 1) (ay + 1) ... (o + 1). Vi thé 7(n) = 3 nén suy ra n = p?,
v6i p 1a 6 nguyén t6. Do d6 khi 7(n) = 3 thi n nhd nhat 13 22 = 4.

4) Xét khi 7(n) = 6. Ta c6 6 = 2.3, vi thé nén khi 7(n) = 6 thi n c¢6
dang n = p1py?, trong d6 pi, po 1a céc s6 nguyen t6. Vay khi 7(n) = 6
thi » nho nhat 1a 22.3 = 12.

5) Xét khi 7(n) = 14. Ta ¢6 14 = 2.7, vi thé khi 7(n) = 14 thi n ¢6 dang
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n = p1p$§, trong do6 py, po 14 cic s6 nguyen t6. Vay khi 7(n) = 14 thi n
nhé nhat 1la n = 26.3 = 64.3 = 192.

6) Xét khi 7(n) = 100. Ta 6 100 = 2.50 = 4.25 = 2.2.25 = 2.2.5.5 =
10.10. Vi vay n = pipy’ = pip3* = pipop3' = pipapipi = pip), trong do
p1, P2, P3, P4 12 cac sd nguyeén to.

S6 nho nhat trong cac sé pyp3’ 1a 249.3

S6 nho nhat trong cac sd pip3* 1a 224.33

S6 nhé nhét trong cac s6 p1pepip] 1a 24.34.5.7

S6 nhé nhat trong cac s6 pip) 1a 2.3

Dé thay min{3.2%7; 33.224; 243157, 29,39} =21.31.5.7 = 35.6 = 45360
Vay khi 7(n) = 100 thi n nh6 nhat 1a 45360.

Vi du 2.29. Tim tét ca cac s6 nguyén duong n sao cho (1(n))* = 4n.
Loi giai. Gia stt n 1a s6 nguyén duong théa man diéu kién:

(r(n))* = 4n (2.48)
Gia st trong khai trién ra thita sé nguyén t6 clia n, ta co

n = pl'py?..p¥... 6 day p1 < po < ... < ps < ... 1a tAt ci cac sO nguyen
td, con oy, i = 1, 2,... 1a cac s6 nguyén khong am. Khi dé6 ta co

T(n) =14+ a1)(1+ ag)...(1 + ay)... (2.49)

Ta c6 4n = p{'py?...p%... Do p; = 2 nén

24+m

dn = p; Mpy?.pie... (2.50)

T (2.48) suy ra 4n 1a lap phuong ciia mot s6 nguyén. Vi thé tir (2.50)
ap =1+353

o = 352 ) 1= 2,3,...

¢ day (1, B1, ... 1a cac 6 nguyen 16n hon hosic bang 0. Thay vao (2.49)

va do p; la cac sO nguyén to nén ta co {

ta co

T(n) = (2 + 351)(1 + 362)(1 + 363)(1 + 355) (251)

Tu (2.51) suy ra 7(n) khong chia hét cho 3 (vi 7(n) = 2(mod 3)).
Mt khéc, lai ¢6 4n = (7(n))® nén suy ra n khong chia hét cho 3.
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Vin = p{'ps*..p%..., 6 day ps = 3. Do n khong chia hét cho 3 nén ay = 0
(vi néu ap > 0 thi p3? chia hét cho 3, tic 1a n chia hét cho 3, dan dén
vo 11). Vile do tu (2.51), lai c6

T(n) = (2 + 351)(1 + 353)(1 + 353)

Bay gié phuong trinh
(7(n))* = 4n & (24 361)° (1 + 385)°...(1 + 38,)°... = 23048030 136
2435 pgg...pfs

S (438 (1535 . (252)

Vib=p3<ps<..<ps<..nén véi moi > 3 thi

(theo bat dang thiic Bernoulli, thi (1 + a)” > 1 + na véi moi n nguyén
duong). Tt d6 suy ra vé phai clia (2.52) 16n hon hosic bang 1, va dang
thitc x&y ra khi va chi khi 5; = 0 v6i moi ¢ > 3. Vi 1& do tit (2.52), ta c6

24 34
T (2.53) suy ra
2+ 33, > 2!t (2.54)

Mat khac

21 = 2(14 1) > 21+ Ch +CF) =2 (1 + B+ filb=1) 1)>

2
hay tit (2.54) ta c6 2+ 36 > 2+ 51 + 20}
(6 day da stt dung cong thiic khai trién nhi thiic Newton). Tt d6 ta c6
281 > 2 hay $; < 2. T tinh nguyén cia By, c6 f; = 0, 1 hay 2. Xét
cac truong hgp sau:
P s, 2 + 361

a) Néu f; = 0 hay f; = 2 thi: Wzl
Do d6 suy ra cé hai vé ctia (2.52) bang 1, vi 1& d6 tur lap luan trén suy
ra 2 13 u6c s6 nguyén duy nhat cia n. T do:

4486 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



43

- Néu B, = 0, ta duge nghiem n = 21730 = 2.
- Néu ) = 2, ta dugc nghiem n = 21435 = 27 = 128,
) 2+3 5
b) Néu = 1 thi 2Pt _

ol+B1 4
Khi dé tit (2.52) ta c6 $3 > 0 nhung 3 > 1 khong thé c6. That vay,
Ps 5 ) 5 )
khi dé 1 j 35 > 7 suy ra ve phai cua (2.52) > 2 va mau thuan so vdi
) 5 5! 5 .
(2.52). Vi lé d6 3 = 1, thé thi 11 35, =113 1 (va di nhién de
(2.52) dung thi gy = 5 = ... = 0). T do6 ta co
041=1+361=1+3.1=4
Oy = 0
az =303 =3
Q; = 0, W) > 4

Nhit vay 1 = 2459 = 16.125 = 2000.
Toém lai cac s6 nguyén duong can tim la n = 2,n = 128 va n = 2000.

2.4.2. Mot s6 bat dang thiic lién quan téi ham 7(n)

Vi du 2.30. Gid sit 7(n) la s6 tat ca cac udc s6 tu nhién ciia n. Chiing
minh ring véi moi n = 1,2, ... ta c6 bat dang thiic: 72(n) < 4n.

Loi giai. Gia st a 1a u6c s6 clia n, thi s b = g ciing 1a uéc ctia n. Do
do6 tat ca cac ude s6 cia n dude chia thanh ting cap, khi dat tuong dng
v6i mdi uée a < \/n va b = g. Ngoai ra, c6 thé them /n néu /n 1a s6
nguyén (ttc 1a khi n 1a s6 chinh phuong). S6 nho6 trong hai s6 ctia cip
goi 1 s6 thit nhat, con lai s6 16n goi 1a s6 thit hai. Xét hai kha nang sau:

1) Néu n khong phdi la s6 chinh phuong.

Khi d6 tat ca cac s6 thit nhat sé nho hon y/n. Cing vi 1&é dé néu goi d*
1a s6 16n nhat trong cac s6 tht nhat thi d* < /n = d* < [\/n], ¢ day
qua [a] dé chi phan nguyén ciia s6 o .

Vi moi s6 thtt nhat thuoc tap {1,2, ..., [y/n]}, tit d6 suy ra so6 cac s6 thit
nhat < [y/n] < y/n (do n khong phéai 1a s6 chinh phuong). Vi n khong
phai 1a s6 chinh phuong nén 7(n) bang hai lan cac s6 thtt nhat. Do vay
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ta c6 bat dang thic: 7(n) < 2y/n = 72(n) < 4n.

2) Néu n la s6 chinh phuonyg.
Khi d6 v/n 1a uée clia n, va tat ca cac ude thit nhat < y/n — 1. Ky hieu
d* nhu trong phan 1), ta c6

d*<yn—-1=d <[y/n-1]

Lap luan nhu trén ta ¢6 s cac s6 thi nhat < [/n—1] < /n— 1.
Khi n 1a s6 chinh phuong, thi 7(n) bang hai lan s6 céc s6 thit nhat cong
thém 1. Vi lé d6 suy ra

T(n) <2(y/n—1)+1=7(n) <2y/n—1<2y/n= 7%n) < 4n.

Tém lai, ta luon luon chitng minh dude rang véi moi n = 1,2, ... thi
72(n) < 4n. D6 1a diéu phai chiing minh.

Vi du 2.31. Chitng minh ring, ton tai n théa man: 7(n?) = kr(n) khi
va chi khi k 1a s6 Ié.
Loi giai. Trude tien, ta chi ra ring, néu ton tai n dé
7(n?) = kr(n) (2.55)
khi &k 1a s6 1é.
Néun=1thit(n)=7(n?)=1=k=1.
Gia st n > 1, n = p|'...p" 1a khai trién n thanh thita s6 nguyén to.

Khi dé: n? = p2™...p%".
Phuong trinh (2.55) cho ta

2r1+1)..2rs+1)=k(ri+1)...(rs +1) (2.56)

Vay k 1a s6 18.

Nguoc lai, gid st k = 2m + 1. Ta chiing minh sy ton tai n théa man
(2.55) bang quy nap theo m. Sy ton tai n tuong duong véi sy ton tai
(r1,...,7s) théa man (2.56).

244+1)(22+1
Véimzl,tacéQm—l—l:?):( + 122+ )

4+ 1)(2+1)
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Gia st véi moi m < M, mdi s6 k = 2m + 1 déu c6 thé bicu dién dudi
dang (2.56). Ta chiing minh & = 2M + 1 cing ¢6 dang do.

kel k41
Gia stk + 1 = 2\.¢, trong d6 ¢ 1&. Khi d6 ta 6 t — 4= < K

< k
2l — 2

vil>1k>1. Xét cac sb rq, ...,r; nhu sau

ry =20t —20¢—20
ro =2 — 2t — 2!

e I )
Xét ny = pi'...p;". Khi do ta c6

k_rm@__(%Hj—T¢—2L+U“(TH¢—7¢—7+1)
() (2Lt =204 =20 4 1)L (20 — 201 — 2151 4 T
22t —2t—2l4+1 (2'—-1)(2t—-1) 2t-1

T 2202041 (22— 1)t t

Vi 1 < k nén theo gia thiét quy nap, ton tai s6 ny = ¢'...¢% sao cho

7(n3)

T(ng)

t =

Bang cach chon céac s6 qi, ..., qs, p1, ..., i 1& cic sd nguyen t6 khac nhau

dﬁf—ﬂﬁ)ﬂ@):mizﬁi—1=h

(n) (1) 7(n2)

va dat n = nj.ng, ta co:

2.4.3. Tim sé nghiém ctia phuong trinh bang phuong phap st
dung 7(n)

Vi du 2.32. Chitng minh rang véi moi k > 1, phuong trinh 7(n) = k
c6 vo s6 nghiém.

Loi giai. Ta c¢6 cong thic: 7(n) = (a1 + 1) (ag + 1) ... (g + 1),

néu n = pi'py*...pe~, trong dé p; 1a cic sé nguyen t6 va «; nguyén > 1,
Vi=1,2 .k

Xét hai kha nang sau:

1) Néu k£ la s6 nguyén to.

Khi d6 tit 7(n) = k suy ra n = p*~!, § day p 14 s6 nguyéen t6. Do tap
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hop s6 nguyéen t6 14 vo han, nén ton tai vo han s6 nguyén duong c6 dang
n = p*~1. Diéu d6 c6 nghia 1a phuong trinh 7(n) = k c¢6 vo s6 nghiém
khi % 14 s6 nguyeén to.

2) Néu k 1a hop so.

Khi d6 ta c6 biéu dién k = ki.ko, trong d6 k; > 1, ko > 1. Tt 7(n) = k,
nén suy ra mot trong cac dang cia n la n = plfl_l.pgrl, 6 day p1,po 1a
cac s6 nguyen t6. Do tap hop cac s6 nguyén t6 pi, ps 1a vo han nén ton
tai vo han cac so6 nguyen duong c6 dang n = p]fl_l.pgz_l.

Tom lai v6i moi k nguyén duong 16n hon 1, thi phuong trinh 7(n) = k

c6 vo s6 nghiem. D6 1a diéu phai chiing minh.
2.5. Ung dung ctia ham phan nguyén [z]

2.5.1. Bai toan dinh tinh

Vi du 2.33. Chitng minh rang véi moi s6 nguyén n,

n -+ 2 n n+4 n n—1
=n.
4 4 2
Loi giai. Xét n = 4k ta co

n—+ 2 n+4 n—1
=k: =k+1: =2k — 1.
] e

n—+2 n n-+4 N n—1
=n
4 4 2
Xétn=4k+ 1 ta co

{HQI L [n+4] Y ["_1] — ok

Do do

4 4 2

2

Tuong tu v6i n = 4k + 2,4k + 3 ta ciing c6 diéu phai ching minh.

Do do
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Vi du 2.34. Cho m,n la cac s6 nguyén, c¢ la mot so vo ty duong va

1 .
d = —. Chitng minh rang:
c

[m—+nc] . [n+md] ‘
Yoo n+14+(m—7d= > m+1+(n—j)d.
J=0 j=0

Loi giai. Trong mit phang Oxy xét hai diém A(0, m+nc) va B(n+md, 0).
Xét s6 diem nguyén nam trong tam gidc OAB theo hai cach.

Cach thit nhat, véi moi s6 nguyen j, 0 < 7 < [n + md] ta tinh s6 céc s6
nguyén 4 sao cho diém (j, 4) ndm trong tam giac OAB (coi j tuong tng
v6i diem (4, 0) tren OB). Dat 29 = n + md, yo = m + nc, khi d6 duong
thang c6 phuong trinh = j cit doan AB tai diém c6 tung do bing

(2o —J)yo _ (n+md — j)(m + nc)

i) n + md

(n+%eqxn+%x

m
n+ —
c

=m+ (n—j)c.
Do d6, s6 céac s6 nguyén i dé diém (j,7) nam trong tam giac OAB la:
L+ [m+(n—j)d=m+1+(n—j)d
Tit d6 suy ra s6 diém nguyén (j,i) nam trong tam gidc OAB la:

N= > [m+1+(n-jd.

0<j<[n+md]

Céach thi hai, v6i méi s6 nguyén i, 0 < i < [m + nc] ta tinh s6 cac s6
nguyén j sao cho diém (4,7) nim trong tam gidc OAB (coi i tuong tng
v6i diém (0,i) tren OA). Bang cach tinh hoan toan tuong ti ta c6 sb
cac diém nguyén (j,7) nam trong tam gidc OAB 13

N= S [n+1+(m—jd.

0<i<[m+nc]

Tt d6 suy ra diéu phai ching minh.
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Vi du 2.35. Cho n la s6 nguyén duong théa man n! c6 ding 2002 chit
s6 0 tan cung. Chitng minh rang: n < 8024.
Loi gidi. Gia st n! = 295°q, trong d6 (¢,2) = (¢,5) = 1. Theo cong thiic

(0.9]

Polignac, ta c¢6: a = ) {%} >0=> {%}
i=1

Do dé n!:10° , n! khong chia hét cho 10°*! nén s6 chit s6 0 ding tan
ciing trong bieu dién thap phan ctia n la 3. Vay ta can tim n nhé nhat
sao cho

B=3 [53} — 2002.

V6i moi n dat p(n) = > [%} Ta c6 p(n) < p(n+1) véi moi n > 1 va
i=1

(8024) — 80241 [8024] | [8024]  [8024]  [8024
p ~ 175 25 125 625 3125

= 1604 + 320 + 64 + 12 + 2 = 2002.
Do d6 n < 8024, dieu phai chitng minh.

Vi du 2.36. Cho ay, as, ..., a; 1a cdc s6 nguyén duong khong virot quéa n

théa man diéu kien: [a;, a;] > n véi moi 1 <i # j < k.
. ) N 1 1 1
Chiing minh rang: — + — + ... + — < 2.
aq a9 ag

Loi giai. Phan hoach tap S = {1,2,...,n} thanh k tap Sy, S, ..., Sk thoa
man: S; = {S €S ‘sfai} véimoii=1,2,.. k.
Ta sé chiing minh S; NS; = () v6i moi 1 < i # j < k. That vay, gia st

ton tai s € S;NS; khi d6 sia; va siajnén a: [a;,a;] > n vo ly. Vay céac
k k
tap 51, 59, ..., S doi mot roi nhau. Do do: Y S| = >
i=1 i=1

<n.

kon K n Z
Tu do, Y. — < > ([—] +1> <n+k<2n

i=1Ai =1 \ [
Diéu phai ching minh.

Vi du 2.37. (Taiwan 1998). Chitng minh ring véi moi s6 nguyén duong
m—1 k

m va n, ta luon cé: (m,n) =2 > {—n] +m +n —mn.
k=0 LT
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Loi giai. Dat d = (m,n),m = dm’,n = dn’ ta c6 m’,n’ 14 cac sd nguyen
duong nguyén t6é cuing nhau. Ta c6

.k )
kn kn, n—1 néu— khong la mot so nguyén
H*[”—E]: o
n néu — la mot so nguyén
m
v ~ kn kn/ N ~ L ~ . N ? . . A /
Mat khac — = — la mot s0 nguyén khi va chi khi & chia het cho m/,
m  m
2 ~ . m — 1 1
Do d6, trong tap hop {1,2,...,m — 1} ¢6 —| = d_ﬁ =d-—1
gia tri ctia k sao cho a mot s6 nguyén. Ta co
m
m—1 m—1
kn kn
2 —| =2 —
k=0 k=1
-1

m=—1[L

Suy ra (m,n) =d=2 > [_n +m+n —mn.
k=0 LT

Diéu phai ching minh.

Vi du 2.38. (Vo6 dich toan quéc té, 1972). Vi s6 nguyén duong m,n.

emtn)
a 1mot SO nguyen.
minl (m - n)l o er S0 Bs

Chitng minh rang:
Loi giai. Trudce tién, ta chitng minh:
2a] + [28] = [a] + [B] + o + F] (2.57)

v6i a, B 1a cac so thuc.
That vay, ta co
2a] = [2[a] + 2{a}] = 2[a] + [2{a}]
28] = 2[B] +2{B}] =2[B] + [2{B}]
la + 8] = [o] + [8] + [{a} + {B}]
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Bat dang thic (2.57) tuong duong véi bat dang thiic

2{a}] + [2{8}] = [{a} +{B}] (2.58)
Vi 0 < {a} + {5} < 2 nén x4y ra hai truong hgp sau:
1) Néu 0 < {a} + {8} < 1 thi (2.58) luon ding vi vé trai 16n hon
hodc bang 0.
. 1
2) Néeu 1 < {a}+{6} <2thi [{a}+{F}] =1. Khidé6 {a} > 5 hodc

(8) > 5. mid st {a} > o Suy ra 2{a} > 1= [2{a)] + 2{8)] > 1
Vay (2.57) dugc ching minh.

Bay gio, Ta ching t6 réng véi moi s6 nguyén td p, s6 cac thita so6 p
chita trong tich (2m)!(2n)! khong nho hon cac thita sé p chita trong tich
mln!(m + n)!.

Goi 51,52 lan lugt 1a cac sd thita s6 p chia trong tich (2m)!(2n)! va

m!n!(m + n)!. Ta c6
[2m 2m 2n 2n
Si=|—|+ — |ttt ||
L D p p p
'm m n n m+n m+n
Sy = —]+[—2:|+...+[—:|+[—2]+..[ ]-i-[ 5 ]‘1‘
| P p p p p p
Dé ching t6 S; > S, ta phai chiing minh vé6i & tu nhién bat ky ta c6

) )= G [ [5)

m

Bat dang nay dugc suy ra tit bat dang thic (2.57) & trén véi o = — VA
p
m
s=".
ok

2.5.2. Bai toan dinh lugng

Vi du 2.39. Cho M = 19871987, day {x,},~, la cic so nguyén théa
=]
Tp+ |—
In

man: r1 = M, xp1q = , vV6imoin =1, 2,...

2

Tinh min{z, : 1 <n < M}.
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Loi gigi. Dit [\/M} — o, khidéae€Zt,a? <M < (a+1)

Ta co: [a —; [b]] = [a —2|— b] nen Ty =

doM < (a+1)* nén néu z, > a+1 thi

M
Tp+ —
T [

2

N xn+xn
Mz, < x, v Tp4q = ] =2,

2

Tic 1a, néu x, > o+ 1 thi 2,44 <z, — 1. T d6 suy ra

min{z,:1<n< M} = .

Vi du 2.40. Tim s6 nguyén duong n 16n nhat sao cho 2003! chia hét
cho 5".

Loi giadi. Hién nhién s6 n can tim chinh 1a s6 mii ctia 5 trong phan tich
2003! thanh tich cac thita s6 nguyén t6. Theo cong thic Polignac,
- i 2003]  [2003 N 2003 N 2003 N 2003
B L R 25 125 625

= 400 + 80 + 16 + 3 = 499

Vay n = 499 1a s6 can tim.
Vi du 2.41. (Canada 1998). Tim sb cac nghiém thuc ctia phuong trinh:
5+ 5]+ Gl
— - —| = a.
2 3 )
Loi gidi. Vi vé phai 1a mot sd nguyén nén a ciing phai 13 mot s6 nguyeén.

Dat a = 30g+r trong d6 ¢, r 1& cic s6 nguyen, 0 < r < 29. Ta c6 phuong
trinh da cho tuwong duong v6i phuong trinh sau

31q + [g} + [g} + [g} — 30¢ + 1.
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ay q=1r—||= — —1).
o 2) " sl 151) ,
Nhu vay, v6i moi gia tri ctia r ton tai duy nhat mot gia tri cia ¢ sao cho

a = 30q + r théa man phuong trinh da cho. Do r ¢6 thé nhan 30 gié tri
(tir 0 dén 29) nén phuong trinh da cho ¢6 30 nghiém.

Vi du 2.42. (Czeck-Slovak 1998). Tim tat cd cac sé thuc x théa man:
x|z [z [z]]] = 88.

Loi giai. Dat f(z) = z [z [z [z]]] v6i moi s thuc z.

Trude hét ta ching minh rang: | f(a)| > |f(b)] v6i moi a,b € R thdéa man
ab >0, |a] > |b] > 1.

That vay, tit ab > 0, |a| > |b] > 1 suy ra [[a]] > [[b]] > 1

Nhan |a| > |b] > 1 vao ta c6 [a[a]] > [b]b]] > 1

Dé thay a[a] cing dau véi b[b], a[ala]] cing dau véi b[b[b]] nén tuong
tu nhu trén ta co

lalalall] = [b[b[b]]] = 1, [afafalal]]] = [b[b[b[0]]] = 1

Tu do suy ra |f(a)| > |f(b)].

Vi f(z) =0 véi moi |z] < 1, f(£1) = 1 nén néu f(zy) = 88 thi |xo| > 1.
Xét hai truong hgp sau:

Truong hop 1: xy > 1. Tu ching minh trén f(x) don diéu tang trén
khodng (1,00) nén néu ton tai thi zo la duy nhat. Ta ¢6

F(3) =81 < 88 = f(x) < f(4) = 256

nén 3 < xy < 4 va [xo] = 3. Tu do, f(xg) = o [zo [3x0]] = 88.
10
Mit khéc f(3) = 81 < 88 = f(z) < f (?) — 110
nén 3 < zo < 10/3 suy ra [z [xo]] = 9.
29\ 29>
Tiep tuc, f(3) =81 <88 = f(xg) < f 9 ) =g nen 3 <z < 29/9.
29
Do do6 27 < [z [xg [xo]]] = [9x0] < 29 = [951
suy ra [z [zo [xo]]] = 28. Tu d6 f(xg) = 2829 = 88 nén xy = 22/7
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Truong hop 2: xy < - 1. Tt chitng minh trén, f(x) don diéu gidm trén
khoéng (—oo, —1). Tuong ty truong hop 1, ta cé

F(=3)] = 81 < 88 = f(ay) < ‘f (‘”2)\ 110

37
nén - 3 > xg > - 112/37 va [xg [z [z0]]] = —37.
Tu d6 suy ra o = ~3 > —3, vo Iy. Vay khong ton tai nghiém zy < —1.
R . 22
Toém lai, ton tai duy nhat nghiém zy = -

Vi du 2.43. (Korea 1997). Biéu dién {\/ﬂ theo n va a = [\/n].
k=1

3
3
S
)
3

k=1 k=1 j=1 J=1 k=1

n

Vi 3 [j% < k] chita 6 cac s6 k € {1,2,...,n} théa man k > j% va do
k=1

j < a kéo theo j2 < n nén sb cac sé nay la n + 1 — j2. Theo dang thiic

trén ta co
i [\/E} =S (n+1—72)=(n+1)a— a(a—|—1)6(2a—|—1).

Tren day 13 mot s6 dang bai toan co ban cuia s6 hoc trong chuong
trinh pho thong. Viéc phan chia cac bai toan qua céc ting dung co ban
gitip cho viéc hinh thanh tu duy vé s6 hoc mot cach thuan lgi hon.
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Két luan

Luan van trinh bay mot s6 ting dung co ban clia cic ham s6 hoc.
Luan vin da trinh bay va dat dugc mot sd két qua sau thong qua 2
chuong.
1. Chuong 1 da trinh bay duge nhung 1y thuyét co ban clia cic ham sb
hoc.
2. Chuong 2 da néu dugce cac ting dung clia cadc ham s6 hoc co ban. Va
qua do6 tao dugce tu duy trong viéc phan hoach cac dang toan cia cac
ham s6 hoc. Su phan hoach d6 dem lai mot cach tu duy cho ngusi hoc
bang cach tu minh c6 thé phan chia lai cac ing dung hoac bd sung hoan
chinh cho phan tng dung do.
3. Thong qua phan ly thuyét va cac ting dung co ban clia cac ham s
hoc dem lai cach nhin cu thé hon déi véi cac ham s6 hoc trong cac bai

toan so cap ¢ pho thong.
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