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Bai toan t6i uu d.c ¢6 nhi€u tinh chat dep dé va dugc st dung rong rai
trong 1y thuyét va ting dung thuc tién, dac biét 1a trong giai tich 16i va toi uu
héa. Chinh vi vay, bai todn nay va cdc md rong ctia né dang la chu dé hap
dan v6i nhi€u két qua dang chi y va thu hit dugc su quan tdm cua nhi€u
nha nghién cttu. Ngay nay, v6i su phét trién nhanh chéng ctia nén cong nghé
thong tin thi pham vi va kha nang ing dung cua bai toan nay ngay cang duoc
ma& rong hon.

Luan van nay trinh bay nhiing kién thic co ban vé ham d.c, phét biéu bai
todn toi vu d.c va trinh bay mot phuong phap giai dia phuong cho 16p bai
toan nay. Y tudng ctia phuong phdp la st dung bai toan d6i ngau d.c duoc
Toland dua ra nam 1979 dé€ tir d6 tim nghiém dia phuong cho bai todn t6i uu
d.c. Pong thoi luan van ciing trinh bay bai to4n bat ding thitc bién phan hén
hop d.c va ing dung né6 trong mo hinh can bang Cournot - Nash.

Luan van gobm muc luc, ba chuong, phan két luan va tai liéu tham khao.

Chuong 1: Ham d.c.

Trong chuong nay ching toéi dé cap dén cdc khdi niém co ban vé ham 16i,
ham d.c va mot s6 tinh chat co ban cua ham d.c.

Chuong 2: Bai toan toi vu d.c.

Trong chuong nay ching toi trinh bay moé hinh bai todn téi vu d.c, bai todn
doi ngau d.c. Tir d6, trinh bay phuong phdp gidi dia phuong dé tim nghiém
va néu mot phuong phép hiéu chinh cho 16p bai toan nay.

Chuong 3: Bai toan bat déng thic bién phan hén hop d.c.

il
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Trong chuong nay dau tién chiing toi dua ra bai todn bat dang thitc bién phan
hén hop d.c, tim céc diém dimg clia bai todn nay theo phuong phdp diém gian
ké. Tur d6 ting dung tim 10i giai cho mo hinh can bang Cournot - Nash.

Luan van dugc hoan thanh duéi su huéng dan va gitdp dé tan tinh chu déo
cta GS. TSKH. Lé Diing Muu. T6i xin bay té long kinh trong va bi€t on sau
sdc dén Thay.

To6i xin bay to long cam on t&i cac gido su, tién si ¢ Vién Toan hoc Viét
Nam, PGS.TS Nong Quéc Chinh, PGS.TS Lé Thi Thanh Nhan, TS. Nguyén
Thi Thu Thuy cung cac thay c6 gido, Phong PT-KH&QHQT, Khoa Toan -
Tin truong Dai hoc Khoa hoc cling gia dinh, ban be, dong nghiép da giip do

toi trong suot thoi gian qua.

Tac gia

il
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Mot so ky hiéu va chir viét tat

X* khong gian lién hop cua X

R™ khong gian Euclide n chicu

0 tap rong

x =1y x duoc dinh nghia bang y

Yy v6i moi y

Jx ton tai x

1 anh xa don vi

ANB A giao vé6i B

AUB A hop v6i B

AT ma tran chuyén vi clia ma tran A
A* toan tlr lién hgp cua toan tir A
;g)f(F(az) infimum cua tap {F(z) : x € X}

v
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Chuong 1

Ham d.c

Chuong nay nhéc lai van tat mot s6 kién thiic vé giai tich 16i. Tir d6 xay
dung, trinh bay dinh nghia ctia ham d.c cling nhu mot s6 tinh chat co ban
cta I6p ham nay. Cac khai niém va két qua & chuong nay duoc 14y tir cac tai

lieu [1], [2], [3], [7].

1.1. Pinh nghia va vi du

Pinh nghia 1.1 Mot so6 dinh nghia vé ham loi

(i) Tap C C R"™ duoc goi 1a tdp 16i néu v6i moi zt, 2> € C va v6i moi s6
thuc A € [0,1] ta c6 A\l + (1 — \)z? € C.

(i) Ham f duogc goi 1a ham [oi xac dinh trén tap 16i C' C R™ néu véi bat ky

xt, 2% € C vabit ky s6 thuc A € [0, 1], ta c6

FO + (1= N)2?) <M (2h) + (1= N)f(a?).
(iii) Ta goi f 1a ham [6i chdt trén tap 16i C' néu

FO'+ (1= N)a?) < M(a') + (1= N)f(2?),

véi batky 21,22 € C,a' # 22 va bit ky s6 thue A € (0, 1).
(iv) Mién xéc dinh hitu hiéu cha ham f la dom f = {x € C' | f(x) < +o0}.
(v) Ham 161 f duoc goi la kha vi thiét yéu trén C' néu né thda man cac di€u
kién sau

(a) C =int(domf) # 0;

(b) f 1a ham kha vi trén C,
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(¢) limg o0 || 7 f(2¥)]| = 400, v6i moi {2*} hoi tu dén bién cia C.

(vi) Cho p > 0 va C' la mot tap con 16i cua R”. Ham s0
0: C— RU{+o0}

duoc goi 1a p— 16i néu

AL —)\)

Oz + (1= N)a') < M) + (1= V(') — ==

pHx o x/”Qa
voi VA € [0,1] va vz, 2’ € C.
Ky hi¢u
p(0,C) =sup{p>0:0—(p/2)|.]|*1216i trén C'}.
Khi d6, 6 duoc goi 1a [6i manh trén C néu (p, C') > 0.
(vii) Him 16i f : € — R U {+00} ¢6 thé dugc md rong thanh ham 16i trén

khong gian R™ bang cdch dat f(z) = +o0, Vo ¢ domf. Vi vay dé don gian,

ta thuong xét f 1a ham 16i trén R".

Pinh nghia 1.2 (i) Mot ham s6 xac dinh trén tap 161 C' C R" duge goi la
d.c trén C néu v6i moi x € C, f ¢6 thé biéu dién dugc dudi dang

f(z) = g(z) — h(z), (1.1)
trong d6 g, h 1a cac ham 16i trén C.
Phép biéu dién (1.1) duoc goi 1a khai trién ctia ham f; g va h duoc goi 1 cic
ham hop thanh cua f.
(i) Mot ham so6 1a d.c trén R™ duoc goi 1a ham d.c.
(iii)) Ham so

f:R"—R

duoc goi la d.c dia phuong néu véi moi xy € R” ton tai hinh cau

B(xg,e) ={x e R":||x —x¢ ||< €},e >0

sao cho f 1a d.c trén B(x,¢).
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Vi du 1.1 Cho ham so6

f(x) = f($1755’2) = x% — 21179 +3:1:§ — \/x% +x§.

Dit
g(z) = l‘% — 2x119 + 390%,
hz) =/t + a5 =]z | .
Ta co
2:61 —2332
Vy(r) =
—2$1 6$2.
Tu do
) 2 -2
vog(z) =
-2 06

Vay g(x) kha vi hai 1an va /2¢(x) 1a xdc dinh duong v6i moi = nén g(z) la

ham 16i chat. R6 rang h(z) =|| « || cling 1a ham 16i. Vay, f 1a ham d.c.

1.2. Mot so tinh chat co ban cua ham d.c

Pinh li 1.1 Cho f;, (i = 1,2,...,m) la cdc ham d.c. Khi dé, nhiing ham sau
ciing la d.c
(1) o Nifi(x) voi Ai(i = 1,2,...,m) la nhitng s6 thuc,
(ii) max fi(x)va min fi(z);
(22d) | f(z) |,
S (@) == max{0, f (2)},
S~ (x) := min{0, f};
(iv) I fi(x).
Chung minh
(i) Theo gia thiét f;, (i = 1,2,...,m) la cdc ham d.c. Suy ra ton tai cdc ham

16i g; va h; (i =1,2,...,m) sao cho

Ji = gi — hq, (1=1,2,...,m).
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V6i A\; € R; ki hiéu [7 latap cacchisoi,i=1,2,....,mma); > 0va [, la

tapcac chisd 4,7 =1,2,...,m ma \; < 0. Khi d¢, ta c6

Z Aifi(z) = Z Ai(gi(x) — hi(x))
- Z \igi(@ Z Aihi(z
Z&gz Z — (D_(=Mgilx) + Y Aik(x)

ZEIl ZEIQ iEIQ iEIl
Theo gia thiét g; va h; (i = 1,2,...,m) la cac ham 16i nén

(Z )\Zgl(x) + Z(—

i€l i€ly

(D (A)gi(@) + D Ailu(@))

i1€ly i€ly
ciing 1a cdc ham 16i. Vay, > " \;f;i(x) 1a hiéu cua hai ham 16i nén né 1a
ham d.c.

(ii) Do f; 1a ham d.c (i = 1,2,...,m) nén ton tai cdc ham 16i g;(x), h;(x)

v6i (i = 1,2,...,m) sao cho v6i mdi i ta c6 f; = g; — h;. Suy ra véi moi 1,
(1=1,2,...,m) tacé
m m
fi=gi+Y hj—=Y h
j=1 j=1
J#i
Do dé
T I3 h h
(i:{{g%?f7m)f nax {g:+ Z it Z (1.2)
J#Z

Boi vi gid tri 16n nhat clia tong hitu han clia cdc ham 16i ciling 1a ham 161

nén max {gZ + Zj hi } va Z h;la cac ham 16i. Thay vao (1.2) ta c6

(i=12,...m) j#i =i
max f; la ham d.c.
(i=1,2,...,m)
4
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Bing cédch chiing minh tuong tu ta cling ¢c6 min f; 1a ham d.c.

(i=1,2,...m

(iii) Vi f 1a ham d.c nén ton tai cdc ham 16i g va h sao cho f = g — h. Ta c6:

| [ |=2max{g,h} — (9 +h).

RO rang 2max{g, h} va (g + h) 1a cdc ham 16i nén | f | la ham d.c.
Theo gia thiét
7 (z) = max{0, f(z)},
S~ (x) = min{0, f(x)}.
St dung (7i) ta c6 f*(x) va f~(z) 1a cdc ham d.c.
V) Vifi = fT+f~, (i = 1,2,...,m) nén ton tai cdc ham 16i khong am
gishiy, (1 = 1,2,...,m), sao cho v6i mdi i ta c6 f; = g; — h;. Khi d06, véi

m = 2 tacd

fi-fo= (g1 —h1)(g2 — h2)

[(h1 + h2)? + (91 + g2)°)]

1
2

- %[(91 + h2)® + (g2 + h1)?).

Do binh phuong ctia ham 16i khong 4m la ham 16i cho nén

{0+ 1) + (g1 + o))

va

1
5llgr+ ha)? + (g2 + 1)
1a cac ham 16i. Vay theo dinh nghia f;.f; 12 ham d.c. Bang quy nap ta c6

0 f(z) ahamde. O

DPinh li 1.2 Moi ham d.c dia phuong la d.c.
Chirng minh

Phan ching minh dinh 1y nay xem trong [7].
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Heé qua 1.2.1 Moi ham f(z) khd vi cdp hai lién tuc (ki hiéu f € C?) la d.c
trén mét tdp 10i compac bdt ky ) C R".

Chung minh

Xét ham s6 g(x) = f(x) + p || = ||* Ta x& chéing minh ring ton tai p da I6n
sao cho g(z) 12 ham 16i. That vay, d€ g(x) 1a ham 16i ta phai chon p sao cho

V2g(x) = 0 v6i moi z. D€ y ring
(u, Vig(x)u) = (u, V2 f(x)u) +p || u |

Muén cho V2g(x) = 0 tic 1a (u, VZg(x)u) > 0 v6i moi u, hay (u, V2f(x)u)+
p |l v ||*> 0 v6i moi uma || u ||= 1 ta chi can chon p sao cho p >
—(u, V2 f(x)u) véi moi u ma || u ||= 1 va moi z € 2, nghia la

p > —min{(u, Vif(z)u) : v € Q; || u ||=1}.
Ta luon chon duoc p thdéa man diéu nay vi

min{ (u, V2f(2)u) : 2 € Q|| u||= 1} > —o0
(do €2 1a tap compac). Vay ta da chi ra ton tai p sao cho g(x) 1a ham 16i. Nhu

vay f(z) = g(z) — p ||  ||* 12 hiéu chia hai ham 16i va do vay f(z) la ham

d.c. d

Hé qua 1.2.2 Cho f - R" — R la ham d.c va g : R — R la ham 16i. Khi
do, ham hop thanh g o f ciing la d.c.

Chung minh

Cho xy € R" va gy, 1a anh cua z( qua f, tic 1a yo = f(xg). Khi d6, ham g(y)
¢6 thé biéu dién trong hinh cdu nao d6 B(yy, €y) cha yo nhu sup theo tliing

diém ctia mot ho cdc ham affin nao dé

g(y) = sup(a;y + b;), v6iy € B(yo, €o)-

el
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Trong d6, a;,b; € R, i € I va I la tap chi s6 sao cho

s = sup max{a;, b;} < 0.
el

Lay

trong d6 g, h 1a cdc ham 16i trong hinh cau B(z, €1) sao cho

f(B(x0761)) g B(y(),ﬁo).
Khi d6 véi = € Bz, e1), ta ¢6

aif (x) + b; = b; + a;g(x) — a;h(x)
= [bi + (s + ai)g(x) + (s — a;)h(x)] — s(g(z) + h(x))
= gi(z) + h(z),
v6i §; va h 1a cac ham 16i va h(z) = s(g(x) + h(z)) khong phu thuoc vao i.
Suy ra

g(f(x)) = sup(gi(x) — h(z)) = supgi(x) — h(z) = g — h.

1€l i€l
Véi g 1a ham 16i. Vay ham hop thanh ¢ o f 1a ham d.c dia phuong va vi thé

no la ham d.c. O

Ménh deé 1.1 Cho M la tdp con déng khdc réong cua R". Khi dé, binh phuong
cua ham khodng cdch d?w( v la ham d.c.

Ching minh
Ham khoang céch xac dinh nhu sau
dy R" — R

v —inf{|y—a |y M}
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Ta co
dy(z) =inf{||y — ||>: y € M}
=z P +inf{— |z |+ |y —z >y € M}
=z P —sup{[z P = |y — = |I”: y € M}

=| z ||> —sup{2z"y— || y ||*: y € M}.

Ham h(z) = sup{2zTy— || y ||*: y € M} 1a sup theo ting diém clia mot

ho cdc ham affin nén né 12 ham 16i. RS rang g(z) =|| z ||* ciing 12 ham

16i. Vay d?w@ la ham d.c. O

Tiéu két chuong 1
Trong chuong nay trudc tién nhic lai khai niém ham 16i va tir d6 dua ra
khdi niém ham d.c. Ti€p theo la trinh bay mot so tinh chat cia ham d.c. Day

14 co s& dé tim hiéu bai toan t6i wu d.c & chuong 2.
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Chuong 2

Bai toan toi vu d.c

Trong chuong nay chiing ta trinh bay bai todn toi vu d.c cling nhu bai todn
doi ngiu clia n6. Tir d6 dua ra phuong phép giai dia phuong dé gidi quyét
bai todn nay. Pong thoi trinh bay phuong phap hiéu chinh cho cic bai toan
goc va doi ngau.

2.1. Phat biéu bai toan

Cho X = R” dugc trang bi tich (-, -) vo huéng. Khi d6 khong gian doi
ngiu Y cla X dugc dong nhat v6i X. Ky hiéu I'g(X) 1a tap tat ca nhiing

ham 161, chinh thuong, nira lién tuc dudi trén X.

Pinh nghia 2.1 Mot bai toan toi uu toan cuc dugc goi la bai toan téi vu d.c

néu no6 c6 dang sau
(P)  a=inf{f(z):= g(x) —h(z) 12 € X},
trong d6 g va h thudc vao I'g(X).

Pinh nghia 2.2 (i) Diém z* dugc goi 1a cuc tiéu dia phiong cua g — h néu

g(z*) — h(x*) 1a hitu han, nghia la
x* € domgnNdomh
va ton tai mot 1an can U cua x* sao cho

g(x*) — h(z*) < g(x) — h(x), Yz € U.
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(i) Diém z* dugec goi cuc tiéu chdt cha g — h néu g(x*) — h(x*) 1a hitu han

N

g(x) = hz) = g(z") — h(z"),
v6i moi z € (U Nint(dom h)).

(iii) Diém z* goi 1a diém i han ctia g — h néu nhu

dg(”) N Oh(z") # ¢.

2.2. Phuong phap giai dia phuong

2.2.1. Bai toan d.c doi ngau

Pinh nghia 2.3 (i) Cho g € I'y(X). Khi d6 ham lién hop cua g dugc ky hiéu

va dinh nghia nhu sau

9" (y) =sup {(z,y) —g(z) 1z € X}.

(i1) Cho zy € dom g va € > 0. Khi d6 € - du6i vi phan cua g tai x(y duoc dinh

nghia va ki hiéu nhu sau
9eg(mo) ={y €Y : g(x) > g(x0) + (x — x0,y) — €, Vo € X}.
Ménh deé 2.1 Cho bai todn d.c
(P) =t {f(z) = g(z) — h(z) : v € X},
trong do g,h € I'o(X). Khi do
(D) a=if{h'(y)—g"(y):y €Y}
Ching minh
Xét bai todn t6i uu d.c

(P)  a=inf{f(z)=g(x)—h(z):xz € X},
10
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trong d6 g, h € T'o(X).
Tir dinh nghia ctia ham lién hop, ta c6
a =inf {g(z) — h(z) : z € X}
= inf {g(z) —sup{(z,y) = h*(y) 1y €Y} 2 € X}
= inf {5(y) :y € Y},

(P))  Bly) =inf{g(z) — ({z,y) —h'(y)) sz € X}.

Ta co

Bly) = h*(y) — g*(y) néuy € dom h*

+00 trong céac truong hop khéc.

Ta phat biéu bai todn doi ngau

a=inf {h"(y) — g*(y) : y € dom h*}.
Theo cach xac dinh ((y) & trén ta c6 bai todn d6i nglu cua (P) la

(D)  a=mf{h(y)-g"(y):yeY} D
Nhan xét 2.1 Do « la hitu han nén dom g C dom h va dom h* C dom g*.
Pinh li 2.1 Cho P va D lan luot la cdc tdp nghiém tuong ving cua hai bai
toan (P) va (D). Dat
Pr={z" € X :0h(z") C Og(z")}

Dy={y" €Y :0g"(y") COn'(y")}.
Khi do,
(i) x € P néu va chi néu 0.h(x) C 0.g(x), voi Ve > 0;
(ii) y € D néu va chi néu 0.g*(y) C 0.h*(y), vdi Ye > 0,
(iii) U{Oh(z) : x € P} C D C dom h*;

(iv) U{0g*(y) : y € D} C P C domg.
Dinh ly nay duoc ching minh trong [6].

11
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Pinh 1i 2.2 (i) Néu z* la cuc tiéu dia phuong ciia g — h thi z* € P;.
(ii) Cho x* la diém t6i han cia g — h va y* € dg(z*) N Oh(x*).

Cho U la mét lan cdn cua x* thoa man
U Ndomg C dom Oh.
Néu nhu véi méi x € U Ndom g ton tai y € Oh(x) sao cho
h'(y) =9 (y) 2 K (y") — 9" (y")
thi x* la diém cuc tiéu dia phuong ciia g — h, nghia la
g(x) — h(x) > g(x*) — h(z™), Vx € UNdomg.

Chung minh

(i) Gia str z* 1a cuc tiéu dia phuong ctia g — h. Ta chiing minh z* € P;. That
vay, do z* 1a cuc tiéu dia phuong clia ¢ — h nén ton tai mot lan can U cua

x* sao cho
g(x) — g(x*) > h(x) — h(x¥), v6i Vx € U Ndom g.
Vi thé, véi y* € Oh(z*) ta cd
g9(x) —g(@*) = (x —2",y")

véimoi z € U Ndom g.
Do g la tap 16i, suy ra y* € dg(z*). Vay =* € P.
(i1) Theo gia thiét

y* € dg(x”) N Oh(z"),

ta co
9(x") + 9" (y") = (=", y") = h(z") + h*(y").
Suy ra
g9(@") = h(z") = h*(y") — g"(y"). (2.1)
12
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Ciing theo gia thiét v6i - 1a di€ém bat ky thuoc UNdom g s& ton taiy € Oh(x)
sao cho

W (y) —g"(y) = 1 (y") — 9" (y"). (2.2)
Mat khéc, ta c6

h(z) +h*(y) = (z,y) < g(x) +g"(y).

Suy ra
9(x) = h(z) = h*(y) — 9" (). (2.3)

Nhu vay tir (2.1), (2.2) va (2.3) ta ¢6
g(x) —h(x) > h*(y) — 9" (y), v6iVx € U Ndomg
nghia 1a z* 1a cuc ti€u dia phuong cua g — h. O
Hé qua 2.2.1 Cho x* la diém nam trong ldn cdn U sao cho
Oh(x) N dg(x*) # 0, véi moix € U Ndom g.
Khi dé x* la cuc tiéu dia phuong cua g — h, tiic la
g(x) — h(x) > g(z*) — h(z™), Vx € UNdomg.

Chiing minh

Lay x € U Ndom g va goi z* 1a mot diém nam trong lan can U sao cho
Oh(x) N dg(x*) # (). Khi d6, ton tai y € Oh(x) N dg(x*).

Viy € Oh(x) nén ta cé

h(x) +h*(y) = (z,y) < g(x) +g"(y).

g(x) — h(z) > h*(y) — g"(y). (2.4)
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Suy ra

h(y) — 9" (y) = g(z”) — h(z"). (2.5)
Mat khdc, néu lay y* € Oh(z*) N dg(x*) thi ta c6

9(@*) + 9" (y") = (=", y") = h(z") + 1" (y").
Tu do suy ra
g(@®) — h(z®) = h*(y") — g"(y").
Vay gia thiét (ii) ciia dinh 1y 2.2 dugc thoa man. Do do, theo két qua dinh
1y nay ta ¢6 z* 1a cuc tiéu dia phuong ciia g — h, nghia la
g(x) — h(x) > g(x*) — h(z™), véimoix € U Ndomg. O

Hé qua 2.2.2 Néu x* € int(dom h) théa man diéu kién

Oh(z™) Cint (8g($*))

thi x* la cuc tiéu dia phuong chdt cua g — h.
Chiing minh

Tu tinh nira lién tuc trén cta Oh tai x* € int(dom h) suy ra v6i moi tap
mé& O chia Oh(x*) deu ton tai lan can U cua x* sao cho dh(x) C O, v6i
moi x € U.

bat O = int(9g(z*)), suy ra Oh(x) N dg(x*) # 0. Vay, diéu kién cla he
qua 2.2.1 dugc thoa man. Do d6 z* 1a cuc tiéu dia phuong cua g — h.
bat V = U Nnint(dom h). Néu x € V thi Oh(x) 1a compact. Do d6 vé6i moi

x € V ton tai €(x) > 0 sao cho
Oh(z) +¢e(x)B C O,

vGi B 1a hinh cau don vi déng trong khong gian Euclide thong thuong.

14

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



Lay x € V \ {z*} vay € Oh(x), ta cé
€(x)

[l — 2|

(z =)

g(x) —g(x*) = (x — 2",y +

= e(@)|z — 2" + (& — 27, y)
> e(z)lx — ™| + h(z) — h(z").

Suy ra
g9(@) — h(z) = e(z)[|x — 2™ 4+ g(a”) — h(z7).
Vay z* 1a cyc tiéu dia phuong chit cta g — h. O

Hé qua 2.2.3 Cho z* € dom Oh la diém cuc tiéu dia phuong ciia g — h va

y* € Oh(x*), x thudc vao lan can U sao cho
g(x) — h(x) > g(x*) — h(x™), véi moix € U Ndom g.

Khi dé, néu y* € int(dom g*) va dg*(y*) C U thi y* la cuc tiéu dia phuong
cua h* — g*.
Chiing minh

Xem chitng minh chi tiét trong [6].

2.2.2. Phuong phap giai dia phuong

-----

» Phuong phap téng quat giai bai toan d.c
Cho z* € X. Ta xét bai todn sau:
(S(@))  inf{h*(y) — g"(y) : y € O (z")}. (2.6)
Bai todn nay tuong duong véi bai todn
inf{(z",y) — g"(y) : y € Oh(z")}.
Tuong tu, cho y* € Y. Ta xét bai todn doi ngau
(T(y")) inf{g(x) — h(z): x € dg*(y")}. (2.7)

15
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Bai toédn (2.7) tuong duong véi

inf{(z,y") — h(z) : x € 99" (y")}.

Goi S(z*), T (y*) tuong tng 1an lugt 1 tap nghiém cta (S(z*)) va (T'(y*)).
Phuong phdp giai téng quat ¢ thé duoc xem nhu phuong phdp x4p xi nghiém
cho bai todn nguyén thiy (P) va bai toan doi ngau (D). Theo phuong phap
nay, xudt phat tir mot diém 2° € dom g da cho, ta xay dung hai day {z*} va
{y*} nhu sau

y' e S(at); M e T(yY).
Viéc giai cdc bai toan nay khong phai bao gio cling dé dang. Vi thé, ta thuong

dung phuong phap khac hiéu qua hon sau day:

* Phuong phap giai dia phuong

Theo phuong phdp nay, Ta xay dung hai day {z*} va {*} 1an luot 1a
nghiém cua bai toan goc va bai todn doi ngau sao cho thdéa man cac di€u
kién sau:
(i) (g — h)(2*) va (h* — g*)(y*) 1a céc day gidm
(i) Moi diém giéi han 2* (twong tng 3*) ctia {z*} ( {¢*}) 1a diém t6i han
cua g — h (tuong ung (h* — g*)).

Pé thoa man cdc diéu kién trén, xudt phét tir 2° € dom ¢ ta xay dung day

{2%} va {y*} nhu sau:

y* € On(z"); 2" € ag" (vh).

16
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Tai budce lap tha £, ta co:

2" € 99" (y"!) — y" € On(a")
= argmin {h*(y) — [¢"(y" ")
+ 2y =y Ny eY), (D)
k€ Oh(zh) — z*1 € Bg* (yh)
— argmin {g(z) — [h(z")
+{(x—2" Mz e X} (P
Pinh nghia 2.4 Phuong phdp giai bai todn d.c duoc goi 1a ding néu c6 thé

xay dung hai day {z*} va {y*} tir mot diém bat ky 2° € dom g sao cho
{2*} € range 0g* = dom dg
{y*} C range dh = dom Oh*.

Nhan xét 2.2 (i) (Dy,) va (P;) 1a cc bai toan 106i.

(i) Céc day {«"*} va {y*} trong thuat toan d.c dugc dinh nghia ding néu va
chi néu dom dg C dom Oh va dom Oh* C dom Og*.

(iii) Mot ham d.c c6 rat nhiéu cach khai trién khac nhau. Chang han, néu

f = g — h thi ta cling c6 thé viét
f=(g+0)—(h+0), véimoi 0§ € T'y(X)
hitu han trén X. Vi thé&, d6i véi moi bai todn t6i uu d.c cé nhi€u 10i giai khac
nhau phu thudc vao viéc phan tich ham muc tiéu f. Viéc tim ra phan tich
pht hgp cho ham muc tiéu s€ quyét dinh hiéu qua cua thuat toan.
* Dinh ly hoi tu
Cho p; va p! (i = 1,2) 1a nhiing s6 thuc khong am sao cho

17
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trong d6 p; = 0 néu p(f;) = 0 va p; c6 thé nhan gid tri p(f;);

0<pi <p(f)

trong d6, pi = 0 néu p(f;*) = 0 va p; c6 thé nhan gia tri p(f*) néu gid tri d6

ton tai.
Dit
h =gy
L=
Ao = ML b
dyf = F

Khi dé, ta ¢6 dinh 1y sau

Dinh li 2.3 Gid si rang {2*} va {y*} duoc xdc dinh bang viéc gidi cdc bai
todan (Py) va (Dy). Khi do, ta c¢6
(i)
* * P2 P*
(9 =W))< (b = g") (") = max{7> || da® |1, 5 || dy* |I*}
< (9= h)(a") - max{Z L2 ) dat |2,
P1 k=12 | P2 ko2
— || d — || d
Sy 1P+ 22 ) ayt ).
2 2
Ddng thiic (g — h) (") = (g — h)(2¥) la diing néu va chi néu
z* € 0" (y"), y* € Oh(a")
va
(p1 + po)da® = pidy"~" = pidy® = 0.
Trong truong hop nay, ta co
e (g—h)(z") = (h* — g*)(y¥) va 2%, ¥ la nhitng diém t6i han ciia g — h
18
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théa man
e (8g($k) N 8h(xk))

va

k c (ag(karl) ﬂ@h( k+1))

o y¥ la diém t6i han ciia h* — g* théa mdn
[*, 2" C (99" (y*) N OR*(y"))),

o 2" = 2k néu p(g) + p(h) > 0,
y* =y néu p(g*) > 0,
y* = y*néu p(h*) > 0;
(ii) Tuong tu, vdi bai todn doi ngdu ta cé
R p1 P1
(P = g™ < (9 — h)(@") = max{ 7 | dz" |7, —1 I dy"™ 1%}

ES ES p
< (= g") (") - max{ | da*t |2+ 0] da ),

1 02 R
31 | dy* ||” +3 | da* |17, = 5 2 dy® |17}

Ddng thite (h* — g*)(y* ™) = (h* — ¢")(y¥) la diing néu va chi néu
e gy, y" € o)

vad
(05 + p3)dy" = pada® = pyda*t = 0.
Trong truong hop nay, ta co
o (W — g (WY = (g — h)(2*) va y*, y**! la nhitng diém t6i han clia

(h* — g*) thoa man
e (9g"(y*) nont(y"))

va
e (0g*(y* ) non (y*t)),
19
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o 2"t [a diém téi han ciia g — h théa mdn

[yk,ykﬂ] C (8g(xk+1) N ah($k+1)),

y* =yt néip(g”) + p(h7) > 0,
" = 2% néu p(h) > 0,

" = M2 néu p(g) > 0;

(iii) Néu o la mot s6 hitu han thi cdc ddy giam
{(g = n) @)}, {(h" = g") (")}

hoi tu dén cung gioi han 3 > «, nghia la

lim (g — h)(z") = lim (h* — ¢")(y*) = B3,

k—o00 k—oo

trong doé (3 > «.

Néu
p(g) + p(h) > 0 (twong ing p(g*) + p(h*) > 0)
thi
éig{xkﬂ — 2"} = 0 (twong ving Ijirgo{yk+1 —y"} =0).
Hon niia,

lim {g(z") + " (") = (=", ")}

= lim {A(z""1) + h*(y") — (&, ")} = 0;

k—00
(iv) Néu o la hitu han va cdc day {=*} va {y*} la bi chan thi véi méi diém
gidi han x* ciia {x*} ( y* ciia {y*} ) sé ton tai diém tu y* cua {y*} ( x*
ciia {z*} ) thda man
o (z,y7) € [0g9"(y") N O (y*)] % [Og(z*) N Oh(x")]
va
(g =h)(") = (h" = g")(y") = B,
20
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o limy o {g(2%) + " (")} = limy e (2%, 45).
Chung minh

Dé chitng minh dinh 1y ta cAn ménh dé sau:
Ménh dé 2.2 Gid sit rdang cdc day {x*} va {y*} duoc xdy dung theo thudt
todn d.c o trén. Khi do, ta co
(i)
* * P2
(g —h)(@") < (B =) (") - 5 | dz" |)*

< (g— )t = 22 a2
Dang thirc
(g —h) (") = (g — h)(a")
diing néu va chi néu
2" € 9g*(y"), y* € On(a"T)
va
(p1 + p2) || dz™ [|=0.
(ii) Tuong tu, ta cé
(0 = )W) < (g — W) = 2yt |
< =g - PPy

2
Dang thirc

diing néu va chi néu
e g (YY), ¥ € Oh(aM)
va
(o1 + p3) || dy* [|= 0.
Chiing minh
21
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(i) Boi vi ¥ € Oh(z"*) nén
Ak ) = h(ah) + (@ = 2,y + 2 ) dat |2
Tu do, ta co
(g — P) (") < g(a®*h) — (@M1 — 2%, y*) — (") - % | da® |
Ciing twong tu nhu vay, vi zFt1 € dg*(y*) nén ta cé

P1
g(xk) > g(l‘k+1) + <:Ck - Zlfk+1,yk> 4+ E H d:lfk ”2 .

Suy ra

gt — (2 = by — Bt < (9 — () — 2 ) et )

Mat khac
e dgi(yh) & (@ k) = g™ + g (vh),
y' € 0h(z") & (a",y") = h(a") + 1 ().
Do d6
(") = (@™ —a* b)) — h(a®) = B (YY) — g* (¥Y).
Nhu vy, tir (2.9), (2.10) vi (2.12), ta ¢6

(9= W) < (0 = g") ") = 5 | da* |

p1 -+ p2
< (g—h)(=") - 5 | dz* ||* .

Néu p; + py > 0:
Cho

(g = h)(@"h) = (g — h)(a").
Khi dé, theo (2.13) ta c6

pP1+ P2
2

I dz [[*>0

22
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Suy ra

e 0

trong dé p; + pa > 0 cho nén (p; + ps) || da* ||= 0.
Déng thoi ta cling ¢6 2% € dg*(y"),y* € Oh(aFH).

Nguoc lai, néu cho

2F € 0g* ("), y* € Oh(z")

(p1+ p2) || da® [|= 0

thi ta thay

(9 —h)(@") = (g — ) (z").
Ta thay rang ton tai p1, pa sao cho p;+p2 > 0 néu va chi néu p(h)+p(g) > 0.
Trong truong hgp p(h) = p(g) =0, ta ¢

(g —h)(@") = (g - n) (")

& (9= )" = (1" = g)("), (2.14)

(h* = g)(y") = (g — )(="). (2.15)

Tu (2.11), (2.14) suy ra

W) + 1 (y*) = ("),

nghia 1a y* € Oh(z*1),
Tuong tu, tir (2.11) va (2.15) suy ra

g(@™) + g* (v") = (=", "),

nghia 1a 2% € dg* (y¥). O
(i1) chitng minh hoan toan tuong tu nhu (i).
Tir ménh dé€ nay, ta c6 két qua truc tiép

23
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Hé qua 2.3.1 (i)

(9= W)@ < (0 = g ") = 5 || da® |

N
@
>

P1 - P2
< (9= m)(a*) = 15 | dy"" P+ || da |
(ii)
(9= @) < (0 = ) (") = 2 | dy* |
Pl _ P>
< (9= M) = 15 | dy"" P+ 1] dy )

Dang thiic

diing néu va chi néu
2% € 9g*(y¥), y* € Oh(z")
va
(p1 + p2)da® = pidy*~" = p3dy" = 0;
Tuong tu, ta co
(iii)
L P1
(h* = g") (") < (9 - h)(ﬂﬁ’““);1 | dy* |
L P1 p
< (B —g")(¥") - [51 | dy* |* +§2 | da* %).
(iv)
(" = g < (g = W) = B | dah+ |2
< (0 =g — [5 Il dat P +58 | da® |P)
Dang thirc
(h* =g ") = (h" = g")(¥")
diing néu va chi néu
xk—&-l c ag*(ylﬁ—l)) yk e 6h(xk“)
24
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vad
(05 + p3)dy" = pada® = pyda®t = 0.
Chirng minh dinh ly

Do tinh chat (i) va (ii) cua dinh ly dugc chitng minh hoan toan tuong tu nhau
cho nén ta chi can chiing minh (i).

Theo hé qua 2.3.1, ta ¢ bat dang thic dau tién cla (i)
(_h)(k+l<h*_>k k P2 d 2p_§ dk?
g— W) < (0 = g)(5") — max{22 | dat 1%, 22 | dy? ).
That vay, theo (i), (ii) ctia hé qua 2.3.1 ta c6

(9= W)) < (0 = g) (o) = 5 || da |

(9= WY < (0 — )0~ 2 | gt |

* * p
(9= W)*™) < (0" = g") (") —max{EX || da® |, 22 | dy* |7},
Tiép theo ta chiing minh

. s 03
(h* = g")(y") — maX{ | dx HQ,EQ | dy* |1}

p1+p
sm—mwh—mw{122nmwﬁmudwlw

P2 P1 1, P
+ = || da® H2,§1 | dy* 1+§2 | dy* ||*}.

po || da® 1P< p3 || dy” |1
thi tir (ii) cta hé qua 2.3.1 ta ¢6
(0 = g")(y") — max{ 2 || da | p2||dy 1%}
=Uf—¢x¢y—%ndfu2
< (g mh) — {2 a2 a7y,
25
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Dong thoi theo tinh chat (i) ctia hé qua 2.3.1, ta c6
* * p* * * P2
(" = g") (") - 52 I dy® I < (h* = g")(y") - 5 | dz" |*
P1 _ P2
< (g = W)~ [ | dy " P +2 ) et |P)
Mat khdc, theo (i) cia ménh dé 2.2 ta c6

o 05 ., o
(" = g)W") = 2 Ny |2 < (0" = ") (o) = 5 | da* |
p1+ p2

< (g— W) - 22t .
Tir c4c bat dang thiic trén, ta c6
_— P2 P>
(1 = ) 0) — masc(2 || da* |22 | |2
p1+ P2
< (g — h)(2") — max{ | da® |7,

2
1 _ P2
e e
1 k-1 2, P2 E (2
— || d =\ d )
L dy P2 )y

* Neu p*y || dy* ||2< po || do® ||?, bang céch 1y luan tuong tu ta két luan

(0 = g") (") — max{ 2 || da® |2, 22 | dy |2}
_|_
< (9= h)(a") = max{EL2 | dat |,

pT k—1 (12 P2 Lk 12
— || d +—= || d

Pl _ 3
Lyt 1P +22 ) gt 1.

(iii) Néu « la hitru han ta c6

lim (g — h)(«") = lim (2" = ¢*)(y*) = 3.

ko0 ko0
Va hién nhién néu
p(9) + p(h) > 0(p(g") + p(h*) > 0)
thi
]}H&{xkﬂ _ M= 0(13520{9“1 — "} =0).

26
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Tiép theo ta chiing minh
lim {g(=*) + 9" (y")) — (", 4")} =
Jim {h(z") + A (") — (@)} = 0.

Tir 3.12 va (i) ta ¢6

lim (g — A)(z"™) = lim {g(2"") — (" — 2% %) — h(2")}

k—o00 k—o0
= lim (g — h)(z").
Suy ra

lim {g(«" ") — (2" — 2" 4" — g(a")} = 0,

k—oo

nghia la
lim {g(=*) +g"(4") — («".4")} =0

vi 281 € 9g*(y¥). Tuong tu, ta c6

lim {A (") — (@ =" ") — h(ah)} =0,

k—00
nghia la
Lim {h(z") + (") — (" ")} =0
vi y* € Oh(yh).
(iv) Gia st ring o hitu han va cac day {2*}, {y*} 12 bi chan.
Goi z* 1a gi6i han cta {2*}, nghia Ia

lim z* = 2*.

k—o0

Gia st day {y*} hoi tu dén y* € Oh(x*). T (iii) suy ra

lim {g(z*) +g"(y")} = lim (2", %) = (2, 7).

0(z,y) = g(x) + 9" (y)

27
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voi (z,y) € X xY.Tacé
Q(x,y) c F()(X X Y)
Tir tinh nira lién tuc dudi cta 6, suy ra

O(z*,y*) < lim inf Q(xk,yk) = lim G(xk,yk> = (2", y"),

k—o00 k—o00
nghia la
0(z",y") = g(z") + 9" (y") = (=", y7).
N6i céach khac ta cé y* € dg(x*).
Theo B6 dé 2.1 (sé trinh bay sau dinh 1y nay) ta c6
lim h(z") = h(z*)

k—o00

lim h*(y") = h*(y")

k—o0
viy* € Oh(ab), 2F — ¥ vay* — y*.

K&t hop véi (iii), ta co

lim (g — h)(2*) = lim g(2") — lim h(2")

Pl k00 k=00
= Jim gla*) ~ ha*) =
lim (n* = g")(y") = lim h*(y") — lim ¢"(y")
= h(y") = lim g*(y") = 3.
Nhu vay
lim g(z*) = g(2")
lim g*(y") = g"(y").

Vi ton tai cdc gidi han

lim g(xk), lim g*(yk)

k—oo k—oo
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nén tur (ii1) ta c6
9(z") +g"(y") = lim {g(=*) + " (4")}
= lim g(2") + lim g"(y").

Hon nira, do tinh nura lién tuc dudi cua g va g* nén

lim g(z") = lim inf g(z*) > g(z*),

k—oo - k—o0
lim ¢*(y") = lim inf g*(y") > g"(y").
—00 k—o00

Vay dinh 1y duoc chiing minh. O

B6 dé 2.1 Cho h € T'y(X) va {2*} la mot day cdc phdn ti ciia X sao cho
(i) 8 — *;

(ii) Ton tai mot day bi chén {y*} véi y* € Oh(a");

(iii) Oh(z*) la khdc rong;

Khi dé limy,_oo h(2*) = h(z).

Chiing minh

Lay y* € oh(z*). Khi d6, ta co
h(zF) > h(x*) + (zF — 2%, y*), v6i moi k.
Bai vi y* € Oh(z*) theo gid thiét (ii) cho nén

h(z*) > h(z®) + (z* — 2%, y*), v6i moi k.

Suy ra

h(z") < h(z*) + (2 — 2%, 4"), v6i moi k.
Theo gia thiét (i) ¥ — z* nén

lim (2" — 2%, 5*) = 0.

k—oo
Hon nira,

lim (2* — 2*,9*) =0

k—oo
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vi ddy {y*} bi chan theo (ii). Do vay

lim h(z") = h(z*). O

k—00

Nhan xét 2.3 (i) Trong phin (i7) ctia dinh 1y 2.3 su hoi tu clia cdc day {z*},
{y*} dugc dam bio néu théa man cic diéu kién sau

e {2*} la bi chan;

e Tap cic diém gi6i han clia {z*} 13 hitu han;

o limy .o || 2" — 2% ||=0
(74) Thong thudng hiéu qua cua thuat toan d.c phu thudc nhicu vao tinh 16i
manh cuia cdc phan tich d.c cia ham muc tiéu trong bai todn goc va bai toan
doi ngdu. Dé lam cho phan tich cia hAim muc tiéu ¢ dugc tinh chat nay,
ngudi ta thudng dung khai trién sau

feg—h=(g+ 50~ t+3 07
(iii) Phuong phap tong quéat giai bai todn d.c ¢ trén cho ta z* sao cho dh(z*) C
dg(z*). Nhung trong thuc t€, ngoai trlr trudng hop phuong phdp giai tong
quat dé dang tim ra nghiém, nguoi ta thuong dung phuong phdp giai dia
phuong. Tuy nhién, trong phuong phap nay néu nhu thuat toan két thic tai
x* ma Oh(z*) khong bi chia trong dg(z*) thi ta c6 thé han ché gid tri ham
muc tiéu va chon lai diém ban diu mé6i 2° = 2* véi ¢ € dh(2°) sao cho
y’ ¢ dg(a"). That vay, vi
g(z") +g"(4") — (&',") < h(a') = h(a") + (2", 9").
va
(") < g(a”) + 9" (y").
Do 3° ¢ 0g(z") nén ta c6
g(z") + g"(y") < h(z") = h(a”) + g(a”) + g"(4").
Suy ra
g(a') = h(z') < g(a”) — h(2").
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2.2.3. Ky thuat hiéu chinh trong bai toan d.c

Xét bai toan d.c (P) va bai todn doi ngau (D) cua né v6i « la hitu han.
Trong trudng hop nay dom g C dom h va dom h* C dom g*.

Trong phan nay, ta trinh bay k¥ thuat hiéu chinh cho bai toan gdoc va bai
todn doi ngu. DAu tién ta nhic lai mot so kién thic vé giai tich 16i, vi vay

cac dinh 1y nay ta khong chitng minh

Pinh nghia 2.5 Cho ¢, ¢ € I'((X), cdn dudi chdp cua p va ¢ dugc dinh

nghia va ky hi¢u nhu sau

QOV”(#(J)) — inf {g0($1> + ¢($2) X+ X = .ZC}

Nguai ta néi V) la chinh xac tai x = x; + x5 néu

pVip(z) = p(z1) + ¢(22).
©V1) duge goi la chinh xac néu né chinh xac tai moi z € X.

Dinh 1i 2.4
(i) oV la 16i va dom N = dom ¢ + dom 1);
(ii) (pVY)" = " + 9%,
(iii) Cho

ri(dom @) N ri(dom) # (.
Khi d6 (¢ + )" = 0*Vo* va " Vab* la chinh xdc;
(iv) Op(x1) N OY(x2) C O(pV)(z1 + z2).

Hon nita, néu

dp(x1) N OY(a2) # 0
thi ta c6 NV la chinh xdc tai v = vy + x9. Nguoc lai, néu N la chinh
xdc tai * = x1 + x9 thi

AN eV)(x1 + 32) = Op(x1) N Op(a2).
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Pinh li 2.5 Cho ¢ € I'o(X). Khi dé cdc diéu kién sau la tuong duong:
(i) Véi moi x € dom o, Op(x) chita nhiéu nhdt mot phan ti;

(ii) @ la khd vi thiét yéu,

(iii) p € To(X) khd vi thiét yéu néu va chi néu ¢* la 10i chdt thiét yéu;
(iv) Cho ¥, € T'y(X) sao cho ¢ la khd vi thiét yéu va

ri(dom ") Nri(dom ™) # 0.

Khi dé N1 1a khd vi thiét yéu.

x Hiéu chinh cho bai toan doi ngau cua bai toan toi vu d.c

Cho 0 € T'y(X) sao cho
(1) dom 6 D dom g,
(ii) ri(dom 0) Nri(dom g) # O va ri(dom @) Nri(domh) # 0 .
Hién nhién, g + 6 va h + 0 clia nhitng ham hop thanh d.c cta f. Do d6, bai

toan sau day 1a tuong duong véi (P):
(Py)  Aa=inf{(Ag+0)(x) — (AL +0)(x):z € X},
trong d6 A 1a mot s6 duong. Khi d6 ta c6 bai toan doi ngau cta (P, ) la
(D4)  Aa=inf {(Ag+0)"(y) — (A +0)"(y) :y €Y}
= inf {(AR)"VO(y) — (Ag)" VO (y) : y € Y}

Ménh dé 2.3 Cho 0, g € To(X). Khi dé

(i) Néu 0 la ham [oi manh thi cdc ham \g + 0 va \h + 0 ciing la 16i manh
voi moi A > 0;

(ii) Néu 0 la khd vi thiét yéu thi cdc ham hop thanh trong bai todn (D) la

khd vi thiét yéu.
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x Hiéu chinh cho bai toan toi vu d.c
Dé hiéu chinh cho bai todn goc, ta xét bai toan d.c sau
(Py) Aa=inf {(Ag)VO(z) — (AR)Vl(z) : x € X},

trong d6 A 1a mot s6 duong va 6 € I'y(X) thoa man
(i) ri(Adom g*) Nri(dom0*) # 0,
ri(Adom h*) N ri(dom 0*) # 0 ;
(ii) dom 0" D dom (Ah)* = Adom h*.
Theo dinh 1y 2.4 ta c6

(A\9)"(y) = Ag"(A""y).

Suy ra
dom ((Ag)*) = A(dom g*).
Mat khéc, tir (i) ta c6 AgV0 va AhV 6 déu thuoe T'y(X).
Do vay, ta c6 bai toan d6i ngiu cua bai toan (Py)
(Dv)  Aa=inf {(ALVO)*(y) — (AgVO)"(y) : y € Y},
= inf {(()\h)* + 9*)(y) — (()\g)* + 9*)(y) cy €Y

Theo (i1) ta c6 Dy tuong duong v6i D.

Nhu vay, bang céch chon 6 hop 1y ta thu duogc cdc ham d.c hgp thanh trong
(Py) la kha vi thiét yéu va cac ham d.c hop thanh cta (Dy) 1a 16i manh.
Tiéu két chuong 2

Trong chuong nay, ching toi trinh bay bai toan d.c va phuong phap giai
dia phuong tim nghiém cho bai todn nay. Pong thoi trinh bay mot ki thuat

hiéu chinh cho bai toan d.c.
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Chuong 3
Bai toan bat dang thirc bién phan hon hop
d.c

Trong chuong nay ching toi dua ra bai todn bat dang thitc bién phan hén
hop d.c va phuong phdp tim diém dimg cho bai todn nay. Day 1a mot truong
hop mé& rong cua bai toan t6i vu d.c. Tir d6 dp dung vao mo hinh can bang

Counot - Nash.

3.1. Bat dang thic bién phan hon hop d.c

Cho () # C' C R™ 1a mot tap con 161 dong, F' 1a mot dnh xa tir R™ vao C
va ¢ 1a ham d.c xdc dinh trén R”. D€ don gian, ta gia thi€t ring ¢ hitu han

trén R"

Pinh nghia 3.1 Bai todn bat diang thitc bién phan hén hop dugc phét biéu
nhu sau:

Tim 2* € C sao cho
F(@*) (y — 2*) + oy) — p(a*) 20, Vy € C, (3.1)

trong d6 C duoc goi 1a mién gi6i han, F' 1a anh xa gid, ¢ 1a ham gia.

biém z* € C duoc goi 1a nghiém dia phuong cta bai todn (3.1) néu
Fa)(y—2") 4+ o(y) — @) >0, YyeCnU, (3.2)
trong d6 U 1a mot 1an can m& nao d6 cta z*.
Nhan xét 3.1 Néu ¢ la ham 16i thi nghiém dia phuong cta (3.1) ciing la
nghiém toan cuc cua bai todn nay.
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Trong bai todn (3.1), ta ki hiéu:
Ne :={(z,U) : 2 € C,U la lan can clia z}
va dinh nghia cdc 4nh xa S : No — 29 va m : N¢ — R nhu sau
S(x,U) := argmin{F(w)T(y —x)+y) : yeCNU}, (3.3)

m(z,U) :=min {F(z)" (y —z) + o(y) —p(z) : ye CNU}. (3.4
Khi d6, ta c6 ménh dé sau
Ménh dé 3.1 Gid sit rang S(x,U) # 0 véi moi (x,U) € Ne. Khi dé, cdc
phdt biéu sau la tuong duong
i) x* la nghiém dia phuong cua (3.1);
i) x* € C,va x* € S(z*,U);
iii) x* € C,va m(z*,U) = 0.
Chiing minh
(17 = 10).
Cho z* € C' vaz* € S(«*,U). Khi d6, ta c6

0=F(2")" (2" — ") + p(z") — p(a”)
< F(a™)! (y — 27) + ¢(y) — p(a”), vy € CNU.

Suy ra z* 1a nghiém dia phuong cua (3.1).
(i = ).
Cho z* 1a nghiém dia phuong cta (3.1). Hién nhién, ta c6 2* € C. Ta can

ching minh z* € S(z*, U). That vay, do
F@)'(y—a") + () —¢@) 20, wyelCnU (33

nén suy ra x* € S(z*,U). Vay (i) tuong duong véi (ii).
Tiép theo ta chiing minh () tuong duong véi (ii).
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Taco m(x,U) < 0véimoix € CNU. Do vay, z* € CNU vam(z*,U) =0
néu va chi néu

F(z*)(y —a) + o(y) — (") >0, Yy e C N U.
Vay ta c6 (i < iii). O
Nhan xét 3.2 (i) Trong ménh dé trén , néu U chita C thi 2* 1a nghiém toan
cuc cua (3.1).
(ii) Trong bai todn bat dang thiic bién phan hdn hop d.c cé thé khong c6
nghiém méc du cadc ham gid lién tuc va mién giéi han C bi chan.

Ki hiéu I'¢ 1a tap cdc ham 16i chinh thuong c6 dudi vi phan ntra lién tuc
duéi trén C. Cho ¢ = g — h 1a ham d.c v6i g, h € ' . Ta c6 thé gia thiét g
va h la 16i manh trén C'. Khi d6, ta c¢6 dinh nghia sau
Pinh nghia 3.2 Diém z € C duoc goi la diém dirng clia (3.1) néu

0 € F(z)+ dg(x) — Oh(x) + Ne(z), (3.6)
trong do
Ne(z) == {w : wl(y—x) <0, Vy € C}
la nén phép tuyén cua C' tai x € C, dg(z) va Oh(x) lan luot 1a dudi vi phan
ciia g va h tai x.
Nhan xét 3.3 (i) V6i moi ¢ > 0, phét biéu (3.6) twong duong véi
0 € c{F(x)+ 0g(x) — Oh(x)} + Ne(z). (3.7)
(ii) Pat
g1(x) = g(z) + dc(x),
trong d6 0dc(x) 1a dudi vi phan clia ham chi d¢ cua C' tai x. Khi d6, ta c6
x 1a diém dimg néu va chi néu
0 € c(F(z) + dg(z) — Oh(x)) + ddc(x), (3.8)
36

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



vGi ¢ > 0 1a hiang s6 hiéu chinh.
Meénh dé 3.2 Diéu kién cdn va dii dé x la diém dimg ciia (3.1) la
-1
x € (I + c@gl) (x —cF(z) + c@h(a:)) (3.9)

trong dé ¢ > 0 la tham s6 hiéu chinh, I dnh xa dong nhdt.

Ching minh
Vi g; la chinh thudng, 16i déng nén (I + dg;)~! don tri va xédc dinh khap
noi. Suy ra = thdéa man (3.9) néu va chi néu

x—cF(x) 4 cv(z) € (I + cdgr)(x)
v6i v(z) € Oh(x). Vi No(x) 1a nén phap tuyén cia C' tai x va

dg1(z) = dg(x) 4+ ddc(x) = dg(x) + Neo(x)

nén suy ra

r—cF(x)+ cv(z) € (I 4+ cdgr)(x)
tuong duong voi

0 € F(z)+ 0g(z) — Oh(x) + Ne(x).
Vay ménh dé duoc ching minh. O
Thuat toan
Budc 1: Chon tuy y 2° € C va dat k := 0;
Budc 2: Tai k = 0,1, ... v6i 2* di cho, 2! duoc x4c dinh nhu sau

= (I + ck(‘?gl)_l(ajk — . F(a") + ckv(xk)), (3.10)

trong d6 v(z*) € 9 h(z).
Nhan xét 3.4 Néu ta ki hieu y* := 2% — ¢, F'(2%) + cpv(2%) thi viec tim 2+

duoc thay th€ bang viéc tim nghiém ctia bai todn 16i manh

1
min {g(z) + e |z -y > 2 eC} (3.11)
k
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Pinh nghia 3.3 Cho 4nh xa ¢ : O — 2F"

(1) ¢ dugc goi la don diéu trén C néu
(u—v)(z—y) >0,

véi moi z,y € C' vamoi u € ¢(x), v € ¢(y);

(71) ¢ dugc goi l1a don diéu cuc dai n€u d6 thi ctia né khong thuc su chira
trong d6 thi ciia mot anh xa don diéu khac ;

(i7) ¢ dugc goi 1a don diéu manh trén C' v6i hé s6 7 > 0 néu

(w=v)'(@—y) >7z—y|

v6i moi x,y € C' vamoi u € ¢(x), v € ¢(y);

(1v) ¢ duge goi la tur biic trén C' v6i hé s6 0 > 0 (o - tu biic) néu
(w—v)@—y) >0 u—v]?

voi moi x,y € C'vamoi u € ¢(x), v € P(y).

Nhan xét 3.5 Néu ¢ 1a don tri va o - tu buc thi n6 1a 1/0 - Lipschitz.

Pinh li 3.1 Gid su tdp S* cdc diém ding cua (3.1) la khdc réng, F la o - tu

bitc, g 16i manh trén C voi hé s6 T > 0 va h la L — Lipschitz khd vi trén

C'. Khi dé vdi moi x* € S*, ta ¢6

ap || a* =2 |2 =By || &M = 2" P> (20 — ) || F(a") = F(a) |,

(3.12)

trong dé oy, = 1+ ¢ Lt, B = (1 + 2¢1T — ck%) vat > 0.

Ching minh

Theo gia thiét, C' la tap 16i dong khac réng; g 1a 16i, dong, chinh thuong trén

C nén ta c6 (I + ¢;,0 gl)_1 1a don tri va xdc dinh khap noi v6i moi ¢;, > 0.

Do vay, day {z*} dugc xay dung béi (3.10) duoc xéc dinh. Theo (3.10) ta c6

" = ab — o F(a) + ot — 2t (3.13)
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trong dé v* = Vh(z*) va
Zk:+1 e 6gl(xk+1) _ 8g(a:k+1) + N0($k+1).
Ta ki hieu F'(2*) 1a F* va F(2*) 1a F*. Theo dinh nghia, néu z* diém dimg
cua (3.1) thi
0=2"4+ F(z") —v"
trong d6 z* € 0 g1(z*) va v* = Vh(z").

Do tinh tu bic cua F trén C, ta c6

0 < (Fk —F*)T(Sl?k—x*) — o H Fk_F* H2

(FF" — FT (2" — 2" — o, FF + o F*) — Ay,
trong do

Np=(0—c) || F*=F* |2

Vi F*=v"—2*va

k+1 k

2" = oF — o FF 4+ b — 2!

ta thu duoc
0 < (FF — F9T(ah — ¢ FF + " — ¢ 2F — o)
_ Ck(Fk o F*)T(Uk —uf — Zk;—|—1 + Z*) o Ak:
= (FF — F)YT (2" — %) — p(FF — FOT (08 —v* — 28 4 2% — AL
(3.14)

Mat khac, vi ¢ 1a 106i manh v6i hé s6 7 > 0, nén dg la don diéu manh véi hé
sO 7. Suy ra

891 = 89 + N¢
12 don diéu manh vé6i hé s6 7. Nhu vay, tir 251 € 9gy (2F1) ta ¢
(@™ —2) (T =) — 7 || 2 =2t P> 0. (3.15)
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Tir (3.13),(3.14), (3.15) va chi § 2* + F(z*) = v* ta ¢6

0 < (Fk _[F* + Zk+1 . Z*)T(xk+1 . x*)
_ Ck(Fk o F*)T(Uk —f — Zk—f—l + Z*) _ 7 H xlﬁ—l _ HQ _Ak

ZL’k — ) — I’k+1 — o
_ _x*)T(m( )= ( )

Ck
— ck(F F*) (v — vt =M 2¥) =1 | ot g H2 —Ay.
Taki hieu 2F 1= aF—a*, 21 = FHl—g* oF .= o —p*, 2FFL = JhHl_

va F* .= F* — F* Khi dé, ta c6

(EFNToF — o(aF YT (3441 — 3h)

2c;, v

— 23 (FM)T (pF — 21y (3.16)
—2¢,7 || |2 —2cx L > 0.
Tir (3.13) ta ¢6
| &5 — (3) 2= & | (F%) 2+ || 241 — 0% |2 —2c (B9 (6" — 51,
Sir dung dang thiic
(I (R L — k) = || 2HHE R |2 4 || 5|2 — || 2k |2
va két hop véi (3.16)suy ra

20, (@108 — (L4 20m) | &P+ | 28 |P —ct || B |17
(3.17)
— | oF = 2P 90 AL > 0.

Vi Vh la L-Lipschitz lién tuc, ta ¢6 || 9% ||[< L || 2% ||. St dung bat déng
thitc Chebyshev ta c6

2" e < 2| @ | o < 2L | & || )

H s k—+1 H2

<oL(t| & |? +xf),w > 0.
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k+1H2

Thay the 2(2¥+1)To% bang 2L(¢ || #* || +12-15) vao (3.17) va sit dung dinh

nghia Ay, ta cé

ar | 3% 1P =0 | #571P> er(20 — @) || B* [P 4¢3 || 0F = 20 )7,
(3.18)
trong d6 o, = 1+ ¢ Lt, Op = (1 + 2,7 — ck%) vat > (0. Vay dinh ly dugc

ching minh. O

Hé qua 3.1.1 Sir dung gid thiét ciia dinh ly 3.1, ta gid sit thém rang T > L.
Khi dé day {x*} duogc xdy dung bdi (3.10) héi tu vé mot diém dimg ciia bai
todn (3.1). Hon nita, néu v > L hodic F la u— don diéu manh thi day {z*}
hoi tu tuyén tinh vé diém ding ciia bai todn (3.1).

Chiung minh

Gia su rang 7 > L. Dat m va M 1a hai so thuc sao cho
O<m<c¢. <M< 20.

Néu ta chon t = 1 tir (3.18) ta suy ra

m(2c — M)
1+ ML

Suy ra day {2*} bi chan va day {|| ¥ — z* ||*} 1a hoi tu. Hon nita, tir bat

I =™ |I* = [ & — 2" |2 | F(a*) = F(a") ||*> 0.

dang thifc trén, suy ra

lim F(2") = F(z").

k—o0
Theo (3.13), ta ¢c6
xlﬁ—l _ SCk
0= lim —— = lim (v* — 2" — F*) = lim (% — 2*) — F~.
k—00 Ck k—o0 k—o00

Do —F* = z* —v* nén
klim (vF — v =2 ) = 0.
Dit 2> 1a diém gidi han ctia dy bi chan {z*} va {z* : k € K} 1a ddy con hoi
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tu dén 2. Vi F 14 o - tu biic nén né lién tuc. Vay limy_.., F(2%) = F(z*).

Suy ra F'(z>) = F(z*). T gia thiét Vh la L-Lipschitz, ta c6
[ —v < L||a" =2
Vay {v*} cling bi chan.
Gia st rang day con {v* : k € K} hoi tu dén v*>°. Sir dung tinh lién tuc clia
Vh, tacé v>° = Vh(xz>). Ta s& chi ra rang
V> — F(z™) € 0g1(x).
Lay z € Og1(z). Khi d6, tir tinh don diéu manh cta Jg; ta suy ra
0< 7| 2" —z|?< (2" = )T (aF —2)
= (" = )T (@" —2) + (2" = 2) (2™ — 2)
k

= (2F — )T (" — %) + (ZF =" = )T (@™ —2) + (" H (™ — 2).

Vi

]}Lrgo(vk — vt =) =0,
suy ra

L h 2 0t = —F(ah).

L4y gi6i han vé trdi bat déng thiic, ta thu duoc
(V> — F(z*) — 2) (2> — 2) > 0.
Dong thoi tir tinh don diéu cuc dai cua dgy, ta co
V> — F(x%) € 0gq1(z™).
Vi F(z*) = F(z*), nén ta c6
V> — F(x%) € 0g1(z™).
Do v* = Vh(z™) ta c6
0 € gy (x™) + F(x>) — Vh(z™),
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nghia 1a 2*° 1a diém dimg cta (3.1). Thay th€ z* trong (3.12) boi 2°° va chid
y rang {|| 2% — 2 ||} 1a hoi tu, suy ra {z*} hoi tu vé 2> vi n6 chita ddy con
hoi tu vé .

Tu (3.12) suy ra
ap || 2 —a* P> By || " =2t |12

NéuL<T,thiO<T::,/%<1V6imgik20.8uyra

k+1

I =" <o | a® —a" .

Nhu vay, diy {2*} hoi tu tuyén tinh vé x*.

Néu F' don diéu manh vGi hé s6 p > 0, thi

T
(

| Fa") = F(*) [l * = 2™ || > (F(2*) = F(2"))" (2" - 2")

> p |2t —an |
Ngugc lai, néu

| F(z") = F(a®) P2 g2 || 2* — 2" |
thi thay thé bat dang thitc nay vao (3.12), ta cé

ok — 12er(20 — )] || 2* — & P> B || 2™ = 2" |7

Sir dung gia thiét 0 < m < ¢, < M < 20 valay t = 1, ta thu duoc bat dang

thuc

1+ e L — /L2Ck(20' — )] |l ok — H22 (14 2c,7 — L) || g g ||2 .

Vi
T+ (o — %) > L
1+ cpL — piPcr(20 — ¢p) < 14207 — ¢ L
suy ra diy {z*} hoi tu tuyén tinh dén z*. O
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3.2. Bai toan can bang Cournot - Nash

Trong phan nay, ching ta xét mot mo hinh kinh t€ quen thudc 1a mo hinh
can bang Cournot - Nash. Ta s&€ mo td mo6 hinh nay trong trudong hop c¢6 ham
cuéc phi 16m dudi dang mot bat dang thic bién phan hdn hop véi ham goc
12 ham d.c. Mo hinh nay duoc phat biéu nhu sau:

Gia sur n cong ty cung san xuat ra mot loai hang héa. Gid mat hang cta
cong ty thi ¢ ki hiéu 1a (p;) phu thudc vao s6 lugng hang héa ctia n cong ty
san xudtra o := Y ., x; . Dat h;(x;) 1a chi phi d€ cong ty thi ¢ san xudt ra

x; san pham. Gia st ring ham logi ich cha cong ty thit 7 ¢6 dang
n

filzr, - yn) = xzpz(zxz) —hi(zi) (i=1,...,n), (3.19)

i=1
bat C; C R, (i =1,...,n) la tap chién lugc ctia cong ty thit .. Mbi cong ty
déu chon mot phuong an san xudt véi mong muon 1oi ich cia minh 16n nhat.
Nhung nhu vay loi ich clia cdc cong ty cé thé mau thuin véi nhau. Trong

truong hop nay, khdi niém can bang Nash to6 ra rat phu hop.

Pinh nghia 3.4 Di€ém z* = (z},...,25) € C :=C; x --- x C,, duge goi 1a
diém cdn bdang Nash néu
fl(x; e ij—b Yis x:—&—b o 71.;) S fl(xi <. 7x7>;)7 (320)

véimoiy, € C;, Vi=1,...,n.

Y nghia thuc t€ ctia diém can bang Nash cho mo hinh nay 1a tai diém can
bang, néu mot cong ty nao ra khoi diém can bing ctia minh, trong khi cic
cong ty khac van ¢ lai diém can bang thi cong ty ra chéch diém céan bang sé

bi thua thiét vé loi ich.
Nhan xét 3.6 Khi h;(i = 1,2,...,n) la cdc ham affin, thi bang cach dat

U(z,y) ==Y fil@r, - Tio1, Yis Tigt, - Tn) (3.21)
i=1
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va
ta c6 thé phat biéu bai todn tim diém can bing Nash cho 16p bai todn nay
nhu sau

Timz* € C' : saocho ®(z",y) >0, VyeC. (EP)

Ménh dé 3.3 Néu h;(i = 1,...,n) la cdc ham affin thi bai todn (EP) cé
dang bai todn quy hoach toan phuong 16i manh.

Chung minh

Gia sur cdc ham gid va ham chi phi cia méi cong ty 1a ham affin c¢6 dang

pi(o) =plo) =ap— Po, >0, >0, véio= in,
i=1

hi(z;) = iz +&, w1 >0, >0, (i=1,...,n).
Tu (3.19), (3.20), (3.21) and (3.22), ta ¢c6

(I)(JJ, y) - (AZE + w— &)T(y - $) + yTAy - xTA':U7

trong do
_ﬁ 0 0 0- —O g - ﬁ_
4 0 B 0 0 - g 0 B - 16
o 0 0 0 g g B B 0
va

ol = (ag,...,00), ' = (1. )

Khi d6 bai todn tim diém can bang Nash c6 thé phét biéu nhu mot bai toin
bt dang thitc bién phan hén hop:
Tim z € C' sao cho
Az +p—a)l(y—2)+yTAy — 2T Az >0, VyeC. (3.23)
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Bing cach dat Q = 24+ A. Ta c6 @ 1a ma tran d6i xting va xéc dinh duong.
Khi dé (3.23) twong duong véi bai toan

min{%xTQa: + (p—a)'z}. (QP)

zelU
Day la bai toan quy hoach toan phuong 16i manh. Do tinh 16i manh nén suy
ra bai todn nay cé duy nhat nghiém. Nghia 14, bai todn can bang san xudt ¢

duy nhat di€ém can bing Nash. O

Ménh dé 3.4 Cho h;(-) (i = 1,...,n) la cdc ham l6m va ham gid ciia moi
cong ty la affin. Khi dé bai todn tim diém cdn bang Cournot - Nash c¢é dang
bai todn bdt ddng thitc bién phdn hon hop d.c.

Ching minh

Gia s ham gid cia moéi cong ty cé dang

n

pilo) =pi(D x) =i =B x>0, 3>0(i=1,...n).
j=1

j=1
Ta ki hi¢u
o = (a,an,. .., 0p),
_51 0 0 - 0] [ 0 b B 51_
B 0 G 0 - 0 B Go 0 Bo - Do
0 0 0 - B, 8. B, B, -+ 0
va .
h(x) = hi(z;)
i=1
v6i h; (i = 1,...,n) la cdc ham 1dom. Ta ¢c6 B ma tran d6i xing xac dinh

duong. Vay bai toan (EP) c6 dang
Tim z* € C: f(a*,y) == F(a")' (y — 2") + ¢(y) — p(z*) > 0, ¥y € C,
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trong do

F(x):= Bz —a, o(x):= 2Bz + h(z).

Do B la ma tran d6i xing xac dinh duong va h 1a ham 16m nén bai todn nay
12 mot bat dang thitc bién phan hén hop d.c. O
Tiéu két chuong 3

Trong chuong nay, ching toi trinh bay bai todn bat dang thiic bién phan
hon hop d.c va mo hinh can bang Cournot - Nash trong hai truong hop ham

gid 1a affin va ham Iom.
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Bai toan t6i uu d.c ¢é nhiéu ung dung trong thuc tién va danh duoc su
quan tam cua nhi€u nha nghién ctu trong thoi gian gan day. Luan van nay
trinh bay mot phuong phdp giai dia phuong dé giai quyét bai toan nay. Nhing
nodi dung chinh cua luan van bao gom:

e Dinh nghia va mot s6 tinh chat co ban ctia ham d.c

e Néu bai toan doi ngau, tir d6 trinh bay phuong phéap dia phuong giai va
hiéu chinh bai toan d.c

e Trinh bay phuong phdp tim diém ding cho bai toan bit dang thitc bién
phan hén hop d.c va dp dung vao moé hinh can bang Counot - Nash.

V6i nhitng tng dung quan trong trong thuc t€, doi tugng nghién ctru cta
dé tai va cdc van dé lién quan hién da va dang duogc nhiéu nha todn hoc quan

tam, di sau nghién ctu.
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