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1 Gidi thiéu vé ham sinh va cac phép toan trén ham
sinh

1.1 Giéi thiéu vé ham sinh

Ham sinh 13 mot trong nhiing sing tao than tinh, bat ngs, nhiéu tng dung clia
toan roi rac. N6i mot cach nom na, ham sinh chuyén nhitng bai toan vé day sé thanh
nhitng bai toan vé ham s6. V6i diéu nay ching ta c6 thé dé& dang gidi quyét duge mot
s6 bai toan.

Trong bai nay, cac day s6 sé duge dé trong dau ngodic <> dé phan biét véi cac doi
tugng toan hoc khéc.
Pinh nghia :

Ham sinh thuong cta day so6 vo hang (@n)nso 1a chudi Iy thita hinh thic:

G(x) =ag+ a1x + agx" + -+ - + apx™ + . ..

Ta goi ham sinh 1a chudi Ity thita hinh thic béi vi thong thuong ta sé chi coi x la
mot ki hieu thay thé thay vi mot s6. Chi trong vai truong hop, ta sé cho x nhan céc
gia tri thuc, vi thé ta gan nhu khong dé ¥ dén sy hoi tu ciia cac chudi. Cé6 mot sb loai
ham sinh khac nhau, trong bai nay ta chi xét dén ham sinh thuong.

Trong bai nay ta sé ky hiéu sy tuong tng gitta mot day s6 v ham sinh bang dau

n n

" nhu sau :

2
LAY, A1, Ay« + + 3 Apyy « oo > > Qg + AT + Ax” + - - +a, 2™ + ...

Vi duy, duéi day 1a mot s6 vi du va ham sinh ctia ching

<0,0,0,0,...,> < 04+0x+022+02°+---=0
<1,0,0,0,...,> <= 14+02+022+02>+--- =1
<3,2,1,0,...,> <3 +20+122+023+ - =22+ 20+ 3

Quy tac ¢ day rat don gidn: S6 hang thit i ciia day s6 (danh s6 tir 0) 1a he s6 clia
x* trong ham sinh.
Nhéc lai cong thic tinh tong ctia cap s6 nhan It vo han la :
1
1—2

14+z24+224+...=

Dang thitc nay khong diung véi |z| > 1. Nhung mot lan nita ta khong quan tam dén
van dé hoi tu. Cong thitc nay cho ching ta cong thitc tuong minh cho ham sinh cta

hang loat day s6 :

1
<1717171a"'>(_)1+l'+l'2+$3+'--: 1

—x

1
<1,-1,1,-1,--->=1—-a+2? -2 +... =
1+ .
<l,a,a®,a® - > 1+ar+a2?+ad23 4+ =
1—ax



1
<17071707"'><_>1+372+£134—|—---:
1 — a2

Van dung diéu nay, ta c6 bai toan :

Vi du 1. Tim cong thic tong quat cho day (yn,m > 0) vdi yo = 1 va Yyp = @-Yn_1 +
b",¥n > 1.

Giai
Xét G(x) = > ypa”
n=1
Khi d6 :

G(x) = yo+ Z Yn "
n=0
= Yo+ Y _(ayp_1 +b")a"
n=1

= Yo+ Z aYp_12" + Z b" "
n=0 n=0

= axf:ynx” +y— 1+ ib”x”
n=0 n=0

do(yo = 1)

= arG(zr)+1-1+
1
1—bzx

1—bx

= axG(x) +

Vay G(z) = axG(x) +

< Gz)(l —ax) = —
1

(11— ax)(g — bx)

< Glz) = b—a(l—bx a 1—aax)

b 0
— 1 2.2 ) = n+1,.n
T b(1+bx+b2*+...) ngzob T
a

< G(z) =

Ma

— 1 2,.2 :oo n+1,.n
T an a(la+ax +a’z® +...) nZ::Oa T

o) bn+1 _ an+1

n=0
bn+1 . an+ 1

Vay cong thiic tong quét clia y, 1a: y, = b—,Vn > 0.
—a

1.2 Cac phép toan trén ham sinh

Phép mau ctia ham sinh ndm & chd ta c6 thé chuyén cac phép toan thic hien trén
day s6 thanh cac phép toan thyc hién trén ham sinh tuong ting ciia ching. Tu d6 ta
c6 thé dé dang thuc hién cac phép toan.



1.2.1 Nhan véi hing sb

Quy tac 1. Néu < fo, fi, fa, f3,- - > F(x) thi < cfo,cfi,cfa, -+ > cF(x)

Ching minh:
Ta co:
< cfo,cfi,cfs, - > (cfo)r+ (cfi) + (cfz)x® + ... = c(fo+ fix + for? + fsz® +...)
= cF(x)
. 1
Vidu 2. <1,0,1,0,:- - >«
<2,0,2,0, >0
1
Vidu3.<1,a,a2,a3,---><—>1—|—ax+a2x2+a3x3:1 = f(x)
—ax
Nhan ham sinh trén vdi a ta dude:
af(z) = —
1—ax
saf(r) = a(l +ar+a*2* +a’2®+...)
= a+a2$+a3x2+a43§3+---<—><a,a2,a3,a4,--->

1.2.2 Cong

Quy tac 2. Cong hai ham sinh tuong wng vdi viéc cong cic s6 hang cia diy so
theo diing chi s6. Néu < fo, fi, fa, -+ > F(x) va < go, g1, 92, + > G(x) thy <
fot+ g0, fi+ 91, fa+ g2, > F(z) + G(x).

Ching minh:
Ta c6 :
< fot+go, i+ g1, f2+ g2, >
= (fo+g0)+ (fi+g)r+ (fot+ga)®+ ...
= (fo+ fizx+ for> + ... )+ (go + 1z + gox* + . ..)
= F(z) + G(x)
2
1— 22
1

11—z

Vidu 4. <2,0,2,0,--+ >«

That vay < 1,1,1,1,- -+ >«
1
<>
1+2
Ap dung quy tic cong ta c6: < 2,0,2,0,- -+ >

va<l1l,-1,1,—-1,--->
1 n 2
l—z 14z 1—22




1.2.3 Dich chuyén sang phai

. N Z .o N N . 2 - 1
Ta bat dau tit mot day so don gian va ham sinh cia né: < 1,1,1,1,--- >« 1 )
—x
Bay gio ta dich chuyén sang phai bang cach them k s6 0 vao dau:
k
<0,0,0,...,0,1,1,1,-» > ab 4Pt p b2 4o =kl 4o+ 22+ ..) = 133
—x

Nhu vay them k s6 0 vao dau day s6 tuong ting v6i viéc ham sinh nhan véi 2*. Diéu

nay ciing ding trong truong hgp tong quat.
Quy tac 3. Néu < fy, fi, fo, - > F(2) thi <0,0,...,0, fo, f1, f2, -+ > 2" F(x)
Ching minh:
<0,0,...,0, fo, f1, fo, - > for + fra" Tt 4 fodf 2 0 = 2F(fo+ fiz + forP L
= 2"F(z)
1.2.4 Dao ham

Diéu gi sé x4y ra néu ta lay dao ham ctia ham sinh? Ching ta hay bat dau tir viec

lay dao ham ctia mot ham sinh da tré nén quen thuodc trong day sé toan 1:

d ) d
—(1 2 3 1y )= —
dm( +r+a+ad+at+ )1 dx(l_x)
2 3 _
14+ 2x + 3z° + 4z +"'—m
1

<1,2,3,4,-- > ———

P B B | H(1_J;)2

Ta tim dugc ham sinh cho diy s6 < 1,2,3,4,--- >
Tong quét, viec lay dao ham ctia ham sinh c6 hai tac dong lén day sb6 tuong tng:
Cac s6 hang duge nhan vé6i chi s6 va toan bo day s6 duge dich chuyén sang trai 1 vi

tri.

, . dF
Quy tac 4. Néu < fo, f1, fa, - > F(z) thi < f1,2f2,3f3, - > dix)
Ching minh:
d
< f1,2f2,3f3, - > fi+2fax + 3f327 + ... = %(f0+f1x—|—f2x2+f3x3+...)
_ dF()
a dx

Quy tac dao ham la mot quy tac rat hitu hieu. Trong thie té, ta thudng xuyén can
dén mot trong hai tac dong ctia phép dao ham, nhan s6 hang véi chi s6 va dich chuyén
sang trai. Mot cach dién hinh, ta chi mudn c6 mot tac dong va tim cach "vo hieu hoa"

tac dong con lai.

Vi du 5. Tvm ham sinh cho day s6 < 0,1,4,9,16,--- >

5



Giai
Tac6 <0,1,4,9,16, - >=< 0,1.1,2.2,3.3,4.4, - - - >
1

Matkhéc<1,1,1,~-><—>1 = f(x)
-
df () 1
T 01,234 = ——
d.’L’ Y 9 ) ) Y (1 _ .’L'>2
Ap dung quy tdc dich chuyén sang phai: < 0,1,2,3,4, - >« ﬁ = g(x)

. . d 1
Ap dung quy tac dao ham, ta duge: < 1.1,2.2,3.3,4.4,--- >« —g(x) = T
dx (1 —a3)
1+
hay < 1,4,9,16, -+ > ——
ay Y 7 ) ) — (1 _ x)g
~ N . 2 ~ A X - N 'T(]‘ + x)
Vay ham sinh ctia day so ban dau tuong tng la: < 0,1,4,9,16,--- >« ﬁ
—x
1.2.5 Quy tic xoan
Xét ham G(z) = A(x).B(z) = > > aib,—;
n=01i=0
bat d, = > a;b,—;. Ta ¢6 ham sinh cho day {d,, }Vn > 0 chinh 1a ham G(z). Ta goi

=0
quy tac nay la phép xoan hay quy tic xoan.
Vi du 6. S6 Catalan

So Catalan la so duge xdc dinh mot cdach truy hoi nhu sau:

n—1
dy=dy =1, Cp, =dodp1 +didy—o+ -+ +dp1dy =) didy—1-;¥n >'1
i=0
S6 Catalan c6 nhieu dinh nghia té hop khdc nhau, chdang han, sé6 Catalan la $6 cdc

cach noi 2n diém trén duong tron bing n day cung khong cdt nhau, la s6 cday nhi phan
6 goc cé n+ 1 1d, la s6 duong di ngdn nhat trén lidi nguyén tu diém (0,0) dén diém
(n,n) khong vugt qua ducng thangy = x,... Ngodi ra, trong qud trinh tinh cing dua ra
cdc dinh nghia vé so Catalan: La cdc cach tinh tich cdc danh za fo, f1,. .., fu. Sau day
la bai todn quan trong vé s6 Catalan.
Hay tinh $6 hang tong qudt cia day Catalan.

Giai

Ta 6 dyy = 3 didy_¥n > 1
i=0
00

Xét ham sinh G(z) = Y dya™ =1+ Y dpxy, (Vido = 1)
n=0

n=1

khi d6 G(z) — 1= > dyz, = > > didy_iz"
n=1

n=11=0
14++1—4zx

Theo quy tac xoan ta c6: G(x) — 1 = 2G(z)* = G(z) = 5
T

1—-v1—-4x

ViG(z) > 0= G(z) = o



(o)
n!

> ] R
2" =1-25 —Cy Yo" (theo khai trién Taylor)
n=1"M

ta co: vV1—dr =)
n=0

[ee) 1 . "
1_(1_2Zﬁc2n32$) o 1
Dong nhat hai vé ta duge: G(z) = "2:1 =3 n 105‘”3:”
X n=0 "N

. 1
Vay so Catalan la: d,, = ——C7
ay so Catalan la 1

Trén day 1a mot s6 phép toan trén ham sinh. Sau day ching ta sé xét mot s6 bai

toan cu thé st dung mot vai ham sinh thuong gip v6i mot s6 phép toan tuong tng.

2 S@ dung phuong phap ham sinh trong giai toan

2.1 Dung ham sinh la da thic

Vidu 7. Cho m,n,r la cdc $6 tu nhién vdi r < m,n ching minh ring:
T
_ kr—k
Crn = 22 GO,
k=0
Giaz

Xét f(x) =1 +x)" va g(x) = (1+x)™

n+m

Ta c6 f(x)g(x) = (1 4+ )™ = ;0 cronx’ (1)

Mat khdc ta cé: f(x) = >, C*zF va g(z) = . CI a7
k=0 i=0
= Fa)gle) = 35 Ol 35 O
k=0 i=0

n. m ) . n+m r
= > 2 CRCa™ti = 37 (32 CrCm" — ka™) (2)

§=0j=0 r=0 k=0
Ti (1) va (2) dong nhdt héa cic hé so cia x” ta cé: Ch,,, = S C*Cr=F (dpcm)

k=0

Vi du 8. Tinh :S =12C} +2°C2 +3*C3 + - -+ p*CP + - - + n*CP

Giai
Xét f(x) = (1+2)"=C0+ Clo + C?2 + C323 + ... + Ca™
va g(z) =z(142)" = Clz + Cla? + C22® + Clat + - - - 4+ Cla™ !
Ta co: fr(x) =n(l+2)" ' =C! + 202z + 3C32% + - - - + nCla™!
= f(1)=n2""1=C + 202 +3C3 +---+nC" (1)
Va co6:
g)=0+2)"+nz(1+z)" ' =C°+2C x4+ 3C2x* + 4C323 + - - 4+ (n + 1)Ca™



=g(x) = 2n(1+2)" ' +nn— Dzl +2)"?

= 20} +3.2C% +4.3C32* + -+ + (n+ 1)nCla"*
= g(1) = 202" ' +n(n—1)2"?

= 20} 4+3.2C2 +4.3C3 + -+ (n+ 1)nC™(2)

Lay (1) trit (2) vé véi vé ta co:
S =2n2""1 +n(n—1)2""2 —n2"t =n2"" 4 n(n —1)2"2

2.2 Dung ham sinh la cac chuéi liy thira vo han

Dau tién ching ta nhéc lai mot s6 1y thuyét vé chudi liy thita vo han. Day ciing
chinh 1a nhiing co sé 1y thuyét cho phuong phap nay.
2.2.1 Co sé ly thuyét

e A = R[[z]] cac chudi liy thira hinh thic trén trudng thuc R c6 dang > a,z" la

n>0
mot vanh véi phép cong va nhan chudi thong thuong :

ST apx™ + Y by = > (an + by)a™

n>0 n>0 n>0
kY apa™ =Y ka,a", k € R
n>0 n>0

e > az" =) bua" < a, =0,

n>0 n>0

N 1 1
e Trong A, phan tit u = > a,x™ kha nghich < ag # 0 va — = S o
Ay "™

n>0
n>0

IS

Nhin chung thi ham sinh c6 rat nhiéu ting dung. 0 day, ching ta chi xét t6i nhing
ting dung thuong gap clia ham sinh. Trude tién phai néi t6i 1a dung ham sinh dé giai
quyét cac bai toan vé day s6 de qui. Khi da biét cong thitc truy hoi ctia day, ta co thé

diing ham sinh dé tinh cong thiic clia s6 hang tong quat ctia day do.

2.2.2 Day Fibonacci
Day Fibonacci la day s6 quen thuoc xac dinh bdi cong thiic truy hoi:
jb:: Ohﬁkiil;j% ::jﬁ—l*_j%—27vn/2t2

Chiing ta sé thit ding ham sinh dé tim cong thiic tudng minh cho cac s6 hang ctia day

so do.



a) Tim ham sinh :
Khai trién day Fibonacci ta dugc :

Jo=0
fi=1
f2=fi+ fo
fn = fn—Z + fn—l
Gia st
n>0
= fot+fiz+ ) far"
n>2
RN
n>2
= 24+ (fac1 + fa2)2”
n>2
= 2+ faa2"+ Y fa2t"
n>2 n>2
= T+ anflxn + an72xn
n>2 n>2
= x+x2fnx"+a:22fnx”
n>0 n>0
= z+2F(z)+ 2*F(z)
x
= Flr)=——
(z) 1—x—2? .
=<0;1;2;3:5:8;,13;- - - >¢» ———
1—x—2?

Ching ta thay day Fibonacci rat kho chiu nhung ham sinh ctia n6 lai rat don gian.

b) Tim cong thitc tudng minh clia s6 hang tong quat:
Nhu vay ching ta da tim ham sinh ctia day Fibonacci, cong viéc tiép theo la tim
hé s6 tit ham sinh. C6 mot vai cach tiép can cho bai toan nay, nhung cach don
gidn nhat 1a st dung phuong phap phan tich. T cac ham phan thic ta phan
tich thanh cic phan thic so cap, tim cac hé s6 cho cac phan thic so cap. Tu do
ta tim dudc cac hé s6 can tim.

Cu thé vao bai toan vé6i day s6 Fibonacci, ta lam nhu sau:

— Phan tich mau s6 ra thia so:



’ = ’ tron d()a—l—i_\/5 —1_\/3
l—2—22 (1—a)(l— ax) 8 b '

— Tim céc hang s A; va A,y sao cho :

x Ay Ay

l—z—22 1—aixz 1—asx
Ta c6 the lam diéu nay bang phuong phap hé s6 bat dinh va ta dé dang tim
dugc:

Day chinh 13 cong thiic tinh s6 hang tong quét ctia day Fibonacci.

Tuwong tu nhu vay, ching ta ciing c6 thé ding phuong phap ham sinh dé giai

nhiéu bai toan vé day s6 khéc.
2.2.3 Dém bing ham sinh

Trong phan nay ching ta sé biét them mot tng doc dao ctia ham sinh nita, dé 1a
ham sinh c6 thé st dung cho cac bai toan dém. Cu thé 1a bai toan vé chon céc phan tit
tit mot tap hop thong thuong sé dan t6i ham sinh. Khi ham sinh duge 4p dung theo
cach nay thi hé s6 ctia 2™ chinh 1& s6 cach chon n phan ti, tic 1a véi a, 1a hé s6 cla

2", ¥n > 2 thi ham sinh cta s6 cach chon sé 1a F(z) = Y a,z".
n>0

Dé hieu r6 hon ta di vao cac dang toan sau :
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a) Bai toan chon céc phan tit phan biét
Tong quat: c6 bao nhiéu cach chon n phan ti& phan biét tit tap hop k phan tit.
Bai toan nay co thé gidi quyét dé dang bang cong thic to hgp. Nhung lan nay
ching ta sé sit dung ham sinh. Cu thé nhu sau:

Dau tién ta hay xét tap hop ¢6 mot phan ti {a;}. Ta ¢6 :

1 cach chon 0 phan tit
1 cach chon 1 phan t
0 cach chon 2 phan t1t trd len

= Ham sinh cho s6 cach chon n phan tit tir tap {a;} 1a 1 + .

Tuong tu nhu vay, ham sinh cho s6 cach chon n phan tit tit tap {a; }(1 < i < k)
cing 1a 1 + = (khong phu thudc vao su khéac biét gitta cac a; ).

Bay gio ta sé chitng minh: ham sinh cho s6 cach chon cac phan tit tit hop ciia hai
tap hop bang tich cdc ham sinh cho s6 cach chon cac phan tit tit mdi tap hop(x).
Tiep tuc xét tap 2 phan tt {a1, a2} ta co :

1 cach chon 0 phan tu
2 cach chon 1 phan ti
1 cach chon 2 phan tit
0 cach chon 3 phan ti tré len

= Ham sinh cho s6 cdch chon n phan tit tir tap {ay, as} 1a:

l+2x+2?=(1+42)*=(1+2z)(1+2z)

Tiép tuc ap dung quy tac nay ta sé duge ham sinh cho s6 cach chon cac phan ti
tu tap k phan ti :

Q+x)1+z)...(1+z)=(1+2z)
Ta co :< C,CHCE ... ,CE0,0,- - > CO4+ k,CL+C:+ -+ CF = (1 +2)*

Nhu vay hé s6 ctia 2" trong (1 + x)* 1a CF va bing s6 cdch chon n phan tit phan
biéet tir tap k phan tt.

11



b) Bai toan chon céac phan tit ¢6 lap:
Dé hiéu cach gidi bai toan nay trudc tien ta phai mé rong () thanh quy téc
XOAN:
Quy tic zoan: Goi A(z) 1a ham sinh cho cach chon cac phan ti tir tap hop A va
B(z) 1a ham sinh cho cach chon cac phan tit tit tap hop B. Néu A va B roi nhau
thi ham sinh cho cach chon cac phan ti tit tap A U B la A(z) B(z).
Quy tac nay ding cho ca truong hop chon cac phan tit phan biét ,ciing ding cho
truong hop chon nhiéu lan cing mot phan ti.
Ta c6 bai toan nhu sau:
C6 5 loai keo : keo sita, keo socola, keo chanh,keo dau va keo ca phé. Hoéi c6 bao
nhiéu cach chon 12 cai keo tit 5 loai keo nay.
Bai toan dang tong quat : c¢6 ba nhiéu cach chon k phan ti tit tap hop c6 n phan
ti, trong d6 cho phép mot phan tit c6 thé dude chon nhiéu lan.
Ta sé gidi bai toan dang tong quat.
Chia tap n phan tt thanh hop cia n tap A4;,1 < i < n; moi tap gom duy nhat
mot phan tit thuoc tap n phan ti.
V6i moi tap A;, ta ¢o :

1 cach chon 0 phan tt
1 céch chon 1 phan t
1 cach chon 2 phan tu

= Ham sinh cta cach chon c6 ldp tu tap A; la:

1
1l—=x

<1111, >l 4ot a2 a4 =

Ap dung quy tdc rodn:= Ham sinh ciia cach chon (c6 1dp) cac phan ti tu tap
hop n phan ti sé 1a :

1 1 1 1
l—z1l—2  "1—-2 (1—2a)

Bay gio ta can tinh hé s6 ctia z¥ trong

i—or
2 P R ‘ 1
Dé lam viéc nay, ta thiét 1ap khai trien Taylor cia f(x) := —(1 )
— n
'(0 ”(0 (k)
fla) = £ + T Ty Ty

=Haé s6 cia z* la:

12



f(k)

— Ok
Ll =Chira

Nhu vay s6 cach chon k phan ti ¢6 lap tit tap hop ¢6 n phan tila C*, .
Quay lai v6i bai toan ban dau, s6 cach chon 12 cai keo tit 5 loai keo rat don gidn
sé la Cfg.

Céc ban c6 thé dung phuong phap khac dé thit lai két qua nay.

Vi du 9. Bai todn chon qud (ing dung phuong phdp dém bang ham sinh). C6 bao

nhiéu cach sdp mot gio n trdi cay théa man dieu kién sau:
o S6 tdo phdi chdn.
e S0 chuoi phdi chia hét cho 5.
o Chi c6 thé cé nhiéu nhat 4 qud cam.
o Chi c6 thé cé nhiéu nhat 1 qud dao.

Bai toan c6 nhitng diéu kién rang buoc rat phic tap va ta c6 cam gidc nhu viec

gidi bai toan 1a vo vong. Nhung ham sinh lai cho ta mot cach gidi quyét nhanh gon.

Giai

Trude tién ta di tim ham sinh cho cach chon ting loai qua:

Chon tao:
1 cach chon 0 qua tao
0 cach chon 1 qua tao
1 cach chon 2 qua tao
0 céach chon 3 qua tao

. 1
Nhu’thétacéhémsinhA(a:):1+x2+x4+...:1 5
-

Tuong ti ta tim duge ham sinh cho cach chon chudi la:

1
B(a:’)=1+:1:5—|—:c10+~--=1_x5

Ham sinh cho cach chon cam va dao hoi khiac moét chit.

Ta ¢6 :
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1 cach chon 0 qua cam

1 cach chon 1 qua cam
1 cach chon 2 qua cam
1 cach chon 3 qua cam
1 cach chon 4 qua cam
0 céach chon 5 qua cam
am sinh 13 2, 3 41—
= Hamsinh la C(z) =1+ao+2°+2° +2* = N
—
1 — 2
Tuong tu ta tim duge ham sinh cho céch chon dao la D(z) =1+ x = N m
—

Ap dung quy tdc zodn: = Ham sinh cho cach chon tit ca 4 loai qua la:

1 1 1—-2%1—2° 1
A(x)B(x)C(x)D(x) = = =1+2 3% + 423
(x)B(z)C(x)D(x) I~ l-Fil-zi-z (-2 + 2z + 32° + 4o

Nhu vay cach sap gidé trai cay gom n trai don gidn 1a n + 1 cach.

Vi du 10. Bai todn nghiém nguyén (Vi du 3 sach gido trinh): Tinh s6 nghiém nguyén
khong am ciua phuong trinh:

$1+£L’2+"'+(Ed:n
Giai

Vizy, xg, ..., g nguyén khong am nén suy ra x;(1 < ¢ < d) nhan cac gia tri0,1,2,3, .. ..

Ta tim ham sinh cho cach chon méi z;(1 <i < d).

Co

1 cach chon gia tri 0
1 cach chon gia tri 1
1 cach chon gia tri 2
1 cach chon gia tri 3

1

:>Hamsinhchocéchchonm61xilal+x+x2+x3+-~:1 )
—x

1
(1 —2)4
Goi u, 1a s6 nghiém nguyén khong am ctia phuong trinh o + 2o + -+ + 24 = n.

N

Ap dung quy tdac zoin: = Ham sinh cho cach chon bo s6 (z1, To, T3, ..., 24) 12

Khi d6 ham sinh ctia day v6i cac s6 hang dang u, chinh 14 ham sinh cho s6 cach chon
b@ SO (1‘1, T2,T3,. .. ,{L’d).

1
Tacla Y upah = ——— = > CF, , 2k
k>0 (I-2) %o b

Vay u, = C} 4.

n
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3 Bai tap

Bai 1. Véi n 1a s6 nguyén duong ,chting minh rang:
e )C! +2C2+ -+ (n—1)C" 1 + nCm = n2n 1.
e b)2.1.C2+32.C3+ - +n(n—1)C" =n(n—1)2"2
o O)(—1)"CICT + (—1)HCT 4 -+ (—1)PCIC = 0.

Giai

o a)Xét f(z)=(14+a)" = i Ckak(1).
Lay dao ham hai vé ta dll;Q:((z)
n(1+4 )7L = 3 kCheh1(2).
Thay x = 1 Va(];:(02) ta co,
n2n! = ékCﬁ(dpcm)

e b)Lay dao ham cap hai ctia (1) va thay x = 1 vao biéu thiic vita nhan duge ta

c6 duge diéu can chiing minh.

e ¢)LAy dao ham cip rtheo hai vé clia (1) ta duge,
nn—1)...n—r+1D(1+2)"7" =3 k(k—1)...(k—r+1)Ck2*7"(4) Chia hai
k=r
vé ctia (4) chor! ta duge:

n

) Zk(k—l)...(k—r+1) o

ﬁn(n—1)...(n—r+1)(1+x)"”" = . x
k=r
~ K
— Ck k—r
; rl(k —r)! n

S )
k=r

Thayr = —1 vao (5) ta duge: > (=1)*CrC* =0
k=r
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Bai 2. Véi n 1a s6 nguyen duong, CMR: C2 +2C2 +---+ (n — 1)C" > (n — 2)2"!
Giai

Véiz € Rone N, xét f(z) =(1+2)"=Cl+Clo +C?22 + .-+ C" (1)

Thay = = 1 vao (1) ta duge: 2" = C0 4+ Cl + - 4+ C1 4+ C" (2)

Lay dao ham hai vé ctia (1) ta dugc:

n(l+z)" ' =C+2C%? + -+ (n— 1)C" 12" 2 + nCra™ 1 (3)

Thay = = 1 vao (3) ta dugc: n2" ' = Cl +2C? + .- + (n — 1)C" 1 + nC™ (4)

Lay (4) trit (2) vé v6i vé ta duge:

n2nt -2 = —CY4+ C24+ 202+ 4+ (n—1)C»

SC24+23 4+ +(n—1)C"=(n-2)2"1+1> (n—2)2""! =dpem
Bai 3. Rit gon biéu thiic sau:

a)S =3 k_o(k+1)C;

Giai

a) Xét ham f(z) = (1+2)" = zn: Ckak

k=o
Suy ra zf(z) = z(1+z)" = > CFakt!
k=0

Lay dao ham hai vé ta dugc:

n

nr(l+z)" 1+ (1+2)" = (k+ 1)Chan(%)
k=0
Thay z =1 vao (x), tac6 S =n2""1 + 2" = (n+2)2"!

Tic la: S = (n 4 2)2"

e b)Xét f(z)=(1+z)"= > 2"
k=0
Lay tich phan hai Vé ta dugc:

n 1 n+1_1 n k+10§
[ (1+w) dx—fo > Chdy = T =1 = 5~ £ Ca(9)

Thay t = 2 vao (2) ta duge:

n
2n+1_1 o Cﬁ

n+l k+1
k=0

e ¢)Thay t = —1 vao(2) ta dugc:

n
k+1CF -1 (=nk+ick
%(_1) - I = il n+1 Z E+1  — nlc

o
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Bai 4. Tinh tong sau:

Giai
n

o NTaxét f(z) =(1+a)" = Ckak = 3 Ckabt = (1+x:2"71
k=0 k=1

Lay tich phan hai vé: fol S Crak=ldy = fol (lﬂ%dx
k=1

Dt I, — 01 (H‘?"’ldx

Khi 6, I, = > <=
k=1

M Ty — Iy = [} S g nen ta e6 I — [y = 272 va Iy = [ 0dz = 0

Vay o =Io+ Y (= La) = X 5 - 2 ¢

k=1 k=1 k=1

Tit d6 ta c6 ngay tong can tim.

T

o 2)Ta co: S (—DFCHeF = (1 — )" = S (1) 1Chah ! = 1-(1—z)"
k=0 k=1

Lay tich phan hai vé ta dugc: I,, = 01 1_(1;17)” dr =Y (_1)’?*1%5
k=1

Ma [, — Ly = [, G000 gy
=D = [i(1—a) de=1waJ,=0
n n

Nen Jp = Jo+ 3 (h— Joa) = > 4
k=1 k=1

Vay B = ) %
k=1

1 1 1 .
Bai 5. Cho S, =1+ - + - +--- 4+ —, chiing minh rang:
n

2 3
_1\n—1
Sp — C%Sn_l —+ CgSn_z — et (—1)”_1C3_1Sl _ ( 1) '

Giai
Xét f(o) = (x—1)"=a" = Cpa" ' + Coa" % — - 4 (=1)"C}. (1)
= f1)=0=1-Co+C;—---+(=1)"C} (2)
Lay (1) trit (2) vé v6i vé ta co:
(z—1)"=2"-1-Cla" ' =1)+C*z"2—-1)— -+ (=) C" Hz — 1)
chia hai vé cho z — 1 va lay tich phan tréen [0,1] ta dugc:
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(—1)nt 1 e

S [

= [[@" a2 ) de—CL [ (2" 2 a3 ) - (1) O [ da
=S5,—C!S, 1+ C2S, o+ ()" 1C"~1S; =dpcem.

Bai 6. Thu gon cac biéu thiic sau:
> ChCd Ok

di1+do+-+dp=m<n
Giai
Van xét da thie f(t) = (1+t)"= >, CHtdi(i=1,2,...,k)
d;=0

kn .
Khi do, (f(t)) = > C)
=0
Nhu vay, s6 hang bac m < n la: CJ2¢™.

Mit khac (f(t) =1 +t)".(1+t)"...(1+t)". = > Chh ... 5= Cdrydr,

(.

~ di=o dp=0
kin
Nhan da thitc mot cach thong thuong thi ta c6 s6 hang bacm = dy +day+---+d, <n

e Y ot Qg
di+-+dy=m<n
Tu do ta rat ra hé thic sau:

S bt ot =S,

di+-+d=m<n kn

Bai 7. Dimg chudi f(z) = Y 22! dé xay dung ham sinh cho s6 nghiém nguyén 1é
k>0

ctia phuong trinh 1 + 29 + -+ + x4 = 1 (*).
Giai
Trong phuong trinh (x) thi z1, 25, z3,. .., 14 ¢6 vai trd nhu nhau nén ta chi can tim
ham sinh cho cach chon mot z;(1 < i < d) bat ki. Vi z; nguyén duong 1é nén z; nhan
cac gia tri :1,3,5,7,....

Nhu vay ham sinh cho cach chon mot z; 1a :

f)y=a+a3+2°+... = 22!
k>0
x

Taco f(z) =Y ot = ———

o) = St =
Ap dung quy tfc xoén ta tim duge ham sinh cho cach chon bo s6 (x1, Ta, 23, . . ., 24) 1
d
x
(1= 22)d

Bai 8. Xéc dinh day s6 (u,)n > 0 biét ug = uy = 1 vaw, = at,_1 + buy_2,Yn > 2
trong cac truong hop sau: (a,b) = (1,2), (a,b) = (3, —4)
textbfGiai

Ta ¢6 ham sinh cta day (u,)n > 01a F(z) = Y uya™
n>0

Theo bai ra ta co
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F(x) = w4+ uwz+ Z Up "

n>2
= 1l+x+ Z(aun_l + buy_o)x"
n>2
= 142 +aZun,1x” + qun,gx”
= l+z+ ax(z U, 2" — ug) + b’ Z Up "
n>0 n>0

= 14z +axF(z) —ar + b2’ F(x)
l—ar+x

= F(z) = 1 —ax — bx?

e TH1:(a,b) = (1,2) ta co:

1
F = —
(z) 1—a— 222
B 1
- (142)(1 - 27)
B 1 2
- 3(1+x2) 3(1-—21)
1 n, . .n 2 n, . .n
= 32 (D)= 2
n>0 n>0
—1)" —2n
n>0 3
. . . —-1)" - 2"
Dong nhat hé so = u,, = %,Vn > 2
1—2x

e TH2: (a,b) = (3,—4) Ta c6 F(z) = ot 4t
— 3z +4x

Bai 9. X4c dinh day s6 (u,)n > 0 biét vy = u; = uy = 1 vau, = au,_1 + bu,_o +
Cly,_3,Yn > 3 trong cac truong hop sau: (a,b,c) = (6, —11,6), (a,b,¢) = (5,1, —5)

Giai
Xét G(z) = > upa™(1) 1a ham sinh cta day (u,)n > 0.
n>0
G(z) = up+urr + ugr® + Z Upx"
n>3
= ug+ur+ U2$2 + Z(aun_l + bun_g + cun_g)x"
n>3
= up+wx + usx® + ax(z U™ — UL — Ug) + bx2(z Up ™ — ug) + ca’ Z Upx"
n>0 n>0 n>0

= l+a+2*+ax(G@) — 2 —1) +b2*(G(z) — 1) + G (x)
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1l—a—-0bz*+(1—a)z+1
1 —ax —bx?2 — ca3

e TH (a,b,c) = (6,—11,6):

= G(z) =

6z> — 5 + 1 1

G = —
@) = i —6F 12

= G2) =Y 2'(2)

n>0

Dong nhat he s6 (1), (2) ta c6 u, =1,Yn >0

e TH (a,b,c) = (5,1. = 5):
—52% — 4 1 . . .
G(z) = - ;x _Ijj—5x3 = gox”(i%) bong nhat hé s6 (1),(3) ta ¢6 u, =

1,¥n >0

Bai 10. Dung ham sinh dé xac dinh s6 cach chia 10 qua bong giéng nhau cho 4 dita
tré dé mdi dia nhan it nhat 2 qua.

Giai
D@ gidi bai toan ta tim ham sinh cho s6 cach chia béng cho mot dia tré

Gia thiét cho mdi dita nhan it nhat 2 qua béng nén ta suy ra

0 cach dua tré nhan 0 qua
0 cach dia tré nhan 1 qua
1 cach dta tré nhan 2 qua

1 cach daa tré nhan 3 qua

Vay ham sinh cho cach chia d6 1a 22 + 23 + 2% + . ..
Ap dung quy tic xodn ta tim duge ham sinh cho cach chia béng cho 4 dia tré la :

Fz) = (@®+22+2*+...)*
= *A4+o+2®+2°+..)!

ZES

(1—x)!
= 8 Z Cferk_lxk

n>0

_ ko k+8
= E:C3+k$

n>0

= S6 cach chia 10 qua béng chinh 1a hé s6 ctia z'° va bang C2 = 10 cach.
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Bai 11. Gia st ¢ 4 loai keo : socola,chanh, dau, stta.Tim ham sinh cho s6 cach chon

n cai keo thdo man cac diéu kien khac nhau khac nhau sau day

a) M&i mot loai keo xuat hien s6 1é lan.

b) S6 keo clia mdi mot loai keo chia hét cho 3.

¢) Khong c¢6 keo socola va ¢6 nhiéu nhat 1 keo chanh.

d) Cé6 1,3 hay 11 cai keo socola,2,4 hodc 5 cai keo chanh.

e) Modi loai keo xuat hién it nhat 10 lan.

Giai

a) Vi mdi loai keo xuat hién 1a nhu nhau nén ta chi can tim ham sinh cho s6 cach

chon mot loai keo.

Ta co

0 cach chon
1 cach chon
0 cach chon

1 cach chon

0 cai
1 cai
2 cal

3 cai

Vay ham sinh cho s6 cach chon mot loai keo 1a : o 4+ 23 + 2% + ...

Ap dung quy tac xoan ta tim dugc ham sinh cho cach chon bén loai keo la:

(zt2® +2°4+...)*

I +a?+2t 4. 0)!

£L‘4

Ta c6 s6 cach chon keo thoa méan dieu kién s6 keo ctia mdi mot loai keo chia hét

cho 3.

1 cach chon
0 cach chon
0 cach chon
1 cach chon
0 cach chon
0 cach chon

1 cach chon

0 cai
1 cai
2 cai
3 cal
4 cai
5 cai

6 cai
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= Ham sinh cho s6 cach chon mot loai keo thao man diéu kién tréen la:
IT+a3+a8+2%94+. ...
Ap dung quy tdc xodn ta tim duge ham sinh cho sé cach chon n céi keo tit bén

loai keo la:

1
_ 3 6 9 4 _
c¢) Ham sinh cho s6 cach chon keo socola 1a 1.
Ham sinh cho s6 cach chon keo chanh 14 1 + 2. .
Ham sinh cho s6 cach chon keo daula 14+ 2z + 22+ --- = : .
—x
. 1
Ham sinh cho s6 cach chon keosttala 1 +z 4+ 22+ --- = ]
—x

Ap dung quy tdc xodn ta tim duge ham sinh cho sé cach chon n céi keo tit bén

loai keo la: ) ) .
+x
(@) =1 +$)1—x1—x (1—x)?

d) Ham sinh cho s6 cach chon keo socola la z + 23 + z!'1.
Ham sinh cho s6 cach chon keo chanh 1a 2% + 2% + 2°.

. 1
Ham sinh cho s6 cach chon keodau la 1l +z+ 22+ --- =

1—2x2
1

Ham sinh cho s6 cach chon keostala 1+ 2+ 22+ .-+ = T

Ap dung quy tdc xodn ta tim duge ham sinh cho s6 cach chon n céi keo tit bén
loai keo la:
1 x3

G(x) = (x+x3+x11)(x2+x4+x5)1 i T = x)2<

14+2%+2'%) (x+22+23)

e) Ham sinh cho s6 cach chon keo sao cho mot loai keo xuét hien it nhat 10 lan la:
20 4t g2
Ap dung quy t&c xodn ta tim duge ham sinh cho sé cach chon n céi keo tit bén

loai keo la:

$10

F(x):($10+x11+x12+...)4:a:40(1+x+x2+...)4:W
—x

Bai 12. St dung ham sinh giai cac hé thic dé qui sau:

a) ap =1,a, =3a,_1+2

b) ag=1,a, = 3a,_; + 4!
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¢) ag =6,a1 = 30,a, = 5ap_1 — Gp_2
d) a1 =4,a1 =12,a, = ap_1 + 20,9 + 2"
Giai

a) ap = 1,a, = 3a,-1 + 2

Xét ham sinh ctia day con (a,)n > 0 la:

G(z) = > a,z™(1)

n>0

Khi do:
G(z) = ao—l—Zanx"
n>1

= 1+ (3a,_1 +2)a"

n>1

= 1+3Zan_1x"+22x”

n>1 n>1

= 1+3xZan:c”+2Zx”—2

n>0 n>0

— 30G(2) + ———1

= 31G() +

1

_ 3xG<x)+1”—1

=
1+
G -

@) = T=oa =3
2 1
 1-3x l-—=x
= 22(3x)”—2x"

n>0 n>0
= ) (23" —1)a"(x)

n>0
Dong nhat he s6 cta (1) va (*) ta duge a, = 2.3" — 1)
b) ag=1,a, = 3a,_; + 4" !

Xét ham sinh G(x) = > a,x™(1)

n>0
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Khi dé

G(z) = ag—l—Zanx"

n>1
= 1+Z(3an_1+4n_1)x"
n>1
= 1+32an,1x”+z4n_lx”
n>1 n>1
= 1+3x2anx”+x2(4x)”
n>0 n>0
= 14 3zG
o (m)—|—1_4$
1—-3z
= 3zG
xG(x) + T

= Y 4"2"(2) Dong nhat he s6 cia (1) va (2) ta duge a, = 4™

c) ag =6,a; =30,a, = 5a,_1 — ap_o

Xét ham sinh G(z) = > a,2"(1)

n>0

Khi do6

G(z) = ay+azx+ Z a,z"

n>2

= ap+ar+ Z(5an_1 + 6a,_o)x"

n>2

= ag+ax+5 Z Ap_1x" — 6 Z A"

n>2 n>2

= qy+ax+ 5:L’(Z apr" — ag) — 6 Z apx”

n>0 n>0

= 6+ 52G(z) + 62°G(7)

Nhu vay

6
1 —5x — 622
6 36
+
7(1+2x) 7(1 —6x)

= gZ(—l)”f‘ + ? 2(61’)"

G(z) =

n>0 n>0
6
= S ()
n>0

N . B} 6
Dong nhat hé so ctia (1) va (2) ta dugce a,, = ?((—1)” + 6" 1.
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d) ap=4,a1 =12,a, = ap_1 + 20, + 2"
Xét ham sinh G(z) = > a,2™(1)

n>0
Khi do6
G(x) = ap+ax+ Z a,x"
n>2
= a9+ a1x + Z(&nfl + 20,”72 + 2”)%”
n>2
= a9+ ax+ Z Ay 2" + 2 Z QpoT™ + Z(?x)"
n>2 n>2 n>0
= aqo+ax+ :L‘(Z anx™ — ag) — 21° Z a,x" + Z(Qw)” -2z —1
n>0 n>0 n20
= 4+ 122+ 2(G(x) — 4) + 22°G(x) + e —2r—1
= 2(G(x) —4) +22°G(x) + 3 + 62 + e
Nhu vay,
1222 — 4
Gle) = (222 4+ —1)(1 — 22)
_ 8 am 369
91 +2)  8(1—2x)  8(1—2z)
-8 171 369
= 5D (U > (22)" + < 2+ 1)
9 n>0 n>0 n>0
-8 171 369
= D (D) + 2"+ 2" == (n+ 1)(2)")a"(2)
9 8 8
n>0
N P . -8 171 369
Dong nhat he s6 cta (1) va (2) ta duge a,, = ?(—1)"+?2”+x"?(n+1)(2)”
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