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Bai toan 2.1. Cho trudc so nguyén duong n tuy y. Ching minh ring
ton tai n so tu nhién lién tiép ma moi so trong ching déu la hop s6./\

Vay nhung, cac s6 nguyén to ciing “c6 thé rat gan nhau”. Cap s6 (2, 3)
13 cap s6 tu nhién lién tiép duy nhat ma ca hai bén déu la s6 nguyén
t6. Cap s6 d(p, ¢)ugc goi la cap s6 “sinh do6i”, néu ca 2 déu 1a s6 nguyen
to va ¢ = p+ 2. Bo 386 (p,q,r) goi la by s6 nguyén t6 “sinh ba” néu
ci 3 s6 p,q,r déu la cac s nguyén to va q =p+ 2,7 = ¢+ 2.

Bai toan 2.2. Tim tat cd cdc bo s6 nguyén té “sinh ba”? A

Day 1a mot bai toan dé, ding phuong phap chitng minh duy nhét ta
tim ra bo (3,5,7) 1a bo ba s6 nguyen t6 sinh ba duy nhat, cac bo 3 s6
1é 16n hon 3 ludn ¢6 1 s6 1a hgp s6 vi noé chia hét cho 3.

Tt bai toan 2.2 thi bai toan sau tré thanh mot gid thuyét 16n dang cho
cau tra 1oi.

DU DOAN 2.1 Ton tai vo han cdp so sinh doi. ]

S6 hoan hao (hoan toan) clia nhitng ngudi Hy Lap c6 dai
Ngudi Hy Lap c¢6 dai ¢c6 quan niém than bi vé cac s6. Ho rat tha vi
phat hién ra cac s6 hoan héo, nghia la cac sb6 ty nhién ma téng cac udc
s6 tur nhien thyc sy ctia n6 (cac ude s6 nhé hon s6 d6) bang chinh né.
Chéang han:

6=1+2+3 28=1424+44+7+14

Ngudi Hy Lap co dai da biét tim tat ca cac s6 hoan hao chin nghia la
ho da lam dugc bai toan sau day:

Bai toan 2.3. Mot so tu nhién chin n # 0 la s6 hoan hdo néu va chi
néu: n = 2™t (2m — 1), Trong d6 m la s6 tu nhién khdc 0 sao cho
2™ — 1 la s6 nguyén to. AN

Tt d6 ta c6 gia thuyét
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26 2.4. Phu luc: Ban nén biét

DU DOAN 2.2— Khong ton tai s6 hoan hdo Ié. O

O bai toan 2.3 trén, sb nguyén t6 dang 2™ — 1 goi 1a s6 nguyen td
Merseme. Cac s6 nguyén t6 Merseme c6 vai tro rat quan trong. Cho
dén nay ngudi ta van chua biét c¢6 hitu han hay vo han s6 nguyén t6
Merseme.

DU DOAN 2.3~ Ton tai vo han so nguyén to Merseme. ]
Nam 1985 s6 nguyeén t6 16n nhat ma ngusi ta biét 1a s6 2132049 — 1 gém
39751 chit s6 ghi trong hé thap phan. Gan day 2 sinh vien My da tim
ra mot sd nguyeén t6 16n hon nita dé 1a s6 2219091 — 1 gém 65050 chit sb.

Ta biét ring véi hoc sinh 16p 6 dé thit xem s6 A c6 it hon 20 chit s6
c6 1a s6 nguyén t6 khong bang cach thit xem A c6 chia hét cho s6 nao
nhé hon A hay khong, thi dé tim hét cac s6 nguyén t6 véi chiéc may
siéu dién toan can hang thé ky !!

David SlowinSky da soan mot phan mém, lam viéc trén may siéu dien
toan Gray-2 , sau 19 gio ong da tim ra sé nguyen t6 2726839 — 1. S5 nay
viét trong hé thap phan sé c6 227832 chit s6- viét hét s6 nay can 110
trang van ban binh thuong. Ho#ic néu viét hang ngang nhitng sb trén
phong chit .VnTime Size 14 thi ta can khoang 570 m.

Loi Két

Thong qua dé tai nay, ching ta c6 thé khidng dinh ring: Toan hoc c6
mit trong moi cong viéc, moi linh vic clia cudc séng quanh ta, nod
khong thé tach roi va lang quén dude, nén ching ta phai hiéu biét va
nam bat duge né mot cach ty giac va hiéu qua.

Muc dich ctia dé tai ndy la trang bi nhitng kién thitc co ban c6 dao
sau c6 nang cao va rén luyén tu duy toan hoc cho hoc sinh, tao ra nén
tang tin cay dé cAc em c6 von kién thitc nhat dinh lam hanh trang cho
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Do k 1é nén

k k .
AL (a:2t> 4 <y2t> : (th +y2t)
= (:Uk'Qt + yk'Qt) =0 (mod p) (44)

Tu (¢) va (i4) suy ra dieu mau thudn. Vay gid thiét phan ching sai. Do
d6 x,y dong thoi chia hét cho p. [
Bai tap dé nghi

BAI 1. Chiing minh n? 4+ n + 2 khong chia hét cho 15 véi moi n € Z.
BAI 2. Chiing minh n? + 3n + 5 khong chia hét cho 121 v6i moi n € N.

BAI 3. Ching minh 9n3 + 9n? + 3n — 16 khong chia hét cho 343 véi
moi n € N.

BAT 4. Chiing minh 4n3 — 6n2 + 3n + 37 khong chia hét cho 125 véi
moi n € N.

BAI 5. Chting minh n? + 3n — 38 khong chia hét cho 49 v6i moi n € N.
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54 3.2. Phuong phap giai cac bai toan chia hét

3.2.7 Phan ching
Co s6: Dé chitng minh p{ A(n), ta lam nhu sau:
e Gia st ngugc lai p | A(n).

e Chitng minh diéu ngudc lai sai.

Vi du 3.28. Ching minh ring vdi moi s6 nguyén n thi n®>+n+1 khong
chia hét cho 9. A
Ldi gidi. Giast 9| (n?+n+1). Khidsn?+n+1=(n+2)(n—1)+3
chia hét cho 3. Suy ra 3 | n+2 va 3 | n — 1. Nhu vay (n + 2)(n — 1)
chia hét cho 9, tic n?2 +n + 1 chia 9 du 3, mau thudn. Ta c¢6 dpcm. W

Nhan zét. Bai toan nay van c6 thé giai theo phuong phap xét s6 du.

Vidu 3.29. Gid st p = k.28 + 1 la s6 nguyén t6 16, t la s6 nguyén
duong va k 1o s6 tw nhién 1. Gid thiét © va y la cdc s6 tw nhién ma
D | (CCQt =+ y2t>. Chatng minh rang khi dé x va y dong thoi chia hét cho
p. A
Lai gidi. Gia st tréi lai p{x, suy ra p{y.

Do p la s6 nguyén t6 nén theo dinh 1y Fermat nhd ta c6

P!
{y”‘l
Theo gia thiét thi p — 1 = £.2¢, do d6

t
{ k-2
k.2t

Y

k2 + yk-? =2 (mod p). ()
Theo gia thiét thi

1 (mod p)
1 (mod p)

1 (mod p)
1 (mod p)

T do ta cod

22 +y¥ =0 (mod p).
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nhitng nam hoc tiép theo.

Véi diéu kién c6 nhiéu han ché vé thsi gian, vé nang luc trinh do nén
trong khuon khd dé tai nay phan chia dang toan, loai toan chi cé tinh
tuong déi. Dong thdi cling méi chi dua ra 18i giadi chit chua c6 phuong
phép, thuat lam ré rang. Tuy da c6 c¢6 gang nhiéu nhung chnsg toi tiy
thay trong dé tai nay con nhiéu han ché. Chtng to6i rit mong nhan
dugce nhitng ¥ kién déng gép ctia cac thay co gido ciing ban doc dé toan
hoc that st ¢6 ¥ nghia cao dep nhu cau ngan ngit Phap da viét:

“Toan hoc la Vua cta cic khoa hoc”
“So hoc la N hoang”
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3.2. Phuong phap giai cac bai toan chia hét 53

Nhan zét. Ta c6 thé rat ra bai toan tong quat va bai toan md rong
sau:

Bai toan 3.5 (Bai toan téng quat). Cho n 6 ai,as,--- ,an. Chiing
minh rdng trong n s6 trén ton tai mot so chia hét cho n hodc téng mot
s0 s6 chia hét cho n. A

Bai toan 3.6 (Bai toan mé rong). (Tap chi Toin Tuoi Tho s6 115)

Cho n la mot so6 chuyén duong va n s6 nguyén duong ai,as, -+ ,a, cé
tong bang 2n — 1. Ching minh ring ton tai mot sé so trong n sé da
cho c6 tong bang n. A

Bai tap dé nghi
Bar 1. Chitng minh ring c¢6 vo s6 s6 chia hét cho 201317"" ma trong

biéu dién thap phan ctia cac sd dé khong co céac chit 6 0, 1,2, 3.

BA1 2. (HSG 9 Ha Noi, 2006) Chitng minh rang ton tai s6 ty nhien
n # 0 théa man 313%™ | (13579" — 1).

BAr 3. Chitng minh ring trong 52 s6 nguyén duong bat ki luon luon
tim dugc hai s6 c¢6 tong hoic hiéu chia hét cho 100.

BA1 4. Cho 10 s6 nguyén duong ai,as,--- ,a1p. Chitng minh rang ton
tai cac s6 ¢; € {0,—1,1}, (i = 1,---10) khong dong thoi bang
0 sao cho

A = cra1 + c2a2 + - - - + c1pa10

chia hét cho 1032.

BAI 5. Chting minh ring ton tai s6 tu nhién k sao cho 2002% — 1 chia
hét cho 200310

BAI 6. Biét rang ba s6 a,a + k, a + 2k déu 1a cac s6 nguyén t6 16n hon
3. Chiing minh rang khi d6 k chia hét cho 6.
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52 3.2. Phuong phap giai cac bai toan chia hét

e Néu c6 3 s6 c6 cling tinh chin 1¢. Khong méat tinh tong quat,
gid sit ba s6 d6 1a a1, a9, a3. Khi d6 a4, as ciing cling tinh
chén 1é nhung lai khac tinh ch8n 1é cua a1, as,a3. Khi do
cac hiéu sau chia hét cho 2: a1 — as, a1 — a3, as — a3, as — as.
Mzt khac, trong 5 s6 da cho c6 it nhat hai hiéu chia hét cho
4, cho nén trong 4 hiéu a; — as,a; — a3, as — as,aq4 — as co
it nhat mot hieu chia hét cho 4. Vay 32| P.

Ta c6 dpem. [ |

Vi du 3.27. Cho 2012 s6 tu nhién bat ki a1, as, - - ,aso12. Chiing minh
rdng ton tai mot so chia hét cho 2012 hodc téng maot so so chia hét cho
2012. A

Loi giai. Xét 2012 sb
Sl = a

52:a1+a2

S2012 = a1 + az + - - + az012

Trudng hop 1: Néu ton tai s6 S; (i = 1,2,---,2012) chia hét cho
2012 thi bai toan chitng minh xong.

Trudng hop 2: Néu 2012 1 S; v6i moi ¢ = 1,2,---,2012. Dem 2012
s6 nay chia cho 2012 nhan dude 2012 s6 du. Cac s6 du nhan gia
tri thuoc tap {1;2;---;2011}. Vi ¢6 2012 s6 du ma chi ¢6 2011
gia tri nén theo nguyén 1i Dirichlet chic chan c6 hai s6 du bang
nhau. Gia stt goi hai s6 d6 14 S, v& S, ¢6 cuing sd du khi chia
cho 2012 (m,n € N, 1 <n < m < 2012) thi hiéu

Sm_Sn:an+1+an+2+"'+am

chia hét cho 2012. [ |
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Bai toan chia hét

3.1 Ly thuyét co ban 29
3.2 Phuong phép gidi cac bai todn chia
hét 31

Pham Quang Toan (PHAM QUANG TOAN)

Chia hét 1a mot dé tai quan trong trong chuong trinh S6 hoc ctia bac
THCS. Di kém theo d6 1a cac bai toan khé va hay. Bai viét nay xin
gidi thieu v6i ban doc nhitng phuong phap gidi cac bai toan chia hét:
phuong phap xét s6 du, phuong phap quy nap, phuong phap dong du,
V.V...

3.1 Ly thuyét cd ban

3.1.1 Dinh nghia vé chia hét

Dinh nghia 3.1 Cho hai s6 nguyén a va b trong dé b # 0, ta luon tim
duoc hai s6 nguyén q va r duy nhét sao cho

a=bg+r

voi 0 <r <b.
Trong dé, ta néi a la s6 bi chia, b 1a sb chia, q 1a thuong, r 1a s6 du./\

Nhu vay, khi a chia cho b thi ¢6 thé dua ra cdc s6 dur € {0;1;2;--- ; |b|}.

Dic biet, v6i r = 0 thi a = bg, khi d6 ta néi a chia hét cho b (hodc a 1a
boi ciia b, hodic b 1a ube clia a). Ta ki hiéu b | a. Con khi a khong chia

29



30 3.1. Ly thuyét co ban

hét cho b, ta ki hieu b1t a.

Sau day 1a mot sb tinh chat thuong ding, chitng minh duge suy ra tryc
tiép tir dinh nghia.

3.1.2 Tinh chit

Sau day xin gi6i thiéu mot s6 tinh chat vé chia hét, viéc chiing minh
kha 13 dé dang nén sé danh cho ban doc. Ta ¢6 véi a,b,c,d 1a cac sb
nguyén thi:

TiNH CHAT 3.1~ Néua #0 thia|a, 0] a. O
TiNH CHAT 3.2- Néub|a thib | ac. O
TINH CHAT 3.3~ Néub|a vacl|bthic|a. O

TINH CHAT 3.4~ Néuc|a vac|b thic| (ax+by) vdiz,y nguyén.
TiNa CHAT 3.5~ Néub|a vaa|b thia="b hoica = —b.

TiNH CHAT 3.6 Néuc|avad|b thicd|ab.

TINH CHAT 3.7- Néub|a,c|a thi BCNN(b;c) | a.

TiNH CHAT 3.8~ Néu c|ab va UCLN(b,c) =1 thi c| a.

TiNH CHAT 3.9~ Néu p | ab, p 13 s6 nguyén té thip | a hodcp|b. [
Tit tinh chat trén ta suy ra hé qua

HE QUA 3.1- Néu p | a™ vdi p la s6 nguyén to, n nguyén duong thi
p" | a™. O
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— 2012 | 20112011 ---201100---00
iy —_——
m—n sb 2011 n s6 2011

Vay ton tai s6 thoa man dé bai. [

Vi du 3.25. Ching minh ring trong 101 sé nguyén bt ki cé thé tim
dugc hai s6 c6 2 chit s6 tan cung giong nhau. A
Ldi gidi. Lay 101 s6 nguyén da cho chia cho 100 thi theo nguyén i
Dirichlet ton tai hai s6 ¢6 cting s6 du khi chia cho 100. Suy ra trong
101 s6 nguyen da cho ton tai hai s6 ¢ chit s6 tan cing giong nhau. W

Vi du 3.26 (Tuyén sinh 10 chuyén DHSPHN, 1993). Cho 5 s6 nguyén
phan biét tuy 4 a1, as, as, aq, as. Ching minh rang tich

P = (a1 — ag)(al — ag)(a1 — a4)(a1 — a5)(a2 — a3)><

X (CLQ — CL4)(CL2 — a5)(a3 — a4)(a3 — CL5)(CL4 — a5)

chia hét cho 288. A
Loi giadi. Phan tich 288 = 2° - 32.

1. Chitng minh 9 | P: Theo nguyén li Dirichlet thi trong 4 s
a1, az,as c6 hai s6 ¢6 hiéu chia hét cho 3. Khong mét tinh tdng
quat, gia sti: 3 | a; — az. Xét 4 s6 as, as, ay,as cling c6 hai s6 c6
hiéu chia hét cho 3. Nhu vay P c6 it nhat hai hiéu khac nhau
chia hét cho 3, tic 9 | p.

2. Chtmg minh 32 | P: Theo nguyén 1i Dirichlet thi téng 5 s6 da cho
ton tai it nhat 3 sd c6 cing tinh chin 18. Chi c6 thé c6 hai kha
nang sau xay ra:

e Néu c6 it nhat 4 s6 c6 cting tinh chin 1&, thi tit bén s6 c6 thé
lap thanh sau hiéu khac nhau chia hét cho 2. Do d6 32 | P.
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50 3.2. Phuong phap giai cac bai toan chia hét

3.2.6 S« dung nguyén li Dirichlet

Noi dung: Nhét 5 con thé vao 3 chudng thi ton tai chuong chita it nhat
2 con.

DINH LY 3.3~ Nhot m = nk + 1 con thé vao k chuong (k < n) thi ton
tai chuong chita it nhdat n + 1 con thd. O

Chiéing minh. Gia st khong ¢6 chuong nao chita it nhat n + 1 con thd,
khi d6 méi chuong chita nhiéu nhat n con thd, nén k chudng chita nhiéu
nhat kn con thd, mau thudn véi s6 tho 1a nk + 1. [

DINH LY 3.4 (AP DUNG VAO $O HOC)— Trong m = nk + 1 s6 c6 it
nhdt n + 1 s6 chia cho k c6 cung so du. O

Tuy nguyén 1y duge phat biéu kha don gidn nhung lai ¢6 nhiing tng
dung hét sttc bat ngd, thia vi. Bai viét nay chi xin néu mot s6 ting dung
clia nguyén li trong viéc giai cac bai toan vé chia hét.

Vi du 3.24. Chitng minh rang luon ton tai s6 cé dang
20112011 ---201100---0

chia hét cho 2012. A
L&i gidi. Lay 2013 s6 c6 dang

2011; 20112011, ---, 20112011 ---2011.
2012 ;g 2011

Lay 2013 s6 nay chia cho 2012. Theo nguyén 1i Dirichlet thi ton tai hai
s6 ¢6 cuing s6 du khi chia cho 2012.
Gia st hai s6 do 1a 20112011 ---2011 va 20112011 ---2011 (m > n >

m s6 2011 n s6 2011

0).
= 2012 ] 20112011 ---2011 — 20112011 - - - 2011
m s6 2011 n 55;3011
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3.1.3 Mot s6 diu hiéu chia hét

Ta dat N = apa,—1...a1a0
Dau hiéu chia hét cho 2;5;4;25;8;125

2|N & 2|ag<ap€{0;2;4;6;8}
5‘N = 5|a0(:>ao€{0;5}
4;25 | N < 4;25|ajag
8,125 | N <« 8;125 | azaiag

Dau hiéu chia hét cho 3 va 9
3;9]N<:>3;9](ao—i-al—i--'-—i—an_l—i—an)

Mot s6 dau hiéu chia hét khac

11|N & 11|[(ap+az+---)— (a1 +ag+--+)]

101 | N < 101 [(arao +asas + - --) — (@3az + arag + - - - )]
13| N & 7;37| [(@zarao + agarag + - - - ) — (@saaas + ariaipag + - -
37‘N & 37](a2a1a0+a5a4a3+-~+m)

19N & 19] (an + 2an-1 + 2%an—2 + - - - + 2"ao)

3.2 Phudng phap giai cac bai toan chia hét

3.2.1 Ap dung dinh Iy Fermat nhé va céc tinh chit cia chia
hét

Dinh 1y Fermat nho

DiNH LY 3.1 (DINH LY FERMAT NHO)— Vdi moi s6 nguyén a va so
nguyén to p thi a? = p (mod p). O

Chiéng minh. 1. Néup|athip]| (a® — a).

2. Néu p { a thi 2a,3a,4a,--- ,(p — 1)a ciing khong chia hét cho p.
Goiry, 72, ,rp—1 lan lugt 1a s6 du khi chia a, 2a, 3a,-- - , (p—1)a
cho p. thi ching sé thuoc tap {1;2;3;--- ;p— 1} va doi mot khéc
nhau (vi ching han néu 7 = r3 thi p | (3a — a) hay p | 2a,

Chuyén dé Sé hoc DIEN DAN TOAN HOC
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32 3.2. Phuong phap giai cac bai toan chia hét

chi ¢6 thé 1a p = 2, ma p = 2 thi bai toan khong ding). Do do6
rry - rp—1=1-2-3---(p—1). Taco

a=ry (mod p)
2a =71y (mod p)

(p—1a=r,—1 (mod p)

Nhan vé theo vé ta suy ra

123 (p—1)-a* ' =rirg---rp ;. (modp) =a” ' =1 (mod p)

Vi UCLN(a,p) = 1 nén o = a (mod p).
Nhu vay v6i moi s6 nguyén a va s6 nguyen t6 p thi a? = a (mod p).H

Nhan zét. Ta c6 thé chitng minh dinh 1y bing quy nap. Ngoai ra, dinh
1§ con dugc phat biéu duéi dang sau:

DINH LY 3.2— Vi moi s6 nguyén a, p la s6 nguyén to, UCLN (a,p) =
1 thi a?~' =1 (mod p). O

Phuong phap sit dung tinh chat chia hét va ap dung dinh ly
Fermat nhé

Co sé: Stt dung cac tinh chat chia hét va dinh 1§ Fermat nhé dé gii
toan.

Vi du 3.1. Choa vab la hai s6 tu nhién. Ching minh rdng 5a*>+15ab—

b2 chia hét cho 49 khi va chi khi 3a + b chia hét cho 7. A

Ldi gidi. =) Gia st 49 | 5a® + 15ab — b? = 7 | 5a® + 15ab — b* = 7 |
(14a® + 21ab) — (5a + 15ab — b?) = 7| (9a® + 6ab + b?) = 7 |
(Ba+b)?=7]|3a+b.

<) Giast 7| 3a+b. Bat 3a+b=Tc (c € Z. Khi d6 b = 7c — 3a. Nhu
vay
= 5a + 15ab — b* = 5a® + 15a(7c — 3a) — (7c — 3a)?
= 49(c® + 3ac — a?)
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Bai tap dé nghi

BAI 1. Mot sb6 bai toan & cac phuong phap néu trén cé thé giai bing
phuong phap quy nap.

BAI 2. Chitng minh réng 255 | 16" — 15n — 1 v6i n € N.

BAr1 3. Chiing minh ring 64 | 3273 4 40n — 27 v6i n € N.

BAI 4. Chting minh rang 16 | 32"*2 +8n — 9 véi n € N.

BA1 5. Chiing minh ring 676 | 3373 — 16n — 27 véin € N, n > 1.
BAI 6. Chting minh ring 700 | 29" — 140n — 1 v6i n € N.

BAI1 7. Chitng minh rang 270 | 2002" — 138n — 1 v6i n € N.

34n+1

BAI 8. Chiing minh ring 22 | 32" 4+ 23" 45 v6in e N.

BAI 9. Chting minh ring s6 23" + 1 chia hét cho 3" nhung khong chia
hét cho 3"*! véi n € N,

BAI 10. Chitng minh ring s6 20012" — 1 chia hét cho 2”4 nhung khong
chia hét cho 2" véi n € N.

BAI 11. Chitng minh réng v6i moi s6 tif nhién n > 2, ton tai mot s6 tu
nhién m sao cho 3" | (m? + 17), nhung 3"*! { (m3 4 17).

BAT1 12. C6 ton tai hay khong mot s6 nguyén duong 1a boi ctia 2007 va
c6 bon chit s6 tan cung 1a 2008.

BAT 13. Chitng minh rang ton tai mot s6 c6 2011 chit s6 gom toan chit
s6 1 v 2 sao cho sd do chia hét cho 22011

BAI 14. Tim phan du khi chia 32" cho 2"*3, trong dé n la sb6 nguyén
duong.

BAr15. Chone N, n> 2. Dat A = 7 (lty thita n lan). Chiing minh
rang A, + 17 chia hét cho 20.
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Vi du 3.22. (HSG 9 TQ 1978)Chiing minh ring so dugc tao bdi 3" chit
50 giong nhau thi chia hét cho 3" vdi 1 <n, n € N. A
Loi gidi. V6i n = 1, bai toan hién nhién ding.
Gia sit bai toan ding véi n = k, tic 3F | ga-~a.

——

3" s6a

Véin=k+1 ta co:

aa---a=aa---aaa---aaq---a
——
3k+1 3Ic 3k 3k

=aa---ax100---000---01
~—— ——
3k 3k—1  3k-1

chia hét cho 351, Ta c6 dpem. [ |

Vi du 3.23. Chitng minh rang vdi moi n € N*, k la s6 tu nhién 1é thi
2n+2 ‘ k?” -1

Lai gidi. Véin=1thi k*" —1=%k>—-1= (k+1)(k—1). Do k 1é,nén
dat k = 2m + 1 v6i m € N*, thi khi d6 (k +1)(k — 1) = 4k(k 4 1) chia
hét cho 23 = 8.

Gia st bai toan ding v6i n = p, tic 272 | k¥’ — 1 hay k%" = ¢-2Pt2 +1
véi q € N*.

Ta ching minh bai toan dang véi n = p + 1. That vay

A= 1= - 1= () -1
= (k¥ — 1) (k*" +1)
:q.2p+2_(2+q,2p+2)
=q- 277 (1+4q-21)

chia hét cho 2P13. Ta ¢6 dpcm. [
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chia hét cho 49.
Vay 5a? + 15ab — b? chia hét cho 49 khi va chi khi 3a + b chia hét cho
7. [ |

Vi du 3.2. Cho 11 | (16a + 17b)(17a + 16b) vdi a,b la hai s6 nguyeén.
Chiing minh rang 121 | (16a + 17b)(17a + 16b). A
L&i gidi. Ta c6 theo dau bai, vi 11 nguyén to nén it nhat mot trong
hai s6 16a + 17b va 17a + 16b chia hét cho 11. Ta lai ¢6 (16a + 17b) +
(17a + 16b) = 33(a + b) chia hét cho 11. Do d6 néu mot trong hai s6
16a + 17b va 17a + 16b chia hét cho 11 thi s6 con lai ciing chia hét cho

11. Cho nén 121 | (16a 4 17b)(17a + 16b). [
Vi du 3.3. Chitng minh ring A = 130 + 239 +. + 1130 khong chia hét
cho 11. A
Lai giai. V6i moi a = 1,2,---,10 thi (a,10) = 1. Do d6 theo dinh ly

Fermat bé thi a!® = 1 (mod 11) = a* = 1 (mod 11) v6i moi a =
1,2,---,10 va 113 = 0 (mod 11). Nhu vay

A=141+---4140 (mod 11)
—_—
10 56 1
=10 (mod1l)=11tA

Vi du 3.4. Cho p va q la hai s6 nguyén to phan biét. Chiing minh rang
pd~t + ¢! — 1 chia hét cho pq. A
L&i giai. Vi ¢ nguyén t6 nén theo dinh 1§ Fermat nhé thi

p"'=1 (mod q)

Do dé
pT 4¢Pl =1 (mod q)

Vi ¢ va p 6 vai tro binh déng nén ta ciing dé dang suy ra
@ 1+pTt=1 (modp).

Cudi cing vi UCLN(g,p) = 1 nen p?' + ¢"~! = 1 (mod pq) hay
pq—l + qpfl — 1 chia hét cho pq. -
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Bai tap dé nghi
BAI 1. Chitng minh rang 11a+2b chia hét cho 19 khi va chi khi 18a+5b
chia hét cho 19 véi a, b 1a cac s6 nguyen.

BAI 2. Chiing minh ring 2a + 7 chia hét cho 7 khi va chi khi 3a® +
10ab — 8b°.

BAI 3. Cho p la s6 nguyén t6 16n hon 5. Chitng minh rang néu n 1a s6
tu nhién c6 p — 1 chit s6 va cic chit s6 d6 déu bang 1 thi n chia
hét cho p.

BA1 4. Giad st n € N,n > 2. Xét cac sO tu nhién a,, = 11 -1 dudc viét
bdi n chit s6 1. Chitng minh ring néu a, 14 mot s6 nguyén t6
thi n 1a uwéc cua a, — 1.

BA1 5. Gia stt a va b 1a cac s6 nguyén duong sao cho 2a — 1,20 — 1 va
a + b déu la s6 nguyén t6. Ching minh ring a® + b va a® + b
déu khong chia hét cho a + b.

BAI 6. Chiing minh ring v6i moi s6 nguyén t6 p thi ton tai s6 nguyén
n sao cho 2™ + 3™ 4+ 6™ — 1 chia hét cho p.

3.2.2  Xét sb du

Co s8: Dé chitng minh A(n) chia hét cho p, ta xét cic s6 n dang
n=kp+rvéire{0;1;2;---;p—1}.

Ching han, véi p = 5 thi s6 nguyén n c6 thé viét lai thanh 5k; 5k +
1;5k + 2; 5k + 3;5k + 4. Ta thé mdi dang nay vao cac vi tri ctia n roi
Iy luan ra dap s6. Sau day 1a mot sé vi du

Vidu 3.5. T'm k € N dé ton tai n € N sao cho

4|n?—k

vdi k € {0;1;2;3}. A
Loi gidi. Gia sit ton tai k € N dé ton tai n € N théa man 4 | n? — k.
Ta xét cac Truong hgp: (m € N*)
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BAI 6. Chitng minh réng 9" + 1 khong chia hét cho 100, Vn € N.

BAI 7. Chiing minh ring v6i moi s6 nguyén khong am n thi 2573 4+
57 - 3"+1 chia hét cho 17.

BA1 8. Tim n € N sao cho 2n3 + 3n = 19851986.

BA1 9. Viét lien tiép 2000 s6 1999 ta duge s6 X = 19991999 - - - 1999.
Tim s6 du trong phép chia X cho 10001.

77
BAI 10. Chting minh réing 100 | 777 — 77",

BAI 11. Cho b? — 4ac va b? + 4ac 13 hai s6 chinh phuong véi a,b, ¢ € N.
Chitng minh rang 30 | abc.

3.2.5 Quy nap

Co s6 : Dé chitng minh ménh dé ding v6i moi sé ty nhién n > p, ta
lam nhu sau:

e Kiém tra ménh dé ding véi n = p.

e Gia stt ménh deé dung v6i n = k. Ta di chitng minh ménh dé ciing
dang véin =k + 1.

Vi du 3.21. Chiing minh rang A = 4™ + 15 — 1 chia hét cho 9 vdi moi
n € N*, AN
L&i gidi. V6in =1 = A = 18 chia hét cho 9.

Gia st bai toan dang véin = k. Khi dé 9 | 4¥+15F—1, hay 4 +15F—1 =
9¢ v6i ¢ € N*. Suy ra 4% = 9¢ — 15k + 1.

Ta di chting minh bai toan ding véi n = k-+1, titc 9 | 441 415(k+1)—1.
That vay:

AR 15k +1) —1=4-4" 4+ 15k + 14
=4(9q — 15k + 1) + 15k + 14
= 36¢ — 45k + 18

chia hét cho 9. Ta c6 dpem. [
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L&i gidi. Ta thay A chdn nen 2 | A. Mt khac
A =111-1000""" 4112 - 1000770 + - - - 4 888.
Do 1000F =1 (mod 999), Vk € N nén
A=111+112+---4+888=0 (mod 999).

Suy ra 999 | A, va (999,2) = 1 nén 1998 | A. |

Vi du 3.20. Chaing minh ring 7 | 55552222 22225555, A
Loi giai. Ta c6
2222 = —4 (mod 7) == 222259 = (—4)%% (mod 7)
5555 =4 (mod 7) = 5555?22 =4 (mod 7)
= 55557222 4 22225557 = 45955 4 4222 (mod 7)

Lai c6
_4PB55 4 42222 42222 (43333 _ 1)

— _42222 (641111 _ 1)
Va64=1 (mod 7) = 6411 —1=0 (mod 7).
Do d6 7 | 5555222 + 22225555 [
Bai tap dé nghi

BAI 1. Mot s6 bai tap é phuong phap phan tich c6 thé giai bang phuong
phéap dong du thiic.

5777

BAr 2. Chitng minh riing 333%%5""" + 777555 chia hét cho 10.
BAl 3. Chiing minh ring s6 1110 — 1 chia hét cho 101968,
BAr 4. Cho 9| a®+b%+¢3, Va,b,c € Z. Chitng minh réng 3 | a-b-c.

BAI 5. Chting minh rang 222333 + 333222 chia hét cho 13.
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1. Néu n = 4m thi n2 — k = 16m?2 — k chia hét cho 4 khi va chi khi
4| kneén k =0.

2. Néun =4m+1thi n2—k=16m2+8m + 1 — k chia hét cho 4
khi va chi khi 4 |1 — k nén k = 1.

3. Néun =4m+2thin?—k=16m2+ 16m + 4 — k chia hét cho 4
khi v& chi khi 4 | £ nén k = 0.

Vay k=0 hoac k = 1. [ |

Vi du 3.6. Ching minh rang vdi moin € N thi 6 | n(2n+7)(Tn+1).A

L&i giai. Ta thay mot trong hai s6 n va Tn + 1 14 s6 chdn Vn € N. Do
d6 2 | n(2n+7)(7Tn+1). Ta sé ching minh 3 | n(2n+ 7)(7n + 1). That
vay, xét

1. V6in =3k thi 3| n(2n+7)(Tn+1).

2. V6i n = 3k + 1 thi 2n +7 = 6k + 9 chia hét cho 3 nén 3 |
n(2n+T7)(Tn +1).

3. V6i n = 3k + 2 thi 7n + 1 = 21k + 15 chia hét cho 3 nén 3 |
n(2n +7)(Tn + 1).

Do d6 3| n(2n+7)(Tn+1) ma (2,3) = 1 nén 6 | n(2n+7)(Tn+1) Vn €
N. |

Vidu 3.7. (HSG 9, Tp Ho Chi Minh, vong 2, 1995) Cho x,vy, z la cdc
50 nguyén théa man

(x—y)y—2)z—z)=x+y+=2 (3.1)

Chaing minh rang 27 | (x +y + z). A
Loi giai. Xét hai truong hgp sau

Chuyén dé Sé hoc DIEN DAN TOAN HOC



36 3.2. Phuong phap giai cac bai toan chia hét

1. Néu ba s6 z,y, 2z chia hét cho 3 c6 cac s6 du khac nhau thi cac
hi¢u z —y, y— 2, 2 —x cing khong chia hét cho 3. Ma 3 | (z+y+2)
nén ti (3.1) suy ra vo Ii .

2. Néu ba s z, ¥, z chi ¢6 hai s6 chia cho 3 ¢6 cling s6 du thi trong ba
hi¢u z—vy, y— 2z, z—x c6 mot hiéu chia hét cho 3. Ma 3 1 (z+y+2)
nén tu (3.1) suy ra vo li.

Vay z,y, z chia cho 3 ¢6 cing s6 du, khi d6 x —y,y — 2, z — 2 déu chia
hét cho 3. Tu (3.1) ta suy ra 27 | (z +y + 2), ta ¢6 dpcm. [ |
Bai tap dé nghi

BAI 1. i) Tim s6 tu nhién n dé 7| (2" — 1).
ii) Ching minh réng 71 (2" +1) Vn € N.

BAr1 2. Chiing minh ring véi moi sé nguyén a thi a(a® — 1) chia hét
cho 7.

BA1 3. Tim n dé 13 | 32" + 3" 4 1.

BAI 4. Chting minh ring v6i moi a,b € N thi ab(a® — b?)(4a® — b?) luon
luon chia hét cho 5.

BA1 5. Chting minh rang 24 | (p — 1)(p + 1) v6i p la s6 nguyen t6 16n
hon 3.

BAI 6. Chting minh ring khong ton tai sé nguyen a dé a? + 1 chia hét
cho 12.

BA1 7. Chitng minh rang véi moi s6 nguyén x,y, z néu 6 | z +y + z thi
6| 2%+ y3 + 23.

BAI 8. Cho ab = 20112°'2, v6i a,b € N. Héi téng a + b c6 chia hét cho
2012 hay khong ?

BA1 9. S6 3™+ 2003 trong dé n 1a s6 nguyén duong c6 chia hét cho 184
khong ?
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TiNH CHAT 3.11— {azb (mod n) N {aiczbid (mod n)

c=d (mod n) ac = bd (mod n)
TiNH CHAT 3.12- a = b (mod n) = a* =¥ (mod n), Vk > 1.

TINH CHAT 3.13— a =b (mod n) = ac = be (mod mc), ¢ >0

o o 0O

TINH CHAT 3.14— (a+b)" =" (mod a), (a > 0).

TINH CHAT 3.15~ Néu d 13 udc chung duong ciia a,b va m thia = b

= % (mod m)

d thi
(mod m) thi yi

SRS

TINH CHAT 3.16— a = b (mod m), ¢ 1a udc chung ciaa vab, (c,m) =1

b
th & =" (mod m).
c ¢

Phuong phap dong du thic dé gidi cic bai toan chia hét

Co s6: Stt dung céc tinh chit va dinh nghia trén dé giai cac bai toan
chia hét.

Vi du 3.17. Chiing minh rang vdi moi s6 ty nhién n thi 7| 8" +6. A
Lgi gidi. Tac6 8" =1 (mod 7) = 8" +6=7=0 (mod 7). [

Vi du 3.18. Ching minh rang 19 | 7- 52" + 12 - 6™. vdi moi s6 nguyén
duong n. A
Lai gidi. Ta c6 52 = 25 =6 (mod 19) = (5%)" = 6" (mod 19) —
7-52"=7-6" (mod 19) = 7-5"+12-6"=19-6" =0 (mod 19).H

Vi du 3.19. Viét lien tiép cdc s6 111,112,--- 888 dé dugc s6 A =
111112 - - 888. Chitng minh ring 1998 | A. A
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BAI 8. Chting minh ring 20032°% + 20172°1% chia hét cho 12.

BA1 9. Cho p la s6 ti nhién 18 va cac s6 nguyén a, b, c,d, e théa man
a+b+cHd+evaa®+b®4c?+ d? + e? déu chia hét cho p.
Chitng minh ring s6 a® + b° + ¢® + d® + ¢ — 5abede ciing chia
hét cho p.

BA1 10. (Canada Training for IMO 1987)
Ki hiéu:
3:-5---(2n—1)=(2n— 1!
2:-4-6---(2n) = (2n)!\.

Chiing minh rang (1985)!! + (1986)!! chia hét cho 1987.
BAI 11. Chitng minh ring s6 2222°%55 4 55552222 chia hét cho 7.

BAI1 12. Cho k 1a s6 nguyén duong sao cho s6 p = 3k + 1 1 s6 nguyén
t6 va
1 1 1 m
R S T A 17,
v6i hai s6 nguyén duong nguyén t6é cting nhau m va n.Chitng
minh m chia hét cho p.
(Tap chi Mathematics Reflections, dang bdi T.Andreescu)

3.2.4 Xét dong du
Dinh nghia va mot s6 tinh chat

Dinh nghia 3.2 Cho a,b la cac s6 nguyén va n 1a s6 nguyén duong. Ta
néi, a dong dur véi b theo modun n va ki hiéu a = b (mod n) néu a va
b c6 cuing s6 dur khi chia cho n. A

Nhu vay a =n (mod n) <= n | (a—b). Vidu: 2012 =2 (mod 5).

Tinh chat (ban doc ty chitng minh)

Cho a, b, c,d,n 1a cic s6 nguyen.

a (mod n),

b (mod n) < b=a (mod n),

b (mod n), b=c (mod n) = a=c (mod n).

a
TiNH CHAT 3.10- a
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BAI 10. Cho cac s6 nguyen duong z,y, z théa man =2 + 32 = 2. Chiing
minh réng xyz chia hét cho 60.

BAI 11. Cho cac s6 nguyén duong z, v, z théa man z? 4132 = 222. Ching
minh ring 2% — 42 chia hét cho 84.

BA1 12. Chon > 3, (n € N). Chiing minh riang néu 2" = 10a+b, (0 <
b < 9) thi 6 | ab.
3.2.3 Phan tich
Phan tich thanh tich

Co s38: Dé chitng minh A(n) chia hét cho p, ta phan tich A(n) = D(n)p,
con néu trong ta khong thé dua ra cach phan tich nhu vay, ta c6 thé
viét p = kq.

e Néu (k,q) = 1 thi ta chitng minh A(n) cung chia hét cho k va gq.

e Néu (k,q) # 1 thi ta viét A(n) = B(n)C(n) va chiing minh B(n)
chia hét cho k, C'(n) chia hét cho gq.

Vi du 3.8. Cho n la mot s6 nguyén duong. Chiing minh rang
2" | (n+1)(n+2)---(2n).
Loi giadi. Ta co

(2n)!  (1.3.5...(2n — 1)) (2.4.6...2n)
nl n!
n!

m+1)(n+2)---(2n) =

= 135..(2n — 1) 2"
= 1.3.5..(2n — 1).2".
Dod62" | (n+1)(n+2)---(2n). [ |
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Vi du 3.9. Chiing minh ring vdi moi s6 nguyén n thi 6 |n3 —n. A
Loi giai. Phan tich

n>—n=nn?>-1)=n(n—-1)(n+1)

Biéu thtic 1a tich ba s6 nguyeén lién tiép nén ton tai it nhat mot trong
ba s6 mot s6 chia hét cho 2 va mot s6 chia hét cho 3. Ma (2,3) = 1 nén
6| nd —n. [ |

Vi du 3.10. Chitng minh ring n% —n* —n? 41 chia hét cho 128 vdi n
lé. A
Loi gidi. Ta ¢6
nS—nt—n?4+1=02-12%n+1)=mn-1)>*n+1)>
Vin lé nén dat n = 2k, k € N, suy ra
(n? = 1)* = [(2k + 1)? — 1] = (4k* + 4k)? = [4k(k + 1))

Vay 64 | (n? —1)2. Vin 1é nén 2 | n + 1, suy ra dpcm. [ |

Vi du 3.11. Cho ba s6 nguyén duong khdic nhau x,vy, z. Ching minh
rang (z—1y)°+ (y — 2)° + (v — 2)5 chia hét cho 5(z —y)(y — 2)(z — 2).A

Loi giai. Ta c6

(@ —=y)°+(y—2)°+ (v - 2)°
= (z—2+z-y)’+y—2)P5+(z-12)
(= 2)° +5(x = 2)"(z — y) +10(z — 2)*(z — y)°
+10(x — 2)*(z — y) + 10(z — 2)3(z — y)?
+10(z — 2)%(2 — y)3 + 5(z — 2)(2 — y)*
= 5(z —2)(z —y)x
x [(z =2 +2(z = 2)*(z —y) + 2(x — 2)(z —y)* + (z — y)*].
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Vi du 3.16. (Dé thi tuyén sinh DHKHTN-DHQG Ha Noi, vong 1, nam
2007-2008) Cho a,b la hai s6 nguyén duong va a+1,b+ 2007 déu chia
hét cho 6. Chitng minh rdang 4* 4+ a + b chia hét cho 6. A
Loi giai. Phan tich

4+ a+b=(4"+2)+ (a+ 1)+ (b+2007) — 2010

4942 =4 -1+3=(4-1)4* 1 4+---1)+3

Nhu vay 3 | 4% 4 2. Do d6 4% + a + b 1 tdng ciia cac sb nguyén duong
chia hét cho 6 nén 4% + a + b chia hét cho 6. [

Bai tap dé nghi

BAI 1. Dua ra cdc md rong tit bai tap dé nghi ctia phuong phap phan
tich thanh tich thanh cic bai todn van dung phuong phap tach
téng (gibng nhu cach mé rong ctia vi du 1.9).

BAI1 2. (Hungary MO 1947) Chitng minh rang 46" + 296.13" chia hét
cho 1947 vé6i moi sb tu nhién n 1é.

BAI1 3. Chiing minh ring 20" 4+ 16™ — 3™ — 1 chia hét cho 323 v6i moi
s6 tu nhién n chin.

BAI 4. Chitng minh riang 2903" — 803" — 464™ +261™ chia hét cho 1897
v6i moi sb tu nhién n.

BAI 5. Chiing minh ring véi moi sé nguyén n > 1 ta c6 n™ + 5n? —
11n + 5 chia hét cho (n — 1)2.

BA1 6. (HSG 9 Tp Ha Noi, vong 2, 1998) Chiing minh réng 1997 | m
v6i m,n € N théa man
m 1 1 1 1 1 1

S e R - .
n 2+3 4+ +1329 1330+1331

BAI 7. Chting minh rang 32"*! + 27+2 chia hét cho 7 v6i moi n € N.
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Loi giai. Dé y riang 2003 1a s6 nguyeén td. Ta c6

mo 1 1 1 1 1
n 2 3 4 1334 1335
= 1+7+1+ +i 7+1+1+ +i
- 2 3 1335 2 4 6 1334
= (1+=+ L 4t L + L + L 4t L
- 2 3 1335 2 3 667
1 1
= 668 660 335
= 1 + 1 + 1 + 1 +o 4 1 + L
—\ 668 1335 669 1334 1001~ 1002
1 1 1
= 2 R
003 668.1335 + 669.1334 Tt 1001.1002
= 2003.=
q

O day p la s6 nguyéen con ¢ = 668 - 669 - - - 1335. Vi 2003 nguyeén t6 nen
(¢,2003) = 1.

Do d6 tut (%) suy ra 2003pn = mgq.

Vi p,n nguyén nén suy ra 2003|mg ma (g,2003) = 1 nén 2003|m. N

Vi du 3.15. Chiing minh ring vdi moi so tu nhién n thi A = 2005" +
60" — 1897™ — 168™ chia hét cho 2004. A
L& gidi. Ta c6 2004 = 12 x 167. Vi (12,167) = 1 neén dé chiing minh
A chia hét cho 2004 ta chitng minh A chia hét cho 12 va 167.

Ap dung tinh chdt a” — b" chia hét cho @ — b v6i moi n tu nhién va
a—>b # 0 suy ra 2005" — 1897 chia hét cho 2005 — 1897 = 108 = 12 x 9,
hay 2005™ — 1897™ chia hét cho 12. Tuong ty thi 168™ — 60™ chia hét
cho 12. Vay A chia hét cho 12.

Tiép tuc phan tich

A = (2005™ — 168") — (1897" — 60™).

Lap luan tuong tir nhu trén thi 2005 — 168" va 1897" — 60™ chia hét
cho 167, tic A chia hét cho 167. Vay ta c6 diéu phai ching minh. M
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Nhung ta ciing co:

(z—2P+2@x—2>%(z—y) +20—2)(z—y)*+ (z—y)
= (z—y+y—2°+20@-y+y—2>(z—v)
2z —y+y—2)(z—y)?*+(z—y)°
= (x—yP+2x—-y)?y—2) +3x—y)(y—=2)7?
+(y—2)° +2(x —y)*(z —y)
4z — )y —2)(z —y) +2(y — 2)*(z — v)
2z -y)(z -y’ +2y—2)(z -y’ + (z—y)°
= (-9’ +3x—y)*y—2+3x—y)(y—=2)?
2(z —y)*(z—y) + 4z —y)(y — 2)(z —y) + 2(z — y)(z — y)?,

Biéu thitc cudi cting ¢6 nhan tit chung (z — y). Ta suy ra diéu phai
chiing minh. |
Bai tap dé nghi

BAI 1. Ching minh ring néu a,k la cic s6 nguyen, a 1é thi 2F+1 |
k
(a® —1).

BAI 2. Chting minh riing n® — n chia hét cho 30 véi moi n € Z.

BAI 3. Chting minh rang 3n* — 14n3 + 21n? — 10n chia hét cho 24 véi
moi n € Z.

BAI 4. Chting minh riing n® — 5n3 4 4n chia hét cho 120 véi moi n € Z.

BA1 5. Chiing minh rang n® — 3n? — n + 3 chia hét cho 48 véi moi n
1é, n € Z.

BAI 6. Chting minh ring n® — n% — n* + n? chia hét cho 1152 v6i moi
s6 nguyén n 18.

BAI 7. Chiing minh ring n* — 4n3 —4n? + 16n chia hét cho 348 v6i moi
n 1a s6 nguyén chan.

BAI 8. Chiing minh ring n* — 14n3 + 71n? — 154n + 120 chia hét cho
24 v6i moi s6 tu nhién n.
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BA19. Cho z,y,2 la cdc s6 nguyeén khac 0. Ching minh ring néu
2?2 —yz = a,y® — zx = b,2%2 — vy = c thi tong (ax + by + c2)
chia hét cho tong (a + b+ c).

BAT1 10. Cho m,n la hai s6 chinh phuong 1é lién tiép. Chitng minh réng
mn —m —n + 1 chia hét cho 192.

BAr 11. (HSG 9 TQ 1970) Chiing minh ring n'? —n® —n* + 1 chia hét
cho 512 v6i moi s6 tu nhién n 18.

BA1 12. (HSG 9 TQ 1975) Chitng minh riang n* + 6n3 4+ 11n? + 6n chia
hét cho 24 v6i moi s6 nguyen duong n.

Tach téng

Co s6: Dé chitng minh A(n) chia hét cho p, ta bién ddi A(n) thanh
tong nhiéu hang ti ro6i chiing minh méi hang tit déu chia hét cho p.

Ta c6 thé sit dung mot sé hiang dang thic ap dung vao chia hét, vi du
nhu:

Cho a,b 1a cac sb thitc va n 1a s6 nguyén duong. Khi dé ta
co

A= b= (a—b)(a" P +a" P4 4 ab" 2 )
Ta sé c6 hé qua la:

HE QUA 3.2— Néua —b#0 thi a™ — b" chia hét cho a — b. O
HE QUA 3.3— Néua+b#0 van lé thy a® + b" chia hét cho a +b. [

HE QUA 3.4- Néua+b#0 van chin thi a™ —b" chia hét cho a+ bl

Vi du 3.12. Chitng minh ring ax?® +bx +c € Z, Yx € 7 khi va chi khi
2a,a+b,c € Z A

DIEN DAN TOAN HOC Chuyén dé Sé hoc

3.2. Phuong phép giai cac bai toan chia hét 41

Lai giai. Phan tich

ar’ + bz +c=az? —ax+ (a+b)z +c
-1
:2a.gj(1:2)+(a+b)x+c€Z, Vx € Z.
Vi du 3.13. Chitng minh rdang 6 | (a® + 5a) Va € N. A

Ldi gidi. Phan tich a®+5a = (a®—a)+6a. Hién nhien ding vi 6 | n3—n
(chitng minh 6 vi du Equation 4.27). [

Nhan zét. Tt vi du Equation 4.27 ta ciing c¢6 thé dua ra céc bai toan
sau, ching minh ciing bang cach van dung phuong phap téch tong:

Bai toan 3.1. Cho m,n € Z. Chitng minh ring 6 | m®>n?(m —n). A

Bai toan 3.2. Cho a,b,c € Z. Chitng minh ring 6 | (a® + b + ¢3) khi
va chi khi 6| (a +b+c) A

2 (13

a
—+ez A
+5 5 €

a

Bai toan 3.3. Cho a € Z. Chitng minh ring 3

Bai toan 3.4. Viét s6 20112012 thanh tong cdc s6 nguyén duong. Dem
tong lap phuong tat cd cic s6 hang dé chia cho 3 thi duoc du la bao
nhiéu ? A

Vi du 3.14. Cho m,n la cic s6 nguyén théa man:

m 1 1 " 1 1 n 1 n 1

n o 2 3 4 1334 1335
Chaing minh rang 2003 | m. A
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