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Kién thic co ban

1.1 Ty sb don, ty sb kép ctia bd cic diém thing hang

T§ s6 don clia bo ba diém A, B, C' thing hang, ky hi¢u (AB,C), 1a ty s6 =—

CA DA

T§ 6 kép clia bo bon diém thing hang A, B, C, D, ky higu (ABCD), la ty 6 =— : —

CB DB

Nhan xét. Néu (ABCD) = a thi
1. (ABCD) = (BCDA) = (CDAB) = (DABC) = a = (DCBA) = (CBAD) = (BADC) =
(ADCB)

2. aBepy = & = (BACD) = (ABDC) néu a # 0

3. (ABCD) = 1 — (ACBD) = 1 — (DBCA)

Dinh 1y 1.1.1. Phép chiéu zuyén tam bdo toan tij sé kép ciia bo bon diém thdng hang

1.2 Hang diém diéu hoa

B6 bén diém théing hang A, B, C, D dugc goi la lap thanh mot hang diém diéu hoa, néu (ABCD) =
—1. Khi d6, cap diém A, B chia diéu hoa ciip diém C, D hay cip diém A, B lién hop diéu hoa déi véi cap
diém C, D.

Dinh 1y 1.2.1. Cho A, B,C, D thing hang. Khi dé

(Hé thic Descartes)

<= JA>=IB*=1C-TD (Hé thitc Newton)
<= CI-CD=CA-CB (Hé thitc Mc Laurint)

vdi I la trung diém doan thing AB



1.3 Chum diéu hoa

Trong mat phang, tap hgp cac duong thing dong quy tai mot diém S, duge goi la mot chiim dudng
thang tam S.
M3 rong. Tap hop cac duong thing doi mot song song cling dude goi 1a mot chiim dudng thing c6 tam

tai diém xa vo tan.
Dinh 1y 1.3.1. Cho chum bén dudong thing a,b, c,d. Mot duong thing A bat ki cdt a,b, c,d tai A, B,C, D
theo thit tu dé. Khi d6 (ABCD) khong phu thugc vao vi tri cia A

Gia tri khong ddi ctia ty s6 kép (ABCD) dugc goi la tj s6 kép clia chim bén dudng thang, ky
hiéu (abcd) hay S(abed) khi can quan tam dén tam clia chum.

Khi (abed) = —1 ta néi ring chiim bén dudng thing a, b, c,d lap thanh mot chum didu hoa. Khi
do, cip duong thing a, b lien hop diéu hoa dbi véi cap ¢, d.

Dinh 1y 1.3.2. Chum bon duong thang a,b,c,d lap thanh mot chiam diéu hoa khi va chi khi moi dudng
thdng song song vdi mot trong bon duong thding, bi ba duong con lai chia thanh hai doan bang nhau.

Dinh ly 1.3.3. Trong mot chum diéu hoa, cdp duong lien hop vuong goc khi va chi khi chiing la phan

gidc cua goc tao bdi cap con lai.

1.4 T giac toan phan

Hinh hgp béi bén dusng thing, doi mot cit nhau, khong c6 ba dudng nao dong quy, duge goi la
hinh tit canh toan phan hay hinh ti gidc toan phan. Mdi mot dudng thing, dudc goi 1a mot canh, giao
diém cia hai canh goi la dinh, cap dinh khong chung canh goi la cap dinh déi dién, doan thing ndi cap
dinh déi dien goi la dudng chéo.

Dinh ly 1.4.1 (Vé dudng thing Gauss). Trong mot hinh tit canh toan phan, trung diém ba duong chéo

cing ndm trén mot duong thdang.

Dinh 1y 1.4.2. Trong hinh ti canh toan phan, moi duong chéo bi hai duong chéo kia chia diéu hoa.

1.5 T giac diéu hoa

Cho bén diém A, B,C, D € (O) va mot diém M thay ddi ciia (O). Khi d6 tj s6 kép M(ABCD)
khong phu phudc vao M. Gia tri clia ty s6 kép d6 duge goi la tj s6 kép clia bo bén diém dong vien
A, B,C, D, khi khong s¢g nham 1an, ching ta cing ky hieu (ABCD).

Véi tt gide ABCD noi tiép trong dudng tron (O), néu (ABCD) = —1 thi ta néi tit giac noi tiép
ABCD la mot tit gidc didu hoa.

Véi mbi diem M € (0), ky hieu (M M) la dé chi dudng tiép tuyén ctia (O) tai M.



Dinh 1y 1.5.1. Cho ti giac ABCD noi tiép trong duong tron (O). Khi dé

Tt giée ABCD diéu hoa <= (ABCD) = —1
< (AA)N(CC)=P e (BD)
— (BB)N(DD) = Q € (AC)
<= AB-CD =BC-DA

Dinh ly 1.5.2. Tt giGgc ABCD noi tiép trong duong tron (O) va (AA) N (CC) = P € (BD),(AC) N
(BD) = Q. Khi dé

2
PQ=—+—1
75+ PD

1.6 Cuc va dbi cuc

1.6.1 Dudng dbi cuc ctia mot diém dbi v6i hai dudng thing cit nhau

Cho hai dudng thing a N'b = O va mot diém M ¢ a,b. Khi d6 diém N duge goi la lien hop véi
M dbi v6i cap duong thang a, b, néu dudng thing M N cét a tai A, cit b tai B sao cho (MNAB) = —1.
Ngoai ra, quy tich tat ca nhitng diém N lién hop v6i M déi v6i cap duong thang cit nhau a,b 13 mot
duong thing ¢ di qua a Nb. Dudng thing d6 dugc goi la dudng ddi cuc ctia M dbi véi cip dudng thing
cit nhau a, b, va diém M dugc goi 1a cuc clia dudng thing ¢ ddi véi hai dudng thing cit nhau a, b.

1.6.2 Dudng dbi cuc cia mot diém déi véi mot dudng tron.

Cho truée mot dudng tron (O). Hai diém M va N dugc goi 1a lien hop d6i v6i dusng tron (O) néu
duong tron dutng kinh M N truc giao vé6i (O). Tit d6, néu (M N) cit dudng tron (O) tai hai diém A, B,
thi M, N lién hgp v6i nhau doi véi duong tron (O) khi va chi khi (M NAB) = —1.

Cho trudc duong tron (O) va mot diém M # O. Dudng thang MO cat (O) tai A, B. Khi dé, quy
tich tat cd nhitng diém N lien hgp véi M dbi véi (O) la dudng thang m vuong géc véi MO tai H ma
(MHAB) = —1. Dudng thiang m dugc goi la duong déi cuc ctia M dbi véi dudng tron (O), diem M duge
goi la cyc ciia duong thing m déi véi duong tron (O). Ky hidu x dé chi dusng déi cuc clia diém X doi
v6i duong tron (O).

Dinh ly 1.6.1. (Quan hé lién thuoc)

1. Men< Nem
2. M, N, P thing hang khi va chi khi m,n,p dong quy

Pinh 1y 1.6.2. T gidc ABCD ngi tiép trong duong tron (O). Goi P,Q, R la giao diém ciia cdc cdp
duong thing AB va CD, BC va DA, AC va BD theo thit ty dé. Khi dé O la truc tam cia tam gidc
PQR



Ung dung giii toan

1. Cho tam giac ABC vé6i dusng cao AH. Xét M € AH,CM N AB = C1,BM N AC = Bj;. Chiing
minh ring /M HB, = /MHC,
Lai giai.
Duong théng qua A, song song véi
BC, cit HBy, HC, tai B>, Cs. Theo
tinh chat clia t gidc toan phan, c6
H(BAC:B;) = —1. Suy ra ABy =
ACyvadodé /B1HC = Z/C1HB suy
ra dpcm
Nhan xét rang HB, HA 1a cip

tia lién hgp cua chum, néen HA 1 HB < HA, HB la phan giac cua cac goc tao béi HBy, HC,.
DPCM

Chi y. Bing cach ké duong thing qua A, song song v6i BC (hinh vé&), 4p dung dinh 1y Thales,
dat dugec AC> = AB>, 16i ciing suy ra dpcm.

2. Cho dudng tron (O) va diém S & ngoai. Ké hai tiép tuyén SA, SB véi dudng tron (A, B 1a tiép diém).
Duong thing A qua S, cit (O) tai M, N, ABN SO = H. Chiing minh réing /MHA = /NHA

Lai giai.




Do (SPMN) = —1nén H(SPMN) = —1. Nhung HS | HP, nén HS, HP la phan giac cla céc
goc tao b6i HM, HN (PPCM)

. Cho diém M & beén trong tam giac ABC. Goi Ay, By, C; theo thit tu la giao diém ciia cac cap
duong thang (M A; BC), (M B;CA),(MC; AB). Cac dudng thang BC, B;C; cit nhau tai As, goi
As 1a trung diém A, As. Cac diém Bs, Cy, Bz, Cy dugce xéc dinh tuong tu. Goi O, H theo thit tu
13 tam dudng tron ngoai tiép clia tam gidc ABC va truc tam cla tam giac A;B1C;. Chithg minh

rang As, Bz, C3 ciing nidm trén mot duong thing vuong géc véi OH

A

4,

Ky hiéu w,(As; Ra),ws(Bs; Rp) va we(Cs; R.) theo thi ty 1a duong tron dudng kinh A As, By Bs
va C]CQ. GOl All, i, C{ 1a hinh chiéu cla Al, Bl, Cl trén BlCl, ClAl, AlBl theo tha tl.I do.
Khi d6, do HA, - HAY =HB,-HB{ = HC, - HC}, nén H nim trén truc déng phuong cla w, va

wp, clla Wp VA We, CUa W, VA Wy (1)

Mit khac tit (BCA;As) = —1 va A3 la trung diém A; Ao, nén

R2 = A3A," = A3B - A5C = Py, 0y = OA} — R? = Poj(y,) = OA2 — R? = R

Hoan toan tudng ty, ciing c6 Po/(,) = R? = Po/(w.) Suy ra O ndm trén truc ding phuong ciia wq

VA wp, clla Wy Va We, clla W, Va wq (2)
Tu (1) va (2) suy ra diéu phai chitng minh.
. Goi M, N la trung diém cac canh AB,CD cia tt giac noi tiép ABCD. Dudng tron (ABN) cit lai

(CD) tai P va duong tron (CDM) cat lai (AB) tai Q. Goi O = ACNBD. Ching minh ring P, Q, O
théng hang.

L&i giai 1. Néu AB || CD thi P= N,Q = M va M, O, N théng hang. DPCM
Néu ABNCD = F, do cac bo bén diém (A, B, N, P), (C,D, M, Q), (A, B,C, D) dong vién, nén

FN.FP—FA-FB—FC.-FD (1)

Fi[.FQ—FC-FD—FA.FB 2)



Tu (1) suy ra (FPCD) = —1 va tu (2) suy ra (FQAB) = —1. Tu d6, do phép chiéu xuyén tam
(tam O) bao toan ty s6 kép, nén P, 0, Q thing hang. DPCM.

L&i giai 2.Néu AB || CD hoic AD || BC thi két luan ctia bai toan la hién nhien.

Goi E, F va P’ theo thtt tu 2 giao diém ctia cac cap dudng thing (AD; BC), (AB; CD) va (EO; CD)
Trong hinh tit gidc toan phan EBCODA, dusng chéo CD bi hai dudng chéo £O, BA chia diéu
hoa, do d6 (CDP'F) = —1

Theo hé thitc Mc Laurint, ta ¢c6 FP’- FN = FD - FC (1)
Mit khac, do tit gisc ABCD ndi tiép, nen FD - FC = FA-FB (2)
Tit (1),(2) suy ra FP'- FN = FA- FB hay P’ € (ABNP) tic la P’ = P. Vay P € (EO).

Tuong tu, cing ching minh duge @ € (EO).

5. Cho tam giac ABC véi trong tam G. Mot dudng thing A qua G, cit cac dudng thing BC,CA, AB
theo thi tu tai X,Y, Z.

1 11 )

(a) Ching minh ring trong ba dai lugng ox’ Oy’ &z c6 mot dai lugng bing tong hai dai
lugng con lai.

(b) Cac duong thing qua A theo thit tu song song véi GB,GC cit A tai N, P. Ching minh

1 1
rang trong ba dai lugng ox' GNP c6 mot dai lugng bing tong hai dai lugng con lai.



Lai giai. (a) Goi M 1a trung diém BC va

J la gia diém ctia dudng thing qua A song
song v6i BC véi A. Do (BCMoo) = —1
nén (ZYGJ) = —1. Tu d6, theo he thuc

Descartes ta co

2 1 1

G oy @z

Mzt khéc, do G la trong tam tam giac, nén GJ = —2GX. Suy ra dpcm
(b) Cac duong thing qua A, song song v6i GB, GC cit BC tai R, S.Khido V3 : AARS — AGBC

suyraO?z20?—O?,(ﬁ=2(ﬁ—O? YO

A

Suy ra O—z>4.+ Cﬁ%—i—O? = O—z>4.+ O? +O? = 3(% Do d6 G la trong tam tam giac ARS. Ap dung
két qua phan (a) c¢6 ngay dpcm.

. Cho tam giac ABC khong can véi ba dudng cao AD, BE,CF. Duong thang (A) di qua D, song
song véi EF, cit cac dudng thing AB, AC tai M, N, cac dudng thing EF, BC cit nhau tai P.
Chitng minh ring dudng tron ngoai tiép tam giac MNP di qua trung diém BC

Ldi giai. Theo tinh chat clia ti giac toan phan, ta ¢6 (BCDP) = —1. Khi d6, néu goi @ 1a trung
diém BC, theo hé thic McLaurint ta cé

DO .DP - DB-DC (1)

Mat khac, do tt gihc BCEF noi tiép (duong tron dudsng kinh BC) va M N || EF nén

(NC;NM) = (EC; EF) (mod 7)
= (BC;BF) (mod )
= (BC;BM) (mod )

Suy ra bén diém B,C, M, N ciing nim trén mot dudng tron. Do d6
DB-DC = DM - DN 2)

Tu (1) va (2) suy ra
DQ-DP =DM -DN

titc 1a bon diém P, Q, M, N cting nim trén mot dudng tron.



M

7. Cho tit gidc ABCD. Goi P = AC N BD,Q = AD N BC, va R la mot diém tluy ¥y trong mat
phéng, khong nim trén cac dusng thing AB, BC,CD, DA, AC, BD. Chting minh ring (RA; RD) =
(RC;RB) (mod 7) < (RB; RP) = (RQ; RA) (mod )

Loi giai.
C
C
b
: lh
e \
—— R
q -
d
A
a D
A/

Goi ¢ 1a phan giac cia ZARB. Ky hieéu z := RX, VX va goi p’ = D(q).



Ta co

(abeq) = (A’BCQ)
= (MBPD) (chiéu tam xuyén tam, tam chiéu A)
= (abpd) = (badp)

Néu (a;d) = (¢;b) (mod 7), do tinh ddi xiing ta c6
(badp") = (abcq) = (badp)

Suy ra p’ = p hay (RB; RP) = (RQ; RA) (mod 7)

Chiéu ngugc lai chitng minh tuong tu



Bai tap tu giai

1. Cho tam gidc ABC ¢6 ZCAB < 90° noi tiép trong duong tron (O). Tiép tuyén cta (O) tai B,C
cat nhau § P. Doan PO cat (O) tai N va cat BC tai M. Chiing minh rang /M AN = /PAN

(Duong thing AP la dudng déi trung clia tam giac ABC)

2. Tt giac ABCD nai tiép trong duong tron. Goi M, N theo thit tu la trung diém AC, BD. Chiing
minh ring ZAMB = /AMD <= /BNA = /BNC
Hint. Cung tuong duong véi ttt giac ABCD diéu hoa.

3. Tt giac ABCD noi tiép trong dudng tron (0). ABNCD = S,ACNBD =I,ADNBC = J. Qua S,
ké hai tiép tuyén SM, SN t6i dudng tron (M, N la tiép diém). Ching minh réng M, N, I, J thang
hang.

4. Tt giac ABCD ngoai tiép duong tron (O). Goi H la hinh chiéu ctia O tréen AC. Chiing minh
riing /BHA = /DHA

5. Tt giadc ABCD c6 hai dudng chéo cit nhau tai O. Mot dudng thing A qua O, cit cac dudng
thang AB, BC,CD va DA tai M,Q, N va P theo thtt ty dé. Goi X,Y, Z,T lan lugt la giao diém
clia cac cap dusng thing (CM; AN),(AQ;CP),(DN; BM),(DQ; BP) tuong ting. Chitng minh
rang X,Y, Z, T théng hang.

6. Cho tam gidc ABC nhon. Tt A ké céc tiép tuyén AA;, AAs t6i duong tron dusng kinh BC' (A;, As
la tiép diém). Cac diém By, B, Cy, Cy dugc xéac dinh tuong tu. Chiing minh rang A;, B;, C;,i = 1,2

doéng vien.

7. Cho tam giac ABC. Lay cac canh BC,CA, AB lam day, dung ra ngoai cac hinh vuéng c6 tam
lan lugt 13 A/, B’,C’. Ching minh ring tam dudng tron Euler clia tam giac A’B’C’ la tam ding

phuong ciia dudng tron nai tiép cac hinh vuéng.

8. Cho hai dudng tron (O1), (O2) cit nhau tai hai diém phan biet A, B. Tiép tuyén tai A, B ctia (O)
cat nhau & Q. Xét diém M trén dudng tron (O;). Cac dudng thing AM, BM cat lai (Os) tai N, P
theo thit tir d6. Chiing minh riing dudng théng MQ ludn di qua trung diém NP

9. Tt gidc ABCD ngoai tiép dusng tron (O). Goi M, N la tiép diém ciia (O) v6i AB,CD. Goi
A’,B', M’ 1a hinh chiéu ctia A, B, M tren CD, va D’,C’, N’ 1a hinh chiéu cta D,C,N trén AB
theo thit tu d6. Chitng minh rang B'D’, A’C’, M’ N’ dong quy.
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10. Goi M, N la trung diém cac canh AB,CD clia tit gidc noi tiép ABCD. Dudng tron (ABN) cit lai
(CD) tai P va dudng tron (CDM) cat lai (AB) tai Q. Goi O = ACNBC. Ching minh ring P, Q, O
théng hang.

11. Cho tam giac ABC vuong tai A, duong cao AH. Ké phan giac H B, HC cla cac goc LZAHC, /AHB
(Ch € AB,B; € AC). Goi I, J la tam dudng tron noi tiép clia cac tam gidc AHB, AHC va Bg, Cs
theo thit tu la giao diém clia cac cip dudng thing (BBy;I.J), (CCy;1J). Tinh géc ZBoHCo

to be continued ...
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