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MG dau

Trong chuong trinh todn hoc bac trung hoc phd thong hoc sinh duge
hoc khai niém ham s6 va quan tam dén cac tinh chat co ban ctia ham s6
nhu tinh don diéu, tinh dong bién nghich bién, tinh lién tuc va gian doan,
tinh 101, 16m, tinh tuan hoan, tinh chén, 1é,.......

D6i vé6i 16p ham néi trén ngudi ta tim cach xay dung cac bat dang thic
tuong tng va dugce goi 1a cac bat ding thitc ham. Vi du nhu bat dang thic
Jensen la bat dang thitc ham ctia 16p ham 16i va ham 16m. Day 1a cac bai
toan hay va thuong rat kho, mang tinh khai quat cao, bao ham nhiéu mang
kién thitc sau va rong vé toan so cap va cao cap. Phan 16n hoc sinh bac
phd thong chi méi lam quen véi cac dinh nghia, cac tinh chat don gian cta
ham s6 nhu tinh dong bién, nghich bién dé giai phuong trinh, bat phuong
trinh va tinh 16i 16m dé khao sat va vé do thi ham sé ma chua dudce nghién
ciiu sau vé cac bat dang thic co lien quan dén cac van dé trén.

C6 thé noi, nghién citu vé ham don diéu 1a mot dé tai tha vi, nhan duge
su quan tam ctia nhiéu nha toan hoc. Cac van dé lien quan dén ham don
diéu khong nging ndy sinh va c¢6 nhiéu két qua dep, nhiéu két ctia dugc
ing dung trong viéc giai cac bai toan lugng giac.

Trong luan van nay, tac gid dudge thay huéng dan giao nhiem vu khao
sat mot s6 dang bat ding thitc ham cho céc 16n ham dong bién, ha nghich
bién, ham 16i, ham 16m va md rong cho cac 16p ham don diéu lien tiép bac
1 -2, ham don diéu lién tiép bac 2 - 3 va cac ham don diéu bac cao, khao
sat ing dung cua ham don diéu trong giai cac bai toan lugng giac.

Noi dung ctia luan van chia lam ba chuong:

Chuong 1: Chuong nay trinh bay ngan gon cac van de ly thuyét ve
ham don diéu theo bac lam co s6 cho cdc van dé trinh bay & hai chuong
sau. Ham don diéu bac nhat 1 cac ham don diéu thuong, ham don diéu
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bac hai chinh 1a ham 16i hay ham 16m. Ham don diéu bac n 1a ham s6
c6 dao ham cip n 1a ham don diéu. Tim hiéu cac khai niem dinh nghia,
cac tinh chat dic trung co ban va cac dinh 1i quan trong thudng dung lien
quan dén cac ham nay. Tiép dén, ta sé tim hiéu mot s6 tinh chat dic biet
nhu tinh lién tuc, tinh kha vi.

Chuong 2: Trong chuong nay, ta quan tam dép 16p con ciia 16p ham
don dieu d6 1a 16p ham don diéu lién tiép bac 1-2 va 16p ham don diéu lién
tiép bac 2-3. Ta sé tim hiéu tong quat dinh nghia, tinh chat va cac dinh Iy
lien quan. Phan cudi chuong trinh bay vé mot s6 16p ham don diéu tuan
hoan va don diéu tuyet doi.

Chuong 3: Noi dung trong chuong ba, ta xét mot s6 bat dang thic
dang khong ddi xitng trong tam giac sinh bdi cac ham sin va cos ma dau
dang thic khong x4y ra trong tap cac tam gidc thusng. Cudi ciing 1a mot
s6 tng dung ctia ham don diéu trong luong giac dé nhan dang mot sé dang

tam giac dat biét.

Thai Nguyén, ngay 10 thang 5 nam 2013

Nguoi thuc hién

Nguyén Thi Thu Ha

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



Chuong 1

Ham don diéu theo bac va cac tinh
chat

Trong chuong nay, ching toi trinh bay ngan gon cac van dé 1y thuyét
vé ham don diéu theo bac 1am co sé cho cac van dé trinh bay & hai chuong
sau. Ham don dieéu bac nhat 1a cAc ham don diéu, ham don diéu bac hai
chinh 13 ham 16i hay ham 16m. Ham don diéu bac n 14 ham c6 dao ham
cap n la ham don dieu. Ta sé tim hiéu so qua dinh nghia, tinh chat dac
trung co ban va cac dinh lf quan trong thuong ding lien quan dén cac ham
nay. Tiép dén, ta sé tim hiéu mot sé tinh chat dic biét nhu tinh lien tuc,
tinh kha vi.

1.1 Ham don diéu bac nhat

Trong luan van nay, ta st dung ki hieu /(a,b) C R nham ngam dinh
mot trong bdn tap hop (a,b), [a,b), (a,b] hodc [a,b] v6i a < b. Cho ham
s6 y = f(x) xac dinh trén tap I(a,b) C R.

Dinh nghia 1.1 ([4],[5]). V6i moi xq1,29 € I(a,b), x1 < 9, ta déu co
f(z1) < f(x2), thi ta ndi rang f(x) 1a mot ham don diéu tang trén I(a, b).

Dinh nghia 1.2 ([4],[5]). V6i moi cap x1, 29 € I(a,b), ta déu co
f(x1) < f(x2) & 31 < 29,

thi ta noi rang f(z) 1a mot ham don dieu tang thuc sy trén I(a,b).
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Dinh nghia 1.3 ([4],[5]). Vi moi cap xy1, 29 € I(a,b), x; < x9, ta déu
c6 f(x1) > f(x2), thi ta néi rang f(x) 1a mot ham don diéu gidm trén
I(a,b).

Dinh nghia 1.4 ([4],[6]). Vi moi cap x1, 29 € I(a,b), ta déu co

f(x1) > f(x2) & 11 < 29,

thi ta néi rang f(z) 13 mot ham don di¢u gidm thyc sy tren I(a, b).
Nhitng ham s6 don diéu tang thuyc su trén I(a, b) duge goi 1a ham dong
bién trén I(a,b) va ham s6 don dieu giam thuc sy trén I(a,b) duge goi la
ham nghich bién trén tap do.
Trong chuong trinh giai tich, chiing ta da biét dén céac tiéu chuan dé
nhan biét khi nao thi mot ham s6 khé vi cho trude trén khoang (a,b) la

mot ham don diéu trén khoang doé.

Dinh 1y 1.1 ([4],[5]). Cho ham s6 f(z) ¢6 dao ham trén khoang (a, b).
(i) Néu f'(z) > 0 v6i moi x € (a,b) thi ham s6 f(x) dong bién trén khoang
do.

(ii) Néu f'(z) < 0 v6i moi « € (a,b) thi ham s6 f(x) nghich bién trén
khoang dé.

Ching minh. Theo dinh 1i Lagrange thi

f(w2) — fx1) = f'(c)(xa — 1),

Néu f'(z) > 0 v6i moi x € (a,b) suy ra f'(¢) > 0. Do (x9 — x1) > 0 suy
ra f(x9) > f(x1), nén f(x) dong bién tren I(a,b).

Chiing minh tuong tu, néu f/'(x) < 0 véi moi x € (a,b) thi ham s6 f(z)
nghich bién trén I(a,b).

Cac dinh li sau day cho ta mot s6 dic trung don gidn khac ciia ham don
dieu. Mot vai dac trung quan trong khac ciia 16p ham vira c¢6 tinh chat 16i

hodc ¢6 tinh 16m sé duge dé cap dén & chuong sau.

Dinh ly 1.2 ([4],[5]). Ham f(x) xac dinh trén R* 13 mot ham s6 don diéu

tang khi va chi khi v6i moi cap bo s6 duong aq, @, ...,Qn V& T1,T2,...,Tn,
ta deu c6
n n n
k=1 k=1 k=1
5
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Chitng minh. Khi f(x) don diéu tang trén R thi hién nhién ta c6

n

f(z;) < f(Zxk), j=1,2,...,n.

k=1

Suy ra

k
Lay tong theo j (j = 1,2,...,n), tit (1.2), ta thu duge (1.1).
Ngugce lai, véi n = 2, tit (1.1), ta ¢

flz)+ef(h) < (1+¢€)f(x+h), Ve,h > 0. (1.3)
Khi € — 0, ta thu dugc f(x+h) > f(x), hay f(x) 1a mot ham dong bién.

Dinh 1y 1.3 ([4],[5]). Dé bat dang thiic

n n
> Fla) < O ), (1.4)
k=1 k=1
duge thoéa man véi bo s6 duong xq, X, . . . , T, dicu kién du la ham g(z) :=
M don diéu tang trén RT.
x

Ching minh. Nhan xét rang, ta ¢6 ham s6 f(x) = zg(x) va (1.4) sé ¢o
dang (1.1) véia; =x; (j=1,2,...,n):

3

n

Zxkg(:ck) < ( a:k)g(Zxk) (1.5)

k=1 k=1

Bat dang thitc nay luon ding vi z; > 0,7 = 1,2,...,n va g(z) 1a mot
ham don diéu tang tréen R

f(=)

Khi d6 v6i moi day s6 duong va gidm x1 > @9, > ... > @, ta déu ¢

Hé qua 1.1. Gia st g(x) = la ham don diéu tang trong [0, +00].

1

f(xl - xn) > f(xk: - xk—&-l)'
1

3
|

e
Il
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Ching minh. Tacéxy —x9>0,29 —23>0,...,2, 1 —x, > 0. Theo
Dinh 1i 1.3, ta ¢6

f(lUl—I2)+f($2—$3)+"'—|—f(33n_1—I’n)
<flrr—zot+as—23+ -+ 251 — ),
= flxr —x2) + flro—a3) + -+ fwno1 — 2n) < flo1 — 20).

Nhan xét rang, (1.5) khong 1a diéu kién can dé g(x) 1a mot ham dong
bién. That vay, chi can chon ham g(x) c¢6 tinh chat

0 < g(r) € C(RT),Vxr € RY vi max g(z) < 2min g(x),
ta dé& dang kiém chiing rang (1.5) dugc théa man. Chang han, ta thay s6
g(x) =3 +sinz, zeRT,

théa méan diéu kién néu trén va vi vay né thoa man dieu kien (1.5). Tuy

nhién, ham ¢(z) khong la ham don diéu tang trén RT.

Dinh 1y 1.4 ([4],[6]). Ham f(x) x4c dinh trén RT 13 mot ham s6 don dieu

gidm khi va chi khi v6i moi cap bo s6 duong a1, as, . . ., a, VA X1, Ta, . . . , Tp,
ta déu co
n n n
S oanf (@) = (D ar) f(D )
k=1 k=1 k=1

3
3

k=1 k=1
ducc théa man véi moi bo s6 duong x4, o, . . ., T,, dicu kien da 1a ham
X [N .2 ~
g(z) = /@) don dieéu giam tren RT.
x

Nhan xét rang, trong s6 cic ham s6 so cap mot bién, thi ham tuyén
tinh f(z) = ax dong vai tro dic biét quan trong, vi né rat dé nhan biét va
tinh dong bién (khi a > 0) va nghich bién (khi a < 0) trong mdi khoang
tiy ¥ cho trude. Dinh 1f sau day sé cho ta thay ro hon vé dac trung (bat

dang thitc ham) ctia ham tuyén tinh.
7
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Dinh ly 1.6 ([4],[5]). Gia thiét rang, v6i moi cap b s6 duong
a1, A2, ..., 0n; L1, X2, ...,Tn,

ta deu cb

> apf(ze) > F( arar) (1.6)
P h=1

thi f(z) = ax, trong d6 a 1a hang sb.
Chitng minh. Lay n = 2 va chon x1 = 7,719 = y;a1 = ﬁ,ag =
(1.6), ta thu dugc

f(@)

X

<

f(y), Vao,y € RY.
Yy

14 mot ham hing tréen R,

Suy ra g(x) :=
Tiép theo, ta néu mot sé tinh chat ctia ham don diéu dé wéc lugng mot

()

s6 tong va tich phan.
Dinh 1y 1.7 ([4],[6]). Gi4 thiét rang f(z) la mot ham don diéu gidm trén
(0, +00) va {ar} 1a mot day tang trong (0, +00). Khi d6, ta luon ¢

n

> (ar —ap1) flar) < /f(x)dfc <> (ax—ar1)flarr). (17

k=1

Khi f(x) 13 ham nghich bién thi c6 dau bat dang thiic thyc si.
Ching minh. That vay, theo gia thiét f(z) 1a mot ham don dieu giam

nén ta ludon co

(@ = o-)f @) < [ Fla)dn < (@ - a)f(ano)

ap-1
Ly tong theo k, ta thu dugc (1.7), chinh 14 didu phai chiing minh.

Dinh ly 1.8 (Maclaurin, Cauchy, [4],[5]). Gia thiét rang f(z) 1a mot ham
don diéu gidm trén (0, +00). Khi d6, ta luon cé

-1

/ flx Zf(k). (1.8)

k_
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Khi f(z) 1a ham nghich bién thi c6 dau bat dang thiic thue sy.
Ching minh. That vay, theo gia thiét f(z) 1a mot ham don dieu giam
nén ta luon co

k+1

ﬂhu)g/j@mxgﬂm,k:mL”.

k

Lay tong theo k, ta thu duge (1.8), chinh 1a diéu phai chitng minh.

Dinh 1y 1.9 ([4],[6]). Gid thiét rang f(x) 1a mot ham dong bién trén
[0, +00) va f(0) = 0. Goi g(x) 1&4 ham ngugc ctia f(z). Khi do, ta ludn c¢6

a b
ab < /f(sz:)dx—i—/g(x)d:v, Va,b > 0.
0 0

Ching minh. Bat ding thic dude suy truc tiép bing cach so sanh dién
tich tao béi dudng cong y = f(x) v x = g(x) v6i dién tich hinh chit nhat
taobdix =0,r =a;y =0,y = b.

Hé qua 1.2. Gia thiét rang f(z) 1a mot ham dong bién trén (0, +o0) va
f(0) = 0. Goi g(z) 1a ham nguge cua f(x). Khi d6, ta luon c¢6

ab < af(a)+ bg(b), Ya,b> 0.

Dinh 1y 1.10 ([4],[6]). Cho ham s6 y = f(z) lién tuc, khong am va don
di¢u tang tréen [o, §) voi 0 < a < 8. Khi d6 Va € [a, 8);Vb € [f(«), f(B))
ta co

a b
/f@mw+/f4@mxzw—aﬂ@.
o f(e)
DAau dang thitc x4y ra khi va chf khi f(a) = b.
Chitng minh. Goi S; la dien tich hinh phang gi6i han béi = o,z =
a,y =0,y = f(x) thi

Slz/af(x)da:.

9

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



Goi Sy 1a dién tich hinh phang gi6i han béi y = f(a),y = b,x = 0,y =
fH@), thi

Goi S la diéen tich hinh chit nhat giéi han béi x = 0,2 = a,y = 0,y = b,
thi S = ab. Goi S’ 1a dién tich hinh chit nhat gidi han bdi =z = 0,2 =
a,y =0,y = f(a), thi 8 = af(a). Trong c& hai truong hop f(a) < b
hodc f(a) > b, ta déu ¢6 S; + Sy > S — S'. Do d6

a b

/f(x)d:c + / fHx)dr > ab— af(a).
a fla)

DAiu dang thiic x4y ra khi va chi khi f(a) = b.

Dinh ly 1.11 ([4],[6]). Cho ham s6 f(x) lien tuc va nghich bién trén
0,0],Va € [0,b]. Khi do, ta luén c¢6

b/af(x)d:c > a/bf(a:)dx. (1.9)

Tuong ty, véi f(x) lien tuc va dong bién trén [0, 0], Va € [0, ]. Khi do, ta

ludn c6 . ,
b/f(x)da: < a/f(sc)da:.
0 0
Chitng minh. Néu a = 0 hodc a = b thi bat dang thitc (1.9) trd thanh

dang thitc. Néu 0 < a < b, thi do f(x) nghich bién trén [0, b] nén véi moi
x thdéa man dieu kien 0 < a < x < b, ta deu c6 f(z) < f(b). Suy ra

[ f@iz = s /b dv = (b - a)f(a).

Vay nén

b
fla) > — / f(x)de. (1.10)
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Mat khéc, khi 0 < z < a, thi f(x) > f(a). Suy ra

/af(x)d:c>/af(:c)dx:af(a),

hay

a

[ rwds > f0) (1.11)

a
0

T (1.10) va (1.11), suy ra

2/af(x)da:2f(a)2b1 /bf(x)dx

hay .
%/f(a:)d:rz bia/f(a:)d:r (1.12)
0 a
Do dé
a b
(b—a)/f(x)d:cza/f(x)da: (doa>0,(b—a)>0)
hay
a 0 b
(b—a)/f(a:)d:vZa[/f(aj)dan/f(x)dx}.
0 a 0
Vay nén
a b
b/f(x)dx >a | f(z)dx. (1.13)
0 0

Ta chitng minh ring, dau dang thitc chi x4y ra khi @ = b hoac a = 0. That

vy, néu ton tai ¢ € (0,b) sao cho

b/cf(x)dxc/bf(x)dx
0 0

11
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thi

0
Vay
c b
%/f(x)da:: bic/f(x)dx. (1.14)
0 c
T (1.14) suy ra ton tai £ € (0,¢) va 0 € (¢, b), sao cho
1 1
He- 01 = - a50)

Ma § > &, dieu nay trai véi gia thiét rang f(x) la ham s6 nghich bién
trong (a,b). Vay, khong xdy ra dau dang thiic.

Hé qua 1.3. (i) Néu b = 1 va f(z) lién tuc va nghich bién tréen [0, 1] thi
Va € [0, 1], ta déu ¢6

a 1

/f(a:)dx >a | f(z)dx.

0 0

(i) Néu b = 1, f(x) lien tuc va nghich bién trén [0,1] thi Va € [0,1], ta

deu c¢6

/af(x)dxg/lf(x)dx

Dinh 1y 1.12 ([4],[6], Bat dang thtic thid ty Chebyshev). Gia s f(x) va
g(x) 1a hai ham don diéu tang va (zx) la mot day don diéu tang:
T S x9 < - Sy,

Khi d6 v6i moi bo trong sb (p;):

Pi>0,j =12 ..n pi4pttp=1,

12
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ta deu cb

( Zpkf(xk)) ( Z prg(zr)) < ( Z prf (@) g(xr)).
=1 =1 =1

Chitng minh. Theo gid thiét thi

0 < [f(zr) = f(x)llg(zr) — g(x;)]

hay

flar)g(z;) + f(xj)g(zr) < flxj)g(x;) + f(zr)g(xr). (1.15)
Dé ¥ rang
> pimelf(r)g(xy) + fla)g(er)] =20 pef () (O prg(zr))
Jik=1 k=1 k=1

va

> vl f(x)g(x)) + flar)g(en)] = 20D pef(zi)g(an)).
k=1

jk=1

Két hop cac dang thitc nay véi (1.15). ta thu duge

O oef (@) (O peg(an)) < (D pef (zr)g(an)).
k=1 k=1 K=1

1.2 Ham don diéu bac hai

Ham don diéu bac 2 1a ham 16i, 16m.

Dinh nghia 1.5 ([4],(6]). (i) Ham s6 f(x) dugc goi la ham 1oi (161 dudi)
tren tap [a,b) C R néu véi moi x1, 22 € [a,b) va véi moi cap s6 duong «, 3
c6 tong a + B =1, ta déu co

flowy + Brg) < af (z1) + Bf (22). (1.16)

Néu dau dang thiic xay ra khi va chi khi 21 = x5 thi ta néi ham s6 f(z)
1a ham 161 thyc sy (chat) trén [a, b).
(i) Ham s6 f(x) duge goi 1a ham 16m (161 trén) trén tap [a,b) C R néu

13
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v6i moi 1, T2 € [a,b) va véi moi cip s6 duong a, 8 ¢6 tong a + 5 =1, ta
déu co

flazy + Brs) > af(z1) + Bf(x2). (1.17)
Néu dau dang thiic x4y ra khi va chi khi x; = x5 thi ta néi ham s6 f(z)
1& ham 16m thuec sy (chit) trén [a, b).

Tuong ty, ta ciing ¢6 dinh nghia vé ham 16i (I16m) trén cac tap (a,b),
(a,b] va [a,b]. Chu y rang, doi khi ta chi n6i vé tinh 16i cia mot ham s6
ma khong néi t6i ham dé 15i trén tap (a, b) mot cach cu thé nhu da neu
G trén.

Ta nhic lai cac tiéu chuan don gidn dé nhan biét tinh 16i (16m) ctia mot
ham so.

Gia stt f(z) ¢6 dao ham cap hai trong khoang (a,b). Khi d6
(i) Diéu kién can va di dé ham s6 f(z) 10i trén (a,b) 1a

f"(x) >0, Vz € (a,b).
(ii) Diéu kién can va dt dé ham s6 f(x) 16m trén (a,b) la
f"(z) <0, Vz € (a,b).

Tuy nhién, trong ting dung, ta nhan thay, c6 thé coi ham 15i (16m) nhu
1a 16p ham dong bién (nghich bién) bac hai, vi ting véi n6, dao ham bac
nhat (trong 16p ham 16i kha vi) 13 mot ham don diéu tang (gidm).

Dinh nghia 1.6. Ham f(x) c6 dao ham cap hai va 161 (16m) trong khoang
(a,b) duge goi 1a ham dong bién (nghich bién) bac hai trong khoang do6.

Nhan xét rang, khi x; < 29 thi £ = ax; + Sy v6i moi cap s6 duong

a, B c6 tong a + B = 1, déu thuoce (1, x2) va
r — T T9 — T

a = , B = .
Ty — Iy Ty — X

Ve sau, ta thuong quan tam va néi nhiéu dén cac tinh chat ctia ham 16i
tren I(a,b). Ta tuy ngam hiéu va phat biéu ciing nhu thye hién cac phép
tinh tuong tng cho trudng hgp ham 16m trén I(a, b).

Tinh chat 1.1. Néu f(z) 1a ham 16i (16m) trén I(a,b) thi g(x) := cf(z)
14 ham 16m (16i) trén I(a,b) khi ¢ < 0 (¢ < 0).

14
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Tinh chat 1.2. Tong hitu han céc ham 16i trén I(a,b) 13 mot ham 15i trén

I(a,b).

Tinh chat 1.3. Néu f(z) 1d mot ham s6 lién tuc va 16i trén (a, b) va néu
g(x) 101 va dong bién tren tap gia tri ctia f(x) thi g(f(x)) la ham 16i trén
I(a,b).

Ching minh. That vay, theo gia thiét, f(x) la ham s6 lien tuc trén
I(a,b) nén tap gia tri ctia n6 cing la mot tap dang I(a,b) € R. Theo gia
thiét f(x) 14 ham 16i trén I(a,b) nén véi moi x1,x € I(a,b) va cap sb
duong «, 8 ¢6 tong o + B =1, ta c6

flazy + Bra) < af(z1) + Bf(xs).

T gid thiét g(z) 1a ham sd dong bién, ta nhan duge

glf (xy + Baa)] < glaf (1) + Bf(22)]. (1.18)

Do g(x) 1a ham 161 nén

glof (x1) + Bf(w2)] < aglf (w)] + Bylf (22)]. (1.19)

T (1.18) va (1.19) suy ra

glf (axy + Bs)] < aglf(z1)] + Bglf (z2)].

Tuong ti, ta cling c6 cac tinh chat sau:

Tinh chat 1.4. (i) Néu f(z) 1 ham s6 lien tuc va 16m trén I(a, b) va néu
g(x) 16 va nghich bién trén tap gia tri ctia f(x) thi g(f(z)) 1& ham loi
trén I(a,b).

(i) Néu f(x) 1a ham s6 lien tuc va 16m trén I(a,b) va néu g(z) 1om va
dong bién trén tap gia tri ctua f(x) thi g(f(z)) 1a ham 16m tren I(a,b).
(iii) Néu f(x) 1a ham s6 liéen tuc va 16i trén I(a,b) va néu g(x) 1om va
nghich bién trén tap gia tri cia f(x) thi g(f(x)) 1a ham 16m trén I(a,b).

Tinh chat 1.5. Néu f(z) la ham s6 lién tuc v don dieu (dong bién hosc
nghich bién) trén I(a,b) va néu g(z) 1a ham nguge ctia f(z) thi ta ¢6 cac
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két luan sau:

(i) f(x) 16m, dong bién < g(x) 161, dong bién.

(ii) f(x) lom, nghich bién < g(z) 16m, nghich bién.

(iii) f(x) 161, nghich bién < g(x) 161, nghich bién.

Chitng minh. Suy truc tiép tit tinh chat ctia ham nguge: ham nguce
luon luon cting tinh don diéu (dong bién hogc nghich bién) v6i ham xuat
phat.

Tinh chat 1.6. Néu f(x) 13 ham s6 kha vi trén I(a,b) thi f(x) 1a ham
16i trén I(a,b) khi va chi khi f’(z) 1& ham don diéu tang trén I(a,b).
Ching minh. Gia st f(x) 161 trén I(a,b). Khi d6 véi 2y < o <
xy (z, 21,22 € I(a,b)), ta co

To9 — X r — T

> 0, S0, 270 Tl
o — I Tro — I To — I Tro — I

va vi vay

To — T r — T

<
flz) < . l_lf(l‘l) t o xlf(l"z)
hay
r — X To — T
Trong (1.20), cho x — x1, ta thu dugc
o — I

Tuong tu, trong (1.20), cho x — x5, ta thu duge

Lo — X1

Tu (1.21) va (1.22), ta nhan duge f/'(x1) < f'(x2), tic 1a ham s6 f/(x) 1a
ham don diéu tang.

Ngugce lai, gid st f/(x) 1a ham s6 don dieu tang va x; < & < 29 (z, 21,29 €
I(a,b)). Theo Dinh ly Lagrange, ton tai z3, x4 v6i 21 < 13 < T < x4 < T3

f(x) _ f(xl) _ f/(il??,),

T — X1 Ty — T

sao cho

16
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Do f'(z3) < f'(x4) nén
f(x) — f(x1) <

r — I Tro — T

f(z2) — f(2)

Y

tie 1a ta co (1.20).
Veé sau, ta thuong dung cac tinh chat sau day:

Dinh 1y 1.13 ([4],[6]). Néu f(x) 16i tren I(a,b) thi ton tai cdc dao ham
mot phia f’ (z) va f’ (z) véi moi x € (a,b) va
fix) < fil=).

Chitng minh. Véi moi zg € (a,b) ¢d dinh, chon cac s6 duong tuy ¥ u, v
sao cho xg —u € (a,b), 9 + v € (a,b). Khi d6, theo (1.20), thi

Flxo) — i(xo —u) _ flwo+ UZ = flo) (1.23)

Chon v/ > v dé zg + v € (a,b), thi zg < 29 +v < z¢ + v’ va theo (1.20),
f(xo + ') = fzo +v)

thi
[ +v) = flwo) _ , | (1.24)
v vV —U
Bién doi (1.24), ta thu dugc
f(xo +v) — f(x0) < flzo+0') — f(xo).

v v/

(1.25)

He thitc (1.25) ching t6 rang ham s6
f(@o +v) = flao
oy o T2+ 0) = )

v
1a mot ham don diéu tang va khi v gidm dan t6i 0 thi g(v) don diéu gidm

va bi chan (theo (1.23)) nén ton tai gidi han mot phia

lim g(v) = lim f(zog+v) — f(xo)

v—0t v—0t v

= fi(z0).

Tuong ty, ta ciing chiing minh duge sy ton tai ciia dao ham trai f/ ().
Nhan xét ring, néu trong (1.23), cho u,v — 07 thi sé thu dugc bat dang
thic

[l (o) < fli(mo).
17
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Nhan xét 1.1. Cac ham s6 f’ (z) va f(z) la nhiing ham don diéu tang
trong (a, b).

Ching minh. That vay, khi x1 < 9 thi ta chon t1, ¢ sao cho x1 < t; <
to < 5. Khi d6, theo (1.20) thi

f(t) = f(x1) < f(ta) — f(t1) < f(z2) — f(t2)'

t1 — 11 o to — 1 T9 — T9

(1.26)

Lay gi6i han khi ¢t; — 1 vA ty — x5 trong (1.26), ta thu dugc

fi(wr) < fL ().
va vi vay
fL(@1) < fi@) < fL(@2) < fi(22)

hay
' (x1) < f'(22), khizy < 29,

f( )Sf_/,_( ), khiZC1<ZL‘2.

Dinh 1y 1.14 ([4],[6]). Néu f(x) 1oi trén I(a,b) thi f(x) lién tuc trén
(a,b).

Chitng minh. Theo Dinh Iy 1.13 thi ton tai cdc dao ham mot phia f/ (x)
va fi(x) v6i moi x € (a,b) va do vay ham f(z) vita lién tuc trai vira lien
tuc phai. Suy ra f(z) lién tuc tai moi diém trong (a, b).

Nhan xét 1.2. Ham 16i trén [a, b] c6 thé khong lién tuc tai dau mit ciia
doan |a, b].
That vay, chang han ham s6

2P =2 khiz e (0,1)
f(”f)—{1 Khi 2 = 1

1a ham 16i trén [0, 1] nhung khong lién tuc tai = 1.

Nhu vay ham 16i luon 1a ham lién tuc trong khoang dang xét. Vé sau, ta
luon luon quan tam dén cac ham s6 16i va lien tuc tren I(a,b). Tinh chat
sau day cho phép ta dé dang kiém chiing tinh 16i (16m) ddi véi mot ham
s6 cho trugc va nhiéu tac gid chon tinh chat nay dé dac trung cho ham 16i.

18
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Dinh ly 1.15 ([4],[6], Jensen). Gi sit f(x) lien tuc trén [a, b]. Khi d6 diéu
kien can va di dé ham s6 f(z) 16i trén I(a,b) 1

f(#) < fz) ;f(m), Vy, 29 € I(a,b). (1.27)
Ching minh. Néu f(x) 1

a ham 16i tren I(a, b) thi ta c6 ngay (1.27)

bang cach chon o = 8 =

1 R . N
5 Gié s ta c¢6 (1.27). Ta can chiing minh rang
v6i moi cap s6 duong o, B ¢6 tong a + B = 1, ta déu co

flazy + Bra) < af(z1) + Bf(xs).

Néu o € Q thi B € Q va ta c6 thé viét
m n
o= —), 6 =
q q
trong d6 m,n € Z,q € N va m + n = ¢. Bang phuong phap quy nap, ta
cO ngay

flaxy + Br2) = f(w)

Néu « 1a 86 vo ty thi 8 = (1 — ) cling la s6 vo ty. Chon day s6 hitu ty
duong u, trong khoang (0, 1) c6 gi6i han bang « :

lim u,, = a.
n—oo

Khi d6, hién nhién day v, := 1 — u,, cling nam trong (0,1) va
lim v, = 5.

n—oo

Theo chttng minh trén tng véi truong hgp a hitu ty, thi
fupzy +vre) <upf(rr) +vaf(x2), Vn € Nyzq, 29 € I(a,b).
Chuyén qua gi6i han va sit dung tinh lién tuc ctia f(x), ta thu dugc
flazy + Bra) < af(z1) + Bf(x2).
19
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Nhan xét 1.3. Gia st f(x) khac hing s6 va la ham 16i trén [a,b] véi
f(a) = f(b). Khi d6 f(z) # f(a) v6i moi x € (a,b).

Tiép theo, ta dic biet quan tam dén 16p con ctia 16p ham cac ham 16i.
D6 1a 16p cac ham 16i hai lan kha vi. Day 1a 16p ham thong dung nhat cta
giai tich gdn v6i nhiéu bat dang thic co dién.

Dinh 1y 1.16 ([4],[6]). Gia st f(z) ¢6 dao ham cap hai trong khoang
(a,b). Khi d6 diéu kién can va dt dé ham s6 f(x) 16i trén (a,b) 1a

f"(x) <0, z € (a,b). (1.28)
Chitng minh. Dicu kién can. Khi f(x) 1a ham 16i, ta c6

f(x+h)+ f(x—h)—2f(x) >0, Vx € (a,b),h >0, ma x££ h € (a,b).
(1.29)
Gia stt f”(x) < 0. Khi d6 ton tai cap so6 duong d, u sao cho

f(xo+u)— fl(xg —u) < —du, v6i0<wu<h.
Lay tich phan hai vé theo can tit v = 0 dén u = h, ta dugc
1
f(xo+h)+ flzo—h) —2f () < §5h2;

mau thuan véi (1.29).
Diéu kién di. Ta st dung gia thiét f”(x) > 0 trong (a,b) dé ching minh
bat dang thic (1.27):

) < HOIEE, e (0,
That vay, theo Dinh 1i Lagrange thi
T — I
va
f(z) > f(@) = f(xo)’ khi z < x.
r — Xy
Suy ra
fa) =) _ fa) =) o
1 — X To — X
20
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Diéu nay tuong duong véi

To — T r— X

< f(xe), khiz <z < o
To — 1 To — T

1
Chon x = 5(:61 + 9), ta duge (1.27).

Bo dé 1.1 ([4],[6]). (i) Néu f(z) kha vi bac hai va 16i trén I(a,b) thi véi
moi cip xo, z € I(a,b), ta déu co

f(@) = flao) + (o) (x — x9).
(i) Néu f(x) kha vi bac hai va 1om trén I(a,b) thi v6i moi cip xp,z €
I(a,b) ta déeu co
f(@) < flzo) + f'(zo)(x — x9)-
Ching minh. (i) Véi x,zq € I(a,b)
+ Néu z > zg thi theo Dinh Ii Lagrange ta c6

f(x) = f(x0)

T — X9

= f'(xq) véizy € I(xg,x).

Lai ¢6 f"(x) > 0 v6i moi = € I(a,b) nén f'(x) dong bién trong I(a

suy ra (1) 2 ) Vay LI o 1) T a6 sy v 1)

f(zo) + f'(zo)(x — x0) (do x — g > 0).
+ Néu o < xg thi theo Dinh Ii Lagrange ta c6
f(x) = f(xo)
r — Xy
Lai ¢6 f"(x) > 0 v6i moi x € I(a,b) nén f'(x) dong bién trong I(a,b

).
Suy ra f'(x1) < f'(x). Vay f(xx) : isxo) < f(xp). Tt d6 suy ra f(x) >

f(xo) + f(xo)(x — xg) (do x — 9 < 0).
(ii) Lap luan tuong tu (i).

b).
>

= f'(xq) véizy € I(x,x).

1.3 Ham don diéu bac cao

Tiép theo, ta xét 16p ham 16i bac cao va mot s6 tinh chat co ban cla
chting. Truéc hét, ta nhac lai cac tinh chat dic trung va ciing 1a dinh nghia

ctia ham dong bién va ham 16i quen biét.
21
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Tinh chat 1.7 (Dang noi suy). Ham s6 f(x) dong bién trén I(a,b) khi
va chi khi v6i moi cap s6 phan biét xg, 1 € I(a,b), ta déu co

flo) | fl) (1.30)

1 — T2 T2 — X1

Chitng minh. Chiing minh la hién nhieén.

Tinh chat 1.8 (Dang noi suy). Ham s6 f(z) 16i trén I(a,b) khi va chi
khi v6i moi bo ba s6 phan biet xg, z1,xs € I(a,b), ta déu c6

f (o) N f(z1) N f(x2) > 0.

(o — 1) (w0 — 22) (21 — w2)(21 —20) (T2 — T0) (22 — 71)
(1.31)

Chitng minh. Ching minh dugdc suy ra truc tiép tit tinh chat tuong

duong sau day ctia ham 10i.
Tinh chat 1.9. Ham s6 f(x) 16i trén I(a,b) khi va chi khi v6i moi cap
x1, 29 € I(a,b), x1 < 9, ta déu c6

T9 — X r — T

fz) <

flxy) +

f(l’g), khi r1 < x < x9.
To9 — T1 To — I

T cac tinh chat da néu nay, goi ¥ cho ta c6 thé ngam coi ham dong
bién nhu 1& ham 16i “bac 07, con ham 16i thi ciing c6 thé goi 1a “ ham dong
bién bac hai”. V6i cach ngam hiéu nhu vay, ta c6 thé phat biéu dinh nghia
ham 161 bac cao (bac k, k € N*) tuy ¥, nhu sau.

Dinh nghia 1.7 ([4],[6]). Ham s6 f(x) dugc goi 1a n-16i trén I(a,b) khi

ting v6i moi bo n + 1 s6 phan biet trong I(a,b), ta déu c6

_x f()) 0
f[iL’(),ﬂJl,...,ZL‘n]. ;w’(gjj) > 0,

trong do

n

w(x) = H(m — ).

k=0

Tuong tu, ta ciing ¢6 dinh nghia ham lom béc cao.
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Dinh nghia 1.8 ([4],[6]). Ham s6 f(z) dugc goi 1a n-16m trén I(a,b) khi
ting v6i moi bo n + 1 s6 phan biet trong I(a,b), ta déu c6

— f(x)
flzo, 1, ... 2] == - <0,
m jz:;w(%’)

trong do

n

w(x) = H(x — xp).

k=0
Twong nhu dinh nghia cia ham don diéu bac hai, ta c¢6 dinh nghia cta

ham don diéu bac cao nhu sau.

Dinh nghia 1.9. Ham f(x) ¢6 dao ham cap n (n € N*) khong doi dau
trong khoang I(a,b) dugc goi 1a ham don diéu ngat (thyc sy) bac n. Néu
f™(x) >0, Vo € I(a,b) (f™(z) <0, Vo € I(a,b)) thi ta néi ham don
diéu tang (don diéu giam) bac n trong khoang do.

Tu Dinh nghia ham n-16i (16m) trén I(a,b), ta dé dang chiing minh cac

tinh chéat sau.

Tinh chat 1.10. Néu ham s6 f(z) 1a n-16i trén I(a,b) véi n > 2, thi ton
tai f*)(2) véi moi 1 < k < mn — 2 va ham s6 g(z) := f®(z) 1a n — k-10i
tren I(a,b).

Tinh chat 1.11. Ham s6 f(x) c6 dao ham bac n trén I(a,b) 1a n-15i trén
I(a,b) khi va chi khi

£ (x) >0, Vo € I(a,b).

Bo dé 1.2. Néu f(z) kha vi bac ba va bac hai va f”(x) > 0,Vz € I(a,b)
thi v6i moi cdp diém phan biet zg, z € I(a,b), ta déu c6

f(x) > f(l'()) +f/<$0)+ f”(.%'o)

T—xy T — To 2!

(x — ). (1.32)

Ciing tuong tu nhu phép biéu dign ham 16i (16m) thong thuong, ta c6
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Dinh ly 1.17 ([4],[6]). Néu ham s6 f(x) 1a n-16i trén [a, b] thi ton tai ham
s6 g(x) va da thic P(x) bac khong qua n — 1 sao cho

f(z) = P(x) +/%g(t)dt. (1.33)

a

Ching minh. Ching minh dugc suy truc tiép tit biéu dién ctia ham 16i

fr-2o)

T

£ @) = ao+ [ gty
va lay tich phan n — 2 lan lién tiép, ta sé thu duge (1.33), dieu phai chiing
minh.
Dé don gian cach trinh bay, vé sau, néu khong c6 chi thich dac biét, ta
chi xét 16p cac ham 16i (16m) kha vi bac hai. Nhu vay, ham f(x) don diéu
tang trong I(a,b) khi va chi khi

f'(z) >0, Vz € I(a,b)
va ham f(x) 101 trén I(a,b) khi va chi khi
f"(x) >0, Vx € I(a,b).

Tu do, ta ¢6 nhan xét, khi ham f(x) 161 trén I(a,b) thi dao ham bac nhat
cua no6 la mot ham don diéu tang.

Do vay, ta ¢ thé phat biéu tinh chat biéu dién ham 16i nhu sau.

Dinh ly 1.18 ([4],[6]). Ham s6 f(x) 16i trén I(a, b) khi va chi khi ton tai
ham g(x) don di¢u tang trong I(a,b) va sé ¢ € (a,b), sao cho

f(x) = f(c) + / glt)dt.

24
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Chuong 2

Bat dang thic lién quan dén 16p
ham don diéu lién tiép

Trong chuong hai, ta quan tam dép 16p con ctia 16p ham don dieu do 1a
16p ham don diéu lién tiép bac 1-2 va 16p ham don diéu lién tiép bac 2-3.
Ta sé tim hiéu tong quéat dinh nghia, tinh chat va cac dinh 1y lién quan.
Phan cudi chuong xét mot s6 16p ham don diéu tuan hoan va ham don

dieu tuyet doi.

2.1 Ham don diéu lién tiép bac 1-2

Trong muc nay, ta dic biét quan tam dén dang bat dang thic sau
(thuong duge goi 1a Bat dang thiic Karamanta) c6 rat nhiéu tng dung
trong thic tién.

Dinh ly 2.1 (Bat dang thic Karamanta). Cho hai day s6 {xj,yx €
I(a,b),k =1,2,...,n}, thoa man cac dieéu kién

xlZx22---2xmy12y22--->yn

(11 >y
1+ X2 > Y1+ Yo

1+ To+ -+ Ty 2Y1+ Y2+ F Ynaa
(L1t T2+ T T =Yr+ Yo+t Yn
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Khi do, ting v6i moi ham 16i thuc su f(x) (f"(x) > 0) trén I(a,b), ta
deu c6

fQ@r) + floo) + -+ fzn) = flyr) + fly2) +- -+ flya).  (2.1)

Tiép theo, ta xét 16p ham don diéu lién tiép bac 1-2 va mot sb tinh chat
co ban ctia ching. D6 14 16p ham dong thoi c6 dao ham bac nhat va bac
hai khong déi dau trén I(a, b).

Dinh nghia 2.1 ([5]). Néu ham dong thoi ¢6 dao ham bac nhat va bac
hai duong trong khoang dang xét thi ta néi ham s6 d6 dong bién lién tiép
bac 1-2 trén khoang da cho.

Dinh nghia 2.2 ([5]). Néu ham dong thoi ¢6 dao ham bac nhat va bac
hai am trong khodng dang xét thi ta n6i ham s6é dé nghich bién lien tiép
bac 1-2 trén khoang da cho.

Dinh 1y 2.2 ([5]). Cho hai day s6 {xy, yx € I(a,b),k =1,2,...,n}, thoa
man cac dieu kién

X1+ To+ - F+Tp = +Y+ -+ Yn

Khi do, tng méi moi ham fi(t), fo(t), ..., fu(t) dong thoi dong bién hoac
nghich bién lién tiép bac (1, 2) trén I(a,b), ta déu c6

fi(w1) +f2(:c2) ++fn(xn> > fi(y1) +f2(92) ++fn(yn)

fily)  fo(ye) Folyn) = filyr) — fa(1e) ! ()

Chiing minh. Trudc hét, ta xét truong hop cac ham fi(¢), fo(t), ..., fu(t)
dong bién liép tiép bac 1-2 tren I(a,b). Theo gid thiét, cac ham fi(t) c6
dao ham bac nhat v& bac hai duong trén I(a, b), nén theo B dé 1.1 ta c6

Sr(wr) = felyr) + filue) (or — yi)

(2.2)

" felw) _ flwe)
i) = Jigo T
Vay
— fi(z1) _ ~— (Sr(up) B
2 iy = 2 (G 76— )
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hay

Z fi(z —~ fil(yr)

r(Ur) 1 o)

dox1+x2+...+xn—(y1+y2+...—|—y )=0.
D61 v6i truong hop khi cac ham fi(¢), fo(t), ..., fn(t) nghich bién lién

tiép bac 1-2 trén I(a,b) thi theo gid thiét, cac ham fr(t) 1a c6 dao ham
bac nhat va bac hai am trén I(a,b), nén ta co

Srler) < felyr) + filue) (@ — i)

va
fe@e) _ oy B
o = flw) T
Vay nén
—~ fi(r) Jr(yr) B
— fi(yr) Zk: (fk( D yk)
hay

~

f k(T k(Yk)
Z o

~—

doxi+a0+...+x,— (y1+y2+...+yn) = (0. Dau dang thtc xay ra khi
Tk = Yk, k:1,2,...,n.
V6i cach chiing minh tuong tu, ta c6 thé ching minh dinh 1f sau.

Dinh 1y 2.3 ([5]). Cho hai day s6 {x,yx € I(a,b),k =1,2,...,n}, thoa
méan cac dieu kien @1 +x9+ -+, = y1 +yo + - - - +y,. Khi d6, ting mdi
moi ham fi(t), fo(t), ..., fu(t) 10m va ¢6 dao ham bac nhat 1a cac ham s6
duong trén khoang I(a,b), ta déu c6

ka ka;

Ching minh. That vay, theo gia thiét, cac ham fi(¢) 1a c6 dao ham bac
nhat duong va bac hai khong duong trén I(a, b), nén theo Bo dé 1.1, ta c6

Sr(er) < felyr) + filye) (o — yi)
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va

Sele) _ Ju(yn B
Fiw) = fi) T
Vay nén
— fi(xr) Ji(yr) B
2 f S & <fk< )+ )
hay
fk < fr(yr)
Z —~ fi(ur)

do :1:1+:1:2+...+xn—(y1+y2+...+yn) —= (0. Dau dang thtc xay ra khi
T = Yk, k:1,2,...,n

Dinh 1y 2.4 ([5]). Cho hai day s6 {xg,yr € I(a,b),k =1,2,...,n}, thoa
man cac dieu kien x1 + a9+ -+, = y1 +yo + -+ - + y,. Khi d6, ting
mdi moi ham f1(t), fo(t), ..., fu(t) 161 va c6 dao ham bac nhat 1a cAc ham
s6 am trén khoang I(a,b), ta déu co

ka ) ka

Ching minh. That vay, theo gia thiét, cdc ham fi(¢) 1a c6 dao ham bac

nhat am va bac hai khong am trén I(a, b), nén theo Bo dé 1.1, ta c6

Srlxr) > felyr) + filye) (@ — )

va
Seler) _ fre(yr) 3
Fi(yk) Sfé(yk)+xk o
Vay nén
" fr(zy) Jre(yr) B
2 ) Sk_ (B 7~ )
hay
fk < (k)
Z — Jilyr)

doxi+zo+...+ 2, (y1+y2+ A4y )—0 Dau dang thiic x4y ra khi

Ty = Yk, k:1,2,...,n
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2.2 Ham don diéu lién tiép bac 2-3

Tiép theo, trong muc nay, ta xét 16p ham don diéu lién tiép bac 2-3 va
mot s6 tinh chat co ban ciia ching. D6 1a 16p ham dong thoi c6 dao ham
bac hai va bac ba khong dbi dau trén I(a,b).

Dinh nghia 2.3 ([5]). Néu ham dong thoi ¢6 dao ham bac hai va bac ba
duong trong khoang dang xét thi ta néi ham sd d6 dong bién lién tiép bac
2-3 trén khoang da cho.

Dinh nghia 2.4 ([5]). Néu ham dong thoi ¢6 dao ham bac hai va bac ba
am trong khoang dang xét thi ta n6i ham s6 dé nghich bién lién tiép bac
2-3 trén khoang da cho.

Dinh 1y 2.5 ([5]). Cho hai day s6 {x,yx € I(a,b),k =1,2,...,n}, thoa

méan cac dieu kién
T+t F =t Y, e F U k=1,2,...,n

Khi d6, ing méi moi ham fi(t), fa(t), ..., fn(t) dong bién hodc nghich bién
lien tiép bac 2-3 trén khoang I(a,b), ta déu c6

Z[f fkflrk o Jr(Y) } Z( )

)@k — yi) k (yr) (2 — yr)

Chitng minh. Trudc hét xét trudong hop cac ham fi(t), fo(t), ..., fu(t)
dong bién lien tiép bac 2-3 trén I(a,b). Theo gia thiét cac ham fi(t) 1a c6
dao ham bac hai v& bac ba duong trén I(a,b), nén theo Bo dé 1.2, ta c6

Ju(xr) S Jr(yw)

) + )

Tk —Ye Tk — Yk 2!
va
fi(xr) Si(yr) filyk) @k — Yk
) on— 90— L@ —w) | flwe) T 2
Vay nén
fk ) B Sr(y) — (filys) | ok —
Z Ji ) (@r —ye) 7 () (@ — yk)} - — ( i (Y) T >’
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hay

- felze) — felwe) —~ ( filye)
par] [ r ) (@e — ) Sy () (2 — yk)} - P ( é/(yk))

dory+mxo+...4+xy— (Y1 +y2+...+yn) =0.

D61 v6i truong hop khi cac ham fi(¢), fo(t), ..., fu(t) nghich bién lién
tiép bac 2-3 trén I(a,b) thi theo gid thiét, cac ham f(¢) 1a ¢6 dao ham
bac hai va bac ba am trén /(a, b), nén ta c6

felew) _ falye) k (Yr)
p— < o F Filyn) + =5 (@ = ).

vy Ji(@r) > fe(y) fk( k) LT Y
) (@ —ye) — S () (2 — yk) 7 (y) 21

Vay nén

_|_

fk T) fe(yk) —~ /frlyr) T —
Z Se i) (@e — k) Sy (ue) (2 — yk)} = po ( " (yr) 2! )

hay

- { . fi(xr) fi(yr) - <f£;(yk))

2 T — ) ,;’(:yk)(:ck—yk)]i:l ()

dory+xo+...4+x,— (Y1 +y2+...+yn) =0.
Dau déng thiic xay ra khi

e — Yk, k=1,2,...,n.

Diéu nay chiing t6 bat déng thitc da cho la chit.
Vé6i cach chitng minh tuong tu, ta c¢6 cac dinh 1i sau.

Dinh 1y 2.6 ([5]). Cho hai day s6 {x,yr € I(a,b),k =1,2,...,n}, thoa

man cac dieu kien

x1+x2_|_...—|—ajn:yl—l—yz—k"'—'—yn’xk%yk,k:172,,n
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Khi d6, ting méi moi ham fi(¢), fo(t), .. ., fn(t) dong thoi dong bién (nghich
bién) bac hai va nghich bién (dong bién) bac 3 trén khoang I(a, b), ta déu

i[ _ Ji(zg) B Jr(Yi) ] < i <f]2(yk)).
— L) (@r —yr) S (e (e — ye)d = = Nl (o)

Chiing minh. That vay, gid thiét cdc ham fi(¢) ¢6 dao ham bac hai
duong va bac ba khong duong trén (a,b). Khi d6

Silen) o o) |y S0

co

Tk —Ye Tk — Yk 2!
) Al L R |
T e — o)~ T —w) | flwe) T 2
Vay nén
- Jr(zr) 3 Jr(y) — (filyr) | ok —un
kz:; { R ) (e — ) S () (e — yk)} : — ( 7 (Ur) T )
hay

Z[f Ji(zg) _ Jr(Y) } Z( )

)@k — yi) n (k) (@ — yr)
doxi+xo+...+x,— (1 +y2+...+y,) =0.

2.3 Mot s6 16p ham don diéu tuan hoan va don diéu
tuyét doi

Song song véi 16p ham don diéu thong thuong, nhiéu 16p ham don dieu
khac cling duge nhiéu ngudi nghién ctu cac dac trung ciia ching nhu don
dieu day du !, don diéu c6 tinh tuan hoan 2, don diéu tuyet déi,. ..

Dinh nghia 2.5 ([4],[6]). Ham s6 f(x) dugc goi la ham don diéu ¢6 tinh
tuan hoan trong khoang (a, b) khi va chi khi cac dao ham ctia ching khong
triét tieu (c6 dau khong ddi) va

FP () fF2(2) <0, w € (a,b),k=0,1,2,...

!Tiéng Anh: completely monotonic function
2Tiéng Anh: cyclically monotonic function
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Vi du vé ham so cap don diéu ¢6 tinh tuan hoan trong khoang (a,b)(a >
0) 1a cac ham s6 sau.

Vi du 2.1. Ham s6 f(z) = sinz 1a ham s6 don diéu c¢6 tinh tuan hoan

trong khoang (O, g)

Vi du 2.2. Ham s6 f(x) = cosz 1a ham s6 don di¢u c6 tinh tuan hoan

trong khoang (g, 7T) :

Vi du 2.3. Cho ham s6 g(z) lién tuc va duong trén doan [0, +00) thi ham

S

On

1
fx)= [ git)e™dt, A>0
[

14 ham s6 don diéu ¢6 tinh tuan hoan trong khoang (0, 4+00).

Bai toan 2.1. Cho ham s6 g(z) lien tuc va duong tren doan [0, 1] va ham

S )
f@) = [ gt ar
0

Chiing minh rang

!f(’“)(x;y)l > 2’“|f(#)\, Yo,y e (0,1),k=0,1,...
Chitng minh. Ching minh dudc suy ra truc tiép tit bat dang thitc Cheby-

chev déi véi tich phan xac dinh.

Nhan xét 2.1. Hoan toan tuong tu, ta ciing ¢ thé khao sat 16p ham 16i
thay cho 16p ham don diéu.

Dinh nghia 2.6 ([4],[6]). Ham s6 f(z) dugc goi 1a ham don diéu tuyet
ddi trong khoang (a,b) néu dao ham moi cap clia n6 déu khong doi dau:

FfO(2) >0 (<0), Vo€ (a,b),k=01,2...

Ciing vay, ta c6 dinh nghia ciia ham dong bién va nghich bién tuyét doi.
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Dinh nghia 2.7 ([4],[6]). Ham s6 f(x) dugc goi 1a ham dong bién (nghich
bién) tuyét ddi trong khodng (a,b) néu dao ham moi cap cia né déu la
ham dong bién (nghich bién) tuyet déi trong khoang do.

Vi du vé cac ham s6 so cap don dieu, dong bién (ngich bién) tuyet doi
trong khoang (a,b)(a > 0) la cdc ham s6 sau.

Vi du 2.4. Moi da thitic P(x) véi cac hé sb déu duong 1a ham don dieu
tang tuyet doi trong khoang (0, +00).
That vay, day cac da thitc P%¥)(z) ¢6 cac he s6 déu khong am nén

PW(z) >0, Vo >0,k=0,1,...

Vi du 2.5. Ham s6 f(z) = €* 1a ham dong bién tuyet doi trong khoang
(0, 400).

Vi du 2.6. V6i moi ham s6 g(x) lien tuc va duong trén [0, 1], ham s6

f@) = [ gttrear

dong bién tuyet doi trong khoang (0, 1).
Vi du 2.7. Ham s6

r—1
fa) =11

1a ham nghich bién tuyet déi trong khoang (1, +00).

eSE

Nhan xét 2.2. Néu ham s6 f(x) 1a ham dong bién tuyet ddi trong khoang
(a,b) thi ham s6 g(x) := —f(x) s& 1a ham nghich bién tuyet d6i trong
khoang d6 va nguge lai. Vi vay, khong mat tinh tong quat, ta chi trinh
bay cac bai toan lien quan dén ham don diéu tang va dong bién tuyet doi
trong khoang da cho.

Bai toan 2.2. Chiing minh rang v6i moi ham sé g(z) lién tuc va duong
tréen doan [0, 1], ham s6

ﬂm:/ﬁmWﬁ
0
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sé 1a ham dong bién tuyet do6i trong khoang (0, 1).
Chitng minh. Ching minh dugc suy ra tric tiép tir tinh chat ctia tich
phan xac dinh.

Bai toan 2.3. Cho ham s6 g(z) lien tuc va duong trén doan [0, 1] va ham

sO

1
f(x)= [ gt)er dt, x> 0.
[

Chiing minh rang

) f)
FE () = f0()

, Yz e (0,1),k=0,1,...

Ching minh. Chiing minh dudc suy truc tiép tit bat ding thiic Cheby-

chev déi véi tich phan xac dinh sau day

1 1 1 )
/g(t)tkemsdt/g(t)t2+keAto:dt > /g(t)tkﬂemdt/g(t)tkﬂemdt_
0 0 0 0
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Chuong 3

Mot s6 ting dung ctia ham don diéu
theo bac trong luong giac

Trong chuong nay, ta xét mot s6 bat dang thic dang khong déi xing
trong tam giac sinh bdi cadc ham sin vi cos ma dau ding thiic khong xay
ra trong tap cac tam gidc thuong. Cudi ciing 14 nhan dang mot s6 dang

tam giac dat biét.

3.1 Mot sé dang bat dang thidc dang khong dbi
xung trong tam giac

Trong muc nay, dau tién ta xét mot sé bat dang thitc co ban dang khong
doi xting trong tam gidc sinh bdéi ham cos ma dau dang thic khong thé
xay xa trong tap cac tam giac thuong. Sau do6 ap dung phuong phap dé
dé ching minh cac bat déng thic dang tuong tu.

3.1.1 BA4t ding thiic dang khong déi xing trong tam giac sinh
bdi ham cos
Ta bat dau bang bai toan sau day.

Bai toan 3.1. Cho céc s6 duong z,y, 2z tiy y. Chting minh rang véi moi
tam giac thuong ABC ta déu c6

zcos A+ycos B+zcosC > —max{x,y, z} + med{x,y, 2} + min{z, y, z}.
(3.1)

35

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



Gidi. Khong mat tinh tong quat, gia st x >y > 2.
Ta nhic lai bat dang thic quen thuoc sau
B  C

A
cosA+cosB+cosC:1+4sin§sin§sin§ > 1,

do siné > 0,sin 2 > 0, sin% > 0, v6i moi tam giac ABC. Nhan xét rang
s6 1 1& u6c lugng t6t nhat clia bai toan.
That vay, khi cho A = o > 0 di nhé thi B+ C = 7 — «, dlt gan 7 thi

T — B-C

ali)n(f)lJr(cos&-i-Qcos 5 COS 5 ):1.

Ta co

xcos A+ ycos B+ zcosC = x(cos A+ cos B+ cos ()
+(y —x)cos B+ (2 — x) cos C.

Theo ching minh trén, cos A + cos B + cosC > 1 va z > 0 nén
x(cos A+ cos B+ cosC) > x.
Lai c6, docos B < 1,cosC <1lvay—x <0, z—x <0nén
(y—z)cosB+ (z —x)cosC > (y —x) + (2 — z).
Vay nén ta thu dugc
xcosA+ycosB+zcosC>x+y—ax+z—x=—-c+y+ 2.

Nhan xét 3.1. Vi cac tam giac thuong, dau déng thic trong bat dang
thitc (3.1) khong xdy ra, nhung ta khong thé thay thé vé phai béi mot gia
tri 16n hon —x + y + 2z, that vay, khi cho B = C' = a > 0 du nhé thi
A=m— 2o digan 7 va

lim (zcos(m — 2a) + ycosa+ zcosa) = —x +y + 2.
a—07T

Dé xét tiép gia tri 16n nhat ciia biéu thiic
xcosA+ycos B+ zcosC,

ta bat dau bang viec xét cac trusng hop don gian nhat khi biéu thic duge

xét trong bai todn co6 tinh chat doi xiing cuc bo.
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) 1 .
Bai toan 3.2. Cho so thyc m théa man 0 < m < 5 Chiing minh rang

v6i moi tam giac ABC ta déu c6
cos A+ cos B+ mcosC <2 —m. (3.2)
Gidi. Ta co cac bién déi va ude luong sau day.

P = cosA+cosC +mecosC

A+ B A—-B
= 2co0s —; coS 5 +mcosC

¢ A-B

= 2sin — cos
2

C
+ m(l — 25sin? 5)
C C
< 2sin— +m(1l —2sin* =)
2 2
Dau dang thic xay ra khi va chi khi A = B. Xét ham s6

F(t) = 2sint + m(1 — 2sin’t), t € (0, g).
Ta c6

1
F(t) = 2cost(1 — 2msint) > 0, Vt € (0, g),o <m<s.
f'(t) = 0 khi va chi khi t = g Vay f(¢) 1a mot ham dong bién trong

khoang dang xét. Do vay
() < f(g) =2—m, Vt € (0, g).

Nhan xét 3.2. Dau dang thic trong bat dang thitc (3.2) xdy ra khi va
chi khi C = 7, A = B = 0. V6i cac tam giac thuong, dau déng thic trong
bat dang thic (3.2) khong x4y ra, nhung ta khong thé thay thé vé phai
b6i mot gid tri nhé hon 2 — m, that vay, khi cho A = B = a > 0 dia nhd
thi C = 7 — 2a dt gan 7 va

lim (cosa+ cosa +mcos(m —2a)) =2 —m.
a—01

. 1 1 1
Tiep theo, ta xét truong hop x,y, z thoa man — + — < —.
Yy

Ta bat dau bang viéc chiing minh bo dé sau day.

N
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Bo6 dé 3.1. Gia st z,y, 2z 1a cac s6 duong théa méan i + 1 = % Khi do
v6i moi tam giac thuong ABC ta deéu c6 ’
xcosA+ycosB+zcosC <x+y—z. (3.3)
Chitng minh. Ta c6 cac dong nhat thic sau:
xcos A+ ycos B+ zcosC =xcos A+ ycos B—zcos(A+ B), (34)
(zcos A+ ycos B)? = 2% cos® A + y* cos® B + 2xycos Acos B.  (3.5)
Stt dung bat dang thiic gitta trung binh cong va trung binh nhan, ta c6
21y sin Asin B < 2?sin? A + y?sin® B, (3.6)
20(z cos A+ ycos B) < 6* + (xcos A+ ycos B)?, V6 € R. (3.7)
T cac he thic (3.4) dén (3.7), suy ra

20(x cos A + ycos B) + 2xy cos C
= 26(zcos A+ ycos B) — 2xycos(A+ B)
20(x cos A + ycos B) — 2xy cos A cos B + 2zysin Asin B
6% + 2% cos® A + y* cos® B + 2zy cos A cos B

IA

—2xycos Acos B + 2xysin Asin B
6% + 2% cos’ A+ y?cos® B+ 2?sin® A + y?sin® B

— 24P

hay

20(x cos A+ y cos B) + 2xy cos C < x? + 4* + §°. (3.8)
Chon 0 = x 4 y, ta thu duge

2 2 2
xcosA+ycos A+ it COSCS:U ty +(z+y) =xr+y— vy )
T4y 2(x +y) r+y

.1 1 1

Theo gia thiet, — + — = - & i = z nén ta co
x Yy =z r+y

xcos A+ ycos B+ zcosC < x+y— 2.
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Nhan xét 3.3. Dau dang thitc trong bat dang thitc (3.3) xay ra khi va
chi khi

S A=B=0,C=m.

rsin A = ysin B
r4+y=xcosA+ycosB

Véi cac tam giac thudng, dau dang thiic trong bat dang thic (3.3) khong
xay ra, nhung ta khong thé thay thé vé phai bdi mot gia tri nhé hon
x4+ y — 2z, that vay, khi cho A = B = o > 0 di nhé thi C = 7 — 2a du
gan 7 va khi do6

lim (zcosa+ycosa+ zcos(m —2a)) =z +y — 2.
a—0+

Tt bo dé trén ta c6 bai toan sau day.

. 1 1
Bai toan 3.3. Gia st x, y, 2 la cac so duong thoa man — + — < —. Chiing
x Yy z
minh réng véi moi tam giac thuong ABC ta déu c6
xcosA+ycosB+ zcosC <x+y—z. (3.9)

Gidi. Tu gia thiét ta suy rax > z va y > 2.

Khong giam tinh tong quat, ta coi x >y > 2.

Truong hgp x = y da duge xét trong Bai toan 3.2. Vay taxét khixz >y > 2.

Chon z;1(2z1 > z) sao cho
1 1
4=
T Yy <1

Theo B6 dé 3.1 thi

xcos A+ycos B+ zicosC <x+y— 2.

Ta co

rcosA+ycos B+ zcosC = wcosA+ycos B+ 2z cosC+ (2 — 21)cosC
< z+y—z+(2z—2)cosC.

Ta can ching minh ring
r+y—z1+(z—2z)cosC<zx+y—z VC€|0,n],
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hay

(z—2z1)cosC <z — 2z, VC € [0,7] & cosC > —1.
Diéu nay la hién nhieén.
Nhan xét 3.4. Dau dang thitc trong bat dang thitc (3.9) xay ra khi va
chikhi A=B=0,C =m.
Véi cac tam giac thudng, dau dang thiic trong bat dang thic (3.9) khong
xay ra, nhung ta khong thé thay thé vé phai bdi mot gia tri nhé hon
¥4y — 2, that vay, khi cho A = B — a > 0 dit nhd thi C = 7 — 2o di

gan m va

lim (zcosa+ ycosa+ zcos(m —2a)) =z +y — 2.
a—01

Bai toan 3.4. Cho z,y, z 1a ba s6 duong tity y. Chitng minh rang véi moi
tam giac ABC, ta déu co

xcos2A +ycos2B + zcos2C < x +y + 2.
Giai. Ta co

cos2A <1, cos2B <1, cos2C <1

xcos2A +ycos2B 4+ zcos2C <z +y + z, (3.10)

do z,y, z duong.

Nhan xét 3.5. Dau dang thiic trong bat dang thitc (3.10) xay ra khi va
chi khi

cos2A =1
cos2B =1
cos2C =1

ma A+B+C =m,nén A =0,B = 0,C = 7 hoac cac hoan vi ctia n6. Véi
cac tam gidc thuong, dau dang thiic trong bat dang thic (3.10) khong xay
ra, nhung ta khong thé thay thé vé phai béi mot gia tri nho hon x + vy + 2,
that vay, khi cho A = B = a > 0 di nho thi C' = 7 — 2a dlt gan 7 va

lim (zcos2a + ycos2a + zcos(2m — 4a)) =z +y + 2.

a—0*

Dé xét cac bai toan tiép theo, ta chitng minh bo dé sau.
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R . 1
Bo dé 3.2. Cho cac so duong x, ¥, z sao cho — + — = —. Khi d6 v6i moi
x Yy oz

tam giac thuong ABC ta déu co
xcos2A +ycos2B + zcos2C > z —y — x.

Chitng minh. Tit gia thiét, ta c6 x > 2,y > z. Khong méat tinh tong
quat, coi x > y > z. Khi d6 VAABC, ta c6

x cos2A 4+ ycos 2B + z cos 2C = xcos 2A + y cos 2B + zcos(24 + 2B),

(3.11)
cos(2A + 2B) = cos 2A cos 2B — sin 2A sin 2B, (3.12)
(2 cos2A 4+ ycos 2B)? = z% cos® 24 + y? cos® 2B + 2xy cos 2A cos 2B
(3.13)
—2xysin2Asin 2B > —a%sin? 24 — y* sin® 2B, (3.14)

va
2(x+y)(xcos 2A+y cos2B) > —(x+y)*—(x cos 2A+y cos 2B)?. (3.15)
T (3.11) - (3.15), ta suy ra

2(x + y)(z cos 2A + y cos 2B) + 2zy cos 2C

> —(z+y)? — 2% cos? 2A — y? cos? 2B — 221 cos 2A cos 2B + 22y cos 2C
= —(z+y)* — 2% cos?2A — y* cos® 2B — 2zysin 2A sin 2B
> —(z+ y)2 — 2% cos’ 24 — y? cos* 2B — 2? sin? 2A — y*sin® 2B
= —(2®*+ ) — (v +y)? =2 +y)*+ 2y
Vay

2(x + y)(x cos 2A + y cos 2B) + 2xy cos 2C > —2(x + y)* + 2xy,

hay
x cos2A + ycos2B + cos2C > —(x +y) + Y (3.16)
r+y T +y
\ . 1 1 1
St dung dang thic — + — = —, ta thu dugce
x Yy oz
xcos2A +ycos2B + zcos2C > z —y — . (3.17)
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Nhan xét 3.6. Dau dang thiic trong (3.17) xay ra khi va chi khi

rsin2A = ysin 2B - m+y:y§1n20
r+y=—(xrcos2A + ycos2B) x+y:—s%2’%648214+y00323)

sin2A + sin 2B = sin 2C'
r+y=—(xcos2A + ycos2B)

hayA:g,B:g,Czo.
Vi cac tam gidc thuong, dau dang thitc trong bat dang thic (3.17) khong
x4y ra, nhung ta khong thé thay thé vé phai béi mot gié tri l6n hon z—y—=z,
that vay, néu chon A = B = a < g du gan g thi gia tri ctia biéu thic &
vé phai ctia (3.17) di gan z —y — z vi

lir7rT1_ (2 cos2a + ycos2a + zcos(2m — 4ar)) =z — y — .

oa—

2

) 1
Bai toan 3.5. Cho cac so duong x,y, 2z sao cho — + — < —. Chtng minh
x oy oz
rang véi moi tam giac thuong ABC' ta déu c6
xcos2A +ycos2B + zcos2C > z —y — . (3.18)

Gidi. Khong mat tinh téng quat, coi > y > z > 0. Chon 2; théa man
U S| 2 .
dieu kién — + — = —. Hién nhién 1a z; > z. Ta co
xr Yy 2

x cos 2A+y cos 2B+z cos 2C = x cos 2A+y cos 2B+21 cos 2C+(z—2 ) cos 2C.
(3.19)
Theo B6 dé 3.2 thi

xcos2A +ycos2B + z1c082C > 2z —y —x
va do cos 2C < 1 nén
(z — z1)cos2C > z — 21.
Suy ra, véi moi AABC ta déu co6

xcos2A + ycos 2B + z cos 2C
= xcos2A 4+ ycos2B + 2z cos2C + (z — z1) cos 2C
> (n1—z—y+(z—2)=z2—2—1y.
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Nhan xét 3.7. Dau ding thitc xay ra khi va chi khi hay A =
g, C =0
Vi cac tam gidc thuong, dau dang thitc trong bat dang thic (3.18) khong

, B =

bo |

x4y ra, nhung ta khong theé thay thé vé phai béi mot gia tri 16n hon z—y—zx,
) T L .
that vay, néu chon A = B =a < 5 du gan 5 thi gia tri ctia bieu thtc 6

vé phai ctia (3.18) di gan z —y — z vi
lim (zcos2a + ycos2a + zcos(2m — 4a)) =z — y — .
n

a——

2

Dé xét bai toan tiép theo, ta can cac bo dé sau.

Bo6 dé 3.3. V6i moi tam giac ABC' ta déu cé

COSE +COS§ —|—cos§ > 2.
Ching minh. Ta co
CoS — —|—cos§ —|—COS€ > cos2é —|—cos2§ +COSQ€
2 2 2 2 2 2

B 1+COSA+ 14+ cosB N 14+ cosC
a 2 2 2

3 1
— §—|—§(COSA+COSB+COSC).

Ta ludn co

A B C
CosA+cosB+cosC:1+4sin§sin§sin§ > 1.

Vay
A B cC_3 1
COSE—I—COSE—FCOSE > §+§ = 2.
Dau dang thitc xay ra khi va chi khi tam gidc ABC ¢6 s6 do ba goc 1a
0,0, 7. Ta ciing nhan xét, trong tap cac tam giac thuong dau dang thic
khong xay ra va ciing khong thé thay thé béi mot gia tri khac 16n hon, vi
khi ta cho A = B = o, > 0 di nho thi C' du gan m, khi d6

lim (cos—+cos§+cos€)—2
a0+ 2 2 2/ 7
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Bai toan 3.6. Cho cac s6 duong x, v, z tuy ¥. Chiing minh rang v6i moi
tam giac thuong ABC' ta déu co
A B C
TCos o +ycos o +zcos o > min{z,y, 2z} + med{x,y,z}.  (3.20)
Gidi. Khong mat tinh tong quat, gia st rang z < y < z. Theo bd dé ve
bat dang thiic hoan vi thi ta chi can ching minh bai todn véi diéu kien
A< B<C(C. Ap dung B6 dé 3.3 ta co

A B C
z(cos = + cos — + cos —) > 2z (3.21)
2 2 2
do x > 0. Ta ¢6 v6i moi tam gidc ABC' thi
B+C =
0< 1 <Z
0<\B_C\<z
4 4
nen
2 B
£gcos +O§1
2 B —
— < cos <1
2 4
suy ra
B C B+C B-C _ _V2V2
- — =9 > 2 =1
COS — -+ CO0S 5 COs 1 COS 1 Z 5y )
Vay
B C
(y — z)(cos 5 +cos 5) >y — , (3.22)
do y > x. Lai ¢6
C
(z —y) cos B} >0, (3.23)

O Pe 2
do z > y va cos E) > 0. T cac bat dang thic (3.21), (3.22), (3.23) ta ¢

n B ¢

€T COS — COS — Z COS —

g TYCORY 2
(cos 5 cos 5 08 S) - (y =) (cos 5 + cos )
= I\l COS — COS — COS — — T COS — COS —
2 2 9/ TV 2 2

C
—|—(z—y)cos§
> 2r+y—z+0=x+y.
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Vay ta c6

A B C
xCOSE—i—ycosE—l—zcosEZx—i—y. (3.24)

Nhan xét 3.8. Dau dang thiic trong (3.24) xay ra khi v& chi khi A =
0,B=0,C=m.
Vi cac tam gidc thuong, dau dang thitc trong bat dang thiic (3.24) khong
x4y ra, nhung ta khong thé thay thé béi mot gia tri khac 16n hon z + v,
that vay, néu chon A = B = «, «a > 0 da nho thi gia tri ctia biéu thic &
vé phéi cia (3.24) di gan = +y vi

B

lim (a:cosA+ CcOS +zcosc)—33+
O g TYERS p) Y

Tiép theo, ta xét mot s6 bat dang thiic ciia to hgp tuyén tinh cac goc
trong tam giac v6i ham cos.
Trong phan nay, ta xét bai toan sau.
Cho a, 3,7 1a cac s6 duong théa man a + 8+ v = 1, va cac so6 duong
x,y, z tiy . Tim gia tri nhé nhat ctia bicu thic

M, = z cos(aA+BB+~C)+y cos(aB+C+vA)+z cos(aC+ A+vB),

trong tap M (D).
Dé giai bai toan trén, ta can sit dung cac bo dé sau.
B6 dé 3.4. Cho céac tam gidec nhon ABC va AyByCy sao cho tam giac
AyByCy gan deéu hon tam giac ABC. Khi d6
cos A + cos B + cos C' < cos Ay + cos By + cos Cy.

Chitng minh. Gidstrang A > B > C; Ay > By > Cp, ta co

A> A
A+ B > Ay + By
A+ BT C = Ay+ By+Cy.
Xét ham s6 f(x) = cosz, Vo € [O,g].
Ta c6 f'(xr) = —sinz; f"(x) = —cosx <0, Vx € [O,g]. Theo Bb dé
7T

1.1, suy ra f(z) < f(zo) + f'(z0)(x — x0), YV € |0, g},on e [0, 5}
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Vay ta c6

cos A < cos Ay — sin Ag(A — Ay),
cos B < cos By — sin By(B — By),
cos C' < cos Cpy — sin Cy(C' — Cp)

Ta thu ducc

cos A+ cos B + cosC
< cos Ay + cos By + cosCy —sinCy(A+ B+ C — Ay — By — Cp)
— (sin By —sinCy)(A+ B — Ay — By) — (sin Ay — sin By) (A — Ay).

Ta co
A+B+C—A0—BQ—OOZO;A+BZAO—I-BO;AZA(),
> By > Cy > 0 = sin By > sin (),

> Ay > By >0=sinAy, > sin By,

DR o

Vay nén ta co
cos A + cos B + cos C' < cos Ay + cos By + cos Cy.
3.1.2 BAat dang thiic dang khong déi xitng trong tam giac sinh
bdi ham sin

Bay gio, ta xét mot sé bat dang thic dang khong déi xiing trong tam
gidc sinh béi ham sin ma dau dang thitc khong xay ra trong tap cac tam

gidc thuong. Trude hét, ta xét bai toan tim gia tri nhé nhat clia biéu thiic
Ts=xsin A+ ysin B+ zsinC,

trong d6 A, B, C' 1a ba goc cia tam giac thuong ABC.

Ta c6 két qua hién nhién sau.

Bai toan 3.7. V6i cac s6 duong z, vy, z tily ¥ va v6i moi tam giac ABC
ta déu co
xsin A+ ysin B+ zsinC' > 0.
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That vay, ta co
sinA > 0,sinB > 0,sinC >0,

xsin A+ ysin B+ zsinC > 0,

do z,y, z 1a cac s6 duong.
Dau déng thic xay ra khi va chi khi

sinA=0,sinB =0,sinC =0,

hay A = 0,b = 0,C = 7 hoi#ic cac hoan vi clia n6. Nhan thay rang trong
tap cac tam giac thuong, dau dang thic khong xay ra nhung ta ciing khong
thé thay thé mot gia tri khac 16n hon 0 cho vé phai bat dang thic, that
vay khi cho A = o, B = a v6i @ > 0 dit nhé thi C' = 7 — 2« d gan 7 nén

lim (zsina+ ysina + zsin(r — 2a)) = 0.
a—0t
Tiép theo ta xét gia tri nho nhat clia biéu thic

P, =xsin2A + ysin2B + zsin 2C,

trong do A, B, C' la ba goc cia tam giac thuong ABC.

Nhan xét 3.9. V6i moi tam giac ABC' ta luon c¢6
sin 2A +sin 2B + sin 2C' > 0.
Ching minh. Ta co

sin 2A +sin 2B 4+ sin2C = 2sin(A + B) cos(A — B) 4+ 2sin C cos C
= 4sin Asin BsinC > 0.

Dau déng thiic xay ra khi va chi khi
sin A = 0 hoac sin B = 0 hoac sinC = 0,

tam giac ABC suy bién v6i s6 do it nhat mot trong ba goc 1a 0.
Néi cach khac, dau dang thitc khong xay ra trong tap cac tam giac thuong.
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Bai toan 3.8. Cho cac s6 duong z,y, z tuy ¥. Tim gia tri nhoé nhat cla
biéu thiic
xsin2A + ysin 2B + zsin 2C,

v6i moi tam giac ABC.
Giai.
Xét truong hgp 1: Tam gidc ABC' khong tu.
Trong trudng hop nay, sin2A, sin 2B, sin 2C' 1a céc gia tri duong, nén dé
thay

xsin2A + ysin2B + zsin 2C > 0.

Nhan xét rang dau dang thic xay ra khi va chi khi
sin2A =0 A=
sin2B = sin 2A
T <\ B=
—>A>B>C2>0
2 C =

Sl 0| 3

Xét truong hgp 2: Tam gidc ABC' la tam gidc tu.

Khong mat tinh tong quat, gia st > z > y. Khong giam tinh tong
quét, ta chi can tim gia tri nhé nhat ctia bieu thic trén véi didu kien
A>%>B>C>O

Thatvay,kh1A2§ B>C>0taco

sin2A — sin2C' = 2 cos(A + C) sin(A — C) <0, hay sin2A < sin 2C,
do0 < A—-C < 7, nén sin(4A - C) > Ovég < A+ C < 7 nén
cos(A+ C) <0.
Tuong tu, ta cling co

sin 2B — sin 2C' = 2 cos(B + C) sin(B — C) < 0, hay sin2B < sin 2C,

do0<B-C< g nén sin(B—C) > 0vwa0 < B+C < g nen
cos(A+C) > 0.
Vaynequg B> (>0, thi sin 24 < sin 2C < sin 2B.
Ta c6
xsin2A + ysin 2B + zsin 2C

= 2z(sin2A4 4 sin2B +sin2C) + (x — z)sin 24 + (y — 2) sin 2B.
48

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



Ap dung Nhan xét 3.9 ta ¢
2(sin2A +sin 2B 4 sin2C') > 0 do z > 0. (3.25)

Theo gia st trén, ta c6 x — z > 0 va sin2A4 > —1, nén

(x — 2)sin24A > —z + z. (3.26)
Laicoy — 2z < 0vasin2B <1, nén

(y — 2)sin2B >y — 2. (3.27)
Tit (3.25), (3.26) va (3.27), ta c6

xsin2A + ysin2B + zsin2C > y — .

Dau déng thiic xay ra khi va chi khi

pehSE

sin2B=1 <«

sin2A = —1
20 =0

Qo =
I

Vay ta luon c6 bat dang thic
xsin2A + ysin 2B + zsin 2C > min{z, y, v} — max{z,y, z}.
Trong tap cac tam gidc thuong, dau dang thitc khong thé xay ra.
Ta xét tiép gia tri nhé nhat cia biéu thiic

[ S S
S—al:sm2 ysm2 z81n2.

Nhan xét 3.10. Ching minh rang véi moi tam tam giac ABC' ta deu c6
in — + si b + si > 1
sin — + sin — + sin — :
2 2 2

That vay, ta co

. . B . C B+C C+ A A+ B
smE—l—smE—i—smE = COS 4+ cos 4+ cos +
cos Ay + cos By + cos C}
A . B . O}

1—|—4sin7sm?sm—,

2
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trong d6 Ai, By, Ch 1a cac goc cuia mot tam giac nhon. Tu day, ta c6
ngay diéu phai ching minh. Dau déng thic xay ra khi va chi khi A =
7,B = C = 0. Ta c6 nhan xét, véi tam gidc thuong thi dau déng thic
khong x3dy ra nhung 1 1a u6c lugng tot nhat clia vé phai, bdi khi ta cho
B =C = a,a >0 dianhé thi A di gan m, khi d6

lim (sin +SinB + sin C) 1
in — — +sin—) = 1.
a—0+ 2 2 2
Bai toan 3.9. Cho céac s6 duong z,y, z. Chting minh rang véi moi tam

giac ABC € M(A\), ta déu c6

A . B . C :
Tsin o +ysin o+ zsin o > min{z,y, z}. (3.28)

Gidi. Khong mat tinh tong quat, ta coi < y < 2.

Khong giam tinh tong quat, ta chi can chiing minh bai toan véi dieu kien
A>B>C.

V6i moi tam giac ABC' ta ludn c6

B C

xsin§+ysin§+zsin—

2
= x(siné+sin§+sin€)+( —x)(sinEJrsing)
- 2 2 2/ TV 2 2
. C
+(z—y)sm§.

Ap dung Nhan xét 3.10 ta c6

A B C
x(sin§+sin5+sin§) >xdo x> 0.

Lai c6

B C B
—z)(sin—+sin—) >0do y >« sin—ZOsiHQZO
(y — ) (sin 5 5) y = z,sin— > 0,sin o >0,

C C
(z—y)sinEZOdo zZy,sinEZO.

Vay nén ta co

B C

A . D in" >
Z sin 5 + ysin 5 + zsin 5 z

20
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Dau dang thiic xay ra khi va chi khi tam gidc ABC c6 s6 do ba goc la
A=n,B=C=0.

Nhan xét rang trong tap cac tam giac thuong thi dau déng thiic khong
x4y ra nhung ta khong thé thay thé x bsi mot gia tri khac lon hon. That
vay, cho B=C=a,A =7 — «, v6i a > 0 du nhé thi khi dé6

C

C}Eﬁh (z sin§ + ysinE + zsin 5) = 7.

Tiép theo, ta xét mot s6 bat dang thic clia t6 hop tuyén tinh cac goc trong
tam giac v6i ham sin .

Trong phan nay ta sét bai toan sau.

Cho a, 3,7 1a cac s6 duong thdéa man a + 8+ v = 1, va cac so6 duong
x,y, 2 tiy ¥. Tim gia tri nhé nhat ctia biéu thiic

Mg = zsin(aA+B+~C)+ysin(aB+ C +~vA)+ zsin(aC+ SA++vB),
Dé giai bai toan trén, ta can st dung cac bo dé sau.

Bo6 dé 3.5. Cho tam giac ABC va AyByCy sao cho tam giac AyByCy déu
hon tam giac ABC. Khi do6
sin A 4 sin B 4 sinC' < sin Ay + sin By + sinCy.

Chitng minh. Gidstrang A > B > C; Ay > By > (), ta co

A=A
A+ B = Ay + By
{ A+ B+C= Ayt By +Co.
Xét ham s6 f(x) = sinx, Vo € [0, 7.
Ta c6 f'(x) = cosx; f"(x) = —sinz <0, Vz € [0, 7].
Theo Bo dé 1.1 suy ra f(z) < f(xo) + f'(x0)(x — x0), Yo € [0,7], 20 €
[0, 7].
Vay ta co
sin A < sin Ay + cos Ag(A — Ay),

sin B < sin By + cos By(B — By),

o1
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sin C' < sin C + cos Cy(C' — Cp).
Ta thu ducc

sin A 4 sin B + sinC
< sin Ag + sin By + sinCy + cos Co(A+ B+ C — Ay — By — Cp)
+ (cos By — cos Cy)(A+ B — Ay — By) + (cos Ag — cos By) (A —(32R)

Ta co
A+B+C—-Ay—By—Cy=0,A+ B> Ay+ By, A > A,
™ > By > Cy> 0= sin By > sin (Y,

T > AO > By >0= Sil’lA() > sin By.

Vay nén ta co

sin A 4+ sin B + sin C' < sin A + sin By + sin Cy,.

3.2 Nhan dang mot sé dang tam giac dic biét

Bai toan 3.10. Cho tam giac nhon AyByCy. Chitng minh rang véi moi
tam giac nhon ABC' ta déu c6

sin A sin B sin C'
cos Ay  cosBy cosCy

< tan Ag tan By tan Cy.
Gidi. Xét ham s f(x) =sinx, x € (O, g) Ta c¢6 f'(x) = cosz > 0 va
f"(x) = —sinz < 0 trong khoéng (O, g) Vay nén

F(A) < f(Ao) + f'(Ao)(A = Ay),

suy ra
sin A
<tanAg+ A — Ap. *
o5 A 0 0 (*)
Tuong tu, ta cting co
sin B
< tan By + B — By, *ok
cos By 0 0 %)
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sin C'
cos O

T (%), (*%) va (**%), suy ra

sin A sin B sin C'
cosAg  cosBy cosCy

<tanCy+ C — (. (***)

< tan Ay + tan By + tan Cy.

Dé ¥ ring
tan Ay + tan By 4+ tan Cy = tan Ay tan By tan Cp,

suy ra dieu phai ching minh.
Dau dang thiic xay ra khi va chi khi tam giac AqByCy dong dang véi tam
giac ABC.

[

Bai toan 3.11. Cho tam giac nhon AyByCy. Chitng minh rang véi moi
tam gidc nhon ABC' ta déu c6

sin A sin B sin C'
cosAyg  cosBy cosCy

< tan Ay + tan By + cot C,.

Gidi. Xét ham s6 f(r) = sinx va g(z) = cosz,r € <O,g>. Ta c6
fi(x) = cosz > 0, f"(x) = —sinx < 0 va ¢'(zr) = —sinz < 0 va
g"(xr) = —cosx < 0 trong khoang (0, g) Vay nén

f(A) < f(Ag) + f/(A0)(A — Ay),
f(B) < f(Bo) + f'(Bo)(B — Bo),
9(C) < g9(Co) + ¢'(Co)(C = Cy),
suy ra -
sin
< — . *
CosAO\tanA0+A Ao (*)
Tuong tu, ta cing co
sin B
< — Kok
cos By < tan By + B — Bo, (**)
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sin C'
cos Cy

T (%), (*%) va (**%), suy ra

sin A sin B sin C'
cos Ay  cos By cosCy

< cot Cy+ C — Cy. (***)

< tan Ay + tan By + cot Cy.

Dau dang thiic xay ra khi va chi khi tam giac AqByCy dong dang véi tam
giac ABC. |

Bai toan 3.12. Cho tam giac nhon AqByCy. Chitng minh réng véi moi
tam giac nhon ABC' ta déu c6

A B C
o8 o8 CBY < cot Ag + cot By + cot Cp.

sin Ag  sin By + sin ()
Gidi. Xét ham s6 f(x) = cosx, x € (0, g) Ta c6 f'(x) = —sinz <0

va f"(x) = — cosx < 0 trong khoang (O, g) Vay nén

f(A) < f(Ag) + f'(Ao)(A — Ay),

suy ra
cos A
<cot A A—A,. *
sin AO 0 0 + 0 ( )
Tuong tu, ta cing co
cos B
< cot B B — By, **
sin BO 0 0 + 0 ( )
va
cos C'
. < cot Cy + C — . ()
sin Cy

T (%), (*%) va (**%), suy ra

cos A cos B cos C'

. : + — < cot Ag cot By cot C.
sinAy  sinBy sinCy 0 0 0

Dau dang thiic xay ra khi va chi khi tam giac AyByCy dong dang véi tam
giac ABC. |
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Bai toan 3.13. Cho tam giac nhon AyByCy. Chiing minh réang véi moi
tam giac nhon ABC' ta déu c6

tan A N tan B n tan C S 9sin A it Be sin O
> 2sin Ay sin By sin (.
1+tan®Ay 1+tan’By 1+ tan?(C) 0 0 0
, 1
Gidi. Xét ham s6 f(x) =tanx, x € (0, E). Ta c6 f'(x) = > 0
5 2 cos?
va f'(x) = su;x > 0 trong khoéng (O, E). Vay nén
cos® T 2
f(A) = f(Ao) + f'(Ao)(A — Ap),
suy ra
tan A 1
————— > —sin2A4y + A — A,. *
1 + tan? Ay 2Sln 0+ 0 ®)
Tuong tu, ta cting co
tan B 1
M S CGin2By+ B — By, o
1 + tan? By 28111 0+ 0 )
va
tan C' 1
M- > “sin20, +C — G, (o)

1+tan?Cy =~ 2
Tu (%), (**) va (**%), suy ra

tan A tan B tan C 1
> —(sin 24y +sin 2B +sin 2C)).
1 + tan® Ay * 1 + tan® By + 1+ tan2Cy ~ 2 (sin 240 +sin 2By +sin 2C))

Dé ¥ ring

sin 2A( + sin 2B + sin 2C) = 4 sin Ag sin By sin Cy,
suy ra diéu phai ching minh. Dau dang thic x4y ra khi va chi khi tam
giac AgByCy dong dang vé6i tam giac ABC. [

Bai toan 3.14. Cho tam giac nhon AqByCy. Chitng minh réng véi moi
tam giac nhon ABC' ta déu c6

cot A N cot B n cot C
1+cot?Ay 1+cot?By 14 cot?Cy

= 2 sin A() sin B() sin C().
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Gidi. Xét ham s6 f(r) = cotx, x € (0, g) Ta c6 f'(z) =

2
va f'(x) = 'cogsa: > 0 trong khoang (O, E). Vay nén
sin” x 2

F(A) = f(Ao) + f'(Ao)(A = Ay),

suy ra

cot A 1
——— > —sin2A4y+ A — Ap.
[ cot2 A, ~ 2o ’

Tuong tu, ta cing co

cot B 1
O > ZGin2By+ B — By,
[ cot?By ~ 2 mePo T "

cot C 1
— > —sin2C, + C — (.
It oot?Cy = gt 0
T (%), (**) va (**%), suy ra
cot A n cot B N cot C
1+cot?Ay 1+cot?By 1+ cot?Cy

Dé y rang

sin 2A( + sin 2By + sin 2C) = 4 sin Ag sin By sin Cy,

—1

sin® z

<0

> 2sin Ag sin By sin Cj.

suy ra diéu phai ching minh. Dau dang thic x4y ra khi va chi khi tam

giac AgByCy dong dang vé6i tam giac ABC.

Bai toan 3.15. Chiing minh rang trong tam giac nhon ABC, ta luon c6

(tan A)tanA(tan B)tanB(tan C)tanC > (\/§)3\/§

Gidi. Truée hét, ta chiing minh bat dang thic sau:

Véi z, v, 2 1a ba s6 duong thi

That vay, ta co
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xa:yyzz > (l,yz)%(x—&-y—&-z)

< xlnzylnyzlnz > %(x—i—y—l—z)(lnx—i—lny—l—lnz)
& (r—y)(nzx—Iny)+ (y—2)(Iny—Inz)+ (z —z)(Inz — Inzx) > 0.
Vi ham y = Inz 13 ham dong bién trong (0, +00) nén ta c6
(x —y)(Inz —Iny) > 0, Vo,y > 0.
Do vay
(x —y)(Inz —Iny) + (y —2)(Iny —Inz) + (z —z)(Inz —Inx) > 0

Suy ra

xmyyzz > (l,yz)%(x—i-y-l-z) .

Dau “=" x4y ra khi va chi khi x = y = z.
V6ixr =tan A,y = tan B, z = tan C, trong d6 A, B, C' la cac gbéc clia tam
gidc nhon ABC, ta nhan dugc

(tan A)*2 4 (tan B)"™ B (tan )t ¢ (tan A tan B tan C')3(tan Attan Btan C)

>
> (3v3)YF = (VB)*V2.
Dau “=" xay ra khi va chi khi

tan A =tan B = tan C
A=B=C,

tiic 1a tam gidac ABC la tam giac déu.
[

Bai toan 3.16. Cho tam giac nhon ABC'. Chitng minh ring véi n 14 s6
nguyén duong, ta luon co

tan™ A + tan” B + tan™ C' > 3v/3".

Gidi. Theo bat dang thiic Cauchy, ta c6

tan" A + tan" B 4 tan" C > 3\3’/(tanAtan BtanC)3 > 31/ (3V3)"
D7
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(do tan A 4 tan B 4 tan C' = tan Atan Btan C' = 3\/3)
Vay ta c6 diéu phai ching minh

tan” A + tan" B + tan" C' > 3v/3".

Dau “=" xay ra khi va chi khi tam gidc ABC' 1a tam giac déu.
T d6, ta c6 cac bat ding thic

tanZ A + tan? B 4 tan®’C > 9:
tan® A + tan® B + tan® C > 9\/5;
tan* A + tan* B + tan* C > 27;

tan2004A + tan2004 B+ tan2004 C > 31003.
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Két luan

Luan van " Mot s6 dang bat dang thic trong 16p ham don diéu va ap
dung trong luong gidc" da tap trung nghién ctu mot so6 van dé chinh sau
day:

- He théng hoa dugce cac kién thiic co ban vé ham don diéu bac nhat, ham
don diéu bac hai, ham don diéu bac cao.

- He théng hoéa 16p con ciia 16p ham don diéu do 1a 16p ham don diéu lien
tiép bac 1-2 va 16p ham don diéu lién tiép bac 2-3. Trinh bay vé ham tuan
hoan va ham don dieu tuyét doi.

- Trinh bay mot sd bat déng thic dang khong déi xting trong tam giac
sinh béi cac ham sin va cos ma dau dang thic khong xay ra trong tap cac
tam giac thuong.

- Cudi cuing 1a mot s6 tng dung ctia ham don diéu theo bac trong lugng
gidc dé nhan dang mot sb6 tam giac dac biet.

Tuy nhién luan van con rat nhiéu ban ché. Chac chin ring trong thoi gian
t6i tac gia sé tap trung tim hiéu ki hon vé nhitng van dé nay trong qua
trinh giang day va nghién cttu ctia minh.

Luan van nay dudc hoan thanh dudi sy huéng dan tan tinh cia GS-
TSKH Nguyén Vian Mau va su nghién cttu, lam viéc nghiém tic cta ban
than. Tac gid xin bay t6 long biét on sau sic clia minh dén GS - TSKH
Nguyén Van Mau.

Trong qua trinh hoc tap va hoan thanh luan van, tac gia ciing chan
thanh cdm on cac thay co trong khoa Toan - Tin hoc truong Dai hoc Khoa
hoc, Dai hoc Thai Nguyén, da tao moi diéu kién cho tac gid vé tai lieu va
thi tuc hanh chinh dé tac gia hoan thanh ban luan vin nay. Tac gia ciing
gti 161 cdm on dén gia dinh va cac ban trong 16p Cao hoc, da dong vien
giup do tac gia trong qua trinh hoc tap va lam luan van.
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