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Mo dau

Nam 1926, R. Nevanlinna da ching minh: Cho hai ham phdn hinh f va g.

Néu ton tai nam gid tri phdn biét ay, as, . .., a5 € C = C U {0} sao cho
fHaj) =g a;) véimoij=1,2,...,5

thi f = ¢g. Két qua nay cho thdy: mdt ham phan hinh phitc dugc xac dinh
mot cach duy nhét bdi anh nguoc, khong ké boi, clia nam gid tri phan biét.
Cong trinh nay ctia Ong duoc xem nhu khéi ngudn cho viéc nghién ctu su
xac dinh cua cdc ham hay anh xa phan hinh thong qua anh nguoc cua mot
tap hitu han. Van dé nay da thu hit duoc su quan tam rat nhiéu nha todn
hoc trén thé gi6i: H. Fujimoto, W. Stoll, L. Smiley, M. Ru, Z. Tu, C. C.
Yang, G. Frank, M. Reinders, ... va thu duoc nhiéu két qua quan trong.

Cho hai ham phan hinh khdc hiang f,g. Ta ki hiéu E(a, f) 1a tap céc
khong diém ctia f(2) — a, ké ca boi va E(a, f) 1a tap cac khong diém cta
f(2) — a, khong ké boi. Ta néi hai ham f, g chung nhau gid tri a IM (CM)
néu E(a, f) = E(a, g) (twong ting E(a, f) = E(a,g)). Vin dé dat ra 1a
khi hai ham phan hinh cung v6i dao ham cua ching chung nhau mot (hay
mot sO) gia tri thi ¢c6 quan hé v6i nhau nhu thé€ nao.

Nam 1997, C.C Yang va H. X. Hua ([7]) da ching minh mot két qua
dau tién vé ham nguyén chung nhau mot gia tri. Cac tac gia da chiing minh:
Cho hai ham nguyén khdc hang f, g va mot s6 nguyén n > 7. Néu f"f'
va g"g' chung nhau gid tri 1 CM thi f = dg véi mot bo duy nhdt gom
(n + 1) gid tri d hodc g(z) = c1e%, f(z) = coe™ %, trong dob cy1, ¢y va ¢

la cdc hdng s6 théa man (cico)™ic?

= —1. Tu d6 dén nay cac két qua
ctia van dé nay da dugc xem xét boi nhi€u nha todn hoc: nam 2000, Y. Xu
va H. L. Qiu ([6]) da xem xét lai két qua ciia Yang-Hua trong truong hop
chung nhau gia tri 1 IM, nam 2002, M. L Fang ([2]) m& rong két qua cua
Yang-Hua cho dao ham bac k. Nam 2008, J. E. Chen da m¢& rong cac két

qua cta Xu-Qiu va Fang. Gan day, L. Xiuquing va L. Weichuan ([5]) da
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chiing minh mot s6 két qua vé ham nguyén chung nhau mot gia tri.

Luan vin “Tinh duy nhat cua ham nguyén vé6i dao ham chung nhau
mot gia tri” 1a mot trong nhiing nghién cttu theo huéng trén. Muc dich
chinh cta luan van la trinh bay mot s6 két qua nghién citu vé su duy nhat
ctia ham nguyén vGi dao ham bac k£ c6 chung nhau mot gia tri. Luan van
gbém hai chuong:

Chuong 1: Mot s6 kién thitc co bdn trong 1y thuyét phdn bo" gid tri.
Trong chuong nay, ching t6i trinh bay nhitng kién thiic co s& trong ly thuyét
Nevanlinna cho cdc ham phan hinh, can thiét cho viéc chiing minh nhiing
két qua trong chuong 2.

Chuong 2: Tinh duy nhdt cia ham nguyén véi dao ham chung nhau
mot gid tri. Pay la chuong chinh clia luan van, chdng toi trinh bay lai két

qua nghién ctu cua L. Xiuquing va L. Weichuan dugc cong bo [5].



Chuong 1

Mot so kién thiic co ban trong ly
thuyét phan bo gia tri

1.1 Cac ham dac trung va tinh chat

Trudc hét ta nhic lai mot s6 khai niém vé ham nguyén va ham phan hinh.
Cho f 1a mot ham xdc dinh trén mat phing phic C, 1dy gia tri tréen C,
D C C l1a mot mién. Ta néi f chinh hinh tai zo € D néu ton tai mot lan

can U C D cua z sao cho

o0
g cn(z — 20)"

n=0

véi moi z € U, trong d6 ¢, € C la céc hiang s6. Ham f(z) dugc goi la
chinh hinh trén D néu né chinh hinh tai moi z € D.

Ham f(z) duoc goi 1a ham phdn hinh trong mién D C C néu né chinh
hinh trong mién D, trltr ra mot s6 cdc diém bat thuong cuc diém.

Ham f(z) duogc goi 1a ham nguyén néu né chinh hinh trong toan mat
phéng phic C; f(z) dugc goi l1a ham phdn hinh néu n6 phan hinh trén C.

Dé thdy, néu f(z) 1a ham phan hinh trén D thi trong mdi lan can cta
z € D ham f(z) biéu dién dugc dudi dang thuong cta hai ham chinh hinh.

Ta nhic lai, diém 2y dugc goi 1a 0—diém cap m > 0 cha ham f(z) néu
trong 1an can cla zy, ham f(z) c6 bi€u dién f(z) = (z — z9)™.h(2), trong
d6 h(z) chinh hinh trong lan can cta 2y va h(z) # 0. Diém 2y duoc goi

1a cuc diém cdp m > 0 cua ham f(z) néu 2 1a 0—diém cép m cua ham
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. V6i ham phan hinh f, ta ki hiéu
f(2)
m néu zg 12 0—diém cép m cla f(z)
ordszg = ¢ 0 néu f(z) # 0,00
—m  néu zj 1a cuc diém cap m cua f(z).

D€ thay, néu f(z) la ham phan hinh trén D thi f'(z) ciing 12 ham phan
hinh tréen D. Ham f(z) va f'(z) ¢6 cung cuc diém, dong thoi, néu zp 1a
cuc diém cdp m > 0 cta f(z) thi n6 1a cuc diém cap m + 1 cha f'(2).
Hon nita, ham f(z) c6 khong qua dém duge céc cuc diém trén D.

Bay gio ta dinh nghia ham dé€m, ham x4p xi va ham dac trung Nevanlinna
ctia mot ham phan hinh. V6i méi s6 thuc duong x € R*, ki hiéu

= max{log z, 0}.

logx néux>1
—+ _ =
log CLﬂ_{() néu r < 1.

+1
ol

Dé thdy log z = log*z — log

Dinh nghia 1.1.1. Cho f la mot ham phan hinh trén C. Ham

21
m(R.f) = o [og" | (Re')|d
0

duoc goi 1a ham xdp xi chia ham phan hinh f.

Ta biét, v6i ham phan hinh f : C — C, v6i mot s6 thuc R > 0 ta c6:
1

log ‘f(Relgo)‘ — log—i— ‘f(RelSD)| — log-i- W

27

o [og]s (Re) o = m(R. £) - m(R. 1/1).

0
Ki hiéu n(t, f) 1a s6 cuc diém ké ca boi clia ham f(z) trong dia {|z| < t}
va n(0, f) = th_r}n()n(t, f)-
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Ménh dé 1.1.2. Cho f la ham phdn hinh va R la mot s6 thuc duong. Néu

f(0) # oo thi
*. IR
[1ogan e.1) - > tog 7 |
trong dé b,,v = 1,2,...,N, la cdc cuc diém cua ham f trong dia
{lz] < R}.

Chitng minh. Truéc hét, bang phuong phdp tich phan timg phan ta c6:

R
— /n(t,f)dlog%
0

0

R
/ log “dn 1, f) = log " n ¢, )
0

‘ dt
0

Do ham f chi ¢6 hitu han cuc diém trong {|z| < R} nén ham n(t, f)
chi nhan mot s6 hitu han gid tri nguyén khong am va tang theo t. Goi
1,79, .« Tno1 € {|bu],v =1,..., N} va ro,r, la cdc s6 thuc khong am
sasocho0=rg<r; <re <---<r,_1 <r, =R vatrén méi hinh vanh
khan {r; < |z| < r;j11} ham n(t, f) khong doi. Khi d6

R 1 T r

dt dt dt ¢ dt
[renG=[aenTs [nenT ot [nenT
0 ro r1 Tp—1
Gia su
0 néut<nr
« nfur; <t<r
n(t, f) =< ' ’

p1 =N néur,;<t<r,=R.



Khi do ta cé

R Tn
dt dt
n(t, f al — —|— ozn_l.?
Tn—1
= oy + 0% )

—Zlog—

Ménh dé duoc ching minh H

N
Pinh nghia 1.1.3. Him N (R, f) = > log ﬁ duoc goi 1a ham dém (con
v=1 v

goi 12 hAm dém tai céc cuc di€ém) cta ham f. Ham

T (R, f)=m(R,f)+ N (R, f)

dugc goi 1a ham ddc trung cuia ham f (con duoc goi la ham dac trung

Nevanlinna).

Bay gio ta xem xét mot s6 tinh chat cia cac ham dém, xdp xi va ham
dac trung. St dung tinh chat

K
1L

1=1

log

K
< log” ail
=1

va
K K
log™ ;al < log™ (Klrélz}‘%{{‘al‘}) < ;by ;| + log K,
Véi ai,...,ax la cic s6 phic, d4p dung cho cidc ham phan hinh f;,

j=1,...,p, ta thu duoc:
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Ménh dé 1.1.4. Cho f; la cdc ham phdn hinh va R > 0. Khi dé

p p
m (R,Zf]) <Y m(R, ;) +logp.
j=1 j=1
2) N (R,Zf;) <Y N(R f)).
- -
JP jp
3) m (R,Hfj> <Y m(R,f;).
j=1 j=1
4) N (R,Hfj> <Y N(R, f)).
=1 =1
JP JP
5 T (R,Zf]) <Y T (R, f;)+1logp
j=1 j=1
6) T (R,Hfj> <Y T(R.f)).
j=1 j=1

Pinh 1y 1.1.5 (Cong thitc Poisson-Jensen). Gid sii f(z) la ham phdn hinh

trong dia {|z| <

ké cd boi va by, ...

{lz] <
f(z) #0,00. Khi dé:

27
1 .
log |f (2) = 5= [ log | (e’
0
M
+ Z log
n=1

R},0 < R < +o00. Gid sit ay,. ..

RY. Gid sit z = re la mot diém thuoc dia {|z| <

,ayr la cdc 0—diém

by la cdc cuc diém k€é cd boi cua f(z) trong dia

R} sao cho
R2—7“2
dp
R? —2Rrcos (p — 0) + 12
R(z—a)| <~. |R(z—0b)
i Sa— T 1 _
R —a,2 ;Og R~ b,z

Tir cong thie Poisson-Jensen, ta ¢6 thé tinh dugc gid tri |f (2)| tai moi

diém trong mién {|z| <

0—diém, cyc diém cua ham f(z).

Hé qua 1.1.6 (Cong thiic Jensen).
{I2l <

R} khi biét |f (z)| trén bién {|z|

R},0 < R < oo. Gid sit ay, . . .

= R} va céc

Cho f(z) la ham phdn hinh trong dia

N ’ o« A2 A 2 A N
,ayr la cac 0—diém ké ca boi va



8
bi,...,by la cac cuc diém ké cd boi ciia f(z) trong dia {|z| < R.}. Khi
do néu f(0) # 0,00, ta cé

21

b,
log |f (0)] = 21 /log|f(Re“P‘dg0+Zlog Zl [o.] |

0
Tur cong thiic Jensen, d6i v6i mot ham phan hinh f(z) trén C, ta c6

21

2m
kMNWZ%/mWﬂWWW—%/mﬁﬂéWW
0 0
+ ilogM - ilog ‘b”‘.
p=1 L
Tu do6 suy ra
N (R, f)

Do d6, cong thiic Jensen tré thanh:

T(}a%):zinhﬂ——bgv<mh

Bay gio, néu f(z) la ham hang, tic 1a f(z) = a v6i a 1a mot hang s6

nao do, thi
27

m (R, f) = ;/MWMWWW——/MkwwbgM

0

T(R,f)=m (R, f)+ N (R, f) =m(R,f) =log" |a|.



1.2 Hai dinh ly co ban

Trong phan nay ching t6i trinh bay hai dinh 1y co ban trong 1y thuyét phan
bo gia tri Nevanlinna cho cac ham phan hinh.
Ménh deé 1.2.1. Gia sit f la ham phdn hinh, a € C la mot hang s6 tiry 9,
khi do:

T(R,f)— T (R, f - a) <log" |a] +log2.
Chitng minh. Dat f = (f —a)+a=fi+ fov6i fi=f —a, fo =a.

Ta co:

T(R, f)<T(R, /i) +T (R, f2) +log2
=T (R, f—a)+log" |a| + log2.
Tudésuyra T (R, f) — T (R, f —a) < log" |a| + log2. Ngoai ra
T(R,f—a) <T (R, f)+log"|al +log2,
kéo theo T' (R, f) — T (R, f —a) > — (log™ |a| +log2) . Vay
T (R, f) =T (R, f —a)| <log"|a] +log2.
B6 dé dugc ching minh. O]

Pinh 1y 1.2.2 (Pinh 1y co ban thi nhat). Gia siz f la ham phdn hinh
trong mién {|z| < R}, a € C la mot hang s6 tiry y, khi do:

m(R,ﬁ) +N(R,ﬁ) ~T(R, ) —log|f (0) — a| + = (a, R).

trong do |e (a, R)| < log™ |a| + log 2.
Chitng minh. Ta co:
1 1 1
m(rpm) e (R =7 (R )
=T (R, f—a)—log|f(0)—al
:T(R,f)—10g|f(0)—CL“FT(R,f—a)—T(R,f)

VﬁT(R,f—CI,) _T(R7f) = E(CI’?R)‘
Dinh 1y dugc ching minh. 0
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V6i mot ham phan hinh f(z) c6 dinh, ta st dung cac ki hiéu
m (r,a), N (r,a) theo thit tu thay cho céc ki hieu m (r, ﬁ) , N <r, ﬁ) .

Ménh dé 1.2.3 (Bat dang thiic co ban). Gid sit f(z) la ham phdn hinh
khdc hang trong mién {|z| < r} va ai,... ,aq, (¢ > 2) la nhiing s6 phiic
tiy y doi mot khdc nhau, § > 0 va |a, —a,| > 6 voi 1 < p<v < q. Khi
do ta co:

q

m(r,f)—i—Zm(r,aj) <2T(T7f)_N1(Taf)+S(Taf)‘

J=1

trong do

Nl(r,f):N( )+2N( f)=N(rf).

kh|r—\

B f/ f/ 3q 1
S ) =m () +m ( —~ 7 ) Flog 5 o2 1o TGy

=o(T (r,f)+logr).
Pinh Iy 1.2.4 (Pinh 1§ co ban thi hai). Gid sit f(2) la ham phan hinh
trong mién {|z| <1} va ai,... a4 (¢ > 2) la nhiing s6 phiic tiy y doi

X
L)
—

mot khdac nhau. Khi dé ta co:

(=T (r,f) <Y N(ra) +N(r,f) = Ni(r,f) + S (rf)

<N (r iﬁraj) NO( f,)+S( f).

trong dé S (r, f) = o(T (r, f)) khi 1 — 00, nam ngoai mét tip cé do
do hitu han, Ny (r, f) = N (r, f,> + 2N (r, f) = N (r, f), Ny (r, %) la
ham dém tai cdc 0—diém ciia f ma khong la 0—diém cia f — a; voi
17=1,...,q

Chitng minh. Theo bit dang thiic co ban ta cé:

q

m(r, f)+ Y _m(r,a;) <2T (r,f) = Ny (r, f) + S (r, f).

J=1
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a
Cong thém vao hai v€ dai lugng N (r, f) + > N (r,q;) ta c6:
=1

m(r, f +Z m(r,a;) + N(r,a;))

J=

+ZNTCLJ +N f)—Nl(T,f)+S(T,f)-
j=1

Mat khac
m(r, f) + N (r,f) =T (r, f)
va
v B 1 v 1
m (r,a;) + N (1, a;) —m(r,f_aj) + <T’f—aj)
1
:T(r,f_aj) =T(r,f—a;)+0(1)
=T(r,f)+0()
Di€u d6 kéo theo
q
T(r,f)+> AT (r,f)+0(1)}
j=1
<27 (r, f)+ > N (r,a) + N (r,f) = N (r, /) + S(r, f).
j=1
Di€u nay tuong duong véi
(q—1)T(r, ZN ra;) + N (r, f) = Ni(r, /) + S (r, f).
j=1

Hon nira ta co:

N(r f)+ Y N(ra;) = Ni(r, f) + S (r, f)

J=1

j=1
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Vi

N(r, f)=N(r,f) + N (r, f)
nén

N(r,f)=N(r f)=N(rf). (1.1)
Ngoai ra:

q q . 1
;N(r,aj) ( f’> = _1N T, a;) ( f’) (1.2)

j
That vay, gia sir b l1a nghiém boi £ > 1 cla phuong trinh f = a;,
j=1,...,q thi blanghiém boi (k — 1) clia phuong trinh f' = 0.
q
Taco: > N (r,a;) => log -
j=1 b

q
Vé6i moi b boi k£ > 1 thi dai luong log |_7z;| dugc tinh k 14n trong > N (7, a;)

j=1
1
va (k — 1) lan trong N ( f’>
q 1
Vay log ﬁ dugc tinh ding 1 lan trong hiéu > N (r,a;) — N <r, ?)
j=1

Chi ¥ rang: N ( f’) = > log T > log 7 trong d6 b 1a nghiem clia
b g
phuong trinh f =a;, j =1,...,¢ val' langhiém cla phuong trinh f' =
nhung khong la nghiém cua phuong trinh f = a;, j = 1,... ,q. Tir d6 suy
ra (1.2).
Két hop (1.1) va (1.2) ta c6:
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Dinh 1y dugc ching minh. 0

Cho f 1a ham chinh hinh hoac phan hinh trén C va a € CU {oco}. Néu
a hitu han ta ki hiéu

E(a, f) = {(z,m) € € x N|f(2) = a boi m}
1a tap hop cdc 0—diém cua f — a ké ca boi.

E(a,f)={z €C|f () = a}

1a tap hop cdc 0—diém ctia f — a khong ké boi.
Gia st S C CU {oo} ta ki hiéu

E(S,f)=JE @ f)

acsS
va

E(S /) =JE @0

acsS
Pinh nghia 1.2.5. Néu F (a, f) = E (a,g) thi ta néi f va g chung nhau
gid tri a ké ca boi, néu E (a, f) = E (a,g) thi ta néi f vh g chung nhau
gid tri a khong ké boi.

Dinh 1y sau day dugc goi 1a Dinh 1y nim diém cua Nevanlinna, n6 cho
thdy mot ham phan hinh phic dugc xac dinh mot cach duy nhat bdi anh
ngugc cia 5 diém phan biét.

Dinh 1y 1.2.6 Pinh 1y 5 diém). Gid s fva g la hai ham phdn hinh khdc
hdang trén C. Néu ton tai cdc gid tri phdn biét ay,as,...,a5 € CU{oco}

sao cho E (aj, f) = E(aj,9), j=1,...,5thi f=g.

Chitng minh. 'Ta co:

{z1f1(z) =a;} ={z|fo(2) =a;}, Vj=1,...5

— 1 — 1
N<T’ fl—%’) :N<T’ f2—aj>
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va goi chung 1a N (1, q;) .

Ta 4p dung Dinh 1y co ban thi 2 ctia Nevanlinna cho ham f; va nam

diém aq, ... ,as:

5
T(Ta fl) < ZN(T)(Z]') +N(T7fl) +S(Ta fl)
j=1
Ta thay

N (r,f1) <N (r, 1) <T(r, fr)

Do do:

5
<Y N(ra) +T(r, f1) + S (r, /1)

J=1

tuong duong voéi

(@31

T (r, f1) < ZN(T, aj)+S(r, f1).

J=1

Tuong tu v6i ham f5 ta c6:

Mm

T(r,f2) <)Y N(r,a;)+S(r, f2)

j=1
Cong (1.3) va (1.4) ta duoc:

5

(1.3)

(1.4)

B(T(r, f1)+T(r,f2)) <2) N(ra;)+S(r, i) +S(r, f2) (L5)

J=1

Gia st f1 va fy 1a hai ham phan hinh phan biét khiac hang s6. Do

1
Ji— f2# 0 nén
) fi—fo
nhat ta co:

1
T (rp=g ) =T fi= )+ 0T (rfi = 1)

7 cling 1a ham phan hinh. Theo dinh 1y co ban tha

T( f)+T(T7f2)+O(T(T7fl)+T(raf2))
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Ta thdy néu f; = a; thi fo = a; nén f; — fo = 0. Do d6 cdc di€ém ma tai

d6 fi = fo = a; déu 1a cyc diém cta ham ﬁ. Tir dé6:

T( f11f2)2N< ) i ( flay):iN(r’aj)'

J=1 j=1
Do do
T )+ T ) 2 T (152 ) + O 00 ) + T (1 o)
5
> N (r,a;)+O(T(r, 1) + T (r, f2))
j=1

Két hop véi (1.5) ta co:

5 5
2
52]\77"(1] ZN(r,aj)+S(r,f1)+S(7“,f2)
7=1 j=1
hay
L&
gZNTaJ S(r f1) +5(r, f2)
7=1
Diéu nay khong thé xdy ra. Nhu vay f1 = fo. O

Chu y ring, s6 5 trong Pinh Iy nim di€ém 12 s6 nho nhét c6 thé, tic 1a
ton tai nhitng ham phan hinh phan biét, khdc hang chung nhau p < 4 gid
tri phan biét. Chéng han: hai ham f(z) = e* va g(z) = e * chung nhau 4
gia tr1 0,1, —1, oco.
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Chuong 2

Tinh duy nhat cua cac ham nguyén véi
dao ham chung nhau mot gia tri

2.1 Mot so khai niém

Trong phin nay chiing toi s& trinh bay thém mot s6 khai niém vé ham
dém su dung trong viéc chiing minh cac dinh ly. Cho f 1a mot ham phan

1
=)

12 s6 0—di€m ké ca boi, chi tinh dén nhitng 0—diém c6 boi nho hon hoic

hinh trén C va a € C. Vé6i mot s6 nguyén duong k, ki hiéu ny, (r

bang k, cia ham f — a trong dia {|z| <}, ng(r, ) 1a s6 0—diém
—a
ké ca boi, chi tinh dén nhitng 0—diém ¢6 boi 16n hon k, cua ham f — a
1 2 2 . ? L,
7 ) 1a s6 0—diém khong k€ boi, chi tinh
—a

dén nhitng 0—diém c6 boi nho hon hodc bang k, cia ham f — a trong dia

trong dia {|z| < r}, My (r,

{Iz] <7} Mg (r, f—) 12 s6 0—diém khong ké boi, chi tinh dén nhiing
—a

0—diém c6 boi 16n hon k, cia ham f — a trong dia {|z| < r}. Dé thdy

rang
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Ki hiéu
(t, ) — iy (0, =)
Loy () — (0, ——
1 f—a f—a 1
Nk)(r,f_a):/ ; dt—l—nk)(O,f_a)logr;
0
1 1 1
N, =N — N, :
kil ) = Nl ) = Nyl ),
1 1
— 1 f—a f—a _ 1
N = dt 0 log r;
o) = [ t 7y (0, ) logr
0
_ 1 — 1 — 1
N =N — N
(k+1(r’f_a/) (T7f—a) k)(/r,f_a/)7
trong do
1 : 1
_ 1 L 1
T (0, f—a) = lim 7)(¢, f—a)'
1 — 1 )
Céc ham Ny, (r, f—), (Npy(r, 7 )) dugc goi 1a ham dém ké cd boi
—a —a

(tuong ting khong ké boi) tai nhing 0—diém c6 boi nho hon hay bing k.
Ngega (, ﬁ), (N(k+1(r, m)) duoc goi 1a ham dém ké cd boi (tuong
iing khong ké boi) tai nhitng 0—diém c6 boi 16n hon k.
Tir dinh nghia ta dé dang suy ra tinh chat:
N, =) = Nl =) + Noalr —).
Cho p > 2 la mot s6 nguyén va hai ham f, g 1a hai ham thoa man
E,(1,f) = Ep(1,9). Ta ki hieu N,1(r,1; flg # 1) 1a ham dém tai

cac 1—diém clia f v6i boi it nhat 1a p + 1 va khong 1a 1—diém cua g;

)++N(p(ra

Ny1(r,1;g|f # 1) 1a ham dém tai cdc 1—diém cta g v6i boi it nhét la
p + 1 va khong 1a 1—diém cua f.
Ta goi 2y la mot 1— chung cta f va g vGi boi 1a r va ¢ tuong ung.

Ta ki hieu N (r, #) 12 ham dém khong ké bai tai cic 1—diém cia f va
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g trong d6 > ¢, Nz (r, 747) 1a ham dém khong ké boi tai cdc 1—diém

clia f va g trong d6 r = ¢ > 2. Tuong tu ta ciing c6 cdc ham N (r, g—il)
va Nf(r, gfll). Dic biét, ta ki hieu Ny, (r, ﬁ) 12 ham dém khong ké

boi tai cdc 1—diém ciia f va g trong d6 r > ¢ = 1, Np;(r, -17) 12 ham

dém khong ké boi tai cdc 1—diém cia f va g trong d6 ¢ > r = 1,
Ny(r,75) = Ny (r, 1) 1a ham dém khong ké boi tai cdc 1—diém don
cua f va g.

Ta ki hiéu thém Ny(r, 1/f’) 12 ham dém ké ca boi tai cdc khong di€ém
clia f’ nhung khong 1a khong diém cta f(f — 1), No(r,1/f') 12 ham dém
khong ké boi tai cac khong diém cua f’ nhung khong 1a khong diém cua
£ 1)

Cho f 1a mot ham phan hinh khac hing, a € C va k 1a mot s6 nguyén
duong. Ki hiéu Ek)(a, f) 1a tap cac khong diém cua f — a v6i boi 16n nhét
la k, trong d6 méi khong diém dugc tinh mot 14n va Ey(a, f) 1a tap cdc
khong diém cua f — a véi boi khong 16n hon k, trong d6 mdi khong di€ém

duoc tinh theo s6 boi cua nd. Tic la:

Fuyla, f) = {= € C: £(z) = a boi m < k)
Epy(a, f) ={(z,m) e Cx N: f(2) = a boi m < k}.

V6i moi hing s6 a € C, ta dinh nghia

Nr.7—)
Oa, f)=1-— lim_s>up T )

Nir )
da, f)=1-— 1inis>up T )

Ta ki hiéu
O(a; f,9) = min{O(a, f),O(a, 9)};
6(a; f,9) = min{d(a, f),d(a, g)}-
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2.2 Mot so bo dé

Dé chiing minh cdc két qua trong phan tiép theo ta cin cdc bo dé sau.

B6 dé 2.2.1. ([111,[4]) Cho f(z) la mot ham phdn hinh khdc héng va p, k
la hai so nguyén duong, khi do

ﬁ) < Npsi(r, %) +EN(r, f) + S(r, f).

B6 dé 2.2.2. ([8]) Cho f(z) la mot ham phdn hinh khdc hdng va k la mot
sO0 nguyén duong. Khi doé

N(r ﬁ) <T(r, f®) = T(r, f) + N(r. %) LS f), @
1 1
N(ij) <N(7"7?

Bo dé 2.2.3. Cho F va G la hai ham phdn hinh khdc hdng va p > 2 la

Ep)(]., G) thi
1

Ny (r,

)+ EN(r, f) + S(r, f). (2.2)

mot so nguyén. Néu F va G thoa man Ep)(l, F)=

pN(p—H(Ta L; F‘G 7é 1) +NL(T7 ) + NO(T7

—1 7
(r,%) + N(r,F) + S(r, F);

— 1 — 1 — 1 —
N —— N = <N P N 7F 7F7
L, 5=7) + Nolr. ) N, ) + N(r, F) + 5(r, )
1

1 — — 1. —
o 1) + No(r, E) < N(r, 5) + N(r,G)+ S(r,G).
Chitng minh. Vi F va G thdéa man Ep)(l, F)= Ep)(l, (G) nén ta c6:
1
F— 1)
1 — 1
< N(r,——) = N(r, .
=) - Nrg—
Tur cong thic 2.2 trong Bo dé 2.2.2 ta co:

1 1 —, 1 — 1
o ) =N, ) + Nolr, )

< N(r, %) < Nr,5) + N(r,F) + S(r, F).

=2l ™

S

NL(Ta

PN i1 (r, 1, FIG # 1) + N (r,

~—




-
2|

(r, F) +S(r F). (2.4)

Tir bat dang thic trén ta suy ra

_ _ 1 _
NL(T,ﬁ)-i-N()(T,—)<(N(T’,F)+N(T’,F)+S(T’,F))

Tuong tu ta c6
No(r, =) + No(r, =) < (N(r, =) + N(r,G) + 5(r, G))
LT’G—]. 0T7G/ X T7G r, r, .

B6 dé 2.2.3 duoc ching minh. O

Bo dé 2.2.4. Cho F va G la hai ham nguyén khdc hang va p > 2 la mot
sO nguyén duong. Ddt

F F G G
H=(% 2" ) (Z 2" ).
(F-21) - (%)
Néu F va G théa man E,(1,F) = E,(1,G) va H # 0 thi

1 1 — 1
T(r,F) < Na(r, 1) + Nafr. ) + 2N, )

N, é) LS )+ S(nG).  (25)

Chirng minh. Ta xem xét hai truong hop sau:
Truong hop 1: p = 2. Vi H # 0 dé dang suy ra

1

1
Ny (r, ﬁ)

N(r, %) < T(r, H) + 0(1)

<
< N(r,H) + S(r, F) + S(r, G). (2.6)
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Vi F va G thoa man Ey (1, F) = E5)(1,G) va F, G 1a hai ham nguyén

khédc hang nén ta co:

_ 1 — 1 — 1 — 1
< — — _ - _ -
N(r,H) < N(r, F)+f(2(7",G)+NL(7“,F:1)+NL(7“,G_ 1)
+ Ng(r, 1, FIG #1) + N(r, 1;G|F # 1)
— 1 — 1
+ No(r, F) + Ny(r, 5) (2.7)
Dé dang thay rang
— 1 D) ——(2 1 — 1
N(T7F 1)_NE(T7F 1)+NE(T7F_1)+NL(T7F_1)
_ 1 _
+NL(7“,G_ 1)+N(3(T,1;F|G7é 1). (2.8)
Mat khéc ta co:
—(2 — 1 — 1 = 1
NE(T’,G_1)+NL(T,—G_1)+NL(T’,F_1) NLl(r,F_l)
— 1 — 1
. < _ .
+2N3(r, ,G|F #1) \N(T,G_l) N(T,G_l) (2.9)
Tu (2.8) va (2.9) suy ra
— 1 — 1
N(T,F_].)—i_N(T,G_].)
1 1 ——(2 1 — 1
S NE)(TaF_1)+NE(T7ﬁ)+NL(T7ﬁ)
_ 1 — 1
+NL(T,m)+N(3(T’,1,F‘G7é1)+N(T,m)
e 1 — 1 — 1
{NE(TaG_1)+NL(T7G_1)+NL(T7F_1)
_ 1 _
— NLl(Taﬁ) +2N(r, L, GIF # 1)}
1 — — 1
< N]{;)(T,ﬁ) + Np(r, L F|G #1) + Npa(r, ja- 1)

—2N3(r, L, GIF #£ 1)+ T(r,G) + O(1).
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K&t hgp (2.6) va (2.7) ta co:

— 1
N(rw—) + N m—)
< No(r ) + Nolr, =) + Nulr, =) + Nilr, )
X (27’7F (273G LT’,F_l L?”,G_l
+ 2N(3(7’, ].,F‘G 7é 1) +NL1(T’, ﬁ) — N(g(r, 1,G|F 7é 1)
— 1 — 1
+ No(r, ) + No(r, ) + T(r, G) + S(r, F) + 5(r, ). (2.10)

T E9) (1, F) = E5(1,G) va dp dung BS dé 2.2.3 cho trudng hop p = 2
vao (2.10) ta thu duoc

1
F-1

1
G-1
— 1 — 1 —
< N(Q(T‘, ?) + N(Q(T’, a) + 2N(T’, F)

+ N é) +T(r,G) + S(r, F) + S(r,G).  (2.11)

Vi F' va GG 1a hai ham nguyén nén theo dinh 1y co ban tha hai ta c6

—, 1 — 1 —, 1

< — - —

T(T7F)+T(T7G) \N(T7F)+N(T7F_1)+N(Ta G)
1 1 1

+ N(?", G — 1) — N()(T’, F) — N()(T’, a)

+S(r, F)+ S(r, G). 2.12)

N(r, )+ N(r,

Thay thé (2.11) vao (2.12) ta cé:
— 1 — 1 —, 1 — 1
T(r, F) <N(Taf) +N(2(T’f) +N(T,5) +N(2(T,5)
1

— 1 —
+2N(T,F) —i—N(r,a) +S(r,F)+ S(r,G)
1 1

= No(r, ) + Nalr, =) + 3N (r, ) + (r, =)

F G F
+ S(r, F)+ S(r,G).
Diéu nay sé& kéo theo chiing minh cua B6 dé 2.2.4 khi p = 2.
Truong hop 2 : p > 2. Chiing minh tuong tu trudng hop 1 ta ¢6 di€u phai
ching minh. 0
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Bo dé 2.2.5. ([7]) Cho f la mot ham phdn hinh khdc hdng va n la mot s6
nguyén duong. Gid sit P(f) = anf"+an_1f" 1 +...+arf + ao, trong dé
a; la cdac ham phdn hinh thoa man T (r,a;) = S(r, f)(i =0,1,...,n) va
a, 2 0. Khi dé

T(r,P(f)) =nT(r, f)+S(r f).
Bo dé 2.2.6. ([3]) Cho f la mot ham phdan hinh. Khi dé véi s6” nguyén k

ta co:
() ) ()
f f 2 \f f
kk—10)(k—=2) (F\N () f
T (7) (7) *P'H(?)’

trong do Py o <f7> la mot da thitc cua f7 va dao ham ciia né cé hé sé
khong doi va cé bdc khong lén hon k — 2.

B6 dé 2.2.7. ([31.[10]) Cho f(2) la mét ham phdn hinh khdc hding va
a;(z),i = 1,2 la hai ham phdn hinh phdn biét théa mdn T(r,a;) =
S(r, f), (i = 1,2). Khi dé
T(r, f) < N, )+ N, =) + N(r, =) + 5(r, ).
f—a f—as
B6 dé 2.2.8. Cho f(z) va g(z) la hai ham nguyén khdc hdng, n, k la hai

s6 nguyén duong va a, b la cdc hang so théa man ab # 0. Ddt

F=[f"af +0)]V, G =lg"(ag+0)]". (2.13)
Néun >k thi FG # 1.
Chitng minh. Gia st FG =1 tuc la
" (af +0)]P[g"(ag + b)]¥ = 1. (2.14)
Vin > k va f, g 1a hai ham nguyén khdc hang nén tir (2.14) suy ra
f#0, g#0. (2.15)
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St dung B dé 2.2.6 cho ! va f ta c6

[ (af +0)]®) = a[f P 4 p[f1]F) = aP 1 +bQf"

_aPfi(f + g%), (2.16)

trong d6 P, () 1a hai ham nguyén thoa man

T(r,P)=5(r,f), T(rQ)=S5(f), P#0, Q@#0. (217
Tir (2.14) va (2.16), ta c6

bQ
(F+=5) #0. (2.18)

Theo B6 dé 2.2.7, (2.15), (2.17) va (2.18) ta thu dugc

T@ﬁ<ﬁ@%+ﬁ@ﬁ+ﬁ@

1bQ) +S(Taf) :S(T7f)'

Uy

Diéu nay khong thé xay ra. B6 dé 2.2.8 duoc ching minh. O

B6 dé 2.2.9. ([4]) Cho f(2) va g(z) la hai ham nguyén khdc héing, n, k
la hai s6 nguyén duong théa man n > k. Néu (f")*)(g")*) =1 thi

f(2) = e, g(z) = cpe™,

trong do c1, ¢y, ¢ la ba hang s6 théa man (—1)*(cico)™(ne)?* = 1.

Bo dé 2.2.10. ([91,[?]) Cho F va G la hai ham phdn hinh khdc hdng. Néu

7 /

H:[%—Q%]—[%—Q%] ~0.
va
NG 2+ N, F) + N(r, ) + N, 0) 1
nger T(R) =

trong dé T(R) = max{T(r, F), T(r,G)}. Khi dé6 F = G hodc FG = 1.
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2.3 Tinh duy nhat cua cac ham nguyén véi dao ham
chung nhau mot gia tri

Trong phan nay ching toi sé trinh bay mot so két qua vé tinh duy nhat cla
cac ham nguyén khi cac ham nguyén véi dao ham cta ching chung nhau

mot gid tri. Nam 1997, Yang va Hua da ching minh:

Pinh 1y 2.3.1. Cho f(2) va g(z) la hai ham nguyén khdc hang van > 7 la
mot s6 nguyén. Néu f*f va g*g chung nhau 1 CM. Khi dé hodc f = dg,
Ccz

voi d la can bdc n + 1 cia don vi hodc g(z) = c1€” va f(z) = cee™ %,

trong do ci,cy va c la cdc hing s6 théa man (cicp)" e = —1.

Nam 2000, Xu va Qui da chiing minh moét cai tién cua Dinh 1y 2.3.1

nhu sau:

Pinh 1y 2.3.2. Cho f(z) va g(z) la hai ham nguyén khdc hang va n > 12
la mot s6 nguyén. Néu f*f va ¢"qg chung nhau 1 IM. Khi dé hodc
f(z) = ae®,g(z) = cee”
(cre2)"e? = —1 hodc f(2) = tg(z) véi t la hdng s6 thda man t"+1 = 1.

2 trong dé ci,co,c la hang sé thda man

Nam 2002 Fang da xem xét Dinh ly 2.3.1 trong truong hop dao ham
cap k va thu duoc hai két qua:

Pinh 1y 2.3.3. Cho f(z) va g(z) la hai ham nguyén khdc hang va n,
k la hai so nguyén duong théa man n > 2k + 4. Néu (f*(2))*® va
(g"(2))®) chung nhau 1 CM, khi dé hodc f(z) = c1e, g(z) = ce™%,
trong dé cy, ca, c la cdc hdang s6 thda man (—1)*(cico)™(ne)?* = 1 hodc

f(z) =tg(z) vdi t la hang s6 théa man t" = 1.

Pinh 1y 2.3.4. Cho f(z) va g(z) la hai ham nguyén khdc hang va n, k la
hai s6 nguyén duong théa man n > 2k + 8. Néu (f(2)(f(z) — 1))*) va
(g"(2)(g(2) — 1)) chung nhau 1 CM thi f(z) = g(2).

Thoi gian gan day J. F. Chen tong quat cdc dinh 1y 2.3.2, 2.3.3, 2.3.4 va
thu duoc:
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Pinh 1y 2.3.5. Cho f(z) va g(z) la hai ham nguyén khdc hang va n,
k la hai s6 nguyén duong théa man n > 5k + 7. Néu (f*(2))® va
(g"(2))®) chung nhau 1 IM, khi dé hodc f(z) = cie, g(z) = coe™%,
trong dé cy, cy, c la cdc hdng s6 théa man (—1)*(cico)"(ne)?* = 1 hodc
f(2) =tg(z) vdi t la hang s6 théa man t" = 1.
Pinh 1y 2.3.6. Cho f(z) va g(z) la hai ham nguyén khdc hang va n, k la
hai s6 nguyén diong théa man n > 5k +13. Néu (f*(2)(f(z) —1))® va
(9"(2)(g(2) — 1))®) chung nhau 1 IM thi f(z) = g(=2).

Nam 2011, L. Xiuging va L. Weichuan da chitng minh:
Pinh 1y 2.3.7. Cho f(z) va g(z) la hai ham nguyén khdc hang va n, k la
hai s6 nguyén duong théa mann > k+ (4k +7)(1 —©(0; f,g)) vap > 2
la mot s6 nguyén. Néu E, (1, (f)®) = E,)(1, (g™)*®)) thi két luan ciia
Dinh ly 2.3.5 dung.
Chitng minh. Goi F,G, H duoc xac dinh nhu trong B dé 2.2.4, vé6i hai
s0 a =0,b=1, khi dé

F=(f"".G= (""" vaEy(lF)=Ey{1,G).

Gia stt H # 0, tr (2.5) trong Bo dé 2.2.4 ta c6
1 1 — 1
T(r. F) < No(r, =) + No(r, =) + 2N (r, —
(1, F) < N, ) + Nafr, ) + 2 (r, &)

PN )+ 50 F) +50,G). @19)
Str dung cong thic (2.1) trong B dé 2.2.2 ta ¢6
nT(r, f) =T(r, ")
) T f)
)— N(r,—=) + S(r, f). (2.20)

Chd y rang




— 1 1
N(T7 5) - Nl(r7 (gn)(k) ’

Str dung Bo dé 2.2.1 ta c6

NG, %) + N, é) < Ny, %) N, %) + S0, f) + S(r,g)
<21 + KN (r, %) L (1+ BN, é)
+5(r, f) + S(r, 9). (2.21)
Hién nhién ta c6
S, F) = S(r, f), S(r,G)=S(r,g).
K&t hgp cac bat déng thuc (2.19), (2.20) va (2.21) ta co
nT(r, f) < Na(r. %) + No(r, é) +2(1 + k)N (r, %) +(1+ BN é)
+ N, %) N, %) +S(r, )+ S(r,g). (2.22)

Tu diéu kién cua Dinh 1y 2.3.7 dé thdy ring n > k. Bay gio ta xét hai
truong hop sau

Truong hop 1: n > k + 1. Chid y ring, néu 2, la khong diém boi ¢ cla
f thi 2y 12 khong diém boi nho nhat 12 2 cta (f*)*) vi

ng—k>k+1)g—Fk=>1
Vi vay ta cé
N(Q(T‘,

Tur d6 suy ra

Nar, ) = N, ) + Vol 7
= N )~ (Natr )~ 2Weln )
< N(r, %) AN (r, 2) + (k + 2)N(r, %). (2.23)
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Tuong tu ta c6

1 1 1 —, 1
No(r,—=) < N(r, 5) —nN(r,=) + (k+2)N(r,—). (2.24)
g g
Két hop cdc bat dang thiic (2.22)-(2.24), ta ¢6

nT(r, f) < (3k +4)N(r,
1

1 — 1 1
f) (2k 4+ 3)N(r, 5) + N(r, 5)

—nN(r,=)+ S(r, f) + S(r, g).

Q

Sir dung (2.2) trong Bé dé 2.2.2 ta thu dugc bat dang thiic:

1 —, 1
S(r,g). (2.25)

nT(r, f) < (3k + 4)N(r,
+S(r, f) +

Truong hop 2: n = k + 1. Ta ciing chd y ring, né€u 2q 1a khong diém boi
q > 2 cha f thi z 12 khong diém boi nho nhat 13 3 cta (f)*)

ng—k=k+1qg—k>2k+1)—k=>3.

Vi vay ta cé

Nig(r, =) — 9N 5(r, =) > nNia(r, =) — (k + 2)N

(3(7‘7?) - (3(7‘7?) Z N (Z(Ta f) ( + ) (2 (T _)

Tu do6 suy ra

N. 1 =N 1 N, ! 2N

2(T7 F) (Ta F) - (3(T7 F) - (3(T7 _)
<N g) = nVa(r 1)+ (6 +2Na(n 7). 26
Tuog tu ta co
1 1 —
No(r, =) < N(r, ) = nNp(r, =) + (k+ 29Np(n-).  @27)
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Chud y ring n = k + 1, thé (2.26) va (2.27) vao (2.22) va 4p dung Bo dé
2.2.2, ta thu duoc:

WT(r, ) < n(N(r, %) — No(r, =) +n(N(r, §> ~ Nolr, ;»
+ (k4 2)(N o(r, %) + Na(r, 5)) +2(k + 1)N(r, %)
T (k+ DN §> 50, f) + 5(r9)
= (1 + E)(Nyy(r, %) + Nyy(r, 5))

_|_
=
_
+
N
=
3

Diéu nay kéo theo (2.25) ding khi n = k + 1. Nhu vay, véi bat ki s

nguyén n > k ta co:

nT(r, f) < (3k +4)N(r, %) + (2k + 3)N(r, é) + S(r, )+ S(r, g).

D6i vai tro cta f va g ta co:

nT(r. ) < (3k + )N (r, é) 4+ (2k + 3)N(r, %) + 80, ) + S(r, ).
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Vi vay véi moi € > 0 bat ki ta c6

n(T(r, f) +T(r,g)) < (5k +7)(N(r, %) + N(r, é)) +S(r, f) +S(r,9)
< Bk+7(1-0(0,f)+e)T(r,f)

+ bk +T7)(1 —06(0,9) +¢)T(r,9)
< Bk +7)(1-06(0; f,9) +e)(T(r, f) +T(r,9)).

Diéu nay mau thuan véi gia thiét
n>k+4k+7)(1—-0(0;f,qg)).
Do d6 H = 0. Mt khéc, theo (2.1) trong B6 dé 2.2.2, ta c6:

T(r,F) =T(r,(f")*))
1

> (0 f7) = N 55)+ N ) + 502 )

> nT(r, f) — kN(r, %) +S(r, )

> (n— K)T(r, f) + S(r, f). (2.28)
Tuong tu ta c6

T(r,G) > (n— K)T(r, g) + S(r, g). (2.29)
Tir (2.28) va (2.29) ta c6:
max{T(r, F), T(r, G)} > %(T(r, F)+T(r,G)) (2.30)
> = KT, )+ Tr,0)) + S(r, ) + S(r, ).

Ta chd y rang v6i € > 0 tuy y

— 1 — 1 1 1
N(r,=)+ N(r,—=) = Ny(r, DG + Na(r, (gn)(k

— 1 — 1
(B +1)(N(r 7? +N(T7§))

< )
<(k+1D)A-=00;f,9)+e)(T(r,f)+T(r,g9). (2.31)
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Tu dicu kien n > k+ (4k+7)(1—0O(0; f, g)) va (2.30), (2.31) va dp dung
B6 dé 2.2.10 ta suy ra

F =G hoac FG = 1.
Néu F = G tic 1a (f7)*® = (¢M)® thi
f"=g"+P, (2.32)

trong d6 P 1a da thiic bac 16n nhat 12 £ — 1. Diéu nay chi ra rang ca f va
g ciling 1a ham nguyén siéu viét hoac da thic. Trudc hét, ta xét truong hop
néu f va g 1a cdc ham nguyén siéu viét. Gia st rang P Z 0. Tir (2.32) va
B6 dé 2.2.7 ta ¢6

nT(r, f)=T(r, f") < N(r, i) + N(r, f") 4+ N(r, g—ln) + S(r, f)

n

<V, %) + N, §> 50, f).

Tuong tu ta cé

nT(r,g) < N(r. %) + NG, é) + S0 g).

Tir hai bat dang thic trén ta c6

n(T(r, f)+T(r,g)) <2(1—-0(0; f,9) +e)(T(r, f) +T(r,g))

Diu nay mau thuan véi diéu kien n > k + (4k 4+ 7)(1 — ©(0; f, g)). Do
d6 P =0. T (2.32) suy ra f* = g". Vi vay dé thdy f(z) = tg(z), trong
d6 t 1a hang s6 thoa man " = 1.

Bay gid ta xét trudng hop f va g la cic da thitc. Cho 1, w,w?,...,w" !

la cac nghiém cua phuong trinh 2" = 1. Khi do, tir (2.32), ta c6

(f—9)(f—wg)...(f—w"'g)=P.

T d6 va chd ¥ ring n > k suy ra P = 0. Vi vay tir phuong trinh trén suy
ra f(z) = tg(z), trong d6 ¢ 1a hang s6 thdéa mén " = 1.
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Néu F'G = 1, tic 1a (f7)*)(g")*) = 1. Theo B dé 2.2.9 ta c6

Ccz

f(z) = c1e”,g(2) = ce™,

trong d6 cy, ¢z, ¢ 1a cic hing s6 thdéa man (—1)%(cicp)"(nc)* = 1. Pinh

1y dugc chiing minh. [
Tu Dinh ly 2.3.7 ta co:

Hé qua 2.3.8. Cho f(z) va g(z) la hai ham nguyén khdc hang va n, k la
hai s6" nguyén dwong thoa man n > k + (4k + 7)(1 — ©(0; f,g)). Néu
(f"(2))® va (¢"(2))®) chung nhau 1 IM thi két lugn ciia Dinh ly 2.3.5
dung.

Pinh 1y 2.3.9. Cho f(z) va g(z) la hai ham nguyén khdc hang va n, k la

hai s6 nguyén duong thoa man
n>k+(4k+7)(1-06(0;f,9)) +4(1 - 6(1; f;9))
va p > 2 la mot s6 nguyén. Néu
Ey(L (" (f = 1)®) = E,)(1,(g"(g — 1)®)
thi f(z) = g(2).

Chitng minh. Goi F,G, H dugc x4c dinh nhu trong Bo dé 2.2.4 va cho
a=1,0=—1. Khi d6

F=(f"(f-1)"), G=(g"(9—1)")

va B, (1, F) = E,(1,G). Gia st H # 0, theo B3 dé 2.2.4 ta ¢6

1 1 1 —, 1

T(T’, F) < Ng(T’, F) + Ng(?", 5) + ZN(T‘, F) + N(T’, 5)

+S(r, F) + S(r,G). (2.33)
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Theo B6 dé 2.2.5 va (2.1) trong B6 dé 2.2.2 ta c6

(n+1)T(r, f) = T(r, f*(f = 1)) + 5(r, f)
1

nir 1))k
Tl (7 = 1))+ Mo, ot —)
1
— N S(r,
(r, 7 = %) g) TS0 f) 1
=T(r,F) + nN(r ,?)—i—N( f_l)_N(T7F)+S(T7f)
(2.34)
Str dung B6 dé 2.2.1 ta co:
2N (r l) + N(r l) < 2Ny k(T ;) + Niy1(r ;)
' ;G < 1+k 7fn(f_1) k+1\", ( _1)
+5(r, f)+5(r,9)
2(1+ k)N(r, l) + 2N (r, L )+ (1 +E)N(r, l)
f -1 g
—i—N(r,gil)—i—S(r,f)—i—S(r,g). (2.35)
Két hop cdc bat dang thic (2.33)-(2.35), ta cé:
(n+ DT(r. ) < Nalr, ) + Nl ) + 201+ BN (1, 5)
— 1 1 1
+(1—|—]€)N(T,§)+3N(T,ﬁ)+N(T, _1)
T nN(r, %) ~ N(r, ) +S(r,f). (2.36)

Dé thay tir di€u kién cua dinh 1y ta suy ra n > k. Bay gio ta xét hai truong
hop sau:

Truong hop 1: n > k£ + 1. Ching minh tuong tu nhu trong truong hop 1
cua Dinh 1y 2.3.7 ta thu duoc

No(r, ) < N(r, ) — nN(r. %) (k+ 2N (. §>, 2.37)
1 1 1 — 1
Na(r, 5) < N(r, 5) —nN(r, 5) (k +2)N(r, 5)- (2.38)
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Két hop cdc bat ding thitc (2.36)-(2.38) va 4p dung (2.2) trong B6 dé 2.2.2
ta thu duoc:

(n+1)T(r, f) < 3k +4)N (, ) + (2k + 3)N(r,

LA
J
—) +8(r, f) + S(r, 9). (2.39)

+ 2N(r,

Q

Truong hop 2: n = k+ 1. Ly luan tuong tu nhu trong ching minh truong
hop 2 cua Pinh 1y 2.3.7 ta ¢6

No(r, ) < N(r, ) = nNoolr,
No(r, 2) < N(r, ) = nlo(r

)+ (k+2)Ne(r, 3)

1
f
)-

o

)+ (k + 2)Nolr, é

QI'—‘

Két hop véi (2.36) va dp dung B6 dé 2.2.2, ta ciing thu dugc:

1 1 1
_) _ N(2(Ta

(n+ )T (r, f) < n(N(r, 7
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1
Diéu nay c6 nghia 1a (2.39) ding khi n = k + 1. Do d6 véi bat ki s6
nguyén n > k ta ¢

(n+ VT, f) < (3k + 4N (r, L
1

) + (2k + 3)N(r, 5)
1

3N
+3N(r -

)+ S(r, f)+ S(r,g).
D6i vai tro clia cua f va g ta co:
(n+1)T(r,g9) < (3k + 4)N(r,

1
f-

Vi vay véi bat ki s6 € > 0 ta cé:

1
g—1

)+ (2% + 3N (r, %) LN, —)

EI
g
)+ 5(r, )+ 5(r,9).

+ 2N (r

(n+DIT(r, f) +T(r,g)] <((5k+7)(1 = ©(0; f,9)) +5(1 = d(1; f,9)) +

(T(r, f)+T(r, g))
Diéu nay mau thuan véi gia thiét
n>k+(4k+7)(1—-0(0;f,9)+41—=451; f;9))-
Do d6 H = 0.
Mait khéc theo (2.1) trong Bo dé 2.2.2, ta ¢
T(r, F) =T(r,(f"(f = 1))¥)

T(r, f"(f — 1)) — N(r, ——

ACERY

1
Ty
1 1

> (04 DT(r, f) = KN(r,5) = N(r, 5=

)

+ N(r,

)+ S(r, f). (2.40)

)



36

Tuong tu ta c6

T(r.6) > (n+ VT (r,g) = KN (r, =) = Nr. —) + 5(r,9). 24D

Suy ra v6i moi € > 0 bat ki, tir (2.40) va (2.41), ta c6

max{T(r, F), T(r, G)} > £(T(r, F) + T(r,G))
1 — 1 — 1
> 5((n+ D(T(r, f) +T(r,g)) — k(N(T’a?) +N(7’a§)))
1 1 1
~ SN+ N =20 +5(0,) + 5(0,0)
> %((n 1)~ K1—0(0; £,9) — (1—8(L: f,g)) +¢)
(T(r, f)+T(r,9)). (2.42)
Chi y rang:
— 1 — 1 1
Mg e Mg =N g —pm) TN g — @)
1 1
< Nigg(r, P (f = 1)) + Nigi(r, m)
+S(r, f) + 5(r,9)
— 1 — 1 1
< (k4 1)(N(r, ?) + N(r, 5)) + N(r, 5— 1)

+N(T,gi1)+5(r,f)+5(r,g)

< ((B+ 11 —-0(0;f,9) + (1 —d(1; f,9) +¢)
(T(r, /) +T(r,9)). (2.43)

Vin>k+(4k+7)(1—0(00;f9) +4(1—451;f;9), tir (2.42) va
(2.43) va ap dung B6 dé 2.2.10 ta ¢6

F =G hoac FG = 1.
Do n > k nén theo B6 dé 2.2.8 ta c6 F = G, tic 1a:

(f"(f =)Wy = (g"(g — H™). (2.44)



37

Vi vay

ffif=1)=4g"(9g—-1)+P, (2.45)

trong d6 P 1a da thitc bac 16n nhat 1a £ — 1. Diéu nay kéo theo ca f, g
hodc cung la ham nguyén siéu viét hodc cung la da thic cung bac. Bay gio
ta ching minh P = 0.

Trudc tién ta xét truong hop f va g 1a hai ham nguyén siéu viét. Gia st
raing P # 0, theo B6 dé 2.2.7 va (2.45) ta ¢6

(n+1)T(r,g) =T(r,g"(g —1)) + O(1)
(r, )+ N(r,

(r,
(r,

IN
=

1
7o-n VR )

— 1 — — 1
)+N(T’,¥)+N(T’,g_1)+N(T’,f_1

)+ N(r,=) +T(r,g) +T(r, f) + S(r, g).

N
=

)+ S(r,9)

/A
=
QIR | R,rY

~

Vi vay

(r, §> + N %) L T(r, f) + S(r,g).

=

nT(r,g) <

Tuong tu ta c6
1

nT(r, f) < N(r, ?) + N(r, é) +T(r,g) + S(r, f).

Tir hai bat dang thic trén ta c6:

(n— 1)(T(r, ) + T(r.9)) < 2N (r, §> + N, %)) +5(r.f) + 5(r.9)

<2((1=0(0; f,9) +)(T(r, f) + T(r.9)),
trong d6 e 1a mot s6 duong bé tiy y, di€u nay mau thuan véi

n>k+ (4k+7)(1—0(0;f,9)).

Do d6 P = 0.
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Tiép theo ta xét trudong hop f va g 1a hai da thic. Chu ¥ ring

n>k+(4k+7)(1—0(0;f,9)) +4(1-6(1; f;9))
> k+42—-(0(0,f)+4(1, )] = k+4
Ta gia st deg f = m = degg. Néu P(z) # 0 ta ¢6
=1 _g'g—1)

Iz = Iz + 1.
Theo dinh ly co ban thit hai ta c6
ffU-0 =, -0 = P
T(r, T) < N(r, T) + N(r, W—l))
— 1
+N<7", =) _1) + S(r, f)
P
— "f—1 — P
=50, ) 4 W )
— P

Goi da thic udc chung 16n nhat cta f*(f — 1) va P(z) 1a Q(z) va dat
degQ(z) =t,khid6 0 <t < k— 1. Chd y rang f va g la cdc da thic
nén suy ra
[(n+ 1)m — t]logr = T(r, %;1)) + O(1)
< (k—1—t)logr + 2mlogr + 2mlogr + O(1)
< (k—1)mlogr + 4mlogr — tlogr + O(1)
< (3+ k)mlogr —tlogr + O(1),

mau thuan véi n > k + 4. Do d6 P = 0, khang dinh duoc chiing minh.
Tu (2.45) suy ra:

f{(F=1=4g"9g-1). (2.47)
bat h = i, kéo theo f = gh. Suy ra
g

g(h"™t —1)=h" — 1. (2.48)
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Gia st h khic hing, goi 2 12 mot khong diém ctia A" — 1, vi ¢ 12 ham
nguyén nén tir (2.48) suy ra zo phai 1a khong diém cua A" — 1. Do d6 z
ciing 12 khong diém cta h — 1. Theo dinh 1y co ban thit hai ta ¢6

n+1
— )T (r,h) < N(r, S(r,h
(n=DT( 1) < SN =)+ 5(0,0)
1
< N{r, =)+ S(r,h) < T(r, ) + S(r, ),
trong d6 a;,2 = 1,2,...,n+ 1, 1a cdc nghiém phan biét ctia phuong trinh

dai s6 A"t —1 = 0. Bat dang thitc ndy mau thuin vé6i diéu kién n > k+4,
do d6 h 1a hing s6. Néu h % 1 ta ¢6 g 1a hiang s6, mau thudn. Vi vay
h =1 tic la f(z) = g(z). Dinh 1y dugc ching minh. O

Tu Pinh 1y 2.3.9 ta co:

Hé qua 2.3.10. Cho f(z) va g(z) la hai ham nguyén khdc hang va n, k

la hai so" nguyén duong thoa man

n>k+ (4k +7)(1 - ©(0; f,9)) +4(1 - o(1; f; 9))-
Néu (f(2)(f(2) — 1))® va (g"(2)(g(z) — 1)® chung nhau 1IM thi
f(z) = g(2).

Nhan xét. Tur Hé qua 2.3.8 chung ta thay néu thay di€u kién n > 5k + 13
badi diéu kién n > 5k + 11 trong Dinh 1y 2.3.6 thi két luan cua dinh 1y van
con ding. Do d6 Dinh 1y 2.3.7 1a mot mé rong thuc su cua Pinh 1y 2.3.6.
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Két luan

Muc dich chinh cta luan van la trinh bay mot so kién thic co ban trong
ly thuyét phan bo gia tri Nevanlinna cho cac ham phan hinh va nghién ctu
cdc ung dung cua ly thuyét d6 trong van dé xdc dinh duy nhat ham phan
hinh. Cu thé, luan van da trinh bay mot s6 noi dung sau day:

1) Trinh bay mot s6 két qua nghién ciu vé cdc ham dém, ham xap xi
va ham dac trung Nevanlinna ctia mot ham phéan hinh. Dac biét 1a hai dinh
1y co ban thit nhat va thit hai cho thdy quan hé gilta cic ham nay.

2) Gié6i thiéu mot s6 di€u kién dai s6, ching minh hai dinh 1y cta L.
Xiuquing va L. Weichuan duoc cong bo [5] vé xdc dinh duy nhidt mot ham

nguyen.



41
Tai liéu tham khao

[1] J. E Chen, Uniqueness of entire function that share one value. Comput
Math Appl, 2008, 56: 3000-3014.

[2] M. L. Fang, Uniqueness and value-sharing of entire functions.
Comput Math Appl, 2002, 44: 823-831.

[3] W. K. Hayman, Meromorphic Functions. Oxford: Claredon Press,
1964.

[4] L. Lahiri va A. Sarkar, Uniqueness of a meromorphic function and its
derivative. J Inequal Pure Appl Math, 2004, 5(1): Art 20.

[5] L. Xiuging va L. Weichuan, Uniqueness of entire functions sharing
one value. Acta Mathematica Scientia, 2011, 31B(3): 1062-1076.

[6] Y. Xu va H. L. Qiu, Entire functions sharing one value IM. Indina J
Pure Appl Math, 2000, 31: 849-855.

[7] C. C. Yang va H. X. Hua, Uniqueness and value-sharing of mero-
morphic functions. Ann Acad Sci Fenn Math, 1997, 22(2): 395-406.

[8] H. X. Yi, Uniqueness of a meromorphic function and a question of
C.C Yang. Complex Var Theory Appl, 1990, 14: 169-176.

[9] H. X. Yi, Meromorphic functions sharing one or two values. Complex
Var Theory Appl, 1995, 28(1): 1-11.

[10] H. X. Yi va C. C. Yang, Uniqueness Theory of Meromorphic

Functions. Beijing: Science Press, 1995.

[11] Q. C. Zang, Meromorphic Functions that shares one small function
with its derivative. J Inequal Pure Appl Math, 2005, 6(4): Art 116.



