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C6 bao nhiéu diéu bi an maban chwa biét dén ?! Cau tra 1oi larat rat nhiéu va doi khi ban
cam thay buc bdi, khé chiu khi khong thé tim ra mot 1oi giai thich thda dang cho bi an
ndo d6. Nhwng ban hdy quan niém rang dang sau bét ki mot diéu gi lubn ham chira mot y
nghiia nhét dinh. Va ding khong phai ngau nhién masy 1i giai lai dugc hinh thanh. Trong
thé gidi bat dang thirc cling vay. Dai khi ban khdng thé hiéu duoc tai sao ngui ta lai c6
thé tim ramot 10i gidi tréng c6 vé “ki cuc” nhu thé 11! Phai chang la 1an mo va may rdi
|Am méi tim ra duoc ?

Cau tra 10 lai mot 1an niva dwoc nhic lai: moi 10 giai déu cé s giai thich cla riéng ban
than nd. Viéc tim ra 101 gidi do phai di qua mot qua trinh 1ap luan, thi, sai va ding. Trong
chuyén dé nho nhé nay chdng t6i mudn gid¢i thiéu dén cac ban mot ki thuat co ban nhung
khong kém phan hiéu qua trong viéc chiing minh mdt s6 dang dia bat dang thirc. N6
khéng gilp ta giai quyét tat ca cac bai toan machi gilp ta tim ranhiing 161 giai ngan gon
va an tugng trong mot 16p bai toan nao do. Mot s6 bai toan tuy dé doi voi phuong phap
nay nhung lai la kho di voi k¥ thuat kia. Bay ciing la digu hién nhién vadé hiéu.
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Phan 1. Bai toan mé dau

Bai todn. [Nguyén Thuc Vi Hoang] \
Cho a,b,c lacéc 0 thyc dvong théa mén a+ b+ ¢ = 3. Chirng minh rang

1 1 +i+2(a2+b2+c2)35

[ S
a’> b* ¢ 3
Chirng minh. Ta sl dung bat dang thirc sau day
1 2a°_,7 2a
4 3 __ ==
a® 3 3 3

That vay bt dang thic trén tuong duong voi
(a- D*(2a* +6a+3) 0
3a’
Hién nhién ding v6i g 14 s thuc duwong.
S dung cac bét dang thire twong tu véi b vac. Ta cé didu phai chirng minh.
pang thirc xay rakhi a=b=c=1.

Chéc chan ngay khi doc 1&i giai cho bai toan “ don gian” ndy ban c6 phan ling ting va
khong hiéu tai sao lai cd thé tim ra bat dang thic phu mdt cach “kho hiéu” nhw vay. Phai
chang la dv doan mot cach “vo hudng”. Hoac ciling cd nguoi s€ nght bai toan trén duoc
tao ra tir chinh bét dang thirc phu dé. Cau tra Ioi & hoan toan khdng phai. Tat ca déu di
theo 1 qui luat clia n6. O céc phan tiép theo ching t6i & phan tich vé mdt ki thuat phan
tich gitip tim ra c&c bat dang thic phu vamd rong van dé nay theo chiéu hudng kha mai
mé. K¥ thuat nay co6 tén 1a U.C.T, la viét tat clia 3 chir cai dau cla cum tir tiéng Anh
Undefined Coefficient Technique. Hay con goi 1a K§ Thuat Hé sb bat dinh. Pay la mot k§
thuat co bdn va la nén tang quan trong trén con duong tim kiém 1&i gidi cho nhitng bét
dang thirc kho.

Phan 2. Khéi dau cung mot sd bai toan co ban

Chung ta sé khgi dau k¥ thuat nay bang viéc dua ra cach giai thich cho viéc tim ra bét
dang thirc phu trén va n6 cling chinh la cach giai thich cho cac bai toan sau nay cla
ching ta

Bai toan trén cac bién trong ca 2 vé va diéu kién déu khong rang budc nhau diéu nay
khién ta nght ngay sé tach theo tirng bién dé chirng minh dugc don gian hon réu co thé.
Nhung r rang ta chi tirng d6 thdi 1a khdng dd. Néu ta chirng minh bat dang thirc sau
2 2

iz+213 S 0 (a 1)(a+12(2a 3., 0

a 3 3 3a
R& rang khong hoan toan ding voi a thirc dwong.
Plrng bd cudc tai day bai vi & cach trén ta chva g dung diéu kién a+b+c=3.
Nhu vay ta sé khong di theo dudng 16i suy nght don gidn ban dau nita ma < di timhé s
dé bat dang thirc sau la ding

2
S+ s 2hmarn
a3 3
Trong d6 mvan lacéc hé sé chua xac dinh.

Tuong tw v&i bién b vac. Cong vé theo Vé ta co




2 2 2
i2+i2+i2+2a Yo H2c 3§+m(a+b+c)+3n:§+3(m+n)
a~ b® c 3 3 3
Nhu vay & day 2 hé s6 mvan phai théa mén diéu kietn m+n=0U n=-m. Thé vao (1)
dan dén

1 . 2a%*,5
—+—3-+m@-1) (2
Zt e gt @
Pén day ta chi can xac dinh hé s6 duy nhat la m dé bat dang thirc (2) 1a ding.
Cha y ¢ bai toan nay diém cuc tri dat duoc tai a=p=c=1 nén ta &n xac dinh m sao
cho
2 L
- - 0
24255 a0 @ pf I s g
a 3 3 g 3a p

(@a+)(2a*-3)_ 2
3

Khi cho a=1 thi ta co

. tir d6 ta duw doan rang m= % dé tao

thanh dai lugng binh phuong (a- 1)? trong biéu thirc. Tl d6 ta s chiing minh bét dang
thirc phu

1,2a8,7 2

a2 3 3 3
Quéa trinh di tim bat dang thirc phu daduoc phan tich cu thé & trén. Tuy nhién d6 khdng
phdi la cach duy nhét dé ta tim rahé s6. Tacling cd thé st dung tinh chét cla duong tiép
tuyén tai mot diém clia do thi hay s dung dao ham. Nhung c6 I& cach dy doan trén la
hiru hiéu va don gian vé mét trwc quan cting nhu thire hién. Tuy nhién tt ca cling chi la
ar dv doan. N6 khdng dam béo rang sau khi tim ra bat dang thirc phu rdi thi bai toan st
duoc giai quyét. Mot s6 dang toan nhuv vay sé duoc dé cap trong céc phan tiép theo dla
chuyén d& nay. O phan 1 ndy ching ta s& chitng minh mot s6 bét dang thirc co ban dé
hinh thanh trong dau k¥ thuat qua dé thanh thuc trong viéc phan tich. Tatiép tuc dén voi
bai toan sau

Bai toan 1. [Vasile Cirtogje] )
Cho a,b,c,d lacéc 0 thec deong thdamén a+b+c+d = 4. Ching minh rang
1 1 1 1
+ + +
a’+1 b’+1 c*+1 d*+1
Chirng minh. Ta st xac dinh hé s6 m dé bat dang thirc sau la ding

3

2 sqem@a-n0 - @@ e 10 @- 1)8? atl 19
a - +1 a“ +1 241 g
Khi a=1tasco - az++11:-1t> m=-1. Tady doan bat dang thirc sau ding va that
a
vay
22 3930 a(a- 1)
a“ +1 a’+1

Tuwong tv vOi c&c bién con lai. Cong Vvé theo Vé ta cd diéu phai chirng minh.
péng thirc xay ra khi vachikhi a=p=c=d =1.

Nhan xét.

Taco thé sir dung k¥ thuat “Cosi nguoc ddu” dé tim ra bat dang thirc phu trén



1 _, @ g, a8 a
2 2
a +1 a +1 2a 2

Bai todn 2. [Algebraic Inequalities Old and New Method] )
Cho a,b,c lacac 9 thuc dvong théa mén a + b +c = 3. Chirng minh rang
1 1 1
+ +
a’+b+c b*+c+a c’+a+b
Ching minh. O day ta can tim m d€ bét dang thirc dudi la ding
1 _ 1 1 a(a-1

= £-+ma-)0 - ——— 2
a’+b+c a’-a+3 3 @-1 3a’- a+3)

£1

£m(a- 1)

Tuong t nhu trén ta tim oy doan rang véi m=- é thi bat déng thirc phu dang. That vay

_N\2(a._ . _1)\2
a-a+3 9 9 3(a - a+3 3@ - a+3

Nhan xet. Bai toan trén co thé giai bang ki thuat “Phan tach Chebyshev” nhung xem ra

cach gidi bang U.C.T lai don gian hon vé mat y tuéng.

Bai toan téng quét da dwoc giai quyét bang dinh 1i LCF trong “Algebraic Inequalities -
Old and New method” cla tac gia Vasile Cirtoaje

Cho a,a,,...,a, la cac sd thuc khdng dm thda médn a +a, +...+a, =n. Ching minh
rang

! + ! +... ! £1

a’-a+n a’-a+n a’-a+n

Bai toan 3. [Nguyén Thic Vi Hoang]
Cho a,b,c,d lacac & thuc khdng am théa a? +b? +c¢? +d? = 4. Chirng minh rang

2(a® +b®+c® +d*)3 2+%\/2+ab+ac+ad +bc+bd +dc

Chtrng minh. Theo bai ra a,b,c,d lacéac 9 thuc duong théa mén
a’+b’+c*+d* =4
U (a+b+c+d)>=2(2+ab+ac+ad +bc+bd +cd)
U (a+b+c+d)=,/2(2+ab+ac+ad +bc+bd +cd)
B4t dang thic can chitng minh tvong dwong voi

2(a®+b*+c®+d?%) s 2+%(a+b+c+d)

Tacan xac dinh hé &5 m dé bét déng thic sau dung

2 -
2g° 3 3a2+1+m(a- 1) 0 (2a+1)2 (a-1

3 m(a- 1)
Dé dang dy doan m :g . Ta sé chirng minh diéu dé, that vay

2a

Diéu nay hién nhién ding. Bang thirc xay ra khi va chi khi a=b=c=d =1.



NHhan xét. Bai toan ndy v6i hinh thirc kha “cong kénh” vi chira cén thirc. Tuy nhién néu
nhan ra diém mau chét clia bai toan ta dé dang dua vé don lugng theo bién dé giai quyét .
Bai toan trén con co thé giai quyét theo cach khac bang cach chiing minh truc tiép voi 4
bién. Nhung du sao viéc gid i quyét theo tirng bién riéng biét van de dang hon rét nhiéu.

Ba toan 4.
Cho a,b,c la céc s thyc duong thda man a® +b® +¢® = 3. Chirng minh rang

4({‘&1—"'}"'}94'5(32 +b* +c?)3 27
ea b cg
Chtrng minh.
Ta can tim hé s6 msao cho

4

- 2 -
—+5a’3 9+m@*- 1)U (a- H5a” +5a- 4)
a

3 ma- )@*+a+l)

Tadé dang nhan ra dang thirc xay ra khi vachi khi a=b=c=1.
Khi cho a=1 thi taco thé dy dodn rang m=2. Ta st ching minh réng véi m=2 thi bét
dang thtrc phu trén la dang. Théat vay
4 15023 7492° ) (a- )*(-2a’ +a+4) 0
a a
Do a£%3Pb -2a®+a+43 0.Vay bét déng thirc phu trén 12 ding.
Pang thirc xay ra khi vachi khi a=b=c=1.

Bai toan 5.
Cho a,,a,,...,a, lacac i thuc khdng am théa man § a, = n. Chirng minh ring
i=1

d a n

£ —

91 3a’+5 8

Chirng minh. Tas8 tim hé s6 msao cho
a‘i

387 +5

Tady doan rang véi m= 3—12 thi bt dang thirc phu trén 12 dang. That vay:

o G-3)@-D . oy

1
£ o1
g ma@ -1 8(3a2 +5)

2
a  1,@-Dy . 6+a)@-1
38°+5 8 32 32(3a* +5)
Piéu ndy hién nhién dung. Bang thirc xay ra khi vachi khi cac bién béng nhau vabang 1.
NHan xét. Qua cac bai toan trén ta cd thé thdy réng bt dang thirc khong hé quan tam dén
S bién. Ta hoan toan c6 thé téng quét véi n bién makhong lam dnh hyéng dén cach giai.
Pay la moét diém thd vi ctia U.C.T.
MOt céch tong quét ta dwa ra cach gidi quy ét cho 16p bai toan cé dang sau
Bai todn tong quét
Cho céc & thirc khong am a,a,,...,a, théa mén
h(a) +h(a,) +...+h(a,) =0
Chtrng minh rang
f(a)+f(a)+..+f(a,)20



Lép bl todn ndy co thé duoc gidi quyét bang cach phan tach dé chirng minh theo tirng
bién. Vi cac piéu thirc mang tinh déi x(rng v&i nhau nén thuwong thi diém cuc tri dat duoc
tai cac bién bang nhau. Ta s& phai xé4c dinh hé s6 m sao cho
f(a)® m” h(a)
Bung voi moi bién thoa man diéu kién dat ra. \gi cach gidi nay ta s gidi quyét dugc mot
lvong Ién cac bat dang thirc ma cac bién khong rang budc lan nhau mét cach “mat thiét”.
Thudng 1& mdt s6 dang diéu kién nh § a* = n. C6 thé khai quét tu tudng clia kY thuat
i=1
nay trong |6p bai todn trén nhw sau: BE chiing minh bai toan ta s xac dinh hé s6 trong
céc bat dang thirc phu theo tlrng bién riéng biét sap cho
f(a)* m h(a)U g(a)*p(a)? 0
Trong do g(a) =(a - x.) Vi x, ladiém cuc tri cla bat dang thic.
Bai toan & duoc gidi quyét néu p(a)3 0. Trong trudng hop p(a )3 0 chi ding trong mot
mién nghiém nao dé thi ta s8 ti€n hanh chia truong hop dé giai quyét bai toan. Tuy nhién
trong phan 1 nay ta & khong dé cap dén nhitng bai toan nhu vay ma st dé cap & phan
saul.
Sau khi d&tim ra bat dang thtc phu. Véi nhidu cdng cu nhw dao ham, khao sat ham 5
hay don gian chi la phan tich nhan tr ta déu co thé gidi quyét khong qua kho khan .
Trong phép chirng minh cho cac bét dang thic phu & trén ta bién d6i vaqui vé viéc phan
tich nhan t cla da thirc a x" +a, X" +..a,X° +ax+a,
Mamuc dich chi dao la qui vé dang tong cac binh phuong. Viéc nhan tich da thic thanh
nhan t& 1a mot van dé Pai so co ban nén xin khong néu ra & day. ]
Qua mdt vai vi du nho nhé han phan nao cac ban da hiéu dugc U.C.T. O céc phan tiép
theo viéc xac dinh hé s6 sé duoc trinh bay mot cach so lwgce béi vi nhitng bai toan do
mang tinh phtrc tap nhiéu hon ma U.C.T chi don thuan la bwdc dém dé di dén loi giai chi
khong thé dua ta cach chiing minh truc tiép .

Phan 3. KT thuat chuan héa va U.C.T

Béy gi¢’ chiing ta s& budc sang mdt khoang khdng gian moi v6i 16p bat dang thirc thun
nhét déi x(rng ba bién va ki thuat chuan héa két hop véi U.C.T.
Pathirc f(a,b,c) d6i xirng dinh nghfa dudi dang: f(a,b,c) = f'(a’,b’,c’) trong do
(@',b’,c’) 1a mot hoan vi tuy y clia (a,b,c) . Hay néi cach khéc la

f(a,b,c) = f(b,c,a) = f(c,a,b)
Tinh thuan nhat cia mét da thirc d6i xing ba bién trén mién D c6 nghia la
f (ka,kb,kc) =k"f (a,b,c) véi moi k,a,b,cT D,n=const chi phu thuéc vao ham
f (a,b,c). Hiéu mot cach don gian da thirc thuan nhat néu no la tong clia cac don thic
dong béac. Do mot s6 tinh chat clia ham thuan nhét ta c6 thé chuan héa diéu kién cta bién
dé don gian hoa viéc chitng minh. Ta c6 thé chuén hoa mét da thi ¢ thuan nhat déi xing
ba bién bang cach dit a" +b" +c" =k,abc = p,ab+bc+ca=r,... Pay la k¥ thuat rat
quan trong gidp ta don gian hoa vaqui bat dang thirc v@ chitng minh theo tirng bién. Hay
cling dén véi mot s6 bat dang thirc thuan nhat déi x*ng ba bién dé thay cong dung cla
UCT



Bai todn 6. [Bét dang thic Nesbit] \
Cho a,b,c lacéc & thuc khdng am. Chirng minh rang

a+b+033

b+c c+a a+b 2
Chirng minh. Khdng mét tinh tong quéat chuan héa a+b+c=3.
Bai toan qui Ve viéc chirng minh

a b c
+ +
] 3-a 3-b 3-c
Tacan chirng minh bat dang thic

a 31+m(a-1)LAJ Ja-1
3-a 2 2(3- a)

s 3
2

3 m(a- 1)

Dé dang dy doan m :g . Tachtng minh bét dang thirc v&i m nhw vay thi luén ding

a ., 38.-10 3(a- 1)?
3-a 4 4(3- a)

30

Diéu nay hién nhién dung.

St dung twong tw v6i cac bién con lai. Cong vé theo vé ta c6 diéu phai chirng minh.
Pang thirc xay ra khi a=b=c.

NHhan xét. bat dang thirc Nesbit & mdt bat dang thirc dai s6 co ban va co nhiéu phép
chirng minh. Loi giai trén lamot 1o giai dep vangén gon cho bét dang thirc nay.

Bai todn 7. [V6 Quic B4 Can] \
Cho a,b,c lacéc 0 thuc khdng &m. Chirng minh rang
(b+c- a)® . (atc- b)? ,_(a+b- c)® , 3(@°+b*+c?)
2a’ +(b+c)> 2b*+(a+c)® 2c*+(b+a)® (at+b+c)?
Chitng minh. Chuén héa a+b+c =3. Khi d6 bét dang thirc cin chiing minh twong
duong voi

2(3- 2a)* | 2(3- 20)* _ 2(3- 20)°

a’-2a+3 b’-2b+3 c*-2c+3
Tacan xac dinh hé s6 m dé bét dang thiic sau la ding

2(3- 2a)2
a’- 2a+3

3 a2 +b%+c?

3a’+m(a- 1)

Talai co

2(3- 2a)° a2 =- (a- )(a+3)(a®- 4a+6)
) a’- 2a+3 . a’-2a+3

Tir day dé dang dv doadn véi m = - 6thi bat dang thirc phu trén 1a ding. That vay
2(3- 2a)® | (a- )*(6- a)a, 0
a’- 2a+3 a’- 2a+3

Diéu nay hién nhién ding do ai (0,3).

Twong tw voi cac bién con lai. Bang thirc xay ra khi vachi khi a=b=c.

a’-6(a-1)0

Bai todn 8. [De thi Olympic 30-4, khdi 11, 1an XI1 - 2006]
Cho a,b,c lacac &b thue dwong. Chirng minh rang
a(b+c) b(c+a) c(a+b) 6
+ + £—
(b+c)>+a* (c+a)*+b* (a+b)>’+c® 5




Chirng minh. Khéng mét tinh téng quat, chudn hdéa a+b+c=3. Taco bt dng thirc cn
chirng minh tvong duong voi
a(3- a) N b(3- b) N c(3- ©) £§
9- 6a+2a® 9-6b+2b* 9-6c+2c® 5
Tuwong tw nhw trén ta dé dang tim ra bat dang th (¢ phu sau:

a(3-a) _.21+9a - (a- 1)?(18a+9)
S £ O of >
9- 6a+2a 25 25(9- 6a+2a°)
Piéu nay hién nhién ding. Bang thirc xay ra khi vachikhi g=p=c.
Nhan xét. Co thé théy rang hai 0 giai cho cac bai toan md dau phan 2 rat don gian va
ngan gon. Bay cling c6 thé xem la mdt k¥ thuat chinh thdng. Gilp ta gidi quyét mot so
bai toan “cuing loai” va darét quen thudc sau

Bai toan 9. [Darij Grinberg, Old and New Inequalities]
Cho a,b,c lacéc S thue duong. Chiing minh rang
a b c 9
+ + 3
(b+c)® (c+a)® (a+b)® 4(a+b+c)
Chi*rng minh. Khéng mét tinh tong quat, gia st a+b+c=3. Ba toan can chiing minh
qui Vvé dang sau

a b c 3
+ + 3 —
3-a? (3-b? (3-0) 4
Dé dang du doan bat dang thic phu sau
a ,2a- 10 (a- )*(9- 2a),
(3-a)?® 4 4(3- a)®
Diéu ndy hién nhién ding do afl [0,3).
St dung bét dang thiic ndy cho b, ¢ rdi cong lai, ta c6 dpem.

Bai toan 10. [Pham Van Thuén, Mathlinks forum]
Cho a,b,c la céc s thuc duong. Chiing minh rang

(b+c- 3a)® , (atc- 3b)® , (ath- )’ , 1

2a®+(b+c)®> 20*+(a+c)® 2c°+(b+a)® 2
Chirng minh. Khéng mét tinh téng quét, chudn hda a+b+c = 3. Taco bat dang thirc cin
chirng minh twong dwong véi
(3- 4a)? S 4p)? L (3 4c)?
2a°+(3- a)®> 2b°+(3-b)* 2c*+(3- ¢)?
S dung bét dang thirc phu sau
(3- 4a) , 8a-7 0 (a- 1)°(39- 8a) , 0
2a’ +(3- a)® 6 6(a’- 2a+3)
Diéu nay hién nhién dingvi O£a£3p 39- 8a3 39- 24=15>0.
Tuong t v&i cac bién con lai ta co diéu phéi chitng minh.
Pang thirc xay ra khi vachi khi a=b=c.

s 1
2

Bai toan 11: [USAMO 2003

Cho a,b,c la céc s thuc duong. Chiing minh rang
(b+c+2a)° ,la+c+t 2b)? N (a+b+2c)*
2a°+(b+c)®> 20*+(a+c)® 2c¢®+(b+a)?




Chirng minh. Khéng mét tinh tdng quat, chudn hda a+b+c=1. Khi do ta c6 bat dang
thirc can chirng minh twong duong voi

(a+)” , O+’ | e+’

’ 2a°+(1- a)> 20°+(L- b)> 2c®+(1- ¢)?

Sr dung béat dang thic phu sau

(a+1)? 12a+40 O£(3a- 1)%(4a+1)

2a’ +(1- a)® 3 2a’+(1- a)®

Diéu nay hién nhién dung. Béng thirc xay ra khi vachi khi a=b=c.

Phan 4. U.C.T vaky thuat phan tach cac truong hop

O cac phan trén ta dalam quen véi mot s bai toan khi dua v& dang
f(a)®m h(a)U g@)*p(a)2 0

Thi c6 ngay diéu phéi chitng minh. Tuy nhién khéng phai bao gi& n6 cling xuét hién
p(a)3 0. Trong truong hop p(a)2 0 chi diung voi mot mién nghiém nao do thi viéc
chlitng minh sé& phai di qua mdt chiéu hudng khac, do la xét thém trwong hop bién a
ngoa mién xac dinh dé p(a )3 0. Thuong thi budc nay phic tap va doi hdi nguoi lam
phai c6 nhitng danh gia mang sv tinh t€ nhiéu hon. Chdng ta s& dén v&i mot sé bai toan
tiéu bi€u cho k¥ thuat nay.

Bai toan 12. \
Cho a,b,c lacéc s thyc duong. Chirng minh rang
a’ b’ c? 3
+ + 3 =
a’+(b+c)®> b*+(a+c)®> c’+(b+a) 5
Chling minh. Khong mét tinh téng quat chudn héa a+b+c = 3. Qui bét dang thirc vé
dang

a’ b? c? 3 0 a’ 3
+ + —U a 5 3 -
a’+(3-a)?® b’+(3-b)®> c*+(3-c)® 5 G 2a*-6a+9 5
Tag dung bat dang thirc phu sau
a’ , 12a- 7

U (8a- 21)(a- D33 0

2a°-6a+9 25
Khong mét tinh tong quat gid st a3 b3 cb a3 13 c.
Xét hai truong hgp sau

+ Truong hop 1. c3 %D 8a- 213 8b- 213 8c- 213 0.

+ Truong hop 2. max{a,b,c} £ %1
Khi d6 ta cé:
2
f(a):2a2 a6a+9: 3 "23%>%
1+&§- 12
&a o

Do f(a) dbng bién trén (0,3] nén diéu nay hién nhién ding.
Vay bai toan duoc chiing minh . Bang thirc xay ra khi vachi khi ba bién bang nhau .



Bai toan 13. [Vasile Cirtogje - Algebraic Inequalities— Old and New Method]
Cho a,b,c,d lacéc 0 thuc dwong thda mén a+b+c+d =2, Ch*ng minh rang
1 1 1 1 16
+ + + 3 —
3a’+1 3p’+1 3c*+1 3d*+1 7
Chtrng minh. Tadin xac dinh hé sb dé bat dang thirc sau la ding
1 4
3 —+m(2a- 1
) , 1 7 M D
Deé dang tim ra bit dang thtrc phu sau
1 , 52-48a 0 3(2a- 1)*(12a- 1) , 0
3’+1 49 49(3a2 +1)
Tuwong tw v&i cac bién con lai.
Xét hai truong hop sau day
+ Truong hop 1.

min{a,b,c,d} 3 %D 12a- 13 12b- 13 12c- 13 12d-13 0

+ Trudng hop 2.

49 1 48

— P — >
1+3d* 49

Xét twong tw vGi cac bién con lai ta tim radiéu phai chiting minh.

Pang thirc xay ra khi vachi khi a=b=c=d :%_

d<ib 1+3d? <
12

Ba toan 14. [Vasile Cirtoge, Algebraic Inequalities — Old and New Method]
Cho a,b,c 1 céc sd thuc duong thda man a® +b? +¢? 3 3. Chlng minh rang
a’- a’ N b° - b? c’- ¢
_ o a’+b’+c® b +ai+c® co+b’+a’
Chirng minh. Bét dang thirc trén twong dwong voi
1 N 1 1 3
a5+b2+02 b5+a2+02 C5+b2+a2 a2+b2+02
T day suy ra ta chi can chig minh truong hop a* +b* +¢* =3 la d.
Ap dung bét dang thtrc AM-GM ta co
6 6
22a c 2a _
a +1 2\/¥
pat a®> =x,b*>=y,c®* =z lic d6 taco x+ y+z=3 va do dd ta phai chitng minh

3

15 1 - 1 - 1
2 _ X+3 2y” . y+3 Z . z+3
x+1 y+1 z+1
0 12 x+1 N y+1 N z+1
2X°- X +2x+3 2y*- y*+2y+3 27°- 7°+2z+3
~ o a3- X x+1 0

3

0 - °
305 6 2X°- x2+2x+3p

- o Hx-1)>%(- 2x2+3x+393 0
o & B(2C - X2 +2x+3)

10



Khong mat tinh tong quat gia s x3 y3 zb x3 13 z. Xét hai trwong hop
+Truonghop 1. y+z3 1b x£2 khiddtaco

-2x*+3x+3>0,-2y* +3y+3>0,- 22 +3z+3>0
Dan dén bai toan hién nhién dung.
+Truong hop 2. y+z£1b x3 2 khi dé taco

o

s e

(2x% - x* +2x+3)- 5(x+1) =2x*- x* - 3x- 2:x3§32- 1
X

Q

v 3
sxB. 1.3 20X,
& 2 2 By 2
x+1 £% nhu vay ta can chirng minh

23 - X +2x+3

Tl do6 suy ra

z+1 N y+1
27°- 72 +2z+3 2y*- y*+2y+3
Diéu nay ludn ludn dang vi véi k1 [0,1] taco
k+1 2

2k® - k2+2k+3£§o A (k-1

g4
5

NEU k 5% thi bai todn dwoc gidi quyét.
x 1., ,
Neu k3 > thi taco
4k® - (k+1)(2k- 1) 3 4k®- 2(2k- 1) = 2(2k®- 2k +1)
3 2(k*- 2k+1)=2(k-1)*2 0
T¢ y+z£1pP y,zl [0,]].
Vay bai toan duoc giai quyét hoan toan. Bang thic xay ra khi vachi khi a=b=c=1.
Nhan xét. Bay la mot két qua “manh hon” cho bai toan 3 trong ki thi IMO 2005 cla tac
gia Vasile Cirtoaje. Bai toan goc ban dau la voi diéu kién abc? 1. Diéu kién cua bai toan
trén chat hon vi theo bat dang thirc AM-GM ta co
a’+b’+c*3 3b 33 (abc)® 3 3b abcs3 1
Ching ta hdy dén voi loi giai cla chinh tac gia bai toan trén, dwoc trich tir quyén
“Algebraic Inegqualities, Old and New Method”
Ta qui vé viéc chirng minh bai toan sau:
Cho a,b,c 1a céc sd thuc duong thdéa man a® +b? +¢? = 3. Chlng minh rang
1 1 1
+ +

a’+3-a°> b’+3-b® c+3-¢°
Khong mat tinh tong quat ta gid st a3 b3 ¢3 0. Xét hai trwvong hop sau
+ Treong hop 1. a£ J2b ab£2. Task dung céc bat dang thirc phu sau

£1

1 3-a° 1 3-b? 1 3-¢?
5 2 £ 1.5 2 £ 15 2 £
a’+3-a 6 b’+3-Db 6 Cc+3-cC 6
Lai co
1 3-a°_(a-1)’(@’+2a"'-3a*- 6a- 3
a+3-a° 6 6(a’+3- a’)
Mat khac

11



a°+2a" - 322 - 6a- 3= a2 B’ +2a%- 3- O %9
8 a ag

£aB2+4-3-3y2- 30=_2F . 200
& 2g &2 @
+ Truong hop 2. a>+/2,a2 +b? +c? =3P b?+c? <1 khi dé ta co
1 1 1 1 1 1
+ + < + +
a’+3-a> b°+3-b* c°+3-¢? a’+3-a’ 3-b? 3-¢

Lai cO
1 1 _ 1 . 1 3
a®+3-a% 2/2a%+3-a> (J/2-Da’+3 (242-1)2+3
Nhu vy bai toan < duoc gidi quyét néu
1 1 .5

- + - £
3-b* 3-¢ 6

L
6

That vay
1,1 5_9(b®+c®- 1)- 5b’c?
3-b® 3-¢* 6 6(3- b?)(3- ¢?)
Nhu vay bai toan dugc giai quyét. Dang thirc xay ra khi vachi khi a+b+c=1.
Loi giai clia tac gia Vasile Cirtoaje ngay tir dau cting da s dung U.C.T nhwng no lai dva
ta dén cach xét truong hop khalé vi phéi so sanh bién voi /2 . Day 1a mot bai toan dep
voOi nhiéu mé rong tha vi.

Bai todn 15. [V6 Qudc Ba Cén)
Tim hang s6 k tot nhat dé bat dang thirc sau ding vai moi a,b,c3 0

a b* c’ /3(a+b+ C)
+ + £
ka®+(b+c)> \kb*+(c+a)® \kc+(a+b)? k+4

Ching minh. Cho a=b=1,c=0 ta dwoc k3 5. Ta s& chitng minh rang 5 chinh la gi4 tri
can tim, ttc la qui vé chirng minh

a N b* N c? p [(a+b+c)
5a°+(b+c)> \5b*+(c+a)® \5c¢°+(a+b)? 3

St dung bat déng thirc Cauchy-Schwarz, ta co

2
& a’ 0 & a’ 0
- =+ £ a+b+c _
2‘0\/5a2+(b+c)25 ( )gé}c 5a° + (b +0)°

Ta can ching minh

o) a2 1

30 5a°+(b+c)> 3
Khong mat tinh tong quat ta chuan héa a+b+c=1vaa3 b3 c3 Osuyraa? %3 c3 0.
B4t dang thirc can chitng minh twong duong véi
a’ b? c? 1
+ + £—
6a’- 2a+1 6b*- 2b+1 6¢°- 2c+1 3
Ta phai xét hai trvong hop

+ Truwong hop 1. c3 % tacd
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2 24 _ N2(QaA

9- é_ 227a :é éﬁza- 1- 27a +:é (33. 21) (88. 1) 30

oc 07 - 2a+1 & g o 02" -2a+l
+ Truong hop 2. c£% taco
6a’ N 6b? N 6> __ 2a-1 L 21 6c?
6a’- 2a+1 6b’- 2b+1 6¢*- 2c+1 6a’- 2a+1 6b°- 2b+1 6C°- 2c+1
_a-b-c b-c-a 6c?
6a’- 2a+1 6b*- 2b+1 6¢*- 2c+1
2a-by(3c-2) |, @ 6 1 1 6

T (62%- 2a+1)(6b%- 2b+1) &6c?- 2c+1 6al- 2a+l 6b%- 2b+1y
Tacan ching minh
6c 1 1
£ +
6c°- 2c+1 6a’- 2a+1 6b*- 2b+1

VicE 1 nén ZL £1 vay nén ta sé chitng minh bat dang thic sau
8 6c”- 2c+1

1 1
£ +
6a’- 2a+1 6b%*- 2b+1

NEU b E% Kkhi d6

1

6b®- 2b+1

Néu b3 :—13 , &p dung bt dang thirc Cauchy-Schwarz, ta chi can ching minh

1£

43 6(a®+b%)- 2(a+b)+2
Diéu nay twong duong voi
[2(a+Db) +c](a+b+c)? 3% +b?)

Tir gia thiét b2 %p 33 a do do
[2(a+b) +c](a+b+c)? 2(a+b)’ =3(a” +b?) +4ab- a’ +b’
3 3(a”+b?)+a(3b- a)3 3(a®+b?)

Nhu vay bai toan da duoc chitng minh. Bang thirc xay ra khi va chi khi a=b=c hodc
a=b,c =0 vacéc hoan vi. Hang s6 k t6t nhat can tim 12 5.

Bai toan 16. [Nguyén Van Thach] ’
Cho céc & duong a,b,c théa a+b+c =3, chtng minh bat dang thtrc
1 1 1
+ +
Ja’- 3a+3 +b*- 30+3 +/c?- 3c+3
Chting minh. Khéng mét tinh tdng quét, gid st a3 b3 ¢>0.

J5-1
2

£3

V&i moi x3 , taco

2

VX2 - 3x+3

That vay, bét déng thic tvong duong

£ x+1
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(x- D*(x* +x- 1) 3 0 (fiudig)
T day, suy ra

J5-1
2
J5-1
2

+ Néu c3 , g dung bét dang thirc trén, tacod dpcm.

+, Néu c£ , €02 khd nang xay ra

++ Néu b£1, tacod
2
a’- 3a+3=2a- §9 4353
& 25 4 4

b?- 30+3=(b- )?- b+231
.2
Jé-lg V5-1,,_ 16

2 5 2 (\/gﬂ)z

2 — 2 3%
c°-3c+3=(1-c)°-c+2 gl-

Do do
vre 20l g
J3 2
++ Néu b3 1,suyra23 ad b3 1, xéthams f(x):; Vvoi 1£ X£ 2,taco
VX*- 3x+3

8x* - 24x+15
f7(x) = <
) 4(x* - 3x+3)*?
Suy ra f(x) laham 16m, do d6 theo bt dang thirc Jensen,

aa+bo 2
fa+fh) £2fE 22=2f(1)=——2
€25 Jt2- 3t+3
Taphai chitng minh
R 1 £3
JP- 343 J(3- 20)7- 33- 21 +3
Hay
R S
Jt- 3 +3 4t 6t+3
Hay

36(t - 1)°(36t° - 252° +749t" - 1202t° +1099t° - 546t +117) , 0
(t? - 3t+3)*(4t*- 6t +3)°
Dé dang kiém tra duoc bat dang thirc nay ding, vy ta c6 dpem. Bang thirc xay ra khi va
chikhi a=b=c=1.

Bai todn 17. [M0 rong ti* Poland 1996]
Cho a,b,c lacéc s thuc théa man a+b+c =1. Chitng minh rang
a b o 9
+ + —
a’+1 b’+1 c*+1 10

Chirng minh. Khéng mét tinh tong quat gia s a3 b3 cp a3 1, c . Xét hai truong hop

Sau:
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+ Trwong hop 1. c3 - % taco

Qaea+b+co aé.8a5 aoo(3a1)(4a+3)

10 ga’+1 b2+1 ¢ +1g ‘33825 30 a’+ly S 50(a’+1)

+ Ttruong hop 2. c £ - Z &p dung bat déng thirc AM-GM, tacd
a b
I T
a’+1 b’+1
9

~ 3 e L .
£-—U -5- 2J6£c£ - = taco ngay diéu phai chirng minh.
c? +1 10 \/_ 4 92y P J

Xét truong hop: - 5- 2.6
a b C a b 11 7 9

£ + £F+=—<—

a’+1 b2+1 c’+1 a*+1 b*+1 5 2 10 10

Vay bt dang thtc duoc chirng minh. Bang thirc xay ra khi vachi khi a=b=c= %

£1

Khi d6 néu

; . T day suy ra:

Nhan xét. Bai todn goc cla dé toan nay | & voi diéu kién cla truong hop 1. Tuy nhién bai
toan van ding véi moi s6 thuc, day 1a mot diéu rét Ii thd. C6 thé chiing minh ba toan

trén voi ky thuat dén bién bang ham 16i.

Phan 5. K&t hop b4t dang thirc Vornicu Schur véi U.C.T

Trong phan nay ching tdi < gidi thiéu dén cac ban viéc két hop U.C.T véi bat dang thirc
Vornicu Schur. C6 thé néi rang khi ta két hop nhuan nhuyén hai k¥ thuét trén thi 2 nhan
dugc nhitng 10i g|a| kha &n tuong va dep méat. Trudc hét hay cung dén voi dang phat
biu, cac dinh Ii cling nhw k¥ thuat phan tich vé chinh tac clia bt dang thic Vornicu

Schur.

B4t dang thtrc Vornicu Schur:
Cho a3 b3 cva A B,C3 0 khi dé bat dang thic
A(a- b)(a- ¢)+B(b- c)(b- a)+C(c- a)(c-b)2 0
La dung khi va chi khi
Pinhlil. A3 Bhoac C3 B
pinhli2. A a3 B’ b
Pinh 1i3. B" ¢3 C” b (Néu a,b,c la ba canh cla mdt tam giéc)

pinhli4.JA+JC3: VB

Khi d& ndm trong tay céc dinh Ii vé bat dang thirc Vornicu Schur thi chéc han ban s& phai
chi y dén céch bién doi sao cho qui vé dang chinh tac ctia nd. O day xin néu ra 2 phép
bién ddi cwc ki hiéu qua va c6 cong dung Ién trong nhiéu bai toan, gilp ban co thé dua

bai toan tlr dang téng cac binh phrong vé dang trén.
Trudc hét hdy bién doi dwa bai toan vé hai dang quen thudc sau
Dang 1.
A(a- b)>+B(b- c)>+C(c- a)*3 0
Dang 2.
A(2a- b- c)*+B(2b- c- a)*>+C(2c- a- b)*2 0
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Tiép tuc thirc hién phép bién doi sau
A(a- b)*>+B(b- c)*+C(c- a)?
=A(a- b)(a- c+c- b)+B(b- c)(b- a+a- c)+C(c- a)(c- b+b- a)
=3 A@@- b)a- 0+ 3 Alb- c)c- 8) =3 (A+B)(a- b)(a- ¢)
cyc cyc cyc
Dang 1 Ia dang phan tich chinh tic ctia phuong phap SO.Smdt phwong phéap da ldy lam
quen thudc voi nhiéu nguoi. Tl phép phan tich trén ta co thé thady rang méi lién hé gitra
phuong phap SO.Sva bét dang thirc Vornicu Schur la rat mat thiét. Tuy nhién trong bai
viét nay khong dé cap dén van dé nay ma ching ta sé xem xét dang 2 & trén. Vi tinh (ng
dung clia n6 trong U.C.T la nhiéu hon va n6 ciing la mot su két hgp mang nhiéu y nghta.
A(2a- b- ¢)*+B(2b- c- a)®>+C(2c- a- b)®
=28 Aa- b)(a- c)+Q A@@- b)2+§ A(c- a)?
cyc cyc cyc
=23 A@- b)a- 0+ 3 (A+B)(a- b)’
cyc cyc
=28 A(a- b)(a- ¢)+Q (2A+B+C)(a- b)(a- c)
cyc cyc
=28 (4A+B+C)(a- b)(a- c)
cyc
Hay m& dau bang mot bai toan trong ¢ vé don gian nhung ciing khéng quéa dé dé tim ra
|01 gidi néu khdng chon ding duong di.

Bai toan 18. [Vasile Cirtoaj€] )
Cho a,b,c la cac s6 thic khong am thdéa man a+b+c=3. Chitng minh rang
3a*+b*+c')+a’+b*+c?+63 6(a’+b’+c°)
Chlng minh, Theo U.C.T € dang tim ra bét dang thirc phu sau
3a*+a’+23 3a’- 4a+4U0 (a-1)?(3a*-2)30
Taqui bai toan vé chirng minh
a (a- 1)%(3a*-2)3 0
cyc
Thét vay
a (a-1)%@Ba%-2)3 0
cyc

U 4 (3a- 3%(3a2- 2)3 0

cyc
U 4 (3a- a- b- ¢)%(3a%- 2)3 0

cyc
U & (2a- b- ¢)?(3a%- 2)3 0

cyc
U § (4a®+b?+c?- 4)(a- b)(a- c)3 0

cyc
Khong méat tinh tdng quét gia st a3 b3 ¢ khi do ta co

42° +b* +c%- 43 4b* +a*+c?- 43 AP +b°+a’- 4

Lai co

2
4c* +a° +b*- 43 402+@- 4=4c*+

(B-9° ,_ (-’
2 2

30
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Theo dinh 1i 1 ta c6 digu phai chiing minh. Dang thirc xay ra khi vachi khi a=b=c=1

Nhan xét. Bai toan s& duoc giai quyét trong treong hop 3a- 23 0U a3 \E Truong

hop con lai a£ \E rd rang sé kho giai quyét vi vé phai cla diéu kién trong truong hop 2

kha I, nhiéu kha nang sé dan dén nnhitng tinh toan Iang nhang khong can thiét. Tuy nhién
can chd y mot diéu la dang thic clia bai toan nay xay ra tai hai diém cuc tri vi vay khong

thé &p dung moi U.C.T vi dang phéat biéu clia k¥ thuat nay &€ cho ta duy nhat mot diém

aire tri can tim. Nhw vay viéc két hop gitta U.C.T vabit dang thic Vornicu Schur khong
don thuan la glal quyét bai todn mot cach dep mét ma con hutng ta dén viéc giai quyét

truong hop dang thirc xay ra khi c6 hai bién bdng nhau va khac bién con lai.

Bai toan 19. [Nguyén Thic Vi Hoang] ‘
Cho a,b,c lacac S thue dwong thda man a+b+c = 3. Chirng minh rang
2(a®+b*+c®) +93 5@’ +b” +¢?)
Chirng minh. Tacan xac dinh hé s cho bat dang thitrc phu sau:
2a°+33 5a’+m(a- 1) U (a- 1)(2a’- 3a- 3)2 m(a- 1)
T day ta sé dy dodn m=-4 tacd
2a°+33 5a’- 4a+40 (a- )*(2a- 13 0
Tuong t v6i cac bién con lai ta c6 bét dang thirc can chirng minh tuong duong voi
2(a®+b®+c®)+93 5@’ +b*+¢c?)
U (a-1)*(2a- 1)+ (b- 1)*(2b- 1) +(c- D*(2c- 13 0
U (2a- b- ¢)%(2a- D) +(2b- c- a)’(2b- 1) +(2c- a- b)?(2c-1)3 0
U 6a(a- b)(a- c)+6b(b- c)(b- a)+6¢(c- a)(c- b)3 0
K hong mét tinh tng quat gid s a2 b c. Khi do theo bat dang thirc Vornicu Schur ta co
diéu phai chirng minh.
Déng thirc xay ra khi vachi khi a=b=c hoic a=0,b=c -3 cung cac hoéan vi.

Nhan xét. Lai mot bai toan don gidn nhung didu tha vi & bai toan nay 1a dang thic dat
dugc tai 2 diém. Néu nhuw giai mot cach thong thuong bang U.C.T thi khong thé giai
quyét bai toan mot cach triét dé va mot 1an niva bat dang thirc Vornicu Schur lai phat huy
tac dung cla no.

Bai toan 20. [Vasile Cirtoaje, Romania TST 2006] )

Cho a,b,c lacéc s thue duong thda mén a+b+c =3. Chi*ng minh rang
a_12+b_12+c_123 a’+b*+c?

Chtrng minh. ]

Theo U.C.T ¢€ dang tim ra bat dang thirc phu sau

i2+4a3 a’+4
a

Bai toan can chirng minh tvong dwong voi
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3 (a- 1)2(1-+2-Za- a’) , 0
cyc a
o (2a-b-c)°(1+2a- a
08¢ ' ( ) s
cyc a
U a (4A+B+C)(a- b)(a-c)2 0
cyc
Trong dé
_ 2 _ 2 _ 2
A:1+2az a ,B:1+2b2 b ,C:1+202 C
a b c

Khong mét tinh tdng quat gia st a3 b3 ckhi do ta co
1+2b-b* 1+2a- @’ _(a- b)(2ab+a+b)

A-B= b? a’ a’b?

20

Tw do suy ra
) . A4C+A+B3 4B+ A+C3 4A+B+C
Ap dung bét dang thirc AM-GM ta cod

~ 3
a+b+c=33 3¥abc U 13 Jabcb —3
Jabc
Do dé

4A+ B+C_i+ L += L +§+E+E_ 6

abzc

= +_+_;+2 T+ 3_
83 ag a b c g

32&51._+1+E_332863 0

a §¥abc g
Theo dinh li 1 ta c6 diéu phai chl}ng mlnh. E)ang thirc xay ra khi vachikhi a=b=c=1.
Nhan xét. O' bai todn ndy ching ta van cé thé chia truong hop dé giai quyét. Dudi day 1a
loi gidi cla tac gia bai toan Vasile Cirtoge
Sau khi dadua bai toan vé dang

3 (a-)’(1+2a- a%), 0

a2

cyc
Khong mét tinh tdng quat gia st rang a3 b3 ¢ khi do ap dung dinh Ii vé ddu cta tam
thirc bac 2 ta chia nho bai toan thanh hai truong hop
+Trwong hop 1. a£1++/2b c£b£af1++/21 do dan dén

1+2a- a’3 0,1+2b- b*3 0,1+2c- c?2 0

+Truong hop 2. a<1++2P b+c=3- a<2- \/§<§ suy ra

2
g (bror 1
4

Khi do
1 1 1 1 1 2
A+ >+ 3 = >18>(a+b+c)’ >a’ +b’ +c?
a> b* c¢® a® b® bc ( )
Bai toan duoc gidi quét. Dang thirc xay ra khi va chi,khi a=b=c=1
Con nhiéu 10i gidi bang cac kY thuat khac cho bdt dang thic trén. Tuy nhién khudn khd
chuyén dé c6 han nén xin khong néu ra ¢ day.
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Phan 6. Mot dang biéu dién tha vi

O day ching tdi muén noi dén dang biéu dién theo téng cta 1. Day lamdt tu twdng tuy
don gian nhng < gidp ta tim ra nhieu 1o giai &n twgng. Bay git ta hay cha y dén dang
thirc sau day

B ak +bk +Ck B ak . bk N Ck

Cak+b4ct A bk +ct a“+b +ct ak+b<+ck
Pang thirc  tudng chirng nhw 1a mdt digu hién nhién, khéng mang nhiéu y nghia nhung
lai ¢ vai tro kha quan trong trong viéc chirng minh mot I6p bét dang thirc ma ching toi
& néu ra dudi day. O phan nay ky thuét xac dinh hé s6 khong con cd thé thyc hién nhw
trwdc boi vi & day xuat hién Ity thira p. Néu chi st dung nhitng bién doi thdng thudng thi
& phtrc tap. Vi vay cong ay ma ching ta chon & day sé la dao ham. Trudc hét xin nh &c
lai 2 dinh li co ban sau day

binh Ii Fermat. Gia st ham 5 f (x) xac dinh trén [a,b] va cd arc tri dia phuong tai
%, 1 [a,b]. Khi d6 néu f cé dao hamtai x, thi f'(x,)=0

pinh Ii Roll. Gid st f :[a,b]® [ lién tuc vakha vi trong (a,b). Néu f(a) = f(b) thi
tontai x,1 (a,b)saocho f'(x,)=0

Bai toan 21. [V Quic Ba Can]
Tim hdng s6 k >0 t6t nhat dé bat dang thic sau 1a ding v&i moi s6 a,b,c lacac 9 thuc
duong

a b c 3

3

JkaZ +(b+c)? +\/kb2+(c+a)2 +\/kcz+(a+b)2 Jk+4

Chirng minh. Cho a=1b=c=0 tacd kE% . Ta<E chitng minh d6 lagiatri k tot nhat dé

bét déng thtrc 1a ding. B4t dang thire can chirng minh.
a b C
+ +
JaZ+2(b+c)?  \Jo?+2(c+a)’ Jke? +(a+h)?
Ta 5 phai xéc dinh hé s6 k sao cho bét dang thirc sau la ding

k

a 3 a

[a2 +2(b+c)2 @ +b +cf

O day ta chudn hda b=c=1 dé viéc viéc xac dinh hé s6 duoc don gian hon. Khi dé ta
can xac dinh hé s6 k sao cho

a a“ .

3 > U a.k+2_ 2a2k +a23 0
Ja’+g a +2

Pt f(a)=a**?- 2a®™ +a?. Laico f(a)3 0, f (1) =0 nén theo dinh Ii Fermat taco
f/(1) =0. Tién hanh dao ham f (a) suy ra

f'(a) = (k+2)a“" - 4ka®™ ' +2a

31

Theo trén thi taco

/) =(k+2)- &k+2=00 k==

w

Nhu vy ta s& du doan bét dang thirc sau 1a ding
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a , Ja*
Ja2+20b+c)?  ¥a* +3b* +3ct

Sau khi da hoan thanh xong buéc dy doan ching ta cé nhiéu con duong dé lia chon .
Thong thuong thi phép bién déi tvong duong ludn mang lai hiéu qua néu bét dang thic
phu la ding. Nén nh¢ rang bét dang thirc phu trén chi la dv dodn ma thdi, cd thé n6 sé
khong ddng hodc ngugc lai. Tlrng bai toan ta 8 “tly co (ng bién”. Tat nhién nhiéu bai
toan khong thé ap dung theo cach nay. Chung ta tiép tuc quay lai bai toan trén voi phép
chirng minh cho bét dang thirc phu.

[ 4
Theo bt dang thirc Holder ta co Q/b—4+$/c_43 23 ?;CE tlr day ta sé€ phai chirng minh
a

bt dang thirc

Jaz+a Fat+ 23"

O Ya* +23%" 2 ala +a°

0 a¥t*@a - I°)= 0
b+c

O day t == \Vay bét déng thtrc ndy hién nhién ding .

Péng thic xay ra khi vachi khi a=b=c hoic a=t>0,b=c=0 vacéc hoan vi.
Nhan xét. Qua trinh tim kiém hé s& k c6 thé théng qua viéc danh gia theo bét dang thic
AM-GM nhu sau

a a“

3 U a.k+2 _ 2a2k + aZ 3 0 U ak+2 + a2 3 2a2k
Ja?+8 @ +2
Mt khac theo bt déng thirc AM-GM thi a“*? +a?3 2y/a*** . Nhuw vay ta c6 can xéc dinh
k sao cho

w

2a“" =2a™ 0 a**=a" U k+4=4k0 k==

D

Bai todn 22. [IMO 2001]
Cho a,b,c lacac & thyc duong. Chirng minh rang
a b c
+ +
Ja?+8bc Jb2+8ca +/c?+8ab
Chirng minh. Bing cach 1am twong tu, ta thiét 1ap dugc bat dang thirc sau
4/3

a 3 a

2 +80c a3 +p¥3 4¢3

That vay, st dung bat déng thitc AM-GM, taco b*? +¢c*33 2b¥3c¢?? = 2t*3 | tacan ching

minh

a%3 + 2443 3 allsm

0 4t4/3(a2/3 _ t2/3)2 3 0 (fuag)
Do d6, bdt ding thic trén dang. S& dung trong t cho b, ¢ rdi cong lai, ta cd dpcm. Déng
thirc xay ra khi vachi khi a=b=c=1haic b® 0,c® 0.

31
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Bai toan 23. )
Cho a,b,c lacéc & thuc khdng am. Chirng minh rang

a® b* c’
+ + 31
\/a3+(b+c)3 \/b3+(c+a)3 \/c3+(a+b)3

Chitng minh. Twong tw nhw trén ta ¢ xac dinh duoc bt déng thirc phu sau:
a3 aZ
3 *)
a®+(b+c)® a’+b*+c?
Co6 thé chirng minh bt dang thic phu trén theo nhiéu céch:
Céch 1.

(*)0 2a%(b?+c?) +(b* +c?)?3 a(b+c)®
Diéu nay hién nhién ding, that vay

4 2 6
2a?(b? +¢?) +(b® +¢?)? 2 a®(b+c)* + (b;c) 3 2,/2 (b4+c) =a(b+c)’

Céch2.
Theo bit dang thirc AM-GM tacd

V14K = Ja+k)@- k+K?) £
Ap dung bit déng thirc phu trén taco

a’ . 1 . 1 . 1 @
3 3 .2 2,2 2 2,2
\a®+(b+c) 1+aé)+093 1+;§b+02 14 0°tC a+bi+c
a g a g

a.2

2 2
(1+k)+(;.- k+Kk?) :1+k_

Ap dung trong t v&i cac bién con lai. Cong vé theo V€ ta c6 cé diéu phai chirng minh.
Pang thirc xay ra khi vachi khi 3 bién bang nhau hoic c6 2 bién dan vé 0.

Bai todn 24. Cho a,b,c lacéc D thre deong. Chirng minh rang
a’ b* c? 1
+ + 3 =
a®+(b+c) b’+(c+a)’ c+(a+b)?® 3
Chirng minh. S dung bt dang thirc Cauchy-Schwarz, ta cd

3 .2
vreldy @ 2.1
3§ \T+(bro 5 3

B4t ding thirc dugc chitng minh. Bang thirc xay ra khi vachi khi a=b=c.

Phan 7. Giai quyét mot sb bai toAn ma diéu kién lién quan mat thiét dén nhau

Pa phan cac bai toan xét dén & trén déu cé diéu kién ma cac bién lién hé voi nhau ko qua
chdt Thuong la didu kién & dang a +al +...+a*, +a* =n . Ttc lata co thé tach ra theo
tirng bién dé tim bat dang thirc phu. Tuy nhién v&i mot s6 bai toan ma diéu kién thiét 1ap

K

moi quan hé “bén chat” dai loai nhu (ZPCD) a 2 thi viéc tim ra bt dang thtc phu twong déi
i1 @

khé khan vi ta khong thé danh gia theo tlrng bién nira. VVa dé ap dung U.C.T trong nhiing

bai todn nhu vay ching ta phai ding dén mot so tinh chat clia ham 5.
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Bai todn 25. \
Cho a,b,c lacac 9 thuc duvong théa man abc =1. Chirtng minh rang
avb+c . byvc+a . cva+b |

b+c+l c+a+l a+b+l
Chting minh. Ap dung bt dang thirc Holder ta c6

a&an/b+c b\/c+a c\/a+b08e> a(b+c+1)?0
gb+c+1 c+a+1 a+b+1g gcyc b+tc 4
Do d6 ta can phai chirng minh

2 (a+broy

o a(b+c+1)?

(a+b+c)’2 2
o b+cC
U0 a+33 —+3a —+63 43 ab+4Q a+2q ——
i . cyc cyc b gc @ cyc oyc oye b+ C
Ap dung bat dang thirc AM-GM ta cod
+1gb
24 @

o d._ o o b.o 0o a 1o a
a-‘aaa—-*aa2ag—£-a -+
o D e o & oc o D+C 25D
T dé tacod

VT-VP3 § a° +5éﬁ+5§

cyc

- 43 ab- 4] a+6

cyc cyc

mlcr

3aa +aab 4a_a+6 aga 4a+1+29

cyc cyc cyc a %]
e 1 . ,
Xéhams f(x)=x>- 4x+=+2+2InxwWi x>0 tacod
X

£(x) = (x- 1)%%x+3+i-1‘?

X@

Néu x<1thi =3 L rsu xs1p 152 dods /(=00 x=1
X X X

Tl d6 dé dang kiém trarang f(x)3 f(1)=0," x>0
Hay

X - 4x+1+23 -2Inx," x>0
X

Nhuw vay ta co
& - 4a+1+2 -28 Ina=0
8 ﬂ cyc
Bai toan duoc giai quyét. Dang thirc xay ra khi vachi khi a=b=c=1.

Bai toan 26. [Lé Hiru Dién Khué, THPT Quéc Hoc, Thanh ph6 Hué]
Cho a,b,c lacac 9 thuc duvong théa man abc =1. Chirtng minh rang

1 1 1
+ +
3a’+(a-1)> 3*+(b-1)> 3c*+(c- 13
Chtrng minh. Xét hai truong hop sau

3
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+ Trudng hop 1. Néu trong ba s6 a,b,c ton tai it nhat mot sé khong 160 hon % Gia str
& d6 12 a Tacs a£% b 3a%+(a- 1)? £1. Khi d6 bét ding thirc hién nhién dang.

+ Truong hop 2. Cabasé a,b,c déu khong nhd hon % khi d6 ta xét ham s6 sau

Gidng nhw cac phan trudc ta cd cling sé thiét 1ap mot bat déng thirc phu dang
1,1
3 Z+kinx
X" +(x-1)° 3
O day ta c6 qui v& ham sé miivachdy Inx+Iny+Inz=0.
Tiép tuc quan séat thdy dang thirc xay ra khi va chi khi a=b=c=1. Tir d6 ta c6 phai xac
dinh k sao cho f’(1)=0.
1 2 1

f()=—_+Znx- =
) X +(x-1)* 3 3

V6i x>%. Khi d6 ta c6
2(16x* - 16x° - x+1) _ 2(x- 1)(16x°- 1)
3X(4x° - 2x+1)°  3xX(4x*- 2x+1)°

£1(x) =
Trdaysuyra f'(x)=00 x=1, dox>%

Dé dang kiém tra dugc f(x)3 f(1)=0," x> % biéu nay tvong dwong voi

- 31-glnx"x>1
+(x-1)? 3 3 2
S dung bt dang thirc phu trén theo tirng bién  a, b, ¢ rdi cng vé theo Vé ta co
2 ! 2 T o2 ! 2T 52 ! 231'gé~|na:1
3a°+(a-1)* 3p°+(b-1)* 3c°+(c-1 3 o
B4t dang thtrc dugc chiing minh. Bang thirc xay rakhi vachi khi a=b=c=1, hoic
a® ¥ ,b® ¥,c® 0"vacéac hoan vi.
NHan xét. Bai toan trén con mot loi giai rat an twong cla Vasile Cirtoaje. Xin trinh bay
lai 10 giai do. St dung bt dang thirc phu sau day
1 , 1 - 2a(a- 1)°
3a’+(a-1)° 2a’+1 (4a°- 2a+1)(2a’+1)
Diéu nay hién nhién ding v&i moi so thuc khdng am. Twong tw voi cac bién con lai suy
ra diéu phai chrng minh.

3

Bai toan 27. [Gabriel Dospinescul]
Cho a,,a,,....a, lacac s thyc dvong thda man aa,...a, =1. Ching minh rang

JaZ+1+JaZ+1+. + Ja2 +1£/2(a +a, +...+ &)

Chirng minh. Xét ham 0 sau vGi x>0

<) 0
2- ~lnx

(=1 2 Rz

Khi do ta co
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(x- 1)e 2X% +X- 1- 2x%(2(X +1)
Xy 2(X* +1 (\/_x +4/X% +1)

Qualthi f'(x) dbi dau tir dwong sang &m nén
f'O)£f(D=0"x>0

f'(x) = Up /(x)=00 x=1

Piéu dé cd nghia la
&
NG +1£xf— 2-— Inx x>0
& 25

S dung bét dang thirc phu ndy cho n bién va cdng vé theo vé ta co

V&l +1+ &l +1+. 4 a2 +1E2(a +a, +..+a) - 8 %f(lnaﬁlnaﬁ---ﬂnan)

=V2(a,+a,+..+8,)- 8 -InOa

=v2(a,+a,+..+a,)
Vay bt dang thirc dugc chirng minh. Déang thirc xay ra khi vachikhi a, =..=a =1.
Nhan xét. Bai todn trén con cé thé giai quyét bang mot bét dang thirc phu quen thudc
UEH+LEV2(x- Yx+D) 0 0£ (Wx- D%, x>0

9 dung bét dang thire trén [an luot cho n bién cong lai ta cd

CETNERERNN TN OO s B Wey:

i=1 (%)

£V2(a +a,+..+a)
B4t dang thirc dadugc giai quyét hoan toan.

Bai toan 28. [Algebraic Inequalities— Old and New Method] )
Cho a,b,c lacéc S thuc dwong théa mén abc =1. Chitng minh rang

a’+b®+c*+9(ab+bc+ca) 3 10(a+b+c)
Ching minh. Ta c6 can xéac dinh hé s6 k sao cho bét dang thirc sau 1a ding

a2+9bc:a2+g3 10a+klIna
a
Tuwong tu cac phan trwéc ta céd timra k =-17. Ta cé sé chitng minh
f(a):a2+g- 10a+17Ina3 0
a

That vay
- 2_
f'(a) = 2a-3-1o 17 _2a°- 10a2+17a 9_(a l)(2a2 8a+9)
a’ a a 3
f'(@=00 a=1

Tir day, ta c6 thé dé dang thdy dugc f(a)3 f(1)=0," a>0 hay

a’ +g- 10a3 - 17Ina
a

¥ dung tuong tr véi b,c 1di cdng lai vé theo V&, ta cd dpecm. Bang thirc xay ra khi va
chikhi a=b=c=1.
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Phan 8. U.C.T mé rong

Ngay tir dau bai viét ta da xét dén viéc xac dinh hé s6 mtheo cach

h(a)? f(a)+ma“+n
Vi didu kién xac dinh cla bai todnla af + a5 +...+a* =n
Tuy nhién voi cach xac dinh dé déi voi mot sd bai todn lai khong mang lai hiéu qua.
Diéu d6 cling khdng phai hoan toan la khong tt. Vi nd & thdi thic ching ta tim ra cac
dang xac dinh hé sd khac. Mot cach trirc quan chiing ta sé phan tich mot bai toan cu thé
dé thdy duoc nhitng gi da dwoc néu ra & trén

Bai toan 29. [Tap chi Crux, Canada] )
Cho a,b,c lacéc s thyc deong thda mén a+b+c =3. Ching minh rang
1 1 1 3
+ + £—
o 9-ab 9-bc 9-ac 8
Chac han ngay tir dau khi di va chitng minh bai todn nay ban s& nghi ngay dén viéc thiét
lap mot bat dang thirc phu dang
8

——£1+mMx+nb i£1+m(x-1)
9- x 9- x

Dé dang dr doéa n m:%. Nhung rét dang tiéc véi m nhw vy thi bét dang thirc trén hoan

toan khong ding ké ca tu tudng chia trudng hop nhu & phan 3 ding khong thé ap dung
duoc. That vay
2
igﬂo 0f - (x-1)
9-x 8 8(9- x)
Tuy nhién U.C.T van c6 tac dung trong trudng hop nay nhung bang mot y tudng mai mé
hon. Hay ch( y dén céach thiét 1ap bat dang thirc phu sau

i£1+ m(x*- 1) +n(x-1) (*)
9- x

Viéc xac dinh hé s6 trong bat ding thirc trén doi hdi s chat ché trong 1ap luan vi dbi khi
ndi 1dng mién nghiém cda bién s& khién cho bai toan khong ding. C6 nhiéu hé s6 thoa
man € tao thanh dai lugng binh phrong  (x- 1) nhung ta phai x4c dinh sao cho déu clia
bat dang thic 1a ding. Taco
()0 0 (x- DFn(x+ D +n- 2 ()
& 9- xg
Tl phan tich trén rd rang ta phai xac dinh n theo m sao cho xuat hién nghiém x=1 dé
hinh thanh dai luong (x- 1), téc 1a
m(x+1)+n- 1 _oon=_t. m(x+1) b n=1.om
9- x 9- x 8
T day thé vao (**) ta co
**)0 0£ (x- 1)Fn(x+1)- 2m+ L. 1 9
& 8 9- Xp
U O£ (x- 1)*(72m- 8mx- 1)
Dé thay rang viéc xé&c dinh hé s6 & day khang con don gian nhu treée. N6 doi hoi ta phéi
tim ra nhitng udc lugng chdt ché dé bét dang thirc khong dGi chiéu. Ta hay chd y dén
diéu kién cua bai toan dé tim ra woc lvong “t6t nhat”. Chi y rang 3> max{ab,bc,ca} 3 0
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tuy nhién dé chua phai la danh gid “tt nhat” vi ta con c6 thé lam chét hon nita la %3

max{ab,bc,ca} 3 0. Tuy nhién ddi véi bai toan nay thi chi can g* dung diéu kién yéu
hon ma théi.
Pau tién ra dwa ra mot sd nhan xét sau: Dau tién ta can xac dinh hé s6 m dé bat qéng thtrc
trén dang voi " xi [0,3). Ta thdy truong hop m<0 & nhan dwoc mot bat dang thirc
nguoc chiéu néu cho x =0, tdt nhién day la diéu ta ma khéng mong mudn. Vay c6 thé du
doan m3 0, do do

72m- 1- 8mx3 72m- 1- 24=48m- 1
Tacin ¢6 48m? 10 m? = | Vay nénta<t dy doan m=—~p n=—

48 48 12
Cong viéc dy doan da hoan tit. Bay gi’ ta s& thir chitng minh xem n6 cd ding that
khdng. Va that vay ta cé bat dang thirc phu sau

2 2
8 g X +4X+430 0£(x-l) (3- x)
9- x 48 48(9- x)
Diéu nay hién nhién ding
Ap dung bét dang thirc phu trén voi cac bién ab, bc,ca tacd
t 1 £i(a2b2+b202+cza2 +4ab+4bc+4ca)+4—3
9-ab 9-bc 9-ac 48 16
Tacan phai chitng minh bat dang thic sau
a’h® +b’c® +c’a’ +4ab+4bc + 4ca £15
Pét k =ab+bc+ca, & dung bét dang thirc AM-GM va bét dang thic Schur ta co
4x-9

k £ 3,abc® max i 0, T\Z . Ta xét hai trvong hop sau
|

+ Truong hop 1. Néu 4x £9 thi
a’b® +b’c* + c’a’ + 4ab + 4bc + 4ca = (ab + bc + ca)® + 4(ab + bc + ca) - 6abc

=k? +4k - 6abc£8—1+9:%<15
16 16

+ Truong hop 2. Néu 4x3 9 thi
a’b® +b?’c? +c’a® + 4ab+ 4bc + 4ca = (ab+ bc + ca)® + 4(ab + b + ca) - 6abc

=k® +4k - 6abc £ k* +4k - 2(4k - 9)

=(k- (k- 3)+15£15
B4t ding thirc dugc chitng minh. Bang thiic xay ra khi vachi khi a=b=c=1.
Quaquatrinh nhan xét va phan tich & trén hi vong rang cac ban da hiéu duoc cach timra
hé s6. O cac bai toan sau néu khong that sw can thiét, viéc thiét lap bat dang thirc phu sé
dua ra m0t cach khai quat hon. Chang ta hdy dén véi bai toan sau

Bai toan 30. [Moldova TST 2005]
Cho a,b,c la céc s8 thuc duong thda man a*+b*+c* = 3. Ching minh rang
1 1 1
+ +
4-ab 4-bc 4-ca

£1

Chtrng minh. Voi O£ x£g, talubn co
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2 _ 2 _
3 £2x +X+120 0£(x D°(3- 2x)
4- X 15 15(4- x)

Lai c6 max{ab,bc,ca} £ \/g <g néntaco

3 , 8 .8 . 2(a’b® +b’c® +c*a®) +ab+bc+ca+36

) 4-ab 4-bc 4-ca 15
Ap dung bét dang thrc AM-GM va Cauchy-Schawrz ta co

a’b’+b*c*+c’a’£a’ +b*+c* =3

ab+bc+caf \/3(a2b2 +b’c*+ca’) £3
COng cac cac bat dang thirc phu trén vé theo vé ta c6 diéu phai chiing minh,
Pang thirc xay ra khi vachi khi a=b=c=1.
Nhan xét. Bay la mot bai toan khong khé va c6 nhiéu cach ti€p can khac nhau.

va bat dang thirc AM-GM.

Ap dung bt dang thirc quen thudc sau 1,15
X Yy X+y
Taco
le 1 1 6,1 4 o6, 2 _ 1
284-a° 4-b’y 288-a’-b’y 8-2ab 4-ab’
Qui bai toan vé chirng minh

"a,bl [0,2]

1 1 1

4-2 a0 a4 c2£1

St dung bat déng thirc phu sau
4
1 £ a +15
4- a 18
Ngoai ratacon c6 mot cach kha trirc quan vade thuc hién do la qui dong va st dung bat
dang thirc Schur.

Bai toan 31. [Pham Kim Hung]
Cho a,b,c,d la cac s6 thuc dwong théa man a®+b?+c?+d? = 4. Chlng minh rang
1 1 1 1
+ + +

3-abc 3-bcd 3-cda 3-dab
Chirng minh. Bay la mot bai toan kho vi vay viéc thiét 1ap hé s6 phai can nhitng danh gia
chat ché va suy luan hgp li. Ching ta hdy cung phan tich con dwong di dén 101 giai cla
bai toan nay
Ta sé xac dinh hé s6 m,n sao cho

£2

i£1+m(x2- ) +n(x-1)," 8 . x3 0

3- X 3V3
Nhuv d&d phan tich & trén ta tim ra n:%- 2m, khi d6 bat déng thirc can chitng minh

tvong dwong voi
(x- D*(6mM- 1- 2mx)3 0
Dé dang két luan m3 0 do dé

6m- 1- 2mx3 6m- 1- ﬁm

33

Tacan co
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16 1

6m-1- —m3 0p ms3
3J3 6. 16
33
5 R 1 5
Do +3>— néntachi can cO m3 ==
¥ 3 6. 16 14
5

Tw day ta sé chon m= 13 P n=- 3 tir d6 ta c6 bét dang thirc phu sau

2 _ ~ _1\2(q._
2 £5x 3x+12U 0£(x D°(8- 5x)
3- X 14 14(3- x)

pigu ndy hién nhién ding véi &8s xa .
33 5

S dung bt déng thic phu trén vachl y 1a max{ abc, bed, cda, daby £i suy rata cn

3V3

chirng minh.

5(a’b’c® +b*c*d® +c’d*a” + d*a’*h?) - 3(abc+bed +cda+dab) £8
CO6 thé chiing minh bét déng thirc trén bang nhiéu cach. Sau day xin trinh bay mét cach
dwa vao k¥ thuat ham I6i.

2 2 2 2
pat 2 =0 o C7Hd

2 2
can chirng minh tuong duong voi
f (X) =10x°k? +10y?t? - 3xy/2y +2K? - Byy/2x+2t2 - 8

,x=ab,y=cd khi do, taco t?3 x,k?3 y. Bét dang thirc

Taco
£1(x)=20k2 +——Y 3 g

J(2x+2t%)?

f(x) £ max{ f (t2), f (0)}

Suy ra f(x) laham I6i, do d6

Taco

£(0)=(ytv/2+1)(5ytv2- 8) £0 do wﬁ£%<§

(%) =10yt - 6yt +10k’t” - 3ty/2y +2k” - 8=g(y)

Twong tw nhu trén ta cling cd g(y) laham I6i nén
g(y) £ max{ g(k*), g(0)}

Tacling c6
9(0) = (ktv2 +1)(5kiv2- 8)£0 do vz e S <8
33 5
k?+t% _

g(t?) = 4(kt - 1)(5kt+1) £0 do kt+/2 £

Vay bét déng thic duoc chiing minh xong.

1

Ngay tir ban dau chdng toi d& n6i day la mot bat dang thirc khdng dé va doi hdi nhitng
danh gia chat ché. U.C.T & day ddng vai tro lamdt ban dap quan trong dé di dén 1oi giai.
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Bai todn 32. [V Quic Ba Can]
Cho céac &8 thuc a,b,c,d thda a? +b? +c? +d? =1, chitng minh bat déng thirc
1 1 1 1 16
+ + + £
1-ab 1-bc 1-cd 1-da 3 .
Chiing minh. Twong tw cac bai toan trudc, ta thiét 1ap duoc bét dang thic sau voi moi

x£1
2

9 £32x* +10

1-x

Tl day, ta suy ra duoc
t 1 £¥(a2b2+b2c2+czd2+d2a2)+£
l-ab 1-bc 1-cd 1-da 9 9

32, 5 ovp2 . a2y, 40
=—(@ +c)(b"+d°)+—
g ¢ X )+

£§(a2+b2+cz+d2)2+@:E
9 9 3
Tl day, ta c6 dpcm. Déng thire xay ra khi vachi khi a=b=c=d = i%.
Nhan xét. Bai toan nay dugc dat ra dé “lam manh” bai todn sau clia Pham Van Thuan
1 1 1 1 1 1
+ + + + + £8
l1-ab 1-bc 1-cd 1-da 1-ac 1-bd

V(i cung gia thiét nhw trén.
Loi giai cUa tac gia cho bai toan nay rat dai va phire tap, trong khi dung U.C.T mo rdng
talai co dugc mot loi gidi rat ngan gon va don gian!
Ngoai ra, chiing ta con cé mdt cach “lam manh” khac cho bai toan aiia Pham Van Thuan,
taco

1 . 1 + 1 N 1 N 1 + 1 cg

aa+bs | ab+co ., aE+ds ., ad+tas , aa+tcs , ab+ds
l-e—2 l g2 lg—2 1l o2 lg 2 lg =
€2 3 &2 5 & 2 5 €2 3 &2 g & 2 g
Bai toan nay dadugc ban ZhaoBin, mot sinh vién ngudi Trung Quéc dua ra mot 1oi giai
rdt dep bang cach st dung bét dang thirc Cauchy-Schwarz, & day, chiing toi xin dugc gidi
thiéu mot 10i giai khac theo tv tudng U.C.T. S dung bét dang thirc trong bai, ta chi can
chtrng minh

(a+b)*+(@a+c)*+(a+d)*+(b+c)*+(b+d)*+(c+d)*£6
That vay, ta co
(a+b)* =2(a* +b* +6a’v?) - (a- b)* £ 2(a* +b* + 6a’b?)
Tuong tw v&i cac s6 hang con lai, ta suy ra duoc
VT £6(a®+b*+c*+d*)* =6
B4t dang thirc dugc chirng minh xong. ]
That tv nhién, cau héi sau duoc dat ra, liéu bat dang thirc sau cé ding?

1 1 1 1 16
+ + + £—

gm+bs | ab+cy , ee+dy , sdl+tas 3

—=+ Ll ¢z 1l-c—+ 1l c———=

& 2 g €25 &2 5 €2 5

Thét dang tiéc 1a bat dang thire trén lai khéng ding! Céc ban chicancho a=b=0.4, va

c=d=+084.

1-
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Bai toan 33. [Vasile Cirtoaj€] L ]
Cho céc 9 khong &m a,b,c,d cotdng bang 4, chitng minh bt dang thirc sau
1 1 1 1
+ + +
5- abc 5- bcd _5- cda 5- dab
Chirng minh. Tacd thé thiét 1ap duoc bat dang thirc sau véi moi 23 x>0

B o x+10
5-x

Do do
+, Néu max{abc, bcd, cda, dab} £ 2 thi s dung bét déng thirc trén, ta can chiing minh
] a’h’c® +b’c’d® + c*d*a® +d*a’h’ +abc +bed +cda+dab £ 8
Bat dang thirc nay c6 thé dé dang chirng minh bang don bién hodc dung ham 16i.
+, Néu max{albc,bcd, cda, dab} 3 2, khong mét tinh tong quat, gia st abc3 2, khi do,
cha y rang v&i moi x,y3 0,x+Yy£5, taco
1 1 1 1 _ xy(10- x-y)

§+5- X- y_ 5- x 5- y_5(5- X)(5- y)(5- x- V)

3

Suy ra

1 1 1 1
+ £ +—
5-x 5-y 5-x-y 5
Vado do6, voi moi x,y,z3 O,x+y+z£5 taco
1 1 1 1 2
+ + £ +—
5-x 5-y 5-z 5-x-y-z 5
Chay rang § (a’b’c?+abc) £8 va abc3 2 nén bed +cda+dab <5, do d6

cyc

1 N 1 N 1 £ 1
5-bcd 5-cda 5-dab 5-d(ab+bc+ca)
Tacan chirng minh

2
+ —
5

1, 1 3
5- abc 5-d(ab+bc+ca) 5

Pit x=4- d, do abc?® 2 nén 43 x=a+b+c3 3¥abc 3 3¥2, theo bit ding thirc AM-
GM thi

abc £ L % ab+bc+cat L X2
27 3

Do d0, ta chi can chirng minh

1 1 3
1, -1 s
5- —x* 5- 2x*(4- X)
27 3
Hay
f(x)=x°- 4x>- 80x> +360x° - 675£0
Taco

f/(x) = 6x*(x- 4)+4x3(x- 12) +48x(15- 4x) <0
Suy ra f(x) laham nghich bién, do d6
f(x) £ f(3¥2)=27(48Y4- 77)<0
Tl day, ta c6 dpcm. Déng thirc xay ra khi vachi khi a=b=c=d =1.
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Phan 9. L0i két

Sau mdt qué trinh tim hiéu va phan tich cu thé cac bai toan, chic han rdng cac ban ciing
d4 phan nao cadm nhan dwoc nét dep ctia U.C.T di rang thuc ra day 1a mot ki thuét cuc ki
don gian va dé hiéu. Ching toi khéng xem U.C.T 14 mot phuong phap chinh thdng ma
don gian no 1a mdt ki thuat can biét va can ndm vitng khi ban hoc bat dang thirc. Nhiéu
nguoi quan niém rang U.C.T khong c6 y nghiia gi nhing theo ban than chdng t6i n6 nén
dwoc khai quat dé str dung trong mot sé treong hop. U.C.T la mot buwdc dém quan trong
va doi khi mang nhiéu y nghfa trén con duwong di tim 10i gidi cho bai toan. Mot ki thuat
hay khéng nhat thiét né la n6 giai dwoc tat ca cac dang toan ma la né phai dua ta dén
nhitng y twdng, duong di sang stia, dé nght, dé nhan thdy bang mét truc quan.

Trong chuyén dé nay nhiéu bai toan hinh thic cong kénh nhv USAMO 2003, JIMO
1997,... déu la nhitng bai toan khéng hé kho, nhung néu khong chon ding huéng lam thi
s& dan dén nhitng 10 giai chi chap nhan ding vé mét toan hoc. D6 1a nhitng bai toan co
ban dai dién cho U.C.T két hop véi ki thuat chudn héa. Tuy nhién dé chua phai la diém
dung.

O phan tiép theo, xuat hién nhiéu bai todn mang dam ban sé&c hon tirc 1a néu chi st dung
moi U.C.T thi sé& khong di dich. Cach khac phuc duy nhét 1a phan chia trudng hop dé giai
quyét. Day ciing chinh la co s& dé tim ra cac khodng nghiém can xét clia bién. Viéc danh
giad day doi hdi & ngudi lam sy tinh t€ va khéo 1éo hon & cac phan trugc. Tuy nhién néu
ban c6 niém tin moi chuyén déu co thé duwoc gidi quyét.

Sau khi & nam trong tay nhitng kién thirc nhét dinh vé k¥ thuat ching ta budc qua mot
khodng khong gian phtc tap hon dé la dung U.C.T @€ giai quyét nhitng bai todn ma diém
arc tri dat duoc tai 2 cho. Bao gdbm 2 truong hop d 6 [a khi tit ca cac bién bang nhau va
trudng hop ¢6 (n- 1) bién béng nhau nhwng khac bién con lai. & day ta chd y dén bat
dang thtrc Vornicu Schur dé khéc phuc nhugc diém cla U.C.T co ban.

Phan ki thuat phan tach theo tong cla 1 cling la mot dang rat dep cla k¥ thuat nay, mot
s bai toan tiéu biéu cho dang phan tach nay la IMO 2001 va mot sO bai toan da néu &
trén. Du U.C.T & day dung theo mét tu twdng khac véi cac phan trudc.

Nhu cac ban da biét U.C.T thong thuong duoc biét dén voi cac bai toan ma bién s6 doc
lap khdng lién quan dén nhau. Tuy nhién néu chi xét v&i lép bai toan nhu vay thi chura 16t
ta hét nét dep ciia ki thuat don gian nay. Ta van co thé st dung U.C.T dé tim ra nhitng bét
déng thtrc phu voi diéu kién lién quan mét thiét vai nhau. Tirc lakhong thé tach theo don
lyong tlng bién dé gidi quyét. U.C.T & day doi hdi ban phai cé nhiing kién thirc co ban
clia ham 0 dé tim ra céc v ¢c lvong chinh xac.

Cubi cung ching ta &8 dadi dén mot s6 bai toan khd ma theo nhiéu ngudi quan niém la
khong thé giai quyét bang U.C.T, diéu nay la mot diém yéu clia k§ thuat ndy. Khi viéc
thiét 1ap hé so dugc that chat hon thi moi chuyén sé khac. Nhu cac ban da thdy & trén
U.C.T mé rong mang nhi*tng dac diém phtic tap hon nhwng hiéu qua mang lai thi qua la
bat ngﬁr. MOt sO bai toan rat khé da duoc dua vé dang don gian hon dé giai quyét theo
mot s6 phuong phap da biét. D6 1a mot nét mai khé doc dao clia ky thuat nay Tuy nhién
chéc hén dé van chua phai 1a U.C.T “chidt” nhét. Con rat nhieu diéu nira & k¥ thuat nay
chd cac ban kham pha. Ching tdi xin két thic bai Vviét nay tai day. Hi vong rang véi
nhitng dong tAm s ciing cac ban vé bat dang thirc da phan ndo qoi m& cho céc ban mot
cé gi do gilp cac ban tim thém nhitng y twdng sang tao mai, nhitng hiéu biét méi. Va
hay luén quan niém rang dang sau l&i giai cho moi bai todn 1a cd mot qué trinh dr doan,
thit, sai va ding. Hen gap lai cac ban trong mot ngay khong xa.
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Phan 10. Bai tap ap dung

Bai todn 1. [Dién dan toan hoc]
Cho a,b,c,d, e lacéac 0 thuc khong am théamén a®+b®+c®+d°*+€° =1. Timgiatri
nho nhat cla biéu thirc
a’ b? c? d? e’
3 + 3 + 3 + 3 + 3
l-a> 1-b° 1-¢ 1-d° 1-e

Bai toan 2. [Vasile Cirtogje, Crux Mathematicorum, Problem 3032]
Cho a,b,c la céc s thuc khong &m théa man a®+b?+c? =1. Chirng minh rang
1 1 1 9
+ + £—
l1-ab 1-bc 1-ca 2

Bai toan 3. [Mathematical Excalibur, Vol 9, Num 1, 8/2004] )
Cho a,b,c,d lacéc 0 thyc dwong théa mén a+b+c+d =4. Chi*ng minh rang

6(a’+b*+c3+d®) 3 (a2+b2+c2+d2)+%

Bai toan 4. [Mihai Piticari, Dan Popescu, Old and New Inequalities] )
Cho a,b,c lacéc 0 thuc dwong nhd théa man a+b+c=1. Ching minh rang

6(a’+b3+c®) +13 5(a’+b?+c?)

Bai toan 5. [Titu Andreescu, Gabriel Dospinescu, Old and New Inequalities]
Cho a,b,c lacéc sd thye dwong nhd théa mén a+b+c=1. Ching minh rang
1 1 1 27
+ + —
1+a®> 1+b*> 1+c¢® 10

Bai toan 6. [Andrian Zahariuc, Old and New Inequalities|
Cho a,b,cl (1,2) . Chttng minh rang

bva .\ cvb .\ aJ/c -
ac- ca 4ca- avb  4avb- bic

Bai toan 7. [V Binh Quy] .
Cho a,b,c lacéc S thuc dwong théa mén abc =1. Chitng minh rang
1 1 1
+ +
a’-a+l b*-b+1l c*-c+l

£3

Bai toan 8. [Vasile Cirtogj€]
Cho a,b,c,d lacéac 9 thuc deong théa man abed =1. Chiéng minh rang
1+a 1+b 1+c 1+d
+ + +
1+a®> 1+b* 1+c® 1+d?

Bai toan 9. [Vasile Cirtogje, GM-B,11,1999]
Cho a,b,c,d lacéac 0 thuc dvong thda man abed =1. Chitng minh rang
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1 S S 1 -
1+a+a’+a® 1+b+b*+b®* 1+c+c®+c® 1+d+d?+d®

Bai todn 10. [China TST 2004] ‘
Cho a,b,c,d lacéc 9 thuc dvong thoa mén abed =1. Chirng minh rang
+ + +

3

Bai toan 11. [Arkady Alt, Crux mathematicorum]
Chi*rng minh rang v&i moi a,b,c>0 taco

a b c a2/3 +b2/3 +CZ/3
+ + 3
Ya+b 3b+c Yc+a Y2

Complete

V6 Qudc Ba Can
Nguyén Thuc Vi Hoang

Trong bai viét c6 st dung nhiéu bai toan trich dan tir
Algebraic Inequalites — Old and New Method ctia tac gia Vasile Cirtoaje .
Sang tao B4t dang thirc clia tac gia Pham Kim Hung.
Old and New Inequalities cua cac tac gid Titu Andreescu, Vasile Cirtoaje, G.
Dospinescu, M. Lascu.
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