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20. PINH LY THANG DU TRUNG HOA

20.1. GIOI THIEU
Ching ta xét bai toan md dau sau. Gidi hé phuong trinh dong du

X
X
X

3(modH (1)
7(mod8 (2)
5(mod7) (3).

Gidi. T dong du (1) ta c6
x=5q+3. (4)

Thay két qua (4) trén vao dong du (2) ta dugc
501 +3=7(mod 8 =- 501 = 4(mod 8.

Do 5.5=25=1(mod8) va (5,8) = 1 nén

5501 =5.4(mod8 = q; =4(mod 8 = q; = 8 + 4.
T d6 (4) cho tax=5(802+4) +3=4002+23 (5). Thay (5) vao (3) ta dugc

40gp +23=5(mod 7) = 400, = —18(mod 7) = 5¢, = 3(mod 7).
Vi35=15=1(mod7) va (3,7) = 1 nén
3502 =3.3(mod7) = 150, =9(mod7) = g =2(mod7) = g2 = 703+ 2.
Lai thay két qua trén vao (5) ta dugc
X =40(703+ 2) + 23 = 28093 + 103=- x = 103( mod 280.
DE y 280= 5 x 8 x 7. Tic hé phuong trinh trén c6 nghiém
X =103 mod5x 8 x 7).

20.2. PINHLY

Dinh ly 20.2.1. Cho Kk s6 nguyén duong doi mét nguyén té cing nhau My, Mp, ..., My, va a,az, ...,k
la K s6 nguyén tiry y. Khi dé hé dong du tuyén tinh

(x= a;(modmy)

: X = az(modmy)

c6 nghiém duy nhdt mod mymp ... my.
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Chitng minh. 1. Chitng minh sw duy nhdt. Gia st ta c¢6 hai nghiém 1a X,y. Din dén
X=y(=a(modmy)), x=y(=az(modny)),...,x=Yy(= a(modmy)).
Vi my,Mp, ..., M, nguyén td ciing nhau d6i mot nén
X=y(modmmy...my).
Tuc y va X cung thudc mét 16p thang du theo mod mymy... Mg
2. Chitng minh sy ton tai. Tamubn viét cac nghiém nhu 12 mot t6 hop tuyén tinh ctia cac ag, ap, . . . ,
X=Aras +Acap + - - + Axax.
V6i cac A phai tim thdéa man

Aj=0(modm),Vj#i va A =1(modm).

Dit
Ny = mpmg...
N2 = mimg...m
Ni =mmp...m_qmq... M.
Khi d6 (Nj,my) =1 vi (m,my) = (M,mp) = ... = (M,m_1) = (M,Miy1) =...= (M,mg) =1

vam;|N;,Vj #i. Vi (Ni,m) = 1 nén ton tai N1, tiic 1a
Ni.N"1 = 1( modm).
Dén day dit
A =N.N1
thi
A =1(modm) va A =0(modm;j),Vj#i(vi N =0(modm;)= A =0(modm;)).
Khi do
X=Aag+Acap+ -+ Ay = N1.N1_1a1+N2N2‘1a2—|—---+Nka_1ak

s€ thoa man

X= NiNflai = g;( modmy)
(vi tht cé cdc thita s6 con lai déu dong du 0 do my|N;,Vj # i).
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20.3. AP DUNG CO BAN

Vi du 20.3.1. Gidi hé phuong trinh dong du

X=2(mod3
x=3(mod5H
X=5(mod?7).
Gidi. Tacé
N;=57=35=2(mod3 = N;* =2,
N, =37=21=1(mod5 = N,' =1,
N3=35=15=1(mod? = N;1=1.
Tu do ta co
X=2.352+1.21.341.155=278= 68(mod 105
la nghiém cua hé phuong trinh. O

Vi du 20.3.2. Gidi hé phuong trinh

(x= 6(mod1]
x=13(mod 16
X=9(mod?2]

| X= 19(mod 25.

Chitng minh. Ta cé
N; = 16.21.25= 8400= 7(mod 11 = N; * = 8,

N, = 11.21.25=5775= 15(mod 1§ = N, ! = 15

N3 = 11.16.25= 4400= 11( mod 2] = N;* = 2,

N; = 11.16.21= 3696= 21( mod 25 = N, * = 6.
Khi d6 nghiém cua hé phuong trinh la

X = 6.84008+ 13577515+ 9.44002+ 19.36966 = 2029869= 51669 mod 1116.21.25 = 92400.

(]
Vi du 20.3.3. Tim tdt cd cdc nghiém ciia phuong trinh X2 = 1(mod 144,

Chiing minh. Vi 144=16.9, va (16,9) = 1. Do d¢ theo dinh ly thang du Trung Hoa thi nghiém cua
bai toan chinh la nghiém cua hé phuong trinh

Xx=1(mod16
X=1(mod?9.
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Vi X2 = 1(mod 16 c6 4 nghiém x = +1,+7(mod 16 va x* = 1(mod 9 c6 hai nghiém x = +1( mod
9). Do d6 ta c6 tat ca 8 trudng hop xdy ra

x=1(modl1l§ va x=1(mod9 (1),

Xx=1(modl1l§ va x=-1(mod9 (2)
=—-1(mod1§ va x=1(mod9 (3)
=—-1(mod1§ va x=-1(mod9 (4),
Xx=7(mod1l§ va x=1(mod9 (5),
X=7(mod1l§ va x=-1(mod9 (6)
=—-7(mod1§ va x=1(mod9 (7)
=—-7(mod1§ va x=-1(mod9 (8).
Ca tam hé phuong trinh trén déu tng véi k = 2 va

Y

Y

)

/N

Y

Ny =9=9(mod16 = N1 =9=N;.N; ' =81

N, =16=7(mod9 = N, ' = 4= No.N, ' = 64.
Do d6 phuong trinh ban dau c6 tt ca 8 nghiém sau

(1) :x=181+164=145 = 1(mod 144,
(2) :x=181+(-1).64=17 =17(mod 144,
(3):x=(-1).81+1.64=—-17 = —17(mod 144,
(4) :x=(-1).81+(—1).64= —145 = —1(mod 144,
(5):x=7.81+164=631 = 55(mod 144,
(6) :x=7.81+(—1).64=503 = 71(mod 144,
(7) :x=(-7).81+1.64= —503 = —71(mod 144,
(8) :x=(-7).81+(—1).64= —603 = —55(mod 144.

20.4. CHUNG MINH SU TON TAI MOT MENH PE TOAN HOC

Bai 20.4.1. Cho a,b 12 hai s6 nguyén duong 16n hon 1, (a,b) = 1. Ching minh ring ton tai k € Z sao
cho
A= (ab—1)"k+1

12 hop sb véi moi n nguyén duong.

Phdan tich va gidi. 1. Dé chitng minh A la hop s6, thi cdan chitng minh A chia hét cho mét sé nao do.
Tir nhién nhdt trong bai nay la chitng minh luén A chia hét cho a hodic chia hét cho b. Xét theo
mod a thi

A=k+1(moda)  véinchdn
A= —k+1(moda) véinlé.
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2. Khi dé can A:athi can diéu kién gi ciia k? DE A:a thi

k= —1(moda) véinchan
k=1(moda) véinlé.

3. Hoan toan tuong tu cho diéu kién ciia K dé’'mudn A:b?? Tuong tu dé A:b thi

k= —1(modb) véinchan
k=1(modb) véinlé

4. Tir day, dé’dam bdo A luén chia hét cho cd a hodc b ing véi n chdn hodc n 1é, thi phdi chon K
nhu thé nao? Theo dinh Iy thing du Trung hoa thi hé

k= 1(moda)
k= —1(modb)
cO nghiém.

5. Kiém tra lai thong tin cua A ting véi K chon la nghiém ciia hé trén? Khi d6

Aa véinlé
A:b véinchin

Ta c6 diéu phéi chiing minh.
(]

Bai 20.4.2. Ching minh ring véi moi s6 nguyén ducng n tlly ¥, ludn ton tai n sé6 nguyén duong lién
tiép gom toan hop sb.

Phdn tich va gidi. 1. Dé chitng minh n s6 nguyén dwong lién tiép gom toan hop so, thi ta phdi
chitng minh mdi sé trong N s6 nay phdi cé mét wdc nguyén té. Tic do cdan phdi bat ddu tiv ddu?
Goi p1 < P2 < ... < Pnla nsb nguyén t tiy y.

2. Tamudn nsé dang: m+1,m+2,....m-+n, mdi s6 chia hét cho mot thita sé nguyén té trén? Hdy
trién khai chi tiét nay? Ta chi ra ton tai s6 mma

;

(m+1=0(modpy) m= —1(modpy)
m+ 2 = 0( modpy) o Jm= —2(modpy)

Theo dinh ly thang du Trung Hoa thi hé trén c6 nghiém m1én tuy y. Th dé véimoii =1,2,...,n
thi
pi|m-+i.
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(tuy nhién vi pi|m+inén cé thé m+i = pj, liic dé thi m+i lai la sé nguyén té. DE ddam bdo m+i
la hop s6 thi ta chon M sao cho M> Py, la dwoc). Ta chon m> pp thi N sb

m+1m+2,....,m+n

déu 12 hop s6 (mbi s6 m+-i chia hét cho mot udc nguyén tb ;).
L]

Bai 20.4.3 (IMO 1989). Chiing minh riang v6i moi sé nguyén duong n tity ¥, luon ton tai n s6 nguyén
duong lién tiép ma mdi s6 khong 1a Iy thira cia mot sé nguyén duong nao khic.

Phdn tich va gidi. 1. Nhin bai todn nay, ta nghi ngay dén mot su tuwong tw voi bai 20.2. Tuy nhién
doi voi bai 20.2 chiing minh méi s6 do la hop sé. Con trong bai todn nay chiing minh méi s6
khéng la liiy thita ciia mdt s6 nguyén duong. Muon ¥ tudng ciia bai trén, tiv hop sé dén khong la
lity thira, ta luu ¥ diéu gi? Mot sd nguyén a chia hét cho s6 nguyén to p, nhung khong chia hét
cho p? thi akhong 1a lily thita ctia mot sb nguyén.

2. Goi pL < P2< ... < Pnlansdnguyén td tuy y. Ta mudn n sé dang: m+1,m+2,...,m+n, moi

$6 M+ chia hét cho mét thita s nguyén t6 pi, nhung khéng duoc chia hét cho piz. Tir do xdy
dung dong duw nhu thé nao? Ta chi ra ton tai s6 mma

(m+1= p1(modp?) (m=p— 1 modp?)
Jmi-2= p2(modp3) ) m= p—2(modp3)

| M+n= pn(modpf) | M= pn—n(modpy).

Theo dinh ly thang du Trung Hoa thi hé trén c6 nghiém m16n tuy y, chon m > p,. Tor d6 v6i moi
i=12,...,nthi
pilm-+i nhung p2fm+i.
Chung té n s6 lién tiép m+1, m+2,...,m+ n déu khong 1a ldly thita ciia mot sé nguyén nao do.
]
Cdch 2. V6i mdi me Z*, xét 2n s6 nguyén t6 phan biét py, P2, ..., Pn,d1,92, - - -, On va hé phuong trinh
dong du
.

x= —1(modpy0s)
X= —2(modpz0?)

Theo dinh ly thing du Trung Hoa thi hé trén c6 nghiém. Tiic 1a ton tai m € Z sao cho
m= —i(modpq),vi=1,2,...,n.

Tir d6 suy ra cac s6 m+1,m-+2,...,m+nla nsb nguyén lién tiép va khong c6 s6 nao 1a liy thira cla
mot sd nguyén nao ca (vi trong phan tich ctia mdi s6 d6 c6 it nhat hai thira s6 nguyén o). (]
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Bai 20.4.4. Ching minh ring véi mdi sb tu nhién n, ton tai mot cap sé cong gdm N sb6 hang sao cho

moi s6 hang ctia né déu 12 Iy thira cia mot s6 tu nhién v6i s6 mii 16n hon 1.

Phdn tich va gidi. 1. Viéc chi ra mot cdp sé cong nao la khé. Do do viéc ddu tién la nghi dén chon
cdp s6 céng nao cho dé kiém tra. Cdp sé cong don gidn nhdt la 1,2,....n. Tuy nhién ddy nay

khéng théa. Do do ta nghi dén chon cdp sé cong "twong tw nhu trén" la a,2a,3a,...,na

2. Vimong mudn a,2a,...,nala liy thita cia mét sé tw nhién. Do dé sé acdn su xudt hién ciia cdc

hang tit 2,3,. .. N trong biéu dién, ticc can co dang
a=2kegegk  pkn

(6 ddy ddnh chi sé ciia K theo sé hang trong co s6)

3. Pé'ala liy thita ciia mot s6 nguyén to, thi cdc lity thita Ko, Ks, . . ., Kn phdi c6 nhdn tit chung, nhdn

tit chung nay tu nhién nhdt la nhdan tit nguyén té chung Py, titc la cdn

(

ko: P2
ks: p2

| Kn: P2

N

4. Khi do 2a= 2et13egk nn 3¢’ 2a la liy thiva ciia mot sé nguyén t6, thi cdc liy thita ko +

1,Ko, ... ,Kn phdi c6 nhdn tir nguyén té chung ps, titc la cdn

(

ko + 1: p3
Jkaips
L kn:Ps
5. Cit tiép tuc tim diéu kién cho cdc sé 2a,3a, ... ,na la liy thita ciia mét s6 nguyén, thi diéu kién

cho cdc lity thita Ko, Ka, . . ., Kn la gi? Nhu phan tich & trén thi can c6

ko a2, ks:p2,  Ka:pz, Ks: Pz, e
ko+1:ps, ks:ps,  Kka:ps, Ks: Ps, e

ko:psa, ka+1:ps, Ki@pa, Ks: pa, e

cey ooy .y ey ey

6. Tir d6 céc s6 ko, Kz, . . ., Kn ton tai theo dinh ly thing du Trung Hoa. V6i moi i = 3,..

nguyén duong k; thda man

ki—1 = —1(modp;)
ki =0(modpj),j #i,j € {3,...,n}.

Kn: P2,
Kn: Ps,
Kn' Pa,

.,Nton tai sO
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va
Ki:p2,Vi=23,...,n.
Khi d6 thi
ko k3 kn\ P2
a= 23k P = <2P2.2P2 ...npz>
k2+l k3 k P3
2a = 2ketlzle  pnPn — <2p—3_2p—3___np—g>
koK 1 IS
na= 2238 nPrtt—=(2m2m. . .nm .
Ta c6 diéu phai chiing minh. O

Bai 20.4.5 (Bankal 2000). Cho A 12 mdt tip con khéc réng ctia Z+. Chting minh riang ton tai s6 nguyén
duong n sao cho tap hgp
nA= {nx|x € A}

chifa toan liiy thita ctia mdt s tu nhién véi s6 mii 16n hon 1.
Giai. Bai toan nay tuong ty nhu bai 20.4. Do d6 16i giai tuong tu. Dat

A={a,a,...,a}

va
P1, P2, .-, Pk
12 k s6 nguyén t6 phan biét. Theo dinh ly thing du Trung Hoa, v6i moi i = 1,2, ...,k ton tai s nguyén
duong my thda man
{m = —1(modp;)
m = 0(modpj)(j #i,j €{1,2,...,k}).

Khi d6
my+1°py, mp: py, Mg pa,
my : Pz, mp+1:py, M P2,
. o o my: p1,
mlspka rnzpk7 ceey m(+1pk
Pén day dit
m m
n=a'a,’...a.x

Ths Tran Minh Hién (0989.541.123) - Truong THPT chuyén Quang Trung 165



NUMBER THEORY - VMO 2014-2015 20 DINH LY THANG DU TRUNG HOA

ta co

[

Bai 20.4.6. Ching minh ring v6i moi s6 nguyén n, ton tai mot tp s6 nguyén n phan ti dé tong cac
phan t cda cac tip con khdng rong ciia né 1a 1 liy thia.

Gidi. Ta sét tap sd nguyén S= {X1,Xp,...,Xn}, tip Scé 2" — 1 tip con khong rdng clia S. Pit
S, S
1a tdng cdc phan t& cta céc tip nay. Ap dung bai 20.5, ton tai sd nguyén b thda man
{bS1,bS,,...,bSn_1}
bao gdm toan cac lily thita. Tir d6 ta chon tip
F = {bxq,bxp,...,bxn}
thi tap F thda man diéu kién bai toan. O

Bai 20.4.7. Chiing minh ring v6i moi s6 tu nhién n, ludn tdn tai n sd tu nhién lién tiép sao cho bat ky
s6 nao ciing c6 ude dang 2 — 1,k € N.

Phdn tl’€h gidi. 1. Goi nsd nguyén lién tiép 1a X+ 1,X+2,...,X+N. Yéu cau bai todn gitp ta nghi
deén hé thang du

(x= —1(modps)

X= —2(modpy)

Tur day din dén viéc chon pg, pa2,.. ., Pn.

2. Néu p; 1a cac sb nguyén t6 thi rat kho kiém soét diéu kién 2K — 1, nén ta chon ludn pj la cic sb
Mersen pj = 24 — 1 (p; khong can nguyén td).

3. D€ dam bdo (pi, pj) = 1 dan dén viéc chon ki, k.
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4. Mt khic
(2iq — 12K —1) —1e (kk) =1

(that vdy, néu goi g 1a udc nguyén té chung ctia 24 — 1,2 — 1 thi

{ij_l(modq) =2 =1(modd) > =1 (k k) =1

)

5. Tit cac nhén xét trén, ta d€ dang chon dugc ki, ko, ..., Ky théa (ki kj) =1,Vi,j=1,2,...,n(i # )
(c6 thé chon ludn ki 12 s6 nguyén t6 thit i).
(]

Bai 20.4.8. Cho n1a s6 nguyén duong 18 va n > 3. Goi k;t 1a cic s6 nguyén duong nhé nhit sao cho
kn-+ 1 va tn déu 1a s6 chinh phuong. Ching minh rang diéu kién can va di dé nla s6 nguyén to la
min{k,t} > n
Y 4'
1. biéu kién can: Gia st n nguyén t6. Khi d6
n|tn va tn chinh phuong nén n?jtn = nlt.
Tu do n
t>n> -
- 4

Hon nita dit a® = kn+ 1 thi a®> = 1( modn). Két hop n nguyén té nén a = +-1( modn). Nhung vi
a> 1néna>n—1(vin—11as6nhd nhit dong —1 modulo n). Dan dén

n n
kn+1>(n—1)>=k> n-2=k>Zvin>3nenn-2> 2.

2. Diéu kién da
e nchi c6 mdt uSc nguyén té duy nhit, dit n= p?, v6i p > 3 do n1é. Néu o chin, ta lay

n
f—1<"
<32

thi
tn=p“
1a s6 chinh phuong, mau thuin véi gia thiét. Néu a 18, a > 3, ta liy

pY n

t=p< o —_

P<7 =1
thi

tn= p*1 a +1 chin

A . n A X A N A A A
nén tnla so chinh phuong véit < 7 mau thuan. Vay a = 1 hay n la so nguyén to.
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e Néu n c¢6 it nhat hai u6c nguyén t phan biét. Khi dé ta c6 thé n dudi dang n = p%.m, trong
d6 p 1a mot s6 nguyén t6 18, m1a sb nguyén duong 18, (m, p) = 1. Theo dinh ly thing du
Trung Hoa, ton tai s6 nguyén S sao cho

s=1(modp9)
s= —1(modm).

Tir d6 n|s? — 1. Hon nita ta c6 thé chon S sao cho

n
S < —-.
sI< 2

Vi s# 1(modm) nén s# 1 va s# —1(modp?) nén s# —1. Dan dén s* # 1. Tir day lay
_$-1

n

Kk

thi k 12 s6 nguyén ducng, hon nita kn+ 1 = & 1a s6 chinh phuong va

N

_ n-
n n n 4
mau thudn véi diéu kién
. n
min{k,t} > 7

Vay truong hop nay khong thé xay ra.

Tir d6 n phai 1a sb nguyén t6.

20.5. DPINH LY THANG DU TRUNG HOA VA SO FERMAT

Bai 20.5.1. Chiing minh ring ton tai sb nguyén k sao cho 2".k+ 113 hop sd v6i moi sd nguyén duong
n.

Phdn tich gidi. 1. Xét nviét dudi dang n= 2M.1, | 12 s6 ty nhién 1é. Khi d6
2"k +1=22"k+1=—k+1(mod 2" +1).

Do d6 ta sé tim k dé .
—k+1=0(modZ" +1).

2. Trudc hét ta c6 Fo, Fy, F2, Fa, F4 12 céc sd nguyén t6 va Fs = 641x 670041 7va (F, Fi)=1,Vi#].
biat p=641q=6700417
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3. Theo dinh ly thing du Trung Hoa, ton tai s6 nguyén duong K théa man

4. Néum< 5thi
2" = 22" = _1(modFy) = 2"k = —1( modFy) = 2"k + 1:Fp,.
5. Néum=5thi
2" = 2" = _1(modFs) = 2"k = —1(modp) = 2"k +1:p.

6. Néum> 5thi

2m=5|

o0 — 22" — (225) — 1(modFs) = 2"k = —1(modq) = 2"k + 1:q.
O

Bai 20.5.2. Cho trudc céic s6 nguyén duong n, s. Chitng minh rang ton tai n sé6 nguyén duong lién tiép
ma mdi s6 déu c6 ude 1a Iy thira bac S ctia mot s6 nguyén duong 16n hon 1.

Phdn tich gidi. 1. Xét day s6 Fermat Fn = 22" 4 1(n=1,2,...). Lién quan dén s6 nay c6 tinh chét
dang luu y la
(Fn, Fm) — l,Vn 7£ m.

2. Ap dung dinh ly thing du Trung Hoa cho n s6 nguyén t6 cing nhau FS F$,... FS va n sb
ri=—i(i=1,2,...,n) thi ton tai s nguyén Xg sao cho
Xo+i:F°.
Vay day {Xo+1,X0+2,...,X0+ N} gdm n sb nguyén duong lién tiép, sb hang thi i chia hét cho
FS.
(]

Bai 20.5.3 (IMO Shortlist 1998). Xic dinh tit c4 s6 nguyén duong n sao cho véi nnay ton tai m€ Z
dée
2" —1|m? +9.

Phdn tich giai. 1. Viét n duéi dang n= 25t(s,t € N), t 1a s6 1¢.
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2. Néut>3thi 2! —1|2"—1nén 2! — 1|n?+9. Ta c6
2' —1=—1(mod4).

Tiic 1a 56 2' — 1 ¢6 dang 4k + 3, do d6 n6 c6 udc nguyén td pma p= —1( mod4). Di nhién p # 3
vi
312 — 1, vt 18.

Tu do suy ra
p|m? +9 = m? = —9( modp).

Chiing t6 —9 la thang du bac hai theo modulo p, tuy nhién

. (_p9> N <_p1> | (i) sk <§>2: S

nén P = phi Ia 56 chin, tic 1a p= 1(mod 4, vo 1y

3. Tur day suy rat = 1 hay n = 25. Ta chiing minh day 1 tit ca cc sd can tim bang cach chi ra s6 m
d& 2" — 1|m? 4 9. Ta c

25— 1

N _1=2%7 _1=(2-1)(24+1)(2+1) (222+1).~(2 +1).
Tat d6 dé k
2"~ 1 mP+9=2% +1m?+9,vk=0,1,...,s— 1.

Miit khic cic s6 Fermat c6 tinh chat
(22'" +1,27 4+ 1) —1,¥m#n.
Theo dinh Iy thing du Trung Hoa thi ton tai nghiém Xo thda man hé dong du

(x=2(mod2+1)
x=2?(modZ +1)
{x=2%(mod2+1)

(x=2""(modZ " +1).

Tu do6 suy ra
+1=0(modZ  +1),vt=0,1,2,....5— 2.

Tu day suy ra
2"~ 1|90 +1) =P +9

v6i m = 3Xq, day chinh 1 gid tri mcan tim.
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Bai 20.5.4 (HAN QU6C 1999). Tim tit c4 céc sd tu nhién n théa man 2" — 1 chia hét cho 3 va ton tai
s6 nguyén m dé
2Nn—-1

3
Phdn tich giai. 1. Néun=1(mod2 thi n= 2k+ 1(k € N), khi d6

4P + 1.

2N =22+l — 2 4=2(mod3 = 2"—-1=1(mod3

khong thda man 2" —1:3.
2. Néun=0(mod2), dit n=2X.u (ula s6 tu nhién 18). Néu u > 3 thi
U g _qvi2'—1=22U 1= (W 1.

Do doé
24— 1]4m? 4 1.

Mat khac, vi U > 3 nén
2—1=-1(mod4.

Khi d6 ton tai p nguyén t6, p= —1(mod4), 1a uéc cia 2" — 1. Khi d6
pl4an? + 1.

St dung tinh chit "Néu p 1a s6 nguyén t6 dang 4k+ 3 va a®+b?: p thi ci a va b déu chia hét cho
p". Ap dung vao dang thiic trén thi

2m:pva lip,
vo 1y. Do d6 u = 1, tiéc n ¢6 dang |n = 2%|. Ta chiing minh day 12 tit c& cac sb can tim.
3. Khin= 2% thi )
21-1 227 -1
= =F.R..... _
3 3 1.F2 R

vi F; 1a s6 Fermat thit i : F; = 22 + 1. Theo dinh Iy thing du Trung Hoa thi hé

(x=2(mod2+1)
x=2°(modZ +1)
x=23(modZ+1)
x=22"%(mod 2" +1).

[ Xx=0(mod 2.

c6 nghiém, goi nghiém do6 14 Xg thi Xo chin, dit Xg = 2m thi

A4 1=x5+1:2"—1.
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20.6. UNG DUNG TRONG CAC BAI TOAN SO TO HOP

Bai 20.6.1 (PATI LOAN TST 2002). Trong ludi diém nguyén ctia mit phing toa do Oxy, mot diém A
véi toa do (Xo,Yo) € Z2 dudc goi la nhin thiy dugc tir O néu doan thang OA khong chifa diém nguyén
nao khic ngoai O va A. Chiing minh ring véi moi N nguyén duong 16n tily ¥, ton tai hinh vudéng n x n
c6 céac dinh c6 toa do nguyén, hon nifa tit ca cic di€m nguyén nim bén trong va trén bién ctia hinh
vudng déu khong nhin thiy dudc tir O.

Phdn tich gidi. 1. Trudc tién ta phdi tim diéu kién cdn va dii dé' A(Xa,Ya) nhin thdy duoc tir O? DE
thiy diéu kién can va di d€ A(Xa,ya) nhin thiy dudc tit O 1a (Xa,ya) = 1.

(a) That vay, néu A nhin théy dudc, gié su (XA,yA) =d > 1 KhidoXa = Xm,yA = dyl(X]_,yl) =
1. Tu day suy ra
" W,
Xt Y1
Chiing té ba di€ém O, A(Xa,Ya) va M(Xg,y1) thang hang, diém M(x,y1) nguyén. Dan dén A
khong nhin thiy dudgc, vo ly. Vay (Xa,ya) = 1.

(b) Ngudgc lai, néu A(Xa,Ya) c6 (Xa,Ya) = 1 thi A nhin thdy dudc tir O. Gia st A khong nhin
thiy dudc, tiic ton tai diém nguyén M(Xq,y1) trén doan OA. Vi ba diém O, M, A thang hang
nen XA YA

— = — = Xa.Y1 = YA X1.
X1 "N

Vi (Xa,Ya) = 1 nén Xp X1. Pat Xa = dx; thay vao thi

dy; = ya = ya:d.

Chiing td (Xa,Ya):d nén (Xa,ya) > 1, vo ly. Do d6 A nhin thiy dudgc tir O.

2. Pé gidi quyét bai todn, ta xdy dung mot hinh vuéng N x N vdi N nguyén dwong tity ¥ sao cho moi
diém nguyén (X,y) nam trong hodc trén bién hinh vuéng déu khong thé'nhin thdy duoc ti O. Tiic
la phdi xdy dung mét ddy toa do (Xi,Yj) > L Tir ddy nghi dén sit dung cdc thita s6 nguyén 10,
mot mdt dong du theo dong, mét mdt dong du theo cot trong ma trdn la sé théa man. That vay
chon pij 1a cdc sb nguyén t6 ddi mot khdc nhau (0 < i, j < n) (gdm (n+ 1)? s6 nguyén td). Sip
xép cac sd nguyén t6 nay theo ma tran

Pho Pn1 Pn2 - Pnn

M= | p2o P21 P22 -~ P
Pio P11 P12 - Pin
Poo Poi P22 -+ Pon
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Khi d6 xét hé phuong trinh ddng du theo tich cac sb trén dong

(x = O( modpoo. Po1- Po2- - - Pon)
X+ 1= 0(modpio.P11-P12- - - P1n)
X+ 2 = 0( modpzo. P21. P22 - - P2n)

| X+n= 0(modpro.Pr1-Pn2- - - Prn)

va hé phuong trinh dong du theo tich céc sb trén cot

.
y = 0( modpoo. P1o-P20- - - Pro)

y+1= 0( modpo1. P11.P21- - - pnl)

{ V+ 2= 0( mOdpoz. P12.P22. .. pnz)

y+n= O( modpon. P1n-Pzn - - - Prn)

Theo dinh ly thang du Trung Hoa thi hai hé trén c6 nghiém, goi Xp, Yo 1a nghiém tuong ung cia
hai hé trén, ta thy

(Xo+1,Yo+ i) :pij = (Xo+i,Yo+ ) > 1,¥0<i,j<n.

Diéu d6 chiing t6 moi diém nidm trong hodc trén bién hinh vudng n x n x4c dinh bsi diém phia
duéi bén tréi 12 (Xg, o), diém cao nhit bén phéi 1a (X + N, Yo -+ N) déu khong thé nhin thiy dudc
tir diém O.
]
Bai todn nay mdc dit xudt hién khd ldu, nhung t6i khong dé’y dén, va chi thue sw quan tdm va thdy
duoc cdi hay ciia né khi hoc cung em Lé Quang Binh trong dot tdp hudn thi TST 2013 véi gido su Ha
Huy Khodi, khi do gid thiét phdt biéu rdt hay bdi ngon ngit doi thuong la con cdo va 6ng thg sdn.

Bai 20.6.2 (BULGARIA 2003). Ta goi mot tip hop céc s6 nguyén duong C la t6t néu véi moi sb
nguyén duong K thi ton tai a, b khéac nhau trong C sao cho (a+k,b+Kk) > 1. Gia st ta c6 mot tap C tot
ma tong cac phan ti trong d6 bang 2003. Chiing minh rang ta c6 thé loai di mot phan ti ¢ trong C sao
cho tip con lai van 1a tap tot.

20.7. UNG DUNG TRONG PA THUC

Bai 20.7.1. Cho tdp S= {p1, P2, ..., Pk} gom K s6 nguyén t6 phan biét va P(x) 1a da thiic v6i hé s6
nguyén sao cho vdi moi sd nguyén duong n, déu ton tai p; trong Ssao cho pj|P(n). Chiing minh ring
ton tai Pi, trong Ssao cho

pi,|P(n),Vne Z™".

Chiing minh. Gi st khong ton tai mot phan ti p; nao trong Sdé

pi|P(n),Vne Z™.
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Nghia 1a véi mdi pi € S(i =1,2,...,k), déu tdn tai 8 € ZT sao cho
pi { P(a).
Theo dinh ly thing du Trung Hoa thi ton tai s6 nguyén duong Xg sao cho

(xo = aj(modp;)
< Xo = ax(modpy)

Vi P(X) la da thiic hé s6 nguyén nén st dung tinh chat "néu u = v( modm) thi P(u) = P(v)(modm)"
ta dudc

P(Xo) = P(ax)( modpy).

P(a) /pi,Vi =1,2,...,Kknén tit hé trén suy ra

P(xo) 7pi,¥i=1,2,...,k
trai v6i gia thiét bai todn. Vay gia thiét phan chiing 12 sai, ta c6 diéu phai ching minh. O
Khong kho dé’ nhdn ra, tdp sé trong bai 20.9 co thé thay bang {p1 , p2 ey pkk} ma khong dnh
hudng gi. Thdm chi c6 thé'thay bang tdp {aq,ay, ..., a8k} vdi cdc s6 g nguyén té cung nhau ting cap

mot. Tuy nhién két qud ca bai todn nay con co thé md réng hon nita, titc tdp Sco thé thay bang tdp sé
nguyén bdi vi du dudi dady.

Bai 20.7.2. Cho S= {ay,ay,...,an} C Z" va P(X) € Z[x]. Biét rang v6i moi s6 nguyén duong K, déu
ton tai chi s6i € {1,2,...,n} sao cho
8|P(k).

Chiing minh ring ton tai mot chi s6 ip nao d6 sao cho
a,|P(k),Vk e Z*.

Phdn tich gidi. 1. Tuwong tw nhu bai todn trén, ¥ tudng ban ddu la phdn chiing. Viét ré ¥ phdn chitng
nay? Gia st két luan bai toan 1a sai. Tic 1a v6i mdi i € {1,2,...,n}, ton tai s6 nguyén X; dé

aitP(x).

2. Chuyén diéu kién a1 P(X;) vé s6 nguyén to. Diéu kién dé'P(x;) khong chia hét cho g xét vé mdit
56 nguyén 16 nhut thé ndo? Khi dé tdn tai s pi¥, v6i pi nguyén t6 thda man

pla; nhung Pt P(X).

Cho i chay tir 1 dén n ta dudc tap hop céc sb sau {p1 : p2 U Y
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3. Tuong tu nhu bai todn trén, dd chi ra mdu thudn khi dp dung dinh 1y thang dw Trung Hoa duoc
chua? Ré rang chua thé dp dung dugc, vi cdc s6 Pi chua phdn biét, tiic trong chiing cé mot sé sé
trung nhau? Gid sit Py, P triung nhau, p'§1|a1, p§2|a2, khi do ta chon lity thita Ky, Ko nhu thé nao
dé hai tinh chdt do déu théa man? R rang phdi chon sé nhé nhdt trong hai sé Ky, Ko. Tiv do dinh
huwdng cho nhitng sé6 nguyén to trung nhau. Néu trong tap {plil, pléz, ..., P} c6 nhiing s6 c6 co
s6 tring nhau, v6i nhitng co s6 do, ta giif lai co sd ¢6 sd mii nho nhét, va loai khéi tap nhiing liy
thuta con lai. Khi dé ta dugc tap

{pgl, pgz, ., P31 (m< nvapg,Pz,..., Pmla nhing sd nguyén t6 phan biét).

Chii y ring a(i = 1,2,...,n) sé chia hét cho mot s sd hang trong tip nay, chii khong nhét thiét
chi chia hét cho 1 sb.

4. Pén ddy hoan thanh ndt phdn con lai bdng cdch dp dung dinh Iy thing dw Trung Hoa? Tu
P, P, ..., par 1a nhiing s& d6i mot nguyén td ciing nhau, ta xét h¢ ddng du sau

(x = x;(modpt)
X = Xo( modpy?)

| X=X modpay).

Theo dinh ly thing du Trung Hoa thi hé trén c6 nghiém Xg. Vi P(X) 1a da thiic hé s6 nguyén nén

P(x0) = P(x¢)(modpi*)
P(x0) = P(x2)( modp¥)

P(X0) = P(Xm)( modprm).

Vi P(x) #0(modp),i = 1,2,...,mnén
P(Xo) Z 0(modp;"),i =1,2,...,m

chuing to
P(Xo) # 0(moda;),i =1,2,...,n

mau thuin vé6i gia thiét ctia bai toan. Ta c6 diéu phai chiing minh.
Bai todn trén la dién hinh cho cdch si dung dinh Iy Trung Hoa.

Bai 20.7.3. Chiing minh ring ton tai mot da thic P(X) € Z[X], khong c6 nghiém nguyén sao cho véi
moi sd nguyén duong n, tdn tai s nguyén X sao cho

P(x):n.

Chiing minh. Phan tich giai
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1. Xét da thiic P(X) = (3x+ 1)(2x+ 1). V6i mdi sé6 nguyén duong n, ta biéu dién n dudi dang

n=2X2m+1).
2. Vi (2X,3) = 1 nén ton tai a sao cho
3a=1(mod ).
Tut d6 ta mudn c6
3x= —1(mod &)
thi chi can chon X sao cho
x= —a(mod %).

3. Vi (2,2m+ 1) = 1 nén ton tai s6 nguyén b sao cho
2b=1(mod2n+1).

Do d6 ta mudn c6
2x=—1(mod2n+1)

thi can chon X sao cho
X=—b(mod2n+1).

4. Nhung do (2k, 2m+ 1) = 1 nén theo dinh ly thing du Trung Hoa, ton tai s6 nguyén X 1a nghiém
cua hé
x = —a( mod X)
Xx=—b(mod2n+1).

Tir d6 theo Iy luén trén, véi moi sb nguyén ducng n déu ton tai x d€ P(x) :n. RS rang P(X) khong
c6 nghiém nguyén.
]

Mot cdu hdi thii vi khéng qud tdam thuong. Pa thitc P(X) = (3X+ 1)(2x+ 1) ¢d phdi la da thiic duy
nhdt théa mdn diéu kién bai todn trén hay khong? Hay xdy dung da thiic trong truong hop tong qudt
xem sao??

D¢ hiéu hon ndi dung dinh ly dudi day, ta xét vi du

Vi du 20.7.1. Cho n= 12= 22.3va da thitc P(X) = x> + 5x. Khi dé phicong trinh
P(x) = 0(mod 3

c6 hai nghiém la X = 0,1(mod 3) va phuong trinh
P(x) = 0(mod 4

c6 hai nghiém X = 0,4(mod4). Tir do phuong trinh
P(x) = 0(mod 12

c6 bon nghiém la
x=0,3,4,7(mod12.
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Dinh ly 20.7.2. Cho n c¢é dang biéu dién chinh tdc
n=p;ing?...ne«
va P(X) la da thitc hé s6 nguyén. Khi dé phuong trinh déng du
P(x) = 0( modn)
c6 nghiém khi va chi khi tdt cd cdc phuong trinh dong du
P(x) =0(modp™),i=1,2,...,k
c6 nghiém. Hon nita néu méi phuong trinh
P(x) = 0( modp™)
co 1y nghiém modulo piai (i=1,2,...,K) thi phuong trinh
P(x) = 0( modn)
cor =Tr1.r2...1g nghiém modulo n.
Chitng minh. 1. Gia st x 12 nghiém ctia P(x) = 0(modn). Suy ra P(x) :n = P(x): p™. Chiing t& X
la nghiém cua phuong trinh
P(x) =0(modp’),i=1,2,....k.
2. Ngudc lai, néu X; 1a nghiém ctia P(x) = 0( mod pia‘),i =1,2,...,k Theo dinh ly thang du Trung

Hoa, ton tai duy nhit nghiém Xg (theo modulo n) ctia hé

(x = x1(modp¥)
X = Xo( modp3?)

()

| X=X modpg").

Theo tinh chit clia da thiic hé s6 nguyén thi
X0 = X (modp™) = P(x0) = P(x) = 0( modp™).
Tu d6 thi P(Xp) = 0(modn), chiing té Xg 1a nghiém ctia phuong trinh P(x) = 0( modn).
3. Moi bd nghiém cuia (1) : (X3, X2, ..., %) cho ta mot nghiém X ctia phuong trinh
P(x) = 0( modn).

V6i hai b nghiém cua (1) khac nhau 1a (X1, X2, ..., %) va (X3,X5, ..., %), khi d6 goi x,X la hai
nghiém ctia P(x) = 0(modn) sinh tit hai b nay. Vi (X1,Xo, ..., %) # (X{, %5, ...,X,) nén ton tai
chi s i d€ x; # . Lai do

x = x(modp™),x = x(modp?) = x #= X (modp")

chiing td X # X'. Vay mdi bo nghiém (X1,X%g, . .., Xk)
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Bai 20.7.4. Cho n c6 dang biéu dién chinh tic
n=pitny2...nx.
Tim s6 nghiém clia phuong trinh x* 4-x = 0( modn).
Giai. Theo dinh ly trén thi
X%+ x= 0( modn) < x(x+ 1) = 0(modp™),Vi =1,2,... k.
Vi (X,Xx+ 1) = 1nén
ai

x = 0(modp™)

1) = 0(modp®)(i=1.2.....k .
X(X+ ) ( pl )(I Vb ) )<:> XE—l(mOdpia')’

Theo dinh ly thing du trung hoa thi mdi hé phuong trinh

(x = a;(modp7?)

= dp%2 _
Jx=ae(modpy’) v 12k

c¢6 duy nhét nghiém modulo n. Vi c6 tt ca 2K hé nhu vay (tuong ting véi 2K cach chon bo (ag, ay, ... ., ),

véi mbi a € {0,—1},i =1,2,...,k), do d6 hé c6 tét ca 2 nghiém modulo n.

Bai 20.7.5 (VMO 2008). Cho m= 2007°%8 C6 bao nhiéu s6 tu nhién n < msao cho n(2n+1)(5n+1)

chia hét cho m.

Phdn tich gigi. 1. Vi (10,m) = 1nén

n(2n+1)(5n+1) = 0( modm) < 10n(10n+5)(10n+ 2) = 0( modm).

2. Tacé m= 3016 223008 4¢ thuat tién, ta dit 10n = x, 3016 = p, 22F008_ g,

X(Xx+5
X(X+5

~—
/N

X+ 4)
(x+4)

0(modp)

X(X+5)(x+4) =0(modp.q) { 0( modaq)

~—

(p,d) = Onén

()

3. Vi (X,Xx+5) =5, (X,X+4) = 2 hodc (X,X+4) =4, (X+5,x+4) = 1, tht c4 cdc u6c chung nay
déu khac 3 va 223. Luu y ta can chon gid tri X = 0(mod 10. Mdt gi4 tri ctia X cho mot gid tri n,
hai gia tri X khac nhau s& cho hai gi4 tri nkhéc nhau. Do d6 hé (I), thém diéu kién x = 0( mod 10
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tuong duong véi

— _4(modp) | x=0(mod 10
—5(modp) (x= —4(modp)
) & | { x=—4(modq) (5)
= —4(modq) | x=0(mod 10
| x= —5(moda) (x= —4(modp)
X = —5( modq) (6)
| x=0(mod 10
(x= —5( modp)
x = 0( modg) (7)
| x=0(mod 10
(x= —5(modp)
X = —4( modq) (8)
| x=0(mod 10
(x= —5( modp)
X = —5( modq) 9)
| x=0(mod 10

\

\

Z\

4. Theo dinh ly thing du Trung Hoa thi cac hé tif (1) dén (9), mdi hé déu c6 duy nhit mot nghiém
X theo modulo 10m. Do d6 ta c6 tAt ca 9 nghiém X nhé hon 10m, dan dén c6 9 gid tri n nhé hon
mthda dé bai.

O

Pinh ly 20.7.3. Cho P(X) = agxd + ... 4+ aix+ 1 la da thiic hé sé nguyén bdc d > 1. Khi do véi moi sé
nguyén duong n, ton tai s nguyén X sao cho P(X) cé it nhdt n udc nguyén té.
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Chiing minh. 1. Xét tap hop Q = {p| p nguyén t6 sao cho ton tai s6 nguyén X ma p|P(x)}. Khi d6
tap Q nay vo han. That vay, gia st chi ¢6 hitu han s6 nguyén t py, P2, .. ., Pk trong Q. Khi d6 véi
mdi s6 nguyén mthi P(mpyp;. .. pk) 1a mot sé nguyén khdng c6 udc nguyén td vi

P(Mp1pz... ) = (MP1pz-.. )+ -+ + (Mp1pz.... i) + 1,
ro rang pi{ P(mpy...px), v6i mbii =1,2,...,k. P(mpy... px) khong c6 udc nguyén té nén gia
tri cia n6 chi c6 thé 1a 1 hodc —1. Tuy nhién do P 1a da thic bac d > 1 nén né nhan gia tri 1 hay
—1 khong qué d 1an, mau thuin do m€ Z.

2. Cho py,..., Pn,N> 1lacéc sd nguyén td trong Q. Khi d6 ton tai s6 nguyén X sao cho P(X) :p1P2. . . Pk
That vay, v6i mbi i = 1,2,...,n, do p; € Q nén tim dugc mdt sd nguyén ¢; sao cho

P(c): pi-
Khi do néu x= ¢j( modp;) thi P(X) = P(ci) = 0( modp;), tir ddy ddn dén viéc chon X. Theo dinh
ly thing du Trung Hoa hé dong du

;

X = c1(modp;)
X = Cz(modpy)

c6 duy nhét nghiém Xg theo modulo n. Tt d6 P(x) = P(¢;) = 0(modp;),i = 1,2,...,nnén

P(X):p1p2... pn="N.
m
Bai 20.7.6 (USA 2008). Chiing minh ring véi mdi s6 nguyén duong n, ton tai n s6 nguyén duong
nguyén t6 v6i nhau tiing cip Ky, Ko, ..., Kn(ki > 1,Vi = 1,2,...,n), sao cho KoKj . .. kn — 1 1a tich ctia hai
s6 nguyén lién tiép.

Gidi. Gid st kiky... kn—1=X(X+1) = kika...ky = X(X+1) + 1= x?>+ X+ 1. Do d6 bai toan c6 thé
quy vé&: "Chiing minh ring véi méi s6 nguyén duong n, tdn tai s6 nguyén X sao cho da thifc X* +x+ 1
c6 it nhat n udc nguyén t6 phan biét". Pén day thi bai todn nay 1a mot hé qua cta dinh 1y trén. O

20.8. UNG DUNG TRONG NGHIEN CUU THANG DU

Trong chuyén dé thing du bdc hai, chiing ta dd nghién citu mot s diéu kién dé’sé nguyén ala sé chinh
phuwong modulo p. Tuy nhién nhiéu em lai khong nhd dvoc cdc diéu kién do dé'van dung trong cdc bai
todn s6 hoc. Do do trong phdn nay ta néu nhiing cdi gi can phdi nhd va cdi gi ¢o thé suy ludn dwoc dé
dang.

Pinh ly 20.8.1 (Tiéu chuin Euler). Cho p la sé nguyén 16 16, a la sé nguyén duong va (a, p) = 1. Khi

do
(Z) = a&_fl(modp).
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Cho a= —11ta duoc
Heé qua 20.8.2. Cho p la sé nguyén to 16 thi

(_pl> =14 p=1(mod4.

Mét ddic trung nita can nhd la

Heé qua 20.8.3. Cho p la sé nguyén to 1€ thi

(i) =1« p=+1(mod8§.

Dumng tinh chdt nhdn tinh ta cé ngay

(_p2> — 1< p=1,3(mod9.

Mot tiéu chudn nita can nhd la

Pinh ly 20.8.4 (Luat twong ho Gauss). Cho p va q la hai sé nguyén té 1é phén biét. Khi do

1. Néu it nhdt mot trong hai sé p,q co dang 4K+ 1 thi p la s6 chinh phuong modulo Q khi va chi khi

q la s6 chinh phuwong modulo p.

2. Néu cd hai s6 p,q co dang 4K+ 3 thi p la sé chinh phuwong modulo Q khi va chi khi Q khong la sé

chinh phuong modulo p.
Bai 20.8.1. Tim tt ca cac sd nguyén t6 1& p(p # 3) sao cho 3 1a s chinh phuong mod p.
Gidi. Vi3=4x0+3nén 3 cb dang 4k + 3.
1. Néu p c6 dang 4k + 1. Theo luat tuong hd Gauss thi

(ﬁ) —te (?Fj) =14 p7 =1(mod3 « p=1(mod3.

Tu do

p=1(mod3.
Theo dinh ly thang du Trung Hoa thi p= 1( mod 12.

{p_l(mod4)

2. Néu p = 4k + 3 thi lai theo luat tuong hd Gauss

(2) :1(:)_(@) =1 -p7 =1(mod3 « p=—1(mod3.

Tu do

p=3(mod4.
Theo dinh ly thang du Trung Hoa thi p= —1(mod 12.

{p__1(mod3)

Ths Tran Minh Hién (0989.541.123) - Truong THPT chuyén Quang Trung

181



NUMBER THEORY - VMO 2014-2015 20 DINH LY THANG DU TRUNG HOA

Tu do ta co 3
(p) =1< p=+1(mod12.

]
Bai 20.8.2. Tim tét ca cac s6 nguyén t6 18 p(p # 3) sao cho 5 1a s6 chinh phuong mod p.
Gidi. Vi3=4x043nén 3 cb dang 4k + 3.
1. Néu p c6 dang 4k + 1. Theo luat tuong hd Gauss thi
3 p 3-1
0 =le 3) = le&pz =1(mod3 < p=1(mod3.
Tu do
p=1(mod4
p=1(mod3.
Theo dinh ly thang du Trung Hoa thi p= 1( mod 12.
2. Néu p = 4k + 3 thi lai theo luat tuong hd Gauss
3 N
(p) =le —(2) =le —pifl =1(mod3 < p=—1(mod3.
Tu do
p=-1(mod3
p=3(mod4.
Theo dinh ly thang du Trung Hoa thi p= —1(mod 12.
T do ta co 3
(p) =1< p=+1(mod12.
(]

Bai 20.8.3. Tim tét ca cac sd nguyén tb 1& p(p # 5) sao cho 5 1a thing du binh phuong mod p.
Gidi. Vi5=4.1+1c6 dang 4k+ 1. Do d6 néu p = 4k + 1 hodc p = 4k + 3 thi déu c6

p=1(mod5H

p=-1(mod5H.

(i) =1= (g) =1= p%zl(mod5):>p251(mod5):>

Tu d6 xét cac truong hop

p=1(modH B
1. {p—l(mod4) = p=1(mod 20,

= p=—9(mod 20,

5 p=1(mod5
" | p=3(mod4
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3, {p:l(modS) = p=9(mod 20,

p=1(mod4
= —1(modH B
4. {p:B(mod4) = p=—1(mod20.

Do d6 p c6 dang p= 20k + 1,20k + 9. Xét hai trudng hop K chén, 1€ ta dugc p= +1(mod 10. Tix day
ta co

(i) =14 p=+1(mod10.

20.9. BAITAP TU LUYEN

Bai 20.9.1 (IMO Shortlist 2000). X4c dinh tit ca cac s6 nguyén duong n > 2 théa man diéu kién: Véi
moi a va b nguyén t6 cing nhau véi n

a= b(modn) < ab= 1( modn).
Bai 20.9.2 (AMC 2011). Tim chit s hang trim ctia sb 201177°1%

Bai 20.9.3 (AIME 2014). Céc sb N va N? c6 bén chit s6 tan cung trong cd sd 10 1a abed, véi a khac
0. Tim abc.

Bai 20.9.4 (ROMANIAN TST 2004). Cho m1a s6 nguyén duong 16n hon 1. Gia st n 1a s6 nguyén
duong thda man
na"—1,vae Z,(a,n) = 1.

Chiing minh ring n < 4m(2™ — 1). Pang thiic x4y ra khi nao?
o
Bai 20.9.5. Tim ba chif s6 tin cung ctia sd 200820072006‘.
Bai 20.9.6 (USA TST 2013). Cho ham s6 f : N — N xdc dinh béi
f(1)=1,f(n+1) = f(n)+2"™ vneN.
Chiing minh rang f(1), f(2),..., f(3%°13) tao thanh hé thing du diy di modulo 32013

Bai 20.9.7. S6 nguyén duong n dugc goi 1a c6 tinh chét P néu nhu véi moi sd nguyén duong a, b ma

a’b+1:n=a+h:n.
Chiing minh ring s cac s6 nguyén c6 tinh chét P khong vudt qua 24.
Bai 20.9.8. Cho s6 nguyén duong a = p1ps... Pk, trong dé p1, P2,..., Pk 12 cdc s6 nguyén td doi mot
khac nhau va s& nguyén duong n théa k < n < a. Chitng minh ring trong diy sau c6 n¥ sé chia hét cho

a
up=1212...nuy=23...(n+1),u3=34...(n+2),...,us=a(a+1)...(a+n—-1).
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Bai 20.9.9. Tim tit c4 cac s6 nguyén t6 18 p # 7 sao cho 7 1a thing du bac hai modulo p.

Bai 20.9.10. Gia st n 14 s6 nguyén duong va c6 khai trién ra thita s6 nguyén té n = pfl pgz . pgk, é
day pj 1a cac sb nguyén td, aj > 01a cc s6 nguyén (i = 1,2,...,k). Cho a la sé nguyén, nguyén t6
cung nhau véi n. Ching minh rang

(a> 1o ( %) —1Vi=12.. .k
n pi

Bai 20.9.11 (VMO 2013). Tim sb cic bd sip thi tu (a,b,c,a,/,¢) thda man

ab+a't =1(mod15

bc+b'c’ = 1(mod 15

ca+ca =1(mod15
véi a,b,c,d,b’,c €{0,1,2,...,14}.

Bai 20.9.12. Cho n 12 sb nguyén duong khong c6 udc chinh phuong. Ching minh ring ton tai sb tu
nhién b,1 < b < n,(b,n) = 1 sao cho
(»)
— 1
n

Bai 20.9.13 (Modolva TST 2009). 1. Ching minh ring tip cdc sd nguyén c6 thé phan hoach thanh
céc cap sb cong v6i cong sai khac nhau.

2. Ching minh riang tap hop cédc s6 nguyén khong thé viét dudi dang hop clia cic cip sb cong véi
cong sai do6i mot nguyén td cung nhau.

Bai 20.9.14 (Czech-Slovakia 1997). Chiing minh ring ton tai v s6 ddy vo han ting {an} cic sb tu
nhién sao cho véi moi sd tu nhién K, diy {k+an} chi chia hitu han sé nguyén t6.

Bai 20.9.15. Tim s6 nguyén duong n sao cho véi moi hé thing du thu gon modulo n: {ag, ay, ... ;89 (n) }»
ta cod
a.a2...8(n) = —1(modn).

Bai 20.9.16. Cho f1(x), f2(X), ..., fa(X) 12 n da thiic v6i hé s6 nguyén khac 0. Chiing minh ring ton tai
da thic P(X) hé nguyén sao cho véi moi i = 1,2,...,ntaludn c6

P(x) + fi(x)
1a da thiic bat kha quy trén Z.

Bai 20.9.17 (Cong thitc Euler). Cho sb nguyén duong n viét dang chinh tic 1a n = pfl pgz e pgk,
trong d6 P1, P2,..., Pn 12 cdc sd nguyén t6 phan biét, o > 014 cic s6 tu nhién, i = 1,2,...,k. Him
¢ (n) 1a sb cac sb nguyén duong khong vudt qua n va nguyén td ciing nhau véi n. Khi d6

on-nfs-2)(-2)-(-2)
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Bai 20.9.18. V6i méi sd tu nhién n, dit
An={aeN|(an)=(a+1n=11<a<n}.
Tinh |Ay|.

Bai 20.9.19 (Nauy 1998). Ton tai hay khong day vo han {X, }nery 12 mot hodn vi ctia N sao cho v6i moi
sb tu nhién k ludn c6

X1+X2+"'+stk.
Bai 20.9.20 (Céng thitc tong quat dinh Iy Euler). Cho m1a s6 nguyén duong. Khi d6

a™=a"¢™(modm).
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