diendantoanhoc.net [VMF]

A Collection of Limits


http://Pdfaid.com

diendantoanhoc.net [VMF]

Contents

1 Short theoretical introduction
2 Problems

3 Solutions

12

23



diendantoanhoc.net [VMF]

Chapter 1

Short theoretical
introduction

Consider a sequence of real numbers (a,),>1, and I € R. We'll say that [
represents the limit of (ay),>1 if any neighborhood of [ contains all the terms of

the sequence, starting from a certain index. We write this fact as lim a, =,
n—oo

or a, — .
We can rewrite the above definition into the following equivalence:

lim a, =1 < (V)V € V(I), (I)ny € N* such that (V)n > ny = a, € V.

n— oo

One can easily observe from this definition that if a sequence is constant then
it’s limit is equal with the constant term.

We'll say that a sequence of real numbers (a,,),>1 is convergent if it has limit

and lim a, € R, or divergent if it doesn’t have a limit or if it has the limit
n—oo

equal to Foo.
Theorem: If a sequence has limit, then this limit is unique.

Proof: Consider a sequence (a,),>1 C R which has two different limits I, 1" € R.
It follows that there exist two neighborhoods V' € V(I') and V" € V(I") such
that V/'NV" = @. As a,, = I’ = (I)n’ € N* such that (V)n > n’ = a, € V.
Also, since a,, — " = (I)n” € N* such that (V)n > n” = a, € V". Hence
(V)n > max{n’,n"} we have a,, e V' NV" = &.

Theorem: Consider a sequence of real numbers (a,),>1. Then we have:

(i) lim a, =1l € R & (V)e >0, (I)n. € N* such that (V)n > n. = |a, 1| <e.

n— oo
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(ii) lim a, =00 & (V)e >0, (I)n. € N* such that (V)n > n. = ap > ¢.

n—oo

(i) lim a, = —0c0 < (V)e > 0, (I)n. € N* such that (V)n > n. = a, < —¢

n— oo

Theorem: Let (a,),>1 a sequence of real numbers.

1. If lim a, =, then any subsequence of (a,),>1 has the limit equal to I.
n—oo -

2. If there exist two subsequences of (a,)n>1 with different limits, then the
sequence (an)nZI is divergent.

3. If there exist two subsequences of (ay),>1 which cover it and have a common
limit, then lim a, =1.
n—oo

Definition: A sequence (z,),>1 is a Cauchy sequence if (V)e > 0, (I)n. € N
such that |z,4p —zn| <e, (V)R >ne, (V)pe N

Theorem: A sequence of real numbers is convergent if and only if it is a Cauchy
sequence.

Theorem: Any increasing and unbounded sequence has the limit co.

Theorem: Any increasing and bounded sequence converge to the upper bound
of the sequence.

Theorem: Any convergent sequence is bounded.

Theorem(Cesaro lemma): Any bounded sequence of real numbers contains
at least one convergent subsequence.

Theorem(Weierstrass theorem): Any monotonic and bounded sequence is
convergent.

Theorem: Any monotonic sequence of real numbers has limit.

Theorem: Consider two convergent sequences (an)n>1 and (by,),>1 such that
an < by, (V)n € N*. Then we have lim a, < lim b,.

n— oo n—oo

Theorem: Consider a convergent sequence (ay)n>1 and a real number a such
that a,, < a, (¥)n € N*. Then lim a, < a.
n—oo

Theorem: Consider a convergent sequence (a,)p>1 such that lim a, = a.
- n—o0

Them lim |a,| = |al.
n—oo
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Theorem: Consider two sequences of real numbers (a,)p>1 and (by)p>1 such
that a,, < by, (¥)n € N*. Then:

1. If lim a, = oo it follows that lim b, = oco.
n—oo n—oo

2. If lim b, = —occ it follows that lim a, = —occ.
n— oo n— o0

Limit operations:
Consider two sequences a,, and b, which have limit. Then we have:

1. lim (a, +b,) = lim a, + lim b, (except the case (0o, —00)).
n— o0 n— o0 n— o0

2. lim (an - b,) = lim a, - lim b, (except the cases (0, £00)).
n—oo n— oo n—r oo

a lim a,
3. lim. i = n;nolo 0 (except the cases (0,0), (Foo,+00)).
n—oo

4. lim a’» = ( lim an)vtlimw bn (except the cases (1,+00), (00,0), (0,0)).

n—oo n—o0

5. lim (log, bn) =1og |;y an( lim b,).

n—oo n— 00 n—oo
Trivial consequences:

1. lim (@, — b,) = lim a, — lim b,;
n—oo n—oo n—oo

2. lim (Aap) = A lim a, (A € R);

n— oo n— oo

] k J— 1 .
3. nh_)rr;o Yan, = /nh_>rrolo an (k € N);

Theorem (Squeeze theorem): Let (an)n>1, (bn)n>1, (¢n)n>1 be three se-
quences of real numbers such that a, < b, < ¢, , (V)n € N* and lim a, =
n— oo

lim ¢, =1 €R. Then lim b, = 1.

n— 00 n— o0

Theorem: Let (z,),>1 a sequence of real numbers such that lim (zp41—2,) =
- n—oo

a €R.

1. If > 0, then lim z, = co.
n—oo

2. If @« <0, then lim z, = —oco.
n—oo
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Theorem (Ratio test): Consider a sequence of real positive numbers (a,)n>1,

a J—
n+1 c R

for which [ = lim
n—oo  Qy,

1. If I < 1 then lim a, =0.
n—o0

2. If I > 1 then lim a, = co.
n— o0

Proof: 1. Let V = (a,5) € V(I) with I < 8 < 1. Because [ = lim M,

n—oo Gy

a
"*1 €V, hence (V)n > ng =

there is some ng € N* such that (V)n > ng =

a n

a
ol < 1. That means starting from the index ng the sequence (a,)p>1 is

Qn
strictly decreasing. Since the sequence is strictly decreasing and it contains

only positive terms, the sequence is bounded. Using Weierstrass Theorem, it
follows that the sequence is convergent. We have:

a
Ap41 = ntl can = lim ap4; = lim L. lim an,
n n—oo n—o0 an n—oo

which is equivalent with:

lim a,(1-1)=0

n—oo
which implies that lim a, = 0.

n—oo
. ]- . bn+1 ]- . .

2. Denoting b, = — we have lim = — < 1, hence lim b, = 0 which

implies that nlgr;o apn = 00.

Theorem: Consider a convergent sequence of real non-zero numbers (z,,)n>1

such that lim n( In_ _ 1> € R*. Then lim z, = 0.

n—oo Tp—1 n—oo

Theorem(Cesaro-Stolz lemma): 1. Consider two sequences (a,)n>1 and
(bn)n>1 such that:

(i) the sequence (by)n>1 is strictly increasing and unbounded;

a —a
(ii) the limit lim " — [ exists.
n—00 Op41 — bn

a a
Then the sequence (n) is convergent and lim — = 1.
bn /51 n—o0 b,

Proof: Let’s consider the case | € R and assume (by,),>1 is a strictly increasing
sequence, hence lim b, = co. Now let V' € V(I), then there exists a > 0 such

n—oo
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that (I — a,l+a) C V. Let 8 € R such that 0 < 8 < a. As lim ZL" = I, there

n—roo n

exists k € N* such that (V)n > k = W € (I — 8,1+ B), which implies
n+1 — Un
that:

(= B)(bnt1 = bn) < ang1 = an < (4 B)(bny1 —bn), (V)0 2>k

Now writing this inequality from k& to n — 1 we have:

(1 = B)(bkt1 — br) < agy1 —ax < (I + B)(br+1 — br)

(I = B) (kg2 — bry1) < apy2 — arg1 < (14 B)(brr2 — bry1)

(l - 6)(bn - bnfl) <Op —ap—1 < (l + B)(bn - bnfl)

Summing all these inequalities we find that:

(L= B)(bn — br) < an —ar < (L+ B)(bn — bk)

As lim b, = oo, starting from an index we have b, > 0. The last inequality
n—o0

rewrites as:

b an  ag b
“—@(1—5) <bn‘bn<<”5>(1‘bn>‘i’

—0b n - )b
@(Zfﬁ)JrakJr(”B )b <4 T T (B + Db
by, by, by,
As
iy B Db ar— (B Db
n—oo n n—r00 bn
there exists an index p € N* such that (V)n > p we have:
b - )b
ar +(B—1) ko Ok (B + Dbk cB—a,a—p)
by, by,
We shall look for the inequalities:
ak + (B — Dbk >B—a
bn
and
ar — (B + )bk _ 3
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Choosing m = max{k,p}, then (¥)n > m we have:

a
l—a< 2 <l+a
bn
. a . .
which means that — € V = lim — = [. It remains to prove the theorem
n n—oo n
when | = +o00, but these cases can be proven analogous choosing V' = (a, 00)

and V = (—o0, ), respectively.
2. Let (n)n>1 and (yn)n>1 such that:

(i) lim z, = ILm Yn =0, yn #0, (V)n € N*;

n— oo
(ii) the sequence (yy,)n>1 is strictly decreasing;

X — X —
(iii) the limit lim =2 —"" —] ¢ R.
=00 Yp4+1 — Yn

Then the sequence <xn> has a limit and lim In _ l.
n>1

Yn n—=00 Yn

Remark: In problem’s solutions we’ll write directly lim I — Jim M,
and if the limit we arrive to belongs to R, then the application of Cesaro-Stolz

lemma is valid.
Trivial consequences:

1. Consider a sequence (ay, ),>1 of strictly positive real numbers for which exists
. An41
lim

n—oo (A

= . Then we have:

. . Gp41
lim a, = lim nt

n— 00 n—00  (Qp

Proof: Using Cesaro-Stolz theorem we have:

Ina,, Ina,+1 —Ina,

lim (In /a,)= lim = lim ———— = lim In (anH) =1Inl

Then:
. . 3 lim (In ¥Ya,
lim {/a, = lim ™ Vor = eVHOO( ven) _ et =1
n—r 00 n—r 00

2. Let (xn)n>1 a sequence of real numbers which has limit. Then:

. r1+xo+ ... +xp .
lim = lim =z,
n—o00 n n—oo
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3. Let (zn)n>1 a sequence of real positive numbers which has limit. Then:

lim Yz129...2, = lim z,
n—oo

n—roo

Theorem (Reciprocal Cesaro-Stolz): Let (z,)n,>1 and (yn)n>1 two se-
quences of real numbers such that:

(1) (Yn)n>1 is strictly increasing and unbounded;

(ii) the limit lim % =1{ ¢ R;

n— oo Z/n

(iif) the limit lim —2" € R \{1}.

n—oo y’n—‘rl

T -
Then the limit lim —2* © exists and it is equal to I.

Theorem (exponential sequence): Let a € R. Consider the sequence x,, =
a™, n e N*.

1. If a < —1, the sequence is divergent.

2. If a € (-1,1), then lim z, =0.

n—oo

3. If a=1, then lim z, = 1.
n—oo

4. If a > 1, then lim z, = occ.
n—oo

Theorem (power sequence): Let a € R. Consider the sequence x,, = n%, n €
N*.

1. If a < 0, then lim x, = 0.

n—oo

2. If a =0, then lim x, = 1.
n—oo

3. If a > 0, then lim z, = cc.

n—oo

Theorem (polynomial sequence): Let a, = apn* +a,_1n ' +... +ain+

ag, (ar #0).

1. If ax > 0, then lim a, = oco.
n— oo

2. If a, <0, then lim a, = —oo.
n— o0
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aknk + ak,lnk_l +...+an+ag
bpnP + byp_nP~1 + ...+ bin+by

Theorem: Let b, = (ar # 0 # by).

1. If kK < p, then lim b, = 0.
n—oo

2. If k = p, then lim b, = -,
n— 00 bp
. agk

3. If Kk > p, then lim b, = — - cc.
n—00 by

1 n
Theorem: The sequence a,, = <1 + > , n € N* is a strictly increasing and
n

bounded sequence and lim a, = e.
n—roo

Theorem: Consider a sequence (ap)n,>1 of real non-zero numbers such that

lim a, = 0. Then (1+ Gn)‘%’" = e.

lim
n— oo n— o0
Proof: If (b,)n>1 is a sequence of non-zero positive integers such that lim b, =
= n— o0
1 b, 1 n
oo, we have lim (1 + b) =e. Let € > 0. From lim (1 + ) = e, it
n

n— oo n n—oo
n

1
follows that there exists n. € N* such that (V)n > n. = ’(1 +—] —e|l <
n

o

Also, since lim b, = oo, there exists n € N* such that (V)n > n” = b, >

n—oo
!/

nL.. Therefore there exists n. = max{n.,n”} € N* such that (V)n > n. =

b b
1\ 1\
<1 + ) —e¢| < e. This means that: lim (1 + b> = e. The same

b, n—00 "

property is fulfilled if lim b, = —oo.
n—oo

1 Cn
If (¢n)n>1 is a sequence of real numbers such that lim ¢, = oo, then lim <1 + — =
= n—o00 n—o00 Cn,

e. We can assume that ¢, > 1, (V)n € N*. Let’s denote d,, = |¢,] € N*. In

this way (d,)n>1 is sequence of positive integers with lim d,, = co. We have:
- n—oo

1 11
dy <cp<dp4+1=—— < — <
=¢ B R B

Hence it follows that:

d d c dn+1 dn+1
1 1 " 1 " 1 " 1 "
1+ <(1+=) <(1+=) <(1+— < (14—
dn+1), Cn Cn Cn d,

Observe that:
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and

dn+1 dn
. L™ : 1 1
g (o) = (e g ) () =

1\
Using the Squeeze Theorem it follows that lim (1 + > = e. The same

n—00 Cp

property is fulfilled when li_}rn Cp = —00.

Now if the sequence (ay),>1 contains a finite number of positive or negative
terms we can remove them and assume that the sequence contains only positive
. 1 .
terms. Denoting z,, = — we have lim x, = co. Then we have
a

n n— oo

. B . I
lim (14 a,)* = lim (1+ — =e
n—oo n—oo Tn
If the sequence contains an infinite number of positive or negative terms, the
same fact happens for the sequence (z,,),>1 with x, = —, (V)n € N*. Let’s
= a

n
denote by (al,)n>1 the subsequence of positive terms , and by (al,),,>1 the subse-
1

quence of negative terms. Also let ¢}, = o (V)n € N*and ¢) = o (V)n € N*.
n n
Then it follows that lim ¢/, = coc and lim ¢/ = —oo. Hence:
n—oo n—oo

a1 1\
lim (1+4a})* = lim (1 + c’) =e

n—oo n—o0 n
and

lim (1+ ”)ﬁ—l' 1—|—1 ) =

Jm (e =l (155 ) =e

Then it follows that: lim (1 + an)f%n =e.

n—oo

Consequence: Let (ay)n>1, (bn)n>1 two sequences of real numbers such that

anp #1, (V)n € N*, lim a, =1 and lim b, = co or lim b, = —oco. If there
n—oo n—oo n—roo
— li n—1)bn
exists lim (a, — 1)b, € R, then we have lim a’" = enlﬁmoo(a oo
n— 00 n— 00

"1
Theorem: Consider the sequence (a,)n>o defined by a, = Z ok We have
k=0

lim a, =e.
n— o0
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Theorem: Let (¢,)n>1, a sequence defined by

1 1 1
ch=1+-+-4+...+——Inn, n>1
2 3 n

Then (¢p,)n>1 is strictly decreasing and bounded, and lim ¢, = -, where « is
- n—oo

the Euler constant.
Recurrent sequences

A sequence (x,,),>1 is a k-order recurrent sequence, if it is defined by a formula
of the form

otk = [(@n, Tng1s oo Mngh—1), 1> 1

with given x1,x9,...,zr. The recurrence is linear if f is a linear function.
Second order recurrence formulas which are homogoeneus, with constant coef-
ficients, have the form z, s = ax,y1 + By, (V)n > 1 with given z1, 29, , 5.
To this recurrence formula we attach the equation r? = ar + B, with 1,72 as
solutions.

Ifry,ro € Rand ry # rg, then z,, = Ar7+Bry, where A, B are two real numbers,
usually found from the terms 1, x9. If r; = ro =7 € R, then z,, = r"(A +nB)
and if r1, 7y € R, we have r1,79 = p(cos 0 +isind) so x,, = p™(cosnb + isinnb).

Limit functions

Definition: Let f : D — R (D C R) and 29 € R and accumulation point
of D. We'll say that [ € R is the limit of the function f in zy, and we write
lim f(z) =1, if for any neightborhood V of I, there is a neighborhood U of x,

T—x0

such that for any © € D NU\{zo}, we have f(x) € V.

Theorem: Let f: D — R (D C R) and x¢ an accumulation point of D. Then
le flx) =1(,z9 € R) if and only if (V)e > 0, (3)d. > 0, (V) € D\{zo}
x xo

such that |z — x| < 0 = |f(z) =] <e.

If | = £o00, we have:

lim f(z) =400 < (V)e >0, (3)d. >0, (V)z € D\{xo} such that |[x—z¢| < J¢,

Tr—T0o

we have f(z) > ¢ (f(z) < e).

Theorem: Let f: D C R = R and z¢ an accumulation point of D. Then
lim f(z) =1 (l € R, zg € R), if and only if (V)(zn)n>1, n € D\{z0}, z, —

Tr—T0o
xg, we have lim f(z,) =1
n—oo

One-side limits
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Definition: Let f: D C R — R and zy € R an accumulation point of D. We'll
say that [ € R (or Iy € R) is the left-side limit (or right-side limit) of f in x¢ if
for any neigborhood V of I, (or l4), there is a neighborhood U of zg, such that
for any x < xo, x € UN D\{zo} (x > x¢ respectively), f(z) € V.

We write [5 = ILm f(@) = f(zo—0) and Iy = 1311 f(z) = f(xo +0).
z<zgo w:r>x€0

Theorem: Let f: D CR — R and zp € R an accumulation point of the sets
(=00, x0) N D and (xg,00) N D. Then f has the limit [ € R if and only if f has
equal one-side limits in xg.

Remarkable limits

If lim f(x)=0, then:

Tr—rT0o

1 qim S0 (@)

A% T f@)
(

)

5 tim L@
=10 f(x

3 Jipy 2TCSID f(x) _1

e f@)

4 lim arctan f(x) 1,
2 )
1

5. 1im (14 f(a)f(®) =¢

Tr—T0o

ST @

o gf@
7.wll>rrg}o NOR =Ina (a > 0);

L (4 f(@) -1 ,
8. lim S = (P e R)
If lim f(z) = oo, then:

Tr—x0
3 (1 " f()) ¢
10, 1im 2F@) _ g,

20 ()
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Problems

1. Evaluate:

lim (Q/n3—|—2n2—|—1— Q/n3—1)

n—oo
2. Evaluate:
I V5w 4242
1m —
z——-2 /3410 — 2
n
3n24+9
3. Consider the sequence (ay)n>1, such that Zak = %, (V)n > 1.

k=1
Prove that this sequence is an arithmetical progression and evaluate:

n
. 1
lim E ak
n—o00 Na
n k:].

1
4. Consider the sequence (an)p>1 such that a3 = az = 0 and apt1 = < (an, +

3
ai_l +0b), where 0 < b < 1. Prove that the sequence is convergent and evaluate
lim a,.
n— o0

5. Consider a sequence of real numbers (z,),>1 such that 1 = 1 and =z, =
1

22p-1 + —, (V)n > 2. Evaluate lim z,,.
n

n—oo

6. Evaluate:

: 4 " 2 ..nT U
lim (n| = + n*sin” — + cos (2n7r + 7)

7. Evaluate:

12
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"Rk
i
nﬂr@io; (n+1)!

8. Evaluate:
. 1 1 1
9. Evaluate:
3n(mnl)3
lim 3 n)? (n)
n—00 (3n)!

10. Consider a sequence of real positive numbers (x,),>1 such that (n+1)x,41—
nx, < 0, (V)n > 1. Prove that this sequence is convergent and evaluate it’s
limit.

11. Find the real numbers a and b such that:

lim (\3/1—n3—an—b)20

n—oo

12. Let p € N and oy, ao, ..., o, positive distinct real numbers. Evaluate:

lim 7 oz?—i—ozg—i—...—l—oz'g
n—oo

13. If a € R*, evaluate:

. CcosSx —cosa
lim —
r—=—a I —a

14. If n € N*, evaluate:

. In(l+z+22+...+2")
lim
z—0 nr

15. Evaluate:

"L 2k3 + 8k2 + 6k — 1
li 2 g
nllréo<” tn k; 2+ dk+3

16. Find a € R* such that:

. 1—cosax . sinx
lim ——— = lim
x—0 x2 T—=T T — X

17. Evaluate:

. Va2 +7—vr+3
z—1 2 — 32 +2
18. Evaluate:
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lim (m - /\M)

n—oo

where ) is a real number.

19. If a, b, c € R, evaluate:

lim (a\/x+1+b\/x+2+0\/z+3)

T—>00

20. Find the set A C R such that az® + 2 +3 > 0, (V)a € A, (V)z € R. Then
for any a € A, evaluate:

lim (a:+17\/a:r2+x+3)

Tr—00

lim n* n —\/n+2

22. If k € N and a € R4 \{1}, evaluate:

-1 1
lim nk(a% -1) (\/n _\/n—i— >
n—00 n n -+ 2

21. If k € R, evaluate:

23. Evaluate:

n 1
lim _—
n—)oo; /n2 +k

24. If a > 0, p > 2, evaluate:
- 1
lim .
n—o0 ; {/nl’ -|- ka
25. Evaluate:

n!
i
novee (14 12)(1+22) - .- (1 +n?)

26. Evaluate:

n?—1

1, 2n2 -3 n
im [ ——m—
n—oo \ 2n2 —n+1

I V1 +sin?z — cosz
im
=0 1 —+/1+tan’zx

27. Evaluate:
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28. Evaluate:

lim (“\/5)
T—00 x—\/f

29. Evaluate:

1
lim (cosx)sinz
z — 0
>0

30. Evaluate:

8=

lim (e 4 sinx)
z—0

. <a1+ %)n
hm _—
n— o0 a

32. Consider a sequence of real numbers (a,,),>1 defined by:

31. If a,b € R}, evaluate:

1 ifn <k, keN*
a, ={ (n+1)F—nk

(1)

ifn >k

i)Evaluate lim a,,.
n—oo

It b, =1+ Z k- nlgrolo an, evaluate:

k=1
b; "
i _n
’IL1—>H;O (bn—lbn+1 )

33. Consider a sequence of real numbers (2, )n>1 such that z,42 =
N*. If T < o,

Tn+1 + Tn

5 , (V)n €

i)Prove that the sequence (22,+1)n>0 is increasing, while the sequence (22, )n>0
is decreasing;

ii)Prove that:

|29 — 71

TR (V)n € N*

Tn42 — xn+1| -

iii)Prove that:

2%py2 + Tpe1 = 2x9 + 21, (V)n € N*

. . e . T1F 2T
iv)Prove that (x,,)n,>1 is convergent and that it’s limit is LY
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34. Let an,b, € Q such that (1 +v2)" = a, + b,v2, (V)n € N*. Evaluate

35. If a > 0, evaluate:

lim 7((1 ta) -l
z—0 €T
. 3
36. Consider a sequence of real numbers (a,),>1 such that a; = 3 and an41 =
a? —ap,+1

. Prove that (a,)n>1 is convergent and find it’s limit.
an, -

37. Consider a sequence of real numbers (z,),>1 such that o € (0,1) and

Tpy1 = Tn — 22 + 20 — 22, (V)n > 0. Prove that this sequence is convergent

and evaluate lim z,,.
n— oo

38. Let @ > 0 and b € (a,2a) and a sequence zg = b, Tp41 = at++/Tpn(2a — z,,), (V)n >
0. Study the convergence of the sequence (,)n>0-

39. Evaluate:

n+1 1
nh—>Holo ; arctan %2

40. Evaluate:

. " k
Jim 3 k11
k=1
41. Evaluate:

n

) 1+34+324+...+3*
Jim > —r7e

k=1
42. Evaluate:

n i k‘ _1
i (01323740
e i=2 k=2 :
43. Evaluate:

114224334 4"

lim
n—oo nm
44. Consider the sequence (ay,)n>1 such that ag = 2 and a,,—1 — a,, = ( Zl)"
= n !

Evaluate lim ((n+ 1)!lna,).
n—oo
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45. Consider a sequence of real numbers (z,)p>1 With 21 =a > 0 and 2,41 =
T+ 2x9 + 323 + ...+ nx,
n

, n € N*. Evaluate it’s limit.

46. Using nh_{r;o Z =i %, evaluate:
k=1

R 1
A kz::l 2k — 1)

47. Consider the sequence (z,)p>1 defined by x1 = a, 22 = b, a < b and
Tp—1+ /\xn—Q

+ A

1 , n >3, A> 0. Prove that this sequence is convergent and
find it’s limit.

Ty =

48. Evaluate:

lim —
w00 nl
1
49. Consider the sequence (z,)n>1 defined by ;1 = 1 and z,, = PR n >
- Tn—1

2. Prove that this sequence is convergent and evaluate lim z,.
n—oo

50. If a,b € R*, evaluate:

In(cos ax)
im ——+~
z—0 In(cos bx)

51. Let f: R = R, f(z) = { {2} 1flixe€ﬂ§@ . Find all & € R for which

lim f(z) exists.

52. Let f: R - R, f(z) = { LiJ ifli xefg%@ . Find all o € R for which

lim f(z) exists.
Tr—o
53. Let (z,)n>1 be a sequence of positive real numbers such that x; > 0 and
a . L. .
31, = 2r,_1 + ——, where a is a real positive number. Prove that xz, is
x

n—1
convergent and evaluate lim x,.
n—oo

54. Consider a sequence of real numbers (ay,),>1 such that a; = 12 and ap41 =

3
an (1 + > Evaluate:
n—+1

n
. 1
lim E —
n—oo ak
k=1
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55. Evaluate:
lim (”)
n— oo n2 +1

n
N [k
Jim Y

k=1

56. If a € R, evaluate:

57. Evaluate:

n 1 1 n
lim 2" -
o0 (kz_l k(k +2) 4)

58. Consider the sequence (a,)n>1, such that a,, > 0, (V)n € Nand lim n(ap41—

n—0o0

an) = 1. Evaluate lim a, and lim {/a,.
n—oo n— 00

59. Evaluate:

i 14+2vV243V3+... +nyn
n1—>ngo nZ\/ﬁ
60. Evaluate:

1

lim (sin z) 2z—7
=%

61. Evaluate:

1
lim n?ln (cos >
n—o00 n
62. Given a,b € R7, evaluate:

lim
n— o0

(=2
2

63. Let a > 8 > 0 and the matrices A = <(1) (1)), B = <(1) é)

i)Prove that (3)(«n)n>1, (Yn)n>1 € R such that:

(g g)" =z, A+y,B, (V)n>1

x
ii)Evaluate lim ~.
n— oo y’ﬂ

64. If a € R such that |a| < 1 and p € N* is given, evaluate:
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lim n? - a"
n— 00

65. If p € N*, evaluate:

1P+ 2P 430 + ... +nP
m
n— oo npt1

66. If n € N*, evaluate:

sin(n arccos x)
m )
2t V- z?
67. If n € N*, evaluate:

1 — cos(n arccos x)

lim 5
z — 1 1—=z
<l

68. Study the convergence of the sequence:

Ty +a

— n2>1, 2120, a>0
T, +1

Tn+1 =

69. Consider two sequences of real numbers (z,),>0 and (yn)n>o such that

To=Yo =3, Tn=2Tp_1+ Yn—1 and Y, = 2x,,_1 + 3yp—1, (V)n > 1. Evaluate
. Tn

lim —.

n— oo yTL

70. Evaluate:

71. Evaluate:

. tanx — arctanx
lm ———
x—0 1‘2

72. Let a > 0 and a sequence of real numbers (), >0 such that z,, € (0,a) and
2

Tnt1(a — xn) > az’ (V)n € N. Prove that (2,)n>1 is convergent and evaluate

lim z,.
n—oo

73. Evaluate:

lim cos (nm */e)

n—oo

74. Evaluate:

(n—1)7
. (n + 1>tan “on
lim

n— 00 n
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75. Evaluate:

76. If a > 0, evaluate:

lim a+va+ Ja+ ...+ Ya—n

n— oo Inn

77. Evaluate:

. T w
lim nlntan (f + 7)
4 n

n—oo

78. Let k € N and ag, a1,a9,...,a;r € R such that ag +a; +as+ ... +ar =0.
Evaluate:

li_)m <a0%+a1\3/n+1+...+ak\3/n—|—k;>

79. Evaluate:

n—oo

lim sin (mr f’/n3 +3n2 +4n — 5)
80. Evaluate:

. 2arcsinx —
lim ———
z— 1 sin Tx
<l

81. Evaluate:

R !
Jim Y o
k=2
82. Evaluate:

1

n )
. . .9
nl;rréo ilgb (1 + Z sin (kx))

k=1

83. If p € N*, evaluate:

nlingoi (k+1)(k +n2p)+.1, (k)

k=0

84. If o, € (0, %) is a root of the equation tan o + cot « = n, n > 2, evaluate:

lim (sin oy, + cos )"
n— o0

85. Evaluate:
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k=1

86. Evaluate:

87. Evaluate:

x—0 3
88. If a > 0, evaluate:
lim (nt1) 1_ n
n—oo ne—

89. Evaluate:

Jim > 5
k=1
90. Evaluate:

n

. (k+1)(k+2)
dm 2 e

91. Consider a sequence of real numbers (z,),>1 such that z; € (0,1) and
Tpt1 =22 — 2, + 1, (V)n € N. Evaluate:

nh_)rrolo (z122 .o - Ty)
92. If n € N*, evaluate:
I 1—cosx-cos2x-... -cosnx
im
x—0 :L’2

93. Consider a sequence of real numbers (z,,),>1 such that z,, is the real root
of the equation z3 +nx —n = 0, n € N*. Prove that this sequence is convergent
and find it’s limit.

94. Evaluate:

arctan x — arctan 2

im
T2 tanx — tan 2

95. Evaluate:
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o 14 A+ N34+ Ul
1m

n—00 n

2
96. Let (2,,)n>1 such that x; >0, z; + 22 <1 and 7,41 = 2, + %, (V)n > 1.
= n

1

Prove that the sequences (2, )n>1 and (Yn)n>2, Yyn = — —
= = Ty, N—

1 are convergent.

97. Evaluate:

N 2
Jm 3 o
98. If a > 0, a # 1, evaluate:

¥ —a®
lim
x—a ¥ — q?

99. Consider a sequence of positive real numbers (a,),>1 such that a,4+1 —

1 1
=an + —, (¥)n > 1. Evaluate:
Ap41 Gnp

100. Evaluate:

Qarctan:c _ 2arcsinm
lim -
z—0 Qtanx — 9sinzx
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Solutions

1. Evaluate:

lim (i/n3+2n2+1— ‘\%/n3—1>

n—oo
Solution:
nP+2n2+1-n3+1
lim (3 n3+2n2+1— n3—1) = lim
n—o0 \/ \/ n—o00 {‘/(n3+2n2 +1)2 + %/(nd —1)(n3+2n2+1) + \3»/(”3 —1)2
2 92 2
= lim 2+3)
n—oo
[\/1+ + 5+ 0-5) 0+ 2+ )+3(1—n13)2]
_2
-3
2. Evaluate:
V/oT +2+2
m Yo rtete
v—=-24/3x + 10 — 2
Solution:
5z+10
i Vb +2+2 i Y/ (52+2)2 -2 {/5z+2+4
T——2 — - r——2 M
—-2+/3x+10—-2 — 51072
5 V32 10 +2
32--2 3/(5x +2)2 —2¢/br +2+4
5
"9
n
3n?+9
3. Consider the sequence (ay)n>1, such that Zak = %, Mn > 1.

k=1
Prove that this sequence is an arithmetical progression and evaluate:

23
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0, o 2
k=1
Solution: For n =1 we get a; = 6. Then a; + as = 15, so as = 9 and the ratio
is r = 3. Therefore the general term is a,, =6 +3(n — 1) = 3(n + 1). So:

n

n—+3 1

lim — = 1li =
n—300 NGy, ; = 2n +2 2

1
4. Consider the sequence (a,)n,>1 such that a1 = a2 = 0 and apy1 = =(an +

3
a?_, +b), where 0 < b < 1. Prove that the sequence is convergent and evaluate
lim a,.
n—oo

. b .
Solution: We have as —a; = 0 and a3 —as = = > 0, so assuming a,_1 > an_o
and a,, > a,—1, we need to show that a,, 11 > a,. The recurrence equation gives
us:
1 2

g(an —Qp-1+ ai—l — Q)

Therefore it follows that the sequence is monotonically increasing. Also, because

Ap+1 — Qp =

b 4b
b < 1, we have a3 = 3 <1, ag = 9 < 1. Assuming that a,_1, a, < 1, it
follows that:
1 9 1
Ap41 = g(b+an +an—1) < g(l +1+ 1) =1

Hence a, € [0,1), (¥)n € N*, which means the sequence is bounded. From

Weierstrass theorem it follows that the sequence is convergent. Let then lim a, =
n—oo

. By passing to limit in the recurrence relation, we have:

P-204+b=0a(1-1)°=1-b=>1=1+V1-0
Because 1+ /1 —b> 1 and a, € [0,1), it follows that lim a, =1— V1 —b.

n—oo
5. Consider a sequence of real numbers (z,),>1 such that ;1 = 1 and z,, =
n—oo

1
2L_1 + 2 (V)n > 2. Evaluate lim x,.

Solution: Let’s evaluate a few terms:
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x4:23+22—1+é=23+%(23—1)

x5:24+23—1+%:24+%(24—1)

and by induction we can show immediately that z,, = 2"~ '+ —(2""* —1). Thus

N =

lim z,, = oco.
n—oo

6. Evaluate:

. 4 " 2 .. n m s
Iim (n| = + n“sin” — + cos (2n7r + 7>

Solution: We have:

4t (nt1
lim —%5—— = lim ——— =_<1
n— 00 57;” n— 00 5n 5

4 n
Thus using the ratio test it follows that lim n (5> =0. Also

n— oo
+1)2
. (ZHB Cont4+m+1 1
lim >— = lim — %3 — =5< 1
n—o0 n- n—00 2n 2
2n
. ) . n? o,
From the ratio test it follows that lim — = lim n“sin™ — = 0. Therefore the
n—oo 21 n— 00 6
limit is equal to
lim cos <2n7r + E) = lim cos T_ cos0=1
n—00 n n—00 n
7. Evaluate:
n
k!'-k
9>
n— 00 (n+1)!
k=1
Solution:

o~ Kkl o= (kD) - 1
1 =1 ST fim (1 ——— ) =1
LBy ey L Dy ey nzﬂo( <n+1>!>

8. Evaluate:

Solution:
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¥
g B
7N
—

|
NI
N—
7 N\
—

|
| -
N———
7 N\
—

|
3=
N————

I
i»—‘
g B
—=
[

9. Evaluate:

3n(nl)3
lim ¢ 3% (n)
n—o00 (377,)'
3n ()3
Solution: Define a,, = 3 () Then

(3n)!
lim a, = lim Gnt1

n—o00 n—00 (o5
3n+3 113 |

~ lim 3 [(n+ 1) . (3n)!

n—00 (3n + 3)! 337 (n!)3

. 27(n +1)3

= lim

n—oo (3n+1)(3n +2)(3n + 3)
=1

10. Consider a sequence of real positive numbers (x,,)n>1 such that (n+1)x, 41—
nx, < 0, (V)n > 1. Prove that this sequence is convergent and evaluate it’s
limit.

Solution: Because nx,, > (n + 1)x,4+1, we deduce that =1 > 29 > 3z3 >
T

... > nr,, whence 0 < z, < =1 Using the Squeeze Theorem it follows that
n

lim x, =0.

n—oo

11. Find the real numbers a and b such that:

lim (M—an—b) =0

n— oo

Solution: We have:
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= lim (\3/1 —n3 fan)

n— oo
I 1—n?—a3n?
im
n—oo /(1 —n3)2 + {/an(1 — n3) + Va2n?

. n(717a3+$)
= lim
e e

If —1—a3 # 0, it follows that b = +oo, which is false. Hence a® = -1 = a = —1
and so b = 0.

12. Let p € N and oy, ao, ..., o, positive distinct real numbers. Evaluate:

lim t/af +ay+...+ap
n— oo

Solution: WLOG let a; = max{aq,aq,...,0,}, 1 <j <p. Then:

= max{aq,a2,...,0p}
13. If a € R*, evaluate:

COST — cosa

lim
z——a x2— q?
Solution:
. cosT —cosa . —2sin #F% . gin £
lim — 5 = lim
r——a T4 —a r——a (LC — a) ((I,' + CL)
. sin%e  sin£3e
= lim - - lim
T——a Ta T—=—a a4 — I
: Tr—a
sin
= lim 2
T——a q— I
sina
2a

14. If n € N*, evaluate:

In(l+z+2%2+...+2")

lim
z—0 nx
In(1
Solution: Using lim M =1, we have:

x—0 xX

Q541

n n n
lim t/af +af +...+ar = lim ajT\‘/(al) +<O‘2> +...+<a7_1> +1+(
n—00 n— 00 (o7} (e7] o «
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2 n
hmln(1+x+z +...+:17):hm Mim

In(l+z+2?+...+2") | z+22+...+2"

z—0 ne z—0 r4+x2+... +a" z—0 ne
x4+ 4
= lim
x—0 nT
ol a2t
= lim
z—0 n

1
n

15. Evaluate:

"\ 2k3 + 8k2 + 6k — 1
A (" o kzzl K2+ 4k +3

Solution: Telescoping, we have:

n n n
2k% + 8k%2 4+ 6k — 1 1 1
li 2 —§ = 1i 2 —2§ k f§ —
nE{}o<” tn 2R Ak + 3 L n 2 +2k:1’f+1

1 "1
(YY)
2 n—o0 k:1k+1 k:1k+3
5 1 1 1
=— —— lim +
12 2n—scc\n+2 n+3
_5
D)
16. Find a € R* such that:
. 1—cosax . sinx
lim — = lim
x—0 x =T T — X
Solution: Observe that:
. 1—cosar a2 . 2sin® @£ a?
lim — = lim — =
z—0 T 4 z—0 % 2
and
lim sinz lim sin (7 — x) _1

T—T T — X T—rT m—X

2
Therefore % = 1, which implies a = +/2.

17. Evaluate:

12": 1 )
24 k+3
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L Va2 T —VT+3
lim 5
z—1 x? —3x + 2
Solution:
L Va4 T -V +3 o V2 +7-3 . 22—z +3
lim =lim ———+1lim ————
x—1 22 —3x +2 =1 22 =32 4+2 2122 —-3x+2
I x+1 gt 1
= lim im
=z -2) (Y@ TP+ 20 1T 44) IR EVEED)
21
12 4
_1
12

18. Evaluate:

lim (\/2712 +n—A/2n2 — n)
n—oo

where ) is a real number.

Solution:

2n% 4+ n — A% (2n% —
lim (\/2n2+n—)\\/2n2—n):hm non (202 —n)
e n=%0 \/2n2 + n 4+ AV2n% —n

. 2n% (1 - 22) +n (14 X?)

= lm

”%wn(m—i—)\ 2—%)
)2 2

i 2n (1—A%) + (1+A?)

e \/2+%+>\\/2—%

if A€ (—o0,1)

ifa=1
—oo if A€ (1,+00)

|5

19. If a, b, c € R, evaluate:

lim (a\/z+1+b\/x+2+0\/x+3)

Tr— 00

Solution: If a + b+ ¢ # 0, we have:
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li_>m (a\/m+1+b\/:c+2+cx/x+3)

If a4+ b+ ¢ =0, then:

lim (avz+1+bvVz+2+ eV +3)

T—r00

A Collection of Limits

lim vz

T—00

1 2 3
<w¢L++b¢L++c¢l+>

T T T
lim Vz(a+b+c)

\

ifa+b+c<0
ifat+tb+c>0

lim (a\/x+1—a—|—b\/x—|— —b—|—cx/x—|—3—c)

T—r 00
b+ 2 c+
lim 2 + z 4 z
T—00 1 1 1 1 2 1 1 3 1
Ttz Weitzmts otats
=0

20. Find the set A C R such that az? + 2+ 3 > 0, (V)a € A, (V)x € R. Then

for any a € A, evaluate:

lim
xTr—r 00

(x+lf\/ax2+x+3)

Solution: We have az? + 2 +3 > 0, (V)x € Rif a > 0 and A, < 0, whence

1
a € [12,00). Then:

lim
Tr—r 00

(x—i—l—\/axz—i—x—i—?))

. (1-a)r®>+x—2
= lim

z=oo 4+ 1++Var?+x+3
(l-a)z+1-2

~ lim f
R B R
1
fae|—,1
oo ifa {12 )
= 1
—oo ifae(1,00)
21. If k € R, evaluate:
k n n+ 2
lim n —
n—00 n+1 n-+3

Solution:



diendantoanhoc.net [VMF]

Solutions 31

" n n+2 . nk , -2
lim n — lim ——— - lim
n—soo n—+1 n-+3 n—o0o (n+1)(n—|—2) n—o0o n N n+2

n+1 n+3

k

- lim ——
~noo (R4 1)(n +2)
0 ifk<?2
! 1 ifk=2
—oo ifk>2

22. If k € N and a € R4 \{1}, evaluate:

-1 1
lim nk(a% -1 (\/n \/n+ )

Solution:

_ _nk(an —
lim n*(aw — 1) \/n - \/n—l—l = lim — (ax — 1) lim 2
+

n
_ k-1 ) aTlL -1
= lim —— - lim T
k=2
=Ina- lim i
0 if k€ {0,1,2}
_ —1Ina ifk=3
a 00 if k>4 and a € (0,1)
—00 ifk>4anda>1
23. Evaluate:
1
lim R
n— 00 ; \/n2 +k
Solution: Clearly
1 1 1
M1<k<n

< < ,
Vn24+n T Vn2+k T Vn2+1

Thus summing for k = 1,n, we get:

- n
n2+n Z n2—|—k; \/n2—|—1
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Because lim . lim ——— =1and lim _n 1

n—oo \/n2 4+ n n—00 1+ 1 n—oo \/n2 + 1
n

1, using the squeeze theorem it follows that:

—~ 1
lim — =1
n—)oo; vVn2 +k

24. If a > 0, p > 2, evaluate:

n
1
lim e
n—o0 ; {/np + ka

Solution: Obviously

1 1 1
< < , (W1<k<n
YnP +na = YnP+ka ~ IYnP+a (¥)
Thus summing for £ = 1,n, we get:
n " 1 n
—— < <
YnP +na T = VnZ+k ~ UYnP+a
1
Because lim ———— = lim ———— = 1and lim

n
n—00 {’/np +a n— 00 /1 i a n— 00 {’/np + na
np
1, using the squeeze theorem it follows that:
" 1
lim — =1
n— oo ; €/ nP + ka
25. Evaluate:

n!

I
noo (14 12)(1+22) - ... (1 +n2)
Solution: We have
n!
0<
T (1+12)(14+22)-...-(14+n?)
n!
< 12.22.....n2
n!
(1.2 n)-(1-2 n)
n!
=y
1
Tl

Thus using squeeze theorem it follows that:
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n!
1- =
N (N U P G Sl

26. Evaluate:

n?—1

Solution:

. o2n2—3 n . n—4 n
lim ( ———m— = lim (1+ ——
n—oo \ 2n2 —n+1 n—o0 m2 —n+1
(n—4)(n*~1)
202 —nt1| 2n°=2n*+n

oy 14 n—4 n—4
_nl—{go 2n2 —n+1

I n3—4n?—n+4
_ enl_{r;o 2n3—2n2+n

SIS

=e
~ Ve
27. Evaluate:

I V1+sin?z — cosx
im
=0 1 —+/1+tanx

Solution:

V1+sin?z —cosz . (1+sin?z —cos?z)(1+ V1 + tan® )

= 11m

lim
@=0 1 —+1+tan®x *=0 (1 —1 —tan® z)(v/1 + sin? 2 4 cos z)
2sin? 2(1 + V1 + tan® z)

= lim
220 _tan? z(v/1 + sin? z + cos z)
. —2cos? z(1 + V1 + tan® x)

= lim
o=0 14 sin®z + cos x

=-2

28. Evaluate:

w (57)
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Solution:

lim (m+ﬁ>$=£i‘2@ (1+x2_‘/ji)m
20y
|y [

T—00 —\/x

2

o /T
::ewﬁmax——xﬂf
2\/x

::ex—ﬂw 1_-;6

=0

29. Evaluate:

1
lim (cosx)sinz
z— 0
x>0

Solution:

cost — 1
1 1 sinz
lim (cosz)sinz = lim |(1+ (cosa —1))cosz —1
z—0 z— 0

z>0 x>0
—251112%
im ———
za0251n§~cos§
0

= e *>

. T
lim —tan —
x— 0 2
= e x>0

0

=1

30. Evaluate:

|=

8

lim (e + sinx)
z—0

Solution:
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=

lim (ex—|—sina:)% = lim {em <1+ smx)} ’

x—0 x—0 ex
sinx
6:6 xrer
= lim(ex)% - lim (1 + Smx) ST
x—0 z—0 et
. x 1
lim — —
—e-er—0sinxy €%
= 62
31. If a,b € R% , evaluate:
. (a -1+ %) !
lm [ ———
n— o0 a
Solution:
n(¥/b—1)
a a
_ (a=1+ 30 . Vo—1\ Vb—1
lim = lim 1+
n—oo a n—oo a
1. bw—1
— lim T
a n—oo =
Inb
= e a
— pa

32. Consider a sequence of real numbers (ay,),>1 defined by:

1 ifn <k, keN*
a, ={ (n+1)F—nk

(")

ifn>k

i)Evaluate lim a,,.
n—oo

It b, =1+ Z k- nl;n;o a.,, evaluate:

k=1
9 n
T
n—00 bnflanrl

Solution: i) We have

35
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1k_ k
lim a, = lim (n+1) i

n—0o0 n—00 n
k—1

(k=1 k-nF=14+ .+ (k—1)

nooo (n—k+2)(n—k+3)-....n
El-nF-14 ..

TRl

— Kl
ii) Then:

n_1+Zk k'—1+2k+1 Z = (n+1)!
k=1 =1

SO

62 n 1 n
lim [—2—) =1lim (1-=) =e !
n—00 bnflanrl n—oo n

33. Consider a sequence of real numbers (z,,)p>1 such that z,4o =
N*. If T < o,

Tpy1 +Tp

7 (D

i)Prove that the sequence (z2p41)n>0 is increasing, while the sequence (22, )n>0
is decreasing;;

ii)Prove that:

|z9 — 71|

S (e N

Tn4+2 — $n+1| =

iii)Prove that:

2Tpt2 + Tpi1 = 229 + 21, (V)n € N*

xr1 + 21’2

iv)Prove that (2,),>1 is convergent and that it’s limit is 3

Solution: i)Using induction we can show that x9,_1 < 3,. Then the sequence
(T2n+1)n>0 Will be increasing, because

ZTon + Ton—1 > T2n—1 + Ton—1
2 - 2

Similarly, we can show that (z2,)n>1 is decreasing.

Toan4+1 = = T2n—1

|2 — 21|

so assuming it’s true for some k, we
2 b b

ii) For n = 1, we get |x3 — 22| =

have:
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| = Th+2 + T+1 xkge — 2pga] w2 — 2
Tp+3 — Tk42| = 9 — Tr+2| = D) T gntl

Thus, by induction the equality is proven.

iii) Observe that:

xn+1 + T
2
and repeating the process, the demanded identity is showed.

2mn+2 + ZTny1 = 2. + Tpy1 = 2xn+1 +zn

iv) From i) it follows that the sequences (T2, )n>1 and (z2,—1)n>1 are convergent
and have the same limit. Let [ = lim x,, = (. Then from iii), we get

n—oo
2
3lzx1+2x2:>l:¥
34. Let an,b, € Q such that (1 +v2)" = a, + b,v/2, (V)n € N*. Evaluate
lim .
n—oco b

Solution: Because (1—1—\@)" = a,,+b, /2, it follows that (1—\/5)" = an—byV/2.
Solving this system we find:

ay = % [(1 +V2)" + (1 - \@)”}
and
by = % [+ V)" = (1= V)]

and therefore lim Z—n =V2.

n—oo n

35. If a > 0, evaluate:

r _
lim 7@ +2) !
z—0 x
Solution:
r_q zIn(a+z) _ 1
PO e )l SO PRl
z—0 x x—0 x
e In(atz) _ 1
= lim ——— - lim In(a + 2)

z—0 T ln(a +x) =220

=Ina

3
36. Consider a sequence of real numbers (a,),>1 such that a; = 5 and an41 =
az —ap+1

. Prove that (a;),>1 is convergent and find it’s limit.
an =
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1
Solution: By AM — GM we have ap+1 = a, + — —12>1, (V)n > 2, so the

n

sequence is lower bounded. Also a1 —a, = — — 1 < 0, hence the sequence
Qn

3
is decreasing. Therefore (ay,),>1 is bounded by 1 and a1 = 3 Then, because

?2-1+1
(an)n>1 is convergent, denote lim a, =1, to obtain | = ol =1=1
= n—o00 l

37. Consider sequence (x,,),>1 of real numbers such that z¢ € (0,1) and 41 =

zp,—x2+23 —2t, (V)n > 0. Prove that this sequence is convergent and evaluate
lim z,,.
n—oo

Solution: It’s easy to see that the recurrence formula can be written as: z,41 =
(1 — 2,)(1 + 22), n € N, then because 1 — o > 0, it’s easy to show by
induction that z,, € (0,1). Now rewrite the recurrence formula as x, 1 — 2, =
—a2 (22 — 2, + 1) < 0. It follows that the sequence is strictly decreasing, thus

convergent. Let lim z, =1[. Then
n—oo

I=1-P+P-1*"=PP-1+1)=0=1=0

38. Let a > 0 and b € (a,2a) and a sequence g = b, z,+1 = a++/2n(2a — ), (V)n >
0. Study the convergence of the sequence (z,)n>0-

Solution: Let’s see a few terms: z; = a + v2ab — b? and also

o = a+\/(a +v2ab —b%)(a — V2ab — b2) = a++/a? — 2ab+ b? = a+|a—b| = b
Thus the sequence is periodic, with zor, = b and xog11 = a+v2ab — b2, (V)k €
N. Then lim zor = b and lim zoxr1 = a + V2ab—b%. The sequence is
k—o0 n—00
1
convergent if and only if b = a++/2ab — b2, which implies that b = <1 + \/5) a,
which is also the limit in this case.

39. Evaluate:

n+1 1
nlLII;O ; arctan %

1 k -
Solution: We can check easily that arctan onz = arctan Pl arctan 3
Then:
n+1 1 n x
nl;lgo ; arctan TR nl;n;o arctan el
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40. Evaluate:

n
k
li _r
e ; 4kt 1

Solution:
n n n
k 1 1

I _r iy - -

nLnéoI;4k4+1 &%( ;2k2—2k+1 2kz_:2k2+2k+1>
1 i 1 1
2 lim I
4 n—oo 2n2+2n+1
1
4

41. Evaluate:

n
. 1+34+324+...+3*
Jm > 5F T2
k=1

Solution: In the numerator we have a geometrical progression, so:

o= 143+324.. . +3F =3
JE{}O Z 5k+2 = ,}LH;O Z 2. 5k+2
k=1 k=1

1 . /3 1
:mn&“;oz<5k‘5k)

_ 1/ 1
T 10\10 20

T
200
42. Evaluate:

nan;o<n+1—ZZkldl>
i=2 k=2 ’

Solution:
. k-1 . L 1 1
nlgrr;o(nH—ZZ i )ZJL%("“—Z (M‘k'))
1=2 k=2 i=2 k=2
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43. Evaluate:

o1 422433 4 4
lim

n— 00 nm

Solution: Using Cesaro-Stolz theorem we have:

1P 4224334+ 4" , (n+1)ntt
lim = lim ———
n—00 nn n—00 (n + 1)n+1 —nn
1+l n+1
= ((1)n)+11
B U b) A
e
e—0
=1
44. Consider the sequence (ay)n>1 such that ap = 2 and a,,—1 — a,, = " : ik
Evaluate lim ((n+ 1)!lnay,).
n—oo
Solution: Observe that
—k 1 1
—ag_1 = = ——, (M1I<EkL<L
U= G T Gy R (ESksn
1
Letting kK = 1,2,3---n and summing, we get a, — ag = ———— — 1. Since
(n+1)!
In(1
ap =2 we get ap, =1+ . Using the result lim m =1, we
(n+1)! f—o0  f(z)
conclude that
In (]. + %)
lim (n+ 1)!lna, = lim f(-*-l) =1

n—o0 n—00 —
(n+1)!

45. Consider a sequence of real numbers (2, )p>1 with 1 =a > 0 and x4 =
T+ 229 + 323 + ...+ nx,

n

, n € N*. Evaluate it’s limit.

Solution: The sequence is strictly increasing because:

r1+ 229 + 33+ ...+ nx, 1 +2x2+3z3+ ...+ (n— 1)z,
Tpgl—Tp = —T, = >0
n n
Then
a+2a+...+na (n+1)a
Tn+1 > n - 2

It follows that lim x,, = co.
n— oo
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46. Using nhﬁrr;c) Z 2= %, evaluate:
k=1
< 1
dm > G
k=1
Solution:
n 1 2n 1 n 1
Jdim > oy = > - lim S o
k=1 k=1 k=1
. 2n 1 1 i n 1
T e 2 jZ T L b 2 )2
=1 k=1
T
6 24
.
8

47. Consider the sequence (zy)n,>1 defined by z1 = a, 22 = b, a < b and
Tp—1+ ATp_2

14+ A
find it’s limit.

T, = , n >3, A> 0. Prove that this sequence is convergent and

b+ Aa
T € [a,b]. We can

prove by induction that z,, € [a,b]. The sequences (z25)n>1 and (T2n—1)n>1 are
monotonically increasing. Also, we can show by induction, that:

L\ 2
Lok — Tok—1 = (1 n A) (b—a)

It follows that the sequences (z25)n>1 and (22n—1)n>1 have the same limit, so
(xn)n>1 is convergent. The recurrence formulas can be written as

Solution: The sequence isn’t monotonic because x3 =

T — Th—1 = Mag_2 — 1), V)k >3

Summing for k = 3,4,5,...,n, we have:

Tn—b=XNa+b—zp_1—z,) S 1+ N, +Atp_1 =1+ N)b+ Ma
By passing to limit, it follows that:

lim o — b+ Aa+b)
48. Evaluate:
lim i
n—oo 1/nl
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Solution: Using the consequence of Cesaro-Stolz lemma, we have:

. . n"
lim = lim {/—
n—o00 /n! n— o0 n!
(n4-1)nt1
= lim (n+ 1)t
n—o00 n_
n!
(n + 1)n+1

Il
=
g B
N\
—
_|_
3|
N———
3

1

49. Consider the sequence (z,,),>1 defined by 1 =1 and z,, = FE—
- Tn—1

n >

2. Prove that this sequence is convergent and evaluate lim z,.

n— oo
Solution: We can show easily by induction that z, € (0,1) and that the
sequence (Zap)n>1 is increasing, while the sequence (z2,-1)n>1 is decreasing.
Observe that:

1 1 14w,

1+1172n+1_1+ 1 2419,
1+ xo,

Ton+2 =

The sequence (z2y,)n>1 is convergent, so it has the limit

Similarly

N
2

5—1
lim zo,_1 = f2 . Therefore (z,,)n>1 is convergent and has the limit equal
n— oo -
V5 -1
to .
2

50. If a,b € R*, evaluate:

In(cos ax)
im ——~=
z—0 In(cos bx)
Solution:
1
1 —1)-1n(1 _1)cosazx — 1
lim In(cos ax) — lim (cosaxr — 1) -In(l + cosax — 1)
=0 In(cosbxr)  =—0 R
(cosbz — 1) - In(1 + cos bz — 1)cosbz — 1
—2sin? %
= lim 2
2—0 —2sin? %L
a2

b2
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51. Let f : R = R, f(z) = { {z} ifeeQ . Find all @ € R for which

z ifrxeR\Q
liﬁm f(x) exists.

Solution: Let f =g —h, where g : R - R, g(z) =2, (V)r € Rand h: R —
|z ifxe@
R, h(@) = { 0 ifzeR\Q
zn € Q and y, € R\Q going to «, such that the sequences (f(zy)) and (f(yn))
have different limits. If o € [0,1), h(z) = 0 and f(z) = z, thus (V)a € [0,1), we
have lim f(x) = a.
T—Q

If @ € R\[0,1), we can find two sequences

52. Let f: R — R, f(z) = { LiJ if“;“e%(%@ . Find all @ € R for which

lim f(z) exists.
T—a

Solution: Divide the problem in two cases:

Case I: « = k € Z. Consider a sequence (z,), , € (k—1,k) N Q and
(Yn), yn € (k—1,k) N (R\Q), both tending to k. Then:

33, f (o) = ling Lo = g (b= 1) =k =1

and lim f(y,) = lim y, = k. Therefore lim f(z) doesn’t exist.
n—00 n—00 T

Case IT: o € R\Z. Let || = k. Consider a sequence (x,,), =, € (k,k+1)NQ
and (yn), yn € (k,k+ 1) N (R\Q), which tend both to . Then:

lim f(zn) = lim |2, ] = lim k =k

and lim f(y,) = lim y,, = @. Again, in this case, lim f(x) doesn’t exist.
n—,o n—o r—o

53. Let (zn)n>1 be a sequence of positive real numbers such that z; > 0 and

a . .. .
3z, = 2ry_1 + ——, where a is a real positive number. Prove that x, is
T
n—1

convergent and evaluate lim z,.
n—oo

Solution: By AM-GM

Ty + Xy + % a
xT -
xn+1—7n > 3.Tn'$n'7$2—\3/a$ xn>\3/&
n

3 >
Also
a a—T

3(Tpy1 — Tp) = I = 3
n n

3
n

<0=zp41—2, <0,VneEN, n>2
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Therefore, the sequence (x,,)n>1 is decreasing and lower bounded, so it’s conver-

gent. By passing to limit in the recurrence formula we obtain lim =z, = Va.
n—oo

54. Consider a sequence of real numbers (ay,),>1 such that a; =12 and ap41 =

an (1 + 3 > Evaluate:
n+1

n
. 1
lim E —
n—oo ak
k=1
Solution: Rewrite the recurrence formula as

n+4

B

Writing it for n = 1,2,...,n — 1 and multiplying the obtained equalities, we
find that:

(n+1)(n+2)(n+3)

Ap = D) 7(V)TLEN*
Then:
"1 - 2
li — =1
ngﬂokgak nggokzzl(k-i—l)(k+2)(k+3)
- 1 2 1
= li -
nggo];(k—i—l k+2+k—|—3>
) 1 1 1
=lm(-———+——=
Hoo<6 n+2 n+3>
_1
6

55. Evaluate:

. n "
lim )
n—oo ( n2 +1

Solution:
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Vn2 +1 VnZ 1

. n " . n—vnZ4+1l\n—vn2+1
lim [ ——— ] = lim 14+ ————
+1 vn?+1

.oon (n —vn2 + 1)
lim ——~
— enaoo n2 + 1
-n

i
_enLH;o Vn?+1-(Vn?2+1+n)

—n

lim
—emen?4+14+nvn?+1
—1
lim
n—oo

1
n+—+vn?+1
n

56. If a € R, evaluate:

) n LkQGJ
Jim Y

k=1

Solution: We have z — 1 < |z| <z, (V)z € R. Choosing = = k?a, letting k to
take values from 1 to n and summing we have:

. . . Z(kQa -1 Z LkQaJ Z ka
Z(k2a _ 1) < Z U{QGJ < Zk2a PN k=1 < k=1 < k=1
k=1

n3 n3
k=1

e
Il
-

Now observe that:

Z(k% -1) nn+1)2n+1)
k=1 T 6 a

and

k=1 ~ lim an(n+1)(2n+1) a

n—00 n n—00 6n3 3
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So using the Squeeze Theorem it follows that:

n
. |k%a] a
LD D

k=1

57. Evaluate:

o 1 \"
a2 (Zk(k+2) 4)

k=1

Solution:

" 1\" 11 1 1\
lim 2" L S TR T (= Y N
00 (;k(kJrQ) 4) 00 <2Zk 2Lk +2 4)

—n(2n + 3)
—( D42 ] (n+1)(n+2)

— lim <12"+3> 2n+3
n—00 (n+1)(n+2)

. —2n2 — 3n
m ——————:
:enaoon2—|—37’l—‘r2

= 6_2

58. Consider the sequence (ay, )n>1, such that a, > 0, (V)n € Nand lim n(an4+1—

n—oo
an) = 1. Evaluate lim a, and lim {/a,.
n—oo n— o0

Solution: Start with the e criterion

lim n(apt1—a,) =1< (V)e >0, A)n. €N, (V)n > n. = n(apt1 —an) — 1| < e

n—oo

Let € € (0,1). Then for n > n., we have:

1—c¢ 14¢
—e<n(apnt1 —an) —1<e=> —— <apy1—an <
n

n
Summing for n = n.,n. +1,...,n, we get:

1 1 1 1 1 1
(1—¢) <—|— +...+n> < Apt1—0Gn, < (1—¢) (—i— —|—...+>

ne ne+1 Ne Ne+1 n
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By passing to limit, it follows that lim a, = co. To evaluate lim /a,, recall
n—oo n—oo

that in the above conditions we have:

1—¢ 1+¢ 1—¢  apt1 1+¢
< Opgp1—an < = < —-1<
n n nay, G nan,
a
Thus lim —* = 1, and the root test implies that lim a, =1
n—00  Qp n—oo

59. Evaluate:

i 1+2V2+3V3+...+nyn
n— 00 nz\/ﬁ

Solution: Using Cesaro-Stolz lemma, we have:

- 14+2vV2+3V3+...+nyn - (n+1)vn+1

n— o0 n2\/ﬁ T res (n+1)2\/m—n2\/ﬁ

lim (n+1)3

n=oe /n+ 1)7 — vV/n?

Vin+1)3 (\/(n+1)5+\/7?)

= 1'

n1—>Holo (n—|—1)5—n5
— lim nt4+4n® +6n2+4n+ 1+ vVn® +3n7 4+ 3n6 +nd
T noo 5nt 4+ 10n3 +10n2 4+ 5n +1

4 6 4 1 3 3 1

. 1444 G4 Ly iy 34 L
- 0 0 1

Y

2
5

60. Evaluate:

1

lim (sinx)2z—7
=7

Solution:
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sinx — 1
1 1 2v —m
lim (sinz)2e—7 = lim |(1+sinz —1)sinz —1
I sinx — 1
im —
_ e;c—>§ 20—
. cosy—1
lim
_ 6y—>0 2y
- 2 Y
—sin” 2
lim 2
_ ey—>0 Yy
(sin g ) 2 ( y)
im ==
_ ey—>0 % 4
=1

61. Evaluate:

1
lim n?%1n (COS >
n—o00 n

Solution: We’ll use the well-known limit limO M
Ty — Ty

1 1 n(1+1-1
lim n2In{cos=) = lim |n?(cos=—1]]- lim M
n n 1

n—oo n— oo n—oo cos 1

= 1. We have:

1_

. . 1
= lim —2n2-sin? —
n—oo

mn<@6+v@>
n— o0 2
1
Solution: Using the limits lim (1 +z,)%n = e and lim n({/a —1) = lna,
Ty —> 00 n—oo

we have:
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lim
n— o0

2 2

n—oo

(V&JF %>n: lim <1+ Va-l+ %_1>n

= lim
n— oo

2

i n(¥a1)+n( Vo—-1)

= en—oo 2

Ina+Inb
= e 2

:eln\/%
= Vab

63. Let o > 8 > 0 and the matrices A = (1 0), B = <(1) (1)

0 1

i)Prove that (3)(xn)n>1, (Yn)n>1 € R such that:

(g g)rl:an—&—ynB7 Mn>1

x
ii)Evaluate lim ~*.

Solution: i) We proceed by induction. For n = 1, we have

(g g) =aA+ (3B

Hence 1 = o and y; = 3. Let

k
<g g) =xpA+yB

Then

«

6 k+1
(g ) = (aA + BB)(z,A + y.B)

Using B? = A, we have:

b «

N
( ) = (azy + Byr) A+ (Bry + ayx) B

2
<1+ Va—1+ %1) Ya—1+ Vb1

)

49

n( Ya—1)4n( Vb—1)
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Thus 11 = axg + Byg and yr1 = Bk + Qyg.

ii) An easy induction shows that z,,y, > 0, (V)n € N*. Let X € M;y(R)
such that X™ = <x” y") Because det(X™) = (det X)", it follows that

n ‘,I;TL
(a? — B?)" = 22 — y2, and because a > 3, we have z,, > y,, (V)n € N*. Let
T
2, = —=. Then:
Yn
Tnt1  QTp+ BYn  azp + 0

Yn+1 B Bxn + ayn B Bzn + o

Zn+1 =

@
It’s easy to see that the sequence is bounded by 1 and E Also the sequence is
strictly decreasing, because
azn + B B(1—z7)
= - — Z’I’L =
Bzn + a Bzn + a

Therefore the sequence is convergent. Let lim z, =, then
n—oo

Zn+1 — Zn <0

l_al—i—ﬁ

— 2 =1
Blta

[ can’t be —1, because z,, € <1, a>7 hence lim -% = 1.
B8 n—00 Yy,

64. If a € R such that |a| < 1 and p € N* is given, evaluate:

lim n?-a"
n—o0
Solution: If a = 0, we get n? - a™ =0, (V)n € N. If a # 0, since |a| < 1, there
is a @ > 0 such that |a| = Toa Let now n > p, then from binomial expansion
o

we get:

1 (p+1)!
n p+1 . p+1
(L) > G- e o < A D=2 ... (n=p) ™
Then:
0<|nf-a"
=nP - |a|”
- n? - (p+1)!
nn—1)Mn-2)-...-(n—p) apt!
_ nP~t. (p+1)!
(n=1)(n=2)-...-(n—p)- artl

Keeping in mind that
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p—1. 1)!
lim i (p+1)

nﬁoo(n—l)(n—Q)(n_p)ap_i_l =0

and using the Squeeze Theorem, it follows that

lim n?-a™ =0
n— o0

65. If p € N*| evaluate:

1P 43P 4P
lim
n—oo np+1

Solution: Using Cesaro-Stolz lemma we have:

. 1P+2p+3p+...+nf’_l, (n+1)P
nLH;O npt1 - nlféo (n 4 1)p+1 _ pptl

np—l—(ll))npl—i—...
= lim

= e (T

66. If n € N* evaluate:

lim sin(n arccos x)

z—1 V1— 22

<l

First solution: Recall the identity:

cosnt +isinnt = <g) cos"t+1 (T) cos" 1 t-sint+... 4" (n) sin™ ¢t
n

For t = arccos x, we have:

sin(n arccos ) = (?)ﬂ*Vﬁ- (Z)ﬂ*(ﬂ)%(z)x"—% 1—22)5—...

Then:

1
<1 <l

. sin(narccosw) . n\ 1 n\ n_s3 9 A 2n2 B
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Second solution:

I sin(n arccos x) . sin(n arccos x) iy PALCcosz
im —————>= lim ——  lim ——
zo1  1—2a2 z—1 narccost z—1 y/1—22
<1 <l <l
. Narccosx
= lim ——
z—1 /1 —x2
<1
. ny
= lim ————
y—0+/1 — cosY
y>0
. ny
= lim —
y—0siny
y>0
=n

67. If n € N*, evaluate:

. 1 —cos(narccos z)
lim 5
r — 1 1—=x
<1

Solution:

. 7,arccos T
2sin? <7)

. 1—cos(narccosz) . 2
lim 5 = lim 2
z—1 11—z z— 1 1—x
z<1 <1

. 7,.arccos T
2 sin? (7)

i 9 n? arccos® x
= 11m - 1m o ———
-1 narccos x\ 2 z o1 4(1—22)

<1 — <1

. n? arccos® x
= lim ———

x—1 4(1 — 1‘2)

<l

. n2y?

= lim —=

y— 02sin”y

y>0

n2

2

68. Study the convergence of the sequence:

Ty +a
T =— n>1, 2,20, a>0
n+1 T, I 1 = 1=
Solution: Consider a sequence (y,)n>1 such that z,, = Ynt1 _ 1. Thus, our

Yn
recurrence formula reduces to : ypi2 — 2ynt1 + (1 — @)y, = 0, whence y,, =

a-(1++a)"+ 8- (1 —+/a)™. Finally:
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lim z, = lim (1+\f)n+1+5 (1-va) -1
R R (:g) a-va)
n—o0 a+fB- (1+£>
:a-(l—i-\/&)il
~Va

69. Consider two sequences of real numbers (z,)n>0 and (yn)n>0 such that
Ty = yO =3, Tp, =2Tp—1 + Yn—1 and Yy, = 22,1 + 3Yn—1, (¥V)n > 1. Evaluate

n
lim —.
n— o0 y’ﬂ

First solution: Summing the hypothesis equalities, we have

Tn + Yn = 4(-77n—1 + yn—1)7 n>1
Then z,, + y, = 4{zg + yo) = 6 - 4™. Substracting the hypothesis equalities, we
get
Yn — Tp = 2yn717 n > 1

Summing with the previous equality we have 2y,, = 2y,—1+6-4" = Y, —yYp_1 =
3-4™. Then

y1—yo=3-4
Y2 —y1 =347
ys —yo = 3- 43

Yo = Yno1 =34

Summing, it follows that:

4n+171
Yn = Yo+ 3(4+42+. . +4") =31 +4+42+.. . +4") = 31 =4mt

Then x,, = 2-4™ 4+ 1, and therefore:

Tn 2-4"+1 1
lim — = lim ——
n—oo Y, n—oco4d 4" —1 2
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2a,, 1
Second solution: Define a,, = In so that a, = M.
Yn 2(1»“,1 +3

b7z+1

3
) to obtain 2b,1 — bb, + b,—1 = 0. Then b,, = a-2" + 3-27" for some

a,% € R. We finally come to:

Now let a,, =

. . a-27tt 4 g.27n—1 3 3 1
lim a, = lim ——)=2-=
n— 00 n—00 a-2"—|—6~27” 2 2

70. Evaluate:

. tanz —=x
lim ———
z—0 332

Solution: If x € (07 g>7 we have:

2

tanz —z  tanz —sinz  tana(l —cosxz) 2tanz-sin® 3
0< 2 < 2 = 2 = 2
T T T T
2tanaz - sin? £ tan sin £\ 2
and because lim ——— 2 = lim - lim 2 = 0, using the
z—0 2 z—0 2 z—0 5
Squeeze Theorem it follows that:
. tanx — x
lim 5 =0
x — 0 X
x>0
Also
tanx — x —tany + . tany —
1 2 =1 2y y = li y2 Yy =0
z—0 T y—0 Y y—0 Yy
<0 y>0 y>0
71. Evaluate:
. tanz — arctanz
lim —
z—0 x
Solution: Using the result from the previous problem, we have:
. tanzx — arctanx . tanx —x . T —arctanzx
lim = lim + lim
x—0 $2 x—0 {L‘2 x—0 .’1,'2
. x —arctanx
=lim ——
x—0 x2
. tany—vy
= lim ————~

y—0 tan? Y
. tany—vy .. Y
= lim - lim 5
y—0 y? y—0 tan” y
=0

2
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72. Let @ > 0 and a sequence of real numbers (z,,),>0 such that z, € (0,a) and
2

Tpi1(a — xy) > az, (V)n € N. Prove that (x,),>1 is convergent and evaluate

lim z,,.
n— o0

Tn+1 ( Tn

1
Solution: Rewrite the condition as 1— —) > 1 With the substitution
a

Yn = z—, we have yn+1(1 —yp) > 7k with g, € (0,1). Then:
a

W1 = YnYnt1—1 > 0 S nYni1 =45 1 +H4Y5 11— 41 +1 < 09 4y (Yng1—Yn) > (2yns1—1)°

SO Yn+1 — Yn > 0, whence the sequence is strictly increasing. Let lim y, =I.
n— 00

n— oo

1 1\° 1 a
_ > I <0. — — 1 n=—.
Then I(1—1) > 1 & <l 2) < 0. Hence I 5 = lim z 5

73. Evaluate:

lim cos (nm */e)
n—oo
af@® _1

Solution: Using lim ————— =Ina, with a € R, we have:
Fw—o  f(z)

lim cos (nm 2{7@)‘ = lim |(=1)" - cos (n7 X/e — nx) |

n—oo n—oo

It follows that lim cos (nm */e) = 0.

n—oo

74. Evaluate:

Solution:
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(n—1)mw (n—1)m

1
) n+1 tan o . 1 n1 o, tan o
lim = lim 1+ —
n—o00 n n—00 n

lim

lim

T
ERUES ntan o
T
_ e tan%
2
=eT

75. Evaluate:

lim »
n— oo

Solution: Using AM-GM, we have:

. 1+2+... 1
Ul = /193 e itete i nt
n

2
1)" )™
Therefore w > 2" = lim M = 0. So:
n! n—oo  n!
A <n + 1)
k 1 n
= lim kzlniz lim (n+1) =00
n— 00 H (n> n—00 n!
k=1 k

Solution:



diendantoanhoc.net [VMF]

Solutions 57
3 oo+ Va — "a — 1
lim a+\/a+\/a+ —|-\/a n:lim;
n— oo Inn n— o0 ln(n + 1) —Inn

fim V1)
o ln (L4 )

1
. an+T —1 n
= lim |—F—
+

L n+tl

77. Evaluate:
. T w
lim nlntan (— + —)
n— oo 4 n

Solution:

. T T . T T\"
lim nlntan (f + 7) = lim Intan (f + 7)
n—oo 4 n n—00 4 n

ta <7r+7r) 1
A
=In lim (1+tan(%+z)—l) 4 n

n

n—oo

T T
lim (tan (f + 7) — 1)
= lnen—o0 4 n

. T w
= lim n (tan (f + 7> — 1)
n—o00 4 n

T
1+ tan —
= lim n 7;1 -1
nroo 1 —tan —
n
T
2ntan —
= 1' n
0500 1 _ tan ™
n
T
=2 lim ntan —
n—oo n
T
tan —
=27 lim L
n—o00 o
n
=27

78. Let kK € N and ag,aq,a9,...,a; € R such that ag +a1 +as+ ...+ ar = 0.
Evaluate:

lim (ao\?/ﬁ+a1\3/n+1+...+ak\3/n+k)
n— o0
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Solution:

k
lim (ao\S/ﬁ—f—al\S/n—i-l—i—...—|—ak\3/n+k) = lim (ao\S/ﬁ—l—Zai\“/n—&—i)

i=1

k k
lim (—\S/H Zai + Zaﬁ/n + z)
i=1 i=1

n— o0
k
= lim Y a, (\3/n—|—z'— \S/E)

k .
. ia;
= lim E
n— o0

= Y (n+i)2+ Ynn+i)+ Vn?

=0

79. Evaluate:

lim sin (mr v/n3 + 3n2 + 4n — 5)

n—roo

Solution:

lim sin (n7r\3/n3 +3n2+4n — 5) = lim sin (mr\?’/n?’ +3n2+4n—-5—n(n+ 1)7r)

n— oo n—oo

= lim sin(mr({’/n3+3n2+4n757n71>)

n—oo

= lim sin n(n - 6)r
= a5 <m+(n+1)m+(n+1)2>
1-8

=gin | # lim n

R R R (R

. T
—Slng
_\/3
2

80. Evaluate:

. 2arcsinx —
llm —
z—1 sin
<1

Solution:
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. 2arcsinz — 7 _ arcsin & — g ~ sin (arcsinx — %)
lim ———— =2 lim — - = - lim -
z—1 sinmTx z — 1 sin (arcsmo: - —) z—1 sin Ttz
<l <l 2 <l
.2
=92 lim Y- Y
r—1 sinmx
xT
. 2 —
— oy VY2 )
y—osinm(l —y)
y>0
. )
= -2 lim ( )
y—0 sinmy
y>0
. V2 —
= -2 lim L veoy

y—0sinmy y—0 /Y
y>0 y>0 f

= —00

81. Evaluate:

n 1
I
L Bysmy
k=2
Solution: Using Lagrange formula we can deduce that

1
g In(ln(k + 1)) — In(Iln k)

Summing from k = 2 to n it follows that

> klik > In(In(n + 1)) — In(In 2))

~
||

Then it is obvious that:

n

82. Evaluate:

n w322
. . )
Jim | fny (HZ <’“>)

Solution:

59
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n
Z sin? (kx)
k=1
r 1 T n3x2

n

. . .2 1 . .2 1
nh—>Igo alclgb (1 + E sin (km)) nli)rgo ilir%) <1 +’§_1 sin (k:c))

k=1

n— oo

1)(2 1
g (1 DG+
— en—00 on
— e
83. If p € N*, evaluate:
o= (kD) (E+2) ... (k+p)
Jim > T
k=0
Solution: Using Cesaro-Stolz, we have:
4D ) g
. + +2)-...-(k+Dp) k!
nh_{rolo Z npt1l - Z npt1l
k=0 k=0
(n+p+1)!
o (n+1)!
= 5% (n+ 1)ptl — pptl
B n+2)(n+3)-...-(n+p+1)
 n—voo prtl 4 (P e + ..+ 1 — nptl
nP 4 ...
= lim
n=oo (p 4+ 1)nP +
1
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84. If a,, € (07 %) is a root of the equation tan o + cot « = n, n > 2, evaluate:

lim (sin oy, + cos ay, )"
n—oo

Solution:

NE

lim (sin oy, + cosay,)” = lim [(sina, + cosay)?]
n—oo n— oo
= lim (1+2cosay, -sinay,)?
n—oo

= lim |1+ 5
n—r00 sin” oy, + cos? [a77%
COS Qi - Sin iy,
n
2

lm (1+ ———
n—oo tan «,, + cot an

2\ 2
lim (1 + >
n— o0 n

85. Evaluate:

(n + k)
n 2
Jim > S

k=1

First solution: Cesaro-Stolz gives:

(3 A0

Jm e = TR
. Von@2n+ 1)+ /@2n+1)(2n +2) — /n(n + 1)
= —= 11m
2 6 2 1
\/4++\/4++2—\/1+
- 1; n n n n
1m 1
n
3

Second solution: Observe that:
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(n;k) _ (n+k—21)(n+k) _7122(1+1Iz) <1+knl)

for which we have

therefore

<n+k>

1 k-1 - 2 1 «— k
i 1+ ) < 1 < 1+
ny/2 (+ n )—HL{%OZ n? _nﬁz<+n>

Lol 2:(Hk_l) Pl ( . 1) podn—1 3
im —— — | = llm —=(n — | = l1m = — =
n—oo n\/i ot n n—oo n\/i 2 n—oo 2n\/§ 2\/5

and

86. Evaluate:

Solution: Using Cesaro-Stolz we’ll evaluate:



diendantoanhoc.net [VMF]

Solutions 63

It follows that:

87. Evaluate:

arctanx — arcsinx

z—0 3
Solution:
arctanx — arcsinx . arctan x — arcsinx . tan(arctanx — arcsin )
im = lim - .
z—0 x3 z—0 tan(arctan x — arcsinx) =—0 3
. tan(arctan z — arcsin z)
= lim -
z—0 3
T
r——
i L VI—a?

T
V1—2z?
1 Vi-22-1

z—0 13 1+

=l 2 VI — 22 + 22
I -1
= lim
=0 (V1 — 22 +22)(V1—22+1)
1
T2
88. If a > 0, evaluate:
lim (nt D% =n
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Solution: Let

xn:(nJrl)o‘fno‘:n“[(l—i—%) —1] n[(1+1)a1]

na—l na—l

Then lim In _ 0. Observe that:

n—oo N
T 1\ @ r n o 1\ "1
1+"(1+) & (1+—">$n [(1+)]
n n n n
) o lim z, ]
By passing to limit, we have en—o =~ = e®. Hence lim z, = a.

n—oo

89. Evaluate:

D o

Solution:

Il
S
e
)=
VRS

=
o ™
=+

=

i ) o

k
2k

&R k1?2 3k+1) &k
=t |3 (- S ) - 4

= lim
n— o0

Lk=1 k=1
o (n+1)? "2k 41
— i | (1= ) 2
L k=1
L (n+1)2 "k "1
= (1_2n 22 okt 2o
L k=1 k=1
- (n+1)> = k E+1 1 "1
-t |(1-C5 ) ey (-t w )+ X
L k=1 k=1

=1 3 - 31— —
noo | o 2n
2
= lim (6—" +4n+6>
n— oo n
2
6 lim n°+4n+6
n— 00 n

Because:
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(n+1)2+4(n+1)+6

. on+1 . omnP+bn+11 1
lim 5 = lim —mM8M8M = —
n—oo n® +4n + 6 n—oo 2n2 +8n +12 2
2n
244 6
it follows that lim nrinto = 0, therefore our limit is 6.
n—00 2n

90. Evaluate:

n

. (k + 1)(k + 2)
nlgr;o;o —

Solution: Using the previous limit, we have:

o= (kD (k2 " k2 N A |
Jm T S et ) e

k=0 k=0 k=0
2 1— 5
=6+3 lim (2—"+ >+lim 2+ 12’)
n—o00 on n—o00 5

=16

91. Consider a sequence of real numbers (z,)n,>1 such that z; € (0,1) and
Tpi1 =22 — 2, + 1, (V)n € N. Evaluate:

lim (z129 ... x,)
n— o0

Solution: Substracting x, from both sides of the recurrence formula gives
Tpi1 — Ty = 22 —2xp+1 = (x, —1)%> > 0 50 (z,,),>1 is an increasing sequence.

21 € (0,1) is given as hypothesis. Now if there exists k& € N such that z; € (0,1),
then (zx — 1) € (—=1,0), so zi(xr, — 1) € (—=1,0). Then x4y =1+ ap(zr — 1) €

(0,1) as well, so by induction we see that the sequence in contained in (0, 1).

(zn)n>1 is increasing and bounded from above, so it converges. If lim z, =1
- n—oo

then from the recurrence, { = {2 — [ + 1 which gives I = 1. Thus, lim z, = 1.
n—oo

Now rewrite the recurrence formula as 1—x,,+1 = z,(1—x,). Forn=1,2,... n,
we have:

1—.1'2 :.’171(1—.’131)

1—303:332(1—332)
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1—x, = mnfl(l - xnfl)

1—2pt1 =2,(1 — )

Multiplying them we have:

.o.o-nz(l —cos(n + 1)x)

l—api1 =x120 .o - 2y (1 —21)
Thus:
1—2z
lim (z1z2-... z,) = lim -l
n—o0 n—oo 1 —xq
92. If n € N*, evaluate:
. l—cosx-cos2x-... -cosnx
lim 5
x—0 x
Solution: Let
. l—cosx-cos2x-... -cosnx
a, = lim
x—0 CC2
Then
. l—cosx-cos2x-... -cosnz-cos(n+ 1)z
Gp41 = lim 5
x—0 x
. 1l—cosxz-cos2x-...-cosnx . COSX-CoS2x -
= lim 5 + lim
z—0 €T z—0
. 1—cos(n+ 1)x
x—0 x
_ 2sin? ("zl)m
=l =
2
N (n+1)2 o (S0 (ntl)z
=a im
" 2 z—0 TLTH
(n+1)2
=t

Now let n=1,2,3,...,n—1:

CLO:O

a1 =ag+ =

2
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22
as = ay + ?
32
az = as + ?
n2
ap = ap_1+ ?

Summing gives:

1 1 n? 1 1
n=-t =4 +—==(12422+... 40 ==
a 2+22+ +2 2( +2°4 ...+ n) 5

nn+1)2n +1)
6

Finally, the answer is

. l—cosx-cos2x-...-cosnz nn+1)2n+1)
lim =
z—0 2 12

93. Consider a sequence of real numbers (2, ),>1 such that z, is the real root
of the equation 2> +nx —n = 0, n € N*. Prove that this sequence is convergent
and find it’s limit.

Solution: Let f(z) = 2% +nz —n. Then f'(z) = 32> + n > 0, so f has only
one real root which is contained in the interval (0, 1)(because f(0) = —n and

f(1)=1,s0 x, € (0,1)).

The sequence (x,,),>1 is strictly increasing, because

1-=z,
Tntl — Tn = >0
22+ Ty + 22 + 0
23
Therefore the sequence is convergent. From the equation, we have x,, = 1 — —=2.
n

By passing to limit, we find that lim z, = 1.

n—oo

94. Evaluate:

arctan r — arctan 2
im
z—2 tanx — tan 2

tana — tanb

= —————— we have:
1+ tana-tanb

Solution: Using tan(a — b)
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arctan x — arctan 2 . arctan x — arctan 2 . tan(arctanz — arctan 2)

im = lim im
z—=2  tanx —tan2 z—2 tan(arctan x — arctan 2) z—2 tanz — tan 2
r—2
142z
;E_I}lg sin(z—2)
COS T-CoSs 2
. xr— 2 . CcosSx-cos?2
= lim — - lim
z=2sin(z —2) z—2 142z
. CosSx-Ccos2
= lim ——
r—2 1 + 2z
cos? 2

5

95. Evaluate:

i 1+ 320+ %3 +... 4+ "Val
1im

n— 00 n

Solution: Using Cesaro-Stolz:

1+ 321+ %3+ ...+ Vnl
i LE V2 VR4 VRl )

n— 00 n n— 00

Also, an application of AM-GM gives:

1< @Y/ (n+ 1)

_ n+\1/n+\1/123n(n+1)
HV1+2+3+~-+”+”+1

n—+1
 n1 n+2
- V2

n+2
1< lim @Y/ (n+1)! < lim ”1337:1

n—oo n—oo

A

Thus

From the Squeeze Theorem it follows that:

1+ 320+ 3l +...+ Vn!

lim =1
n— o0 n
22
96. Let (z,)n>1 such that x; >0, 1 +2% < 1 and 2,41 = 2, + —Z, (V)yn > 1.
= n

1
Prove that the sequences (z,,)n>1 and (Yn)n>2, Yn = ——
= = Ty N —

are convergent.
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2
Solution: z, 11 — x, = —=, so the (z,),>1 is strictly increasing.
n >

8

2 )

1 1
Te=ri+ri<l=m —>1=y=—-1>0

i) T2
Also
1 1 1 1
Yn+1 — Yn = -— - —+
Tp41 n x, n-—1
_ 1 o Tp4+1 — Tn
nin—1) TnTni1
- 1 Ty
S nn—1) n2r,g
S 1 1
nn—1) n?
_ 1
- n2(n—1)
>0
. . . . 1
Hence (yn)n>2 is strictly increasing. Observe that z, = ———. So
Yn + T
lim z, = — . Assuming that lim y,, = oo, we have lim x, = 0, which is
n—oo 1m y’ﬂ n—oo n—oo

n—roo
a contradiction, because 1 > 0 and the sequence (x,)n>1 is strictly increasing.

Hence (yn)n>2 is convergent. It follows that (z,)n,>2 is also convergent.

97. Evaluate:

n .

. . n

lim E sin —

n—00 4 1 n2
i=

First solution: Let’s start from

. sinx sinx
lim
x—0 X

—1e We>0, (3)5>0, (Ve (—6\{0}=

—1‘<5
X

Let some arbitrary € > 0. For such e, (3)é > 0 such that (V)z € (—4,0)\{0}, we

3] 2
MY 14 Ford > 0, (I)n. € N* such that —< 5, (V)n > n..

21 2 .
Because 0 < — < —, (V)1 <i<mn, n>mn,., we have:
n?2 — n

have 1 —e <

. n

Sln72
1l—e< 2? <l4e¢
n2
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Summing, we get:

n

2 N2 2i
(1=e)) <) sins<(l+g)) =

i=1 i=1 i=1

Or equivalently:

(1-¢e)(n+1) <Zsin% - (14+¢e)(n+1)
n — o’ n

By passing to limit:

n .
2
1—e< lim g sin—égl—l—g
n
=1

n—00 4

<eg Me>0

- 2i
I .21
n 1_}11;0 Zsm 2 1
i=1
which implies that:
n .
. .2
nh_}rr;o Zsm 2= 1
i=1
Second solution: Start with the formula

1
g Dy (H@)

n
Z sin(x 4 yi) = 2 —75 2
i— sin =
=1 2
. 2 .
Setting x =0, y = —5 1t rewrites as
n
" .n+1 1
. sin ——— sin —
3 sin 277 p2 T g
1 n2 1
i= sin —
K3 n2
whence
.n+1 1
sin sin —
n2 n
N n+1 1
20 n2 n e M +1
Jim ) sin g = fiw e i T =
i=1 sin —
n2
1
n2

98. If a > 0, a # 1, evaluate:
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¥ —a”
lim
z—a ¥ — a?®

Solution: As lim zIn ~ = 0, we have:

T—a a
Tt — g% e Inx e Ina

lim = lim

z—a T — a% r—a a® — a?®

e.tlna (exlnf _ 1)

z—a  a%(a*® —1)

) ea:lna ) ewln%_l ) Tr—a ) xln%
= [ lim - lim ———— ) - ( im ————— | - | lim
z—a q% z—a xln 2 z—a @~ — 1 T=a T —a

I A=
=—"lim |zln (7>
Ina z—a| a

a
Ina z—a a

=% lner
Ina

1

" Ina

99. Consider a sequence of positive real numbers (ap),>1 such that ap41 —

1 1
—— =ap + —, (V)n > 1. Evaluate:
a

an+1 n
li ! L + 1 + + !
m —(—+—+...+—
n—oo \/n \a;  as an
Solution: (ay),>1 is clearly an increasing sequence. If it has a finite limit, say
[, then

1 1 2
l—=-=l4+-=-=0
T
1
contradiction. Therefore a, approaches infinity. Let y, = — + a%. Then
an
Yn+1 = Yn +4. So
Y2 =11 +4

Y3 =y2 +4
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Yn+1 = YUn +4

Summing, it results that y,4+1 = y1 + 4n, which rewrites as

2
1 1
ai+1+(12=y1—|—4n(:>(an+1+ ) =n+2+ins

n+1 An+1
1
an+1+a :\/4n+y1—|—2:>ai+1—\/4n+y1+2-an+1+1:0
n+1

4 2+ /4 -2
from which a,+1 = vian +y + Vian+

. If we accept that a,4+1 =

2
4 — —_
vaAnty +2 - Vint 2,then:
2
4 2 — /4 -2 2
lim an4; = lim van+y + vian + = lim =0
n— 00 n—00 2 n—>oo\/4n—|—y1+2+\/4n+y1—2

4 2 14 —3
which is false, therefore a,+; = Vinty +2+Vin+uy .

2
By Cesaro-Stolz, we obtain:
1
li ! ! + ! +...+ ! li n
im ——+—+...+4— ) = lim —2——
n— 00 \/ﬁ aq ao Qanp, n—oo \/n + 1 — \/ﬁ
. Vn+yn+1
= lim ——
n—o0 Ap+1
2(vn++vn+1)

lim
n—oo \/An +y1 + 2+ VAn+ 1y — 2

1
2(1+4/1+ )
= lim n

\/4+yl++\/4+y1—
n o n n on

=1

100. Evaluate:

2arctanx _ 2arcsinx
lim -
2—0 2tan:c — 9sinzx

Solution:
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Solutions 73
2arctan T 2arcsin T 2arcsin T (2arctan r—arcsinx __ 1)
aljli% gtanz __ 9sinx = ili)l}) 2sinx<2tar1 r—sinx __ 1)
garctan r—arcsinx __ 1
= lim -
z—0 2tan r—sinz _ ]
garctanz—arcsinz _ tanx —sinz . arctanx — arcsinx

lim - - lim - - - lim -
z—0 arctanx — arcsinx «—0 2tanz—sinx _ 1 45 40 tanz — sinx

1 . arctanx — arcsinx
=In2.- — - lim -
In2 z—0 tanx — sinx
. arctanx — arcsinx . x3
= lim 3 - lim -
z—0 x z—0tanx —sinz
arctan x — arcsinx . tan(arctanz — arcsinz) . x3
= lim - - lim 3 - lim
z—0 tan(arctan  — arcsinz) 2—0 x z—0 tan (1 — cos )
_ T
z 1—x2
2
1 + 7 3
. V1—2x2 . X
z—0 T =0 2tanx - sin” 5
xT 2
Vv1i—22 -1 T 9
= lim - lim -21lim | ==
x—0 xQ(g/]_ — 1'2 + 1'2) rz—0 tan x x—0 sin g
2

2
-
=2 lim
=0 22(v1 — 22+ 22) (V1 — a2+ 1)
=-1
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