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Viéc van dung mot vai két qua dat dude trong Toan cao cap dé nghién
cttu Toan so cap da va dang dude nhiéu nguoi quan tam dén. Ho da dé
dang gidi quyét bai toan dit ra va phat hién, md rong duge nhieu bai
toan mdi. Dac biét, khi xét bai toan trén truong Q hodc trén truong
R thi do la bai toan qua khé; nhung mang bai toan dé trén C thi mrtc
do kho ctia ching sé giam di rat nhiéu. Néu ai quan tam dén Hinh hoc
sO cap, ching ta sé gap nhicu bai toan vé tam giac dude giai quyét
bang hinh vé rat phic tap. Ta rat khoé md rong hay xay dyung nhitng
két qua tuong tu hodc méi cho da giac tuy y. Van deé dit ra 6 day:
Tim mo6t phuong phap cé thé giai quyét nhanh gon hon
mot vai bai toan da c6 va xay dung dudc nhing bai toan
tuong tuv hoac méi cho da giac.
Mot vai van dé cling tuong ddi thoi sy trong Hinh hoc so cap da va
dang dugc nhiéu nguoi quan tam dén:

(1) M& réong DPong nhat thitc va Bat dang thiic Ptolemy.
(2) Mé& rong Bat dang thicc Hayashi.

(3) M& réng Bat dang thitc Erdos-Mordell.

(4) Xay dung dong nhét thitc va Bat dang thiic méi.

Ngoai ra, c6 nhiéu Thay Co gido dang quan tam dén viec day Chuong:
S6 phtc va tng dung cho hoc sinh 16p 12: Giai thich nhu thé nao vé
s6 i v6i 12 = —1 khi ma ho chi lam quen véi truong Q va R.

V6i nhitng 1y do ké trén, luan van tap trung nghien citu:

Truong C va van dung s6 phiic trong Hinh hoc so cap.

Luan van dugc chia lam hai chuong.

Chuong 1 tap trung trinh bay vé truong cic sb6 phiic C va chiing
minh tinh déng dai s6 ctia truong C, c6 nghia: Moi da thitc bac duong
thuoc Clx] déu c6 nghiem trong C. Muc 1.1 duge danh dé trinh bay
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ve sO phiic va nhing R vao C. Muc 1.2 tap trung xét tinh déng dai s6
cua truong C. V6i viéc trinh bay lai hai cach ching minh da c6, Dinh
Iy 1.2.4 chi ra: C 1a mot truong déng dai s6. Mot vai cong thitc noi
suy da thiic, st dung & chuong 2, duge dua ra trong Muc 1.3.

Chuong 2 tap trung trinh bay vé mot vai ting dung s6 phiic vao
Hinh hoc s cap. Muc 2.1 dudge danh dé trinh bay vé viéc st dung s6
phitc vao md rong dong nhat thiic va Bat dang thic Ptolemy trong
Meénh dé 2.1.2 va Menh dé 2.1.3; Bat dang thiic Hayashi ¢ ménh dé
2.1.7 v Bat ding thiic Erdos-Mordell & Ménh dé 2.1.27. Trong muc
nay ching t6i da xay dung dugc mot vai Bat dang thic va dong nhat
thitc méi & Menh dé 2.1.9 v& Ménh dé 2.1.18, 2.1.19. Muc 2.2 tap
trung xét phép quay qua sd6 phiic va md rong mot vai bai toan Hinh
hoc so cap, chéng han: Vi du 2.2.2, Vi du 2.2.4. Muc 2.3 dugc danh
dé trinh bay viéc phat hién nhiéu hé thiic méi va tinh mot sé tong va
tich trong luong giac.

Luan van nay dugdc hoan thanh véi sy huéng dan va chi bao tan
tinh ciia PGS.TS. Dam Van Nhi - Truong Dai hoc Su pham Ha Noi.
Thay da danh nhicu thoi gian huéng dan va gidi dap cac thic mac
clla em trong sudt qua trinh lam luan vian. Em xin bay té long biét
on sau sac dén Thay.

Em xin tran trong cdm on cac Thay (Co) gidng day va phong dao
tao thuoc Truong Dai hoc Khoa hoc Thai Nguyén. Dong thoi toi xin
glii 16i cam on t6i tap thé 16p Cao hoc Toan K5A da dong vien gitp
dé t6i trong qua trinh hoc tap va lam luan van nay.

To6i xin chan thanh cAm on Sé Gido duc-Dao tao Tinh Bac Ninh,
Ban Giam hiéu, cac dong nghiép truong THPT Han Thuyeén- TP Bac
Ninh - Tinh Bac Ninh da tao diéu kién cho toi hoc tap va hoan thanh
ké hoach hoc tap.

Tuy nhién, do su hiéu biét ctia ban than con han ché nén trong qua
trinh nghién ctu chic sé khong tranh khoéi nhitng thiéu sét. Ching
toi rat mong dugde sy chi day va dong gép v kién ctia quy Thay Co.

Chung t6i xin chan thanh cam on.
Thai Nguyén, ngay 01 thang 04 nam 2013

Tac gia

Nguyén Xuan Sang
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Ve ky hiéu:
N dugc ky hiéu cho tap cac s6 tu nhién.
N* dugc ky hiéu cho tap céc sb6 tu nhién duong.
7 dugc ky hieu cho vanh cac s6 nguyen.
Q dugc ky hiéu cho truong cac sé hitu ty.
R dugc ky hiéu cho truong cac s6 thuc.
C duoc ky hiéu cho truong cac s6 phiic.

K dugce ky hiéu cho mot trong ba truong @Q hoac R hoac C.
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Chuong 1
Mot vai khai niém co ban

Chuong nay tap trung nghién cttu vanh da thic va mot so6 bai toan
lien quan. Day 1a phan trong tam ctia Dai s6. Khi xét da thrc, ta
thuong quan tam dén nghiém, tinh bat kha quy va biéu dién thanh
tich cac nhan ti cia n6. Ta bat dau bang viéc nhac lai mot vai khai
niem.

1.1 S6 phic va nhiing R vao C

Xét Tich Descartes T'= R x R = {(a,b)|a,b € R} va dua ra dinh

nghia:

= (¢,d) khivachikhi a=¢b=4d

+ (¢,d)=(a+c,b+d)
) pum—

) ,d

)

) . (¢,d) = (ac —bd,ad + be).
(a,

)

Dé don gian, viét (a,b).(c,d) qua (a, b)(c, d). Tit dinh nghia phép nhan:
(i) Véii=(0,1) € T c6 4% =1i.i = (0,1)(0,1) = (—1,0)

(i) (a,0)(1,0) = (a,b) = (1,0)(a,b)

(ifi) (a,b) = (a,0) + (0,b) = (a,0) + (b,0)(0,1), V¥ (a,b) € T.

Ky hieu C 1a tap T cung cac phép toan da néu ra & trén. Ta c6 két
qua sau:

B6 dé 1.1.1. Anh za ¢ : R — C,a — (a,0), la mot don danh va no
thoa man ¢(a+a') = ¢(a)+o(d’), p(ad’) = ¢(a)p(a’) vdi moi a,a’ € R.
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Dong nhat (a,0) € C véi a € R. Khi d6 c6 thé viét (a,b) = (a,0) +
(,0)(0,1) = a + bi v6i i% = (—1,0) = —1.

Nhu vay C = {a + bila,b € R,i*> = —1} va trong C c6 két qua dudi
day:

a+bi =c+di khivachikhi a=c¢,b=4d
at+bitc+di=a+c+ (b+d)
(a+bi)(c+ di) = ac — bd + (ad + be)i.

M&i phan tit 2 = a + bi € C dugc goi 1d mot so phate v6i phan thuc a,
ky hieu Re z, va phan do b, ky hiéu Im z; con ¢ dude goi 1a don vi do. SO
phtic a — bi dude goi 1a s6 phiic lien hop clia z = a+ bi va dude ky hiéu
qua z = a + bi. D& dang kiém tra 2z = (a+bi)(a—bi) = a®>+b?, Z123 =
7172 va goi |z| = V2Z 1a modun cla z. S6 doi cia 2 = ¢+ di 1
—72 =—c—divahieuz—2' =(a+bi)— (c+di)=a—c+ (b—d)i.
Xét mat phang toa do (Oxy). Mbi s6 phiic z = a + bi ta cho tuong
ting v6i diem M (a;b). Tuong ing nay 14 mot song anh

C—-RxR,z=a+bi— M(a;b).

Khi ddng nhat C véi (Ozy) qua viec dong nhat z véi M, thi mit phang
toa do véi biéu dién sé phitc nhu thé dugce goi la mat phang phic hay
mat phang Gauss dé ghi cong C. F. Gauss-ngudi dau tien dua ra biéu
dién.

Meénh dé 1.1.2. Tap C la mot truong chita truong R nhu mot trudng
con.

Chitng minh: D& dang kiém tra C la mot vanh giao hoan véi don vi
1.Gidstz=a+bi #0. Khidoa®> +b*>0.Gidst 2/ =a+yi € C
ar —by =1
thoa man zz' = 1 hay Y Gidi he duge v = ————,y =
bx + ay = 0. a®+0b
b a b
——— Vay 2/ = —

22 VT 2rr T 2y ) )
C la mot truong. Tuong tng C — C, 2z — Z, la mot tu dang cau lién
hop. Dong nhat a € R v6i a + 0i € C va c¢6 thé coi R 1a mot truong
con cua C hay R C C. ]

¢ la nghich dao cta z. Tom lai

/ I—
'z
— le_l = —,

N

Chu ¥ rang, nghich ddo ciia 2 # 0 13 27! = BE v,
z

e |

z
2
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Dinh nghia 1.1.3. Cho s6 phiic 2z # 0. Gid st M 13 diém trong mit
phang phitc biéu dién sé phitc 2. S6 do (radian) ctia mdi goc lugng
giac tia dau Oz va tia cudi OM dugc goi 1a mot Argument clia z va
duge ky hiéu qua Arg(z). Géc a = LzOM, —m < o < 7, duge goi la
argument clia z va duge ky hiéu béi arg z. Argument ctia s6 phiic 0 13
khong dinh nghia.

Chi ¥ rang, néu « 14 mot argument clia z thi moi argument ctia z déu
c6 dang a + k.27 v6i k € Z. V6i z # 0, ky hiéu a + k.27 1a Argument
clia z. Ky hieu r = v/2Z. Khi d6 s6 phitc z = a+bi ¢c6 a = rcosa, b =
rsina. Vay khi z # 0 thi ¢6 thé bic¢u dién z = r(cosoz + 7 sin a) va
biéu dién nay dude goi l1a dang luong gide cla z.

Meénh dé 1.1.4. Vi so phiic 2,z cung biéu dién 2, = rl(cos ar +
isinoq), 29 = r2(cosa2 + isinag), ri,m9 = 0, ta luon co

) z z .
(1) |z122] = |21]]%2], |Z—1\ = u va

|22

(i) 2120 = r1r2[cos (041 + 042) + ¢sin (041 + 042)]

21+ 29| < 21| + |22

(iii) ? = %[COS (oq — ozg) + 4 sin (oq - 042)} khi r > 0.
P P
Chitng minh: Hién nhién. []

Vidu 1.1.5. Vdia+bi = (z+iy)" c6a®+ 0> = (22 + )"

Bai giai: Tuw a+ bi = (:r: + zy)n suy ra a — bi = (CL‘ — zy)n Nhu vay
248 = (24 y?)" 0
Meénh dé 1.1.6. [Moivre] Néu z = r(cosa + isina) thi vdi moi sb
nguyén duong n co z" =r" [ cos (noz) + 7 sin (noz)} :

Chitng minh: Két qui dudc chiing minh qua quy nap theo n. ]

Hé qua 1.1.7. Cdan bac n ciia mot so phic z = r(cosoz—l—isinoz) # 0

2k 2k
la n gia tri khac nhau z, = 7“1/"((308u + 7s8in u) Va1

n n
k=1,2,...,n.
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1.2 Tinh déng dai s6 cua trudng C

1.2.1 C la trudong déng dai sb

Bay gio ta sé chi ra rang, moi da thic bac duong thuoc Clz] déu co6
nghiém trong C. D6 chinh 14 noi dung Dinh 1y co ban cia dai sb.
Nguoi dau tién ching minh dinh 1y nay 14 nha toan hoc C. Gauss
(1777-1855).

Dinh nghia 1.2.1. Truong K dudc goi 1a mot truong déng dai sé néu
moi da thiic bac duong thuoc K[z] déu c6 nghiém trong K.

Nhu vay, trong K[z] moi da thitc bac duong déu phan tich duge thanh
tich cdc nhan ti tuyén tinh khi K 1a mot truong dong dai s6.

B6 dé 1.2.2. Moéi da thiic bac 1€ thuoc R[x] déu cé it nhat mot nghiem
thuce thuoc R.

Chitng minh: Gid st f(z) = apr®* ™ +a12%+- - ~+agsr+azs1 € Rlz]
v6i ap # 0. Dé dang thay rang agf(z) sé tién ra +oo khi x — +o00
va aof(r) sé tién ra —oo khi x — —oo. T day suy ra sy ton tai cla
cac s6 thuc a > 0 va 3 < 0 théa man agf(a) > 0,a0f(S) < 0. Do vay
a3 f(a)f(B) < 0hay f(a)f(8) < 0. Vida thic f(z) la ham x4c dinh va
lién tuc trén R théa méan f(a)f(5) < 0 nén, theo Dinh Iy Weierstrass,

da thic f(z) c¢6 it nhat mot nghiém thyce thude (a, 3). O
B6 dé 1.2.3. Méi da thiic bac hai thuoe Clz] déu co hai nghiém thudc
C.

Chung minh: Truéc tién ta chi ra, véi moi s6 phiic z déu c6 hai sé

phiic 21, 2y dé 22 = 2, 22 = 2. That vay, gia sit z = a + bi # 0 va gid st

2 .2

. 2> —y?=a

2 =x +yi véi a,b,x,y € R dé 22 = 2 hay Y
2zy = b.

Ta chi can xét truong hgp b # 0 vi truong hop b = 0 dude xét tuong

tu. Vib# 0 nén x # 0. Khi do

b a+ vVa?+ b?
Yy=— $172::i: #O
2x hay b 2
4t — 4az? —b* =0 y=—.
2x
) bi . bi .
Ta c6 21 = 21 + — va 23 = 29 + — thoa man z{ = 25 = z.
255'1 QLUQ
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Theo 1ap luan & trén, c6 hai sd phiic z; vd 2y dé 22 = 23 = b — 4ac.
. . ) ., —b+zxm b+

Khi d6 nghiém cta phuong trinh 5 va 5 ]

Dinh 1y 1.2.4. [d’Alembert-Gauss, Dinh Iy cé ban ctia dai sd]

Moi da thic bac duong thuoc Clz] deu cé it nhat mot nghiém thuoc C.

Chitng minh 1: Cho da thic tuy ¥ f(z) = 2" + a;z" ' + -+ + a,
ta ky higu da thic f(z) = 2" + @z" ! + .-+ + @,. Khi d6 g(z) =
f(@)f(z) € R[x]. Néu g(a) = 0 thi f(a) = 0 hodc f(a) = 0. Tit
truong hop f(a) = 0 ta suy ra 0 = f(a) = f(a). Tém lai, g(z) co
nghiém thi f(z) c6 nghiém. Chinh vi két qua nay ma ta chi can ching
minh dinh 1y cho da thitc véi hé s6 thuc.

Ta biét ring cho méi da thic f(r) = 2" + " '+ -+ +a, € R[z] c6
truong mé rong K ctia R dé trong K[z] ta c¢6 sy phan tich thanh tich
cac nhan tit tuyén tinh

flx)=(r—a)(x— ) ...(x — ay).

Phan tich bac n = 2% v6i ¢ 1a s6 nguyen duong 1é. Ta ching minh c6
it nhat mot o; € C bang phuong phap quy nap theo s6 nguyén khong
am d. Néu d = 0 thi f(z) 1a da thitc bac 18. N6 ¢6 it nhat mot nghiem
trong C theo B6 dé 1.2.2. Néu d > 0, ta gia thiét nhitng da thic thuoc
R[z] ¢6 bac m v6i sy phan tich m = 2°p, p 1é vi e < d, ¢6 it nhat mot
nghiém thuoc C. V6i mot s6 thic ¢ ta xét cac phan ti

52']' = OéiOzj + C(CEZ' + Oéj)

vGi tat ca cdc cip chisdi,j =1,...,n,i < j. SO cac cap (i,7) nhu vay

. nn-—1 PR . 1A _
bang % = 24-1¢(29¢ — 1) = 291 véi 56 ¢ 18. Da thitc bac 277 1¢
sau day:

gz = [ -8y
1<i<j<n
c6 tinh chat: Méi sy hoan vi céc ay, ¢6 hoan vi clia cac f;;. Vi cac hé sd
clia g(x) 1a nhitng ham d6i xting ctia cic f;; nén ta suy ra cac hé sé nay
la nhitng ham doi xting clia cic ;. Theo dinh 1y vé cdc ham d6i xiing,
cac hé s6 ciia g(x) 1a nhitng da thic ciia cadc ham d6i xting co ban clia
cac a; va vi ¢ 13 s6 thyc nén cac hé sé ciia g(z) 1a nhitng s6 thyc. Theo
gid thiét quy nap, g(z) c6 it nhat mot nghiem trong C, dieu nay co6
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nghia: Ton tai 5;; € C. Co6 tat ca
n(n —1)

2 ~ Z Z
(x) tuong ting va moéi da thic ay c6 it nat mot nghiém phiic. Vi chi c6
n(n —1) n(n—1)

2 2 . j
ting c6 nghiém phiic, nén ¢6 cap (i, j) duge tinh 2 lan. Do vay, ¢6 hai s6
thuc ¢; va ¢ khac nhau dé a = ;a4 (o +a;), b = a;o+co(a;+ay)
déu thuoc C. Ta c6 heé:

cap 1,7 véi i < j. Ta chon

n(n—1)
2

+ 1 gia tri thuc khac nhau cho ¢. Khi d6 ta c¢6 cac da thitc

cap i,j v6i i < j, nhung c6 + 1 da thic g(z) tuong

a—b
(07 +Oéj = ,
C1 —C2
bcy — ace
Qo = ———.
1 —C

Hé nay c6 nghiém phiic theo B6 dé 1.2.3. Tém lai, ta da chi ra f(x)
c6 nghiém o;, o € C. ]

Chitng minh 2: Thé x = r(cost + isint) vao da thic f(x) = 2" +
a1+ - +a, ta c6 thé bitu dién f(z) = u +iv v6i u = r" cos nt +

.0 =r"sinnt + --- , trong dé6 cac s6 hang con lai clia u va v chia
lity thita ctia r v6i s6 mii nhé hon n. Khi d6 f(z)f(z) = u? +v%. Ta
chi ra sy ton tai ctia r va t dé u2 + v? = 0.

Ou_ v o
Xét ham sb z = arctan —. Khi d6 — 0z M, % M
v or u?>+v2 ot u? + 02

0%z B p(r,t)

VA suy ra oot = 2t o 4 do6 p(r,t) 1a ham lién tuc. Xét hai tich
phan sau
R 2 92 27 R 92
0°z 0°z
I = d dt va I, = dt dr.
! /0 r/o orot /0 o orot"

0%z _ p(n1)
orot — (u? +v?2)2
trén hinh chit nhat [0; R] x [0; 27] nén [, = . Mat khac, xét tich phan
9 0°2 Oz 0z

Gid st u? + v? # 0 v6i moi r,t. Vi ham la lien tuc

I,. Ta c6 fo ERey t = o =0, vi I la ham tuana};oan cuaat vGi

chu ky 27. Do vay Iy = 0. Xét tich phan I. Ta ¢6 fOR 501 dr = 8_j .
S22 n du n o v

Viu'+v =r"+--- va — = —nrsinnt+--- ,— =nr"cosnt+- -
ot or
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ou ov
0z Vg " %o  —mrt4-.. 0z
nén — = = . Tu day suy ra lim — = —n
ot u? + v? rn 4. v T N ot
VA Rlim I, = —2n7. Nhu vay, v6i R da 16n ¢6 I; # I : mau thuan. Tu
—00
mau thudn nay suy ra sy ton tai ctia r va t dé u = v = 0 hay f(z) c6
nghiém thuoc C. O

Tt Dinh 1y 1.2.4 suy ra két qua sau day vé da thic bat kha quy trong
Clx] :

Heé qua 1.2.5. Moi da thiic thuoc C[x] vdi bac n > 0 déu cé n nghiém
trong C va cdc da thitc bat khd quy trong Clz] la cdc da thic bic nhit.

B6 dé 1.2.6. Cho f(x) € Rlz]\R. f(z) la da thitc bit khd qui khi va
chi khi hodc f(z) = ax +b vdi a # 0 hojc f(z) = ax® + bx + ¢ vdi
a# 0 vab® —4dac < 0.

Chitng minh: Hién nhién, néu f(z) = ax + b v6i a # 0 hodc f(x) =
az® + bx + ¢ v6i a # 0 va b* — 4ac < 0 thi f(x) 1a bat kha qui. Ta
ching minh diéu nguge lai. Gia thiét f(z) € R[x] 1a bat kha quy véi
deg f(x) > 1. Truong hop deg f(z) = 1 thi f(x) = ax + b v6i a # 0.
Xét truong hop deg f(z) = 2. Khi d6 f(z) = ax® + bx + ¢ v6i a # 0.
Néu A = b?> — 4ac > 0 thi f(z) c6 hai nghiem a1, s € R va ta c6
f(x) = a(z — a1)(x — az) : mau thudn véi gid thiét. Vay b — dac < 0.
Xét truong hop deg f(x) > 2. Vi C 1a truong dong dai sé nén f(z) =0
c6 nghiem o € C theo Dinh 1y 1.2.4 va nhu vay n6 con c6 nghiém a.
Khi d6 f(z) ¢6 nhan ti (r — a)(x — @) € R[z] hay f(x) la kha quy
: mau thuan gia thiét. Tom lai, néu f(z) 1a da thitc bat kha qui thi
hodc f(z) = ax + b véi a # 0 hodc f(z) = ax® + bx + ¢ véi a # 0 va
b*> — 4ac < 0. ]

St dung céac két qua da dat dude & trén dé chi ra dang phan tich mot
da thic thuoc R[z| thanh tich cdc nhan tit bat kha quy.

Dinh ly 1.2.7. Méi da thic f(x) € R[z]\R déu cé thé phan tich dugc
mot cach duy nhat thanh dang

fx)=alx —a)™ .. (x —a)"(2* + bz + )P .. (@® + b +¢,)™

V01 cdcb?—4ci<()ch0i:1,...,r khir > 1.

So hoa bdi Trung tam Hoc lieu http://www.Irc.tnu.edu.vn/
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Chitng minh: Vi vanh R[z] 1a vanh nhan tit héa nén f(z) c6 thé
phan tich dugc mot cach duy nhat thanh tich cac nhan tit bat kha
quy trong R[z]. Vi cac da thic bat kha qui trong R[z] chi c6 dang
hodc ax + b véi a # 0 hodc az? + bx + ¢ v6i a # 0, — 4ac < 0 theo
Bo dé 1.2.6 nén méi da thitc f(x) déu c6 thé phan tich dugc mot cach
duy nhat thanh dang

flz)=a(lr —a))™...(x— as)”s(:l:2 + bz + cl)d1 . (:172 +bx + cr)d"
voi cac bf —4de; <0 choi=1,...,r khir > 1. [

Doi khi dé tim méi lien hé gitta cac nghiem hay mot tinh chat nao dé6
ctia nghiem da thiic ta thuong xét bai toan trén C va st dung két qua
sau day:

Dinh ly 1.2.8. [Viét] Gid st x1,...,x, la n nghiém cia da thic bac
n sau day: f(x) = 2" — 62"+ G2 — -+ (=1)"5,. Khi d6 c6 cdc
hé thic

(51 =1+t 2y

(52 = T1T9 + 173 + -+ Tn—1Tp

\(571 = X1X2...Tp.

Chitng minh: Tt f(z) = 2" 62" '+ - -+(=1)"5, = (x—x1) ... (x—
Tp), Vi Z1,..., T, 1a n nghiém cua f(z), suy ra ngay 0, = x1 + T +
o Xy, 0y = XT1X0 ... T ]

Dinh ly 1.2.9. Gia st f(x1,29,...,2,) € Rlxy,z9,...,2,] la mot
da thic doi zing khdc 0. Khi dé ton tai mot va chi mot da thic

s(x1,x9, ..., x,) € Rlxy, x9,. .., 2] sao cho f(x1,x9,...,2,) = (61,09, . ..

1.2.2 Can cua don vi

Dinh nghia 1.2.10. Phan tit kh& nghich ctia mot vanh giao hoan R
v6i don vi 1 dudce goi 1a phan ti khd nghich hodc phan tit don vi clia
R. Trong nhiéu truong hop, cdc phan tit don vi nay con dude goi 1a
wdc cia don vi dé phan biét ching véi don vi 1.

Chu ¥ rang, cac phan tit don vi 1ap thanh mot nhém véi phép nhan.
Vi du: cac phan tit kha nghich thuoc vanh thuong Z,, 1ap thanh nhém
nhan U(n) véi cap ¢(n).

So hoa bdi Trung tam Hoc lieu http://www.Irc.tnu.edu.vn/
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Dinh nghia 1.2.11. Véi s6 nguyén n > 1, mot can bac n ctia don vi
1 trong C la s6 phitc a théa man " — 1 = 0.
k2m . k27w

Dé dang thay rang, so6 phiic @ = cos — + isin — vé6i sd nguyén
n n

ke{0,1,2,...,n —1}. Tap cac can bac n ctia don vi 1 trong C lap

thanh mot nhém xiclic U,, va nhém nay dang cau véi nhém cong Z,
k2 k2w

béi déng cAu cos —— + isin —— > k. Phan t sinh ctia nhém xiclic
n n
U, dugc goi la can nguyén thiy bac n cua don vi 1.
k2 k2
B dé 1.2.12. Datek—cos—ﬂ—i—isin—ﬂ vk €{0,1,2,.. ., n—1}.
n
n khin|r
Ta co Z € = _ |
k=0 0 khin fr.
. . n—1 n—1
Chiing minh: Néu 7 chia hét chon var =sn thi Y € = > € =
k=0 k=0

nl , rmo . Tw
> 1=mn.Neun frthiy= cos —— + ¢sin — # +£1. Ta nhan dugc
k=0 n

R n—1 — . ok n—1 o ,y?n -1
tong > €, = Z(COS——}-ZSIH—) =2 7" == = 0. O
k=0 n k=0 v =1
Meénh dé 1.2.13. Gid st da thitc f(x) = ag+ a170+ asx® + - - -+ @, 2™
2
bac m va € = COS—W + 28111—7T Khi dé ta cé biéu dién
n n
flx)+ flex) + f(ex) + -+ + f(" o)

ap + anz" + agp x4 - =
n

Ching minh: Dit F(z ) f( ) + f(e:z:) + f(ex) + - + f(" ).

n—1
Khi d6 F(x )—nao—l—ala:Ze —i—axQZE% ot apr™ S €. Do
k=0 k=0 k=0

n—1 n— kh
Sk = Z €, = {gkhllzlj(r nen F(z) = nag+na,x" +nag,z*" +
k=0 =

- va ta nhan dugc diéu phai ching minh. O
Hé qua 1.2.14. Vdi s6 nguyén n, s6 nguyén to lé p < n vi € =
2 2 \ .
cos - +isin — ta ¢6 dong nhat thic F(z) = () + (Z) P+ (2’;) x4
p p
(14+2)"+ (1+ex)"+ (14 ez)" + -+ (1 + e La)"

p

F(r) =

So hoa bdi Trung tam Hoc lieu http://www.Irc.tnu.edu.vn/
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Chitng minh: Theo Ménh dé 1.2.13, v6i f(x) = (1+2)" ta nhan dugc
(14+2)" + (14 ex) + (1 + )"+ - + (1 + )"

F(x) = []
() p
z 4. X A~ £ A~ £ 79 N 27
Vidu 1.2.15. Véi so nguyén n, so nguyén to lé p < n va € = cos — +
p
.. 27 ¢ 3A P ) n n
zsm? ta c6 dong nhat thic (0) + (p) + (Qp) + -
2+ (14" + (I +E) e+ (L)
p :
Bai giai: Theo Hé qua 1.2.15, v6i x = 1 ta nhan dugc
T (1+z)"+(1+ex)* + (1 + )"+ + (1 + & 1z)"
) :
]
. o ! k( 6n \ak o k (61 ok
Vidu 1.2.16. Tinh tongT = kzo (—1)" (o) 3" va S = kz—()(_l) (50)3

vdi s6 nguyén duong n.
Bai giai: Day la bai toan tinh tdng cac s6 nguyén. Xét bai toan tren
C. Biéu dién téng S + i1/3T. Tit nhiing dong nhét thic dudi day:

(1+i\/§)6n = 26”(cosg+isin g)m = 26”(cos%+isin nQTW) — 9bn

3n 3n—1

suy ra 207 = (1+4iv3)™ = S5 (—1)5(§)3" +i 3 (<1 (,7)8" Do
k=0 k=0

vay S =20"va T =0. -

Vi du 1.2.17. Véi cdc s6 nguyén duong n,k va i théa man 0 < i <

k—1,dat Spri= Y. CloaThpi= S, jCI.
j=i(mod k) j=i(mod k)

(i) Ton tai hay khong cdc s6 nguyén dwong n,k > 2 dé tat cd cdc so
Snk0s Onkls - - Ok k—1 bang nhau.

(ii) Ton tai hay khong cdc s6 nguyén duong n,k > 2 dé T,ro =
Tokn=...=Thpr-1-

So hoa bdi Trung tam Hoc lieu http://www.Irc.tnu.edu.vn/
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Bai giai: Xét bai toan trén C. Goi a 1a mot can bac k cia don vi véi

a#+1va o =1.Khido (1+a)"=> Cl ol hay
j=0

I+a)" = Y C+ > aC+-+ Y o'

j=0(mod k) j=1(mod k) j=k—1(mod k)
k-1
= Spko+aSup1+- -+ o Sykk-1.

Néu ton tai hai s6 nguyen n, k > 2 de S, 50 = Spr1 == Sprr1=
athi(1+a)"=a(l+a+---+a* 1) =0 Vay a = —1: vo ly. Tém
lai, khong c6 cac s6 nguyéen duong n, k > 2 dé Sk = Snk1 =+ =
Snkk—1-
Chi ¥ réing khi n = k =2 ¢6 Spa = Co+C5 =2 vi Spa; = C = 2.
Vay Sa90 = S2.21. Tom lai, ta da co (i)
(i) Tu n(1+2)" 1 = C, +2C2 2 + -+ + nCr2"~! suy ra dong nhat
thiic

n(l+a)"'=Cl4+2C2a+---+nCla™ .

V6i ky hieu T = n(1 + )" ! ta sé c6 ngay két qua dudi day:

T = C.+2C2a+---+nCla™!
= Y 0+ Y G4+ S MO
j=0(mod k) j=1(mod k) j=k—1(mod k)
= Thro+aTppr+ -+ T pp

Néu ton tai hai s6 nguyen n, k > 2 dé Ty po = Th1 = = Tprr1 =
athin(l+a)" ' =a(l+a+--+a" 1) =0 Vaya = —1:voly.
Tém lai, khong c6 n, k > 2 dé Toko="Tor1="=Thpi1. ]

Vi du 1.2.18. Vdi s6 nguyén to p c6 dang 4n + 1 ta zét du cia s6
p
[T(k*+1) chia cho p.
k=1
Bai giai: Xét s6 nay trong vanh Z,[i] vd dong nhat k vé6i anh ctia no,
ta c6 bicu dién thanh tich
p p p p
L1+ 0 =[]k +)(k =) = [Tk +0) [ [k = 0) = £0) f (=),

k=1 k=1 k=1 k=1

So hoa bdi Trung tam Hoc lieu http://www.Irc.tnu.edu.vn/



16

trong d6 f(x) = [[(x + k). VI f(z) = 2P — x trén Z,[i] nén ta nhan

k=1
dude
IR +1) = F(D) £ (i) = (=) ((=i)"+i) = i(=i) [ =1][(=i)" "' ~1].
k=1
Do dé ﬁ(k2+1):0hay ﬁ(k2+1) = 0(mod p). O
k=1 k=1

Vi du 1.2.19. [IMO 1978 Shortlisted Problems Fra 3] Ching
minh rang, vdi bat ky cdc s6 nguyén duong x,y, z théa man zy—z> = 1
luon cé cdc s6 nguyén khong am a,b,c,d dé v = a®> + 0>,y = 2 + d°
va z = ac + bd.

Bai giai: St dung két qua vé tinh duy nhat ctia biéu dién thanh tich
cac nhan tit bat kha quy trong Z[i] nén v6i bon s6 m,n,p,q € Zi]
théa man mn = pq thi c6 cac b a, b, c,d € Z[i| d&m = ab,n = cd,p =
ac,q = bd. Vi vanh Z[i] 1a vanh nhan t héa nén tit zy = 22 + 1 =
(z+i)(z—1i) vatit day c6 v = ab,y = cd,z + i = ac,z — i = bd véi
a,b,c,d € Z[i]. Biéu dién a = a; +iag,d = dy +idy. Véib=avac=d
ta cox =al+aly=d +d3vaz=ad; + axds. O]

Vi du 1.2.20. Gid s hai day so nguyén (a,) va (b,) xde dinh nhu

sau:
p

ag = 3,&1 = 8,&2 =58

an+2 = 8an+1 - 3an + 3an—17 n =z 2;

by = 3,by = 5, by = 45
[ bns+2 = by + 10by, + Tby—1,n 2> 2.

Ta ¢ (*}")baono++ -+ (10) b1 = (1) az0n0—= (") azong++ - = (g -
Bai giai: Day 1a bai toan vé day cac s6 nguyeén. Nhung ta lai xét bai
toan trén C. Xét phuong trinh f(z) = 23 — 82% + 3z — 3 = 0. Goi ba
nghiém ctia n6 trong C 1a x1, 79, 3. D& dang kiem tra 29 +29+29 = ay,
T1+T9+23 = a1, 13+ 13+ 123 = as, tong quat a, = 2 +ah+a%,n > 0.
Tuong tu b, =y +y5 +y5,n = 0, trong do yi, y2, y3 1a ba nghiém cua
g(y) = y* — 5y® — 10y — 7 = 0. Kiém tra trye tiép: f(y +1) = g(y) va
g(r — 1) = f(x). Vay ta nhan dugc cac hé thic sau day:

an = i +ay+ay=(+1)"+@+1)"+@+1)"
by = Y +ys+ys=(x1—1)"+ (22— 1)"+ (23— 1)",n = 0.

7\
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anzcgbn‘i_cébnfl‘f—+Cg_1b1+czbo

DO Vay . 0 _ 1 _1\n—1 n—1 _1\nm
b =Cha, —Can1+---+(=1)""Cl a1+ (—1)"C}, ag
2 66 Clbwno + -+ (i = (T ammo L )osn + - -
2011 -
(2010) ar.

Vi du 1.2.21. Gid s hai day so nguyén (a,) va (b,) xdc dinh nhu

sau.
;

agy=3,a1 =2,a9s = —6
Upto = 20p41 — DAy + A1, 2 2;
bp=3,b = —4,by = —2

| Ont2 = —4bp1 — 90y — p1, 0 2> 2.

Khi dé ta c6 cac két qud sau day:

(i) ap =C%b, +2CL b,y + - 42771 C by + 27 C by
by =C%a,—2CLa, 1+ -+ (=1)" 1271 O gy 4 (—1)"2" C” ap.
(ii) Tim s6 du ciia phép chia a, cho p khi p la s6 nguyén to.
Bai giai: (i) Day la bai toan vé day cac sd6 nguyen. Nhung ta lai xét
bai toan trén C. Xét phuong trinh f(z) = 2° —22*+5x—1 = 0. Goi ba

nghiém ctia n6 trong C 1 21, 29, x3. D& dang kiém tra 29 +29+29 = a,
T + Ty + 13 = a1, ¥7 + 13 + 13 = ag, tong quat

ap =) + x5 + 5,1 > 0,

Tuong tu b, =y +y5 +y5,n = 0, trong do yi, y2, y3 la ba nghiém cta
g(y) = v* + 49> + 9y + 9 = 0. Kiém tra tryc tiép: f(y +2) = g(y) va
g(x —2) = f(x). Vay ta nhan dugc cac hé thic sau day va suy ra (i):

an = xy +ay+ay= (1 +2)"+@+2)" + (s +2)"
bn = yi +ys +u5 = (11 —2)"+ (22 -2)" + (23 -2)",n > 0.
i+j+k=p o
(ii) Ta ay, = o) + b + a8 = (1 + za+ 23)P — > (Z?k)xﬁx%xlg V6i
0<i,j,k<p
bo ba 4, j, k ¢6 dinh, nhung hoén vi cho nhau, trong a, c6 tong con

p!
iljk!

i gk i k. J ik ik i kg i ki j
(xixyws + T x5x) + 15T + T1T5Ts + risTh + riThrs)
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14 da thic déi xiing ctia x1, 22, 3. Tong nay dudgc viét thanh da thic

v6i hé s6 nguyén clia 1 + o9 + 23 = 2, T109 + ToT3 + 2371 = 5 VA
i+j+k=p

riroxy = 1. Vay > (ka):czlx%xlg 14 s6 nguyéen chia hét cho p. Do
0<ijk<p

d6 a, = 2°(mod p). Néu p = 2 thi as = —6 chia hét cho 2 va du bang

0. Néu p > 2 thi a, = 2P = 2(mod p). Vay du bang 2. O

Vi C la trudng dong dai sé6 nén da thitc bat khd quy mot an trén
C chi 1a nhitng da thtic bac 1 theo Hé qua 1.2.5. Chinh vi 1y do nay
ma ta chi xét da thic bat kha quy trén Q va trén R.

Gia sit hai da thic f(x), g(x) € R[z]. Da thic f(z) duge goi 1a chia
hét cho da thitc g(z) néu c6 da thitc h(x) € R[x] dé f(z) = g(z)h(x).

Bo dé 1.2.22. Cho da thitc f(z) = apz"+a 2" '+ - -+a, € Z[x],ay #
0. Néu s6 hitu ty] L (p,q) = 1 la nghiém cia phuong trinh f(x) =0
q

thi

(i) p la mot wdc cia a, va q la mot wde cia ag.

(i) p — mq la mot udc cia f(m) cho moi s6 nguyén m.
Chitng minh: (i) Gia su s6 hitu ty
f(z) = 0. Khi do6

v6i (p,q) = 1 la nghiém cua

Q3

app” + ar1p" g+ - + a,q" = 0.

Vi (p,q) = 1 nén p la mot ude cua a, va ¢ 1a mot uée cia ag.
(ii) Khai trién f(x) theo cic luy thita ctia  — m ta dugc

f() = ap(z —m)" +bi(x —m)" "+ + b1 (x —m) + f(m) € Z[z].

Cho z = g va quy dong ag(p —mq)" +bi(p—mq)" g+ +by_1(p—

mq)q"t + f(m)g® = 0. Vi (p,q) = 1 nén p —mq 1a mot uéc cta f(m)
cho moi s6 nguyén m. O

Hé qua 1.2.23. Nghiém hiu tyj cia da thic f(z) = 2" + aiz™ ! +
-+ +a, € Zlx] phdi la s6 nguyén.

Chitng minh: Suy ra tit bd dé tren. O
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Viduy 1.2.24. 56 a = \/2+\/2+f— \/6—3\/2+\/§ la s6 hiu

ti hay vo ti?

Bai giai: Vi o' — 16a%+ 32 = 0 nén da thic f(x) = 21 — 1622 + 32 €
Z|x] théa man f(«) = 0. Khong ude nao cta 32 la nghiém cua f(x).
Nhu vay, o 1a mot sd vo ti. N

Vi du 1.2.25. Cho s6 tu nhién n > 1 va s6 nguyén to p. Ching minh
rang da thic x" —p la bat khd quy trong Qlz]. Tw dé suy ra /p la mot
$0 0 ti.

Bai giai: Da thiic 2" — p 1a bat kha quy theo tiéu chuan Eisenstein.
Da thitc nay khong c6 nghiém hitu ty. Vay /p 1a mot s6 vo ti. O
Mot s6 bai toan tiép theo dudi day duge xét trong Z[x], nhung mang
ching dat trong C[x] dé giai dé dang hon.

Vi du 1.2.26. [USA 1976] Bon da thic f(z),g(x),h(x) va k(z)
thuoc Z|x] théa mdn dong nhat thic f(2°) +xg(x°) + 2?h(2°) = (2t +
w3+ 2?2 +x+1)k(z). Khi dé f(x),g(z), h(z) chia hét cho x — 1 va udc
chung 16n nhét ( £(2013), 9(2013), h(2013)> > 2012,

Bai giai: Goi z la mot can nguyén thiuy bac b cia don vi trong C.
Khi d6 z # 1va 2° = 1. Vay 22 + 23+ 22 + 2 +1 = 0. Ta c6 hé phuong
trinh sau

F(1) 4+ 2g(1) + 22h(1) =0
f(1) 4+ 2%g(1) + 2*h(1) =0
f(1) + 23g(1) + 25Rh(1) = 0.
1 2 22
Vi dinh thic | 1 22 2% | # 0 nén f(1) = g(1) = h(1) = 0 va ta cb
1 23 26

f(z),g(x), h(z) chia hét cho x — 1. V6i x = 2013 ta c6 cic s6 thda man
f(2013), g(2013), h(2013) déu chia hét cho 2012. Nhu vay, udc chung
16n nhat thoa man (f(2013), g(2013), h(2013)) > 2012. O

Vi du 1.2.27. [IMO 1973] Chiing minh vdi moi s6 nguyén duong n
co

" o kT
2 ]Illsm2n+1 =2n + 1.
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Bai giai: Xét da thitc 22"t — 1 trén C v6i 2n + 1 nghiém va ta biéu

dién
-1 k2m
o :E(x —2£E’COS2n+1+1).
n k2m n km
Cho z — 1 dugc he thic 2n+1 = [] (2-2 =[] 4sin’ .
ox jc hé thie 2n+ kl;[l( C082n+1) kl;[l sin’ 5

Do do6 2" i
o doé k];llsmszrl

= 2n + 1. []

2n )
Vi du 1.2.28. V§i s6 nguyén n > 2, da thic f =1+ 4> 27 ¢6 the

7=1
bicu dién thanh f = g° vdi g € Z[x]?

Bai giai: Tich (x — 1)(f — 1) = 4x(2** — 1). Vay ta nhan dugc biéu
dién (z—1)f(z) = 42" =32 —1 := h(x). Gid stt ¢6 f(z) = ¢*(x) hay
h(z) = (x—1)g*(x). Dao ham hai vé I (z) = ¢*(z) +2(z—1)g(x)g ().
Goi a € C 1a mot nghiém cta g(z). Khi d6 h(a) =0 va A'(a) =0 vi
g(a) = 0. Ta ¢6 ngay

2n+1 _ -1

42t =30 4+ 1
8nao

Cong hai he thitc (8n + 4)a**! = 3a. Do d6 (—1)(8n + 4) = 3a8n.

2 1 2 1\2n
n va tur day suy ra (8n + 4)( — n6+ ) = 3 hay
n n

Vay a = —

2n+1
4<2n n 1) _ 3.6 2",

Vin > 2 nén vé phai chia hét cho 16, vé trai khong chia hét cho 16.
Tt mau thudn nay, f(z) = ¢*(z) véi g(z) € Z[x] 1a khong thé xay
ra. []

Vi du 1.2.29. C6 thé phan tich da thic 22 — 2011 ra thanh tich hai
da thic vdi bac > 1 va cdc hé s6 nguyén khong?

Bai giai: Gid st phan tich duge 2?11 —2011 = f(x)g(x) v6i f(z), g(z) €
Z[x] va deg f,degg > 1. Goi deg f(x) = k < 2011. Xét f(z) trén C
va goi k nghiém cta f(x) 1a aq,...,a,. Theo Dinh 1y Viét, ta c6

@1 ... € Z. Vi a; cing la nghiem cta 22! — 2011 nén a; ¢6 dang
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k
/3011 (cosy + isiny).Vay |ai...ax = (201\1/2011) véi k < 2011.
k
Do ( NV 2011) khong 1a s6 nguyén ,con |ag ... ax| 1a s nguyén nén
ta gip mau thudn. Vay khong thée phan tich da thic 22! — 2011 ra
thanh tich hai da thic v6i bac > 1 va cac hé sé nguyen. ]

Vidu 1.2.30. Vi s6 ty nhiénn > 1, da thic p(x) = 2"+18x"1+2011
khong thé phan tich dugc thanh tich hai da thic vor bac > 1 va cac hé
s0 Nguyeén.

Bai giai: Gia st phan tich duge 2" + 182"~ ! + 2011 = f(x)g(z)
f(x),g9(x) € Zlz] va deg f,degg > 1. Goi 1 < deg f(z) = k <
Vi f(0)g(0) = p(0) = 2011 1a s6 nguyen t6 nén f(0) = +1 hoa
f(0) = 4£2011. Vi vai tro f(x) va g(x) binh dang nén ta chi can Xet
truong hop f(0) = +1. Xét f(z) tren C va goi k nghiém cua f(z)
& a4, ..., Theo Dinh ly Viét, ta c6 |a;...a;| = 1. Vi a; cing la
nghiém ctia p(z) nén o} ' (a;418) = —2011 véimoi j = 1,..., k. Nhan
tat ca cac he thiic nay véi nhau va sit dung |ag . .. ag| = 1 ta nhan dugc
(a1 418) ... (ap+18)| = 2011% > 2011. Tt f(—18)g(—18) = p(—18) =
2011 suy ra f(—18)g(—18) = 2011. Do f(z) = (x — a3) ... (x — ay)
nén xuat hién mau thuan:

vOl
n.

2011 > |f(—18)| = |(ay + 18) ... (ay, + 18)] = 2011* > 2011.

Vay khong thé phan tich da thiic 2" + 182"~ ! 42011 ra thanh tich hai
da thiic véi bac > 1 va cac hé sb nguyen. O

Chua y 1.2.31. Sau nay van dung Tiéu chuan Eisenstein hodc Tiéu
chuan Osada cach gidi sé don gidn di rat nhiéu.

Vi du 1.2.32. Xdc dinh so6 cdc tdp con cia tap {1,2,...,2010} sao
cho tong cdc phan ti ctia né chia hét cho 5.

Bai giai: Xét da thic f(z) = (14+2)(1+2?)(1+23) ... (1+221