DAI HOC THAI NGUYEN
TRUGNG DPAI HOC KHOA HOC

TRAN QUANG HUY

THANG DU BiNH PHUONG, SO GIA
NGUYEN TO EULER VA UNG DUNG

LUAN VAN THAC SI TOAN HOC

THAI NGUYEN, NAM 2013

So hoa bai trung tam hoc lieu http://www.lrc.tnu.edu.vn/



DAI HOC THAI NGUYEN
TRUONG DPAI HOC KHOA HOC

TRAN QUANG HUY

THANG DU BiINH PHUONG, SO GIA
NGUYEN TO EULER VA UNG DUNG

Chuyén nganh: Phuong phap toan so cap

Ma s6 :6046 01 13

LUAN VAN THAC SI TOAN HQC

Nguoi huéng dan khoa hoc:
TS. TSKH. HA HUY KHOAI

THAI NGUYEN, NAM 2013

So hoa bai trung tam hoc lieu http://www.lrc.tnu.edu.vn/




DAI HOC THAI NGUYEN
TRUONG DAI HOC KHOA HOC

Tran Quang Huy

THANG DU BINH PHUONG, SO GIA NGUYEN TO EULER

VA UNG DUNG

LUAN VAN THAC SI TOAN HOC
Nganh: Phuong phap Toan so cap
Ma sb 60.46.01.13

Ngudi huéng din: GS-TSKH HA HUY KHOAI

Thai Nguyén - 2013

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/



LOI CAM ON

Trude khi trinh bay néi dung chinh cta luan van, em xin bay t6 long
biét on sau sic t6i GS-TSKH Ha Huy Khoai, nguoi da tan tinh huéng
dan dé em c6 thé hoan thanh luan vin nay. Em ciing xin bay t6 long biét
on chan thanh t6i toan thé cac thay co gido trong khoa Toan - Tin hoc,
truong Dai Hoc Khoa Hoc - Dai Hoc Thai Nguyén da day bao em tan

tinh trong sudt qua trinh hoc tap tai truong.

Thai Nguyén, ngay 08 thang 07 nam 2013

Hoc vién

Tran Quang Huy

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/



Muc

luc

Chuong 1/Thang du binh phuong|............... ... ... .... 5
1.1/Thang dv binh phuong cho modulo s6 nguyén t6 |..... 5
1.2{Thang dwv binh phuong cho modulo hop s6 |.......... 18
1.3M6t vai tong ctia ki hiéu Legendre |.................. 23
1.4S6 gia nguyén téo Euler |........ovvvveeeiienninnnn... 27

Chuong 2/Ung dung|......o.vuiiriniiiiiienanenenn. 35

So hoa bdi trung tam hoc lieu

http://www.Irc.tnu.edu.vn/



LOI MG DAU

1. Ly do chon dé tai

C6 thé noi: thing du binh phuong, ki hieu Legendre, ki hieu Jacobi 1a
nhitng kién thitc hay va khoé lien quan dén 1i thuyét dong du, dong thoi
c6 nhiéu tng dung trong s6 hoc. Vi thé, n6 1a mot phan kién thic quan
trong trong cac ki thi hoc sinh gi6i (nhat 1a cac ki thi chon doi tuyen
Olympic Toan). O nudce ta viec gidng day cac kién thic nay & bac THPT
gap rat nhiéu kho khan, nhat 1a khi gido vien thuong chua duge dao tao
chuyén sau vé phan nay.

Vi vay toi chon dé tai "Thang du binh phuong va tng dung" dé nghien
cuu.
2. Muc dich va nhiém vu nghién ctu

Muc dich ctia luan van I tim hiéu dinh nghia thang du binh phuong
va cac ki hieu Legendre, Jacobi va s6 gid nguyén t6 Euler.

Trong chuong 1 toi trinh bay 1i thuyét vé thing du binh phuong.

Trong chuong 2 t6i trinh bay tng dung va cac bai tap.
3. D6i tugng va pham vi nghién citu

Nghién cttu thang du binh phuong va cac ki hiéu Legendre, Jacobi va
sO gid nguyen t6 Euler dya trén 1f thuyét vé dong du.
4. Phuong phap nghién ctu

Trong luan van nay toi thu thap cac tai liéu tir nhiéu nguon khac nhau,
diic biet duéi su huéng dan ctia GS Ha Huy Khoai, dé t6i viét lai theo ¥
hiéu ciia c4 nhan toi.
5. Y nghia ctia luan van

B6 cuc clia khoéa luan bao gom 2 chuong:
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e Chuong 1 .Thang du binh phuong va s6 gid nguyeén t6 Euler

e Chuong 2 .Ung dung
Luan van nham lam tai lieu tham khio cho gido vién va hoc sinh on luyén
hoc sinh gioi.
Do thoi gian thic hién luan van khong nhiéu, kién thtc con han ché nén
khi lam luan vin khong tranh khoi nhitng han ché va sai s6t. Tac gia
mong nhan duge sy gép ¥ va nhitng ¥ kién phan bién clia quy thay co va

ban doc. Xin chan thanh cam on!

Thai Nguyén, ngay 07 thang 08 nam 2013

Hoc vién

Tran Quang Huy
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Chuong 1

Thang du binh phuong

1.1. Thang du binh phuong cho modulo s6 nguyén t6

Dinh nghia 1.1.1. Gid st m la s6 nguyén duong. So a duge goi la
thang du binh phuong ciia m néu (a,m)=1 va dong duv x*> = a(modm) cé
nghiém.

Néu nguoc lai, ta néi a la khong thang du binh phuong ctia m.

Cuthé 1, 3 1a cac thang du binh phuong ctia 13 vi 1 = 12 = 1( mod 13);
81 = 9% = 3(mod13).

Bo6 dé 1.1.1. Gid si p la s6 nguyén t6 1é, a la s6 nguyén khong chia hét
cho p. Khi dé dong du sau day khong cé nghiém, hodc cé ding hai ngiém

khong dong du modulo p:
2? = a(modp).

Ching minh. Gii st 22 = a(modp) c¢6 nghiem x = . Khi d6, dé&
chting minh réng x = —xo 14 mot nghiém khong dong du véi zg. Ta sé
chi ra rang, nghiém tuy ¥ khac z = x; dong du véi xg hoac —xg. That
vay, ta co
22 = 23 (modp), tiic 1a 23 — 2% = (z9 + 1) (20 — 21) = 0(modp).

5
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Do d6, hodc p la ude cta (xg+ 1), hodc p 1a ude clia (xg— 1), diéu phai

chiing minh.

Dinh 1y 1.1.1. Néu p la mot s6 nguyén to lé thi trong cdc s61,2,...,p— 1

c6 ding p%l thing du binh phuonyg.

Chitng minh. Dé tim tat cid cac thang du binh phuong modulo p
trong cac s6 1,2,...,p — 1, truéc tién ta binh phuong cic s6 d6 va xét
cac thing du duong bé nhat modulo p clia ciac két qua tim duge. Cac
thang du duong bé nhat nay 1a tat ca cac thing du binh phuong trong cac
sO tir 1 dén p-1. Gia st a 1a mot thang du nhu vay. Vi phuong trinh dong
du 22 = a(modp) c6 dung hai nghiém, nén trong s6 (p-1) binh phuong
dang xét, phai c¢6 hai binh phuong dong du a: S6 thang du binh phuong
dting bang 1’%1.

Mot ki hieu lien két dac biet véi thang du binh phuong dude mo ta

trong dinh nghia sau:
Dinh nghia 1.1.2. Cho p la mot s6 nguyén to 1é va a la mot s6 nguyeén,

a
ki hiéu Legendre duge dinh nghia nhu sau:
p

1 néupfta va ala thang du binh phuong cia p;

=9 —1 néuptavaala khong thing du binh phuong clia p;

0 néupla.

Vi du. Ta c¢6 2 la thang du binh phuong cua 7 va 3 1a khong thang du
2 3

binh phuong ctia 7, nén =1; =—1
7 7

Tieu chuan sau day thuong dung dé chitng minh cac tinh chat ctia ki hieu

6
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Legendre.

Dinh 1y 1.1.2. (Tiéu chudan Euler). Gid st p la mot s6 nguyén t6 1é, va

a la s6 nguyén duong khong chia hét cho p. Khi do

a -1
= a2z (modp).
p
Ching minh
N a/ N
Trudc tién, gia st rang = 1. Khi d6, dong du 2> = a(modp) c6
p

nghiém x = xy. Theo dinh li Fermat bé ta c6

a'T = (22)"7 =2 ' = 1(modp).

a

Chi con xét truong hop = —1. Khi d6, dong du 2 = a(modp) vo
p

nghiém. V6i mdiisaochol <7 < p—1,tontaiduynhatj, 1 <j<p-—1

dé ij = a(modp). RO rang ¢ # j, nén ta c6 thé nhém cacsd 1,...,p— 1
thanh p%l tliing cap vdi tich tiing cap dong du a modulo p. Nhan cac cap
nay véi nhau ta duge

(p—1)! = a"T (modp).

Theo dinh 1i Wilson ta c6

p—1

—1=az (modp)

Dinh li dugc chiing minh.

Nhitng tinh chat sau day cho phép tinh dugc dé rang ki hieu Legendre.

Dinh 1y 1.1.3. Gid s@ p la moét so nguyén to Ié, a va b la cdc s6 nguyén

khong chia hét cho p. Khi do:
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a
(i) Néu a = b(modp) thi =

p p
a b ab
(i1) =
p p p
02
(iii) = 1.
p
Chiing minh.
(i). Néu @ = b(modp) thi 2?2 = a(modp) cé nghiém khi va chi khi
a b
2?2 = b(modp) c6 nghiem. Do dé =
p p
(ii). Theo tidu chuan Euler ta cé:
a —1 b p—1 [ a/b ]
=a 2 (modp), = bz (modp), = abz (modp)
p p ||
Nhu vay,
a b b1 b1 - | ab ]
=az2bz =(ab)z = (modp)
pl|p P |

Vi vay gia tri ctia ki hieu Legendre chi c6 thé 1a &1 nén ta c6 dang thic

can ching minh.

a

(iii). Vi = 41, nén tit phan trén ta c6
p
a? a a
pr— pu— 1
p p p

Dinh Ii trén cho thay réng tich ctia hai thing du binh phuong hosic hai
khong thang du binh phuong la mot thiang du binh phuong, tich cia mot

8
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thang du binh phuong va mot khong thang du binh phuong la mot khong
thang du binh phuong.

Tieu chuan Euler cho biét khi nao thi cac sé nguyén t6 1é nhan -1 la
thang du binh phuong.
Vi duy: Chimng minh ring ton tai so tu nhién a, v6i a < \/p+ 1 ma a la
khong thang du binh phuwong modulo p.
Chiing minh
Goi a 1a s6 ty nhién nhé nhat 14 khong thang du binh phuong modulo p
bat b= [2] +1 =0 < ab—p < a, do d6 ab-p la thang du binh phuong

modulo p. Vay

ab—p ab a b b

Suy ra b la khong thang du binh phuong modulo p.
Vaya<b<24+1=a<,/p+1

Dinh 1y 1.1.4. Néu p la s6 nguyén to 1é thi
—1 1 khip=1(mod4),
P —1  khip=—1(mod4)
Chiing minh. Theo tiéu chuan Euler ta co:

—1

p—1

(—1)"" (modp)

p

Néu p = 1(mod4) thi p=4k+1 vdéi k 1a s6 nguyen ndo dé. Nhu vay,

(-1 = (1% =1
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—1
tuce la = 1.

p
Néu p = —1(mod4) thi p=4k+3 vdéi k 1a s6 nguyen ndo dé. Nhu vay,
(1) = ()=
1 X X
tuc la = —1. T hai dieu trén, ta c¢6 dieu phai ching minh.
p
Vi du

Gia st p 1 s6 nguyén t6 c6 dang 4k+1. Chitng minh rang, véip’ = p%l khi
dé x = (p')! 1a mot nghiém ciia phuong trinh dong du 2241 = 0( mod p).
Chitng minh. V6i méii = 1,2,...,p' ta ¢6: i = —(p — i)(modp)

Cho i chay tit 1 dén p’ va nhan lai v6i nhau ta dudgc:
()= (=1 (p—1)...(p — p')(modp)

hay (p)! = (=17 (p' + 1)...(p — 2)(p — 1) (modp).

Khi d6 ta c6 22 = (p)? = (=1) (p — 1)!(modp)

Vi p=4k+1 nén p’ = 2k 1 s6 chin, suy ra (p')!* = (p—1)! = —1(modp)
(theo dinh 1f Wilson). D6 1a diéu can chitng minh.

Nhan xét

Ngudi ta c6 thé két luan tit vi du trén ring, moi thita s6 nguyén té cta
s6 22 + y? (trong dé x,y la cac s6 tir nhién va nguyén t6 ciing nhau) hoic
c6 dang 4k+1, hoac bang 2. Két luan nay c6 thé dugc khai quat héa theo

dinh li sau.

Dinh 1y 1.1.5. Cho z, y la cdc s6 nguyén to cung nhau va a, b, ¢ la cdc
s6 nguyén. Néu p la mot wdc nguyén to cia so ax® + bry + cy?, p khong
la wdc cua abe, thi:

10

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/



D = b? — dac

la mot thang du binh phuong modulo p.
Dac biét, néu p la wic cia x> — Dy? va (x,y)=1, thi D la mot thang

du binh phuong modulo p.

Ching minh
Dat N = az® + bxy + cy> Tit 4aN = (2ax + by)* — Dy?, ta c6

(2az + by)? = Dy*(modp).

Hon nita y khong chia hét cho p; néu khong thi p chia hét cho 2ax+by
va x, diéu nay trai v6i gia thiét.

Vay (y,p)=1 nén ton tai ¢’ sao cho yy’' = 1(modp).

Suy ra (2azxy’ + byy')? = D(yy')? = D(modp). Vay D la thing du binh
phuong modulo p.

Cho a 13 mot s6 nguyeén, p 1a mot s6 nguyen t6 sao cho (a,p)=1. Véi mdi

k=1,2,....p ton tai rp € {£1,42,...,£p'} sao cho ka = rr(modp), dé

thay khong ton tai hai 7 ¢6 cung gia tri tuyet doi, do dé |ri], |ral, ..., |7y
1a mot hoan vi cua tap hop {1,2,...,p'}.
Cho k chay rit 1 dén p’ roi nhan cic vé v6i nhau ta dugc:

ap/ _ TLeTy

— 1l2.p |r1\...‘7‘p/

T‘l...Tp/

| (modp)

bat ¢ = ﬁ—i‘; er = +1 ta c6 @ = &;...6y(modp)

Ta c6 €, = —1 khi va chi khi phan du khi chia ka cho p 16n hon p’, khi
)

dé%zQp%—%@[ziﬁ“}:2[%}+lsuyrark:(—1)[p :

Vay
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Dinh ly 1.1.6. (Bo dé Gauss) Gia st p la s6 nguyén t6 1é va (a,p)=1.

_1
P—q

Néu s la so cdc thang du duong bé nhat cia cdc s6 nguyén a,2a, ..., 5

a
lon hon §, tha = (—1)*.
p
Chitng minh. Trong s6 cac thang du duong bé nhat clia cic sd6 nguyén

-1 co o < < P N
P5=a, gid st uy, uy, ..., us la cac thang du 16n hon &, va vy, ve, ..., vy

a,?a,...,
la cac thing du nho6 hon §.

Vi (ja,p)=1 v6i moi j, 1 < j < 1%2, nén tat cd cac thang du duong bé
nhat noi trén déu nam trong tap {1,2,...,p — 1}.

Ta sé chitng to réng, D— U, p— U, ..., P — Us, V1, Vg, ..., vy chinh 1a tap

hop cac s 1,2, . Xep theo thit ty nao d6. Co tat ca L khong vugt

p—1

qua -,

nén chi con chufng minh rang khong c6 hai s6 nao dong du véi
nhau.

Ro6 rang khong c6 hai s6 w; nao, ciing nhu khong c¢6 hai s6 v; nao
dong du véi nhau modulo p. That vay, néu ngugce lai, ta sé c6 dong du
ma = na(modp) v6i m, n 1a s6 duong nao d6 khong vugt qua p%l. Vi
(a,p)=1 neén ti d6 suy ra m = n(modp). Dieu nay mau thuan.

Tuong tu nhu trén, ta c6 thé thay ring khong c6 p — u; nao c6 dong

du véi v;. Vay ta co
(p — ur)(p — u2)..(p — us)vi..vy = (257)!(modp).

T do6 suy ra

(—1)*uqus...usv1v9...04 = (1%1) l(modp).

Mt khéac, vi ug, ug, ..., Us, U1, U2, ..., U 12 cac thang du duong bé nhat cia

—1 N
a,2a,...,%5~a nén

12
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1 _
ULUS. . UgV V.. Uy = A T (]’Tl)!(modp).

Nhu vay ta c6

tiac 1a

Dinh Ii suy ra tit tieu chuan Euler.

Bo dé Gauss giip cho viéc tinh toan gia tri ctia ki hiéu Legendre cho s6

) 2
nhoé a hoac s6 nhé p. Chang han nhu, a=2, ta cé = (—1)% , véi

p

P’
S = Z [f} Chinh xéac [%p’} s6 hang trong tong trén c6 gia tri bang

~ ‘7

mot nita con lai p’ — [5p] sO hang c6 gia tri bang 1. Vi thé S =

=

p’ — %p/] = [pH] 1a 86 chén khi p = 41 va la s6 1é khi p = £3(mod8).

Ta c6 chiing minh sé dugc dé cap dén sau day.

Dinh 1y 1.1.7. . Néu p la mot s6 nguyén to 1é th
2 221
= (_1)T
p

Nhuw vay 2 la thing du binh phuong modulo s6 nguyén to p lon hon 2 dang
p = +£1(mod8) wva la khong thang du binh phuong modulo so nguyén to
p lon hon 2 dang p = £3(mod8)

Ching minh. Ap dung tieu chudn Gauss, ta can tinh sb thing du
duong bé nhat 16n hon § cta day so

13
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1.2,2.2, ..., 212,

Vi cac s6 déu nho hon p nén cac thang du duong bé nhat cltia mdi s6
trung véi n6. Nhu vay, ta can tinh s6 cac s6 ciia day 16n hon z. S6 cac s6

do la

5=t 8]
Nhu vay ta co

2] _ (—1)= 1.

p
Dé kiém tra dong du thic sau day bang cach phan ra céc truong hop

p=1,3,5,7(mod8)

p%l — [9] = p2_1(mod2).

Tu do ta co
2 22 1
= (—1)"5 (mod2).
p

p’—1

Bang cach tinh 16p dong du ctia “5=(mod2) ta suy ra

2
= 1, néu p = +1(mod8)
p
va
2 ,
= —1, néu p = +3(mod8)
p

Dinh 1y 1.1.8. Cho p la so nguyén to, ta cé cac két qud sau:

e -2 la thing du binh phuong modulo p khi va chi khi p = 1(mod8)
hodc p = 3(mod8)

14
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e -3 la thang du binh phuong modulo p khi va chi khi p = 1(mod6)
e 3 la thang du binh phuong modulo p khi va chi khi p = £1(mod12)
e 5 la thang du binh phuong modulo p khi va chi khi p = £1(mod10)

Vi du 1: Ching minh rang c6 vo s6 so6 nguyén to6 dang
a. 4k—+1
b. 10k+9

Ching minh

a. Gia st c6 hitu han s6 nguyén td dang 4k+1, ta goi tat ca cac s6 do6
1a p1, P2, .., Pp. Dt N = (2p1...pp)% + 1 va c6 dang 4k+1 Néu N 1a sb
nguyén t6 thi mau thuan; néu N 1a hop s6 thi N ¢6 ude p do d6 p c6 dang
4k+1. Dé thay p khac p; trai v6i gia thiét.

b. Tuong tu ta dat N = 5(2py...pn)° — 1.

* —n? 41 c6 dang

Vi du 2 Chiing minh ring moi udc nguyén to cia n
12k+1

Ching minh

Gi4 st p 14 mot wée nguyen t6 cia n* —n? + 1.
p guy

Tacon* —n?+1=Mn?>—1*+n*=n*+1)*-3n’va (n*+1,n) =1,

(n?11,n) =1
(
3
=1
D p = +1(mod12)
Theo dinh 1 4, 5 va 8 thi ¢ & =
—1 | p = 1(mod4)
\ p
p = 1(mod12)
Vi du 3 Tinh téng:
15
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Chting minh

Vi 2003 1a s6 nguyen t6, do d6 theo tieu chuan Euler va dinh 1f 8 thi
21001 = 1 (mod2003)

91001+
2003

f £ 1424224422001 _ 92002
Cho i=0,1,...,1000 ta c6 5005 — 1001 = 5553

Suy ra 21001 4 1:2013 = 21001+ 4 2i:9003 = + 52 1 56 nguyen

— 1001

Dinh ly 1.1.9. (Luat tuong ho Gauss)

LT = e vei =gt g = 5t
q p
Chting minh
q/
bat S(p,q) = > [%} Ta ching minh S(p,q) + S(q,p) = p'q.
k=1

Voimdik:0< k< p thi {%} chinh 1 s6 diém nguyén (k;1) trong mat
pang toa do Okl véi k, 1 théa mén 0 < 1 < %, vay tong S(p,q) chinh 1a
s6 diem nguyén thudc mién trong hinh chit nhat OBCD nidm phia dudi
duong OE véi 0(0;0),B(p’;0),C(0;47),D(p’;q’),E(p;q).

Tuong tit S(p,q) chinh 1a sé diém nguyén thudc mién trong ciia hinh chit

nhat OBCD nam phia trén duong OE. Vay S(p,q) + S(q,p) = p'¢.

Trong lap luan trén ta duge S(p+q,p) —S(p,q) = 14+2+...4+p' = ’%.
2 P2*1 2 N
Theo dinh 1i 7 = (—1)"s , Bo de Gauss cho ta.
p
ptq
2 D _ 2p _ 2(p+q) _ 2 _ (_1)S(p+Q>Q) —
q q q q q

16
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(—1)5@:a)
p
Suy ra Pl — (=1)%®9) | Tuong ty T (=1)%@P) Nhan hai vé
q p

clia hai nhi thic trén ta duge diéu phai ching minh.

Luat tuong hé gitp tinh cac ki hieu Legendre cho s6 16n bang cach chuyén

o a a
vé sO6 nho nho | b+ =
p p
Vi du 1
814
Tinh . Ta c6 814=2.11.37
2003
814 2 11 37
Vay =
2003 2003 2003 2003
2
Tong do =—1
2003
11| 2003 1 1
2003 11 11
(37 ] [ 2003 5 37 2 ol
I 2003 | 37 37 5 5 2
814
Vay = 1. Nghia la 814 1a thang du binh phuong cua 2003.
2003

Vi du 2. Chitng minh réng s6 nguyén a la thang du binh phuong clia
moi s6 nguyén t6 khi va chi khi a 1a s6 chinh phuong.

Ching minh

Gia sit a khong 1a sé chinh phuong. Ching ta c¢é thé gia thiét ma khong

17
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mat tinh tong quat rang a la sé khong c6 uée chinh phuong. Gia st a > 0,
thi a = p1ps...pr V6i p; 1a cac s6 nguyen t6. Cho moi s6 nguyen t6 p khi
do ta co:

a Di Di

k
~ 1] va = (—1)
=1

D p p Di

Néu a = 2, chi can chon p = 5. Néu khong thi a c6 mot uée 18, ching
han 1a p;. Ching ta chon mot s6 nguyén t6 p sao cho p = 1(mod8),
p = 1(modp;) véi i = 1,2,....k — 1, va p = a(modpy), trong d6 a la
mot s6 khong thang du binh phuong tlily ¥ modulo p.. Nhu vay s6 p
ton tai theo dinh Ii Dirichlet vé s6 nguyén t6 trong cap s6 cong. Khi do6
P1, ..., P — 1 la nhitng thang du binh phuong modulo p, nhung p; thi
khong phai. Do d6 a la khong thang du binh phuong modulo p.

Trong truong hgp a < 0 dugc chiing minh tuong tu.

1.2. Thang du binh phuong cho modulo hdp sb

Trong phan nay chung ta nghién cttu ki hieu Jacobi, né 1a st mé rong
ctia ki hieu Legendre, diing dé danh gia ki hieu Legendre va dinh nghia

sO gid nguyen td Euler.

Dinh nghia 1.2.1. Cho a la moét s6 nguyén va b la s6 nguyén duong Ié,
b c6 phan tich tieu chuan p = p1® pa°2....p,.% . Ki hiéu Jacobi dugc dinh
nghia nhu sau:

(5] [6%) (078
a a a a

b b1 D2 Dr
trong dé vé phdi la ki hiéu Legendre.

18

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/



Trong truong hop b 1a sé nguyén t6 thi ki hieu Jacobi trung véi ki hieu
Legendre. Tuy nhién khéac véi ki hieu Legendre, khi b 1& hgp s6, ki hieu
Jacobi khong cho biét phuong trinh dong du 22 = a(modp) c6 nghiem
hay khong. Mac du vay, ki hiéu Jacobi c6 nhiéu tinh chat tuong tu nhu

ki hiéu Legendre.

a , .
Dé thay rang = —1 khong thé chi ra rang a la khong thing du
b
) a
binh phuong modulo b. That vay, neu = —1 thi tu dinh nghia
b

— —1 thi it nhat p; 14 wéc ctia b; hon nila a 14 khong thing du

Di
binh phuong modulo p;. Tuy vay diéu ngudc lai thi khong ding, ta xét
vi du sau:
Vidu1l
2 2 2
- — (~1)(~1) = 1
15 3 5

2 la khong thang du binh phuong modulo 15, ciing la khong thiang du
binh phuong modulo 3 va 5.

Tém lai, ta chua thé két luan duge néu p khong 1a sé nguyén to.

Dinh ly 1.2.1. Cho a la s6 nguyén va b la s6 nguyén duong, va b cé
phan tich ra thita s6 nguyén to p = p1*'ps®2....p,% . thi a la thang du binh
phuong modulo b néu va chi néu a la thang du binh phuong modulo p®

vdt moi 1=1,2,...,r.

Chitng minh
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Néu a la thang du binh phuong modulo b, thi hién nhién né la thing

du binh phuong modulo véi méi p®; i=1,2,....r. Khi d6 ton tai z; 1a sd

nguyén sao cho z7 = a(modp®). Theo dinh lf "Trung Hoa vé dong du"
2 _

thi c6 s6 x sao cho x = x;(modp®). Thi 2* = z7 = a(modp™) ching t6
r = a(modb).
Dinh 1y 1.2.2. 56 thang du binh phuong modulo p"(n > 0). Dugc tinh
boi cong thic:

pn+1_1
2(p+1)

2711
3

} + 2 vdi p=2, va [ } + 1 vdi p>2.

Chting minh

Cho k, 1a s6 thing du binh phuong modulo p™(n > 0). Cho p 1a 6 1&
van > 2. 56 a la mot thang du binh phuong modulo p™ néu va chi néu
p khong la udc cua a va a la mot thang du binh phuong modulo p, hoac
p? 1a ude clia a va ]% la mot thing du binh phuong modulo p™~2. Diéu dé
chi ra rang k, = k,_o + p'p" L.

Cho p=2 v& n > 3. S6 a la mot thang du binh phuong modulo 2"
néu va chi néu mot trong hai kha nang sau xdy ra a = 1(mod8) hoic
4 la u6c ctia a va 7 la thing du binh phuong modulo 272 Ta dugc
k, = k,_o + 2" 3.

Bay gio sy trinh bay la phuong phap quy nap don gian véi n.
Dinh 1y 1.2.3. Cho tdt cd cdc s6 nguyén a, b va cdc s6 1é ¢, d. Ta co:

a + bc a ab a b a a a

c c c c c cd c d

Dinh ly 1.2.4. Cho mdi s6 nguyén Ié a. Ta co:
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| _1 a—1 2 a
= (—1)%, = (—1)l+]
a a
| a b a—1b—1
Dinh Iy 1.2.5. = (-1
b a

Vi du 2. Ching minh ring phuong trinh 2> = y® — 3 khong c6 nghiem
nguyen (X,y).
Ching minh

V6i mdi y chin ta c6 22 = y* — 3 = 3(mod8), diéu d6 khong thé xay
ra.
Bay gio cho y 1& 86 1&. Néu y = 3(mod4), thi 2> = 3> -3 =3> -5 =
2(mod4) ciing khong xay ra.
Vay v phai c¢6 dang 4z+1, z 1a s6 nguyén. Ta co:
2?4+ 4 = 6423 + 482% + 122 = 42(162% + 122 + 3). Diéu d6 chi ra ring

2?2 = 4(mod 1622 + 12z + 3).
—4 -1
Hon nta theo ki hiéu Jacobi thi =
1622 + 122 + 3 1622 + 122 + 3

nhan gia tri bang -1 vi 162% + 12z + 3 = 3(mod4).

Vidu3

Chttng minh réng 4kxy-1 khong chia hét cho ™ + 3" véi x,y,k,m,n 1a s
nguyén duong.

Chiing minh

Dé y rang (2™, y", 4kay — 1) = 1. Ta dat m' = [3] , n’ = [4]. Ching
ta can kiém tra ba kha ning sau.

1°) m=2m’ va n=2n’ thi 4kxy-1 la udc cta (2™)% + (y™)% Theo dinh
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—1
1i 5 phan 1 thi
dkxy — 1

= 1, diéu nay khong dung.

2°) m=2m’ va n=2n’+1 (ciing nhu n=2n" va m=2m’+1 ). Thi 4kxy-1

la udc ciia ()% + y(y™')? hon nita

Y = 1. Diéu ching ta

dkxy — 1

can la n6 khong xay ra.

Chiing minh khi y 13 s6 1&. Theo dinh Ii trén ta co:

—y —1

dkxy — 1

y—1 —1
(=D(=1)=

Y

dkxy — 1

Y
dkxy — 1

=1

Bay gio dat y = 2'y;, v6i t > 1 1a mot s6 nguyéen va y; 1a s6 tu nhién.

2
Theo dinh 1i 4 phan 2, ta c6 = 1, nguoc lai y 1a s6 18,
dkxy — 1
s = s = —1. N6 ¢6 nghia la:
I dkzry — 1 | I 4.2%kay; — 1
- . ~ t
_ 9 _
Y _ Y1 _ 1
| dkzy —1 | | dkry —1 dkxy — 1
3°) m=2m’+1 va n=2n"+1. Thi 4kxy-1 la uéc cta z(z™)? + y(y")?,
va tu o = s = 1. Bén canh do,
dkxy — 1 4.2%kxy; — 1
—T —4x —1
Y = Y = = —1, vo li. Vay van
dkxy — 1 dkxy — 1 dkxy — 1

dé dugc chiing minh.
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1.3. Mot vai tong cua ki hiéu Legendre

Viéc tim s6 nghiém ciia mot dong du thuong quy vé dém cac gia tri
z € {0,1,...,p — 1} sao cho da thtic da cho f(z) véi hé s6 nguyén nao do6

14 thang du binh phuong modulo mot s6 nguyén t6 1é p. Cau tra 16i hién

. . o . =l f(x)
nhién 1a ¢6 lién hé véi gia tri clia tong >
=0
p

Trong phan nay ching ta quan tam dén nhitng tong thuoc loai nay.

D6i v6i mot da thiic tuyén tinh f, tong dang xét rat dé danh gia.

Dinh 1y 1.3.1. V§i cdc s6 nguyén a,b tuy 4 va s6 nguyén to p khong la

wdc cia a,

Chting minh

Do p khong 1a uéc cla a, cac s6 ax+b, v = 0,1,...,p — 1 lap nén he
thang du day di modulo p. Cé dung p%l la thang du binh phuong, p%l la
khong thiang du binh phuong, va mot trong s6 dé chia hét cho p. Nghia
la:

p=1 | ax+b
>

=li+2l(-1)+0=0.

=0 p
Dé danh gia tong clia cac da thitc bac hai, ching ta can st dung dinh li

sau:

Dinh 1y 1.3.2. Gid st f(2)” = ag+ a12 + ... + apy ™, vdi k la bac cia
da thic f. Ta co:
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=1 | f(z)
> = —(ap_1 + agp-1) + ... + app-1))(modp).

=0 | p

Chting minh
Dinh nghia S,, = pZ:l 2" v6i n 1a s6 tu nhién va Sy = p. Ta chi ra rang
S, = —1(modp), cﬁgon>0 va p-1 1a uéc ctia n va S,, = 0(modp) néu

ngugc lai. Theo tieu chuan Euler ta c6:
p=1| f(z) p-1 y
ZO = Zof(x) = Zoaisi = _(Clp—l + ...+ ak/(p_l))(modp)
r= p Tr= 1=

Dinh 1y 1.3.3. Déi vdi cic so a,b,c va s6 nguyén to p khong la wdc clia

a, téng
p=1 | ax® +bx+c
=0 p
nhan gid tri bang — ¢ néu p khong la udc cia b* — 4ac,
p

N a Z
bang (p — 1) néu p la wdc cia b* — 4ac.
p

Ching minh
Ta co

4a pil az? + br + ¢ p=1 | (2ax +b) — D

p =0 p z=0 p
2 = 4ac.

-
I
S¥

Vi cac s6 ax+b, x=0,1,...,p-1, lam thanh hé thang du day di modulo p,

ta co
a | =1 | az®+bx +c p—1 | 22— D
p— E p— S-
2
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Theo dinh li 2 § trén thi S = —1(modp), mat khac |S| < p cho ta S=-1

hoiac S=p-1.

2
x*—D
Gia st S=p-1, khi d6 nhiing s6 nhan gia tri bang 1, khi

p
x = x( thi n6 nhan gia tri bang 0, nghia la p 14 udc ctia 2 — D. Do p la

wée clia (—xg)? — D = 29 — p ta phai c6 29 = 0 do dé p la ude cia D.
Ngudc lai, néu p 1a uéc ctia D, ta c6 S=p-1, mit khac S=-1, d6 1a dieu
phai chiing minh.

Vi du

S6 nghiém ctia dong du 22 — y?> = D(modp), véi D # 0(modp) nhan
gia tri bang p-1.

Ching minh

Day chinh 14 hé qua dudc suy ra tryc tiép ctia dinh li trén vi khi c6

dinh x thi s6 cac nghiém y ctia dong du y*> = 2° — D(modp) bing

22— D
+ 1.
p
Danh gia tong ctia ki higu Legendre ddi véi da thitc f(x) bac 16n hon hai
c6 ¥ nghia dic biet va khé. Trong phan nay chung ta xét truong hop da

thitc bac ba thuoc mot kiéu nao do.

Cho s6 nguyén a, dinh nghia

K (a) = pz—:l r(z” + a)

=0 p

Gia stt p khong 13 u6c ciia a. Dé suy ra rang v6i méi sd6 nguyen t,
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K(at?) = > = K(a).
p | *=0 p p

Do d6 | K (a)| chi phu thudc vao viéc a ¢6 1a thang du binh phuong modulo
p hay khong.
Bay git ching ta dua ra mot ching minh khong tiéu chuan rang mdi sb

nguyén t6 p = 1(mod4) 1 tong ctia hai binh phuong.

Dinh 1y 1.3.4. Gid st a va b la mot thang du binh phuong va mot khong
thang du binh phuong modulo s6 nguyén to p cé dang 4k+1. Khi dé | K (a)|

va |K(b)| la nhimg s6 nguyén chan va théa man

1K (@)D + (5 [K@))* =p.

Chting minh
p—1 p—1

Ta théy p/(K(a)2+ K(b)?) = 3. K(n)* = 3 K(n)*, do K(0)=0. Bay
n=1 n=0

p—1
giv ta tinh > K(n)?. Véi méi n ta co:

n=0
it [ ay(a? +n)(y? +n)

K(n)*= 33 :

=0 y=0 P

suy ra

S| [ e

z=0y=0 P n=0 D

R =1 | xy(x®>+n)(y>+n
Cha § rang theo dinh 1i 2 6 trén thi ) y( ) ) nhan gia

n=0 p
tri bang p-1 néu x = £y va bang -1 néu ngudc lai. Nhu vay

p—1 p=lp=1 | zy

S K’ =p2p-2)— > 2 = dpp/

n=0 z=0y=0 P
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Chiing ta thay ring K(a)?> + K (b)* = 4p, Hon nita K (a)? + K (b)? chia
hét cho 4 nén cd K (a)? va K(b)? déu chan.

1.4. Sb gia nguyén t6 Euler

Gia st p 1a s6 nguyéen t6 18 va b 1a s6 nguyén khong chia hét cho p.

Khi d6 theo tiéu chuan Euler ta ¢o

p—1 b
bz = (modp).

p
Nhu vay dé kiém tra n c6 phai la sd nguyen t6 hay khong, ta co thé lay
mot s6 b nguyén t6 cliing nhau véi n, va kiém tra dong du sau c6 nghiem
hay khong

p—1 b
b=

(modn),
n

trong d6 vé phai 1a ki hiéu Jacobi. Néu dong du thiic khong ding thi n
phai 1a hop s6, ngugc lai chua két luan duge nhung nhiéu kha nang n 1a

nguyen to.

Dinh nghia 1.4.1. S6 nguyén duong n dugc goi la s6 gid nguyén to Euler
cd s b néu né la hop s6 va dong du sau nghiém ding
p—1 b
bz = (modn),
n

Dinh 1y 1.4.1. Moi so gid nguyén to Euler co sé b déu la so gid nguyén

té co sé b.

Dinh 1y 1.4.2. Moi 56 gid nguyén to manh co sé b déu la so gid nguyén
to Buler co sd b.
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Chitng minh
Cho n 1 s6 giad nguyén t6 manh co s6 b. Khi d6, néu n — 1 = 2%, t 18 thi,
hodc b' = 1(modn), hodc b** = —1(modn), véir nho d6 0 < r < s — 1.

m
Gia st [] p?j 14 phan tich ctia n thanh thita s6 nguyén t6. Ta xét hai

j=1
truong hop.

Thit nhat, ¥’ = 1(modn). Gia st p 14 mot ude nguyén t6 ciia n. Khi
d6 ordgp 1a ude ctia t, va do dé ord,b 1a b 16. Mt khéc, ordgp 1a uée clia

®(p) = p — 1, nén né phai la uée cta p%l. Vay ta ¢6
b"T = 1(modp).

b

Theo tiéu chuan Euler, =1 va = 1. Mat khac ta co
P n

bz = (b")2! = 1(modp).

Vay n 1a s6 gid nguyén t6 Euler co s b.

2r+1t _

Truong hop thi hai: b —1(modn). Néu p la mot uée nguyen t6
ciia n thi b1 = —1(modp). Binh phuong ca hai vé ciia dong du thiic

nay ta dugc
b = 1(modp)

T d6 suy ra ordgp 1a uée ctia 2", nhung ordgp khong 1a uéc ctia 27t
Nhu vay, ordgp = 2" ¢, trong do ¢ 1a mot sé nguyen 16. Mt khac, vi
ordgp 1a wée ctia p-1, 2" 1a u6e ctia ordgp, nén 27! 1a wée ctia p-1. Nhu
vay, ta c6 p = 2"d + 1, trong d6 d la s6 nguyen. Vi

ordpb

2 = 1(modp)

nén ta co
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ordpb p—1 p—1

= b7 = b 2 wdt = (—1)wdt = (—1)2(modp).
p
b
vi ¢ 1é nén tu do6 suy ra = (—1)%. Bay gio ta gia stt c6 phan tich
p
thanh thita s6 nguyén té dang
m
n=1[]p;.
j=1

Theo chiing minh phan trén, cac uc nguyeén t6 p; ¢6 dang p; = 2" 1d;+1,

va ta co
b m b m
=11 = (—1) X aid;.
m = i | =1

m
Mit khac, d& thay rang n = 1+ 2" " a;d;(mod 2% 2). Do d6
i=1

1251 = ”T_l = 2" a;d;(mod2" 1),
i—1

m

UL n— r s—1—r aidi
tie 1a 1257177 = 3 a;d;(mod?2) va bz = (b¥'1)? = (—1)1';1 (mod
i=1
Nhu vay,
n—1 b
b2 = (modn)
n

va n 1a s6 gid nguyén t6 Euler co sé b. Dinh 1f duge ching minh.

Chu ¥ rang, dieu ngudc lai khong phai luon luon ddng: ton tai nhitng
sO nguyéen t6 gid Euler co s6 b khong 1a s6 gid nguyén t6 manh co sé do.
Vi du n=1105, b=2
Tuy nhién, v6i nhitng diéu kien bo sung, mot sé gid nguyen t6 Euler sé
14 s6 gid nguyén t6 manh cung co sd. Ta c¢6 dinh i sau.

29

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/



Dinh ly 1.4.3. S6 n gid nguyén to Euler co sé b la s6 gid nguyén to

manh co 56 b néu n = 3(mod4), hodc = —1.
n

Chitng minh. Trudng hgp thtt nhat: n = 3(mod4). Khi d6 n-1=2t va
t 1€.
Vi n 1a s6 gid nguyén t6 Euler co sé b nén
b

V=0b72 = (modn).
n

Nhu vay, n & s6 gid nguyén t6 manh co s6 b.
Tong truong hop thd hai, ta viét n — 1 = 25, trong d6 t 1é, s 1& s6

nguyen duong. Vi n 1a s6 gid nguyén t6 manh co sé b nén

P =T = (modn).

. b
Theo gia thiét ta c6 b2 't = —1(modn). Vi = +1 cho nén
n

hodc O’ = 1(modn), hosic b’ = —1(modn)

vay n la s6 gid nguyen té6 manh co sé b.

Diing sb gid nguyén t6 Euler, ta c6 thé xay dung thuat todn xac suat
dé kiém tra mot sd nguyén t6 hay khong. Thuat toan nay dudc Solovay
va Strassen tim ra dau tién nam 1977.

Ta bat dau bang bo dé sau.

Bo6 dé 1.4.1. Gid st n la mot s6 nguyén duong lé khong chinh phuong.

Khi dé ton tai it nhat mot s6 b vdi 1 < b <mn, (b,n)=1, sao cho
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b
= 1.

n
Chting minh. Néu n 1a s6 nguyén t6 thi s6 b ton tai. Khi n 14 hgp
s6 khong chinh phuong, ta viét n=rs, trong do6 (r,s)=1 va r = p°, vdi p
1a mot s6 nguyen to 1& va e 1a sd nguyén duong 1é. Bay gio gid st t 1a
mot khong thang du binh phuong ctia s6 nguyén t6 p. Ta dung dinh Ii
Trung Hoa vé phan du dé tim s6 nguyén b sao cho 1 < b < n, (bn)=1
va b = t(modr), b = 1(mods)

b b b
Khi do ta c6 = = (—1)6 = —1=—1, = 1, tic la
T p° S
b
= —1.
n

Bo6 dé 1.4.2. Vdi méi hop so 1é n, ton tai it nhat mot so b sao cho
1<b<n, (byn)=1 va

b
bz # (modn)

n
Gia sit ngugdce lai, véi moi sd nguyén khong vuot qua n va nguyén to
cung nhau v6i n, ta co
b

b= = (modn).
n

Tit d6 suy ra, néu (b,n)=1 thi "' = 1(modn).
Nhu vay, n phai 14 s6 Carmicheal, va do d6, n = q1¢o...q, 1a tich ciia cac
sO nguyén t6 18 khac nhau. Ta sé chi ra réng

n—1

bz = 1(modn).
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d6i véi s6 nguyen to b khong vuot qua n va nguyén t6 ciing nhau véi n.
Gia st nguoc lai, ton tai b théa man

n—1

bz = —1(modn).

Dung dinh i Trung Hoa vé phan du, ta tim dugc s6 a, 1 < a < n, (a,n)=1
sao cho a = b(modgqy), a = 1(modqi1¢o...q,) -
Nhu vay

S
[\
Il
S
~F
I

7 = —1(modq), a"T = 1(modqi¢z...qy).
Do doé

a"T # +1(modqiga...q),

trai voi gid thiét phan ching. Nhu vay véi moi b, 1 < a < n, (bn)=1 ta

CcO

n—1

bz = 1(modn).

T dong du trén va gia thiét ctia bo de, ta c6
b

bz = = 1(modn).
n

biéu nay mau thuin véi bd dé 1 nén bo dé 2 duge chiing minh.
Dinh 1f trén day duge diing lam co sé cho mot thuat toan kiém tra xéc

suat s6 nguyen to6. Ta c6 dinh I sau:

Dinh 1y 1.4.4. Déi vdi moi hop so 1€ n, ton tai khong qud @ s0 nguyeén
duong b nhé hon n, nguyén to cung nhav vdi n, sao cho n la s6 gid nguyén

t6 Euler co sd b.

Chting minh. Theo bd dé 2, ton tai s6 b 1 < a < n, (b,n)=1, sao cho

32

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/



b
bz # (modn).

n
Gi4 st ay, ag, ..., ap, 1a cac s6 théa man 1 < a; <n, (a;,n) =1 va
n—1 CL]
= = (modn).
n
Gia st ry, 79, ..., 7y 12 thing du duong bé nhat clia cac s6 baq, bas, ..., ba,,.
Céc 80 r; khac nahu va nguyen t6 cting nhau véi n. Ta sé chiing t6 ring

ching khong thoa man dong du thiic nhu ddi véi cac s6 a;. That vay, néu

ngugc lai
n—1 Tj
r;? = = 1(modn)
n
thi ta co
n-1 ba,
ba;* = = 1(modn),
n
va nhu vay

1
S
Il
—~
=
o
o
S
~

Tu do suy ra

mau thuan véi tinh chat cia b.

Nhu vay, tap hop cac s6 a; va r; khong giao nhau. Gop ca hai tap hop
nay ta dugc 2m s6 khac nhau, bé hon n va nguyén t6 cling nhau véi n.
Tu do suy ra m < @, dinh 1i dugc chiing minh.
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Nhan xét. T dinh 1i trén ta thiy rang, néu n 14 mot hop s6 1, b 1a sb
chon nhau nhién trong cac s6 1,2,...,n-1, thi xac suat dé n 1 s6 gia nguyén

t6 Euler co s¢ b sé bé hon 3. Ta c6 dinh 1f sau:

Dinh 1y 1.4.5. Thuat todn kiém tra nguyén to xzdc suat Solovay-Strassen
Cho n la s6 nguyén duong, ta chon ngau nhién k s6 by, b, ..., by 1 cdc s6

1,2,...,n-1. D61 vdi méi so6 nguyén b;, wét dong du thiic
n—1 b]

b.? = (modn),
n

ta c6 két ludn sau:

o Néu mot trong cdac dong du thiic dé khong nghiém ding thi n la hop

Z
A

S0.
o Néu n la nguyén to thi moi dong du thic déu nghiém ding.

e Néu n la hop so, thi zdc sudt dé moi dong du thitc nghiém ding la bé

1

Nhu vay, néu k di ldn, va n trdi qua dude kiém tra zdc sudt trén day, thi

"hau nhu chac chan" n la so nguyén to.
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Chuong 2
[j’ng dung

Sau day toi trinh bay mot s6 bai tap van dung li thuyét & chuong I,
cac bai tap nay dudc trich dan tit cac dé thi chon hoc sinh gidi.
Bai 1 Tim tat ci nghiém nguyén khong am ciia phuong trinh

12 + y* = 20087

Loi giai

Néu z>0, ta c6 y=>0.
V6i x chén thi vé trai c6 dang a®+ b%, v6i x 16 thi vé trai co dang a® + 3b°.
Dé thay 2008 c6 udc nguyen t6 1a 251, a va b déu khong chia hét cho 251,

theo dinh 1i 1.1.5 ta c¢6 -1 hoac -3 sé la thang du bac hai modulo 251, tiic

—1 -3
la = 1 hoéc =1.
251 251

Mat khac ta co:

—1 2511
251
va
-3 3 s | 251
251 251 3
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Diéu nay vo li. Vay z=0, y=0, x=0 hay 13 phuong trinh da cho c6 nghiém
nguyen (0,0,0)
Bai 2 Tim tit ci cip s6 nguyen duong (x,n) sao cho: 2° + 2z + 1 = 27
Loi giai

Phuong trinh da cho tuong duong véi phuong trinh sau:

r(z? +2)=2"-1

Dé thay x(2? + 2):3 do n chin. Tit phuong trinh ban dau suy ra x 18.
Néu n>2 ta c6: 2° + 2z + 1 = 0(mod8), suy ra x = 5(mod8).
Mat khac ta lai co
P 4+2041=2" 2 +22+3=2"4+2 (z+1)(z* —2—3) =2"+2

Goi p 1a mot wéc nguyen té clia x?

— x4+ 3 suy ra p lé va -2 la thang du
binh phuong modulo p. Theo dinh 1i 1.1.8 s6 nguyén t6 p c6 dang 8m+1
hoac 8m+3.

Vi z = 5(mod8) suy ra 2 — z + 3 = 7(mod8). Vi moi uéc nguyéen to
clia 72 — x + 3 déu c¢6 dang 8m+1 va 8m+3 nén 22 — x + 3 = 3"(mod )
suy ra 3" = 7(mod8). Kiém tra véi n tit 0 dén 7 ta thay di¢u nay khong
xay ra, vay n>2 khong théa man.

Néun=2,tacé 2’ +2z+1=2=2x=1

Néun=1,tacé 2° +22v+1 =2 < z =0 (loai).

Vay phuong trinh da cho chi ¢6 nghiém x=1 véi n=2.

Bai 3 Cho s6 nguyén duong n. Chiing minh rang 2" + 1 khong c6 udc
nguyén to6 dang 8k-1 véi k 14 s6 nguyeén duong.

Loi giai

Néu n chén, goi p 14 u6c nuyen t6 bat ki ciia 2" + 1. Ta ¢
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R p=4k+1
p

do d6 2" + 1 khong c6 uée nguyen t6 dang 8k-1 véi k 14 s6 nguyeén duong.
Néu n 1, goi p 1a udc nuyen t6 bat ki ctia 2" 41, thi p 1a ude ctia 2" +2,
do d6 -2 1a thang du bac hai modulo p. Theo dinh 1i 1.1.8, p ¢6 dang 8k+1
hoac 8k+3

Vay 2"+ 1 khong c6 udc nguyen t6 dang 8k-1 véi k 1a s6 nguyén duong.
Bai 4 Chiing minh rang phuong trinh 2241 = k(y*>—5) khong c6 nghiém
nguyén duong véi x, y>2.
Loi giai

Néu y chén thi y* — 5 ¢6 dang 4m+3, do dé noé c¢é uéc nguyen té dang
p=4n+3. Tt d6 suy ra p phai la udc cta x va 1, dieu nay vo li.
Néu y 18 thi 2 — 5 chia hét cho 4, nhung z! + 1 luon dong du véi 1 hoiic
2 mod4 diéu nay khong théa man phuong trinh da cho.

Vay phuong trinh da cho vé nghiém nguyén.
Bai 5 Chting minh ring mdi s6 nguyén t6 p thi ton tai cac s6 nguyén a,b
sao cho a® + b%> 4+ 1 1a boi cta p.
Loi giai

Xét hai tap hop :

A ={a*}, va B={—1—10b%}, v6i a,b 1a s6 nguyen

Lay theo modulo p thi mdi tap c6 ding 1%1 phan t1, vay tong sé phan ti
clia hai tap hgp 1a p+1. Theo nguyén Ii Dirichlet ton tai phan ti chung
ctia A va B theo modulo p. Do dé ta cd, a® + b 4+ 1 1a boi cta p.

Bai 6 Cho s6 nguyen t6 p. Chitng minh rang s6 3” + 7p — 4 khong 1
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binh phuong clia mot s6 nguyen.
Loi giai
Gi4 st ton tai x sao cho: 3P + 7P — 4 = 2
Theo dinh li Fecmat, ta c¢6 3? = 3(modp). Vay z* = —1(modp), nén p
c6 dang 4k+1.
Mt khac 3%+ ¢6 dang 4k+3, do d6 3P + Tp — 4 ¢6 dang 4k+2, suy ra:

2?2 = 2(mod4)

diéu nay mau thuan vi 22 luén dong du véi 1 hoiic 0 mod4. Vay ta cé
diéu phai ching minh.
Bai 7 Tim tat ca nghiém nguyén ctia phuong trinh 1 + 27 4 22071 — 42
Loi giai
Néu x=0 ta dugc y = £2
Néu x>0, gia st (x,y) 1a mot nghiém ctia phuong trinh thi (x,-y) ciing 1a
mot nghiém ciia phuong trinh, do d6 ta c6 the gia sit y=>0
Bién doi phuong trinh vé dang:
272"+ 1) = (y— Dy + 1)
Vi u6c chung 16n nhat ctia y-1 va y+1 bang 1 ho#ic bang 2
Néu uéc chung 16n nhat ctia y-1 va y+1 bang 1, thi ta co:
y—1=2%
y+1=2"" 11
Hé nay vo nghiém.

Néu udc chung 16n nhat ctia y-1 va y+1 bang 2, thi ta co:
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y—1=2% y=2%+1
=
y+1:2x+1a y:2x+1a_1

Néu y = 2°71a + 1, thay vao phuong trinh ban dau ta dudc:
2027 1) = a(2* ta+2) © 228 —d?) =a—1

Suy ra 1 # a < 2 vay a=2, thay vao phuong trinh ta thay khong thoa
man.

Néu y = 2% 1a — 1, thay vao phuong trinh ban dau ta dugc:

272 + 1) =a(2"'a—2) 2714 —a?®) = —2(a+1) & 202 = 4tL

a?—8
Dé thay phuong trinh nay chi c¢6 nghiém a=3, x=4. Thay vao ta dudc
y=23
Vay phuong trinh da cho ¢6 nghiém (0,2), (0,-2), (4,23), (-4,23).
BAI TAP
Bai 8 Gia sit p>3 1a mot s6 nguyén t6, va a,b 1& cac sd tu nhién sao cho:

I3+ +25=4¢

Chiing minh rang p? 1a uéc clia a.
Bai 9 Tim tat cd gia tri cia n 1a s6 tu nhién sao cho tap A = n,n +
1,...,n + 1997 c6 thé phan hoach thanh it nhat hai tap con ma tich cia
hai phan ti trong méi tap con d6 bang nhau.
Bai 10 Tim tat ca cac s6 nguyén duong sao cho:

a’+b*+c?
3(ab+bc+ca)

1a mot s6 nguyen.
Bai 11 Cho hai s6 nguyén duong a, b sao cho (4a® — 1)? chia hét cho
(4ab — 1). Ching minh réng a=b.
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KET LUAN
Trong khéa luan nay toi da trinh bay : Li thuyét dong du, Ki hieu
Lagrange, Jacobi va s6 gid nguyén t6 Euler va tng dung
1 Tim hiéu ki hiéu Lagrange, ki hiéu Jacobi
2 Tim hiéu s gia nguyeén td
3 Dé cap phan tich mot s6 dang bai toan

Tuy nhién do thoi gian thyc hién khéa luan khong nhiéu con c6é nhiing

sai s6t em rat mong nhan dudc sy gép v clia quy thay co va ban doc.
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