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6.3.2 Ung dung
Trong Ly thuyét sb

Vi du 6.13. Ching minh rdang vdi moi so tu nhién n, ton tai n s6 tu
nhién lién tiép ma moi so trong n s6 dé déu la hop so. A

Loi gidi. Y tudng: ta sé tao ra mot he phuong trinh dong du gom n
phuong trinh dong du. Dya vao dinh 1i thing du Trung Hoa, ta két
luan duge sy ton tai nghiém ctia hé do.

Gia st p1,p2, ..., pn 12 n sd nguyén t6 khac nhau titng doi mot.

Xét hé phuong trinh dong du z = —k (mod p?)(k =1,2,...,n).

Theo dinh 1i thing du Trung Hoa, ton tai 29 € N* sao cho g = —k
(mod p3?),Vk = 1,2,...,n.

Khi d6 cac s6 xg + 1520 + 2, ...; 29 + n déu 1a hgp s6.(dpem) [

Vi du 6.14. Chitng minh rang vdi moi so tu nhién n, ton tai n so tu
nhién lién tiép sao cho bat ki s6 nao trong cic s6 dé cing déu khong
phdi liiy thita (vdi s6 mi nguyén duong) ciia mot so nguyén to. A

Nhan zét. Bai nay ciing gan tuong tif v6i ¥ tudng clia bai toan & vi du
cting c6. Tuy nhién viéc tim ra hé phuong trinh dong du khé hon mot
chut.

L&i giai. V6i mdi s6 ty nhién n, xét n s6 nguyén té khac nhau ting doi
mot p1, P2, -+, Pn-

Theo dinh li Thiang du Trung Hoa, ton tai a € N* sao cho a = p;, — k
(mod p3) (k=1,2,...,n).

Khi d6 dé thay ring cac s6 a + 1,a + 2, ...,a + n déu khong phai liy
thita v6i s6 mit nguyén duong clia mot s6 nguyén t6 (dpem). [ |

Vi du 6.15. Cho trudc cdic s6 nguyén dwong n,s. Chitng minh rang ton
tai n so0 nguyén duong lién tiép ma moi s6 déu cé udc la liy thia bdc

s ctia mot s6 nguyén dwong lén hon 1. A
Lai giai. Xét day Fj, = 22" +1,(n =0,1,2,...). D& chitng minh bé dé
sau:

B6 pE 6.4 Néun #m thi (F,, F,) =1. O

Chuyén dé Sé hoc DIEN DAN TOAN HOC
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Ap dung dinh lf Thing du Trung Hoa cho n s6 nguyéen t6 cing nhau
F{ Fs, .. FSvansdr,=—i(i =1,2,..,n) ta c6 ton tai s6 nguyén c

sao cho ¢ + z'fFZ-S.
Vay day {c+ i}, 1a n s6 nguyén duong lien tiép, s6 hang thit ¢ chia
hét cho F?. [ |

Vi du 6.16. Ching minh rang ton tai mot da thic P(x) € Z[z], khong

c6 nghiém nguyén sao cho vdi moi s6 nguyén duong n, ton tai s6 nguyén
x sao cho P(x) chia hét cho n. A

Lai gidi. Ta c6 thé xét da thitc P(z) = (3z + 1)(2z + 1).

Véi mdi s6 nguyen duong n, ta biéu dién n dusi dang n = 2F(2m + 1).

Vi GCD(2*,3) = 1 nén ton tai a sao cho 3a = 1 (mod 2¥). T d6
3r=-1 (mod2*) & z=—-a (mod 2"

Tuong tu GCD (2,2m+1) = 1 nén ton tai b sao cho 20 = 1 (mod (2m+
1)). Tit d6

2c=—-1 (mod 2m+1)) < x=-b (mod (2m+1))

Cubi ciing, do GCD (2%,2m+1) = 1 nén theo dinh 1y Thang du Trung
Hoa, ton tai s6 nguyén x 1& nghiém cia he:

i

Va theo ly luan trén, P(x) = (3z + 1)(2z + 1):n. [

—a  (mod 2F)
—b (mod (2m+ 1))

Vi du 6.17. Trong ludi diém nguyén cia mat phing toa do Oxy, mot
diém A vdi toa do (xo,90) € 72 duogc goi la nhin thay tw O néu doan
thang OA khong chita diém nguyén nao khdc ngoai A,O. Ching minh
ring véi moi n nguyén duong lon tuy 1, ton tai hinh vuong n X n cé cdc
dinh nguyén, hon nita tat cd cic diém nguyén ndm bén trong va trén
bien ciia hinh vuong déu khong nhin thay duoc ti O. AN

DIEN DAN TOAN HOC Chuyén dé Sé hoc
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[13] Nguyén Trong Nam, Ly thuyét dong dv va ting dung trong ma sia
sai
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Loi giadi. Dé thay diéu kién can va da dé diém A(zo, yo) nhin thiy dugce
t O 1a ged(zo,yo) = 1.

Dé giai quyét bai toan, ta sé xay dung mot hinh vuong n x n véi n
nguyén duong 16n tlty ¥ sao cho v6i moi diém nguyén (z,y) nim trong
hoiic trén hinh vudéng déu khong thé nhin thay duge tit O.

That vay, chon p;; 1a cac s6 nguyén t6 doi mot khac nhau v6i 0 < i, j <
n. Xét hai hé dong du sau:

r = 0 (mod po,po,--po,)
z+1 = 0 (mod p1,p1,...p1,)
r+2 = 0 (mod py,p2,...p2,)
z+n = 0 (mod pp,pny---Pn,)

va

y = 0 (mOd p01p02"'p0n)
y+1 = 0 (mod pi,pi1,...p1,)
y+2 = 0 (mod py,pa,...p2,)
y+n = 0 (mOd pnlpnz"'pnn)

Theo dinh 1y Thing du Trung Hoa thi ton tai (20, yo) théa méan hai he
dong du trén.

Khi d6, r6 rang ged(zo + 4,50 +4) > 1, Vi, 57 =0,1,2,...,n.

Diéu d6 c6 nghia la moi diém nim bén trong hodc trén bién hinh vuong
n x n xac dinh bdi diém phia dudi bén trai 1a (x9,y0) déu khong thé
nhin thay dugc tit O. Bai toan duge chiing minh. |

Trong tim s6 lwong nghiém nguyén ctia mot phuong trinh
nghiém nguyén

Vi du 6.18. Cho s6 nguyén duongn = p{*ps?...pp*, trong dé p1,pa, ..., i
la cdc s6 nguyén toé doi mot khdc nhau. Tim s6 nghiém cia phuong
trinh:

> +2x=0 (modn)

Chuyén dé Sé hoc DIEN DAN TOAN HOC
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z(x+1)=0 (mod p;)

x = 0 (modpf»“i)‘
= r = —1 (mod p¢) (6.14)

Theo dinh 1i Thang du Trung Hoa, mdi hé phuong trinh 22 + 2 = 0
z = a; (mod p;*)

(mod n) & < a; € {—1;0} ¢6 duy nhat mot nghiem va ta c6 2%

i=1,%
he (bang s6 bo (ay,as,...,ar), a; € {—1;0}), nghiem clia cac he khac
nhau. Suy ra phuong trinh da cho ¢6 dung 2F nghiem. |

Vi du 6.19. Cho m = 200720 | Héi ¢6 tat cd bao nhiéu s6 tu nhién
n<m sao cho m|n(2n + 1)(5n + 2) . A

L&i giai. Dé thay GCD (m;10) = 1. Do do:

n(2n 4+ 1)(5n + 2)
< 10n(10n 4 5)(10n + 4)

0 (mod m)

0 (mod m) (6.15)

Ta c6: m = 340162232008 P& cho thuan tien, dat 10n = x; 34016 =
qi; 2232008 = qo.
Khi d6 GCD (q1,¢q2) = 1 nén (6.15) tuong duong véi:

x(z+5)(z+4)
z(x +5)(z+4)

(mod ¢1) (6.16)

=0
=0 (mod g2) (6.17)

Dé thay:

e (6.16) x&y rakhiva chikhiz =0 (mod ¢1) hodcz = —5 (mod ¢1)
hoac x = —4 (mod ¢).

e (6.17) x&y ra khi va chikhiz = 0 (mod ¢2) hodc x = —5 (mod ¢2)
hodc x = —4 (mod ¢2).
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Do d6 tur (6.16) va (6.17), v6i luu y rang x = 0 (mod 10), suy ra n la
s6 tu nhién thoa man cac diéu kién dé bai khi va chi khi n = %, vOi x
14 s6 nguyén théa man hé diéu kién sau:

z=0 (mod 10)

x=1 (mod q1)

x=ry (mod g2) (6.18)
0 <z <10q192

r1,1r2 € {0;—4; =5}

Vi 10; q1; g2 doi mot nguyén t6 ciing nhau nén theo dinh 1i Thang du
Trung Hoa, hé (6.18) ¢6 nghiém duy nhét.

Dé thay sé c6 9 s6 x 1a nghiém ctia 9 hé (6.18) tuong ting. Vi moi s6 z
cho ta mot sd n va hai s6 = cho hai s6 n khac nhau nén c6 9 s6 n thoa
méan cac dieu kién dé bai. [ |

Nhan zét. Vi du 6.19 chinh la truong hgp dic biét ciia bai toan tong
quat sau:

Vi du 6.20. Cho s6 nguyén duong n cé phan tich tiéu chuin n =
Pt ps?..phk. Xét da thic P(x) ¢6 hé so nguyén. Nghiém xq cia phuong
trinh dong du P(z) =0 (mod n) la ldp dong duTg € {0,1,2,...,n — 1}
théa man P(xg) =0 (mod n). Khi dé, diéu kién can va di dé phuong
trinh P(z) = 0 (mod n) ¢é nghiém la véi moi i = 1,2,..., s, phuong

trinh P(z) = 0 (mod p*) ¢ nghiém. Hon nda, néu vdi méi i =
1,2,...,s, phuong trinh P(x) = 0 (mod p}*) cd r; nghiém module p;"
thi phuong trinh cé r = rira...Ts nghiém module n. AN

6.4 Bai tap dé nghi & goi y — dap so

Bai tap dé nghi

BA1 1. a. Ching minh ring: Néu (a,m) = 1 va z chay qua mot
hé thing du day did modulo m thi ax + b, v6i b 1a mot

sO nguyén tiy ¥, ciing chay qua mot hé thing du day du
module m.

Chuyén dé Sé hoc DIEN DAN TOAN HOC



126 6.4. Bai tap dé nghi & ggi ¥ — dap so

b. Chiing minh rang: Néu (a,m) = 1 va x chay qua mot he
thang du thu gon modulo m thi ax cing chay qua mot hé
thang du thu gon module m.

BAI 2. Mbi s6 nguyén duong T dude goi 1a s6 tam giac néu né c6 dang
k(k+1 )
T= u, trong dé k 1a mot so nguyén duong. Chitng minh

rang ton tai mot HDD module n gom n s6 tam giac.

BA13. a. Cho mq,ms la hai s6 nguyén duong nguyén té cting nhau.
Chitng minh rang:

@(mlmg) = @(ml).é(mz)

b. Gid sit s6 nguyén duong m c6 phan tich chinh tic thanh
tfch cac thira s6 nguyen t6 m = p{"p3?...pp*. Ching minh
rang:

O(m) = p{* s>t (o1 — 1) (p2 — 2)..(pr — 1)
BAI 4. Tinh tong sau:

2012 ok
17
=% |-
k=6
BA1 5. Cho s6 nguyén duong n va s6 nguyén t6 p 16n hon n+ 1. Chiing
2 D
x T x

inh riing da thic P(z) = 1
minh réng da thic P(z) =14 2= + oomg + e+ 20

khong c¢6 nghiém nguyén.

BA1 6. Cho p la s6 nguyén t6 c¢6 dang 3k + 2 (k nguyén duong). Tim

P
s6 du khi chia S = Y (k? + &k + 1) cho p.
k=1

BAI 7. Cho cac s6 nguyén duong a, b théa méan (a,b) = 1. Chiing minh
rang phuong trinh az + by = 1 ¢6 vo s6 nghiém nguyen (z,y)
v (2,0) = (3,) = 1.

DIEN DAN TOAN HOC Chuyén dé Sé hoc
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(5d +2n;2d +n) = (d;2d +n) = (d;n) =1
5d + 2n = 22 x;y € N* d = 2% — 2>
2 = 2 2
2d+n=y (x;y) =1 n = by* — 2x

d =42 — 2y?

Néux:sz@izeN*j{ n = 5y? — 822

(7.8) & (ad® + 1)2 = 42%y* & a (427 — 2y2)2 +1=2zy

Phuong trinh cudi cing vo nghiém nguyén do 2 vé khac tinh chén 1é.
Suy ra, z 16 = d 1é = c 1é. (i7)
Két luan: (i), (4) = c la s6 chinh phuong 18. [ |

Khong ngiing tim kiém, ta sé tim mot 10i giai khac sic tich hon. Néu
ta biét dén cong cu vp(n) thi sé thay no sé rat hieu qua cho bai toan
nay, ta c6 cach chiing minh tha vi sau.

Chdng minh (Chidng minh 3). Gié st ¢ chdn khi d6 ta co:
va(c) = va2(5c + 2b) + v2(2¢ + b)

Néu b 18 thi ta c6 ve(c) = va(5e + 2b) = va(5e) = va(be) < v2(20) = 1.
Diéu nay vo li!

Do d6 ¢ 1é. Xét p|c la mot uGc nguyen t6 cla c.

Ta c6 vy(c) = vp(5e + 2b) + vy (2¢ +b).

Ta thay rang v,(c) > vy(5¢ + 2b),v,(2¢ + b) > 0.

Do d6 vp(5c + 2b) = minfvy(c); vp(4e + 2b)]

= vp(5c + 2b) = vp(4e + 2b) = vp(2¢ + b)

= vp(c) = 2v,(5¢ + 2b): 86 chdn nen suy ra ¢ 1a s6 chinh phuong. M

Va hi vong con nhiing 16i gidi khac hay hon, sang tao hon tit ciac ban.
Mong ban doc thao luan thém va déng gép v kién cho bai toan.

Ldi cdm on

Rat cdm on Karl Heinrich Marx,nguyentad8, Vuong Nguyén Thity
Duong va perfectstrong da déng goép v kién cho bai viét nay.

Chuyén dé Sé hoc DIEN DAN TOAN HOC
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Khi dé

(7.7) < m (dam + 1) = d (5m + 2n) (2m + n)
= d|m (dam + 1)*
(d;dam +1) =1

(7.7) < p (d*ap + 1)2 = (bdp + 2n) (2dp + n)
= p| (5dp + 2n) (2dp + n)
(p;2dp+n) =1

(pin) =1=pl2=pe{1;2}

}:>d|m:>m:dp:>(p;n):(d;n):1

} = p|5dp + 2n = p|2n

o Truong hop 1: [p=2], khi d6 2 (2ad? +1)* = (10d + 2n) (4d + n),
suy ra (2ad® + 1)2 = (5d 4+ n) (4d + n). Nhung vi (5d + n;4d +n) =
(d;4d +n) = (d;n) = 1 Cho nén ta phai c¢6

5d +n =22 .
{ (z;y € N, (z39) = 1)

4d +n = >
Suy ra d = x? — y?. Mat khac

xy—1  xzy—1

2ad’* +1 =2y < a= =
aa” + Ty <= a o 2(:1:2—y2)2

Ta ching minh 2 (:U2 — y2)2 > (x+ y)2 >ay—1
That vay

(z+y)® > day > 2y — 1
2(x2—y2)2—(37+y)2:(x+y)2 (2(x—y)2—1) >0
:>2(x2—y2)2>xy—1:>a<1: Trai gt

Vay p = 2 bi loal.

e Truong hogp 2:
=>d=m=
(7.7) & @ (ad? +1)* = (5d2 + 2dn) (242 + dn)

& (ad®+1)? = (5d+ 2n) (2d + n) (7.8)
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BAI 8. Tim s6 nguyén duong nhé nhat cé tinh chat: chia 7 du 5, chia
11 du 7, chia 13 du 3.

BA1 9. Chiing minh réng ton tai mot day téng {a, },-; cic sd tu nhien
sao cho v6i moi s6 tu nhién k, day {k + a,} chi chita hitu han
cac s6 nguyén to.

BAT 10. S6 nguyén duong n duge goi 1a ¢6 tinh chat P néu nhu véi cac

s6 nguyéen duong a,b ma a®b + 1in thi a® 4+ bin. Ching minh
rang so6 cac so6 nguyén duong co6 tinh chat P khong vuct qua 24.

BAI 11. Tim tat ci céc s6 tu nhién n théa man 2" — 1 chia hét cho 3 va

2" —1
3 [4m? + 1.

c6 mot s6 nguyén m ma

BAI 12. Chitng minh rang ton tai sé tir nhién & sao cho tat ca cic sb
k2" +1 (n=1,2,...) déu la hgp s6.
Goi y — dap sb
BA1 1. Chiing minh tryc tiép dua vao dinh nghia.

BAI 2. Ta ching minh n phai c¢6 dang n = 2F. Phan ching, gia st
n = 2F.m véi m 1é vi m > 1. St dung tinh chét hé thiang du
day du.

BAI 3. Ta c6 thé chitng minh dya vao kién thitc vé hé thing du day
di, ciing c6 thé ching minh duya vao dinh 1i Thing du trung
Hoa.

BA1 4. St dung HTG.

BAI 5. Biéu dién P(z) dudi dang P(x) = apa? +ap_ 1271 + ...+ a2’ +
a1z + ag. Phan chung, gid st P(z) c¢6 nghiém nguyén = = wu.
Suy ra mau thuan.

BAI1 6. Tién hanh tuwong tu Vi du 6.7.

BAI 7. St dung kién thiic HDD.

Chuyén dé Sé hoc DIEN DAN TOAN HOC
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BAI1 8. Dap s6: 887.

BA1 9. Goi p 1a s6 nguyén t6 thi k, & > 0. Theo dinh 1i Thing du
Trung Hoa, ton tai day s6 {a,},-; thoa man a1 = 2;a, =
—k(modpy+1), Vk < n.

BAT1 10. Dinh Iy Thang du Trung Hoa.

BAI 11. Ching minh n c¢6 dang 2F. St dung tinh chét ctia s6 Fecma
(xem lai Vi du 6.15).

BA1 12. Viduy 6.15 va BAI1 3.

DIEN DAN TOAN HOC Chuyén dé Sé hoc
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Do dé, d = 8 bi loai.
e Truong hop 2: = (2, z +2(ac+ 1)2) =1

= z; z + 2 (ac + 1)* 1a nhiing s6 chinh phuong (*)

Néu — 1a 86 chén = z +2(ac+1)%12

>0

= (27 z + 2 (ac+ 1)2> = 2: mau thuan.

Do do, E 1a s6 18. Ma Z 1a s6 chinh phuong = ¢ -

S

Mt khac, do ¢ chdn nén ac + 1 14 86 18 = (ac + 1)?

1 (mod 4)
=1 (mod 4)

:>§+2(ac+1)251+2.153 (mod 4): vo 1y do (*).

Do dé, d = 4 bi loai.

e Truong hgp 3: .

Tuong tu ty Trudng hgp 2, ta ¢ g 1é = %
c chin nén ac + 118 = (ac+1)2 =1 (mod 8)

=1 (mod 8)

:>g+4(ac+1)251+4.155 (mod 8) : vo ly

Do dé, d = 2 bi loai.

e Truong hop 4:

Tuong tu trudng hop 2, ta c6 ngay c 1& va do (c;c + 8(ac +1)?) =1

nén c 1a s6 chinh phuong.
Vay ta c6 dpcm.

Nhan xét. Ta thay trong bai nay, b va ¢ ¢6 1 mdi lién quan kha chit
ché v6i nhau nén ta thi giai theo b, ¢ sit dung ki thuat GCD tic la dat

d = GCD(b;c) ta c6 cach ching minh thit 2.

Chiing minh (Chdng minh 2). Diat d = (b;¢) = {

c=dm m;n € N*
b=dn (m;n) =1

Chuyeén dé Sé hoc
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7.2 clac+1)? = (5¢+2)(2c + b)

Bai toan 7.2. Cho 3 s6 nguyén duong a;b; c thod man dding thic:
clac+1)? = (5¢ + 2b)(2¢ + b) (7.7)
Chatng minh rang : ¢ la s6 chinh phuong lé. A

Nhan zét. Thoat nhin vao bai toan, that khé dé tim 1 phuong phap
cho loai nay. Nhan xét trong gid thiét 6 VP (7.7), thi b xuat hien véi
bac 14 2. Thé 1a ta c6 1 huéng nghi 14 ding tam thitc bac 2 cho bai toan
nay. Ta khong nén chon ¢ vi bac cia ¢ la 3, khong chon a vi phuong
trinh méi theo a hién nhien trd lai (7.7)

Chidng minh (Chdng minh 1).

¢(ac+1)* = (5¢+ 2b) (2¢ + b)
& 20% + 9bc 4 10¢2 — c(ac+ 1) =0
Ay =81c? — 4.2, (1002 —c(ac+ 1)2) =2 +8c(ac+ 1)

:>Ab:c[0+8(ac+1)2} =22, (r € N¥)

d=GCD(c;c+ 8(ac+1)?) = d|8 (ac + 1)
Dat = d|8

dlec = ((ac—i— 1)2;d) =1

e Truong hop 1: = (g, g + (ac+ 1)2) =1

c[c+8(ac+1)2} 2(xeN) &
= 8|z = x = 8xg (2 € N*) =
,:tQ
=

g—l-(ac—i-l =p?

N c = 8t?
24 (8t2a+1)* = p?
Ma dé chitng minh

(82a+ 1) < 2+ (8t2a+1)* < (8t%a +2)*
= (82a+1)* < p? < (8t2a+2)” : mau thuin
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Mot s6 bai toan s6 hoc
hay trén VMF

7.1 mP+ 173" 129
72  clac+1)% = (5c+2)(2c+b) 136

Phan nay gom mot s6 bai toan hay dudc thdo luan nhiéu trén DIEN
DAN TOAN HOC. Ban doc c¢6 thé vao truc tiép topic ctia bai toan dé
trén DIEN DAN TOAN HOC, bang cach click vao tieu dé ciia bai toan
do.

7.1 m?+ 173"

Bai toan 7.1. Ching minh rang vdi moi so6 nguyén duong n, ton tai
mot sé tu nhién m sao cho

(m3 + 17) :3n
A

Dau tién, chiing ta dén véi ching minh dé xuat cho bai toan dau bai.
Chiéing minh. Ta sé chitng minh bai toan bang quy nap.

Vé6i n =1, ta chon m = 4.

Vé6i n = 2, ta chon m = 1.

Gi4 st bai toan ding dén n = k, hay 3m € N: m? + 17:3F

Ta chitng minh rang déi véi truong hop n = k+ 1 ciing dung tiic 13 ton
tai mot s6 m’ sao cho m’ + 17:3k+1,

Dat m3 4+ 17 = 3kn = n /3.
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n=2 m? + 17 = 2.3% k+1
= n=1 (mod3) = m 4 17 = 3 (mod?) >

e Truong hop 1: m3 + 17 = 2.3 (mod 3¥+1)
Xét:

(m+3k—1)3 — m3+m23k+m32k—1+33k—3 = m3+m23k (mOd 3k+1)

(Do k > 2 = 32k 1i3k+1 yp 33k=3:3k+1),
Suy ra:

3
(m + 3’“71) +17=m*+m?23*+17=23"+m?3* =0 (mod 3**1)

(vim 3=m?=1 (mod 3) = 2+ m?23 = (2 +m?).3~:3k+1),
Nhu vay, & truong hop 1, ta co: (m + 3k_1)3 + 17:3F+1,

o Truong hop 2: m* + 17 = 3% (mod 3++1).

Xét:

3
(m — 3’“71) =m3—m?23F4+m3%F 1 —33F=3 = ;3 23k (mod 3’““)

(Do k > 2 = 32k—Light1l vy 33k=313k+1)
Suy ra:

3
(m - 3k_1> +17=m® —m?3* +17=3"—m?23* =0 (mod 3F*1)

(vim /3= m?=1 (mod 3) = 1 —m?*3 = (1 —m?).3k:3k1),
Nhu vay, & truong hgp 2 ta co: (m — 3’“71)3 + 17:3F+L,

Toém lai, ta déu tim duge s6 nguyen ¢ /3 ma ¢3 4+ 17:3F+1,
Ta da ching minh dugce van dé ding trong truong hop n =k + 1.
Theo nguyén 1y quy nap, ta c6 dpcm.

Mau chét bai toan nay 1a bo dé sau:
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Mat khac X*0 =z, (mod p™) (do cach chon trong hé (II)).

= XX 4y=2,4y=0 (mod p")
Theo nguyén 1y quy nap, bai todn da dudc chiing minh. |
Mé rong ctia bai toan dau dé van con nhiéu, nhu ting thém diéu kien
dé chan nhu (m3 +17:3") A (m? +17 /3"*1) v.v. R4t mong nhan dugc
v kién déng gép cho viéc mé rong.
Loi cam on

R4t cdm on Nguyen Lam Thinh, Karl Heinrich Marx,nguyenta98, The
Gunner da déng goép ¥ kién va md rong cho bai viét nay.

Chuyén dé Sé hoc DIEN DAN TOAN HOC
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Chua ding lai & day, néu trong (7.3), ta thay k bdi z, ta sé duge 1 bai
toan khac:

DINH LY 7.2~ Cho p nguyén t6 6. y € N va y co dinh. Biét ring
gcd(y,p) = 1. Khi do:

Vn € N,3z € N: 2% + y:p" (7.6)

Chitng minh. Ta ching minh bai toan nay bing phuong phap quy
nap. Ta coi dinh ly 7.1 nhu 1 bd dé. D& thiy néu x théa (7.6) thi
ged(x;p) = 1.

Khi do6, v6i n = 1, ta xét he dong du (I)

{mzkz (mod (p—1))
x=xz9 (mod p)

trong do, xg; k € N théa xlg + yip.

Do ged(p — 1;p) = 1 nén theo dinh ly Thang du Trung Hoa thi hé (I)
luon c6 nghiem x’.

Chon = = 2/, ta chtiing minh x théa (7.6) khi n = 1. That vay

ged(z;p) =1=2P"1 =1 (mod p) = z¥ =2 (mod p)
2" +y=a+y=af+y=0 (mod p)
Vay 3z € N : 2% + yip.
Gia sit (7.6) ding dén n — 1, tic 1a ton tai xg dé x¢® + yip L.
Theo cach ching minh quy nap & (7.6), ta chon duge =, = ap™ + zo
théa x%0 + y:p™.
Khi d6, d& nhan thiy x, = zo (mod p"~!). Ta xét he dong du (II)

{ X =mz (mod (p"(p—1)))
X =z, (mOd pn)

Do ged(p™~t(p—1);p") = 1 nén theo dinh 1y Tha ng du Trung hoa, hé
(IT) c6 nghiém X. Ta ching minh z = X thoa (7.6). That vay
Do (p—1)p" !t = ¢(p") = XX = X? (mod p") (dinh ly Euler).
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BO pE 7.1 Cho a,b, q I3 cdc sb nguyén thda (a;q) =1 va q > 0.
Khi 8y, luén tén tai k € Z sao cho ak + b'q. O

Chitng minh. Ta ching minh dai dién cho trudng hop ak + biq. Truong
hgp con lai tuong tu.

Xét A ={1;2;3;...;4} 1a 1 he day dt HDD mod q.

Theo tinh chat ctia He thang du, ta c6 tap B = {a;2a;3a; ...; qa} cling
la HDD mod q.

= C ={a+b;2a+b;3a+0;...;qa + b} ciing la HDD mod q.

Do dé6, ton tai k € [1;¢] sao cho ak + biq. [

Nhan xét. Bai toan da cho thuyc chat 13 yéu cau tim 1 s6 x nguyén sao
cho x + 17:3" va x 1 lap phuong 1 s6 nguyén. Bo dé trén da cho thay

sut ton tai clia  nguyéen dé x + 17:3”. Con viec tim x dé la z 1a lap
phuong 1 s6 nguyén thi ta sé diing phuong phap quy nap nhu trén.
Déi véi 1 ngudi yéu toan, ta phai khong ngtng sang tao. Ta hay thi
tong quat bai toan da cho:

e thay vi m3, ta thit thay m”* véi k 1a s6 nguyen duong cb dinh.
e thay vi 3", ta thit thay p" vé6i p 1a 1 s6 nguyeén to.
e thay s6 17 béi y € N véi y ¢ dinh.

Két hop cac thay doi trén, ta c6 1 bai toan "tong quat" hon

DU DOAN 7.1 Cho p la s6 nguyén té. y,k € N va y,k co dinh.
thfng dinh hodc phi dinh ménh dé sau

VneN,Jz e N: zF + yip" (7.1)

Ta thtt thay mot vai gia tri p, k, y vao dé thit xem (7.1) ¢6 ding khong.
Khi thay k = 2,y = 1,p = 3 thi ménh dé (7.1) tré thanh

Vn eN,3z e N: g% 4 1:3" (7.2)

Chuyén dé Sé hoc DIEN DAN TOAN HOC
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RAt tiéc, khi nay, (7.2) lai sailll. Ta sé& chiing minh (7.2) sai khi n > 1.

That vay, dé ching minh du doan 7.1 sai, ta can c¢6 bd dé sau

BO DE 7.2— Cho p 13 sb nguyén tb dang 4k + 3 va a,b € Z. Khi dé
a? +b%p < (aip) A (bip)

Tit (7.2), suy ra 22 + 1:3. Ap dung b6 dé 7.2 véi p = 3, ta suy ra 1:3:
vo 1.

Vay khi n > 1 thi Ar € Z: 2% + 1:3".

Khong nan long, ta thit théem mot vai dicu kien dé (7.1) tré nén chat
hon va dang. Néu ban doc ¢6 ¥ kién nao hay, xin hay gt vio topic nay
dé thao luan. Sau khi them mot sé diéu kien, ta c6 1 bai toan hep hon
nhung luén diang.

DINH LY 7.1- Cho p nguyén to lé. y,k € N va y, k co dinh.
Biét ring ged(k,p) = ged(k,p — 1) = ged(y,p) = 1.
Chatng minh rdng:

VneN,Jz e N: 2k 4 yipn (7.3)
Chirng minh. Trudc hét, dé chiing minh (7.3), ta can c6 bo dé sau
BO bk 7.3~ Cho p 3 sb nguyén tb 18. k nguyén duong thda

(kip) = (k—1ip) =1

Khi dé, {1%:2F: .. (p — 1)*} 1a HTG modp. O
Ching minh. Goi g la can nguyén thiy cia p tic 1a ord,(g) =p — 1.
Khi diy thi ¢', g2, ...,¢g?! lap thanh 1 HTG modp v& 16 rang
9, 9%, ...,9% 1 1a HTG modp & a1, as,..,ap—1 1a HDD cta p — 1.
V6i 1 < i < p—1 thi ton tai a; dé ma i = g% (mod p) va 16 rang
a; 1ap thanh 1 HTG modp nén he 1¥,2%, .. (p — 1)* c6 thé viét lai la
g*, g%, ...,g®P~V% n6la HTG modp khi va chi khi k, 2k, ..., (p — 1)k 1a
hé thang du day du ctia p — 1, tiic 14 k nguyén t6 cting nhau véi p — 1.
B6 dé dugc chitng minh. [ |
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Quay lai bai toan. Ta chiing minh (7.3) bang phuong phap quy nap.
Véi n = 1, theo bd dé 7.3 thi

Jzp €{1;2;..;p— 1} : xlg = -y (modp)= xlg +yip

Gia sit bai toan dung dénn hay ton tai = + yip”
Ta sé chitng minh n+ 1 cing ding hay ton tai zf + yip"t!
That vay, tit gia thiét quy nap suy ra zF +y = p".q
e Trudng hop 1: ¢:p = dpcm
e Truong hop 2:
ged(q,p) =1 (7.4)
Khi dé ta chon zg = v.p" 4+ x
Do do

a:’é+y:(v.p"+x)k+y

1 k—1
=oFpk 4 (k) WPl o < ).v.p".xk_l + (z* +y)

k
(7.5)

Dé dang chitng minh

P | ok <]1€> Rl (=) gy (k ; 2) 2 gk

Do vay ta xét

k-1
( k >'v'pn'xk_1 + (2" +y) = kop" 2" 4 ptg=p (ka4 q)

Nhan thy gia st k.z*~1 = ¢ (mod p) ma ged(k,p) =1 va zF + yip =
gcd(z,p) =1 (do ged(y,p) = 1) suy ra ged(t,p) =1

Do d6 (k.v.z*~14q) = tv+¢ (mod p) ma tir (7.4) ta da co ged(q,p) = 1
Cho nén Iuén ton tai v théa man tv + ¢:p. Do dé bai toan duge khing
dinh véi n + 1.

Theo nguyén 1y quy nap, bai todn da dudc chiitng minh.
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