- CAC DANG TOAN VE
BAT PHUONG TRINH HAM CO BAN

Trinh Pao Chién
Truong Cao dang Su pham GiaLai

Céc bai todn vé giai bat phuong trinh ham thuong 1a nhirng bai toan khé.
Trong nhitng nim gan day, c&c dang todn loai ndy d6i khi xuat hién trong
céc dé thi chon hoc sinh gioi c&c cap va Olympic Toan quéc té. Chang han
Ba toan 3, trong IMO 2011 m¢i day:

“Gid s f:R® R lamgt ham gia tri thic xac dinh trén tdp cac so thuc va
thca man
f(x+y) £y (x)+f(f(x)
V6i mpi S6 thire x vay. Chieng minh rang f (x) =0 Véi mpi x£0 ”

Bai viét ndy dé cap dén phuong phép giai mot 16p cac bat phuong trinh
ham dang co ban. Bay 1a mdt trong nhiing phuong phap co the tham khao dé
tim toi o1 giai cho mot bai toan vé bat phuong trinh ham.

1. Bat phwong trinh ham véi cip bién tw do.

Xét ham bién sd thuc f thoaman cac tinh chat sau
7 f(x+y)? f(x)f(y),. ’
Tacd thé tim dugc ham f thoa mén tinh chat trén néu f thoéa man thém
mot sd diéu kién ban dau ndo d6, chang han (xem [1])
f (x)2 aX, a>o0.
Dé giai bai todn trén, trudc hét tacan giai cac bai toan sau

Bai toan 1. Xac dinh cac ham 6 f (x) théa mén dong thoi cac diéu ki¢n
sau:

(i) f(x+y)s f(x)+f(y), "xyl R;

(i) F(x)?0, "xi R.

Gii. Tr c&c diéu kign cua bai toan, thay x=0 tathu duoc f(0)3 2f (0) va

f(0)2 0. Dodo f(0)=0.
Vay nén
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0=1(0)=f(x+(-x))2 f(x)+f(-x)20.
Suy ra f(x)° 0. Thir lai, ta thly ham so f(x)° 0 théa man diéu kién bai
ra.

Bai toan 2. Cho truéc al R. Xac dinh cac hamso f (x) théa mén dong thoi
cac diéu kién sau:
(i) f(x+y)s f(x)+
(i) f(x)3 ax, "xI

f(y), "xyl R;
R.
Gidi. Xét ham sb g(x)=ax. D¢y rang
g(x+y)=g(x)+g(y). Pat f(x)=g(x)+h(x). Khi d6, ta thu dugc céac diéu
kién

(i) h(x+y)2 h(x)+h(y), "xyl R;

(i) h(x)30, "xi R.

Theo Ba toan 1, ta c6 h(x)° 0 hay f(x)=ax. Th lai, ta thiy ham s5
f (x)=ax théaman diéu kién bai ra

Bay gio, tatrg lai bai toan ¢4 néu ban dau.

Bai toan 3. Cho trusc a>0. Xac dinh cachamss f (x) théa mén dong thoi
cac diéu kién sau:

(i) f(x+y)2 f(x)f(y), "xyl R;

(i) f(x)2a*, "xi R.

Giai. Nhan xét ring f (x)>0 véi moi xT R. Vay ta co thé logarit hoa hai vé
céc bat dang thac caadiéu kién d& cho

(i) Inf(x+y)2Inf(x)+Inf(y), "xyl R;

(i) Inf(x)3 (Ina)x, "xI R.

bat Inf (x)=j (x), tathu duoc

() i (x+y)2i (x)+i (v), "xyl R;

(i) j (x)3 (Ina)x, "xI R.

Ta nhan duoc dang cia Bai todn 2. Vay j (x)=(Ina)x. Suy ra f(x)=a*.

Tha lai, tathdy ham sb f (x) =a* théaméan diéu kién bai ra

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com

Nhan xét rang, céc bai toan trén van giai dugc néu tap x&c dinh R ciia c&c
ham so6 trén duoc thay bai mot khoang mo U chira O sao cho  vai moi
x,yI U thi x+yl U.

Mot cau hoi ty nhién duoc dit ra: Trong Ba todn 3, c6 thé thay ham sb
g(x) =aX béi ham sd ndo dé bai toan ciing c6 nghiém khdng tam thudng ?

Nhan xét rang
-Véi 0<a<1thi a¥>1+x, "x<0 vaa*£1+x, " x3 0;

-Véi as 1thi a¥>1+x, "x<0; a¥£1+x, "xI [0:2); aX31+x, "x31.

Tur @6, mot cach ty nhién, tiép theo taxét ham sb g(x) =x+1.

Taco bai toan sau

Bai toan 4. Gia sir U |a khoang mo chira 0 sao cho vdi nmoi x,yT U thi
x+yl U. Xac dinh cdc ham s6 f:U ® R thda man dong thoi cac dieu kién
sau:

(i) f(x+y)2 f(x)f(y), "xylU;

(i) f(x)31+x, "xT U.

Giai. Bi (i), taco
f(x)= f%*% fzg"aga 0, xi U.
Néu f(x)=0, thi
0= (x)= f%+%g3 fzg’%%
Do d6 f%fzo. Quy nap, tacd £ 8% 0= 0 véi mdi b nguyén duong n.
§275 gz”z

Tuy nhién, tir (i) suy rarang rang f(x)>0 véi moi xI U va x gan 0. Do

d6 diéu trén lamau thuan. Vay
f(x)>0, xT U.

Tiép theo, tir (i) va (i), ta s8 thiy rang f kha vi tai mdi diém xi U va
f'(x)=f(x).

That vay, tu (i) va(ii), voi h>0 dua nho, taco

f(x+h)- f(x)s f(x)f(h)- f(x)=(f(h)-2)f(x)2 hf(x).
Do d6

rer): 1), 1.
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Mat khac, cang tur (i) va(ii), véi h>0 du nho, tacd
f(x)=f(x+h-h)3 f(x+h)f(-h)3 (1- h) f(x+h).

Suy ra
(1- h) f (x)+hf (x)2 (1- h) f (x+h).
Do d6
hf (x)2 (1- h)(f (x+h)- f(x)),
hay

f (x+h)- f(x)£ f (x)

h 1-h

Vay, véi h>0 dua nho, taco
IS RICIC

h 1-h’
Tuong tu, bat dang thac trén ciing ding déi véi chiéu nguoc lai, véi h<0
du nho.
Do d6, taco
f h)- f
£1(x)= tim + O )
h® 0 h

ton tai vabang f (x), véi xi U.
Tur do, véi xi U, tacod

()

eX

mm&‘

Q O
(0]

Do d6
f(x)=Cce* (C lahangs).

Hon nira, tir (i) taco f(0)3 f2(0) hay f(0)£1 vatu (ii) taco f(0)3 1. Do
d6 C=1(0)=1. Thir lai, ham f (x) =€ thoamén cac didu kién (i) va (ii).

Nhu vay, véi g(x)=aX hoic g(x)=1+x, Bai toan 3 va Bai toan 4 déu giai
dwoc. Mot cau hoi tiép theo dugc dit rac Vi nhirng 16p ham g(x) nao thi
bai todn tong quét lagiai dugc ?

Taco két qua sau
binh |i 1. Gia s U la khoang mo chiza O sao cho voi mpi x,yi U thi
x+yl U.Néuhamss f:U ® R théa man dong thoi cac dieu kién sau

(i) f(x+y)2 f(x)f(y), "xylU;

(i) f(x)3g(x), "xIU;
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trong @6 g(x) 1a ham s6 cho truéc kha vi tai 0, g(0)=1, g'(0)=k, thi
f(x)=ekx.

Chitng minh. Tuong tu 10 giai Bai todn 4, tir cac diéu kién da cho, tasuy ra
f(x)>0 véi moi xT U . Gid sirrang f(x) laham s théa man cac diéu kién
cuadinh Ii.
Thé thi, véi h>0 da nho, tacod
f(x+h)- £(x)2 £(x) f(h)- £ (x)=(f(h)-1)f(x)2 (g(n)- 1) f(x)-
Do do6

f(x+hr)‘- f(x), g(h);‘g(o) (x).
Mat khéc, cang tu (i) va(ii), véi h>0 du nho, taco
f(x)=f(x+h-h)3 f(x+h)f(-h)2 f(x+h)g(-h).
Vi ham g(x) kha vi tai 0 nén n lién tuc tai diém d6. Do do, véi h>0 du
nho, tacd g(- h)>0.
Khi @0, véi h>0 du nho, taco

oh)- £ (e 9CN-10 v 9(-h)-9(0)
o) 109 e- 2= 10 =2 F(x).

Vay véi h>0 da nho, tir cac két qua trén, ta co

6(0)- 9(0) () Fe+h)- 104 L 9(0)-0(0)

h h “g(-h)
Tuong tu, bat dang thac trén ciing ding déi véi chiéu nguoc lai, véi h<0
du nho.
Do d6, taco

£1(x)= tim + O )
‘ ‘ h® 0 h
ton tai vabang g'(0) f (x) =kf (x), véi xT U .
Tur do, véi x1 U, taco

20 _ £ K (x) KE(x)- K (x)
eekxé ekx ekx

Do dé
f (x)=Ce™ (C lahing sb).
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Hon nira, tir (i) taco f(0)2 f?(0) hay f(0)£1 vatu (ii) tacod f(0)3 1. Do
d6 C=(0)=1.Vay f(x)=e. Tacd diéu phai chitng minh.

RS rang f (x) =€ thoa man diéu kién (i). Néu gia thiét bai toan c6 thém
didu kien g(x)£e, voi xi U, thi ham sb 1 (x)=€" thoa mén tit ca céc
diéu kién cuabai toan.

Tu két qua trén, taco

Hé qua 1. Gid sir U la khodng mé chiza O va f:U ® R théa mén diéu kién
(i) véi moi x, yl U sao cho x+yl U. Néu f khd vi tgi O, f(0)=1 va
£(0)=k thi f(x)=¢*, xiu,

Chitng minh. Ap dung Dinh Ii 1, véi g(x)=f(x), "xI U, ta co diéu phai
chirng minh.

Hé qua 2. Gid s F la ham xac dinh trén khoang mo U chira O va thoa
man

F(x+y)E£F(x)+F(y)
Véi moi x, yT U sao cho x+yi U. Néu F bj chan trén béi mét ham G khd
Vi tgi 0 va théa man G(0) =1, thi F(x)=kx, xT U, trong d6 k 1a mgt hang

0.

Chitng minh. Ap dung Dinh 1y 1, véi £ (x)=e ~ ¥ va g(x)=e C¥)

dugc diéu phai chang minh, ,
Tuong tu phuong phdp chirng minh Binh Ii 1, ta co két qua sau day

,taco

binh |i 2. Gigd s* U la khodang mo chiza 0 sao cho vai mpi x,yl U thi
x+yl U.Néuhamss f:U ® R théa mén diéu kién sau

f(x+y)3 f(x)g(y), "xyl U,
trong @6 g(x) 1a ham sé cho truéc kha vi tai 0, g(0)=1, g'(0)=k, thi mpi
nghiém cua bdt phuwong trinh ham trén déu cé dang f (x)=ce®, ¢ 1a hing

kx

Hé qua 3. Ta cd f(x)=e va g(x)=* 1a nghi¢gm duy nhdt cia hé bdt

phurong trinh ham
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P (x+y)® f(x)a(y);
19(x+y)* 9(x) £ (y).
Véi dieuki¢n f(0)=1, g(x) lakhd vi tai 0, g(0)=1va g'(0)=k.

Chitng minh. T bat phuong trinh ham thi: nhat, 4p dung Pinh I 2 ta duoc
f (x)=Ce™ (c lahing sb). Vi f(0)=1,nén C=1.Dod6 f(x)=e .

Tuong tu, tir bt phuong trinh ham thir hai, & dung Binh i 2 ta ciing c6
g(x)= e,

RO rang f(x)=e™ va g(x)=¢ thoa mén h¢ bit phuong trinh ham da
cho, véi nhitng diéu kién d¢anéu. Hé qua duoc chirng minh.

kx

binh nghia 1. Ham g(x) xac dinh trén mgt khoang mg U chira O diroC goi
la ham tya boi | tai 0 néu ton tai met ham k(x) xac dinh trén U sao cho

k(0)=g(0), k (0) =1 ton tai va k(x)£ g(x) Véi moi xi U .

Hé qua 4. Bdt phwong trinh ham
fFx+y)® f(x)a(y),
trong d6 g la mgt ham cho trugc xac dinh trén | véi g(0) =1 va la ham tya

boi | tai 0, c6 nghiém khong am f khi va chr khi X3 g(x) trén | va trong
trieong hop ndy mpi nghiém khdng &m déu c6 dang f (x) =ceX, trong do
c2 0 lahdng s5.

Chitng minh. Gia s f(x) l1a mot nghiém khong &m cia bat phuong trinh
ham d&cho. Vi g(x)3 k(x) trén U, nén taco

f(x+y)® 1 (3k(y),

trong d6 k(x) théa man k (0)=1 va k(0)=g(0)=1. Ap dung Pinh Ii 2 vao
bit phuong trinh ham ndy, tacé f (x)=ce’X, trong d6 c2 0 1a hing sb. R6
rang, f(x)= ceX lamot nghiém khodng am cia bat phurong trinh ham da cho

néu &%= g(x) trén U.

Tur Hé qua 4, ta cd thé sang téc ra cac bai toan, chang han sau day
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Bai toan 5. Timtdt ca cac hamss f (x), xac dinh trén khodng mg (-e; ¥),
théa mén hé bdt phuwong trinh ham sau

}f(x+y)3 f(x).log f(y);

% f(x)® x+e

Giai. Trén khoang ma (-e; ¥), mdi nghiém duong f dugc suy ra bsi bat

phuong trinh ham thir hai. Ngoai ra, tir h¢ bét phuong trinh ham da cho, ta

co f(0)=e. Ap dung Hé qua 4 doi véi truong hop g(x)=log f (x) laham tya

boi i tai 0, qua ham k(x) =log(x+e). Do d0, theo chirng minh cua H¢ qua 4
5 1+§ . i 1+§

,taco f(x)=1f(0)e€=e €. Thu lai, tathay hamso f(x)=e € thoamén

hé bat phuong trinh ham da cho trén khoang ma (-e; ¥).

Bai toan 6. Trén khodng mg chiza 0 c6 mét nghiém cua hé bat phicong trinh
ham

LE(x+y)? f(x)_ef(Y);

|

[f(x)3 X2,
Giai. Gia sir f(x) lamot nghiém xéc dinh trén mét khoang mo chira 0 nao
d6. Thé thi, bai bat phuong trinh ham tha hai, f (x) lakhéng &m. Tir hé bt
phuong trinh da cho suy ra f (0)=0. Ap dung Hé qua 4 déi véi truong hop

2
g(x)=e" ™ 1a ham twa bsi 0 tai 0, qua ham Kk(x)=e<. Hon nira, vi
f(0)=0, nén tacd f(x)°0 théa man bat phuong trinh ham thir hai trén
khoang khong m¢ chira 0. ‘ ,
binh li sau day cho ta két qua vé viéc giai mot dang bat phuong trinh ham
co ban khéc

binh |i 3. Gigd s* U la khodang mg chiza 0 sao cho vai mpi x,yi U thi
x+yl U. Xé bat phuong trinh ham

fx+y)® £(x)g(y)+ F(y)g(x), "xyT U,
trong d6 g(x) 12 mgt ham gisi ngi, kha vi tai 0, g(0)=1va g'(0)=k. Thé thi
f (x)° 0 laham s duy nhat théa mén bat phuwong trinh @& cho, véi diéu kién
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im T o
Xx®0 X

Chirng minh. Gia sir rang f (x) la nghiém cua bat phuong trinh ¢ cho, véi
diéu kién
f
im ) 2.
) x®0 X
Thé thi, véi h>0 du nho, taco

f(x+h)3 f(x)g(h)+f(h)g(x)

hay

Do do

Mat khéac, taco
f(x)=f(x+h-h)3 f(x+h)g(-h)+f(-h)g(x+h)
hay
g(-h)(f(x)- F(x+h))2 g(-h) £ (x)- £ (x)+1(-h)g(x+h)
Vi ham g(x) kha vi tai 0 nén n6 lién tyc tai diém d6. Do d6, véi h>0 du
nho, tacod g(-h)>0.
Vay, vai h>0 du nho, taco
f(x+h)- f(x)E(g(-h)-l)f(x)+f(-h)g(x+h)
h -9(-h) '
g(-h)- g(0 f(-h
:_(_ h;( h() ) f(x)+_h.é(_)h)g(x+h).
Vay véi h>0 da nho, tir céc két qua trén, taco

g(h);]g(o) f(x)+@g(x)£ f(x+hk)]- f (x)
L3C0)-0(0) oy, f(0)

-hg(-h) +-h.g(-h)g(x+h)'
Tuong tu, bat dang thac trén ciing ding déi véi chiéu nguoc lai, véi h<0
da nho.
Do do, taco

£(x)= lim f(x+h)- f(x)
‘ ‘ h® 0 h
ton tai vabang g'(0) f (x) =kf (x), voi xT U, Vi
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lim
Xx®0 X

va g(x) lamot ham gisi néi.
Tu do, véi xi U, tacd

Do do

Hon nita, tir diéu kién

suy raring C=0. Vay f(x)° 0la ham s5 duy nhit théa man bt phuong
trinh d& cho, vai diéu kién
jim )

X®0 X

=0.

2. Bat phwong trinh ham dang cong - nhan tinh.

Phin ndy d& cap dén viéc giai cac hé bat phuong trinh ham, véi cac dang
sau day
- Dang “cong”:
f(a+x)Ea+f(x), f(b+x)Eb+f(x), xI R;
- Dang “cong - nhan”:
f(a+x)£af(x), f(b+x)Ebf(x), xI R;
- Dang “nhan - cong”:
f(ax)Ea+f(x), f(bX)Eb+f(x), xI 1,11 R;
- Dang “nhan”:
f(ax)£af(x), f(bx)Ebf(x), xI I,IT R;
trong dd a, b, a, b lacéc sb thuc cho trudce.
Chl y riang, néu a = f(a), b =f(b), thi hé bat phuong trinh ham dang
“cong” trén la sy thu hep caa bat phuong trinh ham Cauchy ¢o dién
f(x+y)Ef(x)+f(y), x ylR.
Tru6c hét, tanhac lai rang, mot tap hop M tri mat trong tap so thuc R

néu nhu trong moi 1an can caa mot diém tuy y cuiatap R déu co it nhat mot
diém coatap M . Chang han, tap Q céc sb hitu ty 1atap trd mat trong tap R.

10
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Tinh chit sau d&y la mot két qua quen thuoc (Dinh 1y Kronecker), c6 thé
tim thay chirng minh & cac tai liéu ly thuyet co ban
“Néeu a va b la cac so thuc khong thong woc véi nhau, thi tap
A={ma+nb; m ni Z} trumgttrong R”.
Hon nita, ta co thé chizng minh dugc cac két qua sau day
B6 dé 1. Gid sir a, bl R va a<0<b lacéc s cho trirdc. Ky hidu
A={ma+nb; m ni N}.

1) Néu 21 @, thi tdp A tri mét trong R.
a

2) Néu gi Q, thi tén tgi d >0 sao cho
A={kd ; kT Z}.

Dang “nhan” caabd ¢ ndy nhu sau

B dé 2. Gid s a, bl R va 0<a<1l<b lacac s cho trude. Ky hiéu
M :{ambn :m, ni N}.

1) Néu %T Q, thi tgp M trimgt trong (0,¥).

2) Néu @T Q, thi téntgi d >0 sao cho
loga
M ={o|k ki z}.
Béy gio, taching minh cac dinh ly sau day
Pinh ly 4. (Dang “ cong”)

Gid sir a, b, a, b la cac so thuc cho trudc théa man
a<o<b’ E:B,
\ a b ’ 2
vagia serang ham f:R® R liéntuc tgi it nhat mot diem.
1) Néu 27 @, thi  théa mén hé bdt ding thirc ham
a
f(a+x)Ea+f(x), f(b+x)Eb+f(x), xI R (1)

khi va chi khi f (x)= px+f(0), xI R, trong do p;:%.

11
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2) Néu gi Q, thi ton tai duy nhat mgt nghiém ham lién tuc f:R® R cua

h¢é phurong trinh ham tuong ung
f(a+x)=a+f(x), f(b+x)=b+f(x), xI R (2)

sao cho f (0] = f,, trong do

d:=min{ma+nb>0; mni N}
ton tai, 1a s6 dwong va f,:[0,d]® R la hamlién tuc cho truéc théa man diéu
kien
a
fo(d):§d+ f,(0).
Hon niza, néu f, 1a don diéu nghiém ngat, thi nd trang véi ham f trén dogn
[0,d].

Chirng minh.
1) Ttr (1), dé dang suy ra
f(ma+x)Ema+f(x), f(nb+x)E£nb+f(x), mnl NxI R.
Trong bét dang thirc dau tién & trén, thay x bdi nb+x, taco
f (ma+nb+x)£ma + f (nb+x)£ma +nb + f (x).

Do dé
f (ma+nb+x)£ma +nb+f(x), m nl N xT R.
bat
_a_b
p-—g—g,
ta co thé viét bat dang thirc ndy dudi dang
f(t+x)£pt+f(x), tT A, xI R, (3)

trong d6, theo B6 dé 1, tap
A={ma+nb; m ni N}
tru mat trong R.
Gia st rang x, ladiém matai dé ham f lién tuc va x la mot gia tri thyc
tly y. Bai tinh chat tri mat caa A trong tap R, ton tai mot day (tn) sa0 cho

tT A (nT N), lim t =x- x.
o ( ) n® +¥ N &
Tu bat dang thirc (3), taco
f(t,+x)£ pt,+f(x), nl N.
Cho n® ¥, bai tinh lién tuc citaham f tai x,, tathu dugc

12
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f(%)Ep(%-x)+f(x), xT R.
Bay gio, dé chirng minh phan dao, thay x boi x- t trong (3), taduoc
f(x)£pt+f(x-t), tT A, xI R.
Chon mot diém xI R ¢b dinh tiy y v, bai tinh trd mat caa A trong R,
mot day (t,,) seo cho
| t.T A (nl N), n(grg¥tn—x-xo.
The thi, tacd
f(x)£ pt,+ f(x-t,), nl N.
Cho n® ¥, bi tinh lién tuc caaham f tai x,, tathu dugc bat dang thirc
f(X)E p(x- %)+ (%), xI R,
Do do, taco

f(x)=p(x)+(f(%)- P), xIR.
Taco diéu phai chang minh.
2) Tu (2), dé dang suy ra
f(ma+nb+x)=%(ma+nb)+ f(x), m nl N, xI R. (4)
Theo B6 dé 1, phan 2, sb
d:=min{ma+nb>0; m ni N}
laxéc dinh valasd duong. Hon nita
{ma+nb>0; m nT N}={kd ; kT Z}.
Do d6, (4) c6 dang
f(kd+x):%kd+f(x), ki z, xI R.
D& dang thay rang hé phuong trinh hdm ndy tuong dwong véi phuong
trinh
f(d+x):%d+f(x), xi R.
Béy gio, taxac dinh f,:(d,2d]® R boi cong thirc
fl(x)::%d+ fo(x- d), x1 (d,2d].
Gia sir rang
fn:(nd,(n+1)dg® R (nl N)
da dugc xé&c dinh. Thé thi, taxéc dinh
frr:((n+1)d,(n+2)dg® R
boi hé thic truy hoi
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fn+l(x)::%d+ f.(x-d),

x1 ((n+1)d,(n+2)dg, nl N.
Twong tu, gia sur
f_l(x)::-agd+ f, (x+d), xi [-d,0).
Gia sir rang ta co dinh nghia
f_n(x)::gnd,(-n+1)d)® R (nl N).
Thé thi, tadinh nghia
a
oy ()= 2 1, (x+),
x1 g(n+1)d,-nd), ni N.
D& dang kiém traduocring f:R® R, x&c dinh boi
1, (x), khixi g nd,(-n+1)d),
f(x)=1|' f,(x), khi xT [0,d], , nl N,
£ £,(x), khi xi (nd,(n+2)dg,
thoa mén hé (2), 1aham lién tuc va f‘[o a5
binh ly dugc chirng minh hoan toan.
Pinh ly 5. (Dang “ cong-nhan” ) ,
Gid st a, bl RVvaa, b >0 lacac so cho trudc thoa mén
loga _ logb

a b
vagid sz rang ham f :R® R liéntuctai it nhat mgt diem.

1) Néu g'r Q, thi f théa mén hé bdt ding thirc ham

a<0<b,

f(a+x)£af(x), f(b+x)Ebf(x), xI R (5)
khi va chi khi f (x) = f (0)ePX, xi R, trong d6 p:='°%.

2) Néu b1 9, thi tdn ti duy nhat mgt nghiém ham lién tuc f:R® R cua
a

h¢é phirong trinh ham tuong ung
f(a+x)=af(x), f(b+x)=bf(x), xI R (6)

sao cho f [0d] = f,, trong do
d:=min{ma+nb>0; mni N}
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ton tai, 1a s6 dwong va f,:[0,d]® R 1& ham lién tuc cho trusc théa man diéu
kién
loga 4
fy(d)=1,(0)e 2
Hon niza, néu f, 1a don diéu nghiém ngat, thi nd trang véi ham f trén dogn
[0,d].

Chirng minh.
1) Tu (5), de dang suy ra
f(ma+x)£amf(x), f(nb+x)£bnf(x),
m, nT N, xI R.
Trong bét dang thirc dau tién & trén, thay x bdi nb+x, taco
f (ma+nb+x)£a™Mf (nb+x)£aMb"f (x).

Do d6
f(ma+nb+x)£ambnf(x), m, nl N, xI R.
bat
— loga _ logb
e r r ? - a b ’
ta cd thé viét bat dang thirc nay dudi dang
f(t+x)£ePi(x), tT A, xR, (7)

trong d6, theo B6 d¢ 1, tap A={ma+nb; m ni N}
tru mat trong R. 7
Gia sir rang x, ladiém matai d6 ham f lién tuc va x la mot giatri thuc
thy y. Béi tinh chat tri mat caa A trong tap R, ton tai mot ddy (t,) seo cho
o t,0 A (nl N), limt, =x- X.
Tu bat dang thire (7), taco
f(tn+x)£ept"f(x), ni N.
Cho n® ¥, boi tinh lién tuc ciaham f tai x,, tathu dugc
(%) £eP ¥ (x), « R.
Bay gio, dé chirng minh phan dao, thay x boi x- t trong (7), taduoc
t(x)£ePf(x-1), tT A, xI R.
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Chon mét diém x1 R ¢b dinh tiy y v&, bai tinh trd mat caa A trong R,
mot day (t,,) seo cho
t T A (nT N), I|mt—x
, n ( ) n® +¥ N o
The thi, tacd
t -
t(x)£e"Mf(x-1,), n N.

Cho n® ¥, bgi tinh lién tuc caahadm f tai x,, tathu duoc bat dang thic

f(x)£eP %) 1 (%), « R.
Do do, taco

f(x):ep(x)(f (%)- Px), xI R.
Taco diéu phai chang minh. ‘
2) Chirng minh tuong ty chirng minh phan 2 chabinh ly 4.
binh ly dugc chirng minh hoan toan.

Pinh ly 6. (Dang “ nhan- -cong” )
Giasira b, a, b IacaCSOterc cho truoc thoa man
0<a<1<b L_L
loga logb’

vagid sz rang ham f ;1 ® R lién tuc tai it nhat mgt diém.
1) Néu 1992y o thi t théa mén hé bdt ding thirc ham

loga
f(ax)Ea+f(x), f(bx)Eb+f(x), xI I, (8)
thi
i) Truong hop 1 =(0,¥):
f (x) = plogx+ f (1), x>0,
i) Truong hop 1 =(-¥,0):
f(x)=plog(- x)+ f (-1), x<0,
trong dé p:= Toga "
2) Néu :Ogb“ Q, thi ton tgi duy nhat mgt nghiém ham lién tuc f:1® R
cua hé phurong trinh ham tuong i:ng
f(ax)=a +f(x), f(bx)=b+f(x), xT | 9)
sao cho f [1.d] = f,, trong do
16
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d:=min{ambn>1; m,nl N}
ton tai, 16n hon 1 va f,:[1,d]® R la ham lién tuc cho trudc théa mén diéu
kien
a
f,(d)=——.Ilogd + f (1) .
o(d) loga g o(2)

Hon niza, néu f, 1a don diéu nghiém ngdt, thi nd tring véi ham f trén dogn
[1d].

Ching minh.
1)i) Giasirrang | =(0,¥).
T (8), chixng minh twong tu nhu céc phan trén, taco
f(ambnx)Ena +nb + f(x), m nl N, x>0.
bat
a b

loga logb’
ta cd thé viét bat dang thirc ndy dudi dang

f(ambnx)E plog(ambn)+ f(x), m nl N, x>0,
hay

f (tx) £ plogt+ f (x), tT M, x>0, (10)
trong do, theo B6 dé 2, tap

M ={ambn :m, nl N}
tri mat trong 1 .
Gia str rang x, >0 ladiém matai do ham f liéntucva x>0 [amot giatri
tlly y. B&i tinh chét tri mét caa M trong tap 1, ton tai mot day (t,,) seo cho

~

t TM (nN), limt =2,
n n®+¢ N X
Tu bat dang thire (10), taco
f(tnx)E plogtn+f(x), nl N.
Cho n® ¥, boi tinh lién tuc ciaham f tai x,, tathu dugc

X°+f(x), x>0.

f(x )£ plog22
(%) plog
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Bay gio, dé chirng minh phan dao, thay x boi ?X trong (10), va chon mot
day (t,) seo cho

t I M (nl N), limt ==,
) n ne+¥ N X
Thé thi, tacd

f(x)£ plog%+f(xo), x>0.

Do do, taco
f(x)=f(x)- plogx, +plogx, x>0.
Phan i) dugc ching minh.
i) Gia sirrang | =(-¥,0).
Taxét ham g:(0,¥)® R xac dinh boi cong thac g(x)=f (- x), x<0, théa
man hé (8) va chirng minh tuong tu nhu chirng minh phan i). ‘
2) Phan nay chirng minh tuong tu nhu chieng minh Binh 1y 4, phan 2.

Hé qua 5. Gid sif a, b, a, bT R théa méin cac gid thiét cia Pinh ly 4, phan
1. Néu ham f:g-¥,0)U(0,¥)g® R théa man h¢ bdt dang thirc (8) va trong
ma6i khodng (¥,0), (0,¥) ton tai it nhdat mgt diém ma tai @6 ham f lién tuc,
thi

_jplogx + f(1), khixi (0¥),
Tiplog(- )+ f(-1), khixi (-¥,0),

(%)

trong do p:=-—2—.
loga

Chay 1. Gid s a, b, a, b & c&c so thurc cho triéc théa man 0<a<1<b va
@ __ b Néu o 1, thi khdng tén tai ham nao théa mén hé (8).
loga logb

That vay, trong bat dang thirc (8) néu dat x=0, thi 0£a, 0£b , mau thuan
Véi gia thiét ab <o0.

Pinh ly 7. (Dang “ nhan”)
Gia st a, b, a, b la cac so thuc cho truoc thva man
loga _logb

a<i<hb, = ,
loga logb
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va gid st rang ham f:1 ® R lién tuc tai it nhat mgt diém.
1) Néu %‘f Q, thi f théa man hé bdt dding thirc ham
f(ax)Eaf(x), f(X)EDT(x), xI I, (12)
thi
i) Truong hop 1 =(0,¥):

trong do p:= loga
loga

2) Néu I'Oibi Q, thi tdn tai duy nhdt mst nghiém ham lién tuc f:1® R
oga

(1=(0,¥) hodgc | =(-¥,0)) cua hé phuong trinh ham tuong #ng
f(ax)=af(x), f(bx)=bf(x), xI I, (12)

sao cho f f,, trong do

[1d] ~
d:= min{ambn >1;: mnl N}

ton tai, 16n hon 1 va f,:[1,d]® R la ham lién tuc cho trusc théa méan diéu
kién

loga

loga

fo(d) = 1, (1)d %92

Hon niza, néu f, la don diéu nghiém ngat, thi nd trang vai ham f trén dogn
[1d].

Ching minh.
1)i) Giaskrrang | =(0,¥).
Tur (11), chirng minh twong tu nhu c&c phan trén, ta cd
f(ambnx)Eambnf(x), m, ni N, x>0.
bat
— loga _ logb
" loga logb’
ta co thé viét bat dang thirc ndy dudi dang
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p
f(ambnx)E(ambn) f(x), m nl N, x>0,

hay
f(tx)Etp.f(x), ti M, x>0, (13)
trong d6, theo B6 dé 2, tap
M ={ambn ;m, ni N}
tri mét trong 1 . 7
Gia str rang x, >0 ladiém matai d6 ham f liéntucva x>0 lamot giatri
tlly . Boi tinh chét trd mat cia M trong tap 1, ton tai mot day () sao cho

t T M (ni N), limt =22
n ne+¥ N X
Tur bat dang thirc (13), taco
f(tnx)Etnpf(x), nl N.
Cho n® ¥, bai tinh lién tuc ciaham f tai x,, tathu dugc

P
&% 0
f(x%)£ " f (x), x>0.

Bay gio, dé chirng minh phan dao, thay x boi ?X trong (13), va chon mot
day (t,) seo cho

t T M (i N), lim t ==,
, n n®+¥ N X

The thi, tacd

P
f(x)E(i;aelg 1 (%), x>0.
‘ eX g

Phan i) dugc chirng minh.

i) Gia sirrang | =(-¥,0).

Taxé ham g:(0,¥)® R x&c dinh bai cong thic g(x)= f (- x), x<0, thoa
man hé (11) va chirng minh twong ty nhu chang minh phan i). ‘

2) Phan nay chirng minh tuong tu nhu chieng minh Binh 1y 4, phan 2.

Chay 2. Gid s a, b, a, b & c&c so thirc cho triéc théa man 0<a<1<b va
loga _logb

loga logb
hé (11), thi f(0)=0.

.Néu 1 =R hodc 1 =[0,¥) hogc | =(-¥,0] va f:1 ® R théa man
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That vay, bai mot trong hai gia thiét a <1<b hoic b <1<a v, hon nita,
f(0)(1-a)£0 va f(0)(1- b)£0, tasuy ra f (0)=0.
Tu Chay nay, taco

Chay 3.

i) Gid sr f:[0,¥)® R théa man h¢ (11). Néu f (0¥) Va a b, a, b thsa

0¥
man tat ca céc gid thiét cia Pinh ly 7, phan 1, thi
i p AN
f(x):|[ f(1)x" khixi (0,¥),

{0 khi x =0,
trong do p:z'oﬂ.
loga
ii) Gid sr f:(-¥,00® R théa man hé (11). Néu f (-¥.0) Va a b a,b

théa mén tat ca cac gia thiét cia Pinh 1y 7, phan 1, thi
f(x):'%'f(-l)(-x)p khi x1 (-¥,0),
{0 khi x =0,
loga

trong dé p=——.
loga

Hé qua 6. Gid sir a, b, a, b1 R théa man cac gid thiét cia Dinh |y 7, phan
1.

i) Néu ham f:g-¥,0)U(0,¥)§® R théa man hé bat dang thic (11) va
trong méi khoang (-¥,0), (0,¥) ton tai it nhat mgt diém ma tai @6 ham f
lién tuc, thi
(4 Lt (1)xP khi xT (0,¥),

X) =i

FE(-0(-x)P «hixi (-¥,0),
loga

loga

i) Néu ham f:R® R théa man hé bdt dang thic (16) va trong mdi
khodng (-¥,0) va (0,¥) ton tai it nhat mat diém ma tai ¢6 ham f lién tuc,
thi

trong do p:=
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Li@xP khixi (0,%),
f(x)=70 khi x =0,
:
f1(-1)(-x)P khix (-¥,0),
trong do p:z'oﬂ.
loga
Cha y 4. Ta ludn ¢ cac dinh |y tuwong tu nhur cac Dinh |i 4- Binh |i 7, voi
ham f thoa mén cac bat dang thizc c6 dau nguoc lai.

Pleiku, 7/2011
T.b.C
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