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L1 cam doan

Toi xin cam doan nhitng két qud duge trinh bay trong luan an 1a
méi. Cac két qua néu trong luan an 1a trung thuc va chua timg ducc

ai cong bo trong bat ky cong trinh nao khac.

Nghién ciu sinh



LGi cam on

Luan an dugc hoan thanh dudi s quan tam va huéng dan tan tinh
ctia GS.TSKH D6 Dtic Thai. Nhan dip nay, toi xin duge giii t6i Thay
101 cAm on chan thanh va sau sic nhat. Toi cling xin dugce bay t6 long
biét on dén GS.TSKH Ha Huy Khoai, PGS.TSKH Tran Van Tan va
TS Si Ditc Quang, nhitng ngusi da bé cong siic doc ban thao va cho
toi nhiéu ¥ kién chinh stta quy bau dé toi c6 thé hoan thanh t6t hon
ban luan an nay.

To6i xin dudc bay t6 long cam on dén Ban chii nhiem Khoa Toan -
Tin, Phong Sau dai hoc va Ban Giam hiéu cta Truong DHSP Ha Noi
da tao moi didu kién thuan 1gi dé t6i c6 thé hoan thanh luan én ctia
minh.

Cudi cling, toi ciing xin duge bay to long biét on dén cic thay co
trong Khoa Toan-Tin thuéc Truosng DHSP Ha No6i, Khoa Cong nghé
Thong Tin thuoc Truong DH Xay Dung, Truong THPT Hai Hau A,
cac thanh vién cua Seminar Hinh hoc phtic thudoc Khoa Toan - Tin
Truong DHSP Ha Noi, ciing cidc ban dong nghiép vé sy dong vién
khich 1¢ ciing nhu nhitng trao ddi hitu ich trong sudt qua trinh hoc

tap va cong tac.

Nghién ciu sinh: Pham Dic Thoan
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Danh muc cac ki hiéu

P"(C): khong gian xa anh phiic n— chiéu.

By, (7): hinh cau md ban kinh r trong C™.
Sm(r): mat cau ban kinh r trong C™.
d=0+0,d° = {-(0 — 0): céc toan tit vi phan.

wim(2) = dd®log ||z||?, om(2) = d¢log ||2z]|* A w1 (2) v vp(2) =

dd®||z||*: cac dang vi phan.

M, truong cac ham phan hinh trén C™.

R({a; j.:l) C M,,: trudng con nho6 nhat chita C va tat ca cac %
véi aj 2 0. :
O(1): ham bi chan ddi vdi r.

O(r): vo cung 16n cung bac véi r khi r — +o0.

o(r): vo cung bé bac cao hon r khi r — +o0.

log"r = max{log r,0}.

Ty(r): ham dac trung cla anh xa f : C" — P"(C).

Lf A foenfe o divisor khong diém ctia anh xa fi A foa--- A fi.

N(r, D) : ham dém cta divisor D.

ny(r,a), Ny(r,a): ham dém cia divisor f*a véi f : C™ — PY(C)
va a € P1(C).
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m¢(r,a): ham xap xi cta ham f : C" — PYC) tng vdi
a € PYC).

§(a, f), 0l (a, f): s6 khuyét va s6 khuyét chan boi bdi k ciia f tai

a.
pr,Vs: bac va bac dudi cia ham f.
D¢(z) = Z;n:l ijzj(Z): dao ham toan thé ciia ham f.

my. (1), myq(r): 1an lugt 1a ham xap xi ctia f ing v6i sieu phang

H va ng v6i anh xa phan hinh a.
W(f): Wronski ctia ham f.
A" C™: tich ngoai bac k ctia C™.

"I| P": ¢6 nghia la ménh dé P dang véi moi r € [0, +00) ndm

ngoai mot tap con Borel E ciia [0, +00) thod man [, dr < +ooc.



1. Ly do chon dé tai

Vao cudi nhitng nam 20 ciia thé ky trude R. Nevanlinna da xay dung
ly thuyét phan bd gia tri clia cAc ham phan hinh mot bién. Trong
nhitng thap nién tiép theo nhiéu nha toan hoc 16n trén thé giéi nhu H.
Cartan, W. Stoll, P. A. Griffiths, L. Carlson, P. Vojta, J. Noguchi...
da quan tam nghién citu va phat trién 1y thuyét Nevanlinna cho nhitng
16p déi tugng tong quat hon. Cho dén nay, 1y thuyét Nevanlinna da tré
thanh mot trong nhitng 1y thuyét quan trong ctia toan hoc véi nhicu
dinh 1y dep dé va sau sic da dudc chiing minh. Két qua ndi bat nhat
ctia n6 la bat déng thiic vé sé khuyét va cac dinh 1y duy nhat. Béi su
hap dan mang tinh hinh hoc ciia 1y thuyét nay, ching to6i lya chon dé
tai "Vé quan hé sé khuyét va su phu thuéc dai s6 ctia anh xa
phan hinh". Cu thé, ching toi tap trung nghién ctu va da dua ra
dugc cac két qua vé s6 khuyét cho cdc ham phan hinh vao P(C) va
cac anh xa phan hinh vao P"(C), dong thoi ching toi cling nghién citu
sy phu thuoc dai s6 va ting dung cac két qua nay vao viéc nghién citu
van dé duy nhat véi boi bi chan déi v6i cac anh xa phan hinh nhiéu

bién phiic.
2. Muc dich va déi tuong nghién ciu

Muc dich ctia luan an la nghién ctu anh xa phan hinh c6 tong s6
khuyét cuc dai va sy phu thuoc dai s6 ciia anh xa phan hinh nhiéu
bién. Trong luan an, tu tudng chinh 14 xét xem 16p ham phan hinh
khi tong s6 khuyét doi véi no 1a cuc dai.

D&i tuong nghién citu la cac 4nh xa phan hinh c6 tong s6 khuyét
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cuc dai va cac anh xa phan hinh nhiéu bién phu thuoc dai so.
3. Phuong phap nghién ctu

St dung cac phuong phap nghién cttu va k§ thuat truyén thong cia
Giai tich phtic nhiéu bién, 1y thuyét Nevanlinna. Dong thoi, ching toi
cling sang tao ra nhiing k§ thuat méi nham gidi quyét nhiing van deé
dit ra trong luan an. Thit nhat 1a khi nghién ctu vé tong s6 khuyét
cuc dai ctia cac ham phan hinh, ching to6i da nghi ra cach "nhiéu"
ching bang nhitng ham "nhé". Thi hai 14 khi nghién cttu vé van dé
duy nhat clia cac 4nh xa phan hinh thi cic tac gid thuong chitng minh
truc tiép va thong qua dinh 1y co ban thit hai. O day, ching toi tiép
can van dé bang Iy thuyét vé "sy phu thuoc dai s6" clia cdc anh xa

phan hinh nhiéu bién do W. Stoll dé xuat.
4. Cac két qua dat dudc va y nghia cia dé tai

Trong s6 nhitng dinh 1§ ma R. Nevanlinna da ching minh, dinh 1y
vé quan hé s6 khuyét giit mot vai tro dac biet. Cu thé, dinh 1y duge
phat biéu nhu sau:

Dinh 1y A [9] Néu f la mot ham phan hinh khdac hdang trén C thi
> o, f) <2

4P (C)

Dinh 1y A ciing dude chitng minh cho 16p ham phan hinh nhiéu bién
phitc. Chang han, dinh ly Cartan-Nochka néi rang néu f : C — P*(C)
14 anh xa chinh hinh khong suy bién tuyén tinh va {H; }?;(1) 14 céc siéu
phang & vi tri N-tong quat du6i trong P*(C) thi Z?;Ol SM(H;, f) <
2N —n + 1. C6 mot cau hoi tu nhién duge dit ra la: Ta ¢ thé noi gi
ve 16p ham f ma tong s6 khuyét déi véi né 1a cuc dai? No6i cach khac,
ta c6 thé noi gi vé dau bang xay ra trong bat dang thic sé khuyét?
Van dé trén da dugce nhiéu nha toan hoc quan tam nghién cttu trong

thoi gian vita qua. Chang han, nam 2003 N. Toda da chiing minh dinh



1y sau:
Dinh 1y B([21, Theorems 5.1, 6.1] va [24, Theorems 3.1, 4.1]) Gia s
f:C" — P*(C) la dnh xa phan hinh khong suy bién tuyén tinh va
{H;}i_, la cdc siéu phang & vi tri N-tong quat dudi trong P*(C), ¢ dé
1<n<Nwi2N—-n+1<q<+o0. Gia si6(H;, f) >0 (1 <j<gq)
va Z;].:l 6" (Hj, f) = 2N —n+1. Khi d6, mot trong hai phdt biéu sau
day la ding:

2N —n+1

+1
trén ma tai do f c6 gid tri so khuyét bang 1, tic la §(H;, f) =1,

(I) C6 it nhat [ } +1 siéu phang H; trong s6 q siéu phang

(1I) {H;}i_, co phan bo Borel.

Tiép tuc hudng nghién ciu trén, trong hai chuong dau ciia luan an
chiing t6i nghién ctu vé 16p anh xa phan hinh c6 tong s6 khuyét 1a
cuc dai. Cu thé, trong chuong 1 chiing t6i da chi ra mét s6 tinh chat
lien quan dén nhitmg ham phan hinh c6 téng s6 khuyét cuc dai, dong
thoi cling chi ra rang 16p ham phan hinh do la rat nhé. Cu thé, ching
toi da ching minh 2 dinh ly sau:

Dinh ly [1.3.1| Gid st f : C — PYC) la mot ham phan hinh vdi
bac hitw han. Véi moi n > 1, ta dat g,(z) = f(z"), Vz € C wva
hn(2) = f"(2), Yz € C. Khi dé, \ :== py € Z" va X bang bac dudi

cua f neu co mot trong hai dieu kién sau:

(i) Ton taing > 2 sao cho Y., .c0(a, gn,) = 2.
(ii) Ton tai mot day {n;}; > C Z* sao cho >
mot 1 > 1.
Dinh 1y 1.3.2| Gid st f : C™ — PY(C) la mot ham phan hinh cé bac

hiw han thoa man

d(a, hy,) = 2 vdi

acC

Ai=pp ¢ Z va Y ,cdla f)=2
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Kyj hieu A la tdp tdat cd cac ham phan hinh khdc hang h : C™ — PY(C)
sao cho Ty(r) = o(Ty(r)) va Tp,(r) = o(Tp,(r)). Khi dé, véi moi
he A, ta co

> da, f+h) <2-2k()) <2,

aeC
d dé k(N\) la mot hang duong chi phu thudc vao .

Chuong 2 ctia luan an da mdé rong két qua ciia N. Toda cho 16p anh

xa phan hinh nhiéu bién c6 tong s6 khuyét cuc dai déi véi muc tieu
di dong. Cu thé, ching toi da ching minh dinh 1y sau:
Dinh 1y 2.3.1] Gid s f : C" — P"(C) la anh xa phan hinh khdc
hang, {a; : C" — ]P’”(C)}g;& la cdc danh xa phan hinh nhé doi vdi
f ¢ vi tri N-tong qudt dudi sao cho f la khong suy bién tuyén tinh
tren R({a;}2)), 6 d61 <n < N va2N —n+1 < q < 4oco. Gid
st f c6 gid tri so khuyét khdc khong tai a; véi moi 0 < i < q¢—1 va
Z?;é 6 (aj, f) = 2N —n+ 1. Khi dé, mot trong hai khang dinh sau la
diung:

2N —n+1
+1
tri so khuyét bang 1, tic la 6(a;, f) =1,

(I) C6 it nhat [ ] + 1 muc tiéu di dong a; tai do f co gid

IT) n la 1é va ho {a;Y_} c6 phan b6 Borel.
7J3=0

Nam 1926 R. Nevanlinna da ching minh rang néu f va g la
hai ham phan hinh khac hang trén C sao cho tap cac nghich anh
fYa;) = g7 '(a;) tai 5 diém phan biét ap,--- ,as thi f vi g tring
nhau.

Trong khung canh ctia viéc xem xét dinh 1y 5 diém ctia R. Nevan-
linna d6i v6i ham phan hinh nhiéu bién phic vao khong gian xa anh
phttc, nam 1975 H. Fujimoto da ching minh duge dinh 1y quan trong

sau day:
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Dinh 1y C [6] Gid st H; (1 <i < 3N + 2) la 3N + 2 siéu phdng
¢ vi tri tong qudt trong PN(C), f va g la hai dnh va phan hinh khdc
hing tw C" vao PN(C) sao cho f(C") € H;,g(C") € H; dong thoi
V(pH) = V(g,H,) V011 <1 <3N +2. Khi do, néu f hodc g la khong suy
bién tuyén tinh thi f = g.

Trong nhitng thap nién vita qua da c6 nhiéu cong trinh tiép tuc phat

trien két qua tren ctia H. Fujimoto va da hinh thanh nén mot huéng
nghién citu trong 1y thuyét Nevanlinna dé 1a nghién citu van dé duy
nhat (hay con goi la céc dinh 1y duy nhat). Dic biét, cac dinh 1y duy
nhat da dudc nghién cttu lien tuc trong nhitng nam gan day va da thu
duge nhitng két qué sau sac (xem trong [2], [3], [4], [8], [17], [19], [27],
[28]). Trong s6 nhiing phuong phéap tiép can dén van dé duy nhat c6
mot phuong phap do W. Stoll dé xuat, dé 1a nghién cttu van dé duy
nhat thong qua nghién citu sy phu thuodc dai s6 ctia ho 4nh xa phan
hinh. Phat trién nhitng ¥ tuéng néi trén ctia W. Stoll, nam 2001 trong
[17] M. Ru da chi ra dinh 1y duy nhat cho dudng cong chinh hinh vao
khong gian xa anh phitc v6i muc tieu di dong. Cu thé, M. Ru da ching
minh dugce dinh Iy sau:
Dinh ly D [17] Gid s f va g la hai ham phdan hinh khdc hang.
Néu ton tai 7 ham phan hinh aq,as, - - - , a7 doi mot phan biét sao cho
T, (r) = o(mac{Ty(r), Ty(r)}) (0 < < 7) v f(z) = ay(2)  g(2) =
aj(z) thy f = g.

Tiép tuc huéng nghién ctiu trén, trong chuong I1I ciia luan an ching
toi da chi ra mot s6 dinh 1 duy nhat cho anh xa phan hinh nhiéu bién
vao khong gian xa anh phtic thong qua nghién citu sy phu thudc dai
sO ctia ho anh xa nay. Nhitng két qua ma ching toi dat dude 13 nhitng
md rong dang ké cho cac dinh 1y ctia M. Ru trong [17]. Cu thé, chiing
toi da ching minh duge cac dinh 1y vé sy phu thuoc dai s6 clia cac

anh xa phan hinh sau:
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Dinh 1y |3.2.4] Gid st fi,--- , fr : C" — P*(C) la cdac dnh xa phan
hanh khac hdng, g; : C™ — P*(C) (0 < i < q—1) la cdc muc tiéu di
dong J vi tri tong quat théa man T, (r) = o(maxy<j<; Ty, (1)) (0 < i <
q—1) va (fi,9,) 20 (1<i<k 0<j<q—1). Gois la s6 nguyén

duong hodc » = +00 va 3 = min{s,n}. Gid thiét rang cic diéu kién

sau duge thoa man:
(i) min{s, v(s, )} = - = min{se, vy, o9} v0 0 < j < q—1,
(1) dim{z|(f1,9i)(2) = (f1,9;)(2) =0} Sn—20vdi0 < i < j < g—1,
(iii) ton tai s6 nguyén | (2 < | < k) sao cho vdi moi day tdang
1< << <kthh fi(z) A=A f(2) = 0 vdi méi diém
z € Ug:_()l(flagi)_l{o}-
Khi do,
(1) Néu q > n(2n + 1)];; : gi_l Dk—1) thi fi,---, fr la phu thuoc
dai so trén C, tic la fy A--- A fr =0 trén C™.

(ii) Néu f;,1 <i <k la khong suy bién tuyén tinh trén R({gj};]-;é)
nn+2)k—G—1)(k—1)

A thi fi,---, fr la phu thuoc dai s6

va q >

trén C.
(111) Néu f;; 1 < i < k la khong suy bién tuyén tinh trén C va

gi, 0<1<q—1lacic dnh za hang, dong thoi

(g—n—-1(k-1)Gc—1)+q(k—1+1)) < gnk

thi f1,---, fr la phu thuoc dai s6 trén C.

Dinh 1y 3.3.1] Gid su fi1,fo : C" — P"(C) la cdc anh za phan

hnh khac hing, g; : C™ — P"(C) la cac muc tiéu di dong ¢ vi tri

tong quat va T, (r) = o(maxi<;<o{T}(r)}) (1 < j < q), dong thoi

(fi,g;)) 20 (1 <i <2, 1<j<q). Goi > la so6 nguyén duong hodc

»x = +00 vi 7 = min{s,n}. Gid si cic dieu kién sau duge théa man:

(i) min{se, vy, 4y (2)} = min{s, v(p, 4} vdi moi z € C", 1 < j < g,
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(ii) dim{(f1,9:) " {0} (f1.9;) ()} Sn—2vdimeil <i<j<q,

(iii) fi(2) = fo(z) vdi moi z € UI_(f1,9;)~"{0}.
Khi dé, néu q¢ > 2n(2n+1) —2(z — 1) thi f1 = fs.
5. Cau tric luan an

B6 cuc ctia luan an ngoai phan mé dau va két luan bao gom ba
chuong.

Chuong I: "Vé 16p ham phan hinh cé téng sd khuyét cuc
dai".

Chuong II: "Anh xa phan hinh cé téng sb khuyét cuc dai dbi
v6i muc tiéu di dong".

Chuong III: "Su phu thudc dai s6 cfia ciac anh xa phan hinh
va ing dung".



Chuong 1
Vé 16p ham phan hinh cé tong sb6
khuyét cuc dai

Trong chuong nay, ching toi da chi ra mot s6 tinh chat lien quan
dén nhitng ham phan hinh tit C™ vao PY(C) c6 tong s6 khuyét cyc dai
va chi ra ring 16p cac ham phan hinh véi tong s6 khuyét cuc dai 1a
rat "mong" theo nghia néu "nhiéu" cadc ham phan hinh vé6i tong s6
khuyét cic dai bdi cac ham phan hinh "nhd" thi ching khong con 13
cac ham phan hinh c6 tong s6 khuyét cuc dai nita. Chuong nay dudgc
viét dya trén bai béo [4].

Dinh 1y Nevanlinna c6 dién vé quan hé s6 khuyét da chi ra
ring: Néu f : C — P}(C) la mot ham phan hinh khac hing thi
Zaeﬂ’l(@) §(a, f) < 2. Mot cau héi ti nhien duge dat ra la: C6 thé néi
gi vé 16p cac ham phan hinh f c6 D acpi(c) 0(a, f) =27

Van dé trén da dudc quan tam nghién cttu bdi nhiéu nha toan hoc
nhu N. Toda [20], [21], [22], [23], [24], [25], [26], J. Lu va Y. Yasheng
[11]...

Nhu da trinh bay trong phan Mé dau, muc dich ctia chuong nay 1a
tiép tuc nghién cttu van deé trén cho ham phan hinh véi muc tiéu cd
dinh. Cu thé, ching toi sé chi ra mot sé tinh chat lien quan dén nhiing
ham phan hinh c6 tong s6 khuyét cuc dai. Sau d6 chi ra rang 16p cac
ham phan hinh c6 téng sé khuyét cuc dai 1a rat "moéng" theo nghia

néu "nhiéu" ching béi cac ham phan hinh "nhoé" thi chiung khong con
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l4 cac ham phan hinh c6 tong s6 khuyét cuc dai nita. Hon nita, ta co
thé do dugc do lech clia tong s6 khuyét trude va sau khi nhidu bing
mot hing s6 cu thé. Trude hét, ta nhic lai mot sd khai niem va két

qué co ban dbi véi cac ham phan hinh trong 1y thuyét Nevanlinna.

1.1 Dinh nghia va ky hiéu

Gia st F' 1a ham chinh hinh khong dong nhat bang khong trén

mien € trong C™. V6i mdi bo a = (g, ..., ) cic s6 nguyén khong
ol

am, ta dat |a| = a1 + ... + ay, VA DYF = . Xét anh xa

0%z...0%z,,
vp : ) — 7Z cho bdi

vp(z) == max {n: D"F(z) =0 v6i moi o € Z'!' thod man |a| < n}.
Dinh nghia 1.1.1.

Mot divisor trén mién ) trong C™ 1a mot anh xa v : Q — Z thoa
man: v6i méi a € €2, ton tai cdc ham chinh hinh F va G trén mot lan
can md lién thong U C Q clia a sao cho v(z) = vp(z) — vg(2) v6i moi
z € U nam ngoai mot tap con giai tich c6 chieu < m — 2. Hai divisor
ducc coi 1a dong nhat néu ching trung nhau trén mot tap gidi tich
c6 chiéu nhd hon hodc bang m — 2. V6i mdi divisor v trén €, ta dit
lv| :={z:v(z) # 0}. Khi do, |v| 14 mot tap con gidi tich chiéu thuan

tuy (m — 1) ctia Q) hodc 1a tap rong.

Xét ham phan hinh khong dong nhat bing khong ¢ trén mién €
trong C™. V6i moi a € €, ta chon cac ham chinh hinh F' va G trén
mot 1an can ma lién thong U C € clia a sao cho ¢ = & trén U va
dim(F~1(0) N G71(0)) < n — 2. Cac divisor vy, v}> dugc xac dinh

béi vy (2) := vr(2), v1>(2) == vg(z) v6i moi z € U. Dé thay cac dinh

nghia trén khong phu thudc vao viéc chon F' va G. Do vay, ta xac dinh

dugc cac divisor trén toan bo 2.
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Bay gio, ta xét ham phan hinh f : C" — P(C). V6i mdi a € P1(C)
ma f~1(a) # C™, ta ky hieu:
e v§ la divisor ctia ham f—a néu a € C va clia ham % néu a = oo,
o [vf| ={z:v}(2) # 0},
o vi(r) = B,.(r)N V.

Khi do, ta c6 dinh nghia sau:

Dinh nghia 1.1.2.

Cac ham sau day dugdc goi 1a ham dém cta f tng véi gia tri a:

r

ne(r,a) = r* 2" / V" (2), N¢(r,a) :/wdt.

v§(r) 1

Ham zap xi clia ham f ng vdéi gia tri a duge dinh nghia bai:

4

) f(r) log* mam(z), a # oo
mye(r,a) =<7
[ log" 1f(2)lon(z), = oo
Sm(r)

\
Ham ddc trung cta f duge dinh nghia bdéi:
Tr(r) =my(r,00) + Ny(r, 00).

Dinh 1i co ban thit nhat cho ham phan hinh ctia Nevanlinna (xem
trong [9]) khang dinh rang: Néu f 14 ham phan hinh khac hing thi
v6i moi a € PH(C), ta c6

Ty(r) =my(r,a) + N¢(r,a) + O(1).
Dinh nghia 1.1.3.

Cho f : C™ — PY(C) 13 mot ham phan hinh khac hing. Véi moi
a € PY(C), ta goi dai luong

my(r,a)

L : Ny(r,a)
d(a, f) = liminf =1—limsu
( f) r——+00 Tf(?") 7“—>—|—oop Tf(?")
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12 s6 khuyét ctia f tai a. R6 rang 0 < d6(a, f) < 1.
Bay gio, ta dinh nghia bac, bac dudi va dao ham ctia ham phan

hinh.

Dinh nghia 1.1.4.

Cho f : C™ — P}(C) 1a mot ham phan hinh khéc hing. Ta goi dai
lugng

logT
oy = limsup 281"
r—to0o  logrT

la bdc cia f va dai lugng

logT
v = liminf 08 LA f(r)
r—+00 log r

la bac duoi cua f.

V6i méi z = (21,29, , 2,) € C", ta ky hiéu
Dy(2) =) 2if-,(2),
j=1

6 d6 f., la dao ham riéng ctia ham f theo bién z;.

1.2 Mot s6 két qua ban dau

Truée hét, ta c6 Dinh 1y Nevanlinna co dién vé quan hé s6 khuyét
trong 1y thuyét phan bo gia tri:
Dinh 1y 1.2.1 (xem trong [9]). Néu f : C — PY(C) la mot ham
phan hinh khdc hang tha >aepr(c) 0(a, f) < 2.
Bo6 dé 1.2.2. (32, Bo dé 6]) Gid sit f : C™ — PYC) la mot ham
phan hinh khdc hang. Khi dé, véi méi 1 < §j < m, ta coé

— og ™’ &z om(z) = O(log(rTy(r
my., (r, 00) —Sm{)lg |f()| m(2) = O(log(rTy(r)))
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vdr mot v > 1 ngoat mot tap co do do Lebesque hitu han. Hon niia,

néu py < +oo thi my., = O(logr).
F

B6 dé 1.2.3. Gid st f,g : C" — PY(C) la hai ham phan hinh khdc
hang cé bac hiw han. Gid thiét rang py = N\, py = N va A > N. Khi
do, ta c6 hai khing dinh sau:

(1) preg = A

(ii) prg = A
Chitng minh. (i) Ta ¢b dinh € > 0. Do py = A nén theo dinh nghia bac
log Ty (r)

log r
v6i log Ts(r) < (A + e)logr véi r dt lén. Vi vay, Ty(r) < r* véi r

cua f, ta co < A+ e véir dalén. Diéu nay tuong duong

di 16n. Tuong tu, ta ¢ T,(r) < r** véi r di lon. Didu dé suy ra
Trig(r) < Ty(r) + Ty(r) + O(1) <+ 77+ 0(1).
log Tp14(r)

logr
moi € > 0, nghia la

Ta suy ra < A+ 2e v6i r du lén. Do do, prigy < A+ 2¢ véi

Pitg < A (1.1)
) log T X
Lay 0 < & < (A= X). Do limsup Oi{—f(r) = )\ nén ton tai mot day
r——+00 ogr
{r,} sao cho
i 208 Tr0m)
n—+-00 log Tn
X . . log T'¢ (1),
Dieu nay suy ra rang, ton tai n, sao cho O%—f(r) >\N—¢g, Vn>n,
og Ty

va do vay,

Ti(rn) > 775, ¥n > n,.

Mat khac, ta co

Tr(r) —Ty(r) + O(1) < Tpig(r).
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Vi thé Ty(rn) — Ty(rn) < Tppg(r) + O(1), nghia la 1)~ — r) ™ <
Trig(r) 4+ O(1). Tt d6 suy ra

log T'r44(10)
log r,

> A—eg, Vn > n,.

Lic nay, ta dugc

logT
lim sup 08 Ty14(rn)
n—+00 0gTn

>\ —¢€.
Do vay, pf+g = A — ¢, Ve > 0, nghia la

Pi+rg = A (1.2)

Két hop (1.1)) va (1.2), ta dudge khang dinh thit nhat.
(ii) Bing lap luan tuong tu, ta ciing c6 pr, = A. Vi vay, B dé duoc

chiing minh. ]

Bo6 dé 1.2.4. Gid st f : C™ — PYC) la mot ham phan hinh khdc
hing cé bac hiu han. Thé thi Tp,(r) < 2T%(r) + O(log(rTy(r))) va do
do PDy < Pf-

Chiing minh. +) Ta s& chi ra rang
mp,(r,00) < my(r,00) + O(log(rTs(r))). (1.3)

That vay, theo tinh chat ciia log™, ta c6

D D

log" | Dy| =log" [ - |f] < log" || +1og" ||

f f

Lay tich phan hai vé, ta dugc:
mp,(r,00) < mo;(r,00) + my(r, 00).
7

Mat khac, ta co
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Do dé6, theo B dé[1.2.2] ta c6

m

m%(r, 0) < Z (mzj(r, 00) + My, (7, oo)) +O(1)

1Z5
j=1 !

< O(log(rTy(r))).

Vay, ta co (|1.3).

+) Ta ciing sé chi ra rang

Np,(r,00) < 2Ny(r,00). (1.4)
That vay, do f = % v6i g va h 13 cdc ham chinh hinh khong ¢6 khong
, hD, — gD .
diem chung trén C™ nén Dy = ngh. Dieu nay suy ra

Np,(r,00) < Np2(r,0) = 2Ny (r,0) < 2Ny(r, 00).

Ti (1.3) va (1.4), ta c6

Tp,(r) = mp,(r,00) + Np,(r, o0)
< my(r,00) + 2Ns(r,00) + O(log(rTs(r)))
< 2T(r) + O(log(rTy(r))).
Lay log hai vé va st dung bat déng thic

n n
logZai < Zlogai +logn véia; > 1(i =1,2,...,n),
i=1 i=1

ta dugc
log T, (r) < 1og(2T(r)) + log(Olog(rTy(r)))) + log 2
<log T (r) + log(O(log(rT¢(r)))) + 2log 2.
Vi f ¢6 bac hitu han nén ta suy ra dugc

logTp, (r log T
v, —limsup 25T < iy g 0B T10)
o0 log r r—too  lOgT
log(O(1 T 2log 2
r—s 00 log r r—too lOgT

Vi vay, Bé dé dugc ching minh. O
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B6 dé 1.2.5. Gid s f : C™ — PY(C) la mot ham phan hinh khdc
hang cé bac hiu han. Ta dat g = f*, § dén € ZT va h = f + a vdi
a € C. Thé thi p, = pf, pn = ps vdp% = py.

Chatng minh. Theo dinh nghia ham dém, ta dé dang thay rang
Ny(r,00) = Nn(r,00) =n - N¢(r,00).
Theo dinh nghia ham xap xi, ta c6

g (r, 00) = / log* | £(2)|0m(2)

Sm(r)

=n- / log™ | f(2)|om(z) = n - my(r, 00).

Sm(r)
Do d6, T,(r) = Ny(r,00) + mgy(r,00) = n - T(r). Suy ra

log T, 1 T
5y — limsup 2810 _ i g 1087 (T)

r—too  logT ioe logr Pr-

Theo dinh nghia ham xap xi, ta c6

(r,0) = / log™ | f(2)|om(z) = my(r, c0).

Sm<r)

mai
f

Mat khac N%(T’, 0) = Ny(r,00) nén theo dinh 1y co ban tht nhat, ta

co

T%(T) :m%( r,0) +N1(7‘ 0) + O(1)
= my(r,00) + Ny(r,00) + O(1) = Ty(r) + O(1).
Vay,
log T (r)
p1 = lim sup ——— = limsup log Ty (r) + O(1) _
d T—+00 log r r—+-00 lOg T

Lap luan tuong tu, ta c6 p, = py. Vi vay, Bo6 dé dugc ching minh. [
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Bo6 dé 1.2.6. Cdc dnh za sau day khong lam thay doi tong s6 khuyét:
oz:f»—>% va Bo: f— f+4+a, YVaeC.

Chiing minh. V6i mdi z € C, ta dé dang thay Ny(r, z) = N%(r, %), G

day ta coi 1 la oo néu z =0 va la 0 néu z = co. Mat khac, do
Ti(r) = T, () + O(L)
nen
1
- Ny(r, ) . Ni(r,z) 11

0(z, f) =1—limsup "~ =1-—limsu ! =(—,=).

( ) r—-+00 Tf(r) T—>+OOp Tl. (T) + O(l) (Z f)

7

>0 ) = 305,

2eC 2eC

Vay,

Do d6, tong s6 khuyét 1a khong doi qua phép nghich dao. Lap luan
tuong tu, ta ciing c6 tong sé6 khuyét la khong doi qua phép tinh
B6 dé 1.2.7. Gid st f : C" — PYC) la mot ham phan hinh khdc
hang cé bac hitu han. Khi dé, mot trong cdc khang dinh sau day la
diung:

(i) pp, = py-

(“) PD, = p%-

f J

Chaing minh. Theo Bo dé[1.2.4] ta co6 pp; < py. Ta ¢6 hai truong hop:

Néu pp, = py thi khang dinh dugc ching minh, tic ta c6 (i).
Néu pp, < py thi ta dat fi = 4. Khi d6, Dy, = =z, Mat khic,

theo Bo dé [1.2.5, ta ¢6 pr2 = ps. Do do, Py, = Py = P Do

p-p, = pp, < ps = py2 nén theo Bo dé|1.2.3 ta c6

Pbs = Ppply = PP =PI P

sl

Vay, pp, = py,, titc ta o (ii). Bo dé duge chiing minh. O
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B6 dé 1.2.8 (xem trong [9]). Gid st ay,--- ,a, la q diém phan biét
trong C. Dinh nghia

1 X I
F(z) = g va (5—§rjn<1]£1|aj—ak.
Khi dé,

3q
ol qlog+? — log 3.
j

Bo dé 1.2.9 (xem trong [I1]). Gid sit f : C™ — PY(C) la mot ham
phan hinh khdc hing va ay,--- ,a, la q diém phan biét trong C. Khi
do,

q
Z (r,a;) < mp,(r,0).

B6 dé 1.2.10. Gid sit f : C™ — PY(C) la mot ham phan hinh khac
hdang sao cho §(oco, f) = 0. Khi dé, ta cé
2 0(a, f) = >0 d(a, f) < 26(0, Dy).

ae@ G/E(C

Chaing minh. Lay ¢ diém phan bigt ay,as, -+ ,a, € C. Theo Bo dé

[1.2.9 ta c6
q
Z (r,a;) < mp,(r,0).

Theo Bo dé [1.2.4] ta c6 Tp,(r) < 2T(r) + O(log(rTy(r))). Diéu nay

suy ra

q

my(r,a;) me(r, 0)
ZTf + O(log(rT¥(r))) =2 Tp,(r)

Jj=1

Do d6, chuyén qua giéi han, ta dudgc

> 8(az, f) < 26(0, Dy).

j=1
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Vi s6 cac diem ma tai d6 f c¢6 s6 khuyét khac khong 1a khong qua dém
dugcnén >, 0(aj, f) < 26(0, Dy). Vithé, theo gia thiét d(co, f) =0

cho nén, ta co

B6 dé duge ching minh. O

Bing lap luan tuong tu nhu trong B6 dé(1.2.3] ta ¢6 bd dé sau day:
B6 dé 1.2.11. Gid sit f,g : C™ — PY(C) la hai ham phan hinh khac
hiing 6 bac hitu han théa man py = X va Ty(r) = o(Ty(r)). Khi dé,
ta co

(i) preg = A

() prg = A
B6 dé 1.2.12. Gid st f,h : C™ — PY(C) la hai ham phan hinh khdc
hiing théa man §(oo, ) = 0 va T),(r) = o(Ty(r)). Dat g = f + h. Thé
thi §(oc0, g) = 0.

Chamg minh. Do log™ |g| = log™|f +h| < log™ | f|+log™ |h|+1og 2 nén

my(r, 00) = / log* |9(2)|om(2)

Sm(r)
< / log™ |£(2)lom(2) + / log™* [h(2)|om(2)
Sm(r) Sm(r)

- / log 20,,(2) = m¢(r, 00) + my(r, 00) + log 2.
Sm(r)
Theo dinh 1y co ban thid nhat va theo gid thiét Tj,(r) = o(Ty(r)), ta
co
mgy(r,00) = my(r,00) + o(Ty(r)).
Bdi vay,

Ty(r) = Ty(r) + o(Ty(r)).



25

Do do
T
(00, g) — limint ™27 _ g 7(00) +0(T5 (1))
rmroe Ty(r) v T(r) 4 o(Ty(r)

—fiminf 7L
r—-+00 Tf (7“)

= §(o0, f) =0.

B6 dé dudc chiing minh. O
B6 dé sau day ciia J. Noguchi déng vai tro rat quan trong trong két

qua tiép theo:

Bo6 dé 1.2.13 (xem trong [14]). Gid sit g : C™ — PY(C) la mot ham
phan hinh khdc hang sao cho p, = A < +oo. Khi dé,
(i) Véi méi ay,as € PY(C), ta cé

ey Natrsan) + N 02
r—+00 1y (r)

> k(A),

21(3/4)|sin\r|

j do k(\) =
9 6 k(Y) 2\ + T'4(3/4)|sinAr|

vdi ham Gamma cho bdi T'(x) =
+00
[ ettt
0

(ii) Néu c6 ay,as € PH(C) sao cho 6(ay, g) = 6(as, g) =1 thi A € ZT
va X bang bac dudi cia g.

B4 dé 1.2.14. Gid sit f : C" — PY(C) la mot ham phan hinh khic
hing. Ta dat g = f", ¢ dé n € Z*. Khi dé, Tp,(r) < “ET,(r) +
O(log(rT(r)))-
Chitng minh. Bing lap luan nhu trong B dé(1.2.4] ta ¢6

mp,(r,00) < my(r, 00) + O(log(rTy(r))).
Ta chi ra ring

n—+1

N <
Dg(lr.7 C>O) — n

Ny(r, 00).
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That vay, gid st rang f = % véi fo, fi la cac ham chinh hinh trén
1
C™ khong c6 khong diém chung. Thé thi

I va D, — Jo(AiDy, = foDy)
f7 i

Do d6, moi mot cuc diem ctia D, 1a mot khong diem cuia f va cling la

9=

mot cuc diém ciia g. Diéu nay suy ra rang, néu f; ¢6 boi khong diém
1a k thi g ¢6 boi cuc diem la nk con D, c6 boi cuc diem < (n + 1)k
do fiDy, — foDy, co thé c6 khong diem. Vay,

boi ctia cuc diem cta D, 1 +1

boi clia cyc diém ciag ~— n
. . n+1
Do do, ta c6 Np,(r,00) < Ny(r,00). Ta suy ra

n

Tp,(r) = mp,(r,00) + Np,(r, o)

< my(r, 00) + O(log(rTy(r))) + nTHNg(r, 00)
< "y (r,00) + "IN, (r,00) + O (108 T, (1))
= "2200) + O(log (1T, (1)),
B6 dé duge ching minh. O

B6 dé 1.2.15. Gid st f : C™ — PYC) la mot ham phan hinh
khdc hang c6 bac hitu han. Thé thi ton tai mot ham phan hinh
fi: C™ — PYC) 6 bac hitu han sao cho

Za€@5(a7 fl) :Zae(c ( f) Pfi = PDy, va 5(Oo,f1) =0

Ching minh. Xét hai truong hop.

Trudng hop 1: (oo, f) = 0.

Néu ps = pp, thi chon fi 1a f. Khing dinh duge chitng minh.

Néu py # pp, thi ta chon a € C sao cho 6(a, f) = 0. Do hau hét céac
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diém trong C c6 gia tri s6 khuyét bing khong nén theo BS dé [1.2.5]
ta c6 py_q = py. Mét khéac, do Dy, = Dy nén ps_, # pp(f—a)- Theo
B dé [1.2.7] ta c6

1
P+

bit f, = ﬁ Thé thi py, = pp,

= PD+-

va 6(o0, f1) = d(a, f) = 0. Vay, f1 1a
ham théa man yéu cau.

Truong hgp 2: d(oco, f) # 0.

Chon a € C sao cho d(a, f) = 0. Thay thé f bang h = #, ta co
§(oo, h) = d(a, f) = 0. Theo bd dé|1.2.6, ta thay h c6 tong sd khuyét
bang tong s6 khuyét ctia f. Ta lai ap dung Truong hop 1 cho ham h.
Vi vay, Bo dé dugc chiing minh. O

1.3 Vé 16p ham c6 tong sbé khuyét cuc dai
Truée hét, ta chitng minh dinh 1y sau:
Dinh 1y 1.3.1. Gid sit f : C — PY(C) la mot ham phan hinh khdc
hdang c6 bac hitu han. Véi moin > 1, ta dat g,(z) = f(2"), Vz € C va
ho(z) = f"(2), Vz € C. Khi dé, X :== py € Z" va A bang bac dudi cia
f néu cé6 mot trong hai dieu kién sau:
(i) Ton taing > 2 sao cho Y., .c0(a, gn,) = 2.
(ii) Ton tai mot day {n;}; > C Z* sao cho >

moi 1 > 1.

d(a, hy,) = 2 vdi

aeC

Chaing minh. (i) Chi can chiing minh cho trudng hgp n = 2. That vay,
theo dinh nghia ham xap xi, v6i mdi a € C, ta c6
4

[ log™ |g(2)|dlog|z|* néua = oo

|2|=r

[ log™ ‘g(zﬁ_ﬂdc log |z|? néu a # oo.

my(r,a) = <

|2|=r
\
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Suy ra

)
3 [ log™|f(z%)|d log |z*]* néua = oo

mgy(r,a) = < l2l=r

5 [ log® () dclog\z > néu a # oo

\Zl

\
1 P
= §mf(fr’ ,a).

Mit khac, do boi khong diém 2 ctia ham ¢(2) — a bang hai lan boi
khong diém z ctia ham f(2*) — a nen v%(z) = 20%(2%) v6i a € C. Dicu
d6 ciing dung khi a = co. Do d6, ny(r,a) = 2n(r?, a). Suy ra

r T 2 9 9
Ng(?",a):/ng(z’a)dt:/—nf(f ’CL)dt:/nf(z “) g2

—_
—_

Do do6
. . (TJ CL) mg(r CI,)
) =1 f =1 f
@9 =Ry R ) 1 (e + O()
1
= lim inf N = lim inf NG
SRR v o B v oy
1 oa, f a, f
_ — (a, f) = o(a, /) <d(a, f).
ol = oa ) TF (= ola )
d(a,f)
Dau bang 7 = 7 xdy ra néu va chi néu 6(a, f) = 0 hoiic i(a, f) = 1.
Vay,
> dla,g) <> d(a, f
acC acC

Theo gia thiét > z0(a, g) =2 nén ta co

2= 6(a,g)=> 6(a, f) <2

aeC aeC
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Diéu nay xdy ra khi va chi khi tat ca cac dau bang ¢ trén xay ra. C6

nghia la

Zae@(S(CL, f) = 2
Va: thi 6(a,f) =0 hodc d(a,f)=1
Do tong s6 khuyét bi chin trén béi 2 nén ton tai a;, as phan biét

sao cho §(ay, f) = &(as, f) = 1. Vay, theo Bb dé [1.2.13 khang dinh (i)
duge chiing minh.

(ii) Theo B6 dé [1.2.9, v6i méi ho tuy ¥ {a;}?_; C C, ta co

q
Z my, (r,a;) < mp, (r,0).
j=1

Tu Bo dé [1.2.14] ta suy ra Tp, (r) < 22T, (r) + O(log(rTy(r))). Do
do

q

my,(r,a;) _n+1 mp, (r,0) mp,, (r,0).0(og(rTy(r)))
D S I P o Rt Py o R

j=1
Do gia thiét bac ctia f 1a hitu han nén theo B6 dé bac cua h,
cting httu han. Mat khac, do T¢(r) 1a ham tiang ddi v6i bién log r nén

chuyén qua gisi han bat dang thic trén ta dugc

q
1 1
=1

n+1
n

n+1
n

iZé(a, hy) <

acC

= 6(a, hy) <

acC

+ (00, hy).

Vay, néu v6i moi n ma d(oo, h,) < 1 thi ton tai ny di 16n sao cho

1
Zé(a, hy) < n + (00, hy) < 2, Vn > ny.
~ n
acC
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Mau thuén véi gid thiét >, zd(a, h,) = 2. Do d6, ton tai n sao cho
(00, hy,) = 1. Theo chiing minh Bo6 dé [1.2.5] ta c6 ngay

d(o00, f) = d0(00, hy) =

Bay gio, ta thay f bang % va h, biang hi RO rang cac ham nay van
thoa man gia thiét ctia dinh ly. Lap lai 1ap luan trén, ta c6 (oo, f) 1,
nghia 1a (0, f) = 1. Do dé,

5(c0, f) = 5(0, f) = 1.

Vay, theo B dé |1.2.13 khang dinh (ii) ctia dinh 1y dugc chiing
minh. []

Dinh 1y 1.3.2. Gid st f : C™ — PY(C) la mot ham phan hinh khdc

hang cé bac hitu han théa man

Ni=pr & Z va Z5(a,f) = 2.
acC
Ky hieu A la tdp tat cd cac ham phan hinh khdac hang h : C™ — PY(C)
sao cho Ty, (r) = o(Ty(r)) va Tp,(r) = o(Tp,(r)). Khi dé, véi moi
he A, ta co
> d(a, f+h) <2-2k(N) <2,

acC

d dé k(\) la mot hang duong chi phu thudc vao .

Chatng minh. Theo B6 dé [1.2.15 va BS dé [1.2.5] ta chi can xét ham
phan hinh f : C™ — P! théa méan

5(00, f) =0 v py = pp,.

Do §(o0, f) = 0 va theo Bo dé[1.2.10/ nén ta c6

N 0
2—25@ f) <26(0,Df) =2 — 211msupM

T r—+400 TDf(T) .
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Do do,
ND (’I“, O)
lim sup—L—~—-2 = 0. 1.5
r—>+oop TDf(T) ( )

Gia st ring h € A. Dat g = f + h. Thé thi D, = Dy + Dy,. Theo Bo
de(1.2.11| va Bo dé[1.2.12] ta ¢
pg = pPf = Pp; = pp, = A va 6(o00, g) = 0.
Mot lan nita theo Bo dé (1.2.10, ta suy ra ring
ND (T7 0)

> 6(a, g) < 26(0, Dy) = 2 — 2limsup—"—— (1.6)
aeC e DQ(T)
Bay gio, ta di danh gia dai lugng
lim Supw.
r—+00 TDQ(T)
Do mdi cuc diem ctia D), 1a mot khong diém cia Dih va do gia thiét
Tp,(r) = o(Tp,(r)) nén theo tinh chét ciia ham dém, ta c6
Np,(r,0) = Np,+p,(r,0) ZN;{(T,—I)—NDh(r,oo) wn
1.7

> Ngi(r, —1) — o(Tp,(r)).

Mt khac, do T, (r) = o(Tp,(r)) nén lap luan nhu trong B6 dé(1.2.12,

ta co

TD (7“) = TDf(?”) + O(TDf(T))

To, (r) =Tp,(r) 4+ o(Tp,(r)).

Dp,

Suy ra Tp (r) = To, (r) + o(Tp,(r)). Dat f1 = g—i. Két hop véi (1.7)),
D

ta dugc '

- Np,(r,0) o Np(r,—1) + o(Tp, (r))
lim sup—*——= > lim sup
r—too Ip,(r) rtoo Ty (1) 4+ o(Tp,(r)) (1.8)
: Nf1 (T7 _1)
= limsup————=

r—+00 Tf1 (T)
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Nfl(T,O) S NDf +ND;L(7"7OO)
< Np, +o(Tp,(r)).
Tfl(T’) = TDf(T) + O(TDf(T’)).

(r,0)
(r,0)

T,

Do d6, két hop véi (1.5), ta c6

lim sup
r——+00

Suy ra

N 0 Np.(r,0) + o(T]
7{1 (7‘, ) < lim sup Dy (7“ ) 0( Dy (T))
fi (T) r—+00 TDf (T) + O(TDf 7a))
= lim sup —NDf(T’ 0)
r—+00 TDf (T)

= 0.

N
lim sup M = 0.

r—+00 Tf1 (T)

Theo B6 dé

1.2.11} ta c¢6 py, = pp, = A. Vi vay, theo Bo deé

co

Két hop véi

Nf1(r7 _1)

= lim sup + lim sup

1.2.13

Nf1 (Ta 0)

Tfl(r) r—+00 Tfl(r) r—+00 Tf1 (T)

1.8

Do A ¢ Z nén

Tit (1.6), ta

N
Zé(a,g) <2-— QIimsung—

acC

co

N —1 N
> lim sup f1 (Ta ) + Ny, (Tv O)
r—+00 Tfl (7“)

, ta co

. Np,(r,0)
lim sup ————-—

el o SR

E(\) — 214(3/4)|sin| -0
w2+ T4(3/4)|sinAT| '

(r, 0)

r—-400 D, (7")

Do d6, DBinh 1y dugc ching minh.

> k(\).

<2—-2k()) < 2.

, ta
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Chu y 1.3.3. Ldp ham phan hinh xét trong hai dinh ly trén la ton tai
vi R. Nevanlinna ({12, trang 83]) da chi ra nhing ham phan hinh f

tren C co bac htu han sao cho

Ni=pp@&Z vi Y da,f)=2



Chuong 2
Anh xa phan hinh cé tong sb
khuyét cuc dai déi vé6i muc tieu di

dong

Chuong nay danh cho viéc nghién cttu cac anh xa phan hinh tu C™
vao P*(C) c6 tong s6 khuyét cuc dai d6i véi muc tieu di dong va duge
viét dya trén bai béo [3].

Trong khoang 20 nam tré lai day, viéc nghién citu 1y thuyét Nevan-

linna déi v6i muc tiéu di dong da duge nhiéu nha toan hoc quan tam.
Day 1& sy md rong tu nhien khi ta thay thé céc siéu phang (hoic siéu
mit) ¢b dinh trong khong gian xa anh phitc biang céc siéu phang (hodac
sieu mat) di dong v6i he s6 1a cac ham nhd. Mot trong nhitng két qua
quan trong nhat theo huéng nghién cttu nay 1a dinh 1y Cartan-Nochka
dé6i v6i muc tiéu di dong duge ching minh bdi M. Ru va W. Stoll trong
[18].
Dinh 1y. Gid st f : C" — P*(C) la dnh xa phan hinh khdc hdng
va gid thiét rang {ai}g;ol la cde anh xa phan hinh "nhé" déi vdi f tu
C™ vao P*(C) ¢ vi tri N-tong qudt dudi sao cho f la khong suy bién
tuyén tinh trén R({a;}'=)). Khi do Z?;é d(aj, f) <2N —n+1.

Nhu thé lai ¢6 mot cau héi ty nhien dude dit ra la: Ta ¢6 thé néi gl
ve ham f ma tong sé khuyét doi véi no 1a cuc dai? Néi cach khac, ta
c6 thé mé rong két qua ctia N. Toda cho anh xa phan hinh nhiéu bién

c6 tong sd khuyét cuc dai doi véi muc tieu di dong duge hay khong?
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Muc dich chinh ctia chuong nay 1 tra 16i cho cau héi trén. Truéc hét

ta nhic lai mot s6 khai niém trong 1y thuyét Nevanlinna nhiéu chiéu.

2.1 Mot sé khai niém co ban trong ly thuyét Nevanlinna
Dinh nghia 2.1.1.
V6i moi divisor v tréen C™, ta dinh nghia cac ham dém clia v 1a

[ w(z)vm !t néum>2
[v[ N B (t)
> v(z) néum =1

|z|<t

n(t,v) =

va
.

N(r,v) = / Zg:;_vl)dt (1<r<+400).

1

Cho ¢ : C" — C la mot ham phan hinh. Ta dinh nghia
Ny(r) = N(r,v,).

Cho f : C" — P"(C) la mot anh xa phan hinh. V6i mai toa

do thuan nhat ¢ dinh (wg : --+ : w,) cia P*(C), ta lay mot biéu

dién rat gon f = (fy : -+ : fu) cla f, ttc mdi f; 1a mot ham chinh

hinh tren C™ va f(z) = (fo(2) : -+ : fu(2)) ngoai mot tap giai tich
I(f)=A{fo=-=/fa=0}

c6 doi chiéu 16n hon hodic bang 2. Ta dat

£l = (Ifol? + -+ + [ fuHYV2

Dinh nghia 2.1.2.

Ham ddc trung ctia f duge dinh nghia la:

ﬂ®=/MM%—/MM%

S (1) S (1)
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Dinh nghia 2.1.3.

Cho f va a la hai ham phan hinh tit C™ vao P"(C). Ta néi rang a
la "nhé" ddi v6i f néu T,(r) = o(Ty(r)) khi r — +o0.
Cho f : C™ — P*(C) 13 4nh xa phan hinh véi biéu dién rit gon

f=o: 1 fu) vaa:C" — P*C) la anh xa phan hinh v6i bieu
dién rat gon a = (ag : -+ : a,). Ta dat (f,a) = > a;f;, nghia la
i=0
(f,a)(z) = > ai(z)fi(z). Khido, ta c6 dinh nghia sau:
i=0

Dinh nghia 2.1.4.

Ta goi my.(r) 1a ham zap xi cha f dng v6i a va duge xac dinh nhu

B -l 1711 - llal
myalr) = / o8 Fra)] / S )] T

S (1) S (1)

sau:

Dinh 1y co ban thi nhat déi muc tieu di dong (xem trong [30])
khang dinh ring: Néu f,a : C™ — P*(C) la cdc a4nh xa phan hinh
thoa man (f,a) #Z 0 thi

Ty(r) +Tu(r) = mysa(r) + Nigo(r) +O(1) (r > 1).
Khi do, ta c6 dinh nghia sau:
Dinh nghia 2.1.5.

Ta dinh nghia s6 khuyét clia f tai a tuong tng la

o M) Nij.a)(7)
Oa f) =lmnf =5 o5 = 1 = limsup =5 7 5=

Xét ho ¢ 4nh xa phan hinh {aj}j;(l) tit C™ vao P"(C) v6i cac bicu
dién rat gon tuong tng la a; = (ajo : -+ 1 ajy) (0 <7 <qg—1). Ky
hieu M,, 1a truong cac ham phan hinh tren C™ va R({q; }3;3) c M,

N N 2 S - N A 2 2 a k 2,0
la truong con nhé nhat chia C va tat ca cac == v6i aj # 0.
i
j
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Dinh nghia 2.1.6.

Cho f 1a 4nh xa phan hinh tit C™ vao P"(C) véi biéu dién rtt gon
f=(fo: 1 fn). Tanoirang f 1a khong suy bién tuyén tinh trén
R({aj}j.;é) néu fy, ..., f, 1a doc lap tuyén tinh tren R({a; ;1;(1))

Dinh nghia 2.1.7.
Ta néi ho {q; }?;é 1a ¢ vi tri N-tong qudt dwdi néu v6i mdi tap con
R C Q vé6i |R| = N +1 thi
rank M,, (ajk)jeRvogkgn =n-+1.

Khi chiing & vi trf n-tdng quat dudi ta goi don gidn la ching & vi tri

tong qudt.

Dinh nghia 2.1.8.
Cho fo, -+, f, la cAc ham phan hinh trén C™ thoa man

f="0lo,- fa)

khong suy bién tuyén tinh tréen C. Khi d6, ton tai bo s6 nhd nhat

a= (a1, -+, ) theo thit ty tir dién v6i o = (o, -+ , 5 ) € Z"' sao
cho
fooo o fa
Do fy oo DO,
W(f()a"'afn): . . §é0
Danfo Danfn
1 ... 1
D*fe .. D¥fn
Afd) = [ 27 |20
Denfo .. DMfn
fO fn

Ta ky hiéu cac dinh thiic trén bédi
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W(f) :W(f07"' 7fn) va A(f) :A(f07"' 7fn)a

dong thoi lan luct goi ching 1a Wronski va Wronski logarit cia f.

V6i ham phan hinh ¢ trén C™ va A € GL(n + 1,C), ta dé dang c6
tinh chat sau day:

W(gfo,--9f) = " W(fo,---, fu),
W((fo, - fu)A) = W(fo, -+, fa) x (det A),
A(gfo, ,an) = A(fo, -+, fa),

A(l, ) = A(fo, , fn)-

o
Dinh nghia 2.1.9.

Cho ¢ 1a ham khong am tuy ¥ trén C™. Ta ndéi rang ham ¢ 13 mot

S(r, f)-ham néu
/ log™ o = o(Tr(r)).
Sm(r)

Cho N > n va ¢ l1a s6 nguyén thoéa man 2N —n+1 < ¢ < +oo. Dat
Q={0,1...,¢—1}. Gid stt {a; : j € @} 1a ho cac anh xa phan hinh
tit C™ vao P*(C) & vi tri N-tong quat dudi. Gia sit G(jy,...,5)(2) 1a
dinh thic Gram cta ho (aj, -+ ,a;),6d60<j; <--- <jp, <g—1
va 2 < k<n+ 1. Ta dat

I={(, - Je)l G(r, -, Jk) £ 0}
va
S = {Z| ton tal (jl;' t 7.7k) € I sao cho G(jb' ©e 7]k)(z) - 0}

Khi d6, S 1a tap con giai tich c¢6 déi chiéu 16n hon ho#c bang 1 cla

C™ va n6 c6 thé bé qua dude khi 1ay tich phan mot ham trén mit cau
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Sm(r). V6i ) # P C Q va z € C™, gia st V(z, P) 1a khong gian tuyén
tinh sinh béi {a;(z)| j € P}. Ta dat
d(z, P) =dimV(z, P).
Khi do6, d(z, P) 1a hang ddi v6i z € C™ — S. Vi vay, véi z € C" — S,
ta dat
d(P) =d(z, P).

Néu P C Q vai N + 1 < |P| thi hién nhién d(P) = n + 1 do tinh chat
ciia tong quat dudi. T do, ta c6 dinh nghia sau:
Dinh nghia 2.1.10.

Cho {a;}jeq 1a ho cac anh xa phan hinh "nhé" déi véi f tia C™ vao
P*(C) & vi tri N-tong quat dusi. Ho {a;}jeq goi 1a c6 phan b6 Borel
néun =2l —11a1é va ton tai P, Py, ..., P, nhu la céc tap con clia Q)

théa man cac dieu kién sau:
(i) |Py|=N—=14+1vad(P,) =1v6imoéil<v<p,
(i) Q@ = UP_, P, 1a hop rdi.
Chia § 2.1.11. Ta st dung kyj hieu"|| P" dé néi rdng ménh dé P ding

vdi moir € [0,4+00) nam ngoai mot tap con Borel E ciia [0, 4+00) thod

/d?“< +00.
E

Sau day, ta nhic lai mot s6 két qua va dua ra mot bo dé vé quan hé

man

s6 khuyét do6i véi muc tieu di dong.

2.2 Cac két qua ban dau

Trude hét, ta nhac lai hai bé dé vé trong Nochka cho muc tiéu di
dong (xem trong [15] hodc [16]). Céch chiing minh ching dugce lap lai
hoan toan cac khing dinh tuong tng cho siéu phing cé dinh.
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Bo6 dé 2.2.1. (15, Bo dé 3.3]) Gid sit {a;}icq la ho q cdc muc tiéu di
dong trong P"(C) ¢ vi tri N-tong qudt dudi va gid thiét ¢ > 2N —n+1.
Khi dé, c6 cic hang so hitu ti duong wj, j € Q théa man:
(i)O<Wj§1, Vi e Q.
(i) Y5 wj =@(¢—2N +n—1)+n+1 vdi © = maxjeq w;-
n—+1 n
i) —— <O < —.
() N a1 =“<%N
(iv) Voi R C @ théa man 0 < |R| < N + 1 thi

ij < rank{a;}icr-

jER
Ta goi w; G trén 1a cac trong Nochka va @ 1a hing s6 Nochka. Dé

thuan tién ta sé ky hieu 0 = o1

Bo dé 2.2.2. ([15, Bo de 3.4]) Gid stt q > 2N —n+ 1, {a;}icq la ho
q muc tieu di dong trong P"(C) & vi tri N-tong quat dudi va {w;}jcq
la cdc trong Nochka ciia né. Goi E; > 1,7 € Q la cdc s6 cho trude tiy
y. Khi dé, vdi moi tap con R C Q théa man 0 < |R| < N + 1 ¢d tap
con R° C R théa man |R°| = rank{a;}icr va [[;cp B < [icpe B

ieRe

Chi y 2.2.3. Bo dé |2.2.9 van ding khi {w;}jeq chi théa man cdc
diéu kien (i) va (iv) cia Bo deé|2.2.1]

V6i méi 1 € & € M, va |®| < +oo, ta ky hieu L(P) la
C-khong gian vécto sinh bdi ®. Véi mdi s6 nguyen duong k dat
O = {12 prlp; € ®véij = 1,....k}. Khi d6, 1 € @, va O
1a httu han.

Bo dé 2.2.4. Gid st e la s6 thuc théa man 0 <e<loval e d C M,

va q = |P| < +o00. Cho P(e) = (Peqiqlﬂ), d dé P, la so nguyén duong
nhé nhat théa man (Pg;rffl)ﬁ (1 + e)f<. Khi dé, ton tai so nguyén
dim ['((I)PE’—H)

P! < P, théa man

dim £(® 1) < (1+4¢€) vadimL(®Pp1) < Ple).
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Chaing minh. Gi sit dim £(®p1)

> (14¢€) v6imoi 1 < p < P.. Khi

dim £(®,)
do,
P,
dlmﬁ(q)Pe_,_l) > dlmé(®+)1) > (1 + E)Pe.
Do do,
P4q+1
(FHY) > (14 9P

Diéu nay 14 mau thuan. Do d6, ton tai s6 nguyén duong P’ < P, thoa

man

dim L£(Pp/
11.1’1 ( P€+1) <l+e
dim [,((I)pel)
Hon nita, ta c6 dim L(®p41) < dim L(Pp 1) < (ijil)g (1 + €)F-.
B6 dé duge ching minh. ]

Chua y 2.2.5. Vi méi s6 thuc x, ky hieu [x] la phan nguyén cia
x, tic la [x] la s6 nguyén Ién nhat nhé hon hodc bang x. Gid si

« T (q+1)? . 3. (Prgtl e /
Pe o [loqu(lJre)]' Khi dO, ( g+1 )S (1 + 6) < va do dO,

(g+1)2

P(e) < [(1 + e)P:] < [(1 + €) 10g2<1+6)].

(¢ +1)°
log?(1 + €)

. Tir do, suy ra (q+1)(P*+1)"2 < log(1+¢). Vi P* > 1 nén

That vay, dé dang thay rang P*+1 > vado d6, (P*+1)2 >

(q+1)

log(1 + €)
! | log P*
tacologP < (Pf—1):2 < PY(P‘+1) 2= og* €

d6, (¢ + 1)L < log(1 + ¢). Didu nay kéo theo (PF)4H < (1 + ¢)F.

Ps

q+1

< (P*+1)"z, do

Vay, ta co (
B6 dé 2.2.6 (xem trong [15]). Gid st f la mot ham phan hinh trén
C™. Khi do,

H m(r, %(f)): O(log™ T¢(r)), o € Z7.
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B6 dé tren duoc goi 1a Bo dé dao ham logarit. Sau day, ching toi sé
ching minh mot bo dé déng vai tro then chét trong viéc chitng minh
dinh 1y vé tong s6 khuyét cuc dai cho 4nh xa phan hinh déi véi muc
tiéu di dong.

Bo dé 2.2.7. Gid sit f la dnh va phan hinh tit C™ vao P™(C) vdi biéu
dién rit gon f = (fo: -+ fn). Gid st N > n va q la s6 nguyén tuy
y thoa man 2N —n+1 < g < +oo. Dat Q ={0,1...,q—1}. Gid st
{a; : 7 € Q} la ho q dnh za phan hinh "nhé" (doi vdi f) tw C™ vao
P"(C) ¢ vj tri N-tong qudt dudi. Gid sit rang f la khong suy bién trén

R({a;}=y) va w: Q — (0,1] la ham nao dé théa man diéu kien (iv)
trong Bo dé m Khz do ta co

Z (7) -0 (aj, f) <n+1.

Ching minh. Gia st a; c6 bieu dién 1t gon a; = (@i : ... : ) (0 <
i < q—1). Bing cach doi hé toa do thuan nhét ctia P*(C) néu can
thiét, khong méat tinh tong quat, ta co thé gia st a;y khong dong nhat
bang khong véi moi 4. V6i méi 0 < ¢ < n, ta dat

CLZ'j ~

ng:a_v ai:(gi()a"'agin)a E:(aiaf)a E:(&Zaf)

@l DA
’ ‘Fj‘ |F]| '
Ro rang F; > 1.

V6i moi s6 nguyen khong am s, ta goi V(s) 1a C-khong gian vécto

sinh bdi
n gq—1 n q—1
{H ng ) Z Z s(j,k) < s,s(j,k) 1a cac s6 nguyén khong am}.
k=0 j=0 =0 j=0

Dat d(s) = dim V' (s). Khi d6, V (s) 1a khong gian con ctia V(s + 1) va
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theo B6 dé[2.2.4] ta c6

lim inf dis +1)

=1.
e~ d(s)

Gid st {b1, ..., bi(s), Da(s)+1, - - - » Dags+1)} 1a co 86 ctia V(s + 1) thoa
man ho {b1,..., by} 1a mot co s6 clia V(s). Vi f la khong suy bién

trén R({ai}g;é) nen dé dang thay rang ho {b;fi b1<i<d(s+1), 0<h<ni1 12
doc lap tuyén tinh trén C. Ta dit

W = W(bi fo, bafo, - -, bas+1).fn)-
Khi d6, theo B dé dao ham logarit tic B dé va dinh 1§ co ban
thit nhat, ta c6 N (r) = S(r, f).
Gia st z 1a mot diém ctia C™ \ {0} théa man z khéng 1a khong

diém hogc cyc diém ctia cac ham {F} }q 0 VA {g]n} . Ta sap xép lai
{Fy(z )}5:0 nhu sau:

()] < IFL(2)] < - S UF (2)] < -0 < UE, L (2)],
Vi {aj}?;é la cdc ham "nho" so v6i f neén ta luon chon duge nhiing
S(r, f)-ham sao cho

Fi(2)] < SENHIFE] véi (0<k<g—1)va

IFI < S NIF(2)] véi (N <k <q-1).

IA

Mat khac, tai moi diem z, ta co

N\ d(s) ,
<H3;5 E;f’(j)) < S(z, ) L= Eju(Ju)>

S\ 4s)
K = S(z, f) (Hffzo Eff“) .
Theo Bb dé[2.2.2] ta suy ra

n d(s)
K <S(zf) ( ﬂ) , (2.1)
i=0 1141

N

Ta dat
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6d6 {Hy, ..., H,} C{F;(2),...,F;y(2)} tuy ¥ va ho {Hy, ..., H,} 1a
doc lap tuyén tinh trén R({aj}j.:é). Ta chon

n+1 d(s)
H,=(a;,f), 0< <nv?adétK/:<~HfH—~> :
I (]u f) S US> - |

Do {Hy,...,H,} 1a doc lap tuyén tinh tren R({aj}j;é) nén ho
{b1Hy,boHo, . .., by Hy} 1a doc lap tuyén tinh tren C. That vay, xét
c1b1Ho+ cobaHo+ . . .+ cqsbasyHy = 0 v6i ¢; € C, 5 = 1,2, ..., d(s). Suy
ra cjb; =0, dod6 ¢; =0,5 =1,2,...,d(s). Vi ﬁ’j = (aj, f) = f:gjif@-
nén (n + 1)d(s) ham trén c6 thé duge biéu dién nhu 1a mot Zgg hop
tuyén tinh véi cac he s6 hang cia {bfr|1 <t <d(s+1),0 <k <n}.

Diéu nay c6 nghia la
(b1Ho, boHy, . . ., bas Hn) = (b1 fo, bafos - - - bagss) fn) D1,

trong d6 Dy 1a mot (n+1)d(s+1) X (n+ 1)d(s)-ma tran ma cac phan
tr 12 hang va ¢6 hang bang (n + 1)d(s).
Giad stt Dy lamot (n+1)d(s+1) x (n+1)(d(s+ 1) — d(s))-ma tran
véi cac phan tit hdng sao cho ma tran D = (D;Ds) 1a khé nghich. Dat
L=n+1)(d(s+1)—d(s))

va,
(K17 <o KL) — (b1f07 b2f07 s 7bd(8—|—1)fn)D2-
Khi do,

(b1Ho, boHo, - . ., by Hy K1, ... K1) = (bifo, b2, - - - s bags1).fn) D-

Do d6, W (biHy, boHy, . . ., bags) Hn, K1, . .. K1) = (det D)W véi det D #
0, trong do
W =W (b fo,b2f0, -, bags1)fn)-
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Vi [Hi(2)] < S(z, HIF ()]s Kj(2) < S(z, FIIf(2)] nen ta c6
1 B |W(b1ﬁ0,...,bd<s)ﬁn,K1,...,KL)\- 1
HZ:O ‘gk‘d(s) N ‘WH det D| HZ:O ‘F[k|d(s)
B 1 W (biHo, - bay Hay Ko - K1)
~ |det D||W| 10, | Hy |4
< S(ny)Hf(z)HL _ |W(b1[:{07 . -abd(szﬁnaKly i, -,KL)\.
W | 1Hy - by Hy - K1+ K|
Do do,
o ( ] )d“)
|Ho - Hy|
< S( f)- 1 (2| (D) |W(blﬁo,...,bd(s)ﬁn,Kl,...,KL)\.

W] |biHy -« - bas) Hy - Ko+ K
Theo (2.1) thi K < S(z, f) - K'. Tu d6, suy ra

K< S(Z f) ) Hf(z)H(nJrl)d(SJrl) - ’W(blﬁ(), .. bd( ) n, K1 ...,KL)|
Do do6
HE V<K <S(af) K
< S(Z f) ' Hf(z)” (n+1)d(s+1) . |W(b1H0, cey bd(s)f{n; K, ..., KL)‘

W |biHy -« - bas) Hy - Ko - K7
Bat dang thic trén dung véi viee l1ay ho
{ﬁo, ceey ]j[n} C {FjO(Z’), N F}N(Z’)}
tly ¥ va doc 1ap tuyén tinh trén R({aj }j;é) Do vay, lay "log ™" hai

vé ta nhan dugc bat déng thic sau:

@I ) oDt 4
3>§w(g)1og Bl < log T +log™ S(z, f)

W(biHy, ... bysHn Ki,..., K
. Zwi Ho, o ba B Koy K
|b1Hy - -+ bags)Hy - Ko - K

.....

<

Y

(2.2)
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trong d6 tong Y., 5 duge lay theo tat ca cac he doc lap tuyén tinh

trén R({aj}jzé) cac tap con {Hy, ... H,} cta ho {Fy,..., F;_1}. Dé
dang thay ring bat dang thic trén doc lap v6i viec chon z € C™\ {0}
sao cho z khong 1a khong diém hay cuc diém clia cac ham {Fj};’-;(l) v,

{g]n} . Mt khéc, theo Bo dé dao ham logarit, ta c6

/ N ]W(blHO,...,bd(s)Hn,Kl,...,KLﬂ
log

_ “ om = S(r, f),
b1 Hy - - b Hy - K- -+ K

Sm,(r)
trong d6 S(r, f) = o(Ty(r)). Lay tich phan hai vé bat dang thitc (2.2

tréen mat cau S,,(r) tng véi o, ta nhan duge

q—1 (n+1)d(s+1)
10wty < [ o MO gy
7= S (1)

< (n+1d(s+1)Ty(r) — N% (r) + S(r, f).
Do do

d(s)zw(j)m%f(r) < (n+1)d(s+ 1)T¢(r) + S(r, f).

Chia hai vé bat déng thic trén cho Tj(r) va cho r — o0, ta dugdc

o d(s+1) .
()Z] Ow() @j, f) < (n+1)d(s +1). Do l;r_rg&fwz 1 va

cho s — 400 nén ta co
1
w(j)cS(aj,f) <n-+1.

<

Il
o

J

B6 dé duge ching minh. O

2.3 Anh xa phan hinh véi tong sd khuyét cuc dai

Trong muc nay, ta sé diing cac bo dé trén dé ching minh dinh Iy
vé s6 khuyét ctia cac 4nh xa phan hinh véi tong s6 khuyét cuc dai déi

v6i muc tiéu di dong.
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Dinh 1y 2.3.1. Gid s¢ f : C" — P*"(C) la danh za phan hinh khdc
hang, {a; : C"™ — P"(C) g;& la cdc anh za phan hinh "nhd" doi vdi
f ¢ vi tri N-tong qudt dudi sao cho f la khong suy bién tuyén tinh
tren R({a;}2)), 6 d6 1 <n < N va 2N —n+1 < q < +oo. Gid thiét
rang f 6 gid tri s6 khuyét khdc khong tai a; véi moi 0 <i < q—1 va

-1
d(aj, f)=2N —n+1

)

Il
o

J
Khi dé, mot trong hai phdt biéu sau la ding:

2N —n+1
+1
tri so khuyét bang 1, tic la 6(a;, f) =1,

(I) C6 it nhat [ ] + 1 muc tiéu di dong a; tai do f co gid

IT) n la 1é va ho {a;Y_} ¢6 phan b6 Borel.
71 3=0

Chitng minh. Gia st ¥ = {P C Q||P| < N + 1}. Ta dat

_d(P)
A =min P

va w(j)=A v6l j=0...q—1.

Vi {w(j) = A\,0 < j < ¢ — 1} théa man cac dieu kien (i) va (iv) clia
B6 dé nén ching théa méan diéu kien cta B dé 2.2.7, Theo B

de[2.2.7 ta co

q—1
)\Zé(ajaf) <n+1
j=0
Theo gia thiét
q—1
5(aj,f):2N—n+1
j=0
nen
\ < n—+1
“ 2N —n+1

Bay gio, ta xét 2 truong hgp:
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Truong hop Al:
n+1

< .
2N —n+1
Lap lai lap luan nhu trong [20, Remark 1 va Theorem 2], khang dinh

A

(I) duge ching minh.

Truong hop A2:

\ = n+1
2N —n+1
Gia st ¥4 1a tap cac phan tit P € 9 théa man % =\

Ta chiing minh ménh dé sau:

Meénh dé 2.3.2. Néu P, P, € ¥, thi P, U P, € ¥, ngoai tri truong
hop
(i) n la lé va

Chitng minh. Gia st Py U Py ¢ ;. Khi do, |P| — d(P) < N —n vdi
bat ky P € ¥ (*). Thuc vay, néu ta them N + 1 — |P| vécto vao tap
hop {a; : i € P} thi s6 chiéu ctia tap hop sé 1a n + 1 do tinh N-tdng
quét dudi. Vi s6 chiéu thém vao nhiéu nhat 1a N + 1 — |P| nén ta c¢6

d(P)+ N+1—|P|>n+1. Tudo, ta co (*). Mit khac, vi

ﬂﬂ)_ﬂ&)_A_ n+1
[Py || IN —n+1

nemn
d(P1) +d(R) = A- (|| + |B2]) <A (d(P1) + d(P) +2(N —n)).
Diéu nay kéo theo
d(P1) +d(P) <n+1. (2.3)

Do
d(Pl U PQ) + d(Pl N Pg) < d(Pl) + d(PQ) (24)
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nén d(PLUP,) <n+ 1.

Xét hai truong hop sau:

Truong hop Bi: d(PLUP) <n.

Khi do, [(P U P,)| < N va do dé n6 thuoc ¥. Theo dinh nghia cia
A taco A-(|(PINPe]) < d(Py N P,) (tham chi ngay ca khi PLNP, = ).
Két hop khang dinh nay véi X - (|Py] + |R|) = d(Py) + d(P,) va v6i
d(PLUPR)+d(PiNP,)) < d(P)+d(P,), taco X-|(PLUPR,)| > d(PLU Py).
Suy ra A |(PLUP)| =d(P,UP,). Do d6, P, U P, nam trong 9.
Truong hgp By: d(PLUPR) =n+ 1.

Khi dé, cac bat dang thite (2.3) va (2.4) xdy ra dau bang. Vi vay,
ta c6 PN Py = (). Bay gio, ta ching t6 rang d(P;) = d(P,). That vay,

gid st nguoc lai. Khong mat tinh téng quat, ta c6 the gid thiét ring
d(Pr) > d(P,). Khi d6, d(P;) > . Chon tap hop chia tat ca cac
vécta trong Py va d(P,) — 1 vécto trong P». Khi d6 C-khong gian vécto
sinh bdi tap nay c6 chieéu nhiéu nhat 1a d(P;) + d(P) — 1 < n. Luc
lugng cua tap nay la

2N — 2n n+1
> (2. tn=N.
n+1 2
Diéu nay mau thudn véi tinh N-tong quat dudi. Vi vay, ta co

d(Py) = d(Py) = 2 van phai la 16. Vi V(P) + V(Py) = V(P U Py)

d(V(P) NV () =d(V(P)) +d(V () —d(V () + V(R)) =0.

Do d6, Ménh de dugce chiing minh. O

Ta ciing can ménh deé sau:
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Meénh dé 2.3.3. Ta c6 | J{P: P et} =Q.

Chiing minh. Dat (Jpey, P = Q1. Néu Q; # @ thi ton tai

d(P)

A = min — .
! {Pev, P—Q, 20} |P)|

Hon ntta, Ay > A. Ta dat

A néuje€Q,
A1 néuj ¢ Q1.

w(j) =

Dé dang thay rang cac ham trong dudc xay dung trén théa man diéu
kien (i) va (iv) trong Bo dé [2.2.1, Theo B6 dé [2.2.7] ta c6

q—1 q—1
w(7) (5(aj,f)<n—|—1:)\-25(aj,f)
7=0 7=0

Do d6 0 < (A —A) > jc 9 0,9 (aj, f) < 0. Dieu nay la mau thuan.
Vi vay, ta phai c6 Q = @ va Ménh dé dugc chiing minh. O

Dé két thic chiing minh Dinh 1y [2.3.1] ta chi cAn xét 2 trudng hop
sau:

Truong hop 1: n 14 chin.

Theo Ménh dé hop ctia 2 phan tit trong ¥ nam trong ;. Do
do6, hop clia tat ca cac phan ti clia ¥ cling nam trong ¥;. Theo Ménh
48 2.3.3) ta suy ra Q € 9. Vay, ¢ < N + 1. Diéu nay 1a mau thuén.
Do d6, Truong hop A2 khong thé xay ra néu n 1a chdn. Vi vay, khang

dinh (I) ctia Dinh 1y [2.3.1/ luon ding néu n 1a chén.

Truong hop 2: n la lé.
Giad stt n = 2] — 1. Ta phai ching minh rang hé da cho c6 phan

b6 Borel. Dé chiing minh diéu nay, ta chi can ching té rang véi moi
P e th |[P| = N—1+1vadP) =1 (*). That vay, gi sit co
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Py € ¥ sao cho Py khong théa man khéng dinh trén.
Néu kha nang (ii) trong Ménh dé [2.3.2| khong thé xay ra thi hop clia

hai phan ti trong ¥ nam trong ;. Lap luan tuong tu nhu trong
Truong hop 1, ta nhan duge mau thuan.

Gid st kha nang (ii) trong Ménh dé [2.3.2| ding v6i cdc phan ti
AB € 9. Khi d6, ta ¢c6 AUP, € 9, va BUP, € ¥,. Vi
(AUP) N (BUPR) # 0 nén ta ¢c6 (AU Py) U(BUP,) € 9. Do
d6, N+1>[(AUPR)U(BUR)| >2N —2m+2 > N + 1. Diéu nay
I3 mau thudn. Vi vay, khang dinh (**) dugc chitng minh. O




Chuong 3
Su phu thudc dai s6 ctia cac anh

xa phan hinh va @ng dung

Muc dich cia phan nay 1a danh cho viéc nghién citu sy phu thuoc
dai s6 ctia cdc anh xa phan hinh tit C™ vao P*(C) v6i muc tiéu di
dong & vi tri tong quat va tng dung vao viéc nghién ctu van dé duy
nhat. Chuong nay duge viét dua trén hai bai bao [1] va [2].

Ly thuyét vé sy phu thudc dai s6 clia cac 4nh xa phan hinh nhiéu
bién phtic vao cac khong gian xa anh phtc v6i muc tieu c¢d dinh dugc
nghién cttu béi W. Stoll [31] vao nam 1989. Sau d6 Min Ru [17] da
tong quat cac két qua ctia W. Stoll lén cho truong hgp dudng cong
chinh hinh vao khong gian xa anh phiic v6i muc tiéu di dong va tng
dung ching dé chi ra mot s6 dinh 1y duy nhat déi véi dusng cong
chinh hinh vao khong gian xa anh phtc v6i muc tiéu di dong. Day
cling 1a cac két qua dau tien vé van dé duy nhat déi véi muc tieu di
dong. Ta sé trinh bay rd hon cac két qua néi trén ctia M. Ru [17].

Gia st fy : C" — P*(C) (1 <t < k) la ho anh xa phan hinh
v6i bicu dién it gon f; == (fio @ -+ : fw). Gid st g; : C" —
P*(C) (0 < j < g —1) la cac muc tieu di dong & vi tri tong quat
v6i bieu dién rat gon g; := (gjo : <+ : gjn). Gid thiét ring v6i méi
1 <t <k 0<j<qg—1tacé (fr,g9;) = Digfigi # 0 va
(f1,9)7H{0} = -+ = (fr, 9;) {0} Dat 4; = (f1,9;) {0} (0 < j <
q —1). Gia st ring mdi tap gidi tich A; c6 biéu dién bat kha quy la
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Aj = U Ay (1<t < +00). Vaiméi 1 <i<t;,1 <I1<t,0<
Bk < q—1, tadat A = Ugza,1A5 N A} Ky hieu Tln + 1, ]
la tap cac don anh tu {1,---,n + 1} vao {0,---,¢ — 1}. V6i moi
2 € C™"\{Uperpnirg21950)(2) A+ Agpmin)(2) = 0FUAUUL (i)},
ta dinh nghia p(2) = #{j|z € A;}. Khi do, p(z) < n. That vay, gia st
rang z € A; v6i mo6i 0 < j < n. Thé thi Y1, f1i(2) - gji(2) = 0 v6i
mo6i 0 < 7 < n. VIgg)(2) A Agam1)(2) # 0nén fi;(z) = 0 véi moi
0 <i<n. Ticla z € I(f;). Diéu nay 1a khong the.

Véi r > 0 tuy ¥, ta dinh nghia p(r) = sup{p(2)||z] < r}, trong do6

supremum dugc 1ay theo tat ca

2 € C™"\{Upermns1.q {21950 (2) A+ Agpmin(2) = 0y UAUUL I(fi)}-
Thé thi p(r) 1a ham tang. Gia si

d:= lim p(r).

S
Dé thay d < n. Néu dim{A; N A;} <n—2 v6imdii# jthid=1.
Dinh 1y A ([I7, Dinh 1y 1)). Gid st fi,---,fr : C — P*C)
la cdc duong cong chinh hinh khdc hang, g; : C — P*(C) (0 <
i < q—1) la cic muc tiéu di dong ¢ vi tri téng qudt sao cho
Tgi(T’) = o(maxi<j< Ty, (r)) (0 <@ < g—1) va (fi,g;) #0 (1 <
i <k, 0<j < q-—1), dong thoi A; = (f1,9;)7 {0} =
(frg5)7{0} (0 < j < q—1). Ky hieu A = U{Z VA, Gid thiét ring
[ (2 <1<k)la s nguyén sao cho vdi méi day ting 1 < j; < -+ <
g <kth fi,(2) A+ A f;(2) =0 tai méi diem z € A. Khi dé, néu
q > dn;(frzj—_i)k thy fi,--+, fr la phu thuoc dai so tréen C, tic la
fin---Afr=0 trén C.

Dinh ly B ([I7, Dinh ly 2]). V&i gid thiét nhu trong Dinh lj trén, ta
gid thiét them rang f; (1 <1i < k) khong suy bién tuyén tinh. Khi dé,
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fi,-+, fr la phu thuoc dai so trén C, tic la fy A--- A fr = 0 trén C
dn(n + 2)k

k—1+1"
St dung cac dinh 1y c¢o ban tht hai cia D6 Dic Théi va Si Dic

néu q >

Quang [27], [28], trong phan dau ctia Chuong 3 ching toi dd md rong
cac két qua trén ctia M. Ru bing cach gidm di dang ké s6 cac muc
tieu di dong.

Nhu da trinh bay trong phan M§ dau, cac dinh 1y duy nhat véi
boi bi chian déi cho cac 4nh xa phan hinh tit C™ vao khong gian xa
anh phiic P*(C) v6i muc tieu 1a cac siéu phang ¢6 dinh (hay di dong)
trong P"(C) da duge nghién cttu lien tuc trong nhitng nam gan day
béi nhiéu nha todn hoc (xem G. Dethloff va Tran Van Tan [3], [4]; D
Dtic Thai va ST Diic Quang [27], [28]; Pham Hoang Ha, Si Ditc Quang
va D6 Dic Thai [10]...). Trong trudng hgp muc tiéu di dong mot trong
nhitng két qué tét nhat cho dén nay doé 1a két qua ciia D6 Dic Thai
va S1 Dic Quang.

Dinh 1y C ([27]) Gid s f : C™ — P"(C) la dnh xa phan hinh, s la
s0 nguyen duong va {a;}I_, la cdc dnh xa phan hinh nhé (doi vdi f)
tir C™ vao P*(C) & vi tri tong quat sao cho

dim{z € C": (f,a;)(2) = (f,a;)(2) =0} <n—-2 (1<i<j<yq).

Gid st f khong suy bién tuyén tinh tren R({a;}7_;). Ta ky hiéu
F(f, {aj}g.zl, ) la tap hop gom tat cd cdc anh za phan hinh g : C™ —
P"(C) khong suy bién tuyén tinh tren R({a;}]_,) théa man cic dieu
kién:

(Z) min (U(f,aj)7 %) = min (U(g,aj)a %) (1 <Jj< Q)a

(it) f(z) = g(2) tren Ji_{z € C™ : (f,a;)(2) = 0}.
Khi do, ta co

(i) Néu g =2n*+4n van > 2 thi t F(f,{a;}_;,1) =1, dét S
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la ky hiéu luc luong ciua tap hop S.
(3n+1)(n+2)
2
Dinh 1y trén doi hoi mot gid thiét chat vé tinh khong suy bién cia

(ii) Néu q =

van > 2 thi F(f,{a;}j_,2) <2

cac anh xa phan hinh trén R({a;}7_,). Mot van de nay sinh tu nhién
1a nghién ctu cac dinh 1y duy nhat ma khong can gia thiét nay. St
dung 1ap luan ciua D6 Diic Théi va ST Dic Quang trong [27], céc tac
gid Z. Chen, Y. Li va Q. Yan [2] da chiing minh duge dinh 1y duy nhat
sau ma khong can gia thiét do.

Dinh 1y D ([2]) Gia s f : C" — P*(C) la dnh za phan hinh khdc
hing va 2 la so nguyén duong. Xét {a;}i_, la tap cdc anh wa phan
hinh tit C™ vao P"(C) nhé (déi vdi f) & vi tri tong qudt sao cho
(fra) 20 (1<) <q) vi

dim{z € C": (f,a;)(2) = (f,a;)(2) =0} <n—-2 (1<i<j<yq).

Ky hiéu G(f, {aj}?:p ») la tap hop cic anh xa phan hinh g : C"™ —
P"(C) thdéa man cac diéu kién:

(1) min (v(sq,), %) = min (v(ga,), ») (1 <7 <4q),

(ii) f(z) = g(2) tréen Jj_1{z € C" : (f,q;)(2) = 0}

Khi dé, néu q =4n*> +2n van > 2 thi t G(f, {a;}i,1) = 1.

Xem xét van dé trén dudi goc do khac di, ching to6i mudn tim kiém
nhitng dinh 1y duy nhat trong truong hop g < 4n? + 2n dua trén cach
tiép can cua ly thuyét vé "tinh suy bién dai s6" ciia cic anh xa phan
hinh. Ciing can phai néi rang con c6 nhitng han ché trong cac két qua
clia chung toi, d6 1a doi héi boi cat cut phai 16n hon 1. Tuy vay, theo
quan diém ctlia chiing toi, cdc ki thuat chitng minh trong [27] va [2]
khong thé 4p dung dudc trong nhimng tinh huéng nhu vay.

Sau day, ta nhic lai mot s6 khai niém va cac két qua can thiét cho

chitng minh céc dinh 1y suy bién dai so.
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3.1 Mot s6 khai niém va két qua bo tro

Tru6c hét, ta nhac lai dinh 1y co ban thi hai cho siéu phing c6
dinh.

Dinh 1y 3.1.1 (Dinh ly co béan thit hai d6i v6i muc tieu ¢ dinh [30]).
Gid st f : C™ — P*(C) la mot anh xa phdan hinh khong suy bién tuyén
tinh va Hy, ..., H, la q siéu phang & vi tri tong qudt trong P"(C). Khi dé,
| (= n=DTp(r) < XL N (0) + o(T5(r)).

D6 Dic Thai va St Dic Quang da ching minh céc dinh 1y ¢ ban
thi hai sau day cho muc tiéu di dong;:
Dinh 1y 3.1.2. ([27]) Gid st f : C™ — P*(C) la dnh za phan hinh.
Gid thiét rang {ay, ...,a,} la ho ¢ dnh za phan hinh tu C™ vao P"(C) ¢
vi tri tong qudt sao cho f khong suy bién tuyén tinh trén R({a; j_l)
Khi do,

Nf’al O( max T, (r))+o(Ty(r)).

0<i<g—1

-
Il <
—

H n+2

Dinh 1y 3.1.3. (/29]) Gid su f : C™ — P*(C) la anh za phan hinh.
Gid thiét raing A = {a1,...,a,} (¢ > 2n+1) la ho q dnh za phan hinh
tw C™ vao P(C) & vi tri tong qudt sao cho (f,a;) Z 0 (1 < i < q).
Khi do

q s
I s T = ;N([f}ai)(r) + O (max T, (r)) +O(log™ Ty(r)).

Bay gio, ta sé nhac lai 1y thuyét suy bién dai s6 ctia W. Stoll.
Trude hét, ta ky hieu A" C™* 1a tich ngoai k 1an ctia C"* va vy Avg A
A € /\]€ C"*! 1a tich ngoai ctia k vecto vy, v, - -+, v € C"H. Néu
{eg,e1,...,e,} 1acosd ctia CM thi {e;, Aej, A+ Aej, bo<j<jpc<in<n

Ia co 86 ciia A" C"1. D& thiy véi k vecto

v; = apep + ajrer + -+ apme, (1 <i<k)
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thi

U1 N (%) VANKICIIVAN Vi — Z det(aijl)lgigkejl N €j2 VANKIDIIVAN ij.

0<j1<ga<-<Jr<n L<i<k

Ta c6 dinh nghia sau trong dai s6 ngoai lien quan dén khai niém phu

thuoc dai so.

Dinh nghia 3.1.4.

Cho V la khong gian vecto phtic c6 s6 chiéu n + 1 > 1. Ho vecto
{vr,---, v} (k> 1) dugc goi 1a ¢ vi tri tong qudt néu v6i mdi bo s6
nguyén 1 < j; < -+ < j, < k thoa man p < n thiv; A---Av; # 0.
Ho k vecto {vy, -+ ,vp} duge goi 1a & vi tri ddc biét néu ching khong
& vi tri tong quat. Gid st 1 < p < k. Khi d6, {vy, -+ , v} dude goi 1a
d vi tri p-ddc biét néu véi mdi bo s6 nguyen 1 < j; < --- < j, < k thi

cac vecto v, -+ ,v; O vi tri dac biet.

Chu vy 3.1.5. Khdi niem vi tri tong qudt cho k vecto cing dp dung
cho k dnh wa phan hinh vao P"(C) bang cdch lay biéu dién thu gon va
coi ching la ham vecto vao C*1. Khi do, khdi niém vi tri tong qudt
nay tring vdi khdi niém vi tri tong qudt da dinh nghia trong chuong
2.

Gia st f; : C" — P"(C) (1 < i < k) 1a cac anh xa phan hinh 6
vi trf tong quat. Khi d6, theo W. Stoll [31] ton tai mot anh xa phan
hinh tit C™ vao /\k C""! ma ta ky hicu 1a fi A foA--- A fi, sao cho véi
cac biéu dién thu gon tuong tng f; = (fio : fir i+ fin) (1 <i < k)
thi (fiANfoA--Afe)(z) = fi(z) A fo(z) Ao+ A fr(2) v6i mdi z € C™
ngoai cac tap giai tich c6 déi chidu 16n hon hodc bing 2. O day, ta da
coi fi(z) 1a mot vecto trong C"L. Khi d6, dinh nghia sau day la thoa

dang, ttc la khong phu thudc vao viéc chon cac biéu dién thu gon.

Ta c6 dinh nghia sau day:
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Dinh nghia 3.1.6.

Divisor cia anh xa fi A fo A -+ A fi 1a mot ham duge ky hiéu la
Lt A fonenf, VA dude cho bdi

ffinforenfe = MIN{Vger(ay; 1<i<k 0<1<k-1), 0 < i < Jo <o+ < Jp < n}

Goil N(r, fupnfonng,) 18 ham dém tng v6i divisor nay. Ham xdp i
cua anh xa fi A fo A--- A fi duge dinh nghia bdi

m(r, i N fa N A fr) = / log Hfl(‘TJ)C‘J/UJZ(/Z\)H/\|J\{T‘(z)\|am
Sm(r)

= [ tog LA

IAAfa A Afel] ™

Sm(1)
Dinh 1y 3.1.7 (Dinh Iy co ban thit nhat ddi v6i vi trf tong quat [31]).
Gia st f; : C" — P"(C) (1 < i < k) la cdc dnh xza phan hinh & vi tri
tong qudt. Gid thiét ring 1 < k <n+ 1. Khi dé
N(?“, qul/\f2/\"'/\fk) + m(r, fl A f2 ARRERA fk‘) < Z Tfi(r) + O(l)
1<i<k

Dinh nghia 3.1.8.

Giad st A la tap con gidi tich ¢6 chiéu thuan tay la (m — 1) cla
da tap phtc lién thong m chiéu M. Ta dinh nghia divisor ciia A béi
1 néu z € A,

va(z) =
0néuze M\ A

Dinh ly 3.1.9 (Dinh 1y co ban thit hai déi véi vi tri tong quat [31]).

Gia st M la da tap phiic lién thong cé chiéu m, A la tap con gidi tich

ctia M ¢6 chieu thuan tiy la (m — 1), V la khong gian vécto phiic c6

chiecun+1>1, pva k la cdc s6 nguyén théa man 1 <p <k <n+1.

Gia st fj - M — P(V) (1 <j <k) la cic anh xa phan hinh & vi tri

tong qudt sao cho fi, ..., fr 0 vi tri p-dac biét tréen A. Khi do, ta cé
Ifi A Af = (k—p+1)va.
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3.2 Su phu thuéc dai s6 ctia cac anh xa phan hinh

Véi cung gid thiét vé sy khong suy bién ciia cadc muc tieu di dong
nhé & vi trf tong quét, muc dich ctia phan nay la ching minh ba dinh

Iy vé sy phu thuoc dai s6 ctia cdc anh xa phan hinh tit C™ vao P"(C).

Dinh 1y 3.2.1. Gid s¢ f1,---, fr : C" — P"(C) la cdc dnh xa phan
hinh khdc hang, g; : C" — P"(C) (0 < i < q—1) la cdc muc tiéu di
dong & vi tri tong qudt théa man Ty,(r) = o(maxi<j<, Ty (1)) (0 <
i < qg—-1), (fiig)) 201 < i <k 0< 5 < qg—1) va
Aj = (f1,9)7H{0} = -+ = (i, g5)" {0} (0 < j < g—1). Ky hicu
A = U?;éAj. Gid thiét rang | (2 <1 < k) la s6 nguyén sao cho vdi
bat ky day ting 1 < j1 < --- < ji <k tht fi,(z2) A==+ A f;,(2) =0 vdi
méi diem z € A. Khi do, fi,--- , fi la phu thudc dai so trén C, tic la

) dn(2n + 1)k
oA f. =0 tren C™ né .
fin---Afr,=0 trén C™ néu q > A

Chatng minh. Ta chi can chiing minh Dinh 1y trong truong hop k <
n+ 1. Gid st rang fi A --- A fi, #Z 0. Truéc hét, ta chiing minh ménh

de sau:
Meénh dé 3.2.2. Vdi moi 1 <t <k, ta co

dn

[+ 1 7 7 L A HANAfe (Z) +qn Z Hgs1yAAggnt1) (Z)

B

q—1
S mingn, 5,0, ()} < —
j=0

vdi moi z ¢ AUUN_I(f;), ¢ dé tong ldy theo tdt cd cdac don dnh
B:{1,2,--,n+1}y —{0,1,-- ,q—1}.

Chitng minh. V6i mbi diém chinh quy

20 € A\ (AUUk L(fi) UUerint1,g{21950) (2) A== A gy (2) = 0}),

lay S 1a tap con giai tich bat kha quy ctia A chia 2. Vi 29 € A va
A = Uy, 2a,{Aji N A}, trong d6 Aj; 1a cac thanh phan bat kha quy
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ctia A; = (f1,9;) {0} neén ta c¢6 S 1a tap con gii tich c6 chiéu thuan
tay 1a (m — 1). Do d6, S chi chita trong nhiéu nhat d tap hgp trong
Aj. Vivay, vy, 4)(20) # 0 tai nhieu nhat d chi s6. Suy ra

q—1

Z min{n, vy, 4)(20)} < dn.

J=0

fin() N A fi(2) =0,Vz € S.

Diéu nay kéo theo ho {fi, ..., fr} 6 vi tri I-d&c biét trén S. Theo Dinh
I co ban thit hai d6i véi vi trf tong quat ([31, Dinh ly 2.1]), ta c6

pneng(2) 2 (k= (1 —1))vs.

Theo tinh chat cta divisor, ta c6

,ufl/\.../\fk(Z()) > k—141.

Do do6
q—1
: dn
g min{n, v, 4,)(20)} < dn < mﬂflA---Afk(ZO)~
j=0 i

Néu 2y € Ugerp+1.91219501)(2) A+ - A game1)(2) = 0} thi ta nhan duge

q—1
> min{n,vgg)(20)} San <aqn D fgun- gy (20):
j=0 BeTn+1,q]

T cac truong hop trén va cac tinh chat ctia divisor, v6i mdi z ¢
AUUFI(f), taco
q—1
: dn
; min{n, vy, 4,)(2)} Sk_—mﬂf1A~-~Afk (2)

Tqn Z “96(1)A“'Agﬁ(n+1)(z)-
BeT[n+1,q]

Meénh dé dugde ching minh. ]



61

Cac khang dinh trén va Dinh 1y co ban thit nhat déi véi vi tri tong
quat ([31, Trang 326]) kéo theo
! [n] dn
N(;lhgj)(r) < k_—H_lN(Tv Nfﬂ---M%) +qn Z N(r, Mgﬁ(1)/\-~-/\gﬁ(n+1))

J=0 BT n+1,q]
n+1

—k_mez van D, 2 Tl

BETn+1,q) i=1

1<i<k

= k_d—ﬁl;wwo max {7(r)}).

Tu d6, 1ay tong lai, ta co

k
Z <ft,g]>( = k_mZ G 1n<12a<>§€{Tf( r})  (3.1)

Dung Dinh 1y co ban thit hai ddi véi cac muc tieu di dong ([29, He
qua 1]), ta suy ra

k

k
q
| 2o = 2 i) el (T

=1

dn(2n + 1)k

k—1+1
thudn. Tu d6, ho {f1,---, fr} 1& phu thuoc dai s6 tréen C, tic la

fiA---A fr =0. Dinh ly dugc ching minh. O

Cho r — +o0, ta nhan dudc ¢ < . Diéu nay 13 mau

Dinh 1y 3.2.3. Vdi gid thiét nhu trong Dinh lyj|3.2.1, ta gid thiét them
rang f; (1 <1i < k) la khong suy bién tuyén tinh trén R({gj}g;é). Khi

dé, f1,---, fr la phu thuoc dai so trén C, tidc la f1 A--- A fr, =0 trén
dn(n + 2)k

E—14+1"

C™ néu q >

Ching manh. Tu (3.1)), ta co

k
[n]
22 Vi) —HHZ (1) + o(max {T3,(r)}).
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St dung Dinh 1§ co ban thi hai d6i v6i cac muc tieu di dong ([27,
Dinh Iy 3.1]), ta suy ra

k k
|| n+2Tft< < Z + o(max {T,(r)}).

dn(n + 2)k
k—1+1
thudn. Do do6, ho {fi, -+, fr} 1& phu thuoc dai s6 tréen C, tic la

fiN--- A fr =0. Dinh ly duge chitng minh. []

Cho r — +o0, ta nhan dudgc ¢ < . Diéu nay 13 mau

Dinh ly 3.2.4. Gia st f1,---, fr : C" — P"(C) la cdc anh xa phan
hanh khac hdng, g; : C™ — P*(C) (0 < i < q—1) la cdc muc tiéu di
dong d vi tri tong quat théa man Ty, (r) = o(maxy<j< Ty, (1)) (0 < i <
qg—1) va (fi,g9,) 20 (1<i<k, 0<j<q—1). Gois la s6 nguyén
duong hodc s = +00 va 3 = min{s,n}. Gid thiét rang cic diéu kién
sau duge thoa man:

(i) min{sz, vy, o)} = - = min{se, vy, o9} v 0 < j < g —1,

(i) dim{z|(f1, 9:)(2) = (f1,95)(2) = 0} Sn—=20di0 < i <j < q—1,

(iii) ton tai s6 nguyén | (2 < | < k) sao cho vdi moi day tdang
1< << <kthh fi,(2) A=A f(2) = 0 vdi méi diem
z € U (f1.9:) {0}
Khi do

(1) Néu q > n(2n + 1)]]:1 : ;7_'[__1 Dk—1) thi f1,--- , fr la phu thuoc
dai so tréen C, tic la fy A--- A fr = 0 trén C™.

(ii) Néu f; (1 <i < k) la khong suy bién tuyén tinh trén R({gj}g;é)
nn+2)k—(G—-1)(k—-1)
k—1+1

va q > thi fi,---, fr la phu thuoc dai s6
trén C.
(i11) Néu f; (1 < i < k) la khong suy bién tuyén tinh trén C va

gi (0<1<q—1) la cic anh za hing, dong thoi
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(g—n—-1((k=1)G-1)+q(k—1+1)) < gnk
thi f1,--- , fr la phu thuoc dai s6 trén C.

Chatng minh. Ta chi can chiing minh Dinh 1y trong truong hop
E<n+1. Giasua fiAN--- A fr Z0.

Trudc hét, ta chitng minh cidc ménh dé sau:
Meénh dé 3.2.5. Vdi bat ky k — 1 muc tieu di dong Gir> - Gjpy €
{gj};]':h ton tas gj, ¢ {gj17 "7gjk—1} sao cho
(fro95) - (fr9i0)

det : : : 0.
’ (fl’gjkfl) (fkagjkq) ?_é

(f1,95%) - (frr95)

Chitng minh. Gia st ngude lai. Khéng mat tinh tong quét, ta cé thé
gid thiét g;, = g1, .., 9j,_,=gr—1. Khi do

(f,90() - (fer,91)(2)

rank <k-1

(f1:9040)(2) =+ (fks Gnr1)(2)

voi mdi z € C™. Do fi A--- A fr Z 0 nén ton tai zp € C™ thdéa méan
fi(zo) A A fre(z0) 20 vazg € {g1 A+ Agnr1}1(0). Mat khéc, ta c6

(f.90)(z0) -+ ([, 91)(20)

(f1,9n+1)(20) =+ (fks Gnt1)(20)

910(20) gln(zo) flo(Zo) ka(ZO)

9n+10(20) gn+1n(20) fln(Zo) fkn(Zo)
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Vi ho {gj}g-:l & vi tri tong quét nén ta c6 ma tran

fio(z0) -+ fro(20)

fln(Zo) flm(Zo)

c6 hang nh6 hon hodc bang & — 1. Diéu nay 14 mau thuan. Meénh dé

dugce chitng minh. []

Bay gio, ta xét kK — 1 muc tiéu di dong ¢1,- -, gr_1. Khi do, theo

Menh dé [3.2.5 ton tai gj, v6i jo > k — 1 thda man

(fl;gl) T (fk,g1)

det : : : 0.
’ (fr96-1) -+ (fe>91-1) ?

(flvgjo) (fk7gj0)
Khong mat tinh téng quat, ta c6 thé gia thiét jo = k. Ta dat
A= U?Zl(fla 9;) {0}, A = Ur<icici((f1,9:) {0} N (f1,95){0}).

Ta chiing minh ménh dé sau:

Meénh dé 3.2.6. Vi moi 1 <t <k, ta co

k
Z(min{%, V(f,.90)(2)} + (K — 1) min{1, v, )(2)})
+ Y (k= 1+ 1) min{l, v, 4)(2)}
i=k+1

< () (Bt B =) (g = B)(E =1 D)gunngs(2) (32)
vdi méi z € C™\ (AUUL, I(f,)), trong do

fir= (fiog) - (fiogr) (L <0 <F).
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Hon nita, ta coé

k q
> 1 1
Z(Ngft],gn(r) +(k— Z>N([f1,gi>(7”)) + ) (k—1+ 1)N<[f1,gi)(7")
=1 i=k+1

k
< D Th(r) + o(max {7y, (r)}) (3.3)

1<i<k

Chiing minh. Theo tinh chat ctia divisor, ta chi can xét 3 truong hop
doi véi cac diem chinh quy cta A.

Trudng hgp 1. Gid st 29 € A\ (AUUF_I(f;)U{z]|giA- - -Agr(z) = 0})
la diém chinh quy ctia A sao cho z, chi 1a khong diém ctia mot trong
cac ham phan hinh {(f:, ;) le. Khong mat tinh téng quat, ta co thé
gid st zp 1a khong diém ctia (f;, g1). Gia st S 1a tap con gidi tich bat
kha quy ctia A chita zy. Khi d6, chiéu thuan tay cia S 1a m—1. Gia st
rang U 1a mot 1an can md clia 2z trong C™ théa man UN{A\ S} = 0.
Chon ham chinh hinh % trén C™ sao cho v, = min{s, vy, ,)} néu
ze€ Svav,=0néuz¢gS. Khido, (fi,q1) =ah (1 <i<k), trong

do6 a; 1a cac ham chinh hinh. Vi ma tran

(f1,92)(2) -+ (frr 92)(2)

(fro96)(z) = (S g1)(2)

c6 hang nhé hon hosic bang k — 1 v6i mdi z € C™ nén suy ra ton tai

cdc ham chinh hinh by, --- , b, sao cho c¢6 it nhat b; Z 0 va
k
D b (fig) =0(2<j<k)
i=1

Khong mat tinh tong quat, ta c6 thé giad thiét tap cac khong diém

chung ctia {b;}¥ | 14 tap con gidi tich c6 d6i chiéu > 2. Khi d6, ton
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tai mot chi 86 41 (1 < iy < k) sao cho S ¢ b;ll{()}. Ta c6 the gia thiét
ring i; = k. Thé thi, véi méi z € (U N S) \ b, {0}, ta co

i) A A frl2)

k—1
) A A Foa(2) A (fk<z> £y ﬁﬁ(z))

1=1

Fuz) Ao A frma(2) A (V(2)0(2))
h(z) - (fu(z) A= A frer(2) AV (2)),

trong d6 V(z) = (a + S0~ 112) a;,0,---,0). Theo gia thiét, véi bat
kydaytang 1 <ji <---<jy<k—1,taco f; A---Af;, =0 trén S.
Khi do6
fio(z) - fio(z)
rank (f;(2), -+, f;,(2)) = rank : : : <l-1,
fim(2) - fim(2)

vl moi z € S. Mat khac

(fjl7g1)(z) (fngl)(z)
(fjmgk)(z) (fjl’gk)(z)
g10(z) -+ gin(2) fio(z) -+ fin(z)

gro(2) -+ gn(2) fin(2) -+ fim(2)

Tu do, ta co

rank(f;, (2),- -+, f;(2)) =
(fjmgl)(z) (fngl)(z)

rank : : : <l-1,

(fi96)(z) = (fi, 98)(2)
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v6i moi z € S. Do do, fjl EERW, fjl = 0 trén S. Diéu nay kéo theo ho
{fl, e fk—l} 1a 6 vi tri [-dac biét trén S va ho {fl, e fk_l, V3iliaévi
tri (I + 1)-ddc biet tren S. St dung Dinh 1y co ban thtt hai doi véi vi
tri tong quat ([31, Dinh 1y 2.1]), ta c6

ffipenfenv(2) = (k= Dvg,Vz € S.
Vi vay,

Mfl/\u-/\fk(’Z) > vp(2) + (k= vs
= min{s, v(4, 4,)(2)} + (k — l)vg, V2 € (UUS) \ b, {0}

Theo tinh chat ctia cac divisor, ta c6

“fl/\---Afk(ZO) > min{, vy, 4)(20)} + k — L.

Tw do, suy ra

k

> (min{se, v(g, 4 (20)} + (k — 1) min{1, vy, 5,)(20)})

1=1

+ Z k — 1+ 1)min{1, v}, 5 (20)}

i=k+1
= min{se, vig, gy (20)} + Kk =1

< png,(20) + (ke 5 = 1)+ (g = B) (= 1+ 1))ptgnngy (20)

Trudng hop 2. Gia st 29 € A\ (AUUE T(fi)U{z|gi A+ Agr(2) = 0})
la mot diém chinh quy cta A sao cho zy chi la khong diém cta
(fi,9i),% > k. Theo gia thiét, ta c6 ho {f1,---, fi} 1a & vi trf [-déc
biét trén mot tap con giai tich bat kha quy c6 doi chiéu 1 ctia A ma
chita zy. St dung mot lan nita Dinh Iy co ban tht hai déi v6i vi tri
tong quat ([31, Dinh 1y 2.1]), ta c6

Mfl/\.../\fk(z()) > kE—1+1.
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Z(min{%, V(f,.0)(20)} + (K — 1) min{1, v, 4, (20)})

q

+ > (k=14 1) min{1, v, (20)}

i=k+1
= (/{? — [+ 1) min{l,v(fhgi)(zo)} =k—[0+1

< g pn(20) + (RGz 4 k= 1)+ (g = k) (k = L+ 1)) nen (20)).

Trudng hop 3. Gid st zg € (g1 A -+ A gi) *{0}. Khi d6

k

> (min{e, v, 69 (20} + (k — D) min{1, vy, 4 (20)})

1=1

+ Z k—1+1)min{1, v, 4)(20)}

i=k+1
<k(x+k-=01)+(q@—Fk)(k—-1+1)

< Uf1A~-Afk(ZO) + (kG +k =1 + (¢ — k) (k =1+ 1)) 1g nng, (20)).

T céc truong hop trén va cac tinh chat ctia divisor, v6i mdi
z g€ AUF | I(f), taco

k

D _(min{se, v(s, ()} + (K = ) min{1, v, )(2)})

+ Z (k — 1+ 1) min{1,v(s,4)(2)}

i=k+1

< ’ufl/\"'/\fk(z) + (k(% +k— l) + (q - k)(k — 1+ 1))“91/\--'/\91@(2)'
Khéng dinh tht nhat ctia Ménh dé dugc chiing minh.

Theo gia thiét va dinh nghia ham dic trung, véi mdi 1 < j < k, ta

co

T3 (r) < Ty, (r) + o(max {Ty,(r)}).

1<j<k
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Theo Dinh 1y co ban thtt nhat déi v6i vi tri tong quét ([31]), ta suy ra

q

- (N([Z],gi)( )+ (k= Z)N([fl 91)(T>) + Z (b =1+ 1)N([f] gz)(r)
= i=k+1

< N(r, /L]zl/\m/\fk) + (k(x+ k=0 +(q—k)(E—=14+1))N(r, ftg,nng)

k
< Ti(r) + (ke k= 1)+ (q— k) (k—1+1)) ) Ty, (r) + O(1

ISH
o~
ol

i=1

o

< , .

< ;Tfl(r) + o(max {Ty,(r)})
Khéng dinh tht hai ciia Ménh dé duge ching minh. Meénh dé da
dugc ching minh hoan toan. ]

Véi bat ky day tang 1 <4y < -+ < i1 < @, ta co
k-1
ftgz +(k =N, fgz r)+ Y (k =1+ NG (1)

]:1 lEI

|Mw

) +o(max {Ty,(r)}),

1<i<k

trong d6 I = {1,2,--- ,q} \ {i1, -+ ,ix_1}. Tt d6, bang cach lay tong
trén tat cd cacday 1 <4y < -+ <ip_1 < q, ta co

q

S ((k=1)NG )+ (k=) (k=1 + (g —k+1)(k— 1+ )N} (1))

(f gL)
=1

<qZTf + o0 maX{Tf( )})

1<i<k

Vi %NJ[E”] (r) < nNJ[c ](r), V3¢ nén ta c6
g

S (k=1)zNS )+ (k=) (k—=1)+(q—k+1)(k—I+1)N} (1))

(fe.9i
i=1
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< anTfi(T) + o(max{Ty,(r)}).

1<i<k

Diéu nay kéo theo

q

S (k= 1z+ (k= D)k —1)+ (g — k+1)(k— 1+ )N ()

1=1

< qn Z Ty,(r) + o(max{Ty,(r)}).

1<z<k

Do d6, bang cach lay tong trén tat ca cac ¢, (1 <t < k), ta co

k=15 + (k= 1)k =0+ (qg—k+1)(k—1+1))N} ()

2.

q k
i=1 t=

1

< anZTf + o(max T},(r)) (3.4)

1<i<k

Bay gid, ta ching minh cic khing dinh ctia Dinh 1y [3.2.4

(i) Béng cach ap dung Dinh 1y (3.1.3 ([29, He qua 1]) vao vé trai cia

(3.4), ta suy ra

H 5 S (k=154 (k= 1) (k1) (g = b+ 1)k =+ 1) T3 (1)

< anZTf o(max {Ty,(r)}).

1<i<k

Cho r — 400, ta co

(2n + Vnk — (k — 13 — (k — 1)(k — 1)

q<k—1+

k—1+1
_@n+1)nk - (k—-1)(3x—1)
N k—1+1 '

Diéu nay 14 mau thuan. Vi vay, ta co fi A--- A fr = 0.
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(ii) Bang cach 4p dung Dinh 1y [3.1.2 ([29, Dinh 1y 3.1]) vao vé trai

cua (3.4), ta suy ra
k
n+ 2 =

(E=Dz+(k—-1)k=0)+(q—k+1)(k—1+1))T(r)

< gnk Z Ty, (r) + o( max {Ty,(r)}).

1<j<k

Cho r — +o0, ta co
(n+2nk—(k—1)zZ—(k—1)(k—-1)

<k-1

qsk-1+ k—1+1
_ (n+2nk—(k-1)(—-1)
B E—1+1 '

Diéu nay 1a4 mau thuan. T do, ta c6 fi A--- A fr = 0.

(iii) Béng cach ap dung Dinh 1y |3.1.1| ([30, Trang 304]) vao vé trai

cua (3.4), ta suy ra

k
H (q—n—1) Y ((k—1)5+ (k= 1) (k=) + (q—k+1) (k—1+1)) T3, (r)

1=1

< gnk Z Ty, (r) + o( max {Ty,(r)}).

1<j<k
Cho r — +o0, ta co
(—n—=1((k—-1)G—-1)+q(k—1+1)) <gnk.

Diéu nay 14 mau thuan. Vi vay, ta c6 fi A--- A fi, = 0. Dinh 1y duoc
chiing minh. [l

3.3 Dinh Iy duy nhat véi boi bi chan déi véi anh xa phan
hinh

Trong muc nay ching t6i nghién cttu van dé duy nhat véi boi bi
chan doi véi cac anh xa phan hinh nhiéu bién phtic vao khong gian xa

anh phtic thong qua tinh "suy bién dai s6" clia cdc anh xa do.
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Dinh 1y 3.3.1. Gid st f1,fo : C" — P"(C) la cic dnh xa phan
hinh khac hang, g; - C™ — P"(C) la cdc muc tiéu di dong & vi tri
tong qudt va Ty (r) = o(maxi<;<o{T}(r)}) (1 < j < q), dong thoi
(fi,g9;)) 20 (1 <i <2, 1<j<q). Goi > la s6 nguyén duong hodc
s = 400 va 3 = min{sx,n}. Gid si cic dieu kién sau dugc thda man:

(i) min{ sz, v(s, 4,)(2)} = min{se, v(p, 4} vdi moi z € C™, 1 < j < g,

(i) dim{(f1,9:) " H{0}N(f1,9;) ' (2)} <n—2vdimoil <i<j<gq,

(iii) fi(2) = fa(z) vdi moi z € UI_(f1,9;)""{0}.
Khi dé, néu q > 2n(2n+1) —2(z — 1) thi f1 = fo.

Chiing minh. Gid st fi # fo. Bing cach ddi chi s6 néu can, ta c6 thé

gia thiét

(fo1) _ (fuge) — 0 _ (f1,90) » (9040 (1, 9%)
Sf?agl) N (f?agQ) N N (f?agkj)J \(fQ?ng-l) N N (f?agk‘g)J
nh?ﬁrml nhz),mQ
» (Srogm1) — (1 9m) 4o (fugro) (i)
\(f27gk2+1) B B (f27gk3)1 \(f27gk571+1) B B (f?agks)j
nhéom 3 nhoém s

6 dé ks =¢q. V6imoi 1 < i < g, ta dat

. i+n néu i +n < q,
j:
i+n—q néuit+n>q,

PZ' _ (flagl) . (f27gz)

(f1,95)  (fo95)

Vi f1 # fo nén s6 cic phan ti clia mdi nhém nhiéu nhat 1a n. That

vay, gia st ngudc lai. Khong mat tinh tong quat, ta c6 thé gia sit s6

phan ti ctia nhém 1 16n hon n + 1. Véi mdi 2 € C™, ma tran sau c6
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hang 1
(f1,91)(2) (f2,91)(2)

(f1:90+1)(2)  (f2: 9n1)(2)
910(2) gln(Z) flo(Z) fQO(Z)

In+10(2) -+ Gnsin(2) fin(2)  fan(2)

Vi ho {gj}§:1 & vi trf tong quat nén ma tran

fo(z) - fin(z)

fao(z) -+ fan(2)

c6 hang 1a 1. Do do, fi = fo. Diéu nay la mau thuan. Vi vay, ~——= (fl gz)

( 25 gz)
(f1.9)) thudc cac nhém phan biét. Suy ra (f1.9) (fl’gji

(f2,95) ) 9 ' ) (fos9) = (f2, 95
méat tinh tong quat, ta c6 the gia thiét

- (fng) (fa i) ;
b= g (g 7019

Véi k = [ = 2, tit bat ddng thitc (3.2), ta c6

SN O+ DT NG ) < ST T () + o(max {Ty,(r)})

.= 1<i<2
J=t,n+t jF#in+i Jj=12

Khong

véi 1 <t < 2. Tit d6, lay tong theo i, ta c6

q
[>] [1]
Z;(?N(fhgi)(r) +(g—2)N ft W) <q 21:2 Ty, (r) + o(max {Ty,(r)}).
i= j
Do do6
q
2(2%+ 4= 2N, (1) < an Y T (r) + o(max{Ty(r)}).

71=1,2
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Lay tong mot lan nita theo ¢, ta c6

q

SN @ g-2NG () <200 Y Ty (r) + o(max {Ty,(r)})

1<i<2
t=1,2 i=1 7=1,2
(3.5)

Ap dung Dinh 1y 3.1.3 ([29, He qua 1]) vao vé tréi ciia (3.5)), ta nhan
dugc

q
;2n+1(2%+q—2 Ty (r) < 2qn ;Tf ) + o(max {T;,(r)}).
1=1, J

Cho r — +o0, ta co
g<2n(2n+1)—2(3—1).

Diéu nay & mau thuan. Do d6, ta c6 f; = fo. Dinh 1y dudc ching
minh. ]



Keét luan va kién nghi

Két luan

Cac két qua chinh ctia luan an:

e D3 chi ra mot s6 tinh chat lien quan dén nhitng ham phan hinh
c6 tong s6 khuyét cue dai va da chi ra rang 16p ham phan hinh
véi tong s6 khuyét cuc dai la rat "moéng" theo nghia néu "nhiéu"
cac ham phan hinh véi tong s6 khuyét cuc dai béi cac ham phan
hinh "nhé" thi ching khéng con la caAc ham phan hinh cé tong

s6 khuyét cuc dai nita.

e Da chitng minh dinh 1y vé s6 khuyét clia cac anh xa phan hinh
nhiéu bién phiic véi tong s6 khuyét cuc dai doi véi muc tieu di

dong.

e Da chitng minh ba dinh 1y vé su phu thuoc dai s6 cltia cac anh
xa phan hinh tit C™ vao P*(C) v6i muc tiéu di dong & vi tri tong

quat.

e D3 chitng minh dinh 1y duy nhat véi boi bi chan ddi véi 4nh xa
phan hinh nhiéu bién phitc véi s6 muc tieu g < 4n® + 2n trong
tinh huéng khong c6 gia thiét vé tinh khong suy bién tuyén tinh
cia anh xa phan hinh f: C" — P"(C).

Kién nghi vé nhitng nghién citu tiép theo

Trong chuong 1, chiing to6i mdi chi nghién ctu duge quan hé sb
khuyét cho ham phan hinh tit C™ vao P}(C) ma chua nhan duge cac
két qua nhu cdc Dinh 1y va Dinh ly cho cac anh xa phan
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hinh tit C™ vao khong gian xa anh P"(C) v6i n > 2. Mot cach tu
nhién, can phai dua ra dugc cac dinh 1y tuong tu nhu cac dinh 1y do6
cho trudng hgp dnh xa phan hinh tit C" vao khong gian xa anh P"(C)
véi n > 2.

Trong chuong 2, Dinh 1y ve tong s6 khuyét cuc dai ctia cac
anh xa phan hinh cho muc tiéu di dong chua chan dugc boi.

Licu co6 thé cai tién cach ching minh cac dinh 1y trong chuong 3 dé
gidm dugc s6 muc tieu di dong hay khong?

Véi nhitng cau hoi va phan tich trén, huéng nghien citu tiép theo

cua ching t6i nhu sau:

e Nghién cttu 16p anh phan hinh vio khong gian xa anh phtc chiéu
cao v6i tong s6 khuyét cuc dai cho cac muc tieu c¢6 dinh va muc

tieu di dong c6 tinh dén viec chin boi.

e Cai tién chting minh dinh 1y co ban tht hai vi cach dém boi dé
giam dugc s6 cac muc tieu di dong gay ra tinh suy bién cho cac

anh xa phan hinh.

e Tiép tuc lam vé van dé duy nhat khi c6 su tién bo vé dinh 1y co

ban thit hai va cac dinh 1y vé tinh suy bién dai s6.

Do thoi gian han hep nén ching t6i chua thé c6 dude két qua cho
cac van dé da dat ra. Chang toi hi vong rang van dé trén sé sém dugc

gidi quyét trong thoi gian téi.
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