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Ngay 17 thang 2 nam 2013

Lé Tran Nhac Long - THPT Chuyén Lé Quy Don- Da Ning

Tang dién dan VMF nhan dip sinh nhat 8 nim cta dién dan

Bai toan md dau : Cho p 1a mot s6 nguyen t6 16 ,s6 tu nhién n va hai sé nguyén duong phan
biet a va b . Goi o va (8 lan lugt 14 s6 mil 16n nhat clia p trong @ — b va n. Thi s6 mil 16n nhat cta p
trong a” — b" la pots

Ki hiéu s6 mil 16n nhat ctia p trong m 1a v,(m) hodc p*||m , trong d6 « la s6 mi 16n nhét cia p
trong m

(Trong bai viét nay ta sé st dung ki hieu p®||m)

Chting minh

n n

b
¢ 2 . Gia st n = pPk. Ta sé

Bai toan dua vé chiing minh ring néu a = b (mod p) va p®||n thi p*||

a JR—
chiing minh bai toan quy nap theo (3

Véi truong hop 8 =0 tic lan /p.
Khi d6 ta c6: a* = b* (mod p)
aPb" =1 = "1 (mod p) = Y000 @k R = SO0 v (mod p) = nb" ! £ 0 (mod p)

s a™=b" n—1 n-k-11k
Vit=r=5%""1a b

Do d6 =" 7p

a—b

Bay gio gid st bai toan dung dén 8 ta sé ching minh dang dén S + 1 tic 1a ta chi can ching
np __ pnp

a
minh p||————. That vay:
a” — bn

Vi pla —bnén a = b+ xp suy ra a® = b* + kb*~1xp (mod p?). Ta duge

L ST @k D = ST R o — K~ 1aph @D (mod p?)

an—pn

= pb" D) L 3P U n(p — k — Dapb®®= D=1 = pb"r-D = p (mod p?)



" — b
Vay ta dude p||———. Do do6

a” —b

A
P a—b ar—b  a—b

Vay bai toan dugc chiing minh

Chu y: Ta ¢6 mot truong hgp dac biét sau day véi p = 2

Cho a,b, ¢ € Z thoa man 2%||Z5% va 28| |n thi 20+8||a" — b7

Phan chitng minh két qué nay xin danh cho ban doc.

Véi truong hgp S = 0 thi truong hgp dac biét nay chi dang khi 4|a — b

Va sau day ching ta sé dén v6i mot sd bai toan itng dung tinh chat nay

Tim s6 nguyén duong n nho nhat théa man 22912177 — 1
Loi gidi

Ta ¢6:2%| |51, Gia stk 2%||n.

Theo truong hgp dic biét clia bai toan mdé dau ta duge

2479117 — 1. Suy ra o +4 > 2012 = o > 2008.

Diéu d6 c6 nghia 1a 2209%|p = n > 22008

Theo b dé md dau ta duge 220121722 — 1.

Vay gia tri nhé nhat ctia n 1a 22008

Giai phuong trinh nghiém nguyen 23° 4+ 1 = 19.3v
Loi gidi

Ap dung bai toan md dau ta duge 37123 + 1 vi 3™ 1a mot s6 18

Vi 19 /3 nén do d6 ta duge 3Y||23" + 1. T do suy ray = o + 1

Vay phuong trinh tré thanh: 23° + 1 = 57.3% (*)

Dat ¢t = 3%. Ta chting minh 2¢ > 57t V¢ > 10

That vay ta c6: 28 = 26,2076 = 64.2¢-6



Ta c6 64 > 57, ta c6 2* > 10 suy ra 276 > ¢ dang véi t = 10
Gia st ding dén t ta c6 2075 =220 > 2t > ¢t + 1

Vay bdt trén ding nén tit (*) suy ra 3* < 10 = = < 2

Thay = = 0; 1;2 chi thay x = 2 thoa man (*).

Vay x = 2,y = 3 1a bo nghiém duy nhat ctia phuong trinh.

(Dé chon doi tuyén dy thi VMO 2012-KHTNHN vong 2)

Cho day s6 dugc xac dinh nhu sau

, an+1:af’l—3ai+6an—3 Vn >1

DN | Ot

a; =

Tim s6 nguyén duong n nhé nhat sao cho |a,] + 1 chia hét cho 329!
Loi gidi

bata,=u,+1=u,=a, — 1

Déng thitc dau bai cho ta :

CL1—1:

any1 — 1= (a, —1)* + 3(a, — 1)
Nén ta suy ra :

3
2

Uy =

Upy1 = u3 + 3u,

Ta chiing minh ring wy = 28" — ZLovn > 1 (%)

~ on—1

That vay , v6i n = 1 thi ta thay thoa

Néu déng thiic trén ding véi n = k tic 1 uy, = 93kt T

1

Khi d6 ta 6 sty = ul + 3uy = 23" — o

Do d6 theo quy nap toan hoc , ta c6 (*) .



Béi thé neén :

32 an) +1 = |un) +2

& 32023 11, (x%)

Theo bai toan 1 ta c6 37+1[23" + 1

Nén suy ra n > 2011 — 1 = 2010

vay gia tri n nhoé nhat can tim 1a n = 2010

Cho a™ + b" = p* v6i a,b va k 1a cac sd nguyen duong, p 1a mot s6 nguyén t6 18 va

n 1a4 mot s6 1& 16n hon 1. Chiing minh rang n phai la mot Iy thita clia p
Loi gidi

Vi n 1é nén ta co

Pr=a"+0"=(a+b)(a" ' —a"2+ ... —ab" 2+ ")

Vivaya+b=p véire N r <k

Vi a va b 1a cac s6 nguyén duong nén ta c6 r > 1
Gia stt p?||n st dung bai toan md dau ta dugc
Pl — (=b)" = a™ + " = p*

Suy ra p?*||pF = +8 =k —r

Vi cac s6 k var 1a xac dinh nén phai c6 s6 nguyén duong n nhé nhat théa man p?||n dé a”+b" = p*,

via™ +b" >a"+ 0", Vm > n.

Nén n phai la s6 nguyén duong nhd nhéat théa man p?||n 1a p°. Diéu nay suy ra n phai la mot

lty thtra cta p.

Bai toan dugce chitng minh



(IMO1990) Tim tat ca cac s6 nguyén duong n théa man n?|2" + 1

Loi gidi
Gia st n 1a s6 nguyen duong sao cho n?|2" +1 (1)
Suy ra n phai 1a mot s6 18, dé thay n = 1 thoéa man
Xét n > 1, goi p; 1a uwéc nguyén t6 nho nhat cta n.
Ta c6: 22" =1 (mod py)
Goi d = ordy, 2 thi d < py,d|2n, va (n,d) = 1. Suy ra d|2
Néud=1thip, =1voli. Vay d =2 va p;|3 suy ra p; = 3.
Gia stt p?||3 thi theo bai toan md dau ta duge3’ T2 + 1
Két hop véi (1) ta duge
3P +1=28<B+1=8<1
Tu do6 suy ra 3||n = n = 3k; (n; k) =1
Goi py 12 u6c nguyen t6 nhd nhat ciia k. Ta c6 2% = 1 (mod py)
Goi dy = ordy,2 = dy < py va ds|6k
Ma (dq, k) = 1 nén d,|6.
Dé théy d, khong thé bang 1 hoic 2
Néu dy = 3, ta co po|7T = po =7
Néu dy =6, ta co pa|63 =79 = po|7T=p2 =7
Ma ta c6: 22 =1 (mod 7) = 283 = 2% (mod 7)
va2=2 (mod 7) va 22 =4 (mod 7)
Nén phuong trinh 28 = —1 (mod 7) khong c6 nghiém nguyén

Suy ra 27% 4 1 khong chia hét cho 7 v6i moi k va p, khong ton tai. Vay n chi c6 mot ude nguyen

t6 duy nhét 1a 3, lai ¢6 3||n nén suy ran =3



Vay cac gia tri cia n can timlan =1 van = 3.



Két thic bai viét xin chiic dién dan ngay mot phat trién, chic cic ban va cic thay

co sttc khdée don nam mdaéi Nham Thin vui vé!



