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Tu (4.35) suy ra to chdn. Dat ¢ = 2t1(t1 € Z) thé vao (4.35) va ruat gon,
ta dugc
4ot + 2ys + 25 = 8t}

Do vay 2o chdn. Dat 29 = 221(21 € Z), thé vao va rut gon ta dugce
28 + ya + 821 = 4t}

Do vay yo chén. Dit yo = 2y1(y1 € Z), thé vao va riut gon ta duge
zh+ 8yt + 421 =2t}

Do vay x¢ chén. Dat xg = 2z1(z1 € Z), thé vao phuong trinh ta dugce
8x] + 4yt + 221 = t]

Suy ra (z1;y1; 21;t1) cing 1a nghiem cta (4.35) . Dé thay x1 < zo (vo
1f v6i diéu gid sit). Do d6 phuong trinh ¢6 nghiém nguyén duy nhat 1a
(2395 z;1) = (0;0;0;0). u

Bai tap dé nghi

BAI 1. Gidi cac phuong trinh nghiém nguyén 22 + y? = 322

BAI 2. Gidi cac phuong trinh nghiém nguyen a3 4 2y3 = 423

BAI 3. Gidi cac phuong trinh nghiém nguyen 322 + 6y% + 1222 = ¢2
BAI 4. Gidi cac phuong trinh nghiém nguyen 22 + 6y2 4 222 = 4¢>
BAI 5. Giai phuong trinh nghiem nguyen z2 + y? + 22 + t? = 22y?22.

BAI 6. Giai phuong trinh nghiem nguyéen 523 + 11y3 4+ 1323 = 0.
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Tran Nguyén Thiét Quan (L LAWLIET)
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Trong chuong trinh THCS va THPT thi phuong trinh nghiém nguyén
van luon 1a mot dé tai hay va khé déi véi hoc sinh. Cac bai toan nghiém
nguyén thuong xuyén xuat hién tai cdc ki thi 16n, nhd, trong va ngoai
nuée. Trong bai viét nay toi chi mudn dé cap dén cac van dé co ban clia
nghiém nguyén (cac dang, cdc phuong phéap giai) chit khong di nghién
cttu sau sac vé no. Toi cling khong dé cap t6i phuong trinh Pell, phuong
trinh Pythagore, phuong trinh Fermat vi né c¢6 nhiéu trong cac sach,
cac chuyén dé khac.

4.1 Xét tinh chia hét

4.1.1 Phat hién tinh chia hét cba 1 an

Vi du 4.1. Gidi phuong trinh nghiém nguyén

13z + 5y = 175 (4.1)
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58 4.1. Xét tinh chia hét

L&i gidi. Gia st z,y 1a cac s6 nguyén théa man phuong trinh (4.1). Ta

thay 175 va 5y déu chia hét cho 5 nén 13x:5 = x:5 (do GCD(13;5) = 1).
Dat x = 5t (t € Z). Thay vao phuong trinh (4.1), ta duge

13.5t + 5y = 175 < 13t +y = 35 < y = 35 — 13¢

Do d6, phuong trinh (4.1) ¢6 vo s6 nghiém nguyén biéu dién dudi dang

(xz;y) = (5t;35 — 13t), (t € Z)
Bai tap dé nghi
BA1 1. Giéi phuong trinh nghiém nguyén 12z — 19y = 285
BA1 2. Giai phuong trinh nghiém nguyén 7z + 13y = 65

BA1 3. Giéi phuong trinh nghiém nguyén 5z + 7y = 112

4.1.2 Dua vé phuong trinh uéc sb
Vi du 4.2. Tim nghiém nguyén cia phuong trinh
3y +6x+y—52=0 (4.2)

Loi gidi. Nhan zét. D6i v6i phuong trinh nay, ta khong thé ap dung
phuong phép trén 1 phéat hién tinh chia hét, vay ta phai gidi nhu thé
nao?

Ta giai nhu sau:

(42) e 3zy+y+6x+2-54 = 0
SyBzx+1)+2Bx+1)—-54 = 0
& Br+1)(y+2) = 54

Nhu vay, dén day ta c6 o va y nguyén nén 3x + 1 va y + 2 phai 1a uée
ctia 54. Nhung néu nhu vay thi ta phai xét dén hon 10 truong hgp sao?
Vi:
4=154=227=3.18=6.9
= (—1).(=54) = (=2).(-27) = (-3).(-18) = (-6).(-9)
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e Truong hop 1. Trong xo; yo; 20, 6 2 56 1é, 1 s6 chin. Khong mat tinh
tdng quat, giad st zo;yo 16 con zy chin. Xét theo module 4 thi

VT(4.34) =2 (mod4), VP(4.34)=0 (mod 4) : vo ly!

Vay truong hgp nay khong xay ra.
o Truong hop 2. xo; yo; zo déu chén. Dat x¢g = 2x1; yo = 2y1; 20 = 221
V6l 21;y1;21 € Z. Thay vao (4.34) va rat gon, ta thu duge

.%'% + y% + Z% = 4[1313/121

Lap luan nhu trén, ta lai duge x1; y1; 21 déu chén.

Qué trinh d6 dién ra tiép tuc nén zo; yo; 2o :2* v6i k tu nhien tiy .
Diéu d6 chi x4y ra khi va chi khi g = yg = 29 = 0. |

4.3.2 Nguyén tac cuc han

Dinh nghia 4.1 Nguyén tac cic han hay con goi 1a nguyén Ii khdi dau
cie tri. Vé mat hinh thifc thi phuong phap nay khac véi phuong phap
i v6 han nhung cach sit dung déu nhir nhau déu chitng minh phuong
trinh chi c¢6 nghiém tam thuong (nghiém tam thuong la nghiém bing
0). Phuong phap gidi nhu sau:

Gia st (wo;yo; 20; --.) 1a nghiém ctia f(x;y;2;...) véi mot diéu kién nao
dé rang buoc bo (zo; yo; z0; --.). Chang han xo nhé nhat hodc xo +yo +
20 + ... nhé nhat va sau dé bing cac phép bién doi s6 hoc ta lai tim
duge 1 bo nghiém (x1;y1;21;...) trai véi nhitng diéu kién rang buoc
trén. Vi du ta chon bo (zo;yo; 20; -..) v6i dieu kién xo nhé nhat sau dé
ta lai tim dugc 1 bo (x1;y1;21;...) v6i 21 < z9 dan dén phuong trinh
c6 nghiém tam thuong. A

Vi du 4.27. Gidi phuong trinh nghiém nguyén sau
8zt 4 4y + 224 =t (4.35)

L&i gidi. Gid st (wo; yo; 20; to) 12 nghiém nguyen khong tam thuong clia
(4.35) véi 7o nhd nhat.
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86 4.3. Nguyén tac ciic han, Iti vo han

BArl. 2+ 224+ 1=1¢?

BAar2. 3(zt+y* + 22+ 2 +2) =222 -2+ )2 -y +1)
BAr3. 222 + 322 +1—4>=0

BAr 4. 22+ (z 4+ y)* = (z + 9)?

BAr5. y3 —a® =2z +1

BA1 6. 2% — gy + 24 + 22222 + 322 + 4224+ 1=0
BAI7. 23 — 42 =242 -3y —1=0

BAr8. 2t + (z+ 1) =92 + (y + 1)?

BA1 9. 9% — 3% = ¢y + 29 4 9% + 2y

BA110. 2* + 22 — > +y+10=0

BA1 11. 26 — 4¢3 — 4y* = 2+ 3y + 632

BAr 12. (z —2)* — 2% = ¢3

BAI1 13. 23 + 822 — 62 +8 = ¢

4.3 Nguyén tic cuc han, lbi v han

4.3.1 Lui vo han

Vi du 4.26 (Korea 1996). Gidi phuong trinh nghiém nguyén sau:
22+ + 2% =2xy2 (4.34)

Lai giai. Gia st (z0;y0;20) 1a bo nghiém nguyén ctia (4.34) thi ta co

x4+ g + 25 = 2xoy0%0

R6 rang VT (4.34) chan do VP (4.34) chan nén c6 2 trudng hgp xay
ra:
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C6 cach nao khac khong? Cau tra 15i 1a c6! Néu ta dé ¥ mot chit dén
thita s6 3z + 1, biéu thitc nay chia cho 3 luon du 1 v6i moi x nguyeén.
Véi lap luan trén, ta dugc:

3r+1=1 ol = 0

y+2=54 y = 52

y+2=-54 y = —56
Vi du 4.3. Gidi phuong trinh nghiém nguyén sau:

2z + 5y + 3xy =8 (4.3)
Loi giai. Ta c6
(4.3) & x2(2+3y) +5y =238
< 3x(2 + 3y) + 15y = 24

& 32(2+ 3y) + 5(2 + 3y) = 34
& (32 +5)(3y +3) =34

Dén day phan tich 34 = 1-34 = 2. 17 16i xét cac truong hgp. Cha y
rang 3z + 5, 3y + 2 13 hai s6 nguyén chia 3 du 2, van dung diéu nay ta
c6 thé gidm bét s6 trudng hop can xét. [ |
Vi du 4.4. Gidi phuong trinh nghiém nguyén

2% —y* = 2011 (4.4)
Loi gidi. (4.4) & (v —y)(z +y) = 2011. Vi 2011 14 s6 nguyén t6 nén
uéc nguyen clia 2011 chi c6 thé 1a +£1,42011. Tt d6 suy ra nghiem
(33/) 1 (1006; 1005); (1006; —1005); (—1006; —1005); (—1006; 1005). M

Vi du 4.5. Tim cic s6 nguyén x,y thod man diéu kién

P2y =(—y)(zy+2)+9 (4.5)
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4.1. Xét tinh chia hét

Lai giai. Dat a =z — y,b = zy. Khi d6 (4.5) tré thanh

> +2b=a(b+2)+9< (a—2)(a—b) =9

Viz,y € Znén a,,a—

truong hgp sau:
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(4.6)

— b déu la cac s6 nguyen. Tu (4.6) ta co cac

(4.10)

(4.11)

(4.12)

Dé thay cac he (4.7),(4.8),(4.10) khong ¢6 nghiém nguyen, hé (4.9) vo

nghiém, hé (4.11) ¢6 hai nghiém nguyén (1;2) va (—2;
c6 hai nghiém nguyén (—1;6)

va (—6;1).

—1), he (4.12)

Tém lai phuong trinh (4.5) ¢6 cac cip nghiém nguyén (x;y) 1a (1;2);
(—=2;—1); (—=1;6); (—6;1).

Vi du 4.6. Tim nghiém nguyén cia phuong trinh:

(22 +1) (P +1) +2(z—y) (1 —ay) =4 (1 +zy)

(4.13)
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Néux =1 = A =9: 13 s6 chinh phuong nén thda de.
Néu z > 1 thi xét hicu

(P 42+1)2—y? = 22 +2—2 = (2+2)(z—1) > 0 = ¢* < (®+a+1)?, (ii)
T (i) va (i), ta co
(2% +2)? <y? < (2% + 2 +1)?

Suy ra, khong ton tai y € N dé y? = A khi z > 1.
Vay = = 1 1a gia tri can tim. [

Vi du 4.25. Gidi phuong trinh nghiém nguyén
st ra=9%—y (4.30)
Loi giai. Ta c¢6 danh gia sau
2@+ 1) <zt a2t 44 < (@2 +2) (22 4 3) (4.31)
T (4.30) va (4.31) suy ra
22 (2? +1) <yly—1) < (2 +2)(2* + 3). (4.32)
Vi z,y, z nguyén nén tit (4.32) suy ra
yy—1) = (a*+1)(=*> +2) (4.33)
Tit (4.30) va (4.33) thi
2 a=2+ 1)@ +2) el =1 r=+I

Tur day dé tim duge y = —1 hoac y = 3.
Vay pt da cho c¢6 bon ciap nghiém

(1‘, y) = {(17 _2)’ (17 3)7 (_17 _2)7 (_17 3)}

Bai tap dé nghi
Tim nghiém nguyén cia cac phuong trinh sau:

Chuyén dé Sé hoc DIEN DAN TOAN HOC



84 4.2. St dung bat dang thiic

4.2.5 Phuang phap kep

Nhan zét. Sit dung tinh chat lily thita cting bac clia s6 nguyén lién
tiép hoiic tich cac s6 nguyeén lién tiép ... dé dua phuong trinh nghiem
nguyén can gidi vé dang phuong trinh khac it an hon va quen thudc
hon. Phuong phap nay con c6 cach goi khac 1a phuong phap khit an.
Ta thuong van dung cac nhan xét sau:

1. X" <YY" < (X +a)" (a € N thi Y" = (X + a — )" vdi
1=0;1;2;--- ;a.
Vi du v6i n = 2 thi:
e Khong ton tai x € Z dé a® < 2% < (a+1)? v6i a € Z.
e Néu a? < 22 < (a+2)? thi 22 = (a + 1)?
2. XX+ (X4+n)<YY+1)---(Y+n) < (X+a)(X+a+
- (X4+a+n)thhY(Y+1)---(Y+n) = X+)(X+1+
i) (X+a+i)véii=0;1;2;--- ;a.
Vi du:
e Khong ton tai b€ Z dé a(a+1) <b(b+1) < (a+1)(a+2)
véi a € Z.
e Véiala+1) <bb+1) < (b+2)(b+3) thi b(b+1) =
(b+2)(b+3).
Vi du 4.24. Tim cic s6 nguyen duong x dé biéu thic sau la so chinh
phuong
A=z 4223422 + 2+ 3 (4.29)
Loi gidi. Vi A la s6 chinh phuong nén ta c6 thé dit

A=z 4203+ 222 + 2+ 3=92(y € N)

Ta thay
y? = (@*+223+2%)+22+2+3
1\? 11
= (@ +2)?+ 33+§ —|—Z
> (22 +12)?
=y* > (@®+2)% ()

DIEN DAN TOAN HOC Chuyén dé Sé hoc

4.1. Xét tinh chia hét 61

Lai giai. Phuong trinh (4.13) tuong duong véi:

22y + 22 + 2 + 1+ 20 — 22%y — 2y + 22y = 4 + 4oy
& (@®+22+ 1)y -2+ 20+ Dy + (22 +22+1) =4
& (@+1)Xy—1)2=4
{ (x+1)(y—1)=2
(x+1)(y—1)=-2

Véi (z+1)(y — 1) =2 ma z,y € Z nén ta c6 cac truong hgp sau:

r+1=1 z=0
* {y—1—2 (:’{ y=3
. r+1=2 o =1
y—1=1 y =2
r+1=-2 =3
° {y—l——l ‘:){y—o
. r+1=-1 o T = -2
y—1=-2 y=-—1

Véi (x +1)(y — 1) = —2, tuong tu ta cing suy ra dugc:

. r+1=-1 - r=-2
y—1=2 y=3
. r+1=1 el T=
y—1=-2 y=—1
r+1=2 rz=1
'{;,—1:—1 (:’{yzo
r+1=-2 z=-3
'{;,—1:1 @{y:Z

Vay phuong trinh da cho c¢6 cac cap nghiém nguyén:

(z;9) = {(0;3); (1;2); (=3; 0); (—2; —1); (=25 3); (0; —1); (1;0); (—3;2) }

Vi du 4.7. Tim nghiém nguyén ciua phuong trinh

25 +323 +1 =94 (4.14)
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62 4.1. Xét tinh chia hét

L&i gidi. Nhan hai vé clia phuong trinh (4.14) cho 4, ta dugc:
425 41223 4+ 4 = 494
& (425 +1223 +9) — 4yt =5
& (223 +3)?2 —4yt=5
& (20% - 2y% +3)(22% +2y% + 3) = 5.

V6i luu y rang 5 = 1.5 =5.1 = (—1).(=5) = (=5).(—1) va x,y € Z nén
ta suy ra dugc cac trudng hop sau:

3_ 9,2 _ 3_ .2 3 _
.{2:1: 202 +3=1 {m y 1@{1’_0

203 + 22 +3=5 4y =1 =1
[:U:O
y=1
< =0
y=-1

S22t =1 - 23—y = -2 - 3 =_3 (loai)
223 + 2> +3 =5 Syl =4 y=-1

. 223 — 292 +3=5 - 22—y =1 o
208 + 22 +3=1 S

x
Y
223 — 292 +3= -5 3 —y?=—4 z3 = -3
223 4+ 292 +3=—1 Y

Vay phuong trinh da cho c¢6 cac cap nghiém nguyén:

[(23) = {(0;1); (0, —1)} |

Nhan zét. Bai toan nay ciing c6 thé gidi bing phuong phap kep.

Vi du 4.8. Gidi phuong trinh nghiém nguyén duong:
1 1 1
== (4.15)
r 'y p

trong dé p la so6 nguyén to. A
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BAI 2. Tim nghiém nguyén ctia phuong trinh = + zy + y = 22 + 2.

BAI 3. Giai phuong trinh nghiem nguyéen 1022 + 5y + 38 — 122y +
16y — 36z = 0.

BAI 4. Tim nghiém nguyén phuong trinh 922 + 22 4 4y + 34 — 122y +
20y — 36z = 0.

BAI 5. Tim nghiém nguyén duong ciia = + 2y + 3xy + 3z + 5y = 14.
BAI 6. Tim nghiém nguyén phuong trinh 22 —2y—6y?42x—6y—10 = 0.

BAI 7. Tim nghiém nguyén ctia phuong trinh 22 +2y62+3zy+3x+5y =
15.

BAI 8. Tim nghiém nguyén ctia phuong trinh 222+ 6y? + 7oy —x —y =
25.

BAI 9. Tim nghiém nguyén ctia phuong trinh 922 — 10y? — 92y + 3z —
5y = 9.

BAr1 10. Tim nghiém nguyén ctia phuong trinh 1222 46xy+3y? = 28(z+
Y)-

(Thi vao ldp 10 chuyén, DHKHTN-DHQGHN nam 1994)

BAr1 11. Tim nghiém nguyén ctia phuong trinh 3(x? 4+ 2y +y?) = 2+ 8y.

BAI 12. Tim nghiém nguyén ctia phuong trinh 7(2? + 2y +32) = 39(x +

Y)-

BAI 13. Tim nghiém nguyén ciia phuong trinh 222 + 32 + 32y + 3z +
2y+2=0.

BAI 14. Tim nghiém nguyén ctia phuong trinh 22 +2y%+3zy—2x—y+3 =
0.

BAI 15. Tim nghiém nguyén clia phuong trinh 322 +4y? 4+ 122+ 3y+5 =
0.
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Lai giai. Coi (4.27) la phuong trinh bac 2 an z. Xét A, = —27y% +
9y + 1.
Dé (4.27) ¢6 nghiem x thi

Ay >0 —212+9y+1>0a —0,01 <y<3,3=ye{0;1;2;3)}

Neuy=0=322-2=0=2=0vizcZ
Neuy=1=322+2x-5=0=>z=1vizcZ

Néu y = 2 hodc y = 3 thi khong tim dugc x nguyén nén loai.

Vay (4.27) c¢6 nghiém nguyeén (z;y) = (0;0); (1;1). [

Vi du 4.23. Gidi phuong trinh nghiém nguyén
322 —y? — 20y — 20— 2y +8=0 (4.28)
Loi gidi. Ta c6

(4.28) & y? +2(x+ 1)y — (322 —22+8) =0
A =(z+1)* 432" —20+8 =427 +9

Dé (4.28) ¢6 nghiem thi A} = 42749 1a s6 chinh phuong. Dt 42249 =
k% véi k € N, ta dua vé phuong trinh wée s6 va tim duge = € {2;0; —2}.

e V6i x = 2 ta duge y2 + 6y — 16 = 0 nén y € {—8;2}.
e V6iz=0thiy?+2y—8=0neényc {—4;2}.
o Véiz=-2thiy? -2y —24=0nényc {—6;4}.

Két luan. Vay phuong trinh (4.28) c¢6 nghiem (z;y) 1a (2;-8), (2;2),
(0; _4)¢ (0;2)7 (_2;6)7 (_2; _4) u

Nhan zét. Hai bai toan trén déu c6 thé st dung phuong phap dua vé
phuong trinh uéc s6 dé giai.
Bai tap dé nghi

BAI 1. Tim & cac phuong phéap trude (nhat 14 & phuong phap dua vé
phuong trinh u6c s6) céc bai toan dé gidi bing phuong phap
nay.
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Lo giai.

(4.15) & zy = pz +py = (z —y)(y — p) = p*.
Vi p 1a s6 nguyen t6 nén udc sé nguyen clia p? chi c6 thé 1a 1, £p, +p?.
Thit 1an lugt v6i cac wde trén ta dé tim duge két qua. Phan trinh bay
xin danh cho ban doc. [ |

Nhan zét. Phuong phap nay can hai buéc chinh: Phan tich thanh uéc
s6 va xét truong hgp dé tim két qua. Hai budc nay c6 thé néi la khong
qué khoé déi véi ban doc, nhung xin néi mot s6 luu ¥ them vé buée xét
truong hop. Trong mot sd bai toan, hing s6 nguyén & vé phai sau khi
phan tich 14 mot s6 c6 nhiéu u6e, nhu vay doi héi xét truong hgp va
tinh toan rat nhiéu. Mot cau héi dat ra la: Lam thé ndo dé gidm sb
truong hop bi xét day? Va dé tra 16i duge cau hoi do, ta sé tham khao
vi du dudi day.

Vi du 4.9. Tim nghiém nguyén cia phuong trinh:
2?4 122 = 52 (4.16)
Lai giai. (thong thuong) Phuong trinh (4.16) da cho tuong duong véi:
(462 —y* =36 (x+6+y)(r+6—y) =36

Suy ra x +y+ 6,2+ 6 — y la uc clia 36. Ma s6 36 c6 tat ca 18 ude
nén ta phai xét 18 trudng hgp tuong tng véi

x+6+y e {£l;+2;£3;+4; +6; £9; +12; £18; +36}
. Két qua 1a ta tim dugc céc cip nghiém nguyeén (z;y) 1a

(0;0); (—12;0); (—16;8); (—16; =8); (4;8); (4; —8)

Nhan zét. Ding nhu van dé ma ta da néu ra & trén, sé6 u6c qua nhiéu
dé xét. Cho nén ta sé c¢6 cac nhan xét sau dé thuc hién thao tac "sieu
pham" chuyén tit con s6 18 xudng chi con 2!
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Vi y ¢6 s6 mii chin trong phuong trinh nén c6 thé gia sit y > 0. Khi
dox+6—y <z+6+y, dovay ta loai dugc tam trudng hgp va con
lai cac truong hop sau:

r+6+y=9 r+6+y=-9 r+y+6=-1
T4+6—y=4 r+6-y=—-4 |r+ty—6=-36

9

r+y+6=236 T+y+6=-2 z+y+6=18
r—y+6=1 |z—y+6=-18 |z—y+6=2
{x+y+6=—3 {x+y+6:12 {m+y+6:—6

)

r—y—+6=-—-12 r—y+6=3 r—y+6=—6

r+y+6==6
r+y—6=206

Bay gio ta da c6 10 truong hop, ta sé tiép tuc luge bdé. Nhan thay
(x+y+6)—(x+6—y)=2ynénx+6—yvazr+6+y cocung tinh
chén 18, do d6 ta loai thém 6 truong hgp, chi con

r+y+6=18 r+y+6=-2
z4+y—6=2 |r+y—6=-18

I

r4+y+6=—6 r+y+6=06
t—y+6=—6 |lz+y—6=6

rT—y+6=-6 r+y—6=06
hai phuong trinh nay déu tim duge y = 0. Vay sao khong dé don gidn
hon, ta xét y = 0 ngay tit dau. Phuong trinh c6 dang x(x + 12) = 32,
xét hai kha nang:

. 6=—6 6=26
Tiep tuc xét hai phuong trinh {x Ty va {1‘ Tyt

e Néu y =0 thi z = 0 hosic x = —12.

e Néuy # 0thi 2+6+y > x+6—y, ap dung hai nhan xét trén ta chi
T+y+6=—2 . {x+y+6:18
va

¢6 hai truong hgp:
r—y+6=-18 rT—y+6=2
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Bai toan 4.2. Tim nghiém nguyén duong cta phuong trinh
3" +4Y =5°

Bai toan 4.2 r6 rang da duge nang cao lén ro rét, nhung 16i gidi clia bai
toan nay 1a st dung phuong phap xét s6 du da hoc. Sau day 1a 1oi giai
rat dep ctia khanh3570883 hién 14 Diéu hanh vien THPT ctia VMF:
Loi gidi. Xét theo module 3 ta c6:

5% = (—1)* (mod 3) = 4¥ =(—1)* (mod 3) = z=2h(h €N)
= (5" —2¥)(5h +2v) = 3*

Do 5" — 2¥ va 5" + 2¥ khong dong thoi chia hét cho 3 nén 5" + 2V = 3
va 5 —2v =1,

Tac6 5" +2Y = (1) +(=1)Y =0 (mod 3) va 5" —2¥ = (—1)"—(—1)¥ =
1 (mod 3) = h 1é va y chan.

Néuy > 2 thi 5" +2Y =1 (mod4) = 3° = 1 (mod 4) = 3* =1
(mod 8).

Mit khéc 5 = 5" + 2¢ (mod 8) = 5 = 3% (mod 8) = 5 =1 (mod 8):
vo 1.

Dodéy=2.Suyrax=y=2=2. |

Phuong phap nay thuong hay sit dung cho cac phuong trinh c¢6 an & s6
mi va cac phuong trinh c¢6 nghiém nho.

4.2.4 S dung A cta phuadng trinh bac 2

Nhan xét. Viét phuong trinh dudi dang phuong trinh bac hai déi véi
mot an, dung diéu kien. A > 0 hoiic A 1a s6 chinh phuong. Ta sé tity
truong hgp dé chon mot trong hai cach xét A vao viec gidi toan.

Vi du 4.22. Gidi phuong trinh nghiém nguyén

322+ (B3y — )z +3y* —8y =0 (4.27)
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4.2.3 Chi ra nghiém

Nhan xzét. Phuong phap nay danh cho nhing bai todn gidi phuong
trinh nghiém nguyén khi ma ta da tim dugc chinh xac nghiém nguyén
va muén chitng minh phuong trinh chi c¢6 duy nhat cac nghiém nguyén
d6 ma thoi.

Vi du 4.21. Tim nghiém nguyén duong cia phuong trinh
2 4 3% =5" (4.26)

L&i gidi. Chia 2 vé clia phuong trinh (4.26) cho s6 duong 5%, ta dugc:

aaoye (2) 4 (2) =1

2 3
Véi x = 1 thi ta dugc 5 + 5= 1:ding nén x = 1 1a 1 nghiém cta

(4.26).
(0 203

Vé6i x > 1 thi

Do d6 moi gia tri x > 1 déu khong 1a nghiém ctia (4.26). Vay nghiém
nguyen duong cua (4.26) 1la x = 1. [
Nhan zét. O vi du tren, ta dé nhan thidy z = 1 1a nghiem duy nhét
clia phuong trinh nén chi can ching minh v6i x > 1 thi phuong trinh

vo nghiem. Ngoai ra, tit bai toan trén ta c6 thé md rong thanh hai bai
toan méi:

Bai toan 4.1. Tim nghiém nguyén duong cia phuong trinh

Bang cach gii tuong tu ta ciing tim dugce nghiém duy nhat clia phuong
trinh trén la x = 4.

DIEN DAN TOAN HOC Chuyén dé Sé hoc
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Phuong trinh da cho ¢6 6 nghiém nguyén

(z3y) = (—16;8), (0;0), (—12;0), (—16;8), (4;8), (4; —8)
Nhan xét. Nhu vay bai toan ngan gon, chinh xac nhd linh hoat trong
viéc xét tinh chin 18, gidi han hai s6 dé gidm s6 truong hop can xét.
Ngoai cac cach danh gia trén ta con cé thé ap dung xét s6 du ting vé

dé danh gia (day ciing 13 mot phuong phap giai phuong trinh nghiem
nguyen).

Bai tap dé nghi

BAI 1. Thit bién d6i cac bai toan giadi phuong trinh nghiem nguyén
& phuong phap Biéu thi mot an theo an con lai bing phuong
phap dua vé uéc so.

BA1 2. Tim do dai canh mdt tam gidc vudong sao cho tich hai canh
huyén gap ba lan chu vi tam giac dé.

BAI1 3. Giai phuong trinh nghiém nguyén z — y + 2zy = 6
BAI1 4. Giéi phuong trinh nghiém nguyén 2x + 5y + 2zy = 8

BA1 5. (Thi HSG 16p 9 tinh Quéng Ngai nam 2011-2012) Giai phuong
trinh nghiém nguyén 6x + 5y + 18 = 2zy

BAI 6. Tim nghiém nguyen (zy — 7)% = 22 + 2
BA1 7. Tim z,y € Z théa man 222 — 2zy = 5z — y — 19.

BAI 8. Tim nghiém nguyén ctia phuong trinh 22 +6xy+8y%+ 3z +6y =
2.

BAI 9. Tim nghiém nguyén duong ctia phuong trinh 23 — 3% = 2y + 61

BA1 10. Tim nghiém nguyén ctia phuong trinh 422y? = 22 + 2(1 + ) +
y(1+y)

BAr 11. Giai phuong trinh nghiém nguyen z(z + 1)(z + 7)(z + 8) = .
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BA1 12.

BAI1 13.

BAI1 14.

BAI 15.

BA1 16.

BAI1 17.

BA1 18.

BA1 19.

BA1 20.

BA1 21.

BA1 22.

Tim nghiém nguyén ducng ciia phuong trinh 623 — zy(11z +
3y) + 2y3 = 6 (Tap chi TTT2 s 106).

Tim nghiém nguyén duong ctia phuong trinh z(z +2y)% —y(y +
27)3 = 27 (tap chi THTT s6 398).

Tim nghiém nguyén ctia phuong trinh v/922 + 162 + 96 = 3z —
16y — 24.

Tim nghiém nguyén duong ctia phuong trinh
2+ + L + + !
T+ = T+ - =
o TV T

Tim s6 nguyén x dé z2 — 4z — 52 1a s6 chinh phuong.

Giai phuong trinh nghiem nguyén 2 + 2y? + 3zy — 2o —y = 6.
Giai phuong trinh nghiém nguyéen z? + 3zy — 3% + 2z — 3y = 5.
Giai phuong trinh nghiém nguyén 222 + 3y% + zy — 3z —3 = 4.
(Tuyén sinh vao 16p 10 THPT chuyén truong KHTN Ha Noi
nam hoc 2012-2013) Tim tat ca céc cip s6 nguyén z,y théa
man dang thic (r +y+ 1)(zy + 2 +vy) =5+ 2(z + y).

Giai phuong trinh nghiem nguyen x? — 2y* — 22y? — 422 — Ty? —

5=0.
(Thi HSG ldp 9 tinh Hung Yén nam 2011-2012)

(Romanian 1999) Chiing minh rang phuong trinh sau khong c6
nghiém nguyén

2° — zty — 1323y% + 13223 + 362y — 36y° = 1937
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BA1 3.

BAI 4.

BAI 5.

BAI 6.

BAI 7.

BA1 8.

BA1 9.

BA1 10.

BAr1 11.

(Dé thi tuyén sinh vao dai hoc Vinh) Tim nghiém nguyén ctia
phuong trinh

(22 + 1)y + 4) (2% + 9) = 48zy=

Giai phuong trinh nghiém nguyén

4 n 1 n 25
Ve—2 Vg1 Vo5

=16—vVz—-2—\y—1-vVz—-5

>4+ 22=9
Tim nghiém nguyén ctia hé phuong trinh { y? + > = 16
Tt +yz =12

Tim nghiém nguyén duong ciia phuong trinh 23 +1y3 —6zy+8 =
0.

=12
Tim nghiém nguyén ctia hé phuong trinh x4y + yf + Zf
x* 4+ y*+ 25 =48
Cho phuong trinh 23 + y3 4 23 = nayz.

a, Ching minh ring khi m = 1 vd m = 2 thi phuong trinh
khoéng c6 nghiém nguyén duong.

b, Giai phuong trinh nghiém nguyén duong khi m = 3.

Giai phuong trinh nghiem nguyén duong (23 +y3)+4(2? +y?)+
4(x +y) = 16xy.

Giai phuong trinh nghiém nguyén duong

Bty +a? + P +2) =20~ + )Y’ —y+ 1)

Giai phuong trinh nghiém nguyén duong véi z, vy, z 1a cac s6 doi
mot khac nhau

PP+ = (w+y+2)?

Chuyeén dé Sé hoc
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Ap dung Bat ding thitcc AM-GM cho bo ba s6 duong (22)3, 2% va (y? +
5)3 ta dudgc:

(%) +(y*+5)%+2% > 3{/(22)3.(y2 + 5)3.23 = 32?2(y*+5) = VP(4.25)

Dau bing chi xdy ra khi 22 = y?> + 5 = 5.
Mat khac ta co:

x2:y2—|—5<:>(:n—y)(a:+y):5

bay la mét dang phuong trinh nghiém nguyén quen thudc ta da hoc,
toi tin chic cac ban déu cé thé dé& dang gidi phuong trinh trén, va ti
x;y trén ta co thé tim dugc z mot cach dé dang.

Dap s6: Nghiém nguyeén ctia phuong trinh (4.25) 1a (z;y;2) = (3;2;9).1

Vi du 4.20. Tim nghiém nguyén cta phuong trinh
(r+y+2)?2=30a"+y*+1)

Loi giai. Ap dung bat ding thitc Bunyakovsky cho hai bo s6 (z,,1)
va (1,1,1) ta co

(@+y+1)? < (P+ 12+ 1%)(@ + > +1) = 3% +y° + 1)

Déng thic xay ra khi va chi khi z =y = 1.
Vay phuong trinh c¢6 nghiém nguyén 1a (z,y) = (1,1). [

Nhan zét. Cac bai Toan vé phuong trinh nghiém nguyén ma gidi bang
cach st dung Bat ding thic rat it dung vi rat dé bi 1o dung ¥ néu
ngudi ra dé khong khéo léo. Tuy nhién, ta vAn phai thanh thao phuong
phap nay khong dude xem thuong né dé tranh nhing sai lam dang tiéc
khong thé sta dugce.
Bai tap dé nghi
BAr1 1. Tim nghiém nguyén duong x,y théa man phuong trinh (22 +
1)(2? + y?) = 4a’y

z  zT

L

= =3

BAI 2. Tim nghiém nguyén ctia phuong trinh Y +
z x Yy
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4.1.3 Biéu thi mét an theo an con lai roi sir dung tinh chia
hét

Vi du 4.10. Tim nghiém nguyén cta phuong trinh
20 —zy+3=0 (4.17)

Loi gidi. Nhan xzét. 0 phuong trinh nay ta khong thé 4p dung céc cach
da biét, vay ta phai lam sao? Chi ¥ hon mot xfu nita ta thay co thé
biéu dién y theo x dugc rdi van dung kién thic tim gia tri nguyen &
16p 8 tim nghiém nguyén ctia phuong trinh, thi lam theo ¥ tudng dé6
xem sao.

(417) e 2y =2x+3

Néu z = 0 thi phuong trinh (4.17) da cho vo nghiém nguyeén y.
Néu x # 0 thi

_2z+3 3

x
. )
Nhu vy muodn y nguyén thi ta can — nguyén hay noi cach khac = la
x
ude ctua 3. V6i moi gia tri nguyén x ta tim duge mot gia tri y nguyen.
Tt do, ta c6 bo nghiém cia (4.17) 1a
(z3y) = (=3;1); (=1, —1); (1;5); (3;3)

Vi du 4.11 (Thi HSG 18p 9 Quang Ngai nam 2011-2012). Tim cdc s6
nguyén duong x,y sao cho

62 + by + 18 = 2zy (4.18)

Nhan zét. Huéng phan tich va dinh huéng 16i gidi. Da xéc dinh duge
phuong phap ctia dang nay thi bay gio ta sé biéu dién an z theo y.
Khong khé dé viét thanh z = —oy— 18

6 — 2y
thitc nay rat kho phan tich nhu biéu thiic & vi du dau. Tuy nhién, néu
dé y ki sé thay beén mau la 2y va tit 1a 5y, do dé ta manh dan nhan 2
vao tit dé xuat hien 2y giéng nhu & mau.

. Ta duong nhu nhan thay biéu
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Loi giadi. Ta c6

5y — 18
418 ]
(4.18) &z 62y
—10y — 36
9y = 40
&2 63y
66 +5(6—2y)  —66
o 6— 2y 62y

@23::3_ﬁ+5

Nhu vay mudn 2 1a sd nguyén duong thi 3 — y 1a phai 1a wéc cta —33.
Hay 3 —y € {£1;£3;411,433}. Lai dé y ring viy > 1 nén 3 —y < 2.
Do d6 chi ¢6 thé 3 —y € {£1;—3; —11; —33}. Ta c6 bang sau:

3—y| 1 |-1]-3]-11] -33
y 2 | 4| 6 | 14 | 36
x | —14[19] 8 | 4 | 3

Thit lai thay céc cip (x;y) nguyén duong théa man (4.18) la (x;y) =
(19;4), (8;6), (4;14), (3; 36). u

Nhan zét. Bai nay ta ciing c6 thé sit dung phuong phap dua vé phuong
trinh wdc s6. Ciing xin chi § v6i ban rang & 10i gidi trén thi ta da nhan
2 ¢ x dé bién doi, do d6 phai c6 mot bude thit lai coi gia tri x,y tim
dugc c6 théa man (4.18) hay khong roi méi c6 thé két luan.

Bai tap dé nghi

BAI 1. Giai phuong trinh nghiém nguyén 22 — zy = 6z — 5y — 8.

BAI 2. Giai phuong trinh nghiem nguyéen 22 + z + 1 = 2zy + .

BAI 3. Giai phuong trinh nghiem nguyén z3 — 2%y + 3z — 2y — 5 = 0.

BAr 4. (Vao 10 chuyén THPT DHKHTN Ha Noi nam 2001-2002) Tim
gia tri ,y nguyen théa man dang thic (y — 2)2% + 1 = 32

DIEN DAN TOAN HOC Chuyén dé Sé hoc

4.2. Sit dung bat ding thiic 7

DAu dang thitc xay ra khi v chi khi a1 = as = -+ = a,,.

2. Bat ddng thitc Bunhiacopzki (hay con dugc goi la bat dang thitc
Cauchy - Bunyakovsky - Schwarz): V6i hai bo s6 thuc bat ki
(CLl,CLQ, o 7an) va (b17 b27 U abn)a ta co

(af+aj+- +a2) (b +b3+- +b2) >
> (arby + agby + - - - + anby)?.

Déng thiic xay ra khi va chi khi ton tai sé thuc k sao cho a; = kb;
v6i moi i =1,2,--- ,n.

3. Bt ddng thic Trebusep (hay con viét la bat dang thitc Chebyshev):
Cho day hitu han céac sd thuce duge sap theo thit tu a; < as <
e <apvab <by <-..-<b,. Khidb ta co:

n(a1by +asbe+---+apby) > (a1 +as+---+an) (b1 +ba+---+by)

DAu ding thitc xéy ra khi v chi khi | 21~ %27 7 %
by =by=---=b,

Bay gio ta sé cling xem xét mot s6 vi du sau:
Vi du 4.19. Gidi phuong trinh nghiém nguyén duong sau:
28+ 23 — 15222 = 32%y%2 — (y* +5)3 (4.25)

L&i gidi. Nhan zét. O phuong trinh nay khi méi nhin vao hén da s6
cac ban sé c¢6 phan réi, khong xac dinh duge phuong phap lam, khong
van dung dugc cac phuong phap da hoc. Tuy nhién néu dé ¥ ki mot
xi thi ta thay 2% = (22)3 didu nay c6 gi diic biet? Ta thay (22)3, 23 va
(y? + 5)3 déu c6 ciing bac ba va dé bai da cho nguyén duong nén ta
nghi ngay dén mot Bat dang thic kinh dién: Bat dang thic Cauchy
hay con goi 1a bat dang thitc AM-GM.

Ta giai nhu sau

(4.25) < ()3 + (y? +5)% + 2% = 32%2(y® + 5)
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tich luon nhu bai truée. Néu ban dé ¥ rang néu khong phan chia thanh
hai trudng hgp nhuu trén thi phuong trinh (4.24) s& thanh 2y+1 > 32z,
rat kho dé tiép tuc phan tich ra nghiém. Do dé viéc xét nhuu trén la
hgp 1i.

Bai tap dé nghi

BA1 1. Giai phuong trinh nghiém nguyén duong 2(x+y+2)+9 = 3zyz.
BAr1 2. Giéi phuong trinh nghiém nguyén duong zyz = 3(x + y + 2).

BA1 3. Giai phuong trinh nghiém nguyeén duong 5(z+y+z+t)+10 =
2xyzt

BAT1 4. Giai phuong trinh nghiém nguyén duong z! + y! = (x + y)!
(K{ hieu z! 1 tich cdc s6 tu nhién lien tiép tit 1 dén x).

BAI 5. Tim nghiém nguyén duong ciia phuong trinh 22 + 7y = y3 4 7x.

BAI1 6. Tim nghiém nguyén duong ctia phuong trinh x1+xo+- - -4+x12 =
T1To - T12.

. x
BA1 7. Tim tat ca cac nghiém nguyén duong cua phuong trinh —— +
Y4z

Yty =t
22 2

BAI1 8. Tim nghiém nguyén duong ctia phuong trinh x! + ¢! + 2! = ul.

4.2.2 S dung bat ding thic

Nhan zét. Dé gidi phuong trinh nay, ta thuong sit dung cac bat ding
thitc quen thugc dé danh gid mot vé clia phuong trinh khong nhé hon
(hodc khong 16n hon) vé con lai. Muén cho hai vé bang nhau thi bat
déng thitc phai tré thanh dang thic.

Cu thé, ta c6 mot sd bat dang thiic co ban thudng dimng:

1. Bat dang thic Cauchy (hay com goi la bat ding thic AM-GM):

Néu a, a9, -+ ,a, 1a cac s6 thyc khong am thi

ay+ag+---+an
2> Ja1a2---an

n
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BA1 5. (Vao 10 chuyén THPT DHKHTN Ha Noi nam 2000-2001) Tim
cap sb6 nguyén (z,y) thdéa man déng thitc y(z — 1) = 22 + 2.

BAI 6. Tim s6 nhd nhét trong cac s6 nguyen duong 1a boi ctia 2007 va
c6 4 chit s6 cudi cung 1a 2008.

BA1 7. Tim nghiém nguyén ctia phuong trinh 5z — 3y = 2zy — 11.

4.1.4 Xét sb du tirng vé

Co s phuong phap. Doc ngay tiéu dé phuong phéap thi chic ban sé
hiéu ngay phuong phap nay noéi dén viec xét sé6 du & timng vé cho cling
mot s6. Vay, tai sao lai phai xét va xét nhu vay c6 1¢i ich gi trong "cong
cuoc" giai toan? Hay cling tim hiéu qua vi du dau sau:

Vi du 4.12. Tim nghiém nguyén cia phuong trinh
2?4+ y* = 2011 (4.19)

Loi gidi. Ta c6 2%;y? chia 4 c¢6 thé du 0 hosic 1 nén tong ching chia 4
chi c6 thé du 0; 1 hoac 2. Mit khac 2011 chia 4 dua 3 nén phuong trinh
(4.19) vo nghiém nguyen. [

Nhan zét. Qua vi du dau nay thi ta da thay ré sd du khi chia cho 4 ctia
hai s6 khac nhau thi phuong trinh vo nghiem. Do dé ta lai cang hiéu
thém muc dich clia phuong phap nay. Bat mi thém ti nita thi phuong
phéap nay chtt yéu dung cho cic phuong trinh khong c6 nghiém nguyeén.
Cho nén, néu ban bat gip mot phuong trinh bat ki ma ban khong thé
tim ra dugc nghiém cho phuong trinh d6, thi hay nghi dén phuong
phap nay dau tien. Con bay gio ta tiép tuc dén véi vi du sau:

Vi du 4.13 (Balkan MO 1998). Tim nghiém nguyén cia phuong trinh
a?=y5 —4 (4.20)

Lai gidi. Ta c6: 22 = 0;1;3;4;5;9 (mod 11). Trong khi d6 y° — 4 =
6;7;8 (mod 11): vo ly. Vay phuong trinh (4.20) vo nghiém nguyén. W
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Nhan zét. Mot cau hoi nita lai 16e 1én trong dau ta: Lam thé nao lai ¢6
thé tim dugc con s6 11 dé ma xét dong du duge nhi? Dap an ciia cau
héi nay ciing chinh 1a cai cbt 161 dé ban van dung phuong phap nay, va
d6 ciing la nhitng kinh nghiém sau:

1. D6i v6i phuong trinh nghiém nguyén c6 sy tham gia clia cac binh
phuong thi ta thuong xét dong du véi 3,4,5,8. Cu thé la:

a’>=0,1 (mod 3)
a’=0,1 (mod 4)
a’=0,1,4 (mod 5)
a’?=0,1,4 (mod 8)

2. D6i vé6i cac phuong trinh nghiém nguyén cé sy tham gia ciia cac
s6 lap phuong thi ta thudng xét dong du véi 9, vi 2% = 0;1;8
(mod 9) va dong du véi 7, vi 23 =0,1,6 (mod 7).

3. Déi v6i phuong trinh nghiém nguyén c6 sy tham gia ctia céac
liiy thita bac 4 thi ta thuong xét dong du véi 8, nhu: 2* = 0,1
(mod 8).

4. Mot van dé cudi cung la dinh 1i Fermat: D6i v6i phuong trinh
nghiém nguyén c6 syt tham gia ciia cac lity thita c6 s6 mil 14 mot
s6 nguyeén t6 hay 14 mot s6 ma khi cong 1 vao s6 d6 ta duge mot
s6 nguyén tb thi ta thuong sit dung dinh i nhé Fermat dé xét
dong du.

Trén day 1a mot sd kinh nghiém ban than, con néu cac ban mudn van
dung dugc phuong phap xét s6 du nay, yéu cau hay ghi nhé kinh nghiém
trén va tim cach chitng minh né. Ngoai ra, néu ban muén mé rong tam
hiéu biét hon nita, ban c6 thé tim cac dong du véi lity thira khac nhau
(chéng han qua vi du 2 ta da rat ra dugec modun 11 cho liy thita bac
hai, bac nadm). Con bay gis, hay thit xem kinh nghiém trén c¢6 hiéu quéa
khong nhé!

Vi du 4.14 (Bai toan trong tuan - diendantoanhoc.net). Chiing minh

rang phuong trinh sau khong cé nghiém nguyén

2+ ¢ = 214199
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Loi giadi (L&i gidi sai). Khong mat tinh tong quat, gid st 1 <z <y <
z.Khidé x+y+1 < 3zhayzyz < 3z,suyrazy<3. Maz>y>zx>1
néenxr=y=z=1.

Nhan zét. Cai 16i sai 6 16i giai nay la do x,y, z khong binh dang, nén
khong thé sap thit tu cac an nhu trén. Sau day la 15i giai ding:

Loi giai. Khong mat tinh tong quét, gia si 1 < x < y. Ta xét truong
hop:

e Néu x = y thi

(4.24) © 2y +1 = 22
syz—2)=1

e Néu z < y thi tr (4.24) suy ra 2y + 1 > xyz. = 2y > zyz =
xz <2=xz€{l;2}.

* Voizz =1 =2 =2=1,thay vao (4.24) suyray+2 =y

(v0 nghiém).

* VOi xz = 2 = “ hoac o . Tu day ta tim
z =2 z=1

dugc nghiem x =1,y =2,z=2hoacx =1,y =3,z = 1.

Vay phuong trinh ¢6 nghiém nguyén duong la (1; 1;3), (1;2;2), (2;1;2),
(2;3;1), (3;2;1). u

Nhan zét. Bay gio ban da hiéu vi cach sdp xép cac an nhu thé no.
Nhung tai sao & bai nay lai xét x = y va & < y ma lai khong di vao phan
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4.2 Sit dung bt ding thirc

4.2.1 S3p thd tu cic an
Vi du 4.17. Gidi phuong trinh nghiém nguyén duong sau

11 1
—+-4+=-=1 (4.23)
x Yy z

Loi gidi. Khong mat tinh tong quat, ta co thé gia st

1 1 1 3
1<z<y<z=-+-+-=1<—-=x<3
x Yy oz x

e V6i z =1 thi (4.23) khong c¢é nghiém nguyén duong.

1 1 1 1 2
e VGi x = 2 thi - + +f—1 S -4+ -==-<-=y <4 Mat
y z 27y

khac, y >z = 2 = y € {2, 3;4}. Ta thit lan lugt céc gia tri clia y

*x V6i y = 2 thi (4.23) vo nghiém nguyén.
* Véiy =3 thi 2 = 6.
* V61 y =4 thi z =4.

1

. 11 1 1 2 .
e Viz=3taco -+-—+-=1-+-=-<—-=9y <3 Mat
Yy oz y z 3

3
khédc,doy>zx=3=y=3=2=3

Q@\l\’)

Vay nghiém nguyén (x;y; z) cia (4.23) 1a hoan vi ctia cac bo (2;3;6);
(2;4;4); (3;33). -

Nhan zét. Phuong phap nay dude st dung & chd sip thi tu céc an
1 <z <y < z rdi gi6i han nghiem dé giai.

Ta chi sit dung phuong phap sip thi tu cac an khi vai tro céc an la
binh ding véi nhau. D6 d6 khi van dung phuong phap nay cic ban can
chii ¥ dé tranh nham 1an. Cu thé, ta sé dén véi vi du sau:

Vi du 4.18. Gidi phuong trinh nghiém nguyén duong

r+y+1=uzyz (4.24)
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Nhan xzét. Thuong thuong cac bai toan khi diat cau hoi phuong trinh
c6 nghiem hay khong thi thudong cé cau tra 16i 1a khéng. Do do dé
chiing minh phuong trinh trén khong c6 nghiém, thi ta sé tim mot con
s6 sao cho khi chia VT va VP cho con s6 nay thi duge hai s6 du khac
nhau.

Nhu vay, cong viéc bay gid ciia ta la tim con s6 dé. Dé y dén s6 mii 10
thi sé khién ta lién tudng con s6 11 1a s6 nguyeén t6. Nhu vay 10i giai
clia ta sé ap dung dinh 1y Fermat nhé cho s6 11 dé ching minh hai vé
phuong trinh chia cho 11 khong cung s6 du.

719=0,1 (mod 11)
Loi gidi. Ap dung dinh 1y Fermat nhé thi { y0 = 0,1 (mod 11)
2z19=0,1 (mod 11)

Do d6 10 4+ 0 — 210 =10,1,2,10 (mod 11) ma 199 = 8 (mod 11) nén
phuong trinh vo6 nghiém nguyén. |

Vi du 4.15 (Dé thi chon HSG toan quéc gia nam 2003 - Bang B).
Heé phuong trinh sau cé ton tai nghiém nguyén hay khong:

P4yt =(r+1)?+uP=(+2%+ P =(x+3)%+2 (421

Nhan zét. Ta du doan phuong trinh trén ctiing sé vo nghiém. Do dé
can tim mot s6 va khi chia ca 5 vé dudc cac s6 du khac nhau. Dé § bai
toan nay c6 binh phuong nén ta nghi tdi viéc sit dung cac tinh chat
nhu: a? = 0,1 (mod 3), a®> =0,1 (mod 4), a®> =0,1,4 (mod 5), a® =
0,1,4 (mod 8). O bai toan nay, ta sé chon 8. Bay gid chi cn xét tinh
du khi chia cho 8.

Lai giai. Gia st phuong trinh (4.21) ¢6 nghiém nguyén (xg, yo, uo, vo, to),
tic la:

w2 4yr = (w0 + 1)+ ud = (w0 +2)2 + 03 = (o +3)2 +13  (4.22)

Véi a € Z thi a®> =0,1,4 (mod 8). Ta xét cac kha nang sau:
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1. Néu 20 =0 (mod 4) thi 23 + 92 =0,1,4 (mod 8). Va

zo+1=1 (mod 8)=
2o+2=2 (mod 4)

zo+3=3 (mod 4) 1

+12=1,2,5 (mod 8)
Nhan thiy {0,1,4} N {1,2,5} N {0,4,5} N {1,2,5} = 0 nén do dé
phuong trinh khong c6 nghiém nguyén véi x = 0 (mod 4).

2. Tuong tu véizg =1 (mod 4),z9 =2 (mod 4) vi zp = 3 (mod 4)
ta cling thyc hién tuong ty va ciing cho két qud phuong trinh
khong c¢6 nghiém nguyén.

Vay phuong trinh (4.21) da cho khong c6 nghiém nguyén. [

Nhan zét. Vi du 4 ta c6 thé tdng quat len:

Vi du 4.16. Tim s6 nguyén duong n lon nhat sao cho hé phuong trinh
(@+1)°+yf =@ +2°+y5=...= (@ +n)’ +y;

c6 nghiém nguyén. A

Day ciing chinh 1a dé thi chon doi tuyén HSG qubc gia toan nam 2003
- Bang A. Loi giai xin gianh cho ban doc. Cling xin néi thém mot thira
nhan ring, & phuong phap xét sé6 du ting vé nay, ching ta cit tudng
chiing nhu don gidn, nhung thie chat khong phai thé. Dan ching 1a
cac vi du & trén, déu 1a cac bai todn hay va kho 1y tir khac cuoc thi
trong nudc va ngoai nudc.

Bai tap dé nghi

BAI 1. Cho da thitc f(z) c6 cac hé s6 nguyen. Biét rang f(1).f(2) 1a s
18. Chitng minh rang phuong trinh f(0) = 0 khong c6 nghiem
nghiém nguyén.
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BAI 2. Ton tai hay khong nghiém nguyén ctia phuong trinh z'2 +y'2 +
212 -9 (372012 + 20141995) .

BAI 3. Giai phuong trinh nghiem nguyén 312% + 122¢ 4 1997%% = 42
BAT1 4. Giéi phuong trinh nghiém nguyén duong 7% = 2% - 3¥ — 1
BA1 5. Giéi phuong trinh nghiém nguyén duong 2% - 3¥Y = 1 + 57

BA1 6. Giéi phuong trinh nghiém ty nhién 19% +5Y + 1890 = 19754 4
1993.

BA1 7. Giai phuong trinh nghiem nguyen 22 + 3% + 23 = 1012
BA1 8. (Tuyén sinh vao 16p 10 chuyén Tran Pha, Hai Phong niam hoc
2012-2013) z* + y* + 2* = 2012

n

BA19. |z —y|+ |y —z|+ |z —z| = 5

v6i moin € N

BA1 10. Tim nghiém nguyén ctia phuong trinh (2% 4 1)(2% + 2)(2* +
3)(2% + 4) — 5Y = 11879
BAr1 11. Tim nghiém nguyén ctia phuong trinh 22 + (z+1)?+ (2 +2)% =

2.

BAI 12. (Tuyén sinh vao THPT chuyén DHKHTN Ha Noi nam 2011-
2012) Chiing minh réang khong ton tai bo ba s6 nguyén (z;y; 2)
théa man x* + y* = 724 + 5.

BAI 13. Gii phuong trinh nghi¢m nguyén zj+a35+- - - = 273+20122015.

BAI1 14. Cho p 1a s6 nguyén t6 1é. Chitng minh rang phuong trinh 2P +
y? = p[(p — 1)!]” khong c6 nghiém nguyen

BAI 15. Tim nghiém nguyén ciia phuong trinh 22012 — 32010 — 7,

BAI 16. Chitng minh ring khong ton tai s6 nguyén z,y théa man z° +
Y +1=(z+2)°+(y—3)°
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