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DANH MUC CAC KY HIEU THUONG DUNG

o " : Khong gian Euclide n chiéu

e |- |l : Chuan Euclide trong IR"

e (x,y) : Tich vé huéng cia véc to z,y

e B(z,r) :={y||ly— x| <r}:Hinh cau m& bén kinh r tam x
e B(z,7):={y||ly — x|l <r}: Hinh cau déng bén kinh r tam z
e Ac IR"™" A > 0: Ma tran déi xitng xdc dinh dwong

o AT : Ma tran chuyén vi cia ma tran A

® Auin, (Amax) : Gid tri riéng nhd nhét (16n nhat) cia ma tran A
e \(A) : Tap céc gia tri riéng cia ma tran A

o ||A|l = {Vmax X | A € A(ATA)} : Chuan ciia ma tran A trong IR™ "
o f(z) = (Az,z) + (b,z) : Ham toan phwong 16i ngat

e p(x), sup,cp |[p(z)| < s v6i s € 0, +o00[: Ham nhiéu giGi noi

e f = f+p: Ham toan phwong 16i ngat v6i nhidu gidi noi

o f(x) == (Az,x) + (b,x) — inf, x € D : Bai todn quy hoach toan
phuong (P)

o f(x) := (Ax,z) + (b,z) — sup, = € D : Bai toan quy hoach toan
phuong (Q)

o f(x) := (Az,x) + (b,x) + p(x) — inf, z € D : Bai todn quy hoach

toan phwong 161 ngat véi nhieu (P)

o f(x) := (Ax,z) + (b,z) + p(xr) — sup, x € D : Bai todn quy hoach

toan phuwong 16i ngat v4i nhicu (Q)

e Jg(z*) : Duéi vi phan cia g tai diém z*



o L(z,p0, ..y phm) = 1o pigi(x) : Ham Lagrange

e Tinh chdt (M,) : Méi diém v-cuc tiéu x* cda f la diém cuc ticu

toan cuc

e Tinh chdt (I,) : Mdi diém 4-infimum 2* cia f la diém infimum

toan cuc

e Lo(f) ={z |z €D, flz) <a},a € R: Tap mitc dudi ciia ham

f=r+p
o h(3) = i, eiep, fay-niimr (3(F(0) + F(@1) = F(b(mo +21)))
® Nao(y) :=infy v, |lrg—a1]=7,—zot201€D (f(SUo)—2f($1)+f(—$0+2331))
e aff D : Bao aphin cia tap D
e ext D : Tap céc diém cuc bién cda tap loi da diéen D
o Jp(z*):=ext D\ {z*}, 2" € ext D
o d(z,D) :=inf,cp ||z — y|| : Khodng céch tir x dén D
e conv D : Bao loi cia tap D
e dp = mingcex p{d(z*, conv Jp(z*))}

e D(z*0)={xeD|zr=1-a)r"+ay, ye D,0<a<1-[},
€ ext D, B €[0,1]

o C°(D)={p: D — R||lpllco :== sup,ep [p(x)| < +o0}

e Bco(0,7) : Hinh ciu déng ban kinh 7 tam 0 trong C°(D)
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MO DAU
Bai todn quy hoach toan phwong truyén thong c6 dang
f(z) := (Az,x) + (b,z) — inf, x €D

trong d6 A € IR"™" la ma tran vuong, b € IR" la véc to va D C IR" la tap

161.

Cung véi bai todn quy hoach 16i, bai todn quy hoach toan phwong
duoc nhiéu nha toan hoc Viét nam va qudc té nghién ciru, vi du nhu H.
W. Kuhn va A. W. Tucker [22], B. Bank va R. Hasel [5], E. Blum va W.
Oettli [7], B. C. Eaves [12], M. Frank va P. Wolfe [13], O. L. Magasarian
[26], G. M. Lee, N. N. Tam va N. D. Yen [31], H. X. Phu [45], H. X. Phu
va N. D. Yen [53], M. Schweighofer [57], H. Tuy [63], [64], [72], H. H. Vui
va P. T. Son [66]. ..

Céc két qud quan trong da thu dwoc khi nghién cttu cdc bai todn
quy hoach toan phwong cia cic nha todn hoc 1 vé su ton tai nghiém toi
uwu, diéu kién can to6i wu, diéu kién dud toi wu, thuat todn tim nghiém toi
wu, tinh 6n dinh cda nghiém t6i wu khi cdc bai todn trén bi tdc dong bdi
nhiéu. Nhieu két qua nghién cttu ve bai toan trén da dwoc tng dung dé
gidi cidc bai toan trong kinh té va ky thuat, nhu bai todn lua chon dau tu
(portfolio selection) ([27], [28]), bai todn phét dién t61 wu (economic power
dispatch) ([6], [I1], [69]), bai todn kinh té ddi sénh (matching economic),
([T7]), bai todn mdy ho trg véce to (support vector machine) ([29)]). . .

Khi A 1a nita x4c dinh duwong hoac mira xdc dinh am thi bai todn trén

c6 thé phan ra thanh hai bai todn khac nhau sau:
f(z) := (Az,x) + (b,x) — inf, x €D (P)

va

f(z) :=(Ax,z) + (b,z) — sup, x € D. (Q)
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Luan 4n nay nghién ciru cic bai todn quy hoach toan phwong 16i ngat
vGi nhiéu gidi noi sau:

f(z) = (Az,z) + (b,x) + p(x) — inf, x€ D (P)

f(x) = (Azv,z) + (b, z) +p(x) — sup, w€ D, (Q)

trong d6 p : D — IR thda man diéu kién sup,.p [p(x)| < s vGi gid tri
s € [0, 400 viv A trong céc bai toan (P), (Q), (P) va (Q) duoc gid thiét 1a
ma tran doi xitng xdc dinh dwong.

Vi sao céc bai toan trén duoc chon dé nghién ctu? R6 rang, khi s =0
thi cdc bai toan (P) va (Q) chinh 1a céc bai toan (P) va (Q), hay néi céch
khéc céc bai todn (P) va (Q) 1a céc truomg hop riéng ciia céc bai toan (P)
va (Q). Day 1a 1y do d€ tién hanh nghién citu céc bai todn trén, t6i thidu
tir quan diém 1y thuyét. Tuy nhién, con mot s6 1y do thuc té khic duéi

day, cho thiy viéc nghién cttu cdc bai todn (P), (Q) 1a thue sw cin.

Ly do tht nhat: f(x) = (Az,z) + (b, z) 1a ham muc tiéu ban dau va
p 1a ham nhiéu nao d6. Ham nhiéu p cé thé bao gom cac tac dong bo sung
(tdt dinh hoac ngau nhién) lén ham muc tiéu va cdc 16i gay ra trong qud
trinh mo6 hinh héa, do dac, tinh toan... Diém dac biet 14 & cho, ching
ta han ché chi xét nhiéu gi¢i néi. Han ché nay la khong qua ngat, cé thé
duoc thda man trong nhiéu bai todn thuc té, chang han nhw trong hai vi
du minh hoa sau day.

Mot trong nhitng tng dung noéi bat cia quy hoach toan phwong 13
bai todn lwa chon dau tw (H. M. Markowitz [27], [28]). Bai todn phat
bidu nhw sau: Phan phdi von qua n ching khodn (asset) cé san dé
c6 thé gidm thicu rdi ro va t6i da loi nhuan, tic la tim véc to ti 1é
re€D, D:={r=(v1,29,...,2,) | Y 7; =1} dé f(z) =wa’So — pla
dat gid tri nho nhat, trong dé x;,j = 1,...,n, 1la ty 1é ching khoan thi
j trong danh muc dau tw, w 1& tham so rii ro, ¥ € IR™" 1a ma tran

hiép phuwong sai, p € IR" la véc to loi nhuan ky vong. Vi ¥ va p thuong
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khong duwoc xde dinh chinh xdc ma chi xdp xi béi X va j, do d6 ching
ta phdi cuc tiéu héa ham f(z) = waTSe — ple = f(x) + p(z), trong d6
p(z) = weT (X — )x — (p — p)"x. Khi quy dinh, khéng dwoc ban khéng,
titc la x; > 0,5 = 1,...,n, thl tap chdp nhan dwgc D la gidi noi. Vi vay
nhiéu p cling gidi ndi trén D. N6i mot cach tong quét, tinh gidi noi cia
nhiéu luén dwoc ddm bdo khi D gidi noi va p lién tuc trén D. Gid thiét
nay cing pht hop v4i nhiéu bai todn thure té.

Mot vi du nira cho thay 1a nhiéu gidi noi luon xudt hién khi gidi mot
bai todn t6i wu (P) hodc (Q) ndo dé bang mdy tinh. Do phan 1ém céc s6
thuc khong thé bicu dién chinh x4c bang may tinh, nén d&i véi hau hét
x € D ta khong thé tinh chinh xdc dai lwong f(x) = (Az,x) + (b, ) ma
chi ¢6 thé xép xi f(z) béi mot s6 diu chdm doéng f(x) ndo d6. Ham f
khong 16i, khong toan phwong va tham chi 1a khong lién tuc trén D. Khi
d6 ham p := f— f mo t4 cdc 161 tinh todn. Céc 161 d6 bi chan béi mét can
trén s € [0, +00[ nao dé cé thé wéc lwgng dwgc, tire 14 sup,.p [p(z)] < s.
Ngoai ra, bang céch sit dung cdc s6 dau chdm dong dai hon va/hoic céc

thuat toan tot hon, ta c6 thé gidm can trén s.

Ly do thit hai: f 14 ham muc tiéu dich thue va f 1a ham muc tiéu
duoc 1y tuwdng hda hoac 1a ham muc tiéu thay thé. Trong thuwe té, nhiéu
ham thé hién mot s6 muc tiéu thue tién dwoc gid dinh 1a 16i, hodc toan
phuong, hodc ¢ mot so tinh chat thuan tién da dwoc nghién citu ky, hodc
dé nghién cttu, nhung thue ra thi khong phai 1a nhw vay. Diéu nay da dwoc
H. X. Phu, H. G. Bock va S. Pickenhain dé cap dén trong [48]. Trong bdi
cdnh d6, p = f — f 14 ham hiéu chinh. C6 thé gid thiét p 1a gidi ndi (t6i
thiéu trén tap chap nhan duwgc) bdi mot s6 dwong kha bé s, vi néu |p(z)]

qué 1ém thi sy thay thé khong con phu hop nira.

D€ gidi thich diéu nay, ta dé cap dén van de thuong dwoc nghién ctru
cia phdt dién t6i wu, titc la bai todn phan bo lwong dién nang cho ting
t6 mdy phat nhiét dién sao cho tong chi phi (gid thanh) 1 cue tiéu, dong

thoi van dép tng dwoc nhu cau lwong dién nang va thod man rang buoc
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ve cong suit phat ra cia moi t6 mdy. Nguoi ta thuong gid thiét (xem
[6], [11], [69],...) ham chi phi téng cong (bao gom cac chi phi nhién liéu
(fuel cost), chi phi tdi sau (load-following cost), chi phi dy phong quay
(sprinning-reserve cost), chi phi dir phong bé sung (supplemental-reserve
cost), chi phf ton that phat va truyén dan dién nang) 14 ham toan phwong,

10l ngat va cé dang
F(P)=) F(P),
i=1

trong dé n 1a s6 t6 mdy phat, P := (P, Py, ..., P,), P; € [Pimin, Pimay 12
lvong dién nang phat ra cia to may thit i, P;min, Pimax 12 cOng sudt phat
nhd nhat va 16n nhat cia t6 mdy phat tht i, F;(FP) = a; + b; P, + ¢;P? 1a
ham chi phi cla t6 may phat thi i va a;, b;, ¢; 1 cic hé s gid cia t6 may
phét thit i € {1,2,...,n).

Di nhién, gid thiét toan phuong, 16i ngat cia ham muc tiéu 1a qué 1y
tirdng. Chi phi thirc t& cé thé khong 14 ham toan phwong va ciing khong
13 ham 16i ngat. Nhu vay, dé gid thiét vé tinh toan phwong va 16i ngit
cia ham muc tiéu duwoc thda man, can ham gi¢i noi p hiéu chinh ham chi
phi thue té. Dac biet (xem [62], [6], [11], [69],...), néu hiéu tng diém-van
dwoc xét dén thi ham chi phi toan phwong phai dwoc hiéu chinh bdi tong

htru han cac ham dang sin, titc la

n

F(P) =Y (F(P) + leisin(fi( Pinin — P))|),

i=1
trong dé e;, f; 1a cdc hé s6 hiéu tng diém-van. RO rang ham hiéu chinh
p =y iy |eisin(fi( Pimin — P;))| 1a gidi néi.

D& ngin gon, ta thwomg goi p 14 ham nhiéu (mac du né khong chi
déng vai trdo d6 nhw da gidi thich & trén), f 14 ham bi nhiéu va (P) va
(Q) 1a cac bai toan nhidu. That ra, ching chi 1a cdc thuat ngir vay muon,
khong phai Iic nao cing chinh xdc nhu thwong lé.

Nhirng van dé gi 1a mai cia céc bai todn (P) va (Q) can dwoc nghién

citu? Cau hdi nay 1& can thiét, vi da cé nhimng két qud nghién ctru dic
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sac theo cac khia canh khac nhau vé tinh 6n dinh cda céc bai todn nhiéu
16i va/hoac nhiéu toan phirong. Diém chung cia phan 16n cic cong trinh
nghién ctru tir truede dén nay 1a nhiéu khong lam thay doi nhitng thudc
tinh tiéu biéu cda bai todn ban dau. Vi du bai toan 1oi bi nhiéu van git
nguyeén tinh 16i (nhu trong cdc nghién ctru ciia M. J Canovas [8], D. Klatte
[21], B. Kumer [23]...) va cac bai todn toan phuwong gitt dwoc tinh toan
phuong (nhuw trong céc nghién citu cia J. V. Daniel [10], G. M. Lee, N. N.
Tam va N. D. Yen [31], K. Mirnia va A. Ghaffari-Hadigheh [30], H. X. Phu
[45], H. X. Phu va N. D. Yen [53]...). Diéu khac biét 14, ham muc tiéu f
cia cdc bai todn nhiéu trong luan 4n nay khong loi, khong toan phuong
méc dit ham f 1a 16i ngat va toan phwong. Hon nira, vi nhiéu p chi gid
thiét 13 gidi noi, nén ham bi nhidu f ¢6 thé khong lién tuc tai bat ctt diém
nao. Véi nhitng ham muc tiéu nhur vay, duong nhu sé khong thé thu dwoc

két qud gi dac biét. Muc tiéu cda luan 4n 1 chi ra diéu nguoc lai.
Luan 4n gom 4 chwong.

Chuong 1 véi tiéu dé “Bai todn quy hoach loi, toan phwong va ham
101 tho” trinh bay Dinh 1y Kuhn-Tucker cia bai todn quy hoach 16i, Dinh
Iy vé diéu kién cure tri cia bai todn quy hoach toan phwong va mot so loai
ham 16i tho nhu -16i ngoai, I'-16i ngoai, 7-16i trong cing mot s6 tinh chat
to1 ru cda chung.

Céc khdi niém, cic tinh chit, cidc dinh 1y dwoc dan ra trong chuong
nay sé dwoc st dung dé nghién ctru cic van deé dat ra trong cic chwong

sau.

. DN AVN - A7 . \ \ . s’ ad
Chwong 2 v6i tieu dé “Diem infimum toan cuc cia Bai todn (P)”
.« A ’, ’ . NS N N s « X « ). A « A
nghién ctru tinh ~-16i ngoai ciia ham toan phwong véi nhiéu gidi ndi, diém
N N N . \ \ e ’ 7 ’ /
cire tiéu toan cuc, diém infimum toan cuc cia Bai todn (P), khdo sat tinh
A9 . N N A~ . ’ N s \
on dinh nghiém va md rong Dinh 1y Kuhn-Tucker cho bai toan nay.
x N AN , . \ - \ A \ - A7
Chuwong 3 v6i tieu dé “Tinh I'-10i ngoai cia ham muc tiéu va diém

infimum toan cuc cia Bai todn (P)” nghién cttu tinh T'-16i ngoai ciia ham
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muc tiéu f (theo cdch ti€p can t6 pd), qua dé nhan dwge mot s6 két qua
~ [N ’ oA oA N oA
manh hon nhimg két qud nghién citu vé diém cuc tiéu toan cuc, diém

infimum toan cuc cia Bai toan (P) dwgc chi ra trong Chwong 2.

A s’ , oA AN - A7 \ - Y =
Chuong 4 cia luan an c6 tieu dé “Diém supremum cia Bai toan (Q)”
oA ’ ’ N ’ ) . , oA N N
nghién citu tinh chdt va tinh on dinh cia cic diém supremum toan cuc va

diém supremum dia phwong cia Bai todn (Q).

Céc két qud dat duoc trong ludn 4n bao gom:

e Chira cdc diéu kién dd d€ ham bi nhidu f = f+p 1a +-16i ngoai, I-16i

ngoai va ~-16i trong.

e Chitng minh dwoc duwong kinh cia tap cdc diém infimum toan cuc
cia Bai toan (]5) khong vuot qua v* = 24/28/ Apmin.

e Chi ra tinh 6n dinh nghiém cia Bai toan (P) theo cén trén s ciia ham

nhiéu.
e M& rong Dinh 1y Kuhn-Tucker cho Bai toén (P).

s ’ / ’ ~ 2 ’ N
e Chi ra cdc tinh chdt (manh hon cdc tinh chat da c¢d) cia céc diem
- A N N o) . N NS , o .
cire tieu toan cuc va diém infimum toan cuc cia Bai toan (P) khi st
dung tinh I-16i ngoai cila ham toan phwong 16i ngét bi nhieu gidi noi

f=f+p

, . . N . y , oA N
e Chimg minh dwoc sy ton tai va vi tri cia cdc diém supremum toan

cuc trén mién D.

e Khing dinh tinh 6n dinh cia tap céc diém supremum toan cuc khi
D la da dién 161 va tap céc diém supremum dia phwong khi D 1a tap

16i da dién cia Bai todn (Q) theo nhiéu p.
Céc két qud chinh cda luan 4n da dwoc trinh bay tai cidc xemina
“Té1 wu héa va Tinh todn hién dai” cia Khoa Cong nghé thong tin (Hoc
vien KTQS), “T6i wu va Tinh todn khoa hoc” cia Phong Gidi tich s6
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va Tinh todn khoa hoc (Vién Todn hoc), Hoi thdo “Téi wu va Tinh todn
Khoa hoc” (Ba Vi, Ha Noi, thang 4 nam 2010). Céc két qud nay cung
da duoc cong bo trén cdc tap chi Optimization, Mathematical Methods of
Operations Research va Journal of Optimization Theory and Applications.

Chung toi dang tiép tuc nghién cttu mot s6 van dé vé ly thuyét va
tinh todn tng dung trong thuc té cia cdc bai toan (P) va (Q), hy vong

rang trong thoi gian téi sé ¢ thém mot so két qud mai.



CHUONG 1

BAI TOAN QUY HOACH LOI,
QUY HOACH TOAN PHUONG VA HAM LOI THO

Trong chwong nay, ching toi nhéc lai Dinh 1y Kuhn-Tucker cho bai
toan quy hoach 161, Dinh 1y vé diéu kién can cuec tri cho bai toan quy hoach
toan phwong. Dong thoi ching toi cung trinh bay lai mot s6 khai niém,
tinh chat cia ham 161 thd nhwr 4-16i ngoai, I'-16i ngoai va v-16i trong.

Céc khai niém, cdc két qud dan ra & trong chwong nay, sé duoc sit

dung nhiéu lan trong cc chwong sau.

Trong suot ludn 4n nay, IR" 14 khong gian Euclide n-chiéu, D C IR"
14 cdc tap 101, va trong nhiéu truong hop D duwoc gid thiét 14 tap loi da
dién. Vo1 xg,z; € IR", A € IR, ta ky hieu

zy = (1= XNxg+ Az,
[zg, 1] = {x\ |0 <A< 1},

Jzo, x1] = [wo, 1] \ {70}
Céac tap hop [xg, z1] va |z, 21| cing duwoc dinh nghia tuong tu.

Véi r 1a so thue dwong, cdc tap hop

Sy

(z,7) = Ay [ lly ==zl <r},
B(x,r) = {y|lly—=l <r},
S(x,r) = Ayl lly ==zl =r},

<

lan lwot dwoc goi 1a céc hinh cau md, hinh cau déng va mat cau tam x

ban kinh r. Ngoai ra, trong luan an nay ching toi luon ky hiéu:
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e {13 ham toan phuwong l6i ngat c6 dang
f(z) = (Az,x) + (b,x), x € D (1.0.1)

trong d6 A € IR™™ la ma tran doi xing xdc dinh dwong (néu A
khong ddi xtmg ta c6 thé thay A béi 1(A + AT)).
e p(z) la ham nhiéu gidi noi, tirc 1a

sup |p(z)| < s < +o0. (1.0.2)
x€D

o f(z):= f(z)+ p(z) dwoc goi 1a ham toan phwong 16i ngat véi nhidu
giéi noi trén D, goi tat 1a ham bi nhiéu.

e Ta cling ky hiéu Apin, Amax va A(A) lan lugt 1a céce gid tri riéng nhd

nhét, 16n nhat va tap cdc gid tri riéng cia ma tran A.

1.1. Bai todn quy hoach 16i, quy hoach toan phuong

Trong muc nay, ching t6i trinh bay Dinh ly Kuhn-Tucker cho bai toan

quy hoach 16i sau:

go(z) —inf, x€ D

. (L1)
D= {zeS|gx)<0,i=1,...,m},

trong d6 ¢; : IR" — IR, ¢ = 0,...,m, la cdc ham ham loi, S C IR" 1a tap
161.

Bai todn trén da dwoc nghién ciru tir rat sém, mot trong nhitng két
qua quan trong la dinh ly Kuhn-Tucker do W. H. Kuhn va A. W. Tucker
dwa ra vao nam 1951 trong [22] cong trinh khai phd cia Quy hoach 16i.

Trong Bai todn (L;) ham Lagrange dwoc dinh nghia nhw sau:

L(:m/'b()v"'vum) = Zuzgz($)7 (113)
i=0
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trong dé p;, i =0,1,...,m, nhan cdc gid tri thwe, x € D. Néu tap D cia
Bai todn (P) trung véi tap D cia Bai toan (L;) thi ham Lagrange cia Bai

toan (P) c¢6 dang

L(z, po, -y ) == f(x) +Zuigi(az), (1.1.4)
i=1
Pinh 1y 1.1.1. (Dinh ly Kuhn-Tucker, xem [74]).
Xét Bai todn (L).

(a) Néu x* la nghiém cuc ti€u cia bai todn thi ton tai cdc nhdn tif
Lagrange p; > 0,9 = 0,...,m, sao cho chung khong cung triéet tiéu,

thoa man diéu kién Kuhn-Tucker
L(x*, o, .-y fom) :rmneiglﬁ(:c,uo,...,um) (1.1.5)
va dieu kién bu
wigi(z*) =0 voi moii =1,...,m. (1.1.6)
Néu thém diéu kién Slater
dze€85:¢9(2) <0vdimoii=1,...,m, (1.1.7)

thda man thi uy # 0 va cé thé coi g = 1.

(b) Néu ton tai x* thda man (1.1.5)), (1.1.6) vdi pg = 1 thi z* la nghiém

- A7 \ - z
cuc tiéu ciua Bai todn (Lq).

Dang duéi vi phan cia Dinh 1§ Kuhn-Tucker dwoc phat biéu nhw sau:
Pinh ly 1.1.2. (xem [74]) Gid thiét rang g; : R" — R, i =1,...,m, la
cdc ham 103, cung lién tuc it nhdt tai mot diém cida tap 10i S C IR". Cho
x* la mot nghiém chap nhan duoc cia Bai todn (Ly).

(a) Néu x* la nghiém cuc ti€u cia bai todn thi ton tai cdc nhdan tif

Lagrange p; > 0,9 = 0,...,m, sao cho chung khong cung triéet tiéu,

thda man phwong trinh

0e Z,ui@gi(ﬂc*) + N(z*[9) (1.1.8)
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va

wigi(x*) =0 voi moi i =1,...,m, (1.1.9)
trong do tap
dgi(x") == {¢ | gi(x) — gi(a”) = (&, v —a") Vo € R"}
la dudi vi phan cia g; tai x* va tap
N(z"[S) ={{ [ (§,x—2") <0 Vze S}

la ndn phdp tuyén cia S tai x*.

Néu diéu kién Slater (1.1.7) thda man, thi po # 0 va cd thé coi py = 1.

(b) Néu ton tai x* thda man (1.1.8), (1.1.9) vdi g = 1 thi x* la nghiém

Y \ - /
cuc tiéu cia Bai toan (Ly).

Nhan xét 1.1.1. Néu S = IR" thi khi d6 N(x*|S) = {0}, nén biéu thitc
(1.1.8) duoc thay boi
0€>  mogi(a). (1.1.10)
i=0

D61 véi bai todn quy hoach toan phuwong ta cé dinh 1y sau:
Pinh Iy 1.1.3. (Xem [31]). Xét bai todn quy hoach toan phuong

(Mz,z) + (b,z) — inf, z€ D

. (L2)
D={xe R"|{(c,z) <dj,i=1,...,m},

trong dé M € IR™™ la ma tran doi zing, ¢; € IR", i =1,...,m. Khi dd,

néu x* la nghiém cuc tiéw dia phuwong thi ton tai cdc nhan té Lagrange

w; >0, i=1,...,m, sao cho ching thda man cdc diéu kién
(2Mz* +b) + > pic; =0, (1.1.6)
i=1
Va

pi({ci,x*y —d;) =0 vdi moi i=1,...,m. (1.1.7)
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Pinh 1y 1.1.4. (xem [31], trang 79). Cho D la tap loi da dién, khi do

(a) Néu M la ma tran déi xming zdc dinh dvong va D # O thi Bai todn

(Ly) c6 diem cuc tiéu toan cuc duy nhat.

(b) Néu M la ma tran déi ztng zdc dinh am thi diém cuc tiéu dia phuong

\ - s - \ A - A7 cA
cia Bai todn (Lo) (néu ton tai) la mot diém cuc bién cia D.

Nhan xét 1.1.2. Két ludn (b) cia dinh lyj trén twong duong véi phdt
biew sau “Néu M doi ming xdc dinh duwong thi diém cuc dai dia phwong

\ - z \ - A7 - A
cia Bai todn (Q) la diém cuc bién cia D”.

1.2. Ham I6i suy rong tho

Ham g : D C IR" — IR dwoc goi 1a 16i, néu xg, 1 € D, thi bat dang
thirc
g(@x) < (L= A)glzo) + Ag(a1), (1.2.8)
thda man véi moi diém ) € [z, x1]. Ham 161 ¢6 nhiéu tinh chdt thi vi
khong nhirng vé phwong dién gidi tich ma con vé phwong dién t6i wu héa
nhuw: tdp mitc dudi cia ham 16i dang xét 1a 16i; moi diém cuc tieu dia
phurong cia ham dang xét 14 diém cuc tiéu toan cuc; moi diém dirng cia
ham dang xét 14 diém cuc ti€u toan cuc; néu ham dang xét dat gid tri
cuc dai trén mién 16i compact thi ciing dat gid tri cuc dai tai it nhat mot
diém cwc bién. Tuy nhién trong nhieu bai todn thuc té, ham can xét cé
mot s6 tinh chat trén nhung khong phdi 14 ham 16i. Do dd, da xuat hién
nhiéu loai ham 16i suy rong dwoc dac trung bdi mot trong cic tinh chat
cia ham 16i nhw: ham twa loi [71], twa loi hién [I8], [26], gid loi [25], [72],
161 bat bién [14] ...
Tir nam 1989 xuat hién mét hwdng méi mé rong khai niém ham 1oi
goi 14 ham 16i tho. Mot ham P-16i dwoc H. X. Phu goi 1& 161 thé néu nh

tinh chat P théa man véi moi xg,x1 € D ma ||zg — x1]| > 7, trong d6 v
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14 mot s6 dwong c¢6 dinh cho trude. Ham 16i tho 6-16i, o-twa 161, §-16i gitra
duge T. C. Hu, V. Klee va D. Larman [16] dwa ra vao nam 1989. Tiép d6
nam 1991 R. Klotzler dé xuat khai niém p-16i va duwoc nghién cttu bdi H.
Hartwig [15] va B. Sollner [73]. Cac ham ~-16i, y-twa 161, v-16i doi xing,
v-16i nhe, ~-16i gitta dwge dé xuat va nghién citu béi H. X. Phu [34]-[37],
H. X. Phu va N. N. Hai [49]. Trong luén én nay ching t6i quan tam va
st dung nhiéu lan céc tinh chat t6i wu cda cdc ham ~-16i ngoai [47], T'-16i
ngoai [44] va ~-16i trong [41]-[43]. Cac 16p ham nay déu do H. X. Phu dé
xuat va nghién ciru.

Trudce khi trinh bay muc tiép theo, ching to6i nhéc lai dinh nghia vé
diém ~-cuwc bién, mot khai niém dwoc H. X. Phu gigi thiéu [an dau tien
vao nam 1994 va nghién ctru trong [35]. Khai niém nay sé dwgce st dung

trong Chuong 4 cia luan 4n.

Pinh nghia 1.2.1. ([35]) Cho vy > 0 va D C X la tdp l0i trong khong gian
tuyén tinh dinh chudn X. Diém x € D goi la diém vy-cuc bién (twong #ng
vy-cue bién ngdat) cia D néu 2’2" € D théa man x = 0.5(x' + ") thi suy

ra ||x' — 2"|| < 2v (twong ing ||2" — 2| < 2v).

1.3. Ham ~-16i ngoai

Trong muc nay ching t6i trinh bay vé ham ~-loi ngoai ([46]). Céc
tinh chat toi wu cda 1é6p ham nay ching toi sé khai thic sit dung trong
Chuong 2.

Pinh nghia 1.3.2. ([46]) Cho v > 0. Ham g : D C IR" — IR duogc goi la
v-10i ngodi (hodc v-10i ngodi ngdt) véi do tho -y, néu vdi moi xg, x1 € D
ton tat k € IN va

AN E01], i=0,1,....k X=0, \p=1,

0< A1~ MN< — khii=01,.. k-1,
|zo — 2|
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sao cho vdi xy, = (1 — N\)xg + Njzy, 1 =0,1,...,k, thi
g(zy) < (L= A)g(xo) + Nig(z1) vor i =0,1,...,k,
(hodc
g(xy,) < (1= N)g(xo) + Nig(z1) voii=1,...,k—1).

Dinh ly 1.3.5. ([46]) Néu g : D C IR" —]— 00, +00] 1a 7-16i ngoai thi Isc g

cung la 4-161 ngoai, trong do lsc g(z) := liminf, ., g(y) véi moi x € D.

Pinh nghia 1.3.3. ([46]) Cho v > 0,M C R",M # 0, M duwogc goi la
v-16i ngoai v4i dd thd v néu xg, x1 € M va ||xg — x1]| > 7 suy ra ton tai
20 = X0, 21, - - -5 2k = T € [Tg,x1] N M sao cho

HZZ'-H — ZZ” < Y Vi 120, 1,. <y k-1.
Pinh 1y 1.3.6. ([46]) Ky hieu L(g,a) :={x € D : g(z) < a}, véia € R
va goi 1a tap mitc dudi cia ham ¢g. Khi d6, néu g 1&4 ham ~-16i ngoai thi

L(g,a) 1a tap v-1oi ngoai.
Pinh nghia 1.3.4. (xem [I], [38]) «* € D dugc goi la

1) diém y-cuc tiéu cia g néu ton tai € > 0 sao cho g(z*) < g(x) véi

moi x € B(x*,v+¢€) N D;
2) diem vy-infimum cia g néu ton tai e > 0 sao cho

It = o 9

3) diém infimum toan cuc cia g néu
liminf g(z) = inf g(x).
r—x* xeD

Ménh dé 1.3.1. ([1], [38]) z* la di€m ~-infimum cia g khi va chi khi

- A7 \ \ Y . A7
di€m nay la diém v-cuc tiéu cia lscg.

Tinh chat t6i wu cda ham ~-16i ngoai dwoc chi ra béi dinh 1y sau:
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Pinh ly 1.3.7. ([1], [38]) Néu g la v-loi ngoai thi ¢d cdc tinh chat
(M,) Méi diem y-cuc tieu x* cida g la diém cuc ti€u toan cuc.
(I,) Moi diém y-infimum x* cida g la diém infimum toan cuc.
Ménh dé sau néu cho ta duwomg kinh cia tap cédc difm cuc tiéu toan
cuc cia ham ~-1oi ngét.
Ménh dé 1.3.2. ([42]) Néu g : D C R" — IR la ham v-16i ngodi ngdt,
thi duong kinh cda tap cdc diém cuc tiéu toan cuc khong veot qud .
D6i véi ham 161 ngat bi nhiéu giéi noi ta ¢ ménh dé vé tinh ~-1oi
ngoai sau day.

Ménh dé 1.3.3. ([42]) Cho v >0, ¢g:D C IR" — IR la ham 16i va

me) = b (Slgle) + o) — o ao+ m)) > 0

To,x1€D, ||$0—.’L‘1H:’y 2

Khi dd, néu ham nhiéu p thda man
Ip(x)| < hi(7y)/2 véi moi x € D
thi ham bi nhieu § = g + p la y-16i ngodi va néu
Ip(x)] < hi(v)/2 véi moix € D

thi g = g+ p la v-101 ngodi ngdt.

1.4. Ham ['-16i ngoai

Khéi niém ham I'-16i ngoai do H. X. Phu dé xudt va nghién citu trong
[44]. Trong muc nay ching t6i trinh bay lai mot s6 tinh chat cia 16p ham
I'-16i ngoai ma H. X. Phu da chi ra. Mot s tinh chat t6i wu cda 16p ham

nay sé la co s¢ cho viéc nghién citu Bai toan (P) trong Chuwong 3.
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Pinh nghia 1.4.5. ([44]) Cho X la khong gian véc to trén truong so thue,
' la tdp can trong X tic la \I' C T vdi moi |\ < 1, va D la tap loi trong
X. Haom g : D — IR duogc goi la T'-10i ngodi néu véi moi xg,x1 € D ton

tai tap dong A C [0,1] va chita {0,1} sao cho
[0, 1] C {z) | A € A} +0.5T (1.4.9)
va

VA e A:g(xy) < (1—Ng(zo) + Ag(x1). (1.4.10)

Véi dinh nghia ham I'-16i ngoai nhu trén thi hau hét cdc ham 16i tho
duwoc dinh nghia & cdc muc trén nhu 6-161, p-16i, +-16i, y-loi déi ximg . ..

la cdc trueong hop riéng cida 16p ham nay.

Pinh nghia 1.4.6. ([44]) Tdp S C X duogc goi la T-16i ngodi néu vdi moi
To, L1 € S
[0, 1] C ([xg, 1] N S) + 0.5,

tite la ton tai A C [0,1] sao cho
{xa | A€ A} C S, [xo,z1] C{ar | A€ A} + 0.5 (1.4.11)

Vi du 1.4.1. ([44]) Gid stt 2 € IR, Z la tap cdc sO nguyén, i € Z thda
man 0 < 2" — 2 <~,i € Zva g: IR — IR sao cho

g(x) > g(z") VzeRvaicZ
Khi d6 g(x) 1a [-16i ngoai véi I' = B(0, 7).
Ménh dé 1.4.4. ([44]) Tap mitc dudi cia ham T-10i ngodi la T-10i ngoas.

Dinh ly 1.4.8. ([44]) Cho B la tap can trong khong gian véc to X. Khi
dé g: D C X — IR la ham T'-16i ngoai véi I’ = B khi va ch? khi epig la
tap I'-1oi ngoai vé1 ' = B x IR.

Dinh nghia 1.4.7. ([44]) Cho g : D — IR. Diém z* € D goi la diém

- A7 2 ~
['-cuc tieu cua g néu

9(z") xé(xg—lkl")ﬁDg (z)
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va goi la D-infimum cia g néu

liminf g(z)=  inf  g(z).

zeX, z—x* re(z*+I)ND

Tinh chat téi wu quan trong cia ham I'-16i ngoai dwoc chi ra béi dinh

ly sau:

Dinh 1y 1.4.9. ([44]) Gid si 0 la di¢m trong cia tap T va g: D — IR la
ham T'-10i ngoai. Khi dd
Ne g s () = inf 1.4.12
g(z") meml(?x*m)g(x) g(z") = inf g(x), ( )

’ \ \ - A7 - A7 \ \ . A7 A7 \
tirc la néu x* la diem I-cuc tiéu the * la diém cuc tiéu toan cuc.

1.5. Ham +-16i trong

Khéi niéem ham ~-16i trong duwoc H. X. Phu dwa ra nham nghién ctru
cic diém cuc dai toan cuc va diém supremum toan cuc. Trong muc nay
ching to6i difm qua mot s6 két qud nghién ctru cida H. X. Phu trong céc
bai bao [41], [42] va [43]. Ching t6i sé st dung cdc két qud dé d€ nghién
citu diém cuwc dai toan cuc, supremum toan cuc cia Bai todn (@) trong
Chuong 4 cia luan an nay.

Pinh nghia 1.5.8. ([42]) Ham g : D C IR" — IR goi la ham ~-loi trong
(hodc v-10i trong ngdat) trén D véi dé the v > 0, néu ton tai dé tinh cé
dinh v €]0, 1] sao cho

vGi Mot xy, 1 € D thda man ||xg— x| = vy

va Ti41), = —(1/v)vo + (1 +1/v)2; € D,

sup (g((l — Nxzg+ Az1) — (1 — N)g(zg) — /\g(x1)> > 0,
AE[2,1+1/v]

(hodc

sup <g((1 — ANxg+ Az1) — (1 — N)g(zg) — )\g(:vl)) >0).
AE[2,1+1/v]
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Vi du 1.5.2. ([41]) Cho

g(z) =

a néu z l1a hiru ty
b néu z la vo ty,

néu v+ 1a htru ty thi ¢ 1a ham ~-16i trong véi v > 0.

Nhéan xét 1.5.3. Khi v = 1 thi ham g la v-loi trong (hodc ~y-loi trong
ngdat) néu véi xo,x; € D théa man ||xg — x1|| = v va —xo + 221 € D kéo
theo

—g(o) + 2g(z1) < g(—x0 + 271),
(hodc

—9(x0) +29(21) < g(—w0 + 221) ).
Ménh dé 1.5.5. ([41]) Gid si g : D — IR la v-10i trong vdi do tinh v.

Néu x1 € D la di€m cuc dai cia g the moi di€m o thda man
|zo — 21|l = vy, @13 = —(1/v)2o+ (L +1/v)z1 € D
cing la diém cuc dai cia g trén D.
Pinh 1y 1.5.10. ([41]) Cho D C IR" la tap l0i, gidi ngi va g : D — IR la

ham ~-16i trong. Néu g cd diém cuc dai thi cd it nhdt mot diém cuc dai

N X A .
la diém vy-cuc bién ngdt cia D.

Dinh ly 1.5.11. ([41]) Cho g : D — IR la ham ~-1oi trong ngdt. Néu g

dat cuc dai trén D thi diém cuc dai la di€m y-cuc bién ngdt cia D.

Ménh dé 1.5.6. ([41]) Cho g: D — IR, D la tdp md twong doi theo bao
aphin cia D (kg hiéu la aff D) la ham bi chan trén va vy-loi trong véi do
tinh v € [0,1]. Néu z; la dié€m supremum cia g, thi véi moi xg € D thda

man
|zo — 21|l = vy, @11 =—(1/¥)zo+ (1 +1/v)z1 € D

~ \ - A7
cung la diém supremum cia g.
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Pinh ly 1.5.12. ([41]) Cho D C IR" la tip mo twong déi theo aff D,
g : D — IR bi chdn trén va v-1oi trong. Néu g dat supremum trén D, thi

c6 it nhdt mot diém supremum la diém y-cuc bién ngdt cia D.
Hé quad 1.5.1. Cho D C IR" la tap compact, g : D — IR bi chdan trén va

16i trong. Khi d6 g c6 t6i thiéu mot diém supremum la diém bién twong

ddi cia D theo aff D hodc la diém ~y-cuc bién ngdt cia D.

Doi véi ham 161 ngat bi nhiéu, ta ¢6 ménh dé quan trong vé tinh ~-16i

trong sau day.

Ménh dé 1.5.7. ([42]) Cho A >0, ¢:D C R" — IR la ham [6i va

ho(7y) :== inf (9(z0) — 29(z1) + g(—z0 + 221)) > 0.

x0,21E€D, || xo—21||=7,—T0+221€D

Khi dé, néu ham nhiéu p thoa man
[p(2)] < ha(v)/4 véi moix € D
thi ham bi nhiéu g = g + p la y-10i trong va néu
Ip(z)| < ho(y)/4 voi moi x € D
thi ham bi nhie¢u g = g + p la y-10i trong ngqdt.

K&t luan: Trong chwong nay ching téi da trinh bay Dinh ly Kuhn-
Tucker cho bai toan 16i, dinh 1y vé diéu kién can cuc tri cho bai todn toan
phuwong, tong quan ve cic loai ham 16i tho va mot s6 tinh chat t6i wu cia
chiing. Nhitng két qud dwoc trich dan sé duwoc st dung nhiéu lan trong
cac chirong sau. Ve su ton tai nghiém va tinh én dinh nghiém cda bai
toan toan phirong cé thé tim thay trong [5], [7], [10], [13], [31]...vA vé céc
loai ham 16i tho cling céc tinh chat cda ching cé thé tim thay trong [I],
3], [38], [41], [42], [44], [46] va [49],. ..



CHUONG 2
PIEM INFIMUM TOAN CUC CUA BAI TOAN (P)

Chwrong nay chi yéu nghién ctru tinh ~-16i ngoai cia ham bi nhiéu
f = f+p; chc diém infimum toan cuc ciia Bai todn (P); dwong kinh ciia
tap cdc diém infimum toan cuc cia Bai todn (P); tinh 6n dinh nghiém t&i
rru cia Bai todn (P); tinh chét twa va Dinh 1y Kuhn-Tucker suy rong cho

Bai toan (P).

Ching t6i nhic lai, f = f + p 14 ham bi nhiéu, trong d6 f dwoc cho
bdi cong thire (1.0.1), tikc la f(x) = (A, x) + (b,z), A € R la ma tran
doi xting x4c dinh duwong va ham nhiéu p thda man (1.0.2)), nghia 1a

sup |p(z)| < s < +o0.
xeD

Ngoai ra, trong suét chwong nay ta ky hiéu v* := 21/2s/Apm trong dé

Amin 12 gid tri riéng nho nhat cia A.

2.1. Tinh ~-16i ngoai ciia ham bi nhiéu

Phan 16n cdc tinh chdt dic trung cia cdc ham 16i suy rong khong con
diing khi bi nhiéu, trong khi nhiéu timg dung thurc té thuwomg bi dnh hwdng
bdi nhiéu tuyén tinh hodc nhiéu phi tuyén. Céc tinh chat cia ham ~-loi
ngoai va tinh 6n dinh cda lép ham nay theo tinh chat 16i dac trung cia
n6 khi bi nhiéu tuyén tinh da dwgc nghién ctru trong [47]. Trong muc nay,
ching t6i nghién cttu cde dieu kién di dé ham bi nhidu f = f + p 1a 4-16i

ngoai.

20



21

Ménh deé sau cho ta gia tri cu thé ciia ham h; (), ham nay dwoc dinh
nghia trong Ménh dé Chuong 1.
Ménh dé 2.1.8. Cho f xdc dinh theo cong thite (1.0.1) va v > 0. Khi dé

To + X1
2

m)i= wf (S fe) g f )~ A

Zo, SL‘leD, ||1‘0—.1‘1||:’y 2

)) > AminY /4,
(2.1.1)
néu D = IR"™ thi
h(7) = Aminy” /4.

Chitng minh. Lay cip g, v1 bat ky trong D thda man diéu kién

|xo — x1|| = 7. Ta ¢b

To + X1

1 1
éf(lﬂﬁo) + §f(5131>1— f( 5 )1 1
= —(Axg, o) + §<Al‘1, T1) + §<b7 o) + §<b, 1)

2
1 1
_Z<A(x0 + x1), 20 + a:1> — §(b, Ty + x1)
1 1 1
= §<A$Q, .T0> -+ §<AI1, Q?1> — Z<A($0 + xl), To + .171>
1 1 1
= Z(J‘lxo; o) + Z<Ax1; 1) — §<A$07$1>;
do dé
1 1 xo+ T 1
(@) + 5 S (@) = F(F5—) = [{Alwg —an),wp —a). (212)
2 2 2 4
Goi \;, i =1,...,n,1a cdc gid tri riéng cia ma tran xdc dinh duwong A (6
thé c6 mot s gia tri triung nhau), {e; | i = 1,2,...,n} la co s& truc chuan
trong IR" va e; 1a véc to riéng ing véi gia tri rieng Ay, i = 1,2,...,n (xem

[77]). Khi d6, ta c6 thé viét

n n
7 7
Ty = E Coei, T1 = E Gr€i

va
n

(Ao —z1),m0—m1) = O X(G— e Y (G —ey)

=1 7=1

3
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n n

= 2D NG =)@ - Denes)
i=1 j=1

= D> G-
1=1

> Amin ) (G =€)
i=1

= Amin||z0 — 217

> >\min’y2. (213)
Mat khdc, theo [2.L1.1) thi

. ! 1 To+ I
h — ¢ (_ 1 B )
1(fY) T, xleD}IthU()—le:fy 2f(x0) + 2f(a’,'1) f( 2 )
1
pu— 3 f - A . B
T, xleD}Ith_x1:,y4< ($0 l’l),.’I}O x1>’
nen
hi(7) = Auin??/4. (2.1.4)

Néu D = IR" thi ta c6 thé chon cap g, 1 € IR" thda man |zg — 21| = 5

\ M 7 . ’ \ ’ oA 9
va rg — x; dong phwong vdi e;,, trong dé e;, la véc to rieng trong co so

A ’ /e ’ oA A ,
truc chuan img véi vée to riéng Ay cua ma tran A. Do dé

<A(33‘0 — :131), o — 5131> = )\minHﬂZO — $1H2 = )\min’yz. (215)

Két hop (2.1.1)—(2.1.5) ta suy ra diéu can chirng minh. O

Vi du 2.1.3. Cho ma tran

15 -5 -5 3]
515 3 -5
A=
5 3 11 -9
'3 5 -9 11
Khi dé
15—\ =5 _5 3
—5 15—\ 3 -5
|A— | =
_5 3 11—\ -9
3 _5 —9 11—\
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Phwong trinh dac trung |A — M| = 0 twong dwong véi
At — 5207 + 832)% — 4672\ + 5376 = 0.
Gidi ra ta duoc céc gid tri riéng sau:
M =120 =283 =6+2V5:\ =6 —2V5

N 7 ’ oA ~) ”, N
va cac véc to rieng truc chuan twong ang la

1
er = %(—1,1,—1,1),
ey = 5(1,—1,—1,1),
1
eg = ———"(—2—-+5-2-1+/5,1,1),
2oir8\/5

e, = m(—2 +5,-2+/5,—1,1).

Vi ma tran A ddi xtng xéc dinh dwong va Amin = 6 — 2v/5 nén

h(y) = (3= V5)7?/2.
Hai ménh dé sau day chi ra céc dieu kién di dé ham toan phwong 16i
ngat véi nhiéu 1a +-16i ngoai va ~-16i ngoai ngat.

Ménh dé 2.1.9. Cho f xzdc dinh theo cong thite (1.0.1), p: D C R" — R
lo ham nhiéu va v > 0. Khi dé ham bi nhiéu f = f + p la v-10i ngodi néu

ham nhicu p thoa man dieu kién
Ip(z)] < Auin¥?/8 véi moi x € D. (2.1.6)
Chitng minh. Theo (2.1.1)) thi Apiny?/8 < hi(y)/2, nén tir gid thiét ta c

[p(2)] < ha(y)/2 véimoi z € D,

ti¢c 1a ham nhiéu p thda man dieu kién cia Ménh dé(1.3.3 Ap dung ménh

dé nay ta suy ra f = f + p la 4-161 ngoai. O



24

Ménh dé 2.1.10. Cho f zdc dinh theo cong thite (1.0.1), p: D C R" —
IR 14 ham nhiéu va v > 0. Khi dé ham bi nhiéu f = f + p la v-10i ngodi

ngdt néu ham nhicu p thoa man dieu kién
Ip(z)] < Aminy?/8 véi moi x € D. (2.1.7)

Chitng minh. Tu(2.1.1) suy ra Aminy?/8 < hi(7)/2 nén két hop véi gid
thiét ta nhan duoc

Ip(x)| < hi(7y)/2 véi moi z € D.

Do d6 ham nhiéu p thda man Ménh dé [1.3.3] vi thé f = f + p la ~-1oi

ngoai ngat. [
Viyt =2y 25/ Amin V& sup,cp |p(z)] < s < +00, nén
>\min7*2

sup [p(z)] < s = —o—.

zeD
Do dé

Amin7*2 ;. .
Ip(z)| < véi moi x € D.

8
Mat khéc, néu v > ~* thi

)\min’)ﬂ<2 < )\min’}/2

sup |p(x)| = ’
mED‘ ( )‘ 8 8
suy ra
)\min 2 . .
Ip(z)] < i véimoi x € D.

T hai két qud trén, suy ra ham nhiéu p thda man (2.1.6) ciia Ménh

de va bat ding thite (2.1.7) cda Ménh dé[2.1.10], do d6 ta nhan dwge

ménh dé quan trong sau:
Ménh dé 2.1.11. X¢ét ham bi nhiéu gidinéi f = f+p. Khi dé f = f+p
la v-101 ngoai véi v > v* va v-10i ngodi ngdt véi v > ~*.

Vi du duéi day chi ra rang +* 1a gia tri nhé nhat dé moi ham

toan phwong 16i ngat bi nhiéu 1& -16i ngoai.
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Vi du 2.1.4. Liy v < 2v/2, chon 7 sao cho vy < 71 < 2v/2. Xét céc ham

flz) = a2,
1 néuxz#yi,i=0%1,+£2, ...
—1 néuxz =i, 1=0,%1,£2, ...

Vi sup,eg |p(z)] = 1, Amin = 1 nén v* = 2¢/2. Theo Ménh de [2.1.11
thi f = f+p la v*-16i ngoai. Ta ciing tinh dwoc f(zy) = —1 khi 2y = 0 v&

f(x1) = v1% — 1 khi 21 = ;. Mat khdc, véi moi A €]0, 1] thi

Af(zo) + (1=Nf(z) ==A+ (1=’ =1) =n"—1-°

va

fl@y) = fAzo+ (1= A)a)
= f((A=Mm) =0 =" +1
= 12 =29 A+ 2N+ 1
Dé chitng minh f = f + p khong 14 ham ~-16i ngoai, ta cin chi ra
Flax) > Af(wo) + (1= A)f (1) v6i moi A €]0, 1],
tire 1a
N =29 PA+ PN+ 1> P = 1= Ay
tuong duong véi
’712)\12 — ’712)\ +2>0.
Bdt ddng thitc cudi cling 1a hién nhién, vi véi v < 2v/2, biét thitc
A =y*—87% =7*(n* — 8) nhan gid tri am.
Vi du sau cho thdy ham toan phuwong 16i ngat bi nhiéu gi¢i noi cé thé
khong ~-161 ngoai ngat khi v = ~*.
Vi du 2.1.5. Cho cac ham
flx) = %,

() 1 néuz#+v2,i=12,...
p\r) = » o
—1 néuz=+v2i,i=1,2,...
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Vi sup,cr [p(z)] = 1,Amn = 1 nén 7* = 2v/2. Theo Ménh dé
thi f = f + p la ~-16i ngoai véi v = ~*. Ta dé dang tinh dwoc
flxo) =1, f(z1) =1 v6i 20 = —V/2, 21 = V2. Mat khic, néu f = f +p
1& v-161 ngoai ngat véi 4 = v* thi ton tai it nhat mot gid tri A €]0, 1] sao

cho

fly) < Af(xo) + (1= A) f (1)

Tuy nhién
flay) = a3 +1>1=\f(x) + (1= \) f(x1)
nén f = f + p khong 1a ham ~-16i ngoai ngat véi 4 = ~*.
Mot trong nhirng tinh chat cida ham 16i 1& tap mitc dudi cia ham 16i 1

16i. H. X. Phu da dwa ra khai niém tap ~-16i ngoai [47] (Dinh nghia 1.3.4,
Chuong 1) va chi ra tinh chat twong tuw: Tap mitc dudi cia ham ~-16i
ngoai la tap ~-1oi ngoai. Cdc tinh chat cia tap 7-l6i ngoai dwoce nghién
cttu va trinh bay ky trong [1] va [47]. Déi véi 16p ham toan phwong 16i
ngat v4éi nhiéu gidi noi, ta cé thém tinh chat sau day cia tap mirc dudi
Ménh dé 2.1.12. Cho v > 0, ky hiéu

Lo(f):={x |z €D, f(z) <a}

la tap mize dudi ciia ham bi nhiéu gidi noi f = f+p. Khi d6, néu ham
nhiéu p thoa man diéu kién
p(2)] < Aminy?/8 vdi moi x € D,

thi tap Lo(f) la ~v-1oi ngoai.

Chitng minh. Gid thidt trén théa man Ménh dé2.1.9, nénsuyra f = f+p
1a ~-16i ngoai. Theo Dinh ly (hodc Ménh de 2.2 [47]) thi tap mitc

dudi cia ham ~-16i ngoai la 4-16i ngoai, do dé L,(f) 1a tap v-16i ngoai. [

Ménh dé 2.1.13. Tdp mic dudi Lo(f) cda ham bi nhiéu gidi noi
f=Ff+pla tip v-16i ngodi véiy > v*.
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Chitng minh. Theo Ménh dé 2.1.11| thl f = f + p la ham ~-16i ngoai véi

v > ~* nén theo Ménh dé 2.1.12] ta suy ra L,(f) la tap 7-16i ngoai vGi
v =" U

N o« A N N o A) . N
2.2. biém cuc ti€u toan cuc va diem infimum toan cuc

Ménh dé dudi day (duwogce suy ra tir cde dinh l}’f Chuong 1 va Ménh
de , cho phép ta xdc dinh diém cuc tiéu toan cuc va diém infimum
toan cuc thong qua viéc tim kiém cac diém v-cuc tiéu va y-infimum, cia
ham toan phwong 16i ngat v4i nhiéu gidi noi.

Ménh dé 2.2.14. Xét ham bi nhiéu gidi néi f = f + p. Khi d6

(a) Néux* € D la diém v- cuc tiéu cia f = f+p vdiy > ~*, thiz* € D

\ - A7 - A7 \ s
la diém cuc tiéu toan cuc cia f = [+ p.

(b) Néu z* la diém y-infimum cia f = f +p vdi~y >~* thi «* la diém

infimum toan cuc cia f = f + p.

Dai véi ham 7-16i ngoad, néi chung tap cac diém cuc tiéu toan cuc cé
thé khong gidi noi, dieu nay c6 thé thay 16 qua ham g(z) := x—[z], = € IR,
& ham ~-16i ngoai véi v = 1 va tap cdc difm cuc tiu todn cuc 13
{i | 4+ € IN}. Tuy nhién, d6i v4i ham toan phwong 16i ngat véi nhiéu

giéi noi f = f + p ta ¢6 ménh dé sau:
Ménh dé 2.2.15. Ky hi¢u arg minf la tap cde diém cuc tiéu toan cuc
ciia Bai todn (P). Khi dé

121 — &5l < 4* v6i moi F1,F, € arg minf,

tic la

diam (arg minf) < +*.

Chitng minh. Theo Ménh dé 2.1.11/thi f = f + p 1a 4-16i ngoai ngat khi

v > =24/25/ i 5
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nén f = f + p thda man Ménh dé[1.3.2) vi vay

diam(arg minf) < v véi moi v > ~*.

Do dé suy ra

*

diam(arg minf) < ~*.

2.3. C4c tinh chit cia diém infimum toan cuc

O muc trude, trong Ménh dé [2.2.15) chung t6i da nghién ctru duwong

kinh cia tap cdc difm cuc tiéu toan cuc cia Bai todn quy hoach toan
phuong 16i ngat véi nhiéu giéi noi (P). Trong muc nay, ching t6i nghién
citu duong kinh cda tap cic diém infimum toan cuc va tinh 6n dinh cia
tap cac difm infimum toan cuc cia Bai todn (]5) theo can trén s cia ham

nhiéu p.

Nghién citu cédc difm infimum toan cuc, trong muc nay ta st dung
ham bao déng nta lién tuc dudi (xem [54], trang 68-90) lsc f(z) =

liminf, .. yep f(y) va c6 bo dé sau:
BG& de 2.3.1. X¢ét ham bi nhiéu gidi néi f = f + p. Khi d6
(a) Vdimoix e D thilsc f(x) = f(z) + Iscp(x),
(b) sup,ep [lscp(z)| < sup,ep |p(z)| <.
Chitng minh. (a) Ta c6

Isc f(z) = lim inf f(y)

y—x,yeD

— inf{n: 3y, = z,y,. € D, n = lim f(y,)}.

Vi f(z) lién tuc nén

lsc f(r) = lim inf f(y)

y—,yeDd
= f(@)+inf{n': Jy, — 2,40 € D, 7' = lim p(yn)}.
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Do d6, doi v4i ham toan phwong 16i ngat véi nhiéu gidi noi thi

Isc f(z) = f(z) + lscp(z).

(b) Ta ¢6
lIscp(xz)| = | liminf p(z)]
y—x, x€ED
< liminf |p(z)]
y—x, €D
< liminf sup|p(z)],
y—z,2€D 1cp
nen
sup |Isc p(x)| < sup |p(z)] < s < +00.
xeD reD
Bo de dwoc chitng minh. O

\ A ’ A N \ N A A ’ oA .
Vi tap cac dieém cue tiéu toan cuc la tap con cia tap cac diem infimum
N N N AN N N A , A~
toan cuc, nén ménh dé sau 13 trudomg hop tong quét cia Ménh deé [2.2.15]

Ménh dé 2.3.16. Néu i, 3 la hai diém infimum toan cuc bdt ki cia

Bai todn (P) thi

177 = 2] <7

Y . N~ ~ N . BN . N N \ . ’
Chitng manh. Vi &3, 23 1a hai diém infimum toan cuc bat ky cia Bai todn

(P), nén theo Ménh de|1.3.1| va (a) cia Bo de [2.3.1]ta suy ra 3, @5 1a cac

) N N r
diém cuc tiéu toan cuc cia lscf = f + Iscp.

Mt khac, tir (b) cia Bo dé ta c6

zeD xzeD

2 \/2 sup [15¢ p(2)] /i < 2 \/2 sup [p(2)] /e < 21/25 Aonin = 7

nén theo Ménh deé [2.1.11] ta suy ra lsc f = f + lsc p 1 7-161 ngoai ngét khi
v >y Ap dung Ménh dé [2.2.15| cho ham lscf = f + Iscp ta nhan duoc

127 = 5[] <~

Ménh dé da duoc chiing minh. O
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Vi du 2.3.6. Xét cic ham

fla) = o

—0.5 néu |z| >1
plz) = )
0.5 néu |z| < 1.

Khi dé

) 22— 0.5 néu|z| > 1
T) = €T —}—px == ~ B
f(z) = f(z) () {x2+0-5 néu |r| <1,

, oA . N \
c¢6 ba diem infimum toan cuc la 1 = —1, 20 = 0, 23 = 1, s =

supgem [P(@)] = 0.5, Apin = 1 vA 7" = 24/28/dpin = 2V2 x 0.5 = 2.
Theo ménh dé trén thi

2 =max{|lz; — ;|| 4,7 =1,2,3} <2=2/25/Ain ,

suy ra

max{||z; — z;|| |i,j=1,2,3} =~"

Biéu thitc cudi cho phép két luan duong kinh cda tap cac difm infimum
toan cuc cia ham toan phwong 16i ngat véi nhiéu néi chung khéng nhé
hon ~*.

Khi xét 16p ham toan phwong 16i ngat véi nhieu gidi noi, cau hdi duoc
dat ra la: Céc diém infimum toan cuc cia ham nay thay doi nhw thé nao
so v&i diém cire tidu toan cuc duy nhit z* cia ham toan phwong (néu ton
tai)? c6 thé ddnh gid dwroc khodng cach gitta ching hay khong? Dinh 1y

sau sé tra 101 cho ta cau hdi nay.

Dinh ly 2.3.13. Néu 2* € D la diém cuc ti€u toan cuc cia Bai todn

(P), & € D la diém infimum toan cuc bdt ky cia Bai todn (P), thi

77 = 2" < 77/2.

Chitng minh. Ta xét cac truong hop sau:
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i) Z* 1a cure tiéu toan cuc cia f = f+p. Dat
p(t): = fla"+t@" —2%)) — f(z")
= (Ax",2") + (b,x™) + (2Ax™ + b, " — x™)t
+(A(Z* —x"), 7" — x*>t2 — (A", 2") + (b, x™)
= (QAx" 4+ 0,7" — 2"t + (A" — 2¥), 7" — x*)tQ.
Do dé
O'(t) = 2Ax™ + b, 7" — x*) + 2(A(Z* — %), 7" — x*)t (2.3.8)
va
o' (t) = 2(A(Z* — 2*), " — %), (2.3.9)

Mat khac, vi z* 1& cuc tiéu toan cuc cia ham toan phwong 16i ngat f trén
D, nén ¢(t) > 0 véi moi t € [0, 1]. Ta cé
/ . o(t) = ¢(0)

0) = lim 2L~ ¥

¥ ( ) tl\r% t N0t

Ké&t hop bicu thirc (2.3.8) khi t = 0 v6i bat ding thitc trén ta suy ra

zlim@ > 0.

(2Ax" + b, — ") > 0. (2.3.10)

Theo cong thirc Tay lo thi

iz
0
o(t) = o(0) + (0)t + £y
nen, vé’it:%ta suy ra
1 vk el
=) =¢(0)= 0)=.
o(3) = #0)5 + ¢ (0)3

Thay céc gid tri cia ¢'(0), ¢"(0) theo cdc cong thie (2.3.8) va (2.3.9) ta

nhan duoc

I 1 1

f(—) = F@)+ 52427 +b, 2" —a)+ (AT —a"), " —a"). (23.11)
Theo bicu thitc thi

1 1 1 v+ ot

H(AG =) 5 = a7) = 51 + 516 - ), (23.12)
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nén thay f(£45) & (2.3.11) vao (2.3.12), chuyén vé va rut gon ta dwgc

<A(:Tc* — "), " — :13*> = f(Z") — f(a¥) — (2Ax" + b, 7" — 7).

Két hop véi (2.3.10) suy ra

(A(Z" —a"), 2" —a*) < f(z*) — f(2"). (2.3.13)
bat n = [|z* — ||, tir (2.1.3) va (2.3.13) suy ra
Amin? < f(35) — f(2¥). (2.3.14)

~ ’ N~ N N N N r A
Mat khac, vi 2* 1a diém cuc tiéu toan cuc cia f = f + p nén

f(@) +pa*) < f(2") + p(a”).

Két hop vai sup,cp [p(z)] < s, ta suy ra

0< f(z") — f(z¥) < 2s. (2.3.15)
Thay (2.3.15]) vao (2.3.14]) ta nhan dwoc
>\min772 S 2s

tuwong duong véi
7 < v/28/ A -

ii) * 1a diém infimum toan cuc (khong la diém cure tiéu toan cuc) cia
f=f+p. Khidéi*la didm cuc tidu toan cuc cla lsc f = f + Ilscp. St

dung i) cho ham Isc f ta cung nhan dwoc
f(@) = f(z") <lsep(a”) —Isep(a”).
Dat 7 := ||&* — z*||. Theo B& dé thi
Isc p(z*) — Isc p(z™) < 2s,

f(@*) — f(z") < 2s. (2.3.16)
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Két hop (2.3.16) v6i (2.3.13), ta suy ra

Amin?)” < 25,
V1 vay
1 < V25 Ain;
tie la
" — =¥ <~7/2.
Dinh 1y da duoc chirng minh. ]

Dinh ly trén da dwgce H. X. Phu chitng minh rdt gon trong [51].

2.4. Tinh chat twa va diéu kién t6i wu

Trong muc nay, ta nghién cttu tinh chit twa cda ham f = f + p va
su ton tai cdc diém infimum toan cuc cia Bai todn (P), cu thé 1a Dinh ly
Kuhn-Tucker suy rong cho Bai todn (P) khi D 1 tap 16i théa man mot

trong hai truwomg hop sau:
D={zxeS|gx)<0,i=1,...,m}, (2.4.17)

trong dé g; : IR" — IR, 1 =1,...,m, 1a cdc ham 16i va S C IR" 1a tap 1oi
déng, hoac
D={xeR"|{c,z) <d;, i=1,...,m}. (2.4.18)

Mot tinh chat dac biét cia ham 16i bat ky ¢ : IR" — IR 1a véi z* € IR"
nao do, ton tai £ € IR™ goi 1a dudi vi phan sao cho
9(x) 2 g(z*) + (§,x — x7), v&imoi z € IR",

tirc 13 tai moi diem z* € IR™ ham 16i g tuwa trén mot ham tuyén tinh
g(x*) + (£, 2 — x*) va ta goi l1a tinh chdt twa clda g. Trong trudmg hop
g = f thi £ = 2Ax* +b. Vi ham nhiéu p chi gid thiét gidi noi nén khong
hy vong ham bi nhiéu f = f + p ¢6 tinh chat tua nhwe trén. Tuy nhién, ta
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sé chi ra ham 161 tho f sé cling ¢6 tinh chat twa tho. Mudn vay, ta viét lai

tinh chat twa nhu sau:
g(z*) + (&, 2"y < g(x) + (€, x), véimoi z € R". (2.4.19)
Thay thé vé trai cia bdi
inf  (f(2) — (¢,2)) hoac  min (f(z) — (&,2))

r'eB(x*r) z'€B(z*,r)

v&i mot > 0 hop 1y nao d6 va vé phdi cia (2.4.19) béi f(z) — (€, x) ta

dwoc
,Ggéf* ) (f(x’) — 795/>) < f(l”) — (&, x) v6i moi x € IR",

hoac

x,e%l(iﬁ " (f(z") = (&, 2") < f(x) = (&, 2) véi moi z € IR".

Nhitng cong thitc trén moé t4 tinh chat tua tho cda ham f. Tinh chdt nay
da dwoc H. X. Phu chi ra khi nghién cttu cidc ham ~-16i ngoai tong quéat
[44]. Bing céch sit dung Dinh ly cho ham toan phuong 16i ngat véi
nhiéu gi¢i néi f = f + p, ménh dé dudi day cho ta két qud t6t hon, tic
la chirar=7+%/2 va { =2Ax" +b.

Meénh dé 2.4.17. (BI]) Cho D = IR". Khi d6 véiz* € R" va e > 0 thi

inf (f(a:') —(¢,2)) < f(x) — (€,2) véi moi z € R",

' €B(x* v [2+€)

Ddc biét, néu p la miéa lién tuc dudi thi

min  (F() — (&,4)) < F(z) — (€, ) vdi moi & € "
v'eB(z* )
Ménh deé trén dwgc H. X. Phu chi ra. Chtrng minh chi tiét cé thé xem
trong [51]

Trong qué trinh khdo sat diém infimum toan cuc cia Bai todn (P),

ching toi st dung bo de sau:
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B6 dé 2.4.2. Cho ham g : D C IR" — IR la mifa lién tuc dudi, bi chdn
dudi, D la tdp dong va im) 4 zep 9(x) = +00. Khi dé ton tei z* la

- A7 - A7 \ A
diém cuc tiéu toan cuc cia g trén D.

Chitng minh. Bo dé nay cé thé chirng minh nhw 14 hé qua cia Dinh ly
8.2 (xem [76], trang 119-121). Tuy nhién c6 thé chirmg minh triyc tiép nhu
sau:
C6 dinh diém zg € D. Vi lim (|00, zep () = 400 néN
Ar € [||xo]|, +oo[ :x € D, ||z|| > 1= g(x) > g(xo).
Do dé, diém cure tiéu toan cuc néu cé thi sé chi nam trong mien B(0,r)ND.
Vi g bi chan dwdi nen
_inf  g(z) > —o0.
xeB(0,r)ND

Mt khac, ton tai day (z;) € B(0,7) N D sao cho

lim g(x;) = _inf  g(x).

i—00 x€B(0,r)ND
Tap B(0,r)N D la déng, gidi noi trong IR nén 1a tap compact, vi vay tir
day (z;) € B(0,7)N D c6 thé trich day con héi tu. Khéng gidm tong quat,
ta coi chinh day dé hoi tu, tirc 1a lim; . 2; = 2* va 2* € B(0,r) N D. Vi
¢ 1a nira lién tuc dudi nén
g’) < fimglas) = inf - g().

Do dé z* 1a diém cuc tiéu trén B(0,7) N D. Vi diém cuc tiéu cia g trén
B(0,7) N D la diém cuc tiéu toan cuc, nén x* 1a di€m cuc tiéu toan cuc

cia ¢ trén D. ]

Truée khi phét biéu va chimg minh Dinh 1y Kuhn-Tucker suy rong
cho Bai toan (P), ta nhéic lai ham Lagrange cho Bai toan (P) dwoc dinh
nghia theo cong thire ((1.1.4)), tic 1a

E(ZL’,,UJ(),...,,[Lm :u()f +Zﬂzgz
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Dinh ly 2.4.14. Gid s D duoc cho bdi cong thie (2.4.17)).

(a)

Néuw &* 1o diém infimum toan cuc cia Bai todn (P), thi ton tai duy

nhdat diém x* € D sao cho
7% — 2| <~*/2

va cde nhan t¢ Lagrange p; > 0, i =0,...,m, khong cung triét tiéu,

thoa man diéu kién Kuhn-Tucker
L(x*, oy oy fm) = I;lelél L(x, 1oy - -y fm) (2.4.20)
va diéu kién bu
wigi(z*) =0 voi moi i=1,...,m. (2.4.21)

Néu dieu kién Slater (1.1.7)) thda man thi pg # 0 va 6 thé coi py = 1.

Néu ton tai x* € D thda man (2.4.20), (2.4.21)) vdi py =1 thi ton tai

i* € D la dié'm infimum toan cuc cia Bai todn (P) trén D, théa man

|7 = 27| <~7/2

N A e - A7 . \ \ \ - e N \ -
va khong cd diém infimum toan cuc nao cia Bai toan (P) nam ngoai
\ W Y
hinh ciu B(z*,~v*/2).

Chitng minh. (a) Xét tap D, vi S 1a 1oi déng, g;(x), i = 1,...,m, la cdc
ham 16inén D = {z € S| g;(x) <0,i=1,...m} cing la 16i déng. Khi d6

i) Néu D gi6i noi, thi vi f(z) = (Az,z) + (b, z) 1a 161 ngat, lién tuc

N o « A oA N
nén ton tai duy nhat diém cuc tiéu toan cuc z* € D.

néen

ii) Néu D khong giéi noi, thi

flz) = (Az,z) + (b z)
> il = (0],

lim f(z) = 4o0.
||| =00, z€D
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Ham toan phwong l6i ngat f trén tap 16i D thda man cdc diéu kién cia
Bo deé2.4.2, do dé ton tai di€m cuc tiéu toan cuc v duy nhat z* trén D.

Vi #* 14 diém infimum toan cuc cda f = f + p, nén theo Dinh 1y [2.3.13] ta

nhan duoc
2" — =¥ <~v7/2.

Mat khéc, z* 1a cuc tifu toan cuc cla f trén D, titc 1a 2* 1a nghiém
cia Bai toan (P), do dé theo (a) cia Dinh ly Kuhn-Tucker suy ra ton
tai u; >0, i =0,...,m, sao cho ching khong cung triét tiéu, thda man

L(2 ks« s pim) = min L, o, - - pim)
va

pigi(z*) =0véimoi i =1,...,m.

Néu diéu kién Slater (1.1.7) thda man thi g # 0, nén c6 thé chon
Mo = 1.

(b) Vi z* € D thda man diéu kién ([2.4.20)), (2.4.21]) v&i pp = 1 nén z*
thda man (b) cia Dinh ly Kuhn-Tucker cho Bai toéan (P). Do d6 z*

N oA oA N A N N N . - A N oA
13 diém cuc tiéu toan cuc cda f trén D va vi f 14 161 ngat nén z* 14 diém

o A N A
cue tiéu toan cuc duy nhat cda f trén D.

Ta chitrng minh ton tai diém infimum toan cuc cia Bai todn (P). That
vay, xét ham lsc f = f +lIscp trén D, xdy ra cac truong hop sau:
i) D gi6i noi, khi d6 ton tai M > 0 sao cho ||z|| < M véi moi z € D.
Vi vay
Isc f(z) > (Az @) —||b][[|=]| — sup [p(=)]

xeD

—||b]|M — sup |p(x)],
xeD

Vv

suy ra ham bi chan dwdi trén D. Vi ham lsc f = [ + Iscp ntra lién tuc
dudi, bi chan dudi trén tap compact D (ddng, gidi ndi trong IR") nén ton

. N N N ~ r A
tai diém cue tiéu toan cuc 7* cda lsc f = f + Iscp trén D.
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ii) D khong gidi noi. Ta ¢

lsc f(x) = f(2) +Isep(e) > (Az,z) — [b]]l|e] — |p()

Auin|2]|* = 0]l [2]] = sup |p(z)].

zeD

Do dé
lim  lsc f(z) = 4o0.

|z|| =400, zeD

Mt khéc, vi ham Isc f = f + Iscp bi chian dudi va mta lién tuc dudi nén

Isc f = f + Iscp thda man B deé [2.4.2, vi vay ton tai diém #* 1a cuc tiéu

toan cuc cia lsc f = f +lIscp trén D.

K&t hop cd hai trieomg hop i), ii) suy ra ton tai 2* 13 di€m infimum

toan cuc cia Bai todn (P). Ngoai ra ap dung Dinh 1y [2.3.13| ta ¢é

|77 = 2™l < 77/2
va cling theo Dinh 1y [2.3.13| thi khong thé ton tai diém infimum todn cuc
khéc cia Bai toan (P) nam ngoai hinh ciu B(z*,v*/2). O

binh 1y sau 14 mot mé rong Dinh 1y [1.1.2) né chi ra diéu kién can va

di dé ton tai diém infimum toan cuc cia Bai toan (P), dinh 1y phét bidu

nhu sau:
Dinh ly 2.4.15. Gid si D duogc cho boi (2.4.17) va g; - R" — IR, i =
1,...,m, la cdc ham 16i, cing lién tuc it nhdt tai mot diém cia tap S.

(a) Néu 7 la diém infimum toan cuc cia Bai todn (P), th ton tei ©* va
cdc nhan ti Lagrange p; >0, i =0,...,m, khong cung triét tiéu, sao
cho

2" — 27| <~7/2,

0 € (242" +b) + Y pidgi(x*) + N(z*|S) (2.4.22)
=1
va
wigi(x*) =0 voi moi i=1,...,m, (2.4.23)

trong dé N(z*|S) la ndn phdp tuyén cia S tai x*.
Néu diéu kién Slater (1.1.7) thda man thi o # 0 va cé thé coi g = 1.
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(b) Néu ton tai x* € D thda man (2.4.22)), (2.4.23) vdi pg = 1 thi ton tai

i* e D la dié'm infimum toan cuc cia Bdi todn (P) thda man

lZ7 = 2™l < 77/2

va khong co diém infimum toan cuc khdc cia f = f+p trén D nam
ngodi hinh ciu B(x*,v*/2).

Chitng minh. (a) Vi f = (Az,z) + (b,x) nén Of (z*) = 2Az* 4+ b. Stt dung
Bo dé[2.4.2) chitng minh twong tw nhw & Dinh 1y 2.4.14] ta suy ra ton tai
duy nhat z* 1a diém cuc tiéu toan cuc cia Bai todn (P).

Ap dung Pinh 1y Kuhn-Tuker [1.1.2) cho Bai todn (P) ta nhan duwoc su

ton tai cdc nhan ti Lagrange u; > 0, i = 0,...,m, sao cho ching khong

cung triét tiéu, thda man cdc diéu kién sau:

0 € po(2Ax* +b) + Zuiagi(:ﬂ*) + N(z*|9)
i=1
va

wigi(x*) =0 véimoi i =1,...,m.

Néu thém dieu kién Slater (1.1.7) thi uo # 0, nén c6 thé coi puo = 1.

Theo Pinh 1y [2.3.13| moi diém cue tiéu toan cuc cla f = f + p phdi

thda man:

77 = 2" < 77/2.

(b) Néu pg = 1 va z* thda man (2.4.22)), (2.4.23)), thi theo Dinh ly
Kuhn-Tucker cho Bai todn (P) suy ra z* 1a diém cuc ti€u toan cuc
cda f trén D. Ap dung lvoc do chitng minh twong tw phin (b) cia Pinh

1y [2.4.14], suy ra ton tai 2* 14 diém infimum toan cuc cia f = [+ p trén
D. Ngoai ra, theo Dinh 1y [2.3.13] thi moi diém infimum toan cuc &* déu

phai thda man:

77 = 2"l <~7/2,

tirc 1a khong c6 diém infimum toan cuc nao cia f = f+p nam ngoai hinh
cau B(z*,7"/2). []
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Nhan xét 2.4.4. Néu S = IR" thi N(2*|S) = {0}, nén biéu thirc (2.4.22)
duoc thay boi
0 € po(24x* 4+ 0) + Z pi0gi(x™). (2.4.24)

1=1

Tiép theo, ching t6i chitng minh sy ton tai diém infimum toan cuc

clia Bai todn (P) khi D 1 tap 1oi da dién.
Dinh ly 2.4.16. Gid sv D duoc xdc dinh theo cong thite (2.4.18)).

(a) Néu &* la diém infimum toan cuc cia Bai todn (P), thi ton tai duy

nhdt x* € D va cdc nhan t¢ Lagrange p; >0, 1 =1,...,m, sao cho

177 = 2"l <~7/2,

(242" +b) + Y pic; =0, (2.4.25)
i=1
va
wi({ci,x*y —d;) =0 vdimoi i=1,...,m. (2.4.26)

(b) Néu c¢é x* € D thda man ([2.4.25), (2.4.26) thi ton tai T* la diém

infimum toan cuc cia Bai todn (P) thda man

[77 = 2™l < 77/2

va .
12AZ" 4+ b+ ZMiCiH < Amax?"-
i=1
Chitng minh. (a) Tir gid thiét cia ménh dé suy ra D # (). Do f 1a 161 ngat
nén néu ton tai diém cuc tiéu toan cuc trén D thi diém d6 la duy nhat.
Theo Hé qud 2.3 (xem [31], trang 41) thi diéu kién can va dd dé Bai toan
(P) c6 nghiém circ tiu toan cuc 1a D # (), nén ton tai 2* 1 cuc tidu toan
cuc duy nhat cda f trén D.
Vi z* 14 diém cuce ti€u toan cuc cia Bai toan (P) nén theo Dinh Iy

suy ra ton tai cdc nhan tit Lagrange p; > 0, 7 = 1,...,m, sao cho
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chiing thda man céc diéu kién

(QASC* + b) + Z i Cp = 0
1=1

va

wi({ci, ™) —d;)) =0 véimoi i =1,...,m.

Mat khac, theo Dinh ly [2.3.13| ta suy ra

[77 = 2% <~7/2

véi moi diém infimum toan cuc #* cia Bai toan (P).

(b) Xét Bai toan (P) v6i g;i(x) := (¢, x) —d;, i = 1,...,m, khi dé
dgi(z*) = ¢;, i =1,2,...,m. Theo Dinh ly [2.4.15| thi cdc diéu kién (2.4.25)
va 13 did dé z* 1a diém cuce tiéu toan cuc cda Bai toan (P). Ching
minh twong tw nhu phan (b) cda Dinh 1y [2.4.14] ta suy ra ton tai * € D
14 diém infimum toan cuc cia f = f + p trén D. Theo Dinh 1y [2.3.13| thi

. N . N ~ r3 . ~
moi diém infimum toan cuc Z cia f = f + p phdi thda man

77 = 2"l < 77/2.

Hon thé, tir bicu thite (2.4.25) va | Al = max{vX | A € A(ATA)} = A\jax
(xem [2]) cho phép ta bién doi

1245 + b+ " micil| = 242" +b+ Y pic; + 2AF° — 2427
=1 =1

_ 9 AF — Axt|
2[[Aflllz" — 27|
S 2>\max’7*/2 — )\max'y*-

IA

Do dé dinh ly dwoc chitng minh. ]
Trong [51], ngoai cdc két luan & (b), H. X. Phu con chi ra:

Vil <i<m, néu (c;,7*) < d; — (25/Auin) 2| ci| thi
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K&t luan: Trong chwong nay chiing t6i da chi ra: cdc diéu kién dd dé

ham bi nhiéu f = f 4 p la 1-16i ngoai (cdc Ménh deé 2.1.9/{2.1.11)); diéu
kién ton tai diém cuc tiéu toan cuc va infimum toan cuc (Ménh deé[2.2.14);
thiét 1ap can trén ding cia duong kinh cda tap cic difm cuc ticu toan

cuc, infimum toan cuc cia Bai toan (P); (cdc ménh dé [2.2.15] [2.3.16)); tinh

on dinh nghiém cda Bai toan quy hoach toan phwong bi nhiéu gii noi

(P) (Pinh 1y [2.3.13); Dinh 1y Kuhn-Tucker suy rong cho Bai toan (P) (céc
dinh 1y P.4.14-2.4.16).




CHUONG 3

TINH I-LOI NGOAI CUA HAM BI NHIEU
VA PIEM INFIMUM TOAN CUC CUA BAI TOAN (P)

Trong chirong nay chiing toi stt dung phwong phéap tiép can t6 po dé
nghién ctru: céc tinh chat cia ham toan phwong 16i ngat v4i nhiéu gidi
n6i f = f 4+ p; quan hé gitra cdc diém infimum toan cuc cia Bai toan (P);
tinh 6n dinh cia tap cdc diém infimum toan cuc cia Bai todn (P); tinh

N o «A . oA . N \ e 7 ~
chat twa va diéu kién ton tai diem infimum toan cuc cia Bai toén (P),

3.1. Tinh I'-16i ngoai cia ham bi nhiéu

Trong muc nay ta nghién citu tinh I'-16i ngoai cia ham toan phuwong
[6i ngat bi nhiéu gisi noi f(z) = f(x) + p(x), trong a6 f,p duwoe cho béi

cac cong thire ((1.0.1]) va ((1.0.2)), twong ting.
Pinh nghia 3.1.9. Cho f thda man cong thite (1.0.1). Ham hq(., z) theo

hwong z duoc dinh nghia nhu sau:

m(p2) = nf (SF@)+ 2 flotpz) — flot gpz)). (L)
trong do p € IR va z € IR".
Ta ky hieu
m(7y, z) = inf{p | ha(p, z) >~} (3.1.2)
va
M(y):={tz| z e R", |t| <m(y,2)}. (3.1.3)

43
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B6 deé sau cho ta céc gid tri cia hi(p, 2), m(7, z) va cac tinh chat cia tap
M(y).

Bo dé 3.1.3. Véimoi 2 € IR" va z # 0, ta c6

(a) i(p, 2) = 2 (Az, 2).

(b) m(v,2) =2/ mat7-

(c) M(y) ={z |z € IR", (Azx,x) <4y}
(d) M(~) la tap loi, déng va can.

(e) 0 € M(y) la diém trong cia tap M(7y).

Chitng minh. (a) Ta thay rang

%f(:z:) + %f(:r: +pz) — flz+ %W)
— %(Ax,@ + %(b, T) + %(A(x + pz), (v + pz)) + %(bo (z + pz))

A+ gpz), (a4 5p2)) — (b, (2 5e2))

= %(Ax, r) + %(A:z:,x) + p(Az, z) + %(Az, z) — (Azx, x)
%
—u({Az, z) — Z<AZ’ )

2

- %(Az, 2). (3.1.4)
Do d¢, theo (3.1.1)) suy ra
u?
hi(p, z) = Z(Az, 2).

(b) Theo (3.1.2)) thi
m(y,z) = inf{u | hi(p, 2) > 7},

tuwong duong véi

2
m(y,2) = inf{p | T(4z,2) > 7},
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nen
m(y,z) =2 <AZ,Z>.
(c) Gid st x € M (7), khi d6 ton tai z € IR" va t € IR thda man
© =tz |t| < 2v/7/(Az, 2).
Ta c6

(Az,2) = (A2, 2) < (A2, 2)Ay/(Az, 2) = 47,
Do dé6 (Ax,z) < 4. Nguoec lai, gid st x € IR" thda man (Az,x) < 47.
Néu x = 0, theo cdch xay dung m(z,v) va M(v) & cdc cong thire (3.1.2)
va (3.1.3) thi x € M(y). Néu x # 0 thi (Az,z) > 0. Dat z = [z, khi d6

(Az, z) = I2(Az, ), vi vay c6 thé chon [ sao cho

1 p
hi(p, 2) = 7 (Az, 2) = Az, ) > .

1
Mat khac, theo (3.1.2)) thi

m(y,z) = inf{ulhE(M,va}
= inf{n| F-(42,2) > 7}

u?
= inf{u | ZF(A:U,x) > 7}

Do d6 ) .
s 2
Nhu vay, véi = 12z thi [3] < m(y, z). Theo dinh nghia M () trong cong
thirc ta suy ra x € M(7y).

(d) M (v) déi xting 1a hién nhién. Ta chitng minh M (v) 14 déng. That
vay, gid st z, € M(vy) va lim,, .o 2, = x, khi d6 theo (c) Bo dé ta

co

m(y, z)

(Azp, x,) < 47 véimoi n € IN,
cho n — oo, ta suy ra x € M(y).

Vi ham (Ax,z) 1a 16i ngat, nén tap mic dudi

M(y) ={x € R" | (Az,x) < 4y}
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14 tap loi.
(e) Chon 6 := 2y/7/Amax. V&i moi x = (&1, &, ...,&,) € B(0,6), biéu
dién z theo co s& truc chuan la cac véc to rieng cia A ta dwoc

(Az,z) = <Z)\i€i€i725j6j>
i=1 =1

= i A&’
i=1

)‘maXHCUHQ

< 4.

IA

Suy ra B(0,0) C M(~). Vi thé 0 1a diém trong cia M (). O

Ménh dé 3.1.18. Cho f thda man cong thitce (1.0.1), v > 0 va ' = M (7).
Khi d6 ham toan phwong 10i ngdt bi nhiéu f = f + p la T-10i ngodi néu

Ip(z)| < ~/2 véi moi z € D.

Chitng minh. LAy xo,x1 bat ky trong D, khi d6 xdy ra cdc truwong hop

sau:
i) xg —x1 € M(y). bat A = {0,1}, ta ¢
[0, x1] C {xx | X € A} + 0.5M(7)
va hién nhién v6i A € {0,1} thi

F@n) = Af (o) + (1= A) f(21).

i) xo—x1 ¢ M(7). Dat z := xg—x1, a:= ((Az,z2))/4val:=m(y,z).
Ap dung Tan lwot (c) va (b) cia B8 dé[3.1.3[ta dwoc

\ §l §l
- 4 - =2, — /L
a=(Az,z) >4y va l=m(y,2) =2 A7) \/7

Dods 0 < <1.
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Mat khéc, vi

<A(l(£l?0 — $1)), l(l’o — 1‘1)> — l2<A(IQ — ZL’l), o — $1>

= 4P«
= 4, (3.1.5)
neén
[(xg—x1) € M(y) (3.1.6)
va

tl(xg — 1) & M(vy) véi moi |t] > 1.

Vio<l<1lmnénA:=][l/2,1-1/2]U{0,1} 1a tap déng khic rong nam

trong doan [0, 1] va
{r | A€ A} = |29, 51-4/9) U {z0, 21} (3.1.7)

Ta can chirng minh

[xo, 1] C {z\ | A€ A} + 0.5M(v). (3.1.8)
Vi
[xl/g,xl,l/Q] = {.T)\ ‘)\E [l/2,1-l/2]}
—_ [(1 — %)CIJO + é:l?l, él‘o + (1 — é)ﬂfl]
= [xo—i-é(xl —x0), 20+ (1 — é)(ﬂh — 20)]
[z0, 11] = [SL’O, xo + %(m - 560)} U [1/2, T1-1/2]
U[SCO + (1 — é)(ﬂfl — .CC()), .’ﬁl] . (319)

Lay T € [xg, z1], tir bicu thirc (3.1.9) ta xét cac treong hop sau:

1) T € [w2, 1-12]. VIO € M(y) va [z9, 21-12] C {xr | A € A} theo
(3.1.7), nén
Te{xy| A€EA}+0.5M(y).
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ii) T € [xg, 20 + %(:1;1 — x)]. Khi d6 ton tai ¢ € [0,1] sao cho

T = (1—t)zo+t(xo+ é(ﬂfl — Z9))

l
= (1 —t)xg + txg + t§(x1 — )
l

= $0+t§($1 —.CU()). (3110)
Theo (3.1.6) thi I(z1 —z¢) € M () vavit € [0,1] nén tl(x; — zg) € M(7).
Do d6 tL(zy — xz9) € 0.5M (7). Mat khéc, zy € {z) | A € A} theo dinh
nghia tap A. Vi vay, tir cong thite (3.1.10) ta suy ra

Te{xy|Ae A} +0.5M(y).

iii) T € o+ (1 — L) (21 — 2),21]. Khi d6 ton tai t € [0,1] sao cho

T = t(zg+(1— %)(a:l —3)) + (1 —t)my
= txo+t(1— %)(:c1 — xg) + 1 — tay
= $1+t%($0—$1). (3.1.11)
Ly luan twong tw nhu trong truwong hop ii), vi 1 € {x)\ | A € A} va

ti(z1 — 20), t5(xo — 21) € M(7), nén tir cong thire (3.1.11) suy ra

Te{xy| AEAL+0.5M(y).
Két hop cd ba truomg hop i), ii) va iii) ta suy ra cong thire (3.1.8)).
Xét bit ki A € A\{0,1}, ky hiéu

A ::A—E;X’ ::/\+£,

2 2
ta dé dang nhan thdy A, A\ € [0,1], A= (A" +X")/2. Vi
N B (1—)\/+>\//)x +)\/+)\//x
A= : 9 0 9 1
— 5((1 — N)zg+ Noy + (1= X)wg + N'ay),

nen
_ x)\/ + ,flj‘)\//

5 (3.1.12)

LN
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Ta ctung cé

[ ) ) [

Ty — Ty = ()\—§)ZL’0—|—(1—)\+§)1'1—()\+§)$0—(1—>\—§)£L’1
= l(xl — .I()).
Theo (3.1.6) thi [(z; — 20) € M(y), vay
ry =y € M(7).
Mat khac, vi
(A(xy —zy) 2y —2y) = (A(l(21 — 29)), U1 — 20))

nén theo (3.1.5)) thi

<A(33/\/ _xA”),x/\’ —I)\H> :4’)/ (3113)

Xét ham toan phuong 16i ngat f(z) = (Ax, x) + (b, x), vi

(1= M) f ) + AT () = (1= 222 o) + 22 ),
(1220 ) + A g )
= %((1 - X)f(«%’o) + )‘/f(xl)) + %((1 - )\”)f(xo) + )\Nf(iﬁl))

(1= X)f (o) +AF (@) > 5 () + o). (3.1.14)
Tir cac biéu thire (3.1.12)), (3.1.14) va (2.1.2) suy ra

(1 —1>\)f(370) + Af(w1) — f(CUA)/ s
> S (flay) + flay)) = F(EZ20)

1
s Z<A({Jj>\// — x)\/),.flf)\// — ﬂj>\/>,
Do d6 két hop véi (2.1.6) ta duoc

(1 =A)f(zo) + Af(21) — flaa) = (3.1.15)
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Xét ham bi nhiéu f = f + p ta ¢

(1— ) f(@o) + Af (1) — f(z)
— ) (f (o) +p (0)) + A(f(z1) + p(z1)) = (f(22) + p(22))
— N (f(z0) =7/2) + A(f(z1) =7/2) = (f(@2) +7/2)

( A)f(il?)Jr)\f(xl) f(xn) = 7.

VARSI

Ap dung (3.1.15) ta suy ra

(1= X)f (o) + Af (1) — f(z2) = 0.
Truomg hop A = 0, A = 1 thi bicu thitc trén luén ding.

Tém lai, v6i zg, 1 € D, ton tai tap déng A C [0, 1] chita {0,1} sao
cho thda man (2.3.12)) va

VA€ A 1 fzy) < (1= N)f(x0) + Af(z1).
Theo dinh nghia suy ra f = f + p 14 T-16i ngoai, v&i I' = M (v). ]

Nhan xét 3.1.5. Trong IR" vdi chuan Euclide, ta nhdn thdy

B(0,2v/7/Amax) € M(7) € B(0,2v/7/Amin)- (3.1.16)
That vay, goi {e; | i = 1,2,...,n} 1a co s& truc chuan trong IR",
trong do e; la véc to rieng don vi ing véi gia tri rieng A, ¢ = 1,2...,n,

cia ma tran déi xing xac dinh duong A (c6 thé c6 mot s6 gia tri trung
nhau). Khi d6 véi moi x € R" thix = > | Gie; va

(Az,z) = ( Z AiGi€i, Z Gij)
i=1 J=1
= Z Z NiGiGi(ei, ej)

i=1 j=1
n

2

= 5 i€
i=1

nen
Amin[l2])* < (Az, ) < Aaxl 2] (3.1.17)
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Do d6, néu x € B(0,2+/7/Amax) thi
(A7, 2) < Aaxl* < 47,

nen suy ra

B(0,2v/7/Amax) € M (7). (3.1.18)
Né&u x € M(7), theo (c) B6 dé[3.1.3thi (Az,z) < 4, do d6 két hop véi

ve trai cda (3.1.17)) ta du'qc
)‘mion”2 < (Az,z) < 4,

nen
H$|‘ S 2 V V/Amin-

Biéu thitc cudi cho ta
M(~y) C B(0,2v/7/Amin)- (3.1.19)

Két hop cac biéu thire (3.1.18) va (3.1.19) ta nhan dwoc (3.1.16]).
Goi e;, 1a véc to riéng ting véi gid tri rieng bé nhat Ayy,. Dat

+yo = £2/7/Amin €1y, ta cé (Ayo, yo) = 47, tikc la £yg € M(7). Vi
1= woll* = 4(v/Amin) ez, I = 47/ Auin,
nén +yy € B(0,21/7/Amin). Do d6 suy ra
+ o € M%) v £ 10 € S(0,2/7/ Nain). (3.1.20)

Két hop (3.1.16) va (3.1.20) ta suy ra M(y) nam trong hinh cau
B(0,2+/7/Amin), ti€p xtic véi mat cau nay tai 2 diém riéng biét déi xtimg

véi nhau qua tam cda nd.

Mat khéc, néu Apax > Amin, 801 €, 1a véc to riéng ing véi gid tri riéng
16n nhét Apax cla ma tran A. Dat y := tej), 24/7/ Amax < t < 24/7/Ain,
khi dé

<Ay7 y> = t2)\max<ejoa €j0> - t2)\max > >\maX4’Y/>\max - 477
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tic la y ¢ M(y). Mat khac, v1 ||y|| = [|tej, || < 24/7/Amax < 24/7/Amin DED
y € B(0,2/7/Amin). Do vay, néu Apax > Amin thi tap M(7) thie s nam
trong hinh cau B(0,2v/7/Amin)-

Ménh dé 3.1.19. Ham todn phuong loi ngdt véi nhiéu gidi ngi f = f+p
la T-10i ngoai véi T' = M(2s).

Chitng minh. Hién nhién ta cé

[p(2)| < sup|p(x)| véimoi x € D,
xeD
tire 12

Ip(x)] < s=25/2 v&éi moi x € D.

Theo Ménh dé [3.1.18, ham f = f + p la I-1oi ngoai v6i I' = M(2s).

Trong [44] khi nghién cttu tap I-16i ngoai (dinh nghia [1.4.6), H. X.
Phu da chi ra mot s6 tinh chat co ban cia tap nay. Ménh dé dudi day chi
néu thém tinh chdt I'-16i ngoai cia tap mitc dudi cia ham toan phwong
161 ngat véi nhieu gidi noi, véi tap I' cu thé phu thuode vao can trén s cia

p|.

Ménh dé 3.1.20. Tdap mitc dudi L.(f) cia ham toan phwong 1oi ngdt
bi nhiéu gidi néi f = f + p la D-16i ngodi, véi T = M(2s).

Chitng minh. Theo Ménh dé [3.1.19) thl ham f = f + p 1 T-16i ngoai véi
' = M(2s). Mat khéc, Ménh dé Chuwong 1, khdng dinh tap mitc

dudi cia ham T-16i ngoai 1a T-16i ngoai, nén suy ra L,(f) 1a T-16i ngoai,
voi ' = M(2s). O

o A . N e ’ o X
3.2. Diém infimum toan cuc cda bai todn nhiéu

Mot tinh chat quan trong cia ham 16i 14 cuc tiéu dia phuwong 1a cuc

oA N . a N . e ’ ’ .
tieu toan cuc. Doi véi ham I'-16i ngoal ta ¢6 tinh chat gan giong sau:
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Ménh dé 3.2.21. Cho I' = M(2s) néu x* € D la dié¢m T-cuc tiéu cia

\ . - X A A 7 \ \ - A7 Y \ r
ham bi nhieu gici noi f = f + p, thi * la diém cuc tiéu toan cuc cia f.

Chitng manh. Dinh ly Chuong 1 khang dinh, néu I' ¢6 0 13 diém
trong, ¢ : D C IR" — IR 1a T-16i ngoai va z* 1a diém I'-cuc tiéu thi z* la
diém cue tiéu toan cuc cda g trén D. Theo Ménh d6[3.1.18/thl f= f+p
13 ham I'-16i ngoai véi I' = M (2s) va theo (e) cia B6 de|(3.1.3) “thl 0 1a diém
trong cia M(2s), nén cac diéu kién cia Dmh Iy [1.4.9] thda man, do d6 z*

13 difm cue tidu toan cuc cla f = f + p trén D. O

Trong [50] H. X. Phu chi ra dinh 1y sau:
Dinh ly 3.2.17. Cho T' = M(2s) va x* € D la diém T-infimum cia ham
bi nhieu gidi noi f = f 4+ p. Khi dé =¥ la diém infimum toan cuc cia
f=r+p

Chitng minh chi tiét dugce trinh bay trong [50].

Nghién ctru hiéu ciia cdc diém infimum toan cuc cia Bai todn (P) ta
c6 ménh deé sau:

Ménh dé 3.2.22. Néu i, 73 la hai diém infimum toan cuc bdt ky cia
Bai todn (P) thi

T] — Ty € M(2s).
Chitng minh. Theo (2.1.2)) thi
1. 1, . Pl
LI+ i) - rET) < A - a - w3220

Ta lai ¢6 Isc f = f + Iscp, nén

%lscf(:%ik) %lscf(fz) ISCf( +i;)
2@+ 5169 -
+§180p(fff{) t 518019(55’5) ~ lsep(~ ; =)
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Két hop véi (3.2.21) ta suy ra

%ISC F(@) + %180 F(@5) = lsc f(

~ % ~ % ~ % ~ % 1 ~ % 1 ~ %
= —<A(931 — I3), (@7 — l’2)> + §1SCP($1) + 518029(372) — Iscp(

2] + o

2 )
Visup,cp [p(7)| < s < 400, nén theo (b) B6 d@ suy ra sup,cp |Isc p(z)|
< s. Thay vao biéu thitc trén ta dwoc

| 1.~ ~ X + T5 1 e nn ~ .
5180 f(@y) + 5150 f(@3) = f(= 5 ?) > Z<A($1 — I3), &1 — 5172> - 2s.
Mat khac, theo Ménh de 3.4.3 [1] thi 27, 75 14 cdc diém cuc tidu toan cuc

cia lIsc f(z), tie 1a Isc f(&%) = Isc f(£5), nén tir bidu thite trén suy ra

Isc f(&) —lIsc f( ‘

Thay

1
) > Z<A(:z~’{ — T3), T} — T3) — 2s. (3.2.22)

Ty + T

Isc f(&) — lIsc f(
vao vé trai cia (3.2.22) va chuyén vé ta nhan duoc

) <0

(A - 73), (5 — #3)) < 85,

Do do6 tir (c) Bo de va biu thitc trén ta suy ra

] — 15 € M(2s).
Ménh dé duwoc chitng minh. O

Tu Nhan xét [3.1.5, khi Apax > Amin ta suy ra
Nhan xét 3.2.6. Ménh dé[3.2.22) manh hon Ménh dé[2.3.16] Chuong 2.
Vi du 3.2.7. Xét ham toan phuwong 16i ngat
fl2) =0256%+ &%, v = (&,&%)

va ham nhiéu

—0.5 néu 2 < ||z]] <100
plx) = )
0.5 néu ||z| < 2.
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Khi d¢
s:= sup [|p(x)|=0.5
]| <100
va
0.256% 4+ &% — 0.5 néu 2 < |jz|| <100

fo) = oepo = { 0.256° +&° +0.5 néu 2] <2.

Ta thdy rang
{(0,0)} U{z = (£1,&) [ 0.256% + & = 1}
14 tap céc diém infimum todn cuc cia f(x).
Liy z € IR", 2 # 0 bat ky, tia {tz | t € IR} cat tap cdc diém infimum
toan cuc tai &y = (0,0) va tai 4, = (&,&), 42 = (=&, —&) thda man
0256 +6& = 1.
Ta thay rang
F1 — By = (261,26), B — 1 = (=261, —26,)
nén I, — &, To — £1 doi xttng v&i nhau qua 7y = (0,0) va
By — o, By — 01 € {x = (61,62) [ 0.256° + &° = 4} C M(1) = M(2s),

tirc 1a v&i moi phuwong z # 0 ludn ton tai 2 diém infimum toan cuc 1, @»
cia f A6 &1 — &y, T9 — &1 A61 xttng qua (0,0) va nam trén bién cia M(1).
Do dé suy ra tap M (1) la tap nhd nhat chita hiéu cida hai diém infimum
bat ky cida vi du trén, vi thé ddnh gid & Ménh dé 14 khong thé 6t

hon.
, N . A ’ ) . N
3.3. Tinh 6n dinh cida tap cdc di€m infimum toan cuc
Tinh 6n dinh cia tap cdc diém infimum toan cuc cia Bai toan (P)

da duoc xét dén trong Chuwong 2. Hai dinh ly dudi day 1a nhimg két qud

co ban cia muc nay.
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0k

Dinh ly 3.3.18. Néu a* la di¢m cuc tiéu toan cuc cia Bai todn (P), ¥

la di€m infimum toan cuc cia Bai todn (P). Khi dé

i€zt +0.5M(2s). (3.3.23)

Chitng minh. Vi f(z*) > f(z*) nén

F@E) — F@) 2 SHE) + )~ fa)

1 ~x 1 *

= ?f(x)—éf(x)

= (A5 7) + (0.3") — (A2, 2") — (b.a"))

= S(AE 4 F )+ )+ (e )
—(Ax*, 2"y — (b, x*>)

- %((A:v*, ) + 2{Ax", T — 2%) + (AT — 2", B — o)
+<b7 T — x*> + <b7 .’E*> - <A.CC*, .II*> - <b7 33*>)

Rut gon bi€u thirc trén ta duwoc
1

5((14(53* — %), T — 2") + (2Az" + b, 7" — 1)) < f(7) — f(2).

Theo (2.3.10) Chwong 2 thi (242" + b, #* — 2*) > 0 nén tir biéu thitc trén

ta suy ra

SIAG —a%), 8 — ) < (@)~ () (3.3.24)

Néu #* 1 diém cuc tidu toan cuc cda f thi f(&*) — f(z*) < 0 vA c¢6 thé

. Ao
bién doi

IA A
DO
5
C =
*
SN—"
|
g
K
*
SN—"
i
DO
»

Do d6 két hop véi (3.3.24) ta duoc

(A(F* — 2%), 5" — 2*) < 4s. (3.3.25)
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Néu #* chi 13 difm infimum todn cuc cia f thi né 1a diém cuc tidu
toan cuc cia lsc f = f 4 Iscp nén Isc f(&*) — Isc f(z*) < 0. Két hop véi
sup,cp |Isc p(x)| < s ta suy ra

f(@) = f(z*) = lsc f(&) —lIsc f(a*) — Isc p(&") + Isc p(z*)

< lsc f(z*) —Isc f(z")
2s.

IA

Thay bat ddng thirc trén vao (3.3.24)) ta lai nhan dwoc (3.3.25).
T (3.3.25)) va dinh nghia tap M (v) ta suy ra
" — 2" € 0.5M(2s),
tite 1a 7* € 2* + 0.5M (2s). u

Nhan xét 3.3.7. Dinh ly manh hon Dinh 1y 0 Muc 2.3
Chuong 2.

Vi du sau day cho ta thay tap 0.5M(2s) la nhd nhat trong cdc tap

chra * — x*.

Vi du 3.3.8. Xét ham toan phwong 16i ngat
flz) = &° +2&°

tréen IR? va ham nhicu

p(z) = { s— f(x) néuxz=(£,&) € 0.5M(2s)
0 néu x = (&,&) ¢ 0.5M(2s) .
Khi do
F(r) = { s néu x = (&,&) € 0.5M(2s)
f(x) néuz=(£,&) € R*\ 0.5M(2s).

Ta thdy, 2* = 0 14 diém cue tiéu duy nhét cda f trén R? va f dat cuc
ticu tai moi ©* € 0.5M (s). Do d6 ta suy ra 0.5M(2s) 13 tap nhd nhdt chira

T* — x*.
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Goi Sy 1a tap cdc difm cuc tiéu cia Bai todn (P) va S, 1a tap céc
diém infimum toan cuc cia Bai todn (P). Khodng ciach Hausdorff 1a dai

lwong:

d (S0, Ss) = max{sup inf ||z — y||, sup 1nf |z —yl}.

€S YEOs yES;s
Trong [50] H. X. Phu da phét biéu va chitng minh dinh 1y sau:
Dinh 1y 3.3.19. Gid sit Bai todn (P) ¢é diém cuc tieu z* va
(z* + B(0,7)) N D la déng vdi gid trir > 0 nao dé .
Néu
up |p(@)] < 5 < 572 A

zeD

thi tap S, la khdc rong va

dg({z*},Ss) < /28/Amin -

3.4. Duéi vi phan suy rong thé va diéu kién tdi wu

Trong muc 2.4 Chuong 2, chfmg toi da trinh bay tinh chat tua va
dieu kién t6i wu ciia Bai toan (P). O muc nay ta xét lai cdc tinh chat trén

va nhan duoc cdc két qud tong quat hon cac két qud trude do.

Pinh nghia 3.4.10. ([50]) Cho tap cin I ta noi € la dudi vi phan suy

réng thé cia ham g : D — IR tai diém x* € D néu

inf  (g(a') + (¢,2")) < g(z) + (£, x) vdi moi x € D.

w'e(z*+T)ND
Khi g = f = f + p ta ¢6 dinh 1y sau:

Pinh ly 3.4.20. Gid st 0 < sup,.plp(x)] < s < +oo, f(x)
(Ax,z) — (b,x). Khi dd, vdi x* € D nao do thi

inf F(2') = (2Az* +b, ') < f(x)—(2Ax*+b, ) véi moi x € D.
et @)= @AT b ) < fla)— (24074, 2) wdi moi «
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Trong truong hop ddc biét, néu D déng va p la nita lién tuc dudi, the véi
moi x* € D ton tai
"€ (z*+0.5M(2s)) N D

sao cho

(&) — QA" +b,3") = min (f(x') — (2Az" + b, 2'))

'€ (z*+0.5M (25))ND
va
(7)) — QAz" +b,7") < f(z) — (242" + b, z) vdi moi x € D,
hodc twong duong la

f(x) > f(&) + QAz" + b,z — &) vdi moi x € D.

Dinh 1y nay do H. X. Phu phat bi¢u va chitng minh trong [50].

N , . o« . N e ’ I z
Nghién ctru sy ton tai diem infimum toan cuc cia Bai todn (P), ta ¢

Dinh 1y Kuhn-Tucker suy rong nhw sau:

Pinh 1y 3.4.21. Xét Bai todn (P) vdi mién D duogc cho boi (2.4.17).
Khi do

(a) Néu 7* la diém infimum toan cuc, thi ton tai duy nhdt z* € (T* +
0.5M(2s)) N D wva cde nhan ti Lagrange pg > 0,00 > 0, ..., fo > 0,

sao cho ching khong cung triét tiéu, théa man diéu kién Kuhn-Tucker
L(x™ oy -y fom) = 2161%1 L(x, poy -y fm), (3.4.26)

dieu kién bu
wigi(z*) =0 voi moi i=1,...,m. (3.4.27)
Néu dieu kién Slater (1.1.7) thda man thi po # 0 va c6 thé coi g = 1.

(b) Néu ton tai x* thda man (3.4.26) va (3.4.27) vdi pog = 1 thi ton tai

T € (x* 4+ 0.5M(2s)) N D la infimum toan cuc cia Bai toan (P).
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Chitng minh. (a) Gid thiét (a) cia dinh 1y cung la gid thiét (a) cia Dinh
Iy [2.4.14 Chwong 2, nén suy ra ton tai duy nhat diem z* € D va céc nhan
ti Lagrange pu; > 0, ¢ = 0,...,m, sao cho ching khéng cung triét tiéu,

thda man diéu kién Kuhn-Tucker

,C(ZE'*, Koy - - - 7:UJm> - min£($7 Koy - - - 7:um)

xes
va
wigi(x*) =0 véimoi i =1,...,m.
Néu dieu kién Slater (1.1.7) thda man, thi pg # 0 va c6 thé coi pg = 1.
Ngoai ra, r* 1a cuc tiéu toan cuc cia Bai todn (P) trén D, nén theo Dinh

ly [3.3.18 ta suy ra z* € (z* + 0.5M (2s)) N D.

(b) Vi céc gid thiét cia dinh 1y cling 1a cdc gid thiét cia Dinh 1y
Churong 2, nén ton tai #* 1a diém infimum toan cuc ciia Bai todn (P). Mat
khéc, theo Pinh 1y thi z* 1a diém cue tiéu toan cuc ciia Bai todn (P)
trén D. Do d6, 4p dung Dinh 1y ta suy ra

" e ("+ € 0.5M(2s)) N D.
Dinh ly duwgc chirng minh. []

M& rong Dinh 1y [2.4.15/1a dinh 1y sau:

Dinh ly 3.4.22. Gid s D duogc cho bdi cong thite (2.4.17), g; - R™ —
R,i=1,...,m, la cdc ham 10i, cung lién tuc it nhat tai mot diém cia
tip 15, déng S C IR, Khi d6

(a) Néu &* la diém infimum toan cuc cia Bdi todn (P) thi ton tei duy
nhdt x* € (¥*+0.5M(2s)) N D va cde nhan tié Lagrange pg > 0, piy >

0,...,n >0, ching khong cung triét tiéu thda man

0 € (242" +b) + Y pidg;(x*) + N(z*|S) (3.4.28)

i=1
va

wigi(x*) =0 voi moi i=1,...,m, (3.4.29)



61

trong dé N(z*|S) la ndn phdp tuyén cia S tai x*.
Néu dieu kién Slater (1.1.7)) thda man thi pg # 0 va 6 thé coi gy = 1.

(b) Néu ¢ x* € D thda man (3.4.28) va (3.4.29) vdi g = 1 thi ton tai
T* € (2" +0.5M(2s))N D la di€¢m infimum toan cuc duy nhdt cia Bai
todn (P).

Chitng minh. (a) V1 gid thiét cida Dinh 1y [2.4.15 cting 1a gid thiét cida dinh

Iy nay, nén ton tai 2* € D va cdc nhan tir Lagrange p;,7 = 0,...,m, thda

man cdc diéu kién

m
0 € pug(2Az* +b) + Z,uiagi(x*) + N(x*|S)
i=1
va
wigi(x*) =0 véimoi i=1,...,m,
trong d6 N(z*[S) 1a nén phdp tuyén cia S tai z*. Pong thoi, theo Dinh
ly Kuhn-Tucker cho Bai todn (P) ta cling suy ra z* 1a cuc tidu toan cuc

duy nhdt cia Bai todn (P). Ap dung Dinh 1y [3.3.18 cho cdc diém z* va

x* ta nhan duoc
z* e (" +0.5M(2s)) N D.

Ta cung suy ra, néu diéu kién Slater (1.1.7) thda man thi g # 0 va ¢
thé coi o = 1.

(b) Céc diéu kién (3.4.28)) va (3.4.29) thda man (b) cda Dinh 1y[2.4.15]
nén ton tai #* 13 diém infimum toan cuc cia Bai todn (P). Mat khéc cac

diéu kién ((3.4.28)) va (3.4.29)) thda man Dinh ly Kuhn-Tucker cho Bai todn

(P) nén z* 1 cuc tiéu toan cuc duy nhat cia ham toan phwong 16i ngit

f. Ap dung Dinh 1y [3.3.18| cho cac difm Z* va z* ta suy ra

7 € (z* 4+ 0.5M(2s)) N D.

Dinh 1y dwoc chitrng minh. ]
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Nhan xét 3.4.8. (a) Néu S = IR" thi khi dé N(x*|S) = {0}, nén biéu
thite (3.4.28) duoc thay boi

0 € po(2Az" +b) + > p1;0g;(x*).

1=1

(b) Néu g;,i=1,...,m 10i, khd vi lién tuc thi bi€u thitc trén cé dang

0= po(24x™ 4+ 0) + Z 19 ().

i=1
Khi D 1a tap 16i da dién ta c6 dinh ly sau:
Dinh 1y 3.4.23. Gid s D duoc cho boi (2.4.18)). Khi do

(a) Néu &* la diém infimum toan cuc cia Bdi todn (P) thi ton tai duy

nhdt x* € (Z* 4+ 0.5M(2s)) N D wva cde nhan tv Lagrange p; > 0, @ =

1,...,m, sao cho
(242" +b) + Y pic; =0, (3.4.30)
i=1
wi({ci,x*y —d;) =0 vdimoi i=1,...,m. (3.4.31)

Hon thé nita ta co

QAT + b+ pic; € AM(2s).

1=1

(b) Néu ¢ z* € D thda man (3.4.30), (3.4.31)) thi ton tai T* € (a* +
0.5M(2s)) N D la di€m infimum toan cuc cia Bai todn (P).

Chitng minh. (a) Gid thiét cia dinh 1y cung 1a gid thiét cia Dinh 1y [2.4.16],
do d6 ton tai duy nhat z* cing cdc nhan tir Lagrange p; > 0, 1 =0, ..., m,

sao cho
i=1
va
wi({ci,x™y —d;)) =0 véimoi i =1,...,m.



63

Mit khéc z* 14 diém cuc tiu toan cuc duy nhat cia Bai toan (P) nén

theo Dinh ly |3.3.18 suy ra
z" e (" +0.5M(2s)) N D.

Ta lai co

QAT + b+ pic; = 2Az" +b+ Y pic; + 2AF° — 24"
=1 =1

= 2A(F* —a%)
e AM(2s). (3.4.32)

(b) Céc diéu kién ((3.4.30) va (3.4.31)) thda man (b) cia Dinh 1y [2.4.16| do
d6 ton tai #* € D la diém infimum toan cuc cia Bai toan (P). Vi z* la
cue tidu toan cuc duy nhat cia Bai todn (P) nén theo Dinh 1y [3.3.18 suy
ra moi diém infimum toan cuc ¥* € (z* + 0.5M(2s)) N D. Pinh 1y dwgc
chirng minh. ]

K&t luan: Trong chwong nay ching t6i da gidi quyét dwoc nhimg van dé

~ N ’ B N A~ N .
co ban duoc dat ra & dau chwong 1a: chi ra cdc diéu kién di dé ham bi

nhiéu giéi noi f = f+p la I-16i ngoai (cdc Ménh dé [3.1.18—[3.1.19)); chiing

minh diém I-cire tiéu (M-infimum) 14 diém ce ti€u toan cuc (infimum toan
cuc) khi I' = M (2s) (cdc Ménh dé [3.2.21] - [3.2.22)); x4c lap dwgce quan hé

o~ [N N N \ e ’ N N . \
gitra diém cuc tiéu toan cuc cia Bai todn (P) va diém infimum toan cuc

ciia Bai todn (P), dong thoi ching minh dwoc tinh 6n dinh nghiém theo
khodng cach Hausdorff (cdc dinh 1y [3.3.18] [3.4.20); trinh bay dwdi vi phan

suy rong tho cia ham f = f + p va chi ra céc diéu kién t61 wu cia Bai

toan (P) (cac dinh ly [3.4.21] - |3.4.23)).




CHUONG 4
PIEM SUPREMUM CUA BAI TOAN (Q)

Bai toan dwoc xét trong chwong nay la

f(x):= f(z) +p(zr) = sup, zeD, (@)

trong d6 D la tap 16i, f thda man cong thic (1.0.1), tic la f =
(Az,x) + (b,z), A € IR™™ la ma tran doi xing xdc dinh dwong, p la
nhiéu giéi noi, tirc 14

sup |p(x)| < s < +o0.
xeD

Trong chwong nay chiing toi nghién ctru tinh ~-16i trong cia ham bi nhiéu
f = f+p; mot s6 tinh chdt cja difm supremum toan cuc cia Bai todn
(Q); tinh 6n dinh cia tap céc diém supremum toan cuc va tinh én dinh

cda tap cdc difm supremum dia phwong cia Bai todn (@) theo nhicu p.

4.1. Tinh ~-16i trong cia ham bi nhiéu

Trong muc nay, ta trinh bay mot s6 diéu kién di d€ ham toan phwong

161 ngt bi nhidu gidi noi f = f + p 14 4-161 trong. DG 1a cde ménh dé sau:

Ménh dé 4.1.23. Cho v > 0, f, p adc dinh theo cong thite (L.0.1) va
(1.0.2)), twong itng. Khi do

(a) Néu sup,cp [p(@)] < Aminy2/2, thi f = f+ p la v-10i trong.

(a) Néu sup,cp |p(x)] < Aminy?/2, thi f = f + p la y-16i trong ngdt.

64
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Chitng minh. Xét bat ky xg, 21 € D théa man ||xg — 21| = v, —x¢ + 221 €
D, ta co

f(xo) = 2f(z1) + f(—z0 + 211)

= (Axg, xo) + (b, xo) — 2{Axy, 21) — 2(b, 71)
+(A(—zg + 221), (—x0 + 221)) + (b, —x( + 221)

= 2(Axzg, o) — 4(Axg, 1) + 2(Az1, 21)

= 2(A(xg — 1), 70 — 71)-

Khong gidm tinh tong quét ta goi \;, i = 1,...,n, la cc gid tri rieng cia

ma tran déi xing x4dc dinh diwrong A (c6 thé cé mot s6 gid tri tring nhau),

{e;| i=1,2,...,n} 1a co s& truc chuan trong IR" va dong thoi e; 14 véce
to rieng wng voi gid tri rieng A;, ¢ = 1,2...,n. Khi dé
n n
ro=Y Gei, ;1= (ie;
=1 1=1
va

3

2(A(zo — 1), 19 — 11) = ZA (Ch—CDei > (G —¢Des)

Jj=1

— 2373 MG - 4G — i)

lel

= 2ZA (¢ —¢)?

2 2)\mln|lx0 xl” .

Tir bicu thitc cudi va dinh nghia ham ho(7) trong Ménh de ta

nhan duogc

ha(7y) = inf —2 —T+221)) > 2Amin Y’
2(V) xo,xleD,onfxllrh:’y,f:voJerleD (f(l’o) f($1)+f( ot xl)) - i
(4.1.1)

Theo gid thiét (a) va bicu thirc (4.1.1)) thi

[p(z)] < ha(v)/4 véi moi z € D,

nén 4p dung Ménh dé [1.5.7 ta suy ra f 1a +-16i trong.
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Twong tir theo gid thiét (b) va bicu thire (4.1.1)) ta ciing c6

Ip(z)] < ho(7y)/4 véimoi x € D.

Ap dung Ménh d@ [1.5.7 ta suy ra f 1 7-16i trong ngit.

Vay (a), (b) dwoc chitng minh, O

Ménh dé 4.1.24. Cho f zdc dinh theo cong thite (1.0.1), p thda man
1.0.2). Khi @6 ham bi nhiéu f = f + p la y-16i trong v6i v > \/25/Auin
va y-10i trong ngdt v&i ¥ > \/28/ Amin -

Chitng minh. Ta thay véi /28/Amim < v (hodc 1/25/Amin < ) tuong

duwong voi

\/SUP ‘p(x”/)\min S Y (hOéC \/SUP ‘p(x)’//\min < ’Y)a

zeD zeD
tic la
sup [p(#)] < Awiny®/2 (hodc sup [p(z)] < Awiny*/2).
zeD xeD
Ap dung Ménh dé 4.1.23 ta suy ra duoc ménh dé trén. O

o« AV Y N . o X
4.2. Diém supremum toan cuc cia ham bi nhiéu

\ ’ A [N ’ A ’ A

Trong muc nay ching to6i nghién cttu mot s6 tinh chat cia diém cuc

dai toan cuc va supremum toan cuc cia ham toan phwong 16i ngét bi nhiéu
s A P INAEEN . , , [N . N

gigGi noi f = f + p. Cu the la chi ra vi tri cida cdc diem cuc dai toan cuc,
N N A ~ N .« A AN . . A . N

supremum toan cuc va mot so dieu kién ton tai diem cuc dai toan cuc,

'/\7 \ / \ \ A A .
diém supremum toan cuc cia 16p ham nay trén tap 1oi D.

Ung dung cdc dinh 1y [1.5.10] va [1.5.11] cho 16p ham toan phwong bi

nhiéu ta nhan duwoc cdc ménh dé sau:

Ménh dé 4.2.25. Cho f : D C IR" — IR zdc dinh theo cong thitc ((1.0.1)).
Néu ham bi nhiéu f = f 4 p dat gid tri cuc dai, the no dat cuc dai toan
cuc tai mot s6 di€m y-cuc bién ngdt nao dé cia D, véi vy = 1/28/Auin -
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Chitng minh. TruGce tién, véi céde gid thiét trén ta chimg minh D gidi
noi. Gid st D khong gidi noi, tirc 13 ton tai day (%) C D sao cho
limy,_ 4o ||2"¥]| = +00. Ta ¢b

F@)l = [Aw.2) + (b.2) +p(a)
> (Ax.x) ~ b]Ja]] ~ sup [p(@)]

va (Az,x) > Apullz|* do A 14 ddi xitng x4c dinh dwong, nén
()] = Aminll]|* = [1B][[]2]] = 5.

Biéu thitc cudi cho ta limy_ o | f(2z¥)| = +oo, dicu nay trai véi gid thiét
ton tai gid tri cue dai toan cuc cia ham f. Mat khdc, theo Ménh deé [4.1.24
thi f = f+ p 1a ~-16i trong v6i v = /25 Amin - Ap dung Dinh 1y [1.5.10} ta
suy ra diéu can chimg minh. O

Ménh dé 4.2.26. Cho f : D C IR" — IR xdc dinh theo cong thite ((1.0.1)).
Khi d6 néu ham toan phwong 10i ngat bi nhiéu gidi néi f = f +p dat gid
tri cuc dai toan cuc trén D, thi chi co thé dat cuc dai toan cuc tai nhing

diém y-cuc bién cia D, v6i v = \/25/Amin -

Chitng minh. Ta ching minh bang phdn chimg. Gid s, ton tai y € D 1a

diém cue dai toan cuc cia f = f + p, nhung y khong phai 1a diém ~y-cuc
bién véi v = /28/ A, tikc 1a
',y € D:y=050 +v"), v — ¥ > 225/ Amin-

Chon € > 0 sao cho 2y, := ||y — ¢"|| — 2¢ > 24/25/\pin - Theo Ménh dé

3.1.19 thl ham toan phuwong bi nhiéu f = f + p 14 4-16i trong ngat véi

v =, nén f = f+pthda man Dinh Iy[1.5.11) Vi vay, diém cuc dai toan

cuc y cia f = f+ p chi ¢6 thé 1a difm ~-cue bién ngat véi v = 7, tike 1a
tr y = 0.5(y' +¢") suy ra ||y — 3’| < 271. Diéu nhan dwoc 1a mau thuan
vGi gid thiét ||y — y"|] > 2v1. Do d6 ménh dé da dwge chitng minh. [

2 ’ ~ 7 ’ oA . N . . s .
O muc truée ta da xét cdc diém cue dai cia ham ~-16i trong. Déi véi

, N N . N . \ /. A
16p ham nay, su ton tai diem cuc dai toan cuc néi chung khong bdo ddm,
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tham chi khi ham 1& ~-16i trong x4c dinh trén tip compact. Vi vay khéi

oA N . . ’ A~
niem diem cuc dai toan cuc duwoc mo rong ra nhu sau:

Pinh nghia 4.2.11. ([43]) z* € D dvoc goi la diém supremum todn cuc
ciag: D C R"— IR néu

limsup g¢(y) > g(z) voi moi x € D.

y—x*, yebD
Dinh nghia 4.2.12. 2* € D duoc goi la di€m supremum dia phuwong cia
g: D CIR"— IR néu

35 > 0: limsup g(y) > g(x) véi moi x € B(x*,6) N D.
y—ax*, yeD
Véi dinh nghia trén ta thdy moi diém cuc dai toan cuc la diém

supremum toan cuc, nhung nguoc lai thi khong, diéu dé cé thé thay qua
vi du don gidn g(z) = x — [z] x4c dinh trén IR, [z] 1& phan nguyén cia z.
Dé& nghién citu cdc diém supremum todn cuc ta sé st dung mot s6 tinh
chat cia ham bao déng mia lién tuc trén, ham dé dwgce dinh nghia nhuw

sau:
Pinh nghia 4.2.13. (xem [43]) Cho g : D C IR" — IR, ham uscg zdc
dinh nhu sau

usc g(x) := limsup g(y),
y—z,yeD

duogc goi la ham bao déng nita lién tuc trén cia g trén D.

B& de 4.2.4. Ta ¢6 cdc tinh chdt sau cia ham bao dong niéa lién tuc

tréen:

(a) 2* € D la diém supremum toan cuc cia g trén D khi va chi khi x*
la diém cuc dai toan cuc cia ham usc g trén D.

(b) z* € D la di€m supremum dia phuong cia g trén D khi va chi khi

\ - A7 . . \ A
x* la diém cuc dai dia phwong cia ham usc g trén D.

(¢) Néu f = f+pthiuscf = f+uscp va uscf la y-10i trong véi

Y > /28 A va y-10i trong ngdt véi v > 1/25/Amin -
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Chitng minh. (a) Gid st * 1a diém supremum toan cuc cia g trén D. Khi
dé

uscg(z*) = limsup ¢(y) > g(x) v6i moi z € D.
y—ax*, yebD

Mat khéc, véi # € D thi

usc g(z) = limsup g(y),
y—x, yebD

néen
usc g(x) < uscg(z®) véimoi x € D.
Do d6 suy ra z* 1a diém dat cuc dai toan cuc cia usc g(x) trén D.
Nguoc lai, néu z* 1a diém dat cuc dai cda usc g, tic 13
usc g(z*) > usc g(x) véi moi x € D,
thi

usc g(z*) = limsup g(z) > uscg(x) > g(x) véi moi x € D.

r—x*, reD

Ta suy ra z* la diém supremum toan cuc cia g trén D.
(b) Chitng minh twong tuw (a).
(c) Ldy xz € D, ta c¢6

usc f(x) = limsup,_, ep f(y)
= sup{n: yn — 2,90 € D, n = lim, o0 f(yn)}
= f(z)+sup{n’ : Jyp = ,yn € D, ' = limy 00 p(yn) },
nen
usc f(z) = f(x) + uscp(x).

Mat khac, véi moi x € D thi

luscp(z)| = | limsup p(y)| = |lim sup p(y)|
y—z, yeD N0 yeB(z,5)

< lim sup |[p(y
6\0y63(m\ ()]



IA

lim su

tim sup [p(y)|
lim s

5N\0

S.

IA

Do dé, 4p dung Ménh dé |4.1.24] cho ham uscf = f + uscp ta suy ra diéu

phdi chirng minh. O

Nhéan xét 4.2.9. Ndi chung tr mot ham la v-10i trong khong suy ra ham

bao ddng nita lién tuc trén cia nd la v-10i trong (xem Vi du 2.4 [43]).

Hé qud 4.2.2. Cho f xdc dinh theo cong thice (1.0.1). Néu f=f+p

, - A7 \ A \ . A7 \
cé diem supremum toan cuc trén D, thi ton tai di€m supremum todn cuc
r \ A7 A v s
cia f=f+pla diém y-cuc bién ngdt, v6i ¥ = 1/28/ Ain -

Chitng minh. Néu ham toan phwong 161 ngit bi nhidu f = f + p ¢6 diém
supremum toan cuc trén D, thi theo Bo de , diém dé 1a difm cuc
dal toan cuc cia ham uscf = f + uscp. Vi vay, tit Ménh dé suy
ra ham usc f = f + uscp cé diém cuc dai toan cuc la diém ~-cuc bién
ngat voi v = \/m Ap dung lai (¢) cia B& deé [4.2.4 ta suy ra
f = f+p c6 mot s6 diém supremum toan cuc la diém ~y-cuc bién ngat véi

Y = /28/Amin - O]

Hé qud 4.2.3. Cho f zdc dinh theo cong thite (1.0.1). Khi dd ham toan
phwong 101 ngdt bi nhieu gidi noi f = f + p chi dat supremum toan cuc
tai nhitng di€m vy-cuc bién cia D, v6i v = 1/25/Auin -

Chitng minh. Theo BS dé 4.2.4, néu f = f + p ¢6 diém supremum toan
cuc thi diém dé la diém cuc dai cia ham uscf = f 4+ uscp va ham
usc f = f +uscp 1a 7-16i trong v&i v = 1/28/ A - Do d6 ép dung Ménh

dé [2.1.10 ta suy ra, tap cdc diém cuc dai cda usc f = f 4 usc p, chi ¢6 thé

1a cdc difm ~-cuc bién cia D. Ap dung lai (c) Bo de [4.2.4] ta suy ra cac

o« N s ’ PNEETEN ’ oA N
diém supremum toan cuc cia f = f + p chi ¢é the la cdc dieém ~y-cue bién

VOl Y = 1/25/ Amin - O]
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Hé qua 4.2.4. Cho f zdc dinh theo cong thitc , D la tap compact.
Néu ham nhiéu f = f +p ¢ dié€m supremum todn cuc trén D thi ¢d it
nhat mot diém la diém bién twong déi D theo aff D trong dd aff D la bao
tuyén tinh cia tgp D, hodc la diém y-cuc bién cia D vdiy = /25 Amin ,

la di€'m supremum toan cuc cia f = f+ptrén D.

Chitng minh. Theo Ménh dé thi f = f + p la 4-16i trong véi
Y = \/25/Amin- Néu D 1a compact, thi suy ra ham f = f + p bi chan
trén trén D. Theo Hé qua suy ra ton tai di€m supremum toan cuc
cia f = f+p trén D. Tir Dinh 1y 2.4 [43] suy ra, ¢ it nhét mot diém

supremum 13 diém bién twong d6i D theo aff D hoac & diém v-cuye bién
cia D véi v = 1/28/ Amin - O]

Vi du 4.2.9. Cho

flz) = 2%, 2 ¢€[-1,1],

—0.5 néu x € [—1,—0.5] U [0.5, 1]
p(z) = o .
0.5 -2z néux €| —0.505[.
Khi do
s= sup |p(z)| =0.5Auin = 1,7 = V/25/Amin = 1,
ze[—1,1]

va

ro=—1,21=0,29 = —x¢ + 221 = 1,

la cdc di€m supremum toan cuc cia f = f + p, trong dé zg, z; 1& diém
cuc bién, con z; 1a difm ~-cuwc bién véi v = 1. Vi du trén cho thay,
c6 thé ton tai diém supremum toan cuc cia ham toan phuwong 16i ngat
bi nhieu giéi noi f — f + p khong phdi la difm y-cuc bién ngit véi
Y = 1/25/Amin- Vi du ciing cho thdy, néu z, x1 € D, ||zg — 21| = 7 thi ¢6
thé tap {—z¢ + 221 | —20 + 221 € D} # 0.

Meénh dé 4.2.27. Cho v > 0, x; € D la di€m supremum toan cuc cia

ham toan phwong 10 ngdt bi nhiéu gidi ndi f = f+p va sup,cp |p(z)| <
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AminY2/2. Khi d6 néu xg € D, ||zg — 21| = v, =20 + 221 € D thi x¢ va

~ \ /7 '/\7 \ ~
—xo + 211 cung la cdc diem supremum toan cuc cia f = f + p.

Chitng minh. Vi sup,cp |p(x)] < Aminy?/2, nén ap dung Ménh de ta
suy ra f = f +p la 4-16i trong. Vi ||zg — z1]| = v vA —x0 + 221 € D, suy

Ira

f(xo) = 2f(z1) — f(—zo+ 221) = 2(A(x0 — 71), (T0 — 71))
> 2\’ (4.2.2)

Do dé

fwo) = 2f (1) + f(=w0 + 221)

= (f(x0) +uscp(ao) ) = 2(f(1) + usep(a))
—i—(f(—a:o + 2x1) + uscp(—xo + 2951))
—usc p(xg) + 2usc p(z1) — usc p(—zo + 221)

— usc f(zg) — 2usc f(z1) 4 usc f(—z + 221
—usc p(xg) + 2usc p(xq) — usc p(—xo + 221).

Chuyén vé biéu thitc cudi va két hop véi (4.2.2) ta suy ra

usc f(xg) — 2usc f(z1) + usc f(—zo + 221)
> 2y’ — 4sup [usc p(z))|
xeD

> 2)\min/y2 - 2)\min’72

= 0.

Do dé
usc f(xo) — 2usc f(x1) + usc f(—ao + 221) > 0,
tie la
usc f(x9) + usc f(—xo + 221) > 2usc f(x1).
Vi 7 1a cac gid tri cue dai toan cuc cia ham uscf nén tir bat dang thic
trén suy ra xg, —xo-+ 2z cuc dai toan cuc cia uscf va Vi vay xg, —xo+2x1

14 diém supremum toan cuc cia f = f+ptrén D. []
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Meénh dé 4.2.28. Cho z; la diém supremum toan cuc cia ham toan
phwcong 10 ngdt bi nhiéu gidi néi f = f+p, trong dd sup,cp |p(x)] < s <

+o00. Néu xg € D va —x¢ + 221 thda man

|0 — 1] = V28/Amin , —T0 + 221 € D

\ \ ~ \ , A7 \ Y
th xg va —xo+ 2x1 cung la cdc diém supremum toan cuc cia f = [+ p.

Chitng minh. Theo Ménh dé 4.1.24) thi f = f + p 1a ~-loi trong véi
¥ = 1/28/Amin , nén thda man Ménh dé 4.2.27, do dé ta suy ra diéu phai
chirng minh. ]

4.3. Tinh chat cia tap cic di€m supremum toan cuc

\ s A [N ’ N .« ~ A~ , oA
Trong muc nay, chung téi nghién citu quan hé gitta tap cac diém
N \ e ’ i~ s . A ’ « A N
supremum toan cuc cua Bai toan (@) vGi tap cdc diém supremum toan

cuc cda Bai toan (Q), khi D 1a tap loi da dién, tirc la

D:={x e R"|{c;,x) <dj,c; € R", i=1,...,m}.

Bat dau tir phan nay cida chwong ta sit dung mot s6 ky hiéu sau:

ext D := {a*| 2" la diém cuc bién cia tap 16i da dién D}.
Jp(z*) = ext D\ {z"}, 2" € ext D.
d(z,D) = inf ||z —y|.
(x, D) inf ||z — |
dp = min {d(z* convJp(z"))}.
x*cext D
D" p8) = {xeD|z=(1—-a)x"+ay,y €D,
0<a<1-p}, 2" €extD,p€|0,1].

\ N N [N
va |ext D| 1a s6 diém cuc bién cda D.
z N AN
Ta c6 bo de sau:

B6 dé 4.3.5. Cho D C IR" la da dién 16i, khi dé
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(a) Ton tai By > 0 dé véi moi 3 € [0, 3] ta cé

D= |J D@ p).

r*eext D
(b) Ton tai vy > 0 sao cho véi moi~y € [0,7] tdp cdc dié€m ~-cuc bién
cia mién D nam trong tap

U B(z*,v)N D.

x*eext D
(c) Ton tai sg > 0 sao cho véi moi s € [0, so] tdp cde di€m y-cuc bién
ciia D v6iy = \/28/A\uin ndm trong tap

U B@* v2s/ A ) N D.

w*eext D
Chitng minh. Truomg hop |ext D| = 1. Theo gid thiét D la da dién 16i nén
D = ext D = {2*}. Do d6 céc két luan (a), (b), (c) 1a hién nhién. Ta xét
treong hop |ext D| > 2.
(a) Néu 8 =0 thi D = D(z*,0) v4i moi z* € ext D nén

D= |J D@ 0). (4.3.3)

x*€ext D
khang dinh (a) ding khi 3 = 0. Xét truomg hop 3 > 0. Ta thay rang
D(z*,3) € D v6i moi a* € ext D va 8> 0 nén J,... p D(@*, 5) C D.

Nguwoc lai, ta chitng minh bang phdn ching. Gid st véi moi 3y > 0,

ton tai 3 €]0, 5] va T € D sao cho

khi do6

T ¢ D(z*,5) v&éi moi 2 € ext D,
C6 dinh z* € ext D, vi D 1a da dién 16i va € D nén = c6 thé bicu dién
thong qua cdc diém cuc bién, titc 13 ton tai a(y*), y* € ext D thda man

ay") = 0,3 ceap @(y")y" =1, sao cho

T = Z aly )y =a(z")x" + Z a(y’)y". (4.3.4)

y*eextD y*;ﬁz*
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Néu a(z*) =1 thi T = 2*, suy ra T € D(z*, 3). Diéu nay tréi véi gid thiét,

do d6 @(z*) < 1. Biéu thitc (4.3.4) cé thé viét lai nhu sau

T = > ay)y

y*€ext D
= a(z)z* + (1 —a(=") Z : (_)‘%ya*)y*
yrFar
= a(z*)z* + (1 —a(z"))a’
= (1—a(z"))z" +alz"), (4.3.5)

trong do

alz*) :=1—a(z"), 2’ = Z %y* € conv Jp(z*) C D.
y*#x*
VIT ¢ D(z*, 3) véi moi z* € ext D, nén tir dinh nghia D(z*, 5) va (4.3.5))
suy ra

1 -8 <a(z’) <1véimoiz" €extD.

Néu 1ay By < 1/|ext D] thi véi moi 8 € |0, Gy] ta ¢é

Z a(z”’) > |lext D|minz* € ext D{a(z™)} > |ext D| — |ext D|S
x*cext D

> |ext D| — 1
> 1.

Dieu nay trai voi gia thiét > ... po(z*) = 1. Do d6 két hop véi (4.3.3)
ta suy ra (a).

(b) Lay 3 € ]0, 5y], khi d6 theo (a) thi

bét v1 := dp — dpB. Ta chitng minh, véi v € |0, 9] va véi moi x* € ext D
thi

B(z*,v)ND C D(z", 3).
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That vay, 1ay o* € ext D, gid stt x € B(z*,v) N D. Khi d6

ro= ) aly)y

yr#£x* y*€ext D

Néu @(z*) =1 thl z = z*, do d6 suy ra z € D(z*, 3). Néu a(z*) < 1, viét
lai bi€u thitc trén giong nhu & -, ta duoc

= (1—a(z"))z" + a(z"),
trong dé 2’ € conv Jp(z*). Biéu thitc trén c¢6 thé bién doi thanh
v — = a(z")(z" —2'),
nén két hop véi x € B(z*,7) ta suy ra

a(z?)[lz” — 2| <.

VA ||z — 2/|| > d nén a(x*)d < v va do d6

alz”) < g ZZl <1-2.
Tir dinh nghia D(2*, 3) va biéu thitc nay ta suy ra o € D(z*, 3), vi vy

B(z*,7)N D C D(x*, 3), véi moi 2* € ext D. (4.3.6)

Vi D = Upeext pD(2*, 3) nén tir (4.3.6) suy ra cé thé chon dwoc v < 7
sao cho vé&i moi v € [0,7,] dé

D\ |J (B@*,7)nD)+#0. (4.3.7)

rx*eext D
That vay, lay € D,z ¢ ext D, dat t := mingcext p || — 2*|| > 0, khi d6
véi moi vy < t va 2* € ext D thi o ¢ B(z*,~). Do d6 ta c6 (4.3.7).

bat vy := min{vyy, 92, Bdp/2}. Ta chitng minh rang néu v € [0, o] thi
moi € D\ U, cent p (B(z*,7) N D) khong phdi 1 diém ~-cuc bién cia

mién D. Ta xét cic trwong hop sau:
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i) v €]0,%)]. Theo (a) x € D\Ux*eeXtD(B(x*, fy)ﬂD) suy ra ton tai y* €
ext D sao cho x € D(y*, ). Vi D, D(y*, 3) 1a cdc tap compact nén goi ¢ :=
max {t | y* +t(x —y*) € D} va t; := max {t | y* + t(x — y*) € D(y*,5)}.
Ta k¥ hiéu

2=yt t(r —y) varl =yt (e -y,
khi d6 " € D, 2’ € D(y*, 5) va
[y*, x] C [y*, 2] C [y*, 2" (4.3.8)

Ta khang dinh z” € convJp(y*). That vay, néu diéu nay khong xdy ra thi
2" € D\ convJp(y*) va c¢6 thé biéu dién nhw (4.3.5), tirc 1a

" = (1—a(y))y* + a(y)y, trong d6 a(y*) <1 vay € conv Jp(y*).
Do d6 2" € | y*,y [, diéu nay trai v4i cdch chon 2", nén 2" € conv Jp(y*).
Do 2’ € D(y*,3) nén ton tai ay € [0,1 — 3] vay € D sao cho
r=(1-a)y" + ayy. (4.3.9)
T ta suy ra y €|y*, 2"] do dé cé thé viét
y = aoy” + (1 —ag)a”, as €]0,1].
Thay y tir cong thitc trén vao ta duoc

/
€T =

1 —ap)y* + apx” (4.3.10)
trong d6 ag := a1 — a1 va dé nhan thay ag < 1 — 8.

Mit khéc, 2” € convJp(y*) va biéu thire (4.3.10) c6 dang twong

duong 2" — 2’ = (1 — ap)(2” — y*) nén

o = ' = (1 = ao)|l2” = g7l > Bd > 30 > . (4:3.11)
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Két hop bicu thirc (4.3.11) v6i & J,cone p B(x*,7) ta dugc

|z —y*|| >~ va o —2"|| > .

Nhu vay khodng cach tir diém z € [y*, 2”] dén hai diém y* va 2” 1ém hon

nen suy ra ton tal € , | C sao cho r = U. + va
v nén suy ra ton tai y',y" € [y*,2"] C D h 0.5(y" + ") v
|y — "] > 2. Do @6 x khong phai 1a diém v-cuc bién cia mién D.

ii) v =0, khi dé ext D = (J B(z*,y)N D.

z*eext D
Két hop cd hai truong hop 1), ii) ta suy ra (b).
(c) Bat sp = Aum13/2, v6i v théa man (b) cia bo dé. Ta thay
s € [0, so] khi va chi khi \/2s/Amin € [0,70], nén dp dung (b) ta suy ra tap
céc diém vy-cuc bién cia mien D véi vy = /25 / Amin nam trong

U B(x*,1/25/A\uin) N D.

r*cext D

Bo6 deé dwoc chiing minh. O

Vi du sau day cho thay tap cic diém y-cuc bién c6 thé nhé hon thuc

S tap U,-cexe p B(@",7) N D.

Vi du 4.3.10. Cho D C IR? 14 tam gidc c6 cdc dinh

o = (0,0), Tl = (\/g, 1), T9 = (—\/g, 1).

Cho v = 0.25, khi dé tap céc di€m y-cuc bién cia D véi v = 0.25
nam trong (B(zo,0.25)UB(xz1,0.25)UB(xz2,0.25))ND. Cho z, = (0,0.2) €
B(z0,0.25), 2y = (—/3/5,0.2), 24 = (v/3/5,0.2), khi d6 x), = 0.5(z} + %)
va ||z) —ap|| = ||zh —h|| = V3/5 > 0.25. Ta suy ra zj, € B(xg,0.25) nhung
khong phéi 1a diém ~-cuc bién cia D véi v = 0.25.

Ta ky hieu

C'D):={p:D— IR | Sulp) Ip(z)| < 400}
HAS
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B6 dé 4.3.6. Néu C°(D) dugc trang bi cdc phép todn (p1 + p2)(x) =
pi(z) + pa(x), (ap)(x) = ap(x), * € D, a € IR va chuin ||p|lco :=
sup,cp |p(z)] < +oo thi (CY(D),||.||co) la khong gian Banach.

Chitng minh. C°(D) la khong gian tuyén tinh dinh chudn dwoc suy truc
tiép tir dinh nghia cdc phép todn va chuan trén C°(D). Ta chitng minh
C%(D) 1a khong gian Banach. Xét day Cosi {p;} trong CY(D), khi d6 theo
dinh nghia

Ve >03IN:i, 5> N = |p; —pjlleo < e.

T biéu thite trén suy ra véi moi « € D
Ve>03 N :4,5 >N = |pi(x) —pi(z)| <e (4.3.12)

nén theo dinh ly Cosi ton tai p(z) sao cho lim; ., pi(x) = p(z).

Tir bidu thitc khi j — +oo thi
Ve>03d N: i>N=|p(x)—px)<e
voi moi x € D. Suy ra
Ve>03aN: i>N=|p —plc <e,
tirc 1a p; hoi tu dén p theo chudn cia C(D).
Maét khéc, ¢6 dinh 7 > N, vi
Ipllco < lIpilleo + llpi — plleo < lIpilloo + € < [lpwll + 2¢

nén p gi¢i noi trén D. Do d6, day Cosi {p;} hoi tu vé p € C°D), vay
C%(D) 1a khong gian Banach. N

Ky hiéu Beo(0, s) 1a hinh cau déng tam 0 ban kinh s cia khong gian
CY(D).
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Pinh nghia 4.3.14. (xem [4]) Cho X,Y li cdc khong gian tuyén tinh dinh
chudn. Ham da tri F : X — 2Y, duoc goi la niéa lién tuc trén tai xo néu
vdi moi tdp mo V. C Y thda man F(xy) C V ton tai lan can U(xg) sao
cho

r€e€U(xyg) = F(z)CV

va duoc goi la nia lién tuc dudi tai xg néu véi moi tap mo V CY thda

man F(xo) NV # 0 ton tai lan cin U(xg) sao cho

reU(ry) = Flx)NV £1(.

Goi Syobar(p) 12 tap cdc di€m supremum toan cuc cia Bai toan (Q), khi
A6 Sgiopar 1 CV(D) — 21" va dé thay Syepa(0) 14 tap cdc diém cue dai toan
cuc cia Bai toan (P). Vi|f(z)] = [f(z)+p(z)| = Auinllz]* =[]l 2] = [Ipllco,
£ (@)] > Awinl[2[|* = [|B]l[|z]| v& D la tap 16i da dién nén Sgipa(p), Sgiobar (0)
khéc @ khi va chi khi D la da dién 16i trong IR". Tinh 6n dinh cia ham

N . - s . « X « /. A A~ «A A
toan phwong 16i ngat véi nhiéu gidi noi dwoc thé hién qua ménh deé sau:

Dinh 1y 4.3.24. Xét Bai todn (Q). Khi d6

El30 > 0 VP € B(Oa 50) : Sglobal(p) C Sglobal(o) + \/QHPHCO/Amin B(Oa 1)
(4.3.13)

Chitng minh. Trude tién ta nhan xét rang, néu D khong gidi noi hodc
D = extD = {a*} thi Spopar(p) = Sgiorar(0) = 0 hodc Sgopa(p) =
Syiobar(0) = {x*} v6i moi p € C(D), nén két luan cia dinh 1y 14 ding. Do
d6 ta chi can xét trueomg hop |ext D| > 2 va D 1a da dién 16i. Ngoai ra khi

p = 0 thi két luan cda ménh dé 14 hién nhién.

Vi ham toan phwong f 16i ngat trén D, ext D 1a tap cdc dinh cia D,
nén céc diém cye dai cda f nam trong ext D, nghia 1& Sy.p,(0) C ext D.

Ta xét cac trueong hop sau:

i) Truomg hop ext D = Syopq(0). Theo (c) cda Bé dé |4.3.5] ton tai

s . . A ’ oA N [N s .
sp > 0 sao cho v&i moi s € [0, s, tap cac diém 7-cue bién cia mién D véi
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v = /25/Amin DAM trong tap
U B, v2s/ i) N D. (4.3.14)

r*€ext D

Liy p € CYUD) vi [|p|lco = sup,cp |p(z)] nén theo Hé qud diém
supremum toan cuc cdia ham toan phwong 16i ngit bi nhiéu giéi noi
f = f+pladiém v cye bién cia D v6i v = /2[[pllco/Amin - Két hop
véi ta suy ra véi moi p € Beo(0, s0), tire 1a [|pl|co < so, thi

Sglobal(p) g U B('r*v \/QHPHCO/Amin) nD

r*cext D

c U B V2lplleo /M)

x*ESglobal (0)

— Sytonat (0) + B0, /2[[pllw i )

Do do

El80 Vp S BC0(07 SO) : Sglobal(p) C Sglobal(o) + \/2||pHCO//\min B(Oa 1)
Vay truong hop ext D = Sjipp(0) d& duge chirmng minh.

ii) Truong hop Sya(0) C ext D. Gid st 49 théa man (b) cia Bo
de [4.3.5] dat s; := A\uinye/2. Theo (c) cia B de ta suy ra, véi moi
s € [0,51] tap cdc diém v-cuc bién cia mien D véi v = \/m nam
trong tap

U B(l‘*,\/28/)\min ) ﬂD.

x*eext D
Mit khéc, néu p € C°(D) thi diém supremum toan cuc cia ham toan
phrong 161 ngat bi nhidu gi6i ndi f = f + p 14 diém ~-cue bién cia mién
D véi Y= \/2Hp||6’0/)\min- Do dé

Vp € Beo(0, 1) : Saba(p) € | B(2*, v2pllco/Amin ) N D. (4.3.15)

r*€ext D
Dit

K = k= *
I;leaz%( f(:l?), y*EeXt%l\a;jlobal(O) f(y )’
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khi d6 v6i moi 2 € Syoa(0) thi f(z*) = K va k < K.

Ldy € € 0, £%]. Vi ham toan phwong 16i ngat f lién tuc tai moi di€m

trén D nén véi moi y* € ext D\ Syiopar(0) ta cé
30 =0(y*,e) >0,V e D: |z —y'| <= f(z) < f(y') +e

Dat 6 := My cext D\ S, (0) 0 (Y75 €)- V1 tap ext D\ Syiopar(0) 1a hiru han nén
d > 0. Do dé

Vy* € ext D\ Syt (0),V2 € D : ||z — y*|| < d = f(x) < f(y") + e
Thay f(y*) < k < K — 4e vao biéu thitc trén ta dwoc
Vy* € ext D\ Syopa(0),Vr € D : ||z —y*|| <6 = f(z) < K — 3e.

bat s = min{/\mingz/Q,e}. Khi d6, néu p € B(0,s9) thi v6i moi
y* € ext D\ Syopat(0) v 2 € D, thda man ||z — y*| <9, suy ra

f(x) = f(z) +plx) < f(z) +pllece < K —3e+ 59
< f(a") —2e
< fl@') —¢

trong d6 * € Syiopar(0).
Do vay, véi moi p € Beo(0, s9) thi

Vy* € ext D\ Sgopai(0),Ve € D : ||z —y*|| < 0 =— f(x) < supf(a:) — €.
zeD

Tir biéu thitc trén suy ra, néu p € Beo(0, s9) thi véi moi y* € ext D\
Sgiovat(0), tap B(y*,0) khong chita diém supremum toan cuc cia ham
f=f4+p, ticla

Vp € Beo(0, 89) : Syiopar(p) N B(y*,6) =0

vOi moi y* € ext D \ Sglobal(o)-
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Mt khac, v/2[[plloo/Amin < 6 nén B(y*, /2[plleo /Amin) € B(y*,0).
Do doé

Vp € BCO(Oa 52) : Sglobal(p) M U B(y*a \/QHPHCO/)\min) = 0.
y*EGXt D\Sglobal(o)
(4.3.16)

bat sg := min{sy, s2}, st dung (4.3.15) va (4.3.16) ta suy ra véi moi

p € Beo(0, s0), tap cdc diém supremum toan cuc Sype(p) théa man

Syana(®) € (U B> V200 X ) 1 D)
y*€ext D
voU o B V2Tl )
y*eext D\Sglobal (0)
c | B V2plleo/ i)

r* E‘S’global (0)

= Sglobal(o) =+ \/2Hp”00/>\min B(Oa 1)

Toém lai ta nhan duoc

3SO >0 vp S BOO(O7 SO) : Sglobal(p) g Sglobal + \/ZHPHC’O/Amm (O 1)

Dinh ly da duwgc chirng minh. []

Nhan xét 4.3.10. Biéu thitc (4.3.13) twong dwong voi

(3s0 > 0 Vp € Beo(0, s9)) =
(V@* c Sglobag(p), da* € Sglobal(()) : Hf* — x*H < \/QHpHCO/)\min).(Zl.?).l?)

Ngodi ra dai lweong \/2||pllco/Amin ¢ ddnh gid trén la t6t nhat. Két
lugn nay dva trén Vi duld.3.12]
Ta c6 thé tinh sy thong qua vi du sau:
Vi du 4.3.11. Cho
f(z) = 2% x€[-0.5,1]

Ta ¢6 D = [-0.5,1] nén cdc diém cuyc bién 1a 25 = —0.5,25 = 1
VA Amin = 1, Sgiopa(0) = {x3} = {1}. Theo ménh dé trén thi c6 thé chon



84

Yo = 0.75 vado dod s; = /\minvg/Q ~ (0.28125. Tacung c6 K = 1,k = 0.5 nén
c¢6 thé chon € = (1 —0.5)/4 = 0.125. Ngoai ra vi moi = € [—0.5,/0.375]
thi f(z) < f(—0.5)+€=0.2540.125 nén chon 6 = 0.5++/0.375 ~ 1.1123.
Vi 59 1= min{32/2, €} = 0.125. nén sy = min{sy, s2} = 0.125. Do d¢, trong
vi du trén véi sp = 0.125 bicu thitc thda man.

Vi du 4.3.12. Cho

flz) = 2*, ze€[-1,1],

—5 néu z € [—1,—/s]
plx) = s—a? néuz €] —+/s,/s]
—s néu z € [/s,1].
Vi D = [-1,1] nén cic diém cuc bién la 27 = —1,25 = 1 va

>\min = 1, Hp”co = S, Sglobal(o) = {ff,.%';} = {—1, 1}. Dé thé’y khi Yo = 1
thi v&i moi v < 7, tap
13 tap cac diém ~-cuc bién cda [—1,1]. Theo (c) cia Bo deé va vi
Amin = 1 nén véi moi 0 < s < s =13/2 = 0.5, tap

[—1,—14+v2s]U[1 — V25, 1]
chira tap cdc diém y-cuc bién cia [—1,1] véi 4 = +/2s. Mat khéc, khi
s = sy = 0.5 thi HpHCO = 0-5,ngobaz(;0) = {—1, 1} U ] . \/0.5,\/0.5[. Neén

suy ra 75 := 0 cling 1a diém supremum toan cuc cia f = f+p, tirc 14 75 €

Stopar (p). Ta cling c6 |75 — 27| = |75 — 23] = |0 — 1| = 1 = \/2[[pllco/Amin-
Do dé, bat dang thic (4.3.17) trd thanh ding thitc khi s = sy = 0.5. Vay
ta két luan ddnh gid & Dinh 1y [4.3.24]14 tot nhat.

Ménh dé 4.3.29. Xét Bai todn (Q). Khi dd Sgobar(p) la ham nita lién

tuc trén tai 0.
Chitng minh. Gid stt V' C IR™ 1a tap md bat ky thdéa man Sy .(0) C V.

Khi dé
V2t € Sgobat(0), 30(z*) > 0: B(z*,6(z*)) C V.
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Dat § := Mingeeg,,,.,(0) 0 (%), V1 tap Sgiopar(0) 12 hitu han nén 0> 0va
Va* e Sglobal(o) s+ B(O,g> cV,

tire la
Sgiova(0) +0B(0,1) C V. (4.3.18)

Véi sy dwoe xée dinh & Dinh 1y [4.3.24] dat s, := min{ Ao /2, so},
khi dé 1/251/Amin < 6 va 51 < so. Vi vay, v6i moi p € C°(D) sao cho
0 < |Ipllco < 51 céc biéu thire (4.3.15), (4.3.18) dong thoi thdéa man. Két

hop lai ta duoc

Vp € Beo(0,51) t Sgiobat () S Sgtobar (0) + v/2||pl| 0/ Amin B(0, 1)
- Sglobal(o) + SB(Oa 1)
c V.

Vay ta suy ra
Vp € Beo(0,51) : Sgiabat(p) C V,

tire 14 Syopar(p) nita lién tuc trén tai 0. ]

Tt dinh nghia suy ra ham f = f + p khong nia lién tuc duéi tai 0
néu ton tai lan can V' théa man Sy (0) NV # 0 va day (p;),i=1,2...
hoi tu vé 0 trong C°(D) sao cho Syopu(pi) NV =0 véi moi i =1,2,....

Vi du sau day chi ra rang ham S (p) khong mia lién tuc dudi tai 0.
Vi du 4.3.13. Cho
f(.CL’) - $2,$ € [_474]
—1/i néux € [—4,-3.8]

pi(r) = 0 néuze]—38,38
1/i néux € [3.8,4],

i=1,2....

Tw vi du ta co Sglobal(o) = {—4,4}, D = [—4, 4],]?2‘ c OO(D),
pillcopy = 1/4, Sgiovar(pi) = {4} v6i moi s6 nguyén dwong i. Lay tap
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mé V = ]-4.1,0.5[ khi d6 Syiopar(0) NV = {—4} # 0. Xét day (p;) € C%(D)
ta ¢ im0 p; = 0 va Sgiopar(pi) = {4} nén Syopar(pi) NV = (. Khi dé theo

dinh nghia suy ra Sge(p) khong nita lién tuc dudi tai 0.

4.4. Tinh chit cia tap cic di€m supremum dia phuong

Ta biét rang 16p ham 16i c6 tinh chat: diém cuc tiéu dia phwong 13
diém cuc tiéu toan cuc. DGi véi mot s6 1ép ham 161 suy rong thoé nhw
v-16i ngoai thi tinh chidt gan nhw trén van gitr duoc, titc 14 néu 2* € D
14 diém ~v-cue tiéu, y-infimum, thi z* 1a cuc tiéu toan cuc, infimum toan
cuc twong tng [47], su lién hé d6 cho phép ta tap trung vao viéc nghién
citu cac difm cuc tiéu toan cuc, infimum toan cuc. Tuy nhién khong cé su
lien hé nhu thé gitta cdc diém cuce dai toan cuc, supremum toan cuc véi
cac difm cuc dai dia phwong, supremum dia phwong trong céc 16p ham
16i suy rong. Do d6 trong phan nay, ching toi tap trung nghién citu tap

céc diém supremum dia phrong cia Bai todn (Q).

Goi Sjgear(p) 12 tap céc di€m supremum dia phwong cia Bai toén (Q)
khi A6 Sjpear : CO(D) — 2B va dé thay Sjoea(0) 1a tap cdc diém cure dai
dia phwong cia Bai todn (Q). Do f 1a ham toan phwong 16i ngat trén tap
[6i da dién D nén Sjyeq(0) chi ¢é thé 1a cic diém curre bién cia D, titc 1a

mot s6 dinh cia D.

Truée khi nghién ctru diém cuce dai, supremum dia phwong ching ta

c6 nhan xét sau:

Nhan xét 4.4.11. Sj,.(0) cd thé’ bang O khi D khéong giéi noi va
Siocat(0) = 0 khi D chita dwdng thang

That vay, néu D khong gidi noi thi Spea(0) = 0, Sioear(0) # 0 c6
thé thiy ro qua viéc xét ham f(x) = 2% trén cdc mién D = [0, +oo[ va

D = [—-1, +o0o[, tuong tGng.
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Truong hop D chita duong thang. Theo lwoc do chirng minh trong
Dinh 1y 19.1 [54] thi D c6 thé bicu dién duéi dang D = Dy + L, trong d6
Dy = DN L* 1a tap 16i déng khong chita duong thang, L 1a khong gian
con tuyén tinh, L+ 1& khong gian con bt vuong géc véi L. Gid sit x € D,
néu x ¢ Dy thi ton tai 2’ € Dy € D, y # 0,y € L sao cho x = 2’ + y, dat
z” := 1’4 2y, ta nhan dwoc 2/, 2" € D va |2’ — x| = ||[2” — z|| = ||y]|. Néu
x € Dpthho! =2 —ye Dvazr' .=x+y € D véimoiy € L khidd
2" — z|| = ||2" — z|| = ||y|| nén suy ra D khong c6 diém cuc bién. Vi vay

Slocal(o) - @

Vi nhitng 1y do trén nén khi nghién citu cédc diém supremum dia
phwong ta luén gid thiét ton tai diém supremum dia phwong cia ham
toan phwong 161 ngat f, tire 1a Sjoeq(0) # 0.

K hiou

n(x*) ;= sup <2A:c* + b, x_—x*>
€D, rtx* ||£C - H

Mot s6 bo deé sau sé dwoc dung khi nghién ctru ham Sjoeqr(p).

Bo de 4.4.7. Ddt n := max,-cg,,,0) 7(z*). Khi dd ny < 0.

Chitng minh. He qud 19.1.1 [54] khdng dinh, tap cdc diém cuec bién cia tap
16i da dién la htru han, nén hoan toan hop ly khi ta viét max,.cg, ,0) n(z*)
thay cho sup,.cg,, ) n(z"). Ta ky hi¢u

P, = {zeR"|{c,x)=d;, i=1,...,m}

F, .= {z e R"| {(cj,x) <d;, i=1,...,m}.
Vi 2* € extD la diém cuc bién cia D nén ton tai ij,is,...,0 €
{1,2,...,m} sao cho

{z"} = ﬂ?:lpij-

Viham (2Ax*+b, u) lién tuc theo bién u trén tap compact ﬂ;?:lFijﬂB(x*, 1)
nén ton tai ug € Ni_ F; N B(z*,1), sao cho

(242" + b, up) = max_ (2Ax" + b, u).
uEﬂ?ZlFijﬁB(:zr*,l)
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Mat khéc, véi moi x € D, x # x* thi

. T — . {ci;, ) B (ci;, z*)
o ) e e T e o
d
B L L
S dit
< d;;
véimoi 7 =1,...,k nén

i X —
v ————ent F N Bt ).

o —a*] —
Do dé
* * r—a *
sup <2Ax +b, 2" + —*> < (2Az" + b, up).
r€D,xF#x* HSIZ — X H
Biéu thitc trén kéo theo
sup  (24z" +b, —|> < (2Ax" + b, ug — z¥). (4.4.19)

x€D xFr* || —.CC‘

Xét tia x* + t(ug — x*). Ta khang dinh ton tai §; > 0 sao cho v&i moi
t € [0, (51] thi x* + tug € D.

That vay, néu ug € D thi
"+ t(ug — x*) € D véi moi t € [0, 1]. (4.4.20)

Néu ug ¢ D ta xét cac truong hop sau:
1) 1€ {il, e ,Zk} Vi <Ci,$*> = d; va <CZ"U/0> < d; nén véi moi t > 0
thi
(ci,x" +t(ug — %)) = (¢, 2") + t{c;, ug — z*)
< d (4.4.21)

ii) @ & {i1,... 0} Khi d6 (¢;,2") < d;. Dat | := maxjgq;, (¢, ug —

x*), ta ¢

(ci,x" +tlug — x%)) = (e, x") 4+ t{c;, ug — z*)
< (¢, x"y + tl. (4.4.22)
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Néu [ < 0, thi hién nhién

Néu [ > 0 thi dat 0y := min{min;gy, ;1 (di — (¢, 2%)), 1} > 0. Do do, tir

(4.4.22)) ta suy ra

(ciyx™ 4+ t(ug — x¥)) < d; (4.4.24)

véi moi ¢ € [0,6;]. Két hop (4.4.20)—(4.4.24) ta dwoc khang dinh trén.

Xét ham ¢(t) := f(z*+t(up—x*))— f(x*) trén doan [0, 01]. Vi ¢(0) =0
va f(x) dat cuc dai dia phwong tai * nén ¢(t) cing dat cuc dai dia phuong
tai 0, tirc 1a

35 €]0,01] : p(t) <0Vt € 0, 0].
Nhu vay, véi moi ¢ € [0, 6] thi
o(t) = (A(z* +t(ug — z")), 2" + t(ug — *)) — (Az*,2") — (b, z")
= <2Ax* + b, ug — :c*>t + <A(u0 — "), uy — x*>t2
< 0.
Vi ug —x* # 0 nén (A(ug — x*), ug — 2*) > 0. Do d6 tir bdt ddng thitc trén
cho ta (24z* + b,up — z*) < 0. Két hop bat ding thitc nay véi bicu thirc

(4.4.19) va Sjea(0) C ext D ta suy ra

= max x*) < 0.
770 x*eslocal(o) n( )

Bo deé da dwoc chitng minh. O
DE tién theo doi tir day ta luon ky hiéu

so = 15/(12Xmax), (4.4.25)

&) = (=m0 — /1~ 122w )/ (A, (4.4.26)

va nhan thiy rang néu s €]0, so] thi £(s) > 0. Ta c6 b dé sau:

B6 dé 4.4.8. Vi mai s € [0, s0] thi

Va* € Siocat(0),Vr € D : ||z — 2| = £(s) = f(z) < f(z") — 3s.
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Chitng minh. Néu s = 0 thi £(s) = 0 nén két luan cia bo dé 1a hién nhién.

Néu s > 0, 1ay bat ky z* € Sipeqi(0). Vi moi x € D, x # x* ta ¢

r—x*

lz = 2|

nén, véi moi x € D, x # x* thi

flx) = f(a") + (242" + b, Mz =™ + (Alz —2%), 2 —z7),

*

* r—T * * * *
f(z) = (2Ax +b,m>\|x—x |+ (A(x — %),z —x™)+3s+ f(z") — 3s.
(4.4.27)
Xét biéu thirc
(2Ax" + b, m>\|x—xH—|—< (x —2%),z — x*) + 3s.

Vi (A(z — 2%), 2 — 2%) < Apaxllz — 2% vA €(s) > 0, nén véi moi z € D

théa man ||z — z*|| = £(s), ta dugc

(2Ax" + D, )Ha:—xH—l—( (x — %),z — ") + 3s

|| H
< Amaxé(8)? +no§( ) + 3s.

Vi s < sgvaé(s) < £(sp) nén

Amax£(5)2 + 7706(5) +3s < Amax€(50)2 + 7705(30) + 350.

Thay s, {(s) dwoc xéc dinh theo (4.4.25)) va (4.4.26)) ta suy ra

)\maxf(SO)z + 7705(80) + 38() = 0.

Do dé

Tr—x*

= a2
Két hop bicu thirc nay véi (4.4.27) ta suy ra két luan cia bo de. O

(2Ax" 4+ b M — 2| + (A(z — 2¥), 2z — 2*) + 3s < 0.
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Dinh 1y 4.4.25. Xét Bai todn (Q). Khi dé

Vp € Beo(0,50) : max  d(z", Siocar(p)) < E(||p]|c0).

x*eslocal(o)
Chitng minh. Néu p = 0 thi diéu khing dinh 13 hién nhién.

Lay bat ky p € C(D) sao cho 0 < ||pllco < sp. Pét s := ||p||co. Do D 1a
tap 161 da dién nén B(z*, £(s))ND 1a tap compact. V1 ham toan phuong 16i
ngat bi nhiéu gi¢i n6i f = f+p bi chan (trén) trén tap B(:c*, ¢(s))ND, nén
SUDe B(x, £(s))ND f(z) < +o00. Mat khéc, ton tai (%;) trong B(2*,&(s)) N D
sao cho hmz_>oo T = & va limy_eo f(Z) = SUD,e B2, £(5))ND f(x).

Ta khing dinh 7* € B(z*, £(s)) N D. That vay gid sit két luan trén 1a
sai, khi dé 7* € <B(m*,§(s)) \B(az*,f(s))) N D. Ta cé

sup  f(z) = lim f(%)

r€B(x*,£(s))ND 1—00
— lim (f(&) + p(&)). (4.4.28)

Vi ton tai lim; oo f(%;) = limy_a (f(#)+p(Z;)), ma ham toan phuong 16i
ngat f lién tuc tai moi diém thudc D nén ton tai lim, .., p(Z;). Do dé thay
imy oo (F(2:) + p(7)) = limyoo £(F;) + lim;—oo p(F;) vao (4.4.28) va chi
¥y rang f(i*) < f(x*) — 3s theo B dé [4.4.8] ta dugc

~ sup f(z) = lim (f(Z;) + lim p(;))
eB(z*,£(s))ND 1m0 !
< f(@)+s
< f(z")—3s+s
< f@@) +p(a”) =
= fa)-s

Suy ra

sup  f(e) < sup f(x) —s.
reB(x*,£(s))ND xeB(x*,£(s))ND
Bicu thitc nhan dwoc 14 vo 1y, nén 7* € B(x*,£(s)) N D, do d6 suy ra

7* € D la diém supremum dia phurong cia f = f + p trén D. Ngoai ra vi
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T* € B(x*,£(s)) nén

ax d(z*,S a inf [|g" — 2"
B W et P)) = B ) 10

< max ||F -
x*eslocal(o)
<  max {(s)

z*eslocal (O)
_max_£(/[pflco).

T*EDlocal (

Toém lai ta nhan duoc

\V/p € B(;vo(O, 80) . Imax d(fC*, Slocal(p)) < f(”pHCO)

x*eslocal (O)

Dinh ly da duwgc chirng minh. []
Ménh dé 4.4.30. Ham da tri Sjeea(p) la nifa lién tuc dudi tai diém 0.

Chitng minh. Theo dinh nghia ham nia lién tuc dudi, néu Spe(0) = 0

thi Sipeq(p) mita lién tuc dudi tai 0 1a hién nhién.

Ta xét treomg hop Siea(0) # 0. Lay tap md bat ky V' C IR" thda
mAN Se(0) NV % 0. Khi d6

dz* € Slocal(o) cxteV.

Vi V 1a tap md, ta suy ra ton tai 6 > 0 sao cho B(x*,d) C V. Mt khéc,
do £(s) dugce x4c dinh bdi biéu thite (4.4.26) nén

limé(s) = lim ( — Ny — \/778 — 12>\maxs)/(2>\max)

s—0 s—0

= ( — o — (_770))/(2>\max) =0.

Bicu thitc nay cho phép ta chon s6 diwong s; < sy sao cho véi moi s € ]0, sq]
thi &£(s) <9, vi vay

B(z*,&(s))ND C B(z*,6)ND C V. (4.4.29)

Mét khdc, theo Dinh 1y 4.4.25, véi moi p € C°(D) thda man ||pl|co < so
(dwoc xdc dinh theo (4.4.25)) ton tai * € B(z*,&(||pl|e0)) N D la diém
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supremum dia phwong cia f = f+p, tkcla ° € Sjpea(p). Vi sp < 50 nén
két hop véi biéu thite (4.4.29) ta nhan dwoc

Vp - BOO(O, 31) VN Slocal<p) 7é (Da

Do d6 Sjpear(p) 12 mika lién tuc dwdi tai diém 0. O]

Tir dinh nghia [4.3.14] ta suy ra ham Sj,q(p) khong mia lién tuc trén
tai 0 néu ton tai lan can V' thda man Sp(0) C V va day (p;),i =1,2...
hoi tu ve 0 trong C%(D) sao cho Sypar(pi) \ V # 0 véimoi i =1,2,.. ..

Vi du sau day chi ra Sjeq(p) khong mia lién tuc trén tai 0.

Vi du 4.4.14. Cho

flz) = 2% 2€]0,2]
i) = { 1/i —22% néuz €[0,/1/i]
Z 0 néu x € [0,2]\[0,+/1/i]

i=1,2...

Ta tinh duoc ||pill&(D) = 1/i, Siocat(0)={2} va Sioear(pi) = {0,2},7 =
1,2,.... Ldy tap mé V = ]1.5,2.1] ta ¢6 {2} = Sjpewr(0) C V =]1.5,2.1].
Trong khi d6 v&i moi @ thi 0 € Speq(p;) nhung 0 ¢ V), nén suy ra
Stocat(Pi) \ V' #£ 0. Do d6 Sipear(p) khong nita lién tuc trén tai 0.

K&t luan: Céc két qua dat dugce, co bdn duge trinh bay trong cdc Muc
4.1-4.4, ching bao gom: mot s6 diéu kién dd dé ham toan phwong 1oi
ngat bi nhiéu gidi noi 1a 4-16i trong (Meénh deé [4.1.24); céc tinh chédt cia
cac diem cue dai va supremum toan cuc cia Bai todn (Q) (cdc ménh dé
4.2.25] [4.2.26] [4.2.27], [4.2.28)); tinh 6n dinh, mfa lién tuc trén cia ham tap
céc diém supremum toan cuc cia Bai toan (Q) (Dinh 1y [4.3.24] Ménh deé
; tinh on dinh, nia lién tuc dudi cia ham tap cédc di€m supremum

dia phuwong cia Bai toan (Q) (Pinh 1y 4.4.25 Ménh dé 4.4.30)).
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KET LUAN CHUNG

1. Luan an da gidi quyét dugc cac van deé:

e Chi ra ham bi nhiéu f = f+ p 1a v-16i ngoai véi moi v > +*, trong d6
v = 2\/m; diém ~*-cuc ticu cia f la di€m cuc tiéu toan cuc;
dwong kinh cia tap cdc diém cuc tiéu toan cuc cia Bai toén (P) nhd
hon hoéc bang 7*; khodng cich gitra diém cuc ticu toan cuc cia Bai
todn (P) va diém cuc tidu toan cuc ciia ham f nhd hon hodc bang
v*. Ngoai ra tinh chit tua tho va mot s6 diéu kién t6i wu suy rong
cia ham f cing dwoc trinh bay. Céc két qud trén da dwoc cong bo
trong bai bao “Global infimum of strictly convex quadratic functions
with bounded perturbation” (xem Danh muc cac cong trinh cia tac gid

liéen quan dén luan 4n).

e Chitng minh duwoc, ham f 1a I-16i ngoai véi tap can déc biet T ¢ R™;
diém T-t6i wu dia phwong cia Bai todn (P) la diém t&i wu toan cuc;
hiéu ciia hai nghiém t6i wu bat ky cia Bai todn (P) nam trong tap
Iy — 2% € %F néu z* la nghiém cuc tiéu todn cuc cia f trén D va
#* 1a nghiém tGi wu toan cuc bat ky cia Bai todn (P); tap nghiém t6i
ru S, cida (P) 1a 6n dinh theo khodng cdch Hausdorff dg(.,.). Pinh
Iy Kuhn-Tucker suy réng cho Bai toan (P) cing dwge chimg minh.
Céc két qua trén da duoc dang tdi trong bai bdo “ Some properties
of boundedly disturbed strictly convex quadratic functions” (xem Danh

/ A \ 9 ’ -9 oA ~ A Ve
muc cac cong trinh cia tac gia lién quan dén luan &an).

e Chi ra ham f 1 7-16i trong v6i v > (2/Amim)? va ~-10i trong ngat véi
v o> (Q/Amin)%; khi D bi chan va v = (2/)\min)%7 moi diém supremum
toan cuc cia Bai todn (Q) chi ¢6 thé 13 diém - cue bién cia D va ¢6
it nhat mot diém 1a y-cuc bién ngat. Mot s6 tinh chat quan trong cia
tap cac difm supremum toan cuc Sgiobal(p) Va tap cac diém supremum

dia phwong Sigea(p) clia Bai todan Q nhw tinh én dinh va tinh mta
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lién tuc cing duoc chi ra. Phan 16n céc két qud duoc liét ké & trén
da duoc cong bo trong bai bdo “Mazimizing strictly convex quadratic
functions with bounded perturbation” (xem Danh muc céc cong trinh

9 , N EETPN ~ A~ ,
cda tac gid lién quan dén luan an).

2. Nhirng vin can ti€p tuc nghién ciru:

Luan 4n chi méi dé cap dén mot so van dé vé 1y thuyét cia Bai todn
quy hoach toan phuong 16i ngat véi nhiéu gidi noi. Do dé ching t6i con
tiép tuc nghién ctru nhirng van dé sau day.

e Xay dung thuat todn tinh todn tim 1o1 gidi toi wu cda cdc bai todn

(P) va (Q).

e Ap dung thuat todn tinh todn tim 1o gidi ti wu ciia cdce bai todn (P)
va (Q)) vao cic bai toan thuc té nhu bai toan phat dién téi wu, kinh

té doi sanh,. . .

Tuy nhién, vi thoi gian han hep nén ching t6i cung chuwa trad loi duoc cée
van dé trén. Chung toi hy vong rang cdc van dé nay sé sém duoc gidi

quyét.
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