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Viéc van dung mot vai két qua dat dude trong Toan cao cap dé nghién
cttu Toan so cap da va dang dude nhiéu nguoi quan tam dén. Ho da dé
dang gidi quyét bai toan dit ra va phat hién, md rong duge nhieu bai
toan mdi. Dac biét, khi xét bai toan trén truong Q hodc trén truong
R thi do la bai toan qua khé; nhung mang bai toan dé trén C thi mrtc
do kho ctia ching sé giam di rat nhiéu. Néu ai quan tam dén Hinh hoc
sO cap, ching ta sé gap nhicu bai toan vé tam giac dude giai quyét
bang hinh vé rat phic tap. Ta rat khoé md rong hay xay dyung nhitng
két qua tuong tu hodc méi cho da giac tuy y. Van deé dit ra 6 day:
Tim mo6t phuong phap cé thé giai quyét nhanh gon hon
mot vai bai toan da c6 va xay dung dudc nhing bai toan
tuong tuv hoac méi cho da giac.
Mot vai van dé cling tuong ddi thoi sy trong Hinh hoc so cap da va
dang dugc nhiéu nguoi quan tam dén:

(1) M& réong DPong nhat thitc va Bat dang thiic Ptolemy.
(2) Mé& rong Bat dang thicc Hayashi.

(3) M& réng Bat dang thitc Erdos-Mordell.

(4) Xay dung dong nhét thitc va Bat dang thiic méi.

Ngoai ra, c6 nhiéu Thay Co gido dang quan tam dén viec day Chuong:
S6 phtc va tng dung cho hoc sinh 16p 12: Giai thich nhu thé nao vé
s6 i v6i 12 = —1 khi ma ho chi lam quen véi truong Q va R.

V6i nhitng 1y do ké trén, luan van tap trung nghien citu:

Truong C va van dung s6 phiic trong Hinh hoc so cap.

Luan van dugc chia lam hai chuong.

Chuong 1 tap trung trinh bay vé truong cic sb6 phiic C va chiing
minh tinh déng dai s6 ctia truong C, c6 nghia: Moi da thitc bac duong
thuoc Clx] déu c6 nghiem trong C. Muc 1.1 duge danh dé trinh bay
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ve sO phiic va nhing R vao C. Muc 1.2 tap trung xét tinh déng dai s6
cua truong C. V6i viéc trinh bay lai hai cach ching minh da c6, Dinh
Iy 1.2.4 chi ra: C 1a mot truong déng dai s6. Mot vai cong thitc noi
suy da thiic, st dung & chuong 2, duge dua ra trong Muc 1.3.

Chuong 2 tap trung trinh bay vé mot vai ting dung s6 phiic vao
Hinh hoc s cap. Muc 2.1 dudge danh dé trinh bay vé viéc st dung s6
phitc vao md rong dong nhat thiic va Bat dang thic Ptolemy trong
Meénh dé 2.1.2 va Menh dé 2.1.3; Bat dang thiic Hayashi ¢ ménh dé
2.1.7 v Bat ding thiic Erdos-Mordell & Ménh dé 2.1.27. Trong muc
nay ching t6i da xay dung dugc mot vai Bat dang thic va dong nhat
thitc méi & Menh dé 2.1.9 v& Ménh dé 2.1.18, 2.1.19. Muc 2.2 tap
trung xét phép quay qua sd6 phiic va md rong mot vai bai toan Hinh
hoc so cap, chéng han: Vi du 2.2.2, Vi du 2.2.4. Muc 2.3 dugc danh
dé trinh bay viéc phat hién nhiéu hé thiic méi va tinh mot sé tong va
tich trong luong giac.

Luan van nay dugdc hoan thanh véi sy huéng dan va chi bao tan
tinh ciia PGS.TS. Dam Van Nhi - Truong Dai hoc Su pham Ha Noi.
Thay da danh nhicu thoi gian huéng dan va gidi dap cac thic mac
clla em trong sudt qua trinh lam luan vian. Em xin bay té long biét
on sau sac dén Thay.

Em xin tran trong cdm on cac Thay (Co) gidng day va phong dao
tao thuoc Truong Dai hoc Khoa hoc Thai Nguyén. Dong thoi toi xin
glii 16i cam on t6i tap thé 16p Cao hoc Toan K5A da dong vien gitp
dé t6i trong qua trinh hoc tap va lam luan van nay.

To6i xin chan thanh cAm on Sé Gido duc-Dao tao Tinh Bac Ninh,
Ban Giam hiéu, cac dong nghiép truong THPT Han Thuyeén- TP Bac
Ninh - Tinh Bac Ninh da tao diéu kién cho toi hoc tap va hoan thanh
ké hoach hoc tap.

Tuy nhién, do su hiéu biét ctia ban than con han ché nén trong qua
trinh nghién ctu chic sé khong tranh khoéi nhitng thiéu sét. Ching
toi rat mong dugde sy chi day va dong gép v kién ctia quy Thay Co.

Chung t6i xin chan thanh cam on.
Thai Nguyén, ngay 01 thang 04 nam 2013

Tac gia

Nguyén Xuan Sang
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Ve ky hiéu:
N dugc ky hiéu cho tap cac s6 tu nhién.
N* dugc ky hiéu cho tap céc sb6 tu nhién duong.
7 dugc ky hieu cho vanh cac s6 nguyen.
Q dugc ky hiéu cho truong cac sé hitu ty.
R dugc ky hiéu cho truong cac s6 thuc.
C duoc ky hiéu cho truong cac s6 phiic.

K dugce ky hiéu cho mot trong ba truong @Q hoac R hoac C.

So hoa bdi Trung tam Hoc lieu http://www.Irc.tnu.edu.vn/



Chuong 1
Mot vai khai niém co ban

Chuong nay tap trung nghién cttu vanh da thic va mot so6 bai toan
lien quan. Day 1a phan trong tam ctia Dai s6. Khi xét da thrc, ta
thuong quan tam dén nghiém, tinh bat kha quy va biéu dién thanh
tich cac nhan ti cia n6. Ta bat dau bang viéc nhac lai mot vai khai
niem.

1.1 S6 phic va nhiing R vao C

Xét Tich Descartes T'= R x R = {(a,b)|a,b € R} va dua ra dinh

nghia:

= (¢,d) khivachikhi a=¢b=4d

+ (¢,d)=(a+c,b+d)
) pum—

) ,d

)

) . (¢,d) = (ac —bd,ad + be).
(a,

)

Dé don gian, viét (a,b).(c,d) qua (a, b)(c, d). Tit dinh nghia phép nhan:
(i) Véii=(0,1) € T c6 4% =1i.i = (0,1)(0,1) = (—1,0)

(i) (a,0)(1,0) = (a,b) = (1,0)(a,b)

(ifi) (a,b) = (a,0) + (0,b) = (a,0) + (b,0)(0,1), V¥ (a,b) € T.

Ky hieu C 1a tap T cung cac phép toan da néu ra & trén. Ta c6 két
qua sau:

B6 dé 1.1.1. Anh za ¢ : R — C,a — (a,0), la mot don danh va no
thoa man ¢(a+a') = ¢(a)+o(d’), p(ad’) = ¢(a)p(a’) vdi moi a,a’ € R.
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Dong nhat (a,0) € C véi a € R. Khi d6 c6 thé viét (a,b) = (a,0) +
(,0)(0,1) = a + bi v6i i% = (—1,0) = —1.

Nhu vay C = {a + bila,b € R,i*> = —1} va trong C c6 két qua dudi
day:

a+bi =c+di khivachikhi a=c¢,b=4d
at+bitc+di=a+c+ (b+d)
(a+bi)(c+ di) = ac — bd + (ad + be)i.

M&i phan tit 2 = a + bi € C dugc goi 1d mot so phate v6i phan thuc a,
ky hieu Re z, va phan do b, ky hiéu Im z; con ¢ dude goi 1a don vi do. SO
phtic a — bi dude goi 1a s6 phiic lien hop clia z = a+ bi va dude ky hiéu
qua z = a + bi. D& dang kiém tra 2z = (a+bi)(a—bi) = a®>+b?, Z123 =
7172 va goi |z| = V2Z 1a modun cla z. S6 doi cia 2 = ¢+ di 1
—72 =—c—divahieuz—2' =(a+bi)— (c+di)=a—c+ (b—d)i.
Xét mat phang toa do (Oxy). Mbi s6 phiic z = a + bi ta cho tuong
ting v6i diem M (a;b). Tuong ing nay 14 mot song anh

C—-RxR,z=a+bi— M(a;b).

Khi ddng nhat C véi (Ozy) qua viec dong nhat z véi M, thi mit phang
toa do véi biéu dién sé phitc nhu thé dugce goi la mat phang phic hay
mat phang Gauss dé ghi cong C. F. Gauss-ngudi dau tien dua ra biéu
dién.

Meénh dé 1.1.2. Tap C la mot truong chita truong R nhu mot trudng
con.

Chitng minh: D& dang kiém tra C la mot vanh giao hoan véi don vi
1.Gidstz=a+bi #0. Khidoa®> +b*>0.Gidst 2/ =a+yi € C
ar —by =1
thoa man zz' = 1 hay Y Gidi he duge v = ————,y =
bx + ay = 0. a®+0b
b a b
——— Vay 2/ = —

22 VT 2rr T 2y ) )
C la mot truong. Tuong tng C — C, 2z — Z, la mot tu dang cau lién
hop. Dong nhat a € R v6i a + 0i € C va c¢6 thé coi R 1a mot truong
con cua C hay R C C. ]

¢ la nghich dao cta z. Tom lai

/ I—
'z
— le_l = —,

N

Chu ¥ rang, nghich ddo ciia 2 # 0 13 27! = BE v,
z

e |

z
2
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Dinh nghia 1.1.3. Cho s6 phiic 2z # 0. Gid st M 13 diém trong mit
phang phitc biéu dién sé phitc 2. S6 do (radian) ctia mdi goc lugng
giac tia dau Oz va tia cudi OM dugc goi 1a mot Argument clia z va
duge ky hiéu qua Arg(z). Géc a = LzOM, —m < o < 7, duge goi la
argument clia z va duge ky hiéu béi arg z. Argument ctia s6 phiic 0 13
khong dinh nghia.

Chi ¥ rang, néu « 14 mot argument clia z thi moi argument ctia z déu
c6 dang a + k.27 v6i k € Z. V6i z # 0, ky hiéu a + k.27 1a Argument
clia z. Ky hieu r = v/2Z. Khi d6 s6 phitc z = a+bi ¢c6 a = rcosa, b =
rsina. Vay khi z # 0 thi ¢6 thé bic¢u dién z = r(cosoz + 7 sin a) va
biéu dién nay dude goi l1a dang luong gide cla z.

Meénh dé 1.1.4. Vi so phiic 2,z cung biéu dién 2, = rl(cos ar +
isinoq), 29 = r2(cosa2 + isinag), ri,m9 = 0, ta luon co

) z z .
(1) |z122] = |21]]%2], |Z—1\ = u va

|22

(i) 2120 = r1r2[cos (041 + 042) + ¢sin (041 + 042)]

21+ 29| < 21| + |22

(iii) ? = %[COS (oq — ozg) + 4 sin (oq - 042)} khi r > 0.
P P
Chitng minh: Hién nhién. []

Vidu 1.1.5. Vdia+bi = (z+iy)" c6a®+ 0> = (22 + )"

Bai giai: Tuw a+ bi = (:r: + zy)n suy ra a — bi = (CL‘ — zy)n Nhu vay
248 = (24 y?)" 0
Meénh dé 1.1.6. [Moivre] Néu z = r(cosa + isina) thi vdi moi sb
nguyén duong n co z" =r" [ cos (noz) + 7 sin (noz)} :

Chitng minh: Két qui dudc chiing minh qua quy nap theo n. ]

Hé qua 1.1.7. Cdan bac n ciia mot so phic z = r(cosoz—l—isinoz) # 0

2k 2k
la n gia tri khac nhau z, = 7“1/"((308u + 7s8in u) Va1

n n
k=1,2,...,n.
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1.2 Tinh déng dai s6 cua trudng C

1.2.1 C la trudong déng dai sb

Bay gio ta sé chi ra rang, moi da thic bac duong thuoc Clz] déu co6
nghiém trong C. D6 chinh 14 noi dung Dinh 1y co ban cia dai sb.
Nguoi dau tién ching minh dinh 1y nay 14 nha toan hoc C. Gauss
(1777-1855).

Dinh nghia 1.2.1. Truong K dudc goi 1a mot truong déng dai sé néu
moi da thiic bac duong thuoc K[z] déu c6 nghiém trong K.

Nhu vay, trong K[z] moi da thitc bac duong déu phan tich duge thanh
tich cdc nhan ti tuyén tinh khi K 1a mot truong dong dai s6.

B6 dé 1.2.2. Moéi da thiic bac 1€ thuoc R[x] déu cé it nhat mot nghiem
thuce thuoc R.

Chitng minh: Gid st f(z) = apr®* ™ +a12%+- - ~+agsr+azs1 € Rlz]
v6i ap # 0. Dé dang thay rang agf(z) sé tién ra +oo khi x — +o00
va aof(r) sé tién ra —oo khi x — —oo. T day suy ra sy ton tai cla
cac s6 thuc a > 0 va 3 < 0 théa man agf(a) > 0,a0f(S) < 0. Do vay
a3 f(a)f(B) < 0hay f(a)f(8) < 0. Vida thic f(z) la ham x4c dinh va
lién tuc trén R théa méan f(a)f(5) < 0 nén, theo Dinh Iy Weierstrass,

da thic f(z) c¢6 it nhat mot nghiém thyce thude (a, 3). O
B6 dé 1.2.3. Méi da thiic bac hai thuoe Clz] déu co hai nghiém thudc
C.

Chung minh: Truéc tién ta chi ra, véi moi s6 phiic z déu c6 hai sé

phiic 21, 2y dé 22 = 2, 22 = 2. That vay, gia sit z = a + bi # 0 va gid st

2 .2

. 2> —y?=a

2 =x +yi véi a,b,x,y € R dé 22 = 2 hay Y
2zy = b.

Ta chi can xét truong hgp b # 0 vi truong hop b = 0 dude xét tuong

tu. Vib# 0 nén x # 0. Khi do

b a+ vVa?+ b?
Yy=— $172::i: #O
2x hay b 2
4t — 4az? —b* =0 y=—.
2x
) bi . bi .
Ta c6 21 = 21 + — va 23 = 29 + — thoa man z{ = 25 = z.
255'1 QLUQ
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Theo 1ap luan & trén, c6 hai sd phiic z; vd 2y dé 22 = 23 = b — 4ac.
. . ) ., —b+zxm b+

Khi d6 nghiém cta phuong trinh 5 va 5 ]

Dinh 1y 1.2.4. [d’Alembert-Gauss, Dinh Iy cé ban ctia dai sd]

Moi da thic bac duong thuoc Clz] deu cé it nhat mot nghiém thuoc C.

Chitng minh 1: Cho da thic tuy ¥ f(z) = 2" + a;z" ' + -+ + a,
ta ky higu da thic f(z) = 2" + @z" ! + .-+ + @,. Khi d6 g(z) =
f(@)f(z) € R[x]. Néu g(a) = 0 thi f(a) = 0 hodc f(a) = 0. Tit
truong hop f(a) = 0 ta suy ra 0 = f(a) = f(a). Tém lai, g(z) co
nghiém thi f(z) c6 nghiém. Chinh vi két qua nay ma ta chi can ching
minh dinh 1y cho da thitc véi hé s6 thuc.

Ta biét ring cho méi da thic f(r) = 2" + " '+ -+ +a, € R[z] c6
truong mé rong K ctia R dé trong K[z] ta c¢6 sy phan tich thanh tich
cac nhan tit tuyén tinh

flx)=(r—a)(x— ) ...(x — ay).

Phan tich bac n = 2% v6i ¢ 1a s6 nguyen duong 1é. Ta ching minh c6
it nhat mot o; € C bang phuong phap quy nap theo s6 nguyén khong
am d. Néu d = 0 thi f(z) 1a da thitc bac 18. N6 ¢6 it nhat mot nghiem
trong C theo B6 dé 1.2.2. Néu d > 0, ta gia thiét nhitng da thic thuoc
R[z] ¢6 bac m v6i sy phan tich m = 2°p, p 1é vi e < d, ¢6 it nhat mot
nghiém thuoc C. V6i mot s6 thic ¢ ta xét cac phan ti

52']' = OéiOzj + C(CEZ' + Oéj)

vGi tat ca cdc cip chisdi,j =1,...,n,i < j. SO cac cap (i,7) nhu vay

. nn-—1 PR . 1A _
bang % = 24-1¢(29¢ — 1) = 291 véi 56 ¢ 18. Da thitc bac 277 1¢
sau day:

gz = [ -8y
1<i<j<n
c6 tinh chat: Méi sy hoan vi céc ay, ¢6 hoan vi clia cac f;;. Vi cac hé sd
clia g(x) 1a nhitng ham d6i xting ctia cic f;; nén ta suy ra cac hé sé nay
la nhitng ham doi xting clia cic ;. Theo dinh 1y vé cdc ham d6i xiing,
cac hé s6 ciia g(x) 1a nhitng da thic ciia cadc ham d6i xting co ban clia
cac a; va vi ¢ 13 s6 thyc nén cac hé sé ciia g(z) 1a nhitng s6 thyc. Theo
gid thiét quy nap, g(z) c6 it nhat mot nghiem trong C, dieu nay co6
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nghia: Ton tai 5;; € C. Co6 tat ca
n(n —1)

2 ~ Z Z
(x) tuong ting va moéi da thic ay c6 it nat mot nghiém phiic. Vi chi c6
n(n —1) n(n—1)

2 2 . j
ting c6 nghiém phiic, nén ¢6 cap (i, j) duge tinh 2 lan. Do vay, ¢6 hai s6
thuc ¢; va ¢ khac nhau dé a = ;a4 (o +a;), b = a;o+co(a;+ay)
déu thuoc C. Ta c6 heé:

cap 1,7 véi i < j. Ta chon

n(n—1)
2

+ 1 gia tri thuc khac nhau cho ¢. Khi d6 ta c¢6 cac da thitc

cap i,j v6i i < j, nhung c6 + 1 da thic g(z) tuong

a—b
(07 +Oéj = ,
C1 —C2
bcy — ace
Qo = ———.
1 —C

Hé nay c6 nghiém phiic theo B6 dé 1.2.3. Tém lai, ta da chi ra f(x)
c6 nghiém o;, o € C. ]

Chitng minh 2: Thé x = r(cost + isint) vao da thic f(x) = 2" +
a1+ - +a, ta c6 thé bitu dién f(z) = u +iv v6i u = r" cos nt +

.0 =r"sinnt + --- , trong dé6 cac s6 hang con lai clia u va v chia
lity thita ctia r v6i s6 mii nhé hon n. Khi d6 f(z)f(z) = u? +v%. Ta
chi ra sy ton tai ctia r va t dé u2 + v? = 0.

Ou_ v o
Xét ham sb z = arctan —. Khi d6 — 0z M, % M
v or u?>+v2 ot u? + 02

0%z B p(r,t)

VA suy ra oot = 2t o 4 do6 p(r,t) 1a ham lién tuc. Xét hai tich
phan sau
R 2 92 27 R 92
0°z 0°z
I = d dt va I, = dt dr.
! /0 r/o orot /0 o orot"

0%z _ p(n1)
orot — (u? +v?2)2
trén hinh chit nhat [0; R] x [0; 27] nén [, = . Mat khac, xét tich phan
9 0°2 Oz 0z

Gid st u? + v? # 0 v6i moi r,t. Vi ham la lien tuc

I,. Ta c6 fo ERey t = o =0, vi I la ham tuana};oan cuaat vGi

chu ky 27. Do vay Iy = 0. Xét tich phan I. Ta ¢6 fOR 501 dr = 8_j .
S22 n du n o v

Viu'+v =r"+--- va — = —nrsinnt+--- ,— =nr"cosnt+- -
ot or
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ou ov
0z Vg " %o  —mrt4-.. 0z
nén — = = . Tu day suy ra lim — = —n
ot u? + v? rn 4. v T N ot
VA Rlim I, = —2n7. Nhu vay, v6i R da 16n ¢6 I; # I : mau thuan. Tu
—00
mau thudn nay suy ra sy ton tai ctia r va t dé u = v = 0 hay f(z) c6
nghiém thuoc C. O

Tt Dinh 1y 1.2.4 suy ra két qua sau day vé da thic bat kha quy trong
Clx] :

Heé qua 1.2.5. Moi da thiic thuoc C[x] vdi bac n > 0 déu cé n nghiém
trong C va cdc da thitc bat khd quy trong Clz] la cdc da thic bic nhit.

B6 dé 1.2.6. Cho f(x) € Rlz]\R. f(z) la da thitc bit khd qui khi va
chi khi hodc f(z) = ax +b vdi a # 0 hojc f(z) = ax® + bx + ¢ vdi
a# 0 vab® —4dac < 0.

Chitng minh: Hién nhién, néu f(z) = ax + b v6i a # 0 hodc f(x) =
az® + bx + ¢ v6i a # 0 va b* — 4ac < 0 thi f(x) 1a bat kha qui. Ta
ching minh diéu nguge lai. Gia thiét f(z) € R[x] 1a bat kha quy véi
deg f(x) > 1. Truong hop deg f(z) = 1 thi f(x) = ax + b v6i a # 0.
Xét truong hop deg f(z) = 2. Khi d6 f(z) = ax® + bx + ¢ v6i a # 0.
Néu A = b?> — 4ac > 0 thi f(z) c6 hai nghiem a1, s € R va ta c6
f(x) = a(z — a1)(x — az) : mau thudn véi gid thiét. Vay b — dac < 0.
Xét truong hop deg f(x) > 2. Vi C 1a truong dong dai sé nén f(z) =0
c6 nghiem o € C theo Dinh 1y 1.2.4 va nhu vay n6 con c6 nghiém a.
Khi d6 f(z) ¢6 nhan ti (r — a)(x — @) € R[z] hay f(x) la kha quy
: mau thuan gia thiét. Tom lai, néu f(z) 1a da thitc bat kha qui thi
hodc f(z) = ax + b véi a # 0 hodc f(z) = ax® + bx + ¢ véi a # 0 va
b*> — 4ac < 0. ]

St dung céac két qua da dat dude & trén dé chi ra dang phan tich mot
da thic thuoc R[z| thanh tich cdc nhan tit bat kha quy.

Dinh ly 1.2.7. Méi da thic f(x) € R[z]\R déu cé thé phan tich dugc
mot cach duy nhat thanh dang

fx)=alx —a)™ .. (x —a)"(2* + bz + )P .. (@® + b +¢,)™

V01 cdcb?—4ci<()ch0i:1,...,r khir > 1.

So hoa bdi Trung tam Hoc lieu http://www.Irc.tnu.edu.vn/
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Chitng minh: Vi vanh R[z] 1a vanh nhan tit héa nén f(z) c6 thé
phan tich dugc mot cach duy nhat thanh tich cac nhan tit bat kha
quy trong R[z]. Vi cac da thic bat kha qui trong R[z] chi c6 dang
hodc ax + b véi a # 0 hodc az? + bx + ¢ v6i a # 0, — 4ac < 0 theo
Bo dé 1.2.6 nén méi da thitc f(x) déu c6 thé phan tich dugc mot cach
duy nhat thanh dang

flz)=a(lr —a))™...(x— as)”s(:l:2 + bz + cl)d1 . (:172 +bx + cr)d"
voi cac bf —4de; <0 choi=1,...,r khir > 1. [

Doi khi dé tim méi lien hé gitta cac nghiem hay mot tinh chat nao dé6
ctia nghiem da thiic ta thuong xét bai toan trén C va st dung két qua
sau day:

Dinh ly 1.2.8. [Viét] Gid st x1,...,x, la n nghiém cia da thic bac
n sau day: f(x) = 2" — 62"+ G2 — -+ (=1)"5,. Khi d6 c6 cdc
hé thic

(51 =1+t 2y

(52 = T1T9 + 173 + -+ Tn—1Tp

\(571 = X1X2...Tp.

Chitng minh: Tt f(z) = 2" 62" '+ - -+(=1)"5, = (x—x1) ... (x—
Tp), Vi Z1,..., T, 1a n nghiém cua f(z), suy ra ngay 0, = x1 + T +
o Xy, 0y = XT1X0 ... T ]

Dinh ly 1.2.9. Gia st f(x1,29,...,2,) € Rlxy,z9,...,2,] la mot
da thic doi zing khdc 0. Khi dé ton tai mot va chi mot da thic

s(x1,x9, ..., x,) € Rlxy, x9,. .., 2] sao cho f(x1,x9,...,2,) = (61,09, . ..

1.2.2 Can cua don vi

Dinh nghia 1.2.10. Phan tit kh& nghich ctia mot vanh giao hoan R
v6i don vi 1 dudce goi 1a phan ti khd nghich hodc phan tit don vi clia
R. Trong nhiéu truong hop, cdc phan tit don vi nay con dude goi 1a
wdc cia don vi dé phan biét ching véi don vi 1.

Chu ¥ rang, cac phan tit don vi 1ap thanh mot nhém véi phép nhan.
Vi du: cac phan tit kha nghich thuoc vanh thuong Z,, 1ap thanh nhém
nhan U(n) véi cap ¢(n).

So hoa bdi Trung tam Hoc lieu http://www.Irc.tnu.edu.vn/
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Dinh nghia 1.2.11. Véi s6 nguyén n > 1, mot can bac n ctia don vi
1 trong C la s6 phitc a théa man " — 1 = 0.
k2m . k27w

Dé dang thay rang, so6 phiic @ = cos — + isin — vé6i sd nguyén
n n

ke{0,1,2,...,n —1}. Tap cac can bac n ctia don vi 1 trong C lap

thanh mot nhém xiclic U,, va nhém nay dang cau véi nhém cong Z,
k2 k2w

béi déng cAu cos —— + isin —— > k. Phan t sinh ctia nhém xiclic
n n
U, dugc goi la can nguyén thiy bac n cua don vi 1.
k2 k2
B dé 1.2.12. Datek—cos—ﬂ—i—isin—ﬂ vk €{0,1,2,.. ., n—1}.
n
n khin|r
Ta co Z € = _ |
k=0 0 khin fr.
. . n—1 n—1
Chiing minh: Néu 7 chia hét chon var =sn thi Y € = > € =
k=0 k=0

nl , rmo . Tw
> 1=mn.Neun frthiy= cos —— + ¢sin — # +£1. Ta nhan dugc
k=0 n

R n—1 — . ok n—1 o ,y?n -1
tong > €, = Z(COS——}-ZSIH—) =2 7" == = 0. O
k=0 n k=0 v =1
Meénh dé 1.2.13. Gid st da thitc f(x) = ag+ a170+ asx® + - - -+ @, 2™
2
bac m va € = COS—W + 28111—7T Khi dé ta cé biéu dién
n n
flx)+ flex) + f(ex) + -+ + f(" o)

ap + anz" + agp x4 - =
n

Ching minh: Dit F(z ) f( ) + f(e:z:) + f(ex) + - + f(" ).

n—1
Khi d6 F(x )—nao—l—ala:Ze —i—axQZE% ot apr™ S €. Do
k=0 k=0 k=0

n—1 n— kh
Sk = Z €, = {gkhllzlj(r nen F(z) = nag+na,x" +nag,z*" +
k=0 =

- va ta nhan dugc diéu phai ching minh. O
Hé qua 1.2.14. Vdi s6 nguyén n, s6 nguyén to lé p < n vi € =
2 2 \ .
cos - +isin — ta ¢6 dong nhat thic F(z) = () + (Z) P+ (2’;) x4
p p
(14+2)"+ (1+ex)"+ (14 ez)" + -+ (1 + e La)"

p

F(r) =

So hoa bdi Trung tam Hoc lieu http://www.Irc.tnu.edu.vn/
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Chitng minh: Theo Ménh dé 1.2.13, v6i f(x) = (1+2)" ta nhan dugc
(14+2)" + (14 ex) + (1 + )"+ - + (1 + )"

F(x) = []
() p
z 4. X A~ £ A~ £ 79 N 27
Vidu 1.2.15. Véi so nguyén n, so nguyén to lé p < n va € = cos — +
p
.. 27 ¢ 3A P ) n n
zsm? ta c6 dong nhat thic (0) + (p) + (Qp) + -
2+ (14" + (I +E) e+ (L)
p :
Bai giai: Theo Hé qua 1.2.15, v6i x = 1 ta nhan dugc
T (1+z)"+(1+ex)* + (1 + )"+ + (1 + & 1z)"
) :
]
. o ! k( 6n \ak o k (61 ok
Vidu 1.2.16. Tinh tongT = kzo (—1)" (o) 3" va S = kz—()(_l) (50)3

vdi s6 nguyén duong n.
Bai giai: Day la bai toan tinh tdng cac s6 nguyén. Xét bai toan tren
C. Biéu dién téng S + i1/3T. Tit nhiing dong nhét thic dudi day:

(1+i\/§)6n = 26”(cosg+isin g)m = 26”(cos%+isin nQTW) — 9bn

3n 3n—1

suy ra 207 = (1+4iv3)™ = S5 (—1)5(§)3" +i 3 (<1 (,7)8" Do
k=0 k=0

vay S =20"va T =0. -

Vi du 1.2.17. Véi cdc s6 nguyén duong n,k va i théa man 0 < i <

k—1,dat Spri= Y. CloaThpi= S, jCI.
j=i(mod k) j=i(mod k)

(i) Ton tai hay khong cdc s6 nguyén dwong n,k > 2 dé tat cd cdc so
Snk0s Onkls - - Ok k—1 bang nhau.

(ii) Ton tai hay khong cdc s6 nguyén duong n,k > 2 dé T,ro =
Tokn=...=Thpr-1-

So hoa bdi Trung tam Hoc lieu http://www.Irc.tnu.edu.vn/
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Bai giai: Xét bai toan trén C. Goi a 1a mot can bac k cia don vi véi

a#+1va o =1.Khido (1+a)"=> Cl ol hay
j=0

I+a)" = Y C+ > aC+-+ Y o'

j=0(mod k) j=1(mod k) j=k—1(mod k)
k-1
= Spko+aSup1+- -+ o Sykk-1.

Néu ton tai hai s6 nguyen n, k > 2 de S, 50 = Spr1 == Sprr1=
athi(1+a)"=a(l+a+---+a* 1) =0 Vay a = —1: vo ly. Tém
lai, khong c6 cac s6 nguyéen duong n, k > 2 dé Sk = Snk1 =+ =
Snkk—1-
Chi ¥ réing khi n = k =2 ¢6 Spa = Co+C5 =2 vi Spa; = C = 2.
Vay Sa90 = S2.21. Tom lai, ta da co (i)
(i) Tu n(1+2)" 1 = C, +2C2 2 + -+ + nCr2"~! suy ra dong nhat
thiic

n(l+a)"'=Cl4+2C2a+---+nCla™ .

V6i ky hieu T = n(1 + )" ! ta sé c6 ngay két qua dudi day:

T = C.+2C2a+---+nCla™!
= Y 0+ Y G4+ S MO
j=0(mod k) j=1(mod k) j=k—1(mod k)
= Thro+aTppr+ -+ T pp

Néu ton tai hai s6 nguyen n, k > 2 dé Ty po = Th1 = = Tprr1 =
athin(l+a)" ' =a(l+a+--+a" 1) =0 Vaya = —1:voly.
Tém lai, khong c6 n, k > 2 dé Toko="Tor1="=Thpi1. ]

Vi du 1.2.18. Vdi s6 nguyén to p c6 dang 4n + 1 ta zét du cia s6
p
[T(k*+1) chia cho p.
k=1
Bai giai: Xét s6 nay trong vanh Z,[i] vd dong nhat k vé6i anh ctia no,
ta c6 bicu dién thanh tich
p p p p
L1+ 0 =[]k +)(k =) = [Tk +0) [ [k = 0) = £0) f (=),

k=1 k=1 k=1 k=1

So hoa bdi Trung tam Hoc lieu http://www.Irc.tnu.edu.vn/
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trong d6 f(x) = [[(x + k). VI f(z) = 2P — x trén Z,[i] nén ta nhan

k=1
dude
IR +1) = F(D) £ (i) = (=) ((=i)"+i) = i(=i) [ =1][(=i)" "' ~1].
k=1
Do dé ﬁ(k2+1):0hay ﬁ(k2+1) = 0(mod p). O
k=1 k=1

Vi du 1.2.19. [IMO 1978 Shortlisted Problems Fra 3] Ching
minh rang, vdi bat ky cdc s6 nguyén duong x,y, z théa man zy—z> = 1
luon cé cdc s6 nguyén khong am a,b,c,d dé v = a®> + 0>,y = 2 + d°
va z = ac + bd.

Bai giai: St dung két qua vé tinh duy nhat ctia biéu dién thanh tich
cac nhan tit bat kha quy trong Z[i] nén v6i bon s6 m,n,p,q € Zi]
théa man mn = pq thi c6 cac b a, b, c,d € Z[i| d&m = ab,n = cd,p =
ac,q = bd. Vi vanh Z[i] 1a vanh nhan t héa nén tit zy = 22 + 1 =
(z+i)(z—1i) vatit day c6 v = ab,y = cd,z + i = ac,z — i = bd véi
a,b,c,d € Z[i]. Biéu dién a = a; +iag,d = dy +idy. Véib=avac=d
ta cox =al+aly=d +d3vaz=ad; + axds. O]

Vi du 1.2.20. Gid s hai day so nguyén (a,) va (b,) xde dinh nhu

sau:
p

ag = 3,&1 = 8,&2 =58

an+2 = 8an+1 - 3an + 3an—17 n =z 2;

by = 3,by = 5, by = 45
[ bns+2 = by + 10by, + Tby—1,n 2> 2.

Ta ¢ (*}")baono++ -+ (10) b1 = (1) az0n0—= (") azong++ - = (g -
Bai giai: Day 1a bai toan vé day cac s6 nguyeén. Nhung ta lai xét bai
toan trén C. Xét phuong trinh f(z) = 23 — 82% + 3z — 3 = 0. Goi ba
nghiém ctia n6 trong C 1a x1, 79, 3. D& dang kiem tra 29 +29+29 = ay,
T1+T9+23 = a1, 13+ 13+ 123 = as, tong quat a, = 2 +ah+a%,n > 0.
Tuong tu b, =y +y5 +y5,n = 0, trong do yi, y2, y3 1a ba nghiém cua
g(y) = y* — 5y® — 10y — 7 = 0. Kiém tra trye tiép: f(y +1) = g(y) va
g(r — 1) = f(x). Vay ta nhan dugc cac hé thic sau day:

an = i +ay+ay=(+1)"+@+1)"+@+1)"
by = Y +ys+ys=(x1—1)"+ (22— 1)"+ (23— 1)",n = 0.

7\
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anzcgbn‘i_cébnfl‘f—+Cg_1b1+czbo

DO Vay . 0 _ 1 _1\n—1 n—1 _1\nm
b =Cha, —Can1+---+(=1)""Cl a1+ (—1)"C}, ag
2 66 Clbwno + -+ (i = (T ammo L )osn + - -
2011 -
(2010) ar.

Vi du 1.2.21. Gid s hai day so nguyén (a,) va (b,) xdc dinh nhu

sau.
;

agy=3,a1 =2,a9s = —6
Upto = 20p41 — DAy + A1, 2 2;
bp=3,b = —4,by = —2

| Ont2 = —4bp1 — 90y — p1, 0 2> 2.

Khi dé ta c6 cac két qud sau day:

(i) ap =C%b, +2CL b,y + - 42771 C by + 27 C by
by =C%a,—2CLa, 1+ -+ (=1)" 1271 O gy 4 (—1)"2" C” ap.
(ii) Tim s6 du ciia phép chia a, cho p khi p la s6 nguyén to.
Bai giai: (i) Day la bai toan vé day cac sd6 nguyen. Nhung ta lai xét
bai toan trén C. Xét phuong trinh f(z) = 2° —22*+5x—1 = 0. Goi ba

nghiém ctia n6 trong C 1 21, 29, x3. D& dang kiém tra 29 +29+29 = a,
T + Ty + 13 = a1, ¥7 + 13 + 13 = ag, tong quat

ap =) + x5 + 5,1 > 0,

Tuong tu b, =y +y5 +y5,n = 0, trong do yi, y2, y3 la ba nghiém cta
g(y) = v* + 49> + 9y + 9 = 0. Kiém tra tryc tiép: f(y +2) = g(y) va
g(x —2) = f(x). Vay ta nhan dugc cac hé thic sau day va suy ra (i):

an = xy +ay+ay= (1 +2)"+@+2)" + (s +2)"
bn = yi +ys +u5 = (11 —2)"+ (22 -2)" + (23 -2)",n > 0.
i+j+k=p o
(ii) Ta ay, = o) + b + a8 = (1 + za+ 23)P — > (Z?k)xﬁx%xlg V6i
0<i,j,k<p
bo ba 4, j, k ¢6 dinh, nhung hoén vi cho nhau, trong a, c6 tong con

p!
iljk!

i gk i k. J ik ik i kg i ki j
(xixyws + T x5x) + 15T + T1T5Ts + risTh + riThrs)
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14 da thic déi xiing ctia x1, 22, 3. Tong nay dudgc viét thanh da thic

v6i hé s6 nguyén clia 1 + o9 + 23 = 2, T109 + ToT3 + 2371 = 5 VA
i+j+k=p

riroxy = 1. Vay > (ka):czlx%xlg 14 s6 nguyéen chia hét cho p. Do
0<ijk<p

d6 a, = 2°(mod p). Néu p = 2 thi as = —6 chia hét cho 2 va du bang

0. Néu p > 2 thi a, = 2P = 2(mod p). Vay du bang 2. O

Vi C la trudng dong dai sé6 nén da thitc bat khd quy mot an trén
C chi 1a nhitng da thtic bac 1 theo Hé qua 1.2.5. Chinh vi 1y do nay
ma ta chi xét da thic bat kha quy trén Q va trén R.

Gia sit hai da thic f(x), g(x) € R[z]. Da thic f(z) duge goi 1a chia
hét cho da thitc g(z) néu c6 da thitc h(x) € R[x] dé f(z) = g(z)h(x).

Bo dé 1.2.22. Cho da thitc f(z) = apz"+a 2" '+ - -+a, € Z[x],ay #
0. Néu s6 hitu ty] L (p,q) = 1 la nghiém cia phuong trinh f(x) =0
q

thi

(i) p la mot wdc cia a, va q la mot wde cia ag.

(i) p — mq la mot udc cia f(m) cho moi s6 nguyén m.
Chitng minh: (i) Gia su s6 hitu ty
f(z) = 0. Khi do6

v6i (p,q) = 1 la nghiém cua

Q3

app” + ar1p" g+ - + a,q" = 0.

Vi (p,q) = 1 nén p la mot ude cua a, va ¢ 1a mot uée cia ag.
(ii) Khai trién f(x) theo cic luy thita ctia  — m ta dugc

f() = ap(z —m)" +bi(x —m)" "+ + b1 (x —m) + f(m) € Z[z].

Cho z = g va quy dong ag(p —mq)" +bi(p—mq)" g+ +by_1(p—

mq)q"t + f(m)g® = 0. Vi (p,q) = 1 nén p —mq 1a mot uéc cta f(m)
cho moi s6 nguyén m. O

Hé qua 1.2.23. Nghiém hiu tyj cia da thic f(z) = 2" + aiz™ ! +
-+ +a, € Zlx] phdi la s6 nguyén.

Chitng minh: Suy ra tit bd dé tren. O
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Viduy 1.2.24. 56 a = \/2+\/2+f— \/6—3\/2+\/§ la s6 hiu

ti hay vo ti?

Bai giai: Vi o' — 16a%+ 32 = 0 nén da thic f(x) = 21 — 1622 + 32 €
Z|x] théa man f(«) = 0. Khong ude nao cta 32 la nghiém cua f(x).
Nhu vay, o 1a mot sd vo ti. N

Vi du 1.2.25. Cho s6 tu nhién n > 1 va s6 nguyén to p. Ching minh
rang da thic x" —p la bat khd quy trong Qlz]. Tw dé suy ra /p la mot
$0 0 ti.

Bai giai: Da thiic 2" — p 1a bat kha quy theo tiéu chuan Eisenstein.
Da thitc nay khong c6 nghiém hitu ty. Vay /p 1a mot s6 vo ti. O
Mot s6 bai toan tiép theo dudi day duge xét trong Z[x], nhung mang
ching dat trong C[x] dé giai dé dang hon.

Vi du 1.2.26. [USA 1976] Bon da thic f(z),g(x),h(x) va k(z)
thuoc Z|x] théa mdn dong nhat thic f(2°) +xg(x°) + 2?h(2°) = (2t +
w3+ 2?2 +x+1)k(z). Khi dé f(x),g(z), h(z) chia hét cho x — 1 va udc
chung 16n nhét ( £(2013), 9(2013), h(2013)> > 2012,

Bai giai: Goi z la mot can nguyén thiuy bac b cia don vi trong C.
Khi d6 z # 1va 2° = 1. Vay 22 + 23+ 22 + 2 +1 = 0. Ta c6 hé phuong
trinh sau

F(1) 4+ 2g(1) + 22h(1) =0
f(1) 4+ 2%g(1) + 2*h(1) =0
f(1) + 23g(1) + 25Rh(1) = 0.
1 2 22
Vi dinh thic | 1 22 2% | # 0 nén f(1) = g(1) = h(1) = 0 va ta cb
1 23 26

f(z),g(x), h(z) chia hét cho x — 1. V6i x = 2013 ta c6 cic s6 thda man
f(2013), g(2013), h(2013) déu chia hét cho 2012. Nhu vay, udc chung
16n nhat thoa man (f(2013), g(2013), h(2013)) > 2012. O

Vi du 1.2.27. [IMO 1973] Chiing minh vdi moi s6 nguyén duong n
co

" o kT
2 ]Illsm2n+1 =2n + 1.
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Bai giai: Xét da thitc 22"t — 1 trén C v6i 2n + 1 nghiém va ta biéu

dién
-1 k2m
o :E(x —2£E’COS2n+1+1).
n k2m n km
Cho z — 1 dugc he thic 2n+1 = [] (2-2 =[] 4sin’ .
ox jc hé thie 2n+ kl;[l( C082n+1) kl;[l sin’ 5

Do do6 2" i
o doé k];llsmszrl

= 2n + 1. []

2n )
Vi du 1.2.28. V§i s6 nguyén n > 2, da thic f =1+ 4> 27 ¢6 the

7=1
bicu dién thanh f = g° vdi g € Z[x]?

Bai giai: Tich (x — 1)(f — 1) = 4x(2** — 1). Vay ta nhan dugc biéu
dién (z—1)f(z) = 42" =32 —1 := h(x). Gid stt ¢6 f(z) = ¢*(x) hay
h(z) = (x—1)g*(x). Dao ham hai vé I (z) = ¢*(z) +2(z—1)g(x)g ().
Goi a € C 1a mot nghiém cta g(z). Khi d6 h(a) =0 va A'(a) =0 vi
g(a) = 0. Ta ¢6 ngay

2n+1 _ -1

42t =30 4+ 1
8nao

Cong hai he thitc (8n + 4)a**! = 3a. Do d6 (—1)(8n + 4) = 3a8n.

2 1 2 1\2n
n va tur day suy ra (8n + 4)( — n6+ ) = 3 hay
n n

Vay a = —

2n+1
4<2n n 1) _ 3.6 2",

Vin > 2 nén vé phai chia hét cho 16, vé trai khong chia hét cho 16.
Tt mau thudn nay, f(z) = ¢*(z) véi g(z) € Z[x] 1a khong thé xay
ra. []

Vi du 1.2.29. C6 thé phan tich da thic 22 — 2011 ra thanh tich hai
da thic vdi bac > 1 va cdc hé s6 nguyén khong?

Bai giai: Gid st phan tich duge 2?11 —2011 = f(x)g(x) v6i f(z), g(z) €
Z[x] va deg f,degg > 1. Goi deg f(x) = k < 2011. Xét f(z) trén C
va goi k nghiém cta f(x) 1a aq,...,a,. Theo Dinh 1y Viét, ta c6

@1 ... € Z. Vi a; cing la nghiem cta 22! — 2011 nén a; ¢6 dang
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k
/3011 (cosy + isiny).Vay |ai...ax = (201\1/2011) véi k < 2011.
k
Do ( NV 2011) khong 1a s6 nguyén ,con |ag ... ax| 1a s nguyén nén
ta gip mau thudn. Vay khong thée phan tich da thic 22! — 2011 ra
thanh tich hai da thic v6i bac > 1 va cac hé sé nguyen. ]

Vidu 1.2.30. Vi s6 ty nhiénn > 1, da thic p(x) = 2"+18x"1+2011
khong thé phan tich dugc thanh tich hai da thic vor bac > 1 va cac hé
s0 Nguyeén.

Bai giai: Gia st phan tich duge 2" + 182"~ ! + 2011 = f(x)g(z)
f(x),g9(x) € Zlz] va deg f,degg > 1. Goi 1 < deg f(z) = k <
Vi f(0)g(0) = p(0) = 2011 1a s6 nguyen t6 nén f(0) = +1 hoa
f(0) = 4£2011. Vi vai tro f(x) va g(x) binh dang nén ta chi can Xet
truong hop f(0) = +1. Xét f(z) tren C va goi k nghiém cua f(z)
& a4, ..., Theo Dinh ly Viét, ta c6 |a;...a;| = 1. Vi a; cing la
nghiém ctia p(z) nén o} ' (a;418) = —2011 véimoi j = 1,..., k. Nhan
tat ca cac he thiic nay véi nhau va sit dung |ag . .. ag| = 1 ta nhan dugc
(a1 418) ... (ap+18)| = 2011% > 2011. Tt f(—18)g(—18) = p(—18) =
2011 suy ra f(—18)g(—18) = 2011. Do f(z) = (x — a3) ... (x — ay)
nén xuat hién mau thuan:

vOl
n.

2011 > |f(—18)| = |(ay + 18) ... (ay, + 18)] = 2011* > 2011.

Vay khong thé phan tich da thiic 2" + 182"~ ! 42011 ra thanh tich hai
da thiic véi bac > 1 va cac hé sb nguyen. O

Chua y 1.2.31. Sau nay van dung Tiéu chuan Eisenstein hodc Tiéu
chuan Osada cach gidi sé don gidn di rat nhiéu.

Vi du 1.2.32. Xdc dinh so6 cdc tdp con cia tap {1,2,...,2010} sao
cho tong cdc phan ti ctia né chia hét cho 5.

Bai giai: Xét da thic f(z) = (14+2)(1+2?)(1+23) ... (1+2219). Co
mot song anh gitta moi tap con {ry, r9, ..., 7, } ciatap {1,2,...,2010}
v6i mot don thic a™a™ ... g™ = "2+ m Do vay ta chi can tim
tong S clia cac hé sb clia tat ca cac don thitc dang 2°* thuoc f(z) v6i sd

nguyén duong k. Goi u la mét can nguén thiy bac 5 ctia don vi, chang
2
han chon u = cos %Jrz smg Viu® = 1 nén 1+u+u?+ud+u* = 0. Do
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12 ,
do S = R S° f(u?). Vi, u? u?,ut, v’ = 1 1a nghiém ctia g(z) = 2° — 1
j=1
nén
g(x) =2°—1=(z —u)(z —uv?)(z — u*)(z — u')(x — u’).
Véiz = —1 duge 2 = —g(—1) = (1+u)(1+u?)(1+u?) (1 +u*)(1+ud).
Viw® =1nén f(u) = 212 Tuong tu f(uw/) =212 v6i j = 2,3, 4; con

1 1
F(u®) = f(1) = 221, Vay S = - [4_2402 I 22010} =< {2404 _|_22010] 0

1.3 Cong thic noi suy da thic

Duéi day 13 mot s6 dong nhat thic trong vanh da thiic.

Dinh 1y 1.3.1. Gid st K la mot truong cé nhiéu vo han phan tii. Cho
f wva g la hai da thic trong Klz1,...,x,]. Néu f(a) = g(a) vdi moi
ac K" th f=g.

Ching minh: Dat h = f — ¢. Ta c6 h(a) = 0 v6i moi (a) € K. Ta
phai chi ra rang h = 0. Gia stt A # 0. Trudc tién, ta thay degh > 0 vi
h khong thé 1a mot hing s6 khac khong. Néu n = 1 thi A chi ¢6 hitu
han nghiém. Diéu nay mau thudn véi h triét tieu tren K. Néun > 1
ta viét h dudi dang

h=ho+ hay, + -+ hezl

Vi hg,...,hg € Klx1,...,2,1], ha # 0. Bang quy nap theo n ta
c6 thé gia thiét hy khong triet tieu tai moi diem ctia K"~ '. Chon
ai,...,an—1 € K sao cho hg(ay,...,a,—1) # 0. Khi d6 phuong trinh
h(ai,...,an_1,2,) = 0 chi c6 hitu han nghiégm 14 mot diéu mau thuén.

[]
Dinh 1y 1.3.2. [Taylor] Cho p(z) la da thic bac n va a € R. Khi do
ta co
/ " (n)
plx) = ()+p£?)(x—a)+p2('a)(a:—a)2+ +pn$a)(a:—a)”.

a;x'. Bang cach lan lugt lay dao ham
1=0
hai vé va so sanh cac hé s6 ta c6 cong thic can chitng minh. O

Chitng minh: Gid st p(z) =

n
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Hé qua 1.3.3. Cho p(x),q(x) la hai da thic bic n va a € R. Khi do
ta c6 p(x) = q(z) khi va chi khi p*)(a) = ¢ (a) vdi k =0,1,...,n

Chiing minh: Theo Dinh 1y 1.3.2 ta ¢6 p(z) = p(a) + T (x—a)+
p'(a p"(a - ¢(a
2(|)(x—a)2—|—~--—|- ns)(x—a) va q(z) = q(a) + ;)(x—a)—l-
" (n) .
d 2(?) (z—a)*+- -+ d Ea) (x —a)". Vay p(z) = q(x) khi va chi khi
! n!
P (a) = ¢™(a) vé6i k=0,1,...,n. 0
n_ k) () gkt n (—1)kpk) k+1
Hé qua 1.3.4. Ta c6 POz = > (=) P (@) , trong do

= (E+1)! = (k+1)!
p(z) la da thie bac n.

n(—1)Vrep®) () kt!
Chitng minh: Dat P(x) = kzzow Q(z) = ; ( )(]f+(1))'

Day la hai da thic bac n + 1 théa man ( ) = Q(0). Dé dang
kiém tra P®(0) = QW (0) v6ik =0,1,...,n,n+1 Theo He qua 1.3.3
c6 P(z) = Q(x). O
Dinh ly 1.3.5. [Lagrange] Cho f(x) la da thic bacn vai xg, x1, .. ., Ty
la n+ 1 s6 phan biet. Dt g(x) = [[(x — x;). Khi d6 ta cé biéu dién

i=0
) flo) =% fla) I] —*
i=0 ki k=0 Li — LTk

p(zi) g(v)

i) pa)=> 2

iz09'(xi)x —

vdi moi da thic p(x) bac < n.

Chiing minh: (i) Dat h(z) = f(z) — 3 f(z1) [] ——%. Taco
i=0 k#ik=0 Li — Lk
degh < n va h(zg) = h(z1) = -+ = h(z,) = 0. Da thic h(x) ¢
degh < n va ¢6 qué n nghiém 1a zg, z1, ..., z,. Do d6 h(x) phai la da
thic 0. Vay f(z) =>_ f(z;) ]I i
i=0 ki k=0 Li — Lk
A 1 g(z)
ii) Vi = nén tur (i) ta suy ra hé thitc sau
(ii) k#gzo P o P (1) y
- nf(xi) g(x
dy: f(a) = 32 T 90 0

i=0 gl(fﬁz’) -z
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Dinh 1y 1.3.6. [Newton] Cho p(z) la da thiic bac n van+1 s6 phan
biét oy, ..., o, € R. Khi dé ton tai cde s6 Mo, ..., A\, dé
p(z) = Mo+t 1 (z—ag)+ e (x—ap) (x—ay)+- -+ A (z—ag) . .. (x—,_1).
Ching minh: Cho x = o ta dugc A\g = p(ay) va ky hiéu

_ p(z) — p(ao)
= )\1i)\g?ﬁg—al)-|—"'+)\n($—a1)...($—C¥n_1).

P(Oéoa SU)

Hién nhién \; = p(ag, o). Dit

p(Oéo, o 7%%) _ p(ozo, ce ,Oéi—l,flf) —p(ozo, ca 7042').
xr — O[Z'
Khi d6 A\iy1 = p(ao, - - ., @i, @;41) cho moi 4. -

Hé qua 1.3.7. Cho p(x) la da thic bic n va nhan gid tri la nhing so
hitu ti tai n+ 1 so phan biét ay, . .., a, € Q. Khi dé p(x) € Q[z].

Chitng minh: Biéu dién p(x) = A+ (2 — ) +o(z— ) (2 — ) +
o+ M(z—ag) ... (¢ — a,—) theo Dinh 1y 1.3.6. Vi A\ = p(ag) € Q
nén Ay € Q. Bang quy nap ta suy ra \; = p(ao, ..., @;_1,q;) € Q cho
moi i. Vay p(z) € Q[z]. []

Vi du 1.3.8. Cdc s6 nguyén sdap theo thit tu tang dan xo < 11 < --- <
x,. Chiing minh trong so cdc gid tri cia da thic p(z) = 2™ + a12™ 1 +

, !
co-+ ap thuoe Rz] tai xg, ..., z, cd it nhat mot i dé |p(x;)| = ;—n

Bai giai: Tru6c tién ta nhan xét: V6i n + 1 sd thuc hay phic phan
n

biét xg, ..., x, va dit g(x) = [[(z — x;), m6i da thic p(x) = agx™ +
i=0

_ o " p(i)

a " 1+ +a, bacn c¢6 ay =

n Z<g>(2 |

) =~ plx;) glw

suy Lagrange ta c6 p(z) =
= @)

. That vay, theo cong thiic noi

. So sanh cac hé sb ctia "

& p(T) . o | & p()
ta suy ra ag = Z;) 7@ bat f(x) = i];[o(x—xz). Khid6 1= Z;) File)
bat a = max{|p(xo)|,..., [p(zn)|}. VI |f(x;)| > il(n —i)! nén ta co

N ) N )] g QU
L= 12 g S 2 ] SO 2 P S 2 i
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n 1 a2 n!

Vay 1 < — X ez 0
Wlsaygo— = rhwvaezg
2% 2%
Vidu 1.8.9. Ky hieu aj, = cos — 4isin = vgik = 0,1,2,...,n—1.
n n

Xac dinh da thic f(x) bac n — 1 théa man f(ax) = k+ 1 vdi k =
0,1,....n—1.

n—1
n—1 _

Bai giai: Tu g(x) = 2" — 1= x — ay) suy ra ¢' (o) = naj " va
k=0 ’
. n—1 f(ak) v —1 1 n=1 n—1
nhu thé f(z) = = — k4+1)ay x—a;) theo
(@) kZ:O g(a)r—ar n k;o (k1) j:(l),—y[';ék (v-a)

n+1 1 .
2 2/€=1 n

Dinh 1y 1.3.5. Bién doi dugc f(z) =
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Chuong 2

Ung dung sb phitc vao nghién citu
Hinh hoc sd cap

2.1 Mot vai dong nhat thic va Bat dang thic
trong Hinh hoc so cap
2.1.1 Dong nhat thic va Bit dang thic Ptolemy cho da giac

Muc nay ban vé cach tong quat héa mot vai két qua cho da giac ma
van git duge "hinh bong ban dau" ctia né. Viec phat biéu bai toan mad
rong thé hien sy am hicu sau sic, tinh té bai toan da biét. Ching ta
c6 the di theo hai cach:

1. Tang s6 dinh thanh bai toan cho da giic tuy §.

2. Xay duyng bai toan mdi sao cho bai toan ban dau la truong hgp
dac biét cua no.

Bay gio ching ta tong quat héa Dong nhat thitc va Bat dang thiic
Ptolemy, Bat ding thitic Hayashi sau day:

(i) Néu tu gidc ABC'D noi tiép mot duong tron thi ¢6 dong nhat
thuc
AB.CD + AD.BC = AC.DB.

(ii) Véi 4 diem A, B,C, D ta luon c¢6 AB.CD + AD.BC > AC.DB.
(iii) Véi AABC canh a, b, c va diem M tly ¥ ludn c6 bat dang thic

aMB.MC +0MC.MA+cMA.MB > abc.
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V6i bieu dién két qua nhu trén ta kho c6 thé mé rong hoic ta phai vita
mdé rong vita chinh hinh bai toan da biét. Phat bieu lai ba bai toan:

(a) Néu tit gidc ABC'D noi tiép trong duong tron thi c6 dong nhat

thie
AB BC CA

DADB  DB.DC _ DCDA

AB N BC - CA
DA.DB DB.DC ~ DC.DA’

(c) V6i AABC canh a,b, c va diem M tiuy y ludn c6 bat dang thiic

1 1 1 |
> .
ABACMA " BCBAMB ~ CACBMC ~ MAMB.MC

(b) Véi 4 diem A, B, C, D ta luon c6

Néu ai quen véi s6 do dai s6 va ky hiéu hinh thic thi coi XY =y —x,
co

AB BC b—a c—b
DADB DBDC ~ (a—d)b—d)  (G-d)(c—d)
! 1 1 1
T u—d b—d b—d c—d
! 1 cA
" a—d c—d DC.DA
AB BC b—a c—b
DADB " DBDC @y—@w—dﬂ+’@—dxa—@’
SIS D 1‘
a—d b-d b-d c—d
_ 1 B 1 ‘: CA
a—d c—d DC.DA’
1 1 1
ABAGM?+BGBAMB+CA%BMC
- @—aﬁ%wﬂa—mﬂ+hc—MM—@@—nw
1
i (c—a)(c—b)(c—m)‘
S 1 ‘: 1
~ la—=m)(b—m)(c—m)l MAMB.MC
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1 1

(a—D)a—(m—a) G=0)(b—a)m—0)
1 1

+(c —a)(c—0b)(m —c) - (m —a)(m—0b)(m—c)
Tt cach tinh toan hinh thic nhu trén ta md rong cac két qué cla
Ptolemy va ctia Hayashi nhu sau day:

qua viéc xét dong nhat

Vidu 2.1.1. [Ptolemy]| Néu tii gidc ABC D noi tiép trong mot duong

N N ~ — AB BC -
tron thi co AB.CD + AD.BC = AC.DB hay DADB + DB.DC
CA
DC.DA’

Bai giai: Khong han ché c6 thé gia thiét duong tron ngoai tiép tit giac
ABCD c6 ban kinh R = 1. Cac diém A, B, C, D ¢6 toa vi 21, 22, 23, 24
VOl 2 = cosup+isinug, k=1,2,3,4, va 0 < ug < ug < ug < uyg < 27.
Vi (20 — 21)(24 — 23) + (24 — 21) (23 — 22) = (23 — 21)(24 — 22) VA

i(ul + U2 + Us + U4)
2

Uy — UL . Ug — U3
sin e
2

(29— 21)(24 — 23) = —4sin
i(uy + ug + ug + uy)
(24 — 21)(23 — 22) = —4sin N P P 2

2 2
i(ul + U9 + us + U4)

(23 — 21)(24 — 29) = —4sin Us — W g ; Yz, 9
nén c6 dong nhat 4sin % ; M gn U ; Y2 _ ggip 22 ; Ui g U ; u3
+4 sin 4 ; 4 sin 4 ; 42 vasuy ra AB.CD+AD.BC = AC.DB. [

Ménh dé 2.1.2. [Dong nhat thic Ptolemy cho da giac] Néu
Ay A, M la da gide noi tiép trong mot duong tron thi luon cé dong
nhat thic
A1 Ay N Ag Ay N An A AgAy
MA,.MAs  MAy.MA; MA, .MA, MA,. MA;,

Khin = 3 ta cé ngay Dong nhat thic Ptolemy.

Bai giai: Khong han ché c6 thé gia thiét duong tron ngoai tiép da
giac AjAy ... A,M c6 ban kinh R = 1. Cac diem A;, Ay, ..., A, M
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co toa vi 21,29, ...,2,,2 VOL 2, = cosug + i¢sinug, k= 1,2,...,n, va

z =cosu + tsinu, trong do 0 < u < ug < us < ... < u, < 27. Vi

21 — % 21 — %9 Zn—1 — % <

L = + - + n L va cac
G-  (e—)(—2) (= 201)(z — 20)

hé thiic sau day:

(R P

21 — 29 B 12 sin Te B iAlAge_iu
(Z—Zl)(2—22) 4Sinu1_usinu2_u MAlMA2
2 2
o e U3 — U _
2y — 23 B 12 sin 5 e " B i Ay Age~t
(Z—ZQ)(Z—Zg) 4 sin u2_usin uz —u MAQMAg
B 2 2
iy o Up —Up—-1 _, )
“n—1 — An . 12sin Te " . Z'A’éln—l*’élne_w
(Z — zn_l)(z — Zn) 45in Up — U sin Up—-1 — U MAn_lMAn
2 2
iy . Up — UL )
21— Zp, i2sin TG " AR Are™™

Up—u . U1 —u  MA, MA,;

(2 = 21)(z = z) 4 sin sin
2

2
o AlA AgAs An14y, AnAy
nén co + S _ '
MAL.MAy  MAy. MA; MA, 1. MA, MA, MA;

[]
Ménh dé 2.1.3. [Bat dang thic Ptolemy cho da giac] Vii da

gide Ay ... A, va diém M thudc cung mot mdt phing ta luon cé bat
dang thic
A1A n AsAs P Apady Ay
MA{.MAy MAy.MA; MA, 1. MA,~ MA, MA;
Khin =3 ta c¢6 Bat dang thic Ptolemy. Ddc biét, khi A1 Ay = Ay Az =

p 2 1
:1 A, 14, = A A >1 0 ta con co bldt ddng thiic m +

e+ = .
M Ay M A MA, 1. MA, =~ MA, MA,

Chiing minh: Gia st dinh A, ¢6 toa vi zj, va diem M c6 toa vi z. Tt

bat dang thiic |21 — 2 + |22 — 2 T | Zn—1 — Zn|
|z — 21|[z — 22| |2 — 22|]z — 23] 12 — zo_1|2 — 2
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> |21 — 2] ta c6 bat dang thic
|2 — z1||z — 2]
A1 Ay Ay As A, 1A, A A
MA,.MAys = MAy. M As MA, | MA,~ MA, MA,

V6i n = 3 bat ding thic tré thanh >
IA"A ab qale BAte WO A A MA, T MAy MA;
m hay A1A2.MAI3 + AyAs. M Ay > AsA1. M A, : 1a Bat déng
thitc Ptolemy. Ta cd . >
te tolemy. da co o A, T MAMA, T MAL_ MA,

1 .
m khi A1A2 == An—lAn = AnAl []

Vidu 2.1.4. Gid st da gidc 01 A1 Ay ... A, vdi do dai canh Ap A =
kA1 Ay va quy wic n+1 = 1. Chitng minh ring, khong thé ton tai diém
M & trong mat phang A1 Ay ... A, théa man bat ding thic
1 4 2 n n n—1 - n
MA.MAs  MAy. MAs MA, . MA, MA, MA,

Bai giai: Néu c6 diém M théa man dau bai thi ta co bat dang thiic
1 2 n—1 n
+ +oot > .
MA{.MAy;  MAy. MA; MA,_ 1. MA, = MA, MA;

T day suy ra diéu can ching minh. O

Vi du 2.1.5. [Erdos-Mordell] Ky hiéu khodng cdch ti diem M &
trong tam gidgc ABC dén canh BC,CA,AB la x,y,z. Khi dé cé bat
dang thic

MA+MB+ MC =2 2(x+y+ 2).

Bai giai: Gid st AM cat duong tron ngoai tiép AABC tai D. Goi
khodng cach tit D dén CA, BA 1a o/, 2. Khi d6 ta c6 aDA = bDB +

. ) AM
cDC' theo Dong nhat thiic Ptolemy va J_2F _Z \iDC >y =
y AD 2

DA DA DA DA
Zi]\gA vaDBZZ’:iWA nénaDA}bijJrcgij hayMAbE
z—+ yE. Hoan toan tuong tu ¢c6 M B > x% + z% va MC > yg + z-.

a a c c
Tu day suy ra MA+ MB + MC > 2(x +y + 2). O
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2.1.2 BAat dang thiic Hayashi cho da giac

Vi du 2.1.6. [Hayashi] Véi AABC canh a,b,c va diem M tuy 3
luon co
aMB.MC +bMC.MA+cMA.MB > abe.

Bai giai: Gia sit A, B, C' va M c¢6 toa vi zg, 2p, 2 Va z, tuong ung. T
. ) 1
dong nhat thiic =

(z—20)(z—2) (2 — 2¢) (20— 2) (20 — 2c)(2 — 24a)
+ ! + !
(zp— 2e) (20 — 2a) (2 — 2p)  (2e — 2a)(2e — 28) (2 — 2¢)
1 1 1 1
WX B ACMA T BC.BAMB | CA.CB.MC >~ MAMBAIC
va ta c6 dieu can chiing minh. []

Tiép theo 1a viec mé rong Bat dang thitc Hayashi cho da giac n canh.
Ménh dé 2.1.7. [Bat dang thic Hayashi cho da giac] Vdi da
gide Ay ... A,M ta luon cé bt dang thic sau day:

n

1 1
i#£k k=1

Khin = 3 va ap = A2A3,CL2 = A3A1,CL3 = A1A2 ta nhan duoc
Bat dang thic Hayashi cho tam gidc aizM Ay M As + asM As. M A, +
CL3MA1.MA2 2 a1asas.

Chting minh: Gia st dinh A ¢6 toa vi ap v6i k = 1,2,...,n, va
diém M c6 toa vi z. D& dang kiém tra biéu dién

n

1 1
(al—z)...(an—z):Z d

k=1 (ai — ak)(ak — Z)

itk
. Lo PR 1 1
T day suy ra bat dang thic ) - > — : O
ik k=1
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Vi du 2.1.8. Gia su tam gidac ABC khong tu co ba canh la a,b,c.
Ching minh ring, vdi bat ky diém M & trong tam gidc ABC ta déu
co

aMB.MC +bMC. MA+cMA.MB > abe.

Dau = zdy ra khi M la truc tam AABC.

Bai giai: Ta c6 aMB.MC +bMC.MA + cMA.MB > abc theo Bat
dang thic Hayashi. Gia thiét M trung truc tam H ctia AABC. Khi d6
aHB.HC =2RHB.HCsin ZA = 4RSypc. Tuong tu, c6 bHC . HA =
ARSyca va cHA.HB = 4RSyap. Do vay aHB.HC + bHC.HA +
cHA . HB = 4RSspc = abe. ]

2.1.3 BAat dang thic vA dong nhat thitc (M, N)

Bay gio ta sé ching minh mot bat ding thic mi Bat dang thic
Hayashi chi 1& nhitng truong hop dic biét ctia né. Van dung cac két
qua dat dugde ta c6 thé xay dung dude nhiéu bat ding thic méi cho
tam giac.

Meénh dé 2.1.9. Gid st da gidc A1As ... A,. Khi do, vdi bat ky s < n
diém Ny, ..., Ny va diem M thudc mat phcfng A1 As ... A, luon cé bat
dang thic

H M N; n H ApN;
J=1 < J=1
n S L[] ARALMAy

zl:ll MAZ k=1 itk

(M, N).

Hon nita, ta con co nhing truong hop dac biét thé hién tinh t(fng quat
cho mot so két qud da néu ra.

(i) Khi s =0 ta cé Bat dang thitc Hayashi cho da gidc.

(ii) Khin = 3,5 = 1, bon diém A, B,C, N thuoc duong tron tam M
ta cd bat dang thic aAN +bBN + cCN > 4S,5c.

Chting minh: Gia st cac Ay ¢6 toa vi ap, M c6 toa vi z va N
S

c6 toa vi zp. Theo Cong thitc noi suy Lagrange c6 [[(z — z;) =
j=1
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T day suy ra bat dang thic hinh hoc ]?— <)) =

H MAZ k=1 ' i
=1

(i) Khi s = 0 ta ¢6 [[MN; = 1 = []AiN; va Bat dang thiic
e ? ]-
(M, N) tré thanh Bat dang thiic Hayashi cho da giac

[1MA,
=1
n 1
2 T A A, M A
ik
(ii) Khi n = 3,5 = 1, va boén diem A, B,C, N cung thuoc dudng
. . b
tron tam M ta 6 bét ding thiic % < aAN + bBN + ¢CN hay
aAN +bBN + cCN > 4Spc. ]

Chia y 2.1.10. Ky hiéu R,r la ban kinh duong tron ngoai tiép, noi
tiécp AABC va N la tam duong tron ngogi tiép. Tw bat dang thic
aAN +bBN + cCN > 4Sapc suy ra R(a+b+c¢) = 2r(a+b+c) hay
R > 2r [Euler].

Vidu 2.1.11. Cho tam giac ABC vdi do dai canh a,b,c va ban kinh
duong tron ngoai tiép, noi tiép la R,r. Goi O,I va G la tam duong
tron ngoai, noi tiep va trong tam cia AABC. Ky hiéu Ry, Ry, Rs la
ban kinh duong tron ngoai tiép cac tam gidc GBC,GCA, GAB, tuong
ing. Ky hiéu rq, 1y, re o ban kinh duong tron ngoai tiép cdc tam gidc
IBC,ICA,IAB, tuong ung va ky hiéu Ry, RS, Ry la bin kinh duong
tron ngoai tiép cdic tam gidc OBC,0CA, OAB. Khi dé co

abc
) R2> —
) at+b+c

(ii) R1+ Ry + Rs > 3R.

(iii) % + % + % > E, G do hg, hy, he la do dai ba duong cao cla
a b c r
AABC.
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/ / /
;?+;V+;Z>Rmnmﬁmkmwmu@@%ZMMww
a b c

cach tw O dén ba canh.

Bai giai: (i) Ta c6 aOB.OC + bOC.OA + cOA.OB > abc hay R* >

(iv)

b L e
% theo Bét ding thiic (M,N).
a+b+c .
(ii) Theo Bat dang thiic (M,N) ta ¢6 aGB.GC+bGC.GA+cGA.GB >
S b
abe. Vi aGB.GC = 4RiSgpe = AR = 4RiZ- . nén ta oo

abe abc abc
- — — > h = 3R.
R13R+R23R+R33R abc hay R + Ro + R3 > 3R

(iii) Theo Bat dang thitc (M,N) ta c6 al B.IC +bIC.IA+ cIA.IB >
r, rabc Erabc

abc. VialB.IC = 4TaSIBC' = 2ra7“a = 4h—aﬁ = ha?,... nén ta co
r, rabc N r, rabc n r, rabc > abe La r, N T N re S
— 4t —— 4+ ——— > abc —+ — 4+ — > —.
hea R hs R ' h, R " he T hy R T w
(iv) Theo Bat dang thitc (M,N) ta c6 aOB.OC+bOC.OA+cOA.OB >
x abc x abc
abc. Vi aOB.OC = 4RiSOBC = 2R/1£UCL = 4R/1h_aﬁ = Rllh_aﬁy
‘xabc Ry abc Lz abe 'r  Rhy Riz
en t 2 1 2 3 2 be h 1 2 3 2
;en a co R R h R abc hay ha+hb+hc

Vi du 2.1.12. Cho tit gide ABCD noi tiép duong tron tam O bdn
kinh R. Gia su tam giac ABC voi do dai canh a,b,c va I,J,, Jy, J. la
tam duong tron noi tiép va tam cdc duong tron bang tiép cia AABC.
Diat DA =x,DB =y, DC = z. Khi dé, vdi bat ky diém M luon c6
_ abecM 1 aAl bBI cCI
(i) < + + :
MAMBMC ~MA MB MC

. MIvVa+b+c Vb+c—a e+a—-b Va+b-—c

(ii) < + + .
MAMB.MC vV beM A veaM B N abM O
MJ,+ MJ,+ MJ. o AJa—l—AJb-FAJC_'_ BJ,+ BJ, + BJ.

0) = AmBac S beM A caM B
CJ, +CJ,+ CJ.

abMC

(iv) MJ, MJy,+ MJy.MJ.+ MJ..MJ, o AJy Ady+ Ady Ad.+ AJ. AJ,

MAMB.MC beM A
+BJa.BJb + BJy.BJ,. + BJC.BJG+CJG.CJ5 +CJ,.CJ.+CJ.CJ,
caM B abMC '
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MJ,. MJ, MJ. AJ, AL AJ. BJ,.BJ,BJ. CJ,CJ,.CJ,
(V) < + +

MAMB.MCMD ~  bexMA cayM B abzMC
DJ,.DJ,.DJ,
xyzMD
M J,.MJ,.MJ, Ve Vea Vab
(i) va+b+c m \/c+T Va—+b—c
MAMBMCMD S~ zMA yMB =MC
DJ,.DJ,.DJ,
n Vatbte
xyzM D

Bai giai: (i) Theo Bat dang thitc (M,N) véin = 3,5 = 1 c6 bat dang
thic
MI - Al n BI n CI
MAMB.MC ~ beMA ~ caMB — abMC"
(i) Vi 742 — bc(b+c—a)7]B2 _ ca(c+a—b)’102 _ abla+b—c)
a+b+c a+b+c a+b+c

MI\/a—l—b—i—c Vb+c—a Ve+a—-b Va+b—c

+ + .
" MAMBMC S VbeM A VcaM B VabMC

(iii) Theo Bat dang thiic (M,N) v6i n = 3,5 = 1 ¢6 cac bat dang thiic

sau:

MJ, AJ, BJ, cJ,

<
MAMB.MC ~ beMA + caM B + abMC
MJ, _ AJ, BJ, CJ,

MAMB.MC ~ beMA + caM B + abMC
M.J. _ AlJ, B, CJ.

MAMB.MC ~ beMA + caM B + abMC"

L s . MJ,+MJ,+MJ. AJ,+ AJ,+ AJ.
0 at da <
Cong ba bat dang thic dugc VAMBAC S A

BJ,+BJ,+BJ. CJ,+CJy+CJ.

caMB i abMC o
(iv) Theo Bat dang thic (M,N) véi n = 3, s = 2 ¢6 cac bat dang thic
sau:

MJ,. M J, < AJ, Ay  BJ,.BJ, CJ,.CJ,

MAMBMC S beMA | cadB | abMC
MIMJ. _ ARAJ  BJBI | CHCI,

MAMB.MC ~ beMA caM B abM C
MJ..MJ, o AJ.AJ, BJ.BJ, CJ.CJ,

MAMB.MC ~  beMA + caM B + abMC
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MJ, MJy+ MJy,MJ.+ MJ..MJ,

Cong ba bat dang thiic ta nhan dugc VAME MO
AJ, Ay + A, AJ. + AJ..AJ, BJ,BJ,+ BJ,.BJ.+ BJ..BJ,
S * calM B +

beM A
CJ,.Cl+CJ.CJ.+CJ.CJ,
, gbMC | .
(v) Theo Bat dang thitc (M,N) véi n = 4, s = 3 ¢6 bat dang thiic dudi
MJ,.M Jy.MJ. o AJG.AJ().AJC+BJa.BJb.BJC+CJa.C'Jb.CJC

day: <
YV MAMB.MCMD bex MA cayM B abzMC
, DJo.D3.DJ,
ryzMD
(vi) Do béi
( J— J—
JA2 — bc(a+b+c)’<]a32: ca(a+b C),JaC'2: ab(a — b+ c)
b+c—a b+c—a b+c—a
a2 — bc(b—i—a—c)’Jszz ca(a—i—b—i—c)’JbCQZ ab(b+c—a)
bc+a—bb c+ab—b bc+ab—b
JA? — c(c+a— ),JCB2: ca(c+ _a),JCCQ: abla +b+c)
\ a+b—c a+b—c a+b—c
MJ,.MJy,.MJ, Vbe Vea Vab
oL ta ¢6 Va+b+c <\/b+C—G+\/C+a—b+\/a—|—b—C
MAMB.MC.MD xMA yM B zMC
DJ,.DJy,.DJ.
va+b+c .
ryzMD

Vi du 2.1.13. Cho tit gisdc ABCD noi tiép duong tron tam O bdn
kinh R. Gia st tam giac ABC vdi do dai canh a,b, c va ban kinh cdc
duong tron bang tiép la r1,r9,r3. Ky hiéu khodng cdch ti tam duong
tron ngoai tiep dén tam cdc duong tron bang tiép la d,, dy, d.. Khi dé
luon cé cic bat dang thitce

dadbdc
g Yaibie_ Ve ya___ Ja
R3 zvb+c—a yve+a—b zva+b—c
N DJ,.DJ,DJ.
zyzva+b+c
i) \/(R+2r1)(R+2r2)(R+2r3)< Ve L Ve
R3(a+b+c) vvb+c—a yVet+a—b
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N Vab . DJuDJy. DI,
wa+b—c zyzva+b+c
d,dyd.

\/ b
V6i M = O co a+b+c< Ve + vea

Bai oiai: (i <
al gial: (i) R3 zvVb+c—a yve+a—b

_|_

Vab DJ,.DJ,.DJ,
Vaib—c zyaibic
(ii) Vid? = R?+2Rry,d? = R*+2Rry, d? = R*+2Rr3 nén c6 bat dang
it \/ (R+20)(R+20)(R2r5) _  Vbe e

R3(a+b+c) Savbtc—a yJet+ta—b
N Vab N DJ,.DJy.DJ,
wa+b—c zyzva+b+c

Tuy chua chiing minh duge, nhung hy vong cac két qua sau ciing ding.

]

Van dé mdé 2.1.14. Cho tam gidgc ABC vdi do dai canh a,b, ¢ va ban
kinh duong tron ngoai tiép R. Goi I,J,, Jy, J. la tam duong tron noi
tiép va tam cdc duong tron bang tiép cia AABC. Khi dé, vdi bat ky
diém M luon co
(0 MJ, MJ,.MJ, o AJ, AJy.AJ. N BJ,.BJy,.BJ. N CJ,.CJ,.CJ.
MAMB.MC =  bcMA caM B abMC

M .J,. M Jy.MJ. Vbe Vea Vab
(i) Va+b+c <m+m+m.
MAMB.MC MA MB MC
Van dé mdé 2.1.15. Cho tam giac ABC vdi do dai canh a,b, c va ban
kinh duong tron ngoai tiép R, ban kinh cdc duong tron bang tiép la
r1,79,73. Ky hiéu khodng cdch ti tam duong tron ngoai tiép dén tam
cdc duong tron bang tiép la d,, dy, d.. Khi dé luon c¢é cac bt dang thic
d,dyd,
(i)—\/a+b+c< vbe Ve o vab
R? Vb+c—a Veta—-b Va+b—c
i) \/(R +20)(R+2r)(R+2r5) Ve L W
R(a+b+c) Vbtc—a eta—b
N Vab
va+b—c
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Vi du 2.1.16. Cho tam giac ABC vdi do dai canh a,b,c va ban kinh
duong tron ngoai tiép R. Goi O, H la tam duong tron ngoai tiép va
truc tam cia AABC. Khi do, vdi bat ky diém M luon cé bat dang thic

abcMO.MH < aAH n bBH n cCH
RMAMB.MC =~ MA MB MC

Khi M thudc duong tron tam O ban kinh R ta con cé bat dang thicsau:

abcM H - avVAR? — a? N bvVAR?2 — 1?2 N cVAR? — 2
MAMB.MC ~ MA MB MC
Bai giai: Theo Bat dang thic (M,N) c¢6 bat dang thic dudi day:
MO.MH - AO.AH n BO.BH n CO.CH
MAMB.MC =~ beMA caM B abMC

abecMO.MH o aAH+bBH+cCH
RMAMB.MC =~ MA MB MC’

Vidu 2.1.17. Cho tam giac ABC vdi do dai canh a,b,c. Goi I, G, H
la tam duong tron nos tiép, trong tam va truc tam cia AABC. Khi
do, vdi bat ky diem M ta luon cé cdc bat dang thic
, abcM I? aAI*> bBI?> cCI?
(i) < + + :
MAMBMC ~ MA MB  MC
. abcM G? aAG? bBG? cOG?
(ii) < + + :
MAMB.MC MA MB MC
abeM H? a(4R? —a®)  b(4AR? —b*)  c(4R* — )
< + +

]

Vay ta c6 bat ding thic

W) SraaBac S~ 1A MB MC
Bai giai: Véi s = 2, Ny = N, = N, theo Bat dang thic (M,N) c6
MN? AN?2  BN?  CN?

< + + .
MAMB.MC ~bcMA caMB abMC

abeM I? <aA]2 bBI? c¢CI?

Vay ta c6 bat déng thi S \
a}’baj\;zﬂa angAG2C j\géé\gB_MgG2 A " wMB e ™
aovc < ¢ ¢ . Ta ¢6 (i) va (ii). Khi lay

MAMB.MC =~ MA : ]\%?2 + MC(4R2 5 Rt — )
aoc a — a —
_ . <
N = H taco (i) 3 rere MA T wmB T
c(4R? — 2)

MC
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Meénh dé 2.1.18. Gid s da gidc A1 Ay ... A, noi tiép trong dudng
tron tam O ban kinh R. Khi dé, vdi bat ky s < n diém Ny, ..., Ny &
S

. 1T AN
trong mdt phing A1 A, ... A, luon cé bit ding thic Y, ——— >
ST A
i=1,ik
Zénl CKhiR=1tacs > —=+—— > [ ON.
k=TT ApA, =1
i=1,ik

Khin=3,s=1va a = AsAs,ay = A3A;, a3 = A1 Ay ta cé bat ding
N

thic a; AN + asAsN + a3 AsN > 4SA1A2A37-
Bai giai: Suy ra tit Bt dang thitc (M,N) khi M = O va bat dang thiic
i=1 i=1 A i=1
e > Vi R=1 Y S —— > [OM,. [
k=1 H Ak;Ai k=1 H AkAi i=1
i=1,i#k i=1,i#k

Meénh dé 2.1.19. Gid st ¢ gide ABCD ¢6 AB =a,BC =b,CD =
¢, DA =d, AC = x, BD = y noi tiép trong duong tron tam O bdan kinh
R. Khi dé, vdi ba diém E,F,H ¢ trong mat phing ABCD ta luon cé
OFE.OF.OH @ AE.AF.AH BE.BF.BH CECFCH DE.DFDH
< + + + :
R3 adx aby bex cdy

Dac biét, khi E = F = H ta co

AFE3 N BE?3 N CE3 n DE? S OFE?

adr  aby bcx cdy = R3
va voi G la trong tam cua t@ gidc ABCD c¢o

GA3 n GB? N GC3 N GD?3 < GO?

adr ~ aby = bex cdy = R3

Chitng minh: Theo Bat dang thitc (M,N) véi n = 4,5 = 3 va diém
OFE.OF.OH - AFE . AF.AH N BE.BF.BH n CE.CF.CH n

O ta c6 <
"o R3 adx aby bex
DE.DF.DH L e ) AE3
. Khi £/ = F' = H ta c6 bat dang thic rat dep +
cdy adx
BE® CE® DE? _OE® GA* GB® GC* GD?* _ GO?
+ + P + + + > . O

R3 7 adr aby  bexr  cdy R3
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Vi du 2.1.20. Gia su ti giac ABCD co AB = a,BC = b,CD =
¢, DA = d,AC = x,BD = y noi tiép trong duong tron tam O bdn
kinh R. Khi dé, vdi ba diéem E, F, H thuoc duong tron (O, R) luon cé
bat dang thite
AFE.AF.AH BE.BF.BH CECFCH DE.DF.DH
+ + +
adx aby bcx cdy

> 1

Khi ABCD la mot hinh vuong canh a luon cé bat diang thic sau day:

AE.AF.AH + BE.BF.BH + CE.CF.CH + DE.DF.DH > /2a®.
AE.AF.AH+BE.BF.BH+CE.CF.CH+DE.DF.DH

adx aby bcx cdy
OFE.OF.OH
> 73 = 1 theo vi du trén. Khi ABC'D la mot hinh vuong

canh a thia =b=c=dvax =y = av2. Vay AE.AF.AH +
BE.BF.BH + CE.CF.CH + DE.DF.DH > \/2a’. O

Bai giai: Co

Ménh dé 2.1.21. Gid st da gide AAs... A, noi tiép trong duong
tron tam O bdn kinh R. Khi do, vdi bat ky s < n diém M, ..., M, ¢
trong mdt phang A1 Ay ... A, va Ny la trung diém doan ApM; c6 bit
dang thic

k=1 H AkAZ
i=1ik
. 11 ONg [1OM;
Khi R =1 ta luon ¢6 . =+ > =
k=1 H AkAZ
i=1ik
- TI ON [1OM;
Bai giai: Theo Bat dang thiic (M,N) ta c6 =l > Z;Rn_l :
k=1 H AkAi
i=1ik
[T ONg, [10OM;
Khi R=1tacé ) —— > = O
k=1 H AkAi
i=1,i#k
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Meénh dé 2.1.22. Gid st i gidce ABCD ¢6 AB =a,BC =b,CD =
¢, DA=d, AC =z, BD = y. Khi dé, vdi bat ky 2 diem M, T ¢ trong
mdat phang ABCD luon c¢é bat dang thic

TM <AM+BM+CM+DM
TATBTCTD ~ adaTA abyTB = beaTC = cdyT D

Dac biét, khi ngi giagc ABCDM noi tiép trong duong tron tam T ban
) s 1 AM BM CM DM o
kinh R ta c6 bat dang thic — < + + + ; con khi ngd
R? = adx aby bexr = cdy
gidc ABCDT noi tiép trong duong tron tam M ta cé Bat dang thic
1 1 1 1

<
TATBTCTD = adxTA * abyT B * bexT'C *

Hayashi cho ti gidc:
1
cdyT D"

AM.TB.TC.TD
AB.AC.AD
hay bat dang
DM

< + + + :
TATBTCTD =~ adxTA abyT’'B  bcxTC  cdyT D

Chitng minh: T Bat dang thitc (M,N) suy ra TM <
BM.TATC.TD +CM.TA.TB.TD+DM.TA.TB.TC
BA.BC.BD CA.CB.CD DA.DB.DC

thit TM AM BM CM
c

Tat nhién sé ¢c6 mot cau hdi vé dong nhat thie (M,N). Bude dau ching
ta sit dung ham sin va cosin dé hinh thanh dong nhat thitc dudi dang
lugng giac.

Khong lam mat tinh chat tong quat ta c6 thé gia thiét ban kinh duong
tron € bang 1. Gia st cac Aj, ¢6 toa vi ap = cos oy, + 4 sin oy, M c6 toa

vi 2z = cosu + isinu va Ny ¢o toa vi z, = cosuy, + i sinuy. Theo Cong
S S

_1_[1(2 -z) Hl(ak — %))
thiic noi suy Lagrange ta c6 ]Z— =3 I
— (2 —a ap — a
[z -a) = (z — ax) tl;[k( k= )
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U+ u
L ity
[ 2isin le 2
=1
hauy‘7
U+«
& U — oy ( 2
[T 2isin e 2
t=1
5 o " i(()ék—l—Uj)
. [T 2isin ——~2 2
_ j=1
— ya i(u+ o) N ilog + o)
2i sin fe 2 []2isin—2—"e 2
1k 2

Trude tien gidm u6c tat cd nhan ti 2i,e 2 va e 2 ta nhan dugc he
thuc

— Uy 5 Qp — Uj
H sin =Y N I] sin —=—— i(s+1—n)(ap —u)
0 : Z = ’ e 2
n _ - — _
H Y~ s i I[] sin ar—
P 2 2 L 2

Tt hé thitc ndy ta suy ra hai dong nhat thic sau day:

5 u — U oL O — Uy
H 2 [] sin
=1 _ zn: j=1 2 o (s+1—n)(ax —u)
n U — oy LU — o . — Oy 2
—1 sin sin
1] sin—= 2 };[k >
5oL O — Uy
I] sin 5 .
n s — J—
LY L sin EELT(E =0
= U—Oéknsmoék—at 2
2

qué nay, ching ta da xay dung dugc dong nhat thic phat biéu dusi
dang lugng giac va hinh hoc cho Bat dang thitc (M,N) nhu sau:
Meénh dé 2.1.23. Gid st da gide A Ay . .. Ay, noi tiép trong duong tron
¢, ban kinh R = 1. Lay s+1 diém Ny, ..., Ny, M cing thuoc €. Gid st
toa do Ag(cosoy;sinag), k =1,2,...,n; toa do Nj(cosu;;sinu;),j =
1,2,...,s va toa do M(cosu;sinu). Khi dé ta cé cic dong nhdt thic
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S S 1 — —
7 sin U — U T sin Q= (s+1—n)(a —u)
j=1 A= 2
() = =2
LU= U= O O — Qg
[] sin sin [ sin
=1 2 2 2
S —
[] sin Ak — Y ( . \( )
L j=1 s+1—=—n)lap—u)
(ii) Z_: U —a —a —q, Sin : —0
k=1 gin I st
2 i
3 sin il ; “
(iii)g_: ' ak_at:Okhin:?),s:l.
k=L TT sin 5
14k
n—1 n—1 _
[ sin 4 5 4 [] sin Ak — Y
i) = — s ———— khis=n—1.
. t el ot k . k t
[] sin 5 sin — [ sin
t=1 t#k
nlzf sin o nﬁ2 sin W — Y nff sin Ak — 4
=1 2 2= 2 ap &L =1 2 B
[] sin 5 k=1 1T sin 5 k=1 1T si 5
=1 t#k 1k

khi s =n—2,u=0.

Chu y 2.1.24. Khi tit giaGe ABCD noi tiép trong dudng tron ta cé
DA N DC DB theo (iii) h aDA? N cDC? B bD B?
rcbzc ab  ca co (i) nay DA DC DB

DA?>.DB.DC.a + DC*.DA.DB.c = DB>.DC.DA.b.

Viay cé dong nhat thic DA*Sppe + DC?*Spap = DB?Spca [Feuer-
bach].

. Tw day suy

2.1.4 Bét dang thic Erdos-Mordell cho da giac

Meénh dé 2.1.25. Cho da gidc l0i AjAs ... A, véin > 3. Gid st M la
mot diém trong da gidc va ky hiéu khodng cach t M dén canh A; Ay
lar; vort=1,2,...,n va quy udcn+1:=1. Dat 2a; = LAMA; 1
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va dp = MAy, véi k = 1,...,n. Ta c6 dong nhat thic cho Bat ding
thiic Erdos-Mordell:

Z dkkorl sin 20% = Z Tk \/(dk - dk+1)2 + 4dkdk+1 SiIl2 .
k=1 k=1

n

Tw doé suy ra >, \/dpdy41 cos ai > Z
k=1

Ching minh Xét AAlMAQ Tur. A1 As = dydy sin 20 ¢6 dyds sin 20
= 7"1\/ dy — dy)? + 4dydsy sin® o . Tuong tu, v6i k=1,2,...,n tacod

dkdk—H sin 20zk = Tk\/(dk - dk+1)2 + 4dkdk+1 sin2 Q.

Vay, téng Z didy41 80 20, = Z Tk \/(dk — dk+1)2 + 4dydyiq sin’ Q.
k=1 k:—l

Vi \/ di — dj41)? + 4dpdysq sin® ay, > 2\/dkdk+1 sin ay, va viét sm 200, =
2 sin oy, cos a; nén dugce bat dang thic Z Vdpdy1 cos ay, > Z re.. O

Truéce khi phéat biéu va ching minh lai Bat ding thic Erdos-Mordell
cho da giac 16i ta chiing minh Bat dang thic Erdos-Mordell cho tam
giac.

Vi du 2.1.26. Cho tam gidgc ABC. Gid st M la mot diém trong tam
gidc va ky hiéu khodng cach tie M dén canh BC,CA,AB la x,, z.
Dat di = MA,dy = MB,d; = MC. Khi dé ta c6 Bat dang thic
Erdos-Mordell:

cosg(d1+d2—|—d3) > r+y+z.

Bai giai: Ta c6 /dyds cos aq ++/dads cos as ++/dsdy cosag = x+y+2
V6l a1 + as + a3 = w. Dat ap = +/dy v6i k = 1,2,3. Ta phai chiing
minh

a1 + a2 + a3 2a1a9 COS (v + 2asas3 cos avy + 2a3aq cOS (3

hay (a; — as cos ag — as cos az)? + (as Sin a1 —azsinas)? > 0 : dang. Do
vay, ta nhan dugc bat dang thiic cos §(d1 +dy+d3) > +y+z O

Marian Dinca da chitng minh lai két qua ciia Wolstenholme va Lenhard:
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Meénh dé 2.1.27. Cho da gidc 10i AjAs ... A, véin > 3. Gid st M la
mot diém trong da gidc. Ky hiéu khodng cach tw M dén canh A;A;
lar,, di = MA;, vor i =1,2,...,n va quy wécn+1:= 1. Khi dé ta
o cdc bat dang thic

Chitng minh: (i) Bat dang thic cos = dYodp > Z Vdpd1 cos ay.
n =1 _

Theo ménh dé trén ta da co Z e < Z Vdidg,1 cos oy duge suy ra
k=1
tr mot két qua cuia Wolstenholme va Lenhard

1 n
(i) Vi Z Vddyi 1 cos ay > Z T nén Z dy =2 —= > T O

Ccos — k=1
n

2.2 St dung s phitc biéu dién phép quay

Trong mat phang toa do (Owzy), phép quay tam I(a;b) di mot goc o
dugc biéu dién qua matran va qua sb phiic:
(x’) (a) <cosa —sina)(:z:—a)
/ — + . .
Y b sina  cosa y—>b
Gia st diém I, M, N tuong tng cac sé phiic 27, zar, 2. Phép quay tam
I géc quay a bién diem M thanh diém N dugde bieu dién:
ZN = 21 + (ZM — z[)em.

Bay gio ta van dung phép quay vao viéc xét mot s6 bai hinh duéi day.

Vi du 2.2.1. [Dinh Iy Con Nhim] Trong mdt phdang cho da gidc
don bat ky A1As ... A, va coi A,y = Ay, Xét hé véc to € sao cho
¢ LA;Aj 1, € hudng ra ngoai mién da gidc va |&;| = AjAj vdi i =

1,2,...,n. Khi dé 3. & = 0.
=1
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Bai giai: Dinh huéng da giac, ching han huéng thuan, €; c6 dugc
™ T

- e_; —_= e_i§ ( i A:AZ—Fl) = e_iE (6) —_=
0. O]

do quay A#L-H gbe —g. Vay

Vi du 2.2.2. Cho tam giac ABC wvdi do dai canh BC = a,CA =
b, AB = c. Dung ra phia ngodai ba tam gidc deuv BCA,,CAB,, ABC,.
Dung tiép ra phia ngodai tam gigc AyB1Cy ba tam gidc déu BC1As,
C1A1By va A1B1Cy. Chitng minh

(1) AAl = BBl = 001 va A010203 déu, t?”O’I’Lg do 01, 02, 03 la tam
cac tam gigc déuw BCA,, CAB,, ABC,.
(ii) A, Ay, Ay thang hang. Khi b,c c6 dinh con a thay doi, hay tim a
(iii) Tiép tuc qud trinh nha trén dé cé tam gidc AsyioBao10Cao1o. Khi do
A, Al, ce ,A2010 tho“;ng hd’flg va tim gld tT’_i lon ’flhét cla A2010A2009
khi b, c ¢o dinh, con a thay doi.
Bai giai: (i) Tuong tng A, B, C ba sb phiic z4, 2p, 2¢. Khi d6 ta c6

(zAl = 20+ €e"(2p — 2¢)

zp, = 24+ €"(20 — 24)

{20, = 25+ €"(24 — 23)
ZA, = 2oy T+ eiu(ZB1 - ZCl)
T
\U = §

TU 2¢ + €"“(2p, — 2c) = 2c + (24 + €"(2¢ — 24) — 2¢) ta suy ra
he thiic z2¢ + e™(zp, — 2¢) = 20(1 — €™ + *¥) + z4(e™ — ¥) = 24
vie £ —1,e3 41 =0mnén1—e"+e¥ =0,e" —e* = 1. Nhu
vay ta c6 24, — 24 = €"(2p — 2zp,) vA suy ra AA; = BB;. Tuong tu
BB, = CCy. Dé dang kiém tra 3|20, + ¢"(z0, — 20,)] = 3z0,. Vay
A010203 déu

(ii) D& dang chi ra z4, + 24, = 224. Vay A la trung diém clia A;A,.
Tu A1A2 = 2AA1 = 2BBl < (b—l—C) Vay A1A2 16n Ilhét b%ﬂlg 2(b—|‘ C)

9 ? )
khi A = ?ﬂ Tit d6 ¢6 a dé Ay A, 16n nhat.
(iii) dugc suy ra ti (ii). O
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Vi du 2.2.3. Cho tam giac ABC vdi do dai canh BC = a,CA =
b, AB = c. Dung ra phia ngoai ba tam gidc déuv BC A, CAB,, ABC,.
Dung tiép ra phia ngodi tam gidac A1B,C, ba tam gidc déu sau day:
BlClAQ, ClAlBQ, A1B102. GOZ M, N, P la trung d‘zém BC, CA, AB,
Ml, Nl, P1 la trung d‘zé?m BlCl, ClAl,AlBl, va MQ,NQ,PQ la trung
diém ByCy, Cy Ay, As By, tuong tng. Ching minh rdang

(1) AAlHQMMl,BBlHQ.]VNl, CCHHQPPl va MMl, NNl, PPl déng quy.
(i) AgMy||AM;||M My, trong dé My la trung diém cia AA;.

(i) Ha M M1 B1Cy, NNy LC1 Ay, PP, 1 A1 By. Khi d6 M My, NNy, PPy
dong quy tai mot diém.

Bai giai: (i) Ta c6 22y = 2420, 220, = 2, + 20, Vit IJ = z;—z;.
Khi dé

IMM, = 2en, — 220 = 2B, + 20, — 2B — 2¢ = 24 — 20 + €"(20 — 2B)
— AJA. Vay AA||MM;, AA; = 2M M.

Ba doan MM, NN;, PP, dong quy dudc suy ra ti viec xét AMNP
va phép quay e™.
(i) T AA;||2M M, suy ra AM;||M M,. Ta lai c6 AM;||AsMs. Do vay

Ao Mo || AMy || M M.

(iii) St dung két qua AA; = BBy = CC; = d va cong thiic dudng
2 2
trung tuyén ta c6 2M B? = d? + b? — %,QMC% =d*+c? — %. Vay

b2—62 b2_2

MB} — MC} = == hay MyB} — MyC} = — . Tuwong tu, ¢6
2,2 Q2 — 1

NoCE = Ny} = S Pt — RBY = T Khi d6 M B} -

MQC% + NQC% - NQA% + PQA% - PQB% = 0. Do dé MMQ,NNQ,PPQ

dong quy tai mot diem. O

Vi du 2.2.4. Trong mdat phang cho ti& gidc ApAy Ay Az va dinh nghia

Ageri = Ay 0601 =0,1,2,3 va k € Z. Vi diem Py ta thuc hién phép
T L.

quay tam Ay goc quay 5 de duoc Py; thuc hién phép quay tam Ay goc

quay g dé dugc Py; thuc hién phép quay tam A, goc quay g dé duoc
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T e )
Ps; thuc hién phép quay tam Az goc quay 5 dé dugc Py va ci tiép
tuc nhu vay. Ching minh ring diéu kién can va di dé cé Py sao cho
P2012 = PO la AOA2 = A1A3 va A()AQJ_AlAg.

Bai giai: Tuong ting Aj, A1, Ay, A3 14 bon sd6 phiic 2, 21, 29, 23 VA
tuong tng véi P, 1a s6 phiic oy, k = 0,1,2,.... Khi d6 c6 bieu dién

( .
a1 = 2o+ (g — 2o

043222—|—i

( )
ay = z1 +i(ag — 21)
( )
( )

Dé dang chira ay = (1 —1i)(23 — 21) + (1 +4) (22 — 20) + . Vay, qua 4
lan quay ta dugc mot phép tinh tién ay = g+ (1 — @) (23 — 21) + (1 —
'i)(ZQ_ZO). Vi 2012 = 503.4 nén 92012 — Oéo+503[(1 —Z)<23—21)+Z(1 —
i)(22—20)]. D& angia = g can va dit (1—1) (23— 21)+i(1—14)(22—2) = 0
hay (23 — 21) + (22 — 29) = 0. Diéu nay tuong duong AgA; = A; Az va
AgAs L A1 As. O

Vi du 2.2.5. Trong mdat phang cho ti giagc ABCD noi tiép trong
duong tron tam O, ban kinh R. Dung ra phia ngoai bon hinh vuong
sau ddy ABBlAQ, BCClBQ7 CDchg va DAAlDQ GOZ A3, Bg, 03, D3
la trung diém cdc doan Ay As, By By, C1Cy va Dy Dsy, tuong dng. Ching
minh rang

BD
(i) AA3 = CCy = 5 vai AA3s1 BD, CCs1BD. Tuw dé suy ra tiung

cap AsCs va AC; BsDs va BD, cdt nhau tai trung diém moi doan
khi AC va BD khong vuong goc vdi nhau.

(ii) Tt gide A3BsC3D3 c6 noi tiép trong mot duong tron khong? (coi
nhu mot bai tap).

Bai giai: (i) Ta chi can xét R = 1. Tuong ting A, B,C, D la bon
s6 phiic zg, 2, 2¢, 24 VOL |24] = |2] = |2e] = |24] = 1 va tuong tng
Ag, Bi, C, Dy 1a cac s6 phiic zq,, 2b,, 2e,, 2q, V01 k = 1,2,3. Khi d6 ¢6
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biéu dién
( Zal + Zaz
8 r . Zay = —
a = Za — (24 — 2a) Zay = Za + (20 — 2a) 2 E 2
=2y — (24 — 2) 2y = 2p +i(2c — 2) Zy = —
” g < 2o ¥ 2,
_ZC—’L(Zb—ZC) ZCQ —ZC—I_Z(Zd_ZC) 263 =
=z —ze—2) \Fn=zatilza—z) |z 1 Zd,
[~ 2
Zh — Zd BD

5 = 2¢y — 2¢. Vay AAz = CC3 = —~

va AA3 1L BD,CCs 1 BD. Tu day suy ra A3C3 va AC cat nhau tai trung

) . AC
diem moi doan. Tuong tucoé BB3 = DD3 = - va BB31 AC,DDs 1 AC.
T day suy ra BsDs va BD cit nhau tai trung diém méi doan.

(ii) Gia st I, J, H, K la tam cac hinh vuong ABBy Ay, BCCy By, CDD1(Cy
va DAA; D, va tng v6i s6 phiic 27, 27, 21, 2K - O]

Vidu 2.2.6. Cho AABC. Dung ra phia ngoai ba hinh vuong BC' Ay As,
CAB1By, ABC,Cy. Goi tam cdac hinh vuong nay la I,J, K va M la
trung diém BC. Chimg minh ring AI = JK,AI1LJK va MJ =
MK MJIMK.

Dé dang ¢6 z4, — 24 = @

Bai giai: Tuong tng A, B, C ba sb phiic 24, 25, zc. Khi dé cé bieu
dién

24, = 20 + (2B — 20)

zp, = 24 +i(zc — 2a)

2o, = zp + (24 — 2B).
Tuong tng I, J, K, M 1a bén s6 phic z1, 27, zx, zar. Tt cac quan hé
sau:

2B+ 24, ZB+Zc+i(zB —Zc)

2] =

2 2
20+ 2, 2o+ za+i(ze — z4)
ZJ —= —=
2 2
24+ 20, zZa+zp+i(za — 2B)
KT Ty T 2

— —
c0 2AI = zp+zo+i(zp—20) —224,2J K = zp—20+1(224 — 25— 20).
Béi Vi zp+ z¢ +i(z2p — 2¢) — 224 = i(zB —zc+i(224 — 25 — zc)) nén
c6 duge Al = JK, AT LJK.
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— —
T 2y = b ; =C suy rangay 2M J = zy—zp+i(zc—za) va , 2M K =
za—zo+i(za—zp). Béivi za—zo+i(za—2p) = i(zA—zB+i(zc—zA)))
nén c6 duge MJ = MK, MJ1MK. ]

Vi du 2.2.7. Gid st diém M & trong hay trén canh hinh vuong
ABCD. Tvm gid tri [6n nhat cia ham f(M) = /MAB + /MBC +
LMCD + ZMDA.

Bai giai: Khong han ché c6 thé coi dinh A, B, C, D tuong tng vé6i sd
phic 21 = 1,290 = 4,23 = —1, 24 = —i. Gid stt M tuong ting sb6 phiic z.
Ta co

o e o o
AM=2—1,BM=2—4CM =z2+1,DM = 2+
— — — —

AB=i—1,BC=-1-i,CD=—i+1,DA=1+1.

Ky hieu ZMAB = A, ZMBC = B, ZMCD = C,,ZMDA = D; va
cac géc phu tuong tng la AQ, By, 02, Ds. Hién nhién A1+B1+Ci1+D1+
Ay +By+Cs+Dy = 21. Néu Ay + Bo+Co+ Dy > A1+ By +C1+ Dy thi
lay déi xitng M qua truc I.J thanh M’, trong d6 I 14 trung diem BC va
J 1a trung diém AD. Licnay f(M') = ZM'AB+/M'BC+/M'CD+
ZM'DA = Ay + By + Oy + Dy. Do vay c6 thé coi m < f(M) < 27, Dé
dang chi ra

2—1 z2—1 z+1z+z’> (z4—1>
= arg .

M) = arg
SM) = e (T S ST+ 1

Hai duong chéo cat nhau O = AC x BD va chia hinh vuong ra lam 4
mién. Khi d6 M thudc mot mién, chang han M thudc mién OAB va ta
, . T T i
c6 the gia thiet a = ZMOA > I Nhu vay B) > a = arg(z) > 1 Do

o

vay f(M) = arg(z* — 1) = ZzAN = 7 + ZOAN < 7+ LOAD = PR

& d6 N tng véi sb6 phiic z*. Dau = xay ra khi M = B, chang han. Khi

d6 /MAB =0, /MBC = g /MCD = g va /MDA = %. Tém lai,
5
ta co f(M)ln:IW. O

Vidu 2.2.8. Gid st diém M J trong hay trén canh tam gidc déu ABC.
Tvm gid try [6n nhat cia ham f(M)=/MAB+ /MBC + Z/MCA.
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Bai giai: Khong han ché c6 thé coi dinh A, B, C tuong tng vé6i sd
1 V3 1

3 .
phl/l’C Z1 = 1,22 = —§ +i7,23 = —5 — 27 Gia su M tu’dng frng SO

phtc z. Khi d6 c¢6

N
?,CM:er%Jrig.
Ky hieu ZMAB = A, ZMBC = By, ZMCA = C} va cac géc con lai
tuong ung la A27 By, Cs. Hién nhién A1+ B +C1+As+ By +Cy = .
Néu Ay + By +Cy > Ay + By + (4 thi léy déi xting M qua truc
AH thanh M’, trong d6 H la trung diem BC. Lic nay f(M') =
/M'AB + /M'BC + /M'CA = Ay 4+ By + C. Do vay c6 thé coi

™

— < f(M) < 7. Dé dang chi ra f(M) =

— — 1
AMzz—LBM:z+§—i

2
1 V3 1 43
arg( z—1 Z+§_172+§+Z7>:arg(z3—l>.
1 3 —iv/3 1 /3 3V/3i
_§+27—1 54‘274‘1

Nhu vay (M) = arg(z® — 1) — g Ba doan OA, OB, OC chia tam giac

déu ra lam 3 mién. Khi d6 M thuoc mot mién, chang han M thudc

N 2 . .
mien OAB. Nhu vay f(M) < 7 + % — g = % Dau = xay ra khi
A%EBwﬁ%hMJQMMAMAB:QAMﬂﬁzgAMOA:g
2
Tém lai, ta c6 f(M);, = % O]

Vi du 2.2.9. Trong mot mat phang, cho ti gidc loi ABCD. Dung hai
hinh vuong cung hudng AEBF va CHDK. Chitng minh dong nhat
thic

|EH? — FK?| = 4Spcp.
Bai giai: Dung hé toa do Ozy dé A(0; —a), E(—a;0), B(0;a), F(a;0).
Gié stt tam hinh vuong CHDK la I(u;v) va C(x1;41). Vi hinh vudng
CHDK cung huéng hinh vuéng AEBF nén st dung phép quay tam

—T 2 .~
I(u;v) v6i gbe quay > bieu dién qua matran:

o)=L a) (o)
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ta duge H(u — v+ y1;u+v —x1). Dé dang ¢6 D(2u — x1;2v — y1), va
Ku+v—y;v—u+z). Taco |[FH? — FK?| = 4lua + uy; — vry| =
Vidu 2.2.10. Trong mdat phang, cho hai hinh vuong ABCD, A'B'C'D’
vdi thit tu cac dinh cung theo mot hudng. Ching minh dong nhat thic

A'A*+C'C* = B'B*+ D'D”.
Bai giai: Dung hé toa do Oxy dé A(a;0), B(0;a), C(—a;0), D(0; —a).
Gié st tam hinh vuong A’B'C' D’ 1a I (u; v) va A'(x1;41). Vi hinh vuong
A'B'C'D' cung huéng hinh vuong ABC D nén st dung phép quay tam
I(u;v) v6i goc quay B biéu dién qua matran:

g —u) (0 —1 T —u
y—v /) 1 0 y—v
ta duge B'(u+v —y1; 21 —u+v). Dé dang c6 C'(2u — x1;2v — 11), va

D(u— v+ yp;u+v—x1). Khi dé ta co

AA+C'C% = (a—2)* +yi+(—a—2u+21)*+ (20 —y)?
B'B*+D'D* = (u+v—1y)+(a+u—v—1x)*
+ (u—v+y)+(—a—u—v+x)
Dé dang kiém tra dong nhat thic A’A? 4+ C'C? = B'B% + D'D? vi ci
hai déu bang 2a® +4u? +4v? + 223 + 2% + 4au — 4ax, — duxy —4vy;. O

2.3 Van dung trong Luong giac

Muc nay danh trinh bay viéc van dung s6 phtc vao xay dung cac hé
thiic lugng giac.

2.3.1 Xay dung déng nhéat thiic

Meénh dé 2.3.1. Vdi s6 nquyén duong n va goc o c6 z2" — 2" cos o +
2n — 2

7r—I_a—i—l)---(5(:2—2xcos( n >7T+a+
n

2
1 = (22—2z cos ngl) (z2—2x cos
n
1) khi cosa # £1.
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Chiing minh: Xét phuong trinh 2" = cosa £ isina. Hai phuong
o)

trinh c6 2n nghiem z. Vay 2?* — 22"cosa + 1 = (22 — 2w cos — +
n

2T 4+ « 2n—2)r+«

+1) -+ (2% — 22 cos +1). O

1)(z* — 2z cos

n
Meénh dé 2.3.2. Vi s6 nguyén n > 1 ta luon cé cdc két qud sau day:

n—1 k 2

i) 22 — 1= (2> - 1) [[ (z* — 22 cos — + 1).
k=1 2n
n k2w
i) 22t — 1= (v -1 —2 1).
(i) z (x )kl;[l(x Teos g + 1)
k
(iii) z** +1 = [T (2% —2wcos 7y 1).
k=13,...2n—1 2n
(iv) 2 +1=(z+1) J] (2*—2zcos hn +1).
k=13,...2n—1 2n+1
n k2 k2
Chitng minh: Tt 22" — 1 = [] (z — cos T sin —W) suy ra ngay
k=1 2n 2n

- k2
" —1=(22-1) H (22 — 2z cos 2—7 +1). Tuong tu ciing nhan duge
e n

cac cong thic khac. []

Vi du 2.3.3. Vdi s6 nguyén duong n va géc o cé

( 2 2 — 2
:l:sing:2"—1singsinﬂ—+@...sin( n )W+O‘
o . Tra  dmta (2 Slr+a
§ cos — = 2"""sin sin ...sin
2 2n 22n+ © 2n2) .
87 n—1 (8 v « n — T Q
tan— = (—1) 2 tan—1t - .
[tan g = (1) 77 tan o tan —~ an =
2 —1
n:2”*181nzsin_ﬂ...sin(n—)ﬂ
Ay A n n
T doy suy o T S (2n — )7
1=2"1lgin—gin—---gin ——— 2.
n 2n omn

2
Bai giai: Viz?—22" cos a+1 = (22—2x cos g-|—1)(x2—2:15 cos T 4
n n

2n — 2
1)"'(52—2$008(n )F+&+1)nénkhicholetadu’oc
n
2 2n — 2
2—2cosa = (2— 2COS—)(2 2 cos 7T+&)---(2—2cos(n )W+Oé)
n n n
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2 2n — 2
hay 4 sin? Y grgin? L gin? el . sin? (2n = 2)m + ? Khi d6 ta
2 2n 2n 5 2n2 5
Laind =gl g 2O Bn DTt a
2 2n 32n 5 2771
nhan dige § cos & = 211 gin T2 i ST Ay 7 Ut a
2 2n 22n 5 2n2
tan — = (—1)717_1tangtan rra --.tan( - )WJF(X.
. 2 2n 2n o 2n
2 -1 sin —
2"‘1sinﬁsin—ﬂ---sinu:lim gé =n
Khi o — 0, { non n a0 sin2—
n
o1 gy T 3m . (2n—1D)7 ’ a_
sin —sin — - - - sin ———— = lim cos — = 1.
\ 2n  2n 2n a—0 2
]
Vi du 2.3.4. Vdi s6 nguyén duong n, hdy tinh tong > k*a*~1 vdi
k=1
2 2
a = cos 22 + isin =%, Ty day suy ra
n 2n
Bai giai: ]

2.3.2 Két qua vé da giac déu

Vi du 2.3.5. Chiing minh rang, néu da gidc déu A1 As...A, noi
tiép trong duong tron tam O bdn kinh R va diém tuy ¢ P vdi goc
(OP,0OA;) = « thi

(PA.PA,y...PA,)* = OP* —20P".R". cosna + R*".

Ddc biét, néu P nam trén duong tron ngoai tiép da gidc thi ta cé hé
thic
. no
PAl.PAQ R PAn = 2Rn| Sin 7‘

(PA? = OP? — 20P.Rcosa + R?

2
PAZ=OP? - 20P.Rcos(— + a) + R?
Bai giai: Ta tinh < n

o — 2
PA2 = 0P —20P.Reos(Z2T 1 o)+ B2,
\ n

Nhan theo vé duge (PA;.PA, ... PA,)? = OP?" —20P".R". cos na +
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R?. Khi OP = R thi (PA;.PA, ... PA,)? = 2R* — 2R".R". cos na +
R Nhu vay PA;.PA,... PA, = 2R"|sin %\. 0

Vi du 2.3.6. [Théoréme de cotes] Chiing minh rang, néu da gidc
deu A1 A, ... A, noi tiép trong duong tron tam O ban kinh R va diém
tuy y P thuoc tia OA; thi PA;. PA2 PA = |OP" — R"| va néu

B, ..., B, la trung diém cdc cung A1A2, . A WAy thi PB1.PBs ... PB, =

OP” + R".

Bai giai: Theo Vi du 2.3.5, v6i a = 0 ta c6 (PA;.PAy...PA,)? =
OP? — 20P".R" + R?". Do vay PA,.PAs... PA, = |OP" — R"|.
Stt dung két qua tuong tu trén cho 2n gidc deu A1 B A, ... A, B,, dudc
[[ PAy.PBy = |OP> — R>|. Vay PBy.PB,...PB, — OP"+R". [J
k=1

Vi du 2.3.7. Cho da gidc déu A1 A, ... A, noi tiép trong duong tron
tam O ban kinh R. Ching minh ring vdi bat ky diem P ¢ trong da
gidc co

PAy.PAy...PA, < (1+ cos" E)R”.
n

Bai giai: Khong lam mat tinh tong quat, ta chi can xét R = 1. Trong
mat phang phiic, mdi dinh A; tuong ting mot s6 phic z, |2 = 1, v6i
n

k=1,2,...,n;con P tuong tng z. Khi d6 PA;.PAy... PA, =[] |2—
k=1

zk|. Vi P 6 trong da giac nén P phai thudoc mot tam giac OA;A;1,
chang han OA; Ay. Goi M la trung diém A; As. Ta c6 thé coi P thuoc

A 2
tam giac vuong OA; M. Vi A{OAy = il nén o < G01 OP cat AiM
n
2 n
tai K,d = OK. Hién nhien (PAl.PA2 . PAn> = (z — k) (Z —

k=
%) = (2"~ 1)(z"—1). Do do (PAl.PAQ...PAn> — 2—2:1:cosnoz+1
vl x = OP", xem Vidu 2.3.5, va 0 <z = OP" < d". Gia tri I6n
nhét ciia tam thitc dat dudge tai 0 hodc d”. Vay (PAl.PAQ o PAH)Q <
max{1, d*" —2d" cosna+1}. Xét f(t) = t*—2tcosna+1 véi t = d" va

cosE <d<1.Chi§ringkhid=1thia=0vakhid=cos— thia=
n n

ﬁ Dé dang thay f(¢) < max{f(1), f(cos g)} = max{0, (14 cos” %)2}

Tém lai, ta luon c6 bat dang thiic PA,.PA, ... PA, <1+ cos” I O
n
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2.3.3 Tinh chia hét ctia mot vai da thic dac biét

Dinh 1y 2.3.8. Gid st K la mot truong va da thiic bat khd quy g(x) €
K[z] ¢6 nghiém «. Da thic f(x) € Klx] chia hét cho g(z) khi va chi
khi f(a) = 0.

Chitng minh: Gia st da thic f(x) € K[z]. Theo Dinh Iy 7?7, ¢6
duy nhat hai da thic q(z),r(z) sao cho f(z) = q(x)g(x) + r(x) véi
degr(z) < degg(x). Nhu vay f(a) = 0 khi va chi khi r(a) = 0. Do
bdi g(x) 1a da thiic bac thap nhat dé g(a) = 0 nén r(z) = 0. Tom lai
f(x) € K|[z] chia hét cho g(z) khi va chi khi f(a) = 0. N
Dinh 1y 2.3.9. Gid st K la mot truong va da thic g(x) € Klz| chi
c6 cac nghiém don o, ..., q,. Da thic f(x) € K|z] chia hét cho g(x)
khi va chi khi f(a;) =0 wvdii=1,...,r.

Ching minh: Gia st da thic f(x) € K[z]. Néu f(z) chia hét cho
g(x) thi co h(z) € Klz] de f(z) = h(z)g(x). Vay f(e:) = h(ai)g(as) =

0vé6ii=1,2,...,r. Ngugc lai, gid st f(o;) = 0v6ii=1,...,7r. Do
cac a; khac nhau nén f(x) chia hét cho tich (z —aq)...92 — ;). Vay
f(z) € K[x] chia hét cho g(x). []

Vi du 2.3.10. V§i cdc s6 tu nhién m va n, tam thic o™ + 2" + 1

chia hét cho x®> + x + 1 khi va chi khi mn — 2 i 3. Tw dé suy ra

204+ 25+ 1,22 + 2 + 1 déu chia hét cho x> + x + 1.

Bai giai: Da thitc 22 + 2 + 1 1a bat kha quy trén Q véi nghiém phiic

—1+iV3
2

{0,1,2}. Vay p(z) = 2™ + 2" + 1 chia hét cho z* + x + 1 khi va chi

—1+i\/§)r+

o = =1.Bieuditn m =3h+r,n=3k+svéir,s €

khi o™ +a"+1=0hay o +a*+1=0. Dovayoz(

2
—141v3\3 2 2 2 2 X
(#) +1= cosg—l—z'sin%—l—cos%—l—isin%—i—l. Dieu
nay tuong duong
2 2 . r=s=
sinr—ﬂ—l—sinS—W:Ohay 7“+813H[T+5:§
r2m s2m (r+s)m (r—s)m
= °=r — 2 +1=0.
cos — + cos 5 +1=0 N

Kiém tra r = s = 0 khong théa man he. Vay r + s = 3 hay {r,s} =
{1,2}. Vay mn = (Bu+1)(3v+2) = 3(3uv+u+v)+2. Do d6 ™ +a"+1
chia hét cho #* + z + 1 khi va chi khi mn — 2 ¢ 3. O
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Vi du 2.3.11. Véi cac s6 tu nhién m va n, tam thic 2™+ 2" +1 chia
hét cho x> —x+1 khi va chi khi m+n, mn—2} 6. Nhu vay, 2™ +2"+1
chia hét cho x* + 2> + 1 khi va chi khi m +n,mn — 2} 6.

Bai giai: Da thitc 22 — 2 + 1 1a bat kha quy trén Q véi nghiem phiic
Lo LEiV3

2
{0,1,2,3,4,5}. Da thitc 2™ + 2™ + 1 chia hét cho 22 — x + 1 khi v chi

14+2v3\"
l)+

= —1. Biéu difn m = 6h +1r,n = 6k + s véi r,s €

khia™+a"+1=0hay o +a°+1=0. Dov@yOz(

2
1+ 4vV3\3 .
(+—z\/_) + 1= COST—W —|—z'sinr—7r + coss—w —|—z'sins—7T + 1. Dieu nay
2 3 3 3 3
tuong duong
sinE—l—sinﬂ:Ohay 2sin(r+s)7rcos(r_s)ﬂ:0
T 4 (r f S)T (r 0 s)m
COS§+COS?+1:0 2 cos G s +1=0.
. r=s=0
7“—|—$:6H[r+s:6 ,
Nhu Véy (7" + S)7T (7" — 3)7‘( Kiém trar =s =10
2 cos cos +1=0.
6 6
r+s==6
khong thoa méan he. Vay r+ s = 6. Khi do ta ¢6 (r—s)r 1
cos % 3
=6 .
hay {T—I_S o Vay {r,s} = {2,4}. Chi can xét m = 6u+4,n =
r—s==+2.

6v+ 2. Khi d6 m+n =6(u+v+1),mn = 6(6uv +4v+2u+1) + 2.
Diéu nay tuong duong m +n,mn — 2 i 6. Theo Vi du 2.3.10 ta suy ra
2™ 42" +1 chia hét cho 2*+ 2% +1 khi va chi khi m4+n,mn—2:6. 0O

Vi du 2.3.12. Vi cdc s6 tu nhién m va n, tam thic 2™ +x™ — 2 chia

hét cho x* + 23 + 2% + 2 + 1 khi va chi khi m,n i 5.

Bai giai: Da thic o' + 2% + 22 + 2 + 1 1a bat kha quy tréen Q véi
2 2 ) ~

nghiém phiic a = cos g + 2 sin %, a® = 1. Biéu dién m = 5h+r,n =

5k + s voi r,s € {0,1,2,3,4}. Da thitc 2™ + 2" — 2 chia hét cho

ot + 23+ 224+ 241 khi vi chi khi o™ +a" —2 = 0 hay o +a®—2 = 0.
. r2mw .. 2T s2r .. 82w .
Do vay COS? +zsmT +cos? —I—zsmT — 2 = 0. Dieu nay
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tuong duong

2 2 —
sin%jtsin% = 0 hay 2sin (r ES)W coS (r 55)7T =0
r2m s2m (r+s)mr (r—s)m
— ——=2=0 —2=
coS 5 + cos 5 2 cos 5 cos = 2=0.
r4+s:5<+ [::iig
Nhu vay o — Kiém tra r = s = 0
2 cos (r+s)m CoS (r—s)m —2=0.
5 5
r+s=95 r+s=>5
thoa man hé. Véir+s = 5tacod _ ha
008@:—1 y{r—s:I:S.
Vay {r,s} = {0,5}. Vay, tam thiic 2™ + 2™ — 2 chia hét cho z* + 23 +

22 + o + 1 khi va chi khi m,n i 5. []

Vi du 2.3.13. VéGi mot ty nhién m va n, tam thic x™ 4+ x™ + 1 khong
chia hét cho 2* + 23 + 22 + o + 1.

Bai giai: Da thic 2! + 2® + 22 + 2 + 1 1a bat kha quy trén Q véi

2 2 v s
nghiém phiic o = cos % + ¢ sin %T, o’ = 1. Bieu dién m = 5h+r,n =
5k + s v6i r,s € {0,1,2,3,4}. Da thic ™ + 2" + 1 chia hét cho
o4+ 23+ 2% + 24+ 1 khi va chi khi o™ +a"+1 =0 hay o +a*+1 = 0.
~ r2m .. r2w s2m .. 82w NN

Do vay cos — + ZSIHT + cos? + ZSIDT + 1 = 0. bieu nay
tuong duong

r2w . S2w (r+s)r (r—s)m

in— +4+sin— =0h 2 s =0
sin Tgﬁ sin S%W ay sin ———cos —
cos— +cos— +1=0 2 cos TJFS)WCOS(T_S)W—I—l:O.
5 5! 5 5
rsise [ 9
Nhu vay (r+s)m (r —s)mw Kiem trar =s =0
2 cos coS +1=0.
5 D
r4+s=>5
khong théa man hé. V6i r+s = 5 khong thoa méan (r—s)m
2 cos = 1.
Vay, tam thic 2™ + 2" + 1 khong bao gis chia hét cho a* + 23 + 22 +
x4+ 1. ]

Vi du 2.3.14. Xdc dinh s6 tu nhien m dé da thic (z +1)" + 2™ + 1
chia hét cho 2* + z + 1.

So hoa bdi Trung tam Hoc lieu http://www.Irc.tnu.edu.vn/



29

Bai giai: Da thitc 22 + 2 + 1 1a bat kha quy trén Q véi nghiém phiic
2 2

a—cos%—i—isin% a*=1.Via’+a+1=0nén 1+a=—a? Vay

(1+ «a)® = 1. Biéu dién m = 6k +r v6i r € {0,1,2,3,4,5}. Da thic

(z4+1)™+2"+1 chia hét cho x2+a:+1 khi va chi khi (14+a)™+a™+1 = 0
T r2m . 2T

hay (1+a)"4+a"+1 = 0. Vay cos ?Jrz sin ?—f—COS TJrz sin T+1 =
0. Diéu nay tuong duong
2
sin%-l—sin%—()hay QSinECOSE:O
T r2m s
- = — 2cos —cos— + 1 =0.
Cosg-l—cos 5 +1=0 COSQCOSG
r=20,2,3,4 ,
Nhu vay rw T Kiem tra r = 2,7 = 4 thoa man
2COS7COSF+1 = 0.
he. Vay, da thic (x + 1)™ + 2™ + 1 chia hét cho 22 + x + 1 khi va chi
khi m = 6k + 2 hoac m = 6k + 4. O

Vi du 2.3.15. Xdc dinh s6 tu nhiéen m dé da thic (z +1)" + 2™ + 1

chia hét cho (z* + x + 1)%. T dé suy ra 21%°M + 202911 + 1 chia hét

cho 4212

Bai giai: Da thitc 22 + 2 + 1 1a bat kha quy trén Q véi nghiém phiic
2 2

a = cosg—%isin%,&g =1.Via?+a+1=0nénl1+4+a = —a?

Vay (1 + )% = 1. Biéu dién m = 6k +r véi r € {0,1,2,3,4,5}.

Da thiic (z +1)™ + 2™ + 1 chia hét cho (2* + x + 1) khi va chi khi
1+a)"+am™+1=0 r=2r=4
m(1+a)" '+ ma™ ! = (1+a)t+a =0

Kiém tra r = 4 thdéa man he. Vay, da thiic (x+1)"+2™+1 chia hét cho

(2% + 2 +1)? khi va chi khi m = 6k +4. V6i z = 20 ¢6 212014 420201 +1

chia hét cho 4212 ]

tuong duong {

Vi du 2.3.16. Ching minh rang khong cé so tu nhién m dé udc chung
I6n nhat ((x+1)"+2™+1, (x+1)"—a™—1) chia hét cho (z*+z+1)>.
Bai giai: Suy ra ti cac vi du trén. []
Vidu 2.3.17. [Poland 1996] Xdc dinh tdt cd cac cdp s6 (9n,r), trong

dé n la s6 nguyén duong va r la so thuc, sao cho da thic (x+1)" —r
chia hét cho 2% + 2z + 1.
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Bai giai: Da thic 222 + 22 + 1 1 bat kha quy trén Q véi nghiem
-1+ .
' Pa thic (x 4+ 1)" — r chia hét cho 22% + 2z + 1 khi

phiic a =
1+
2

n=4mvar =

va chi khi ( )n =r hay (COS% + 7 sin E)n = v/27r. Nhu vay ta c6

4
—1)" .
( 4m) v6i sO nguyén duong m. []

Vi du 2.3.18. Cho a # 0 va s6 nguyén duong n > r > 0. Khi dé hay

(i) Xdc dinh tat cd cic cap so (n,r) dé x™ —a" chia hét cho x" —a’.

(i) Véi bat ky cip so nguyén n,r hay zdc dinh du cia phép chia
" —a" chox" —a'.

Bai giai: (i) Vi (" — a") = rz"! khong c6 nghiem khac 0 nén da

thitc 2" — a” chi ¢6 céc nghiem don. Vay f(xz) = a™ — a” chia hét

cho " — a" khi va chi khi moi nghém ctia " — a” cling la nghiém

ctia f(x). Khong han ché c6 thé coi a = 1. Nghiém ctia 2" — 1 la

s2m . 82w . A
Ty =Ccos——+isin— v6is=1,...,r. Vay 2" — 1 chia hét cho 2" — 1
r r
C g ns2m .. ns2 v N
khi va chi khi cos + 7 sin =1v6imoi s =1,...,r. Dieu
r r
( ns2m
cos =1
)
nay tuong duong < i, 54T _ 0 Do vay nir va c6 cac cap dang
r
s=1,2,...,r.

(mr,r). \

(ii) Bieu ditn n = pr +s v6i 0 < s < 7. Khi do 2" — 1 = 27" — 1 =
(2" =1)(z" "+ 2"+ 4™ P )+ 2* — 1. Vay phan du la 2* — 1. [

2.3.4 Tinh mot vai téng va tich

Vi du 2.3.19. Vdi s6 nguyén n > 1 ta luon cé dong nhat thitc dudi
day:

3 .5 on — 1
V3 = 27 sin 2 sin OF gin 2% gin 22— DT
n 4n 4dn 4dn
1 S0 nquyenr =2 CO — = S1n S1n L SIN Y/
g % 202r + 1) 2(2r + 1) 2(2r + 1)
m 7r , 3 . (2r—1)m

Tuw dé tinh tong T,

= s ey gy e
va gidi han cia day (T,).
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R k
Bai giai: Theo Menh d32.32c6 2 +1=  [[ (222 cos =+
k=1,3,....2n—1 2n
km . o kT
1). Choz = 1 tadugc 2 = IT (2—2cos—) = [T  4sin”—.
k=1,3,....2n—1 2n k=1,3,....2n—1 4n
k k
Nhu vay v2 = [T 2sin adl hay v2=2" J] sin all
k=1,3,...2n—1 dn k=1,3,...2n—1 dn’
. 2n—1 3 2n — 3
Néun = 2r-+1 thi v/3 = 27sin 7 sin 20— DT 0, 37 gy G =37
4n 4n 4n 4n
1 , T , 37 , 5 . (2r—1D)m
Vay — = sin sin sin c.sin—2— Vi
2r 22r+1)  22r+1)  2(2r+1) 2(2r +1)

, . onmo .
trong tich c6 thita so sin o vasuyral = 1—2—m. Vay lim T,, =1. [J
n

Vi du 2.3.20. Vdi 56 nguyén n > 1 ta luon cé dong nhat thic dudi
day:

2 3 —1
Vn = 2”*1811&1811&—71’sir1—7T...sinu
2n 2n  2n 2n
N ° 2 e ~ X L 37271 - 1 — k2
Bai giai: Theo Ménh de 2.3.2 ¢c6 —; = H (22 — 22 cos - +1).
e — =1
n-1 k2w n- o km
Choz — 1 tadugcn = [[(2—2cos—) = H sin? —. Nhu vay
k=1 2n k=1 2n
km n=l k
n—H4sm 2—hay\/ﬁ—2”1H81n2—7T. O
n

k=

Vi du 2.3.21. [IMO 1973] Chiing minh vdi moi s6 nguyén duong n

co
- k
2”||sin T =v2n + 1.

P 2n—+1

Bai giai: Xét da thic 22! — 1 trén C v6i 2n + 1 nghiém ta suy ra
biéu dién

2 -1 k2m
n k2 n k
Cho x — 1 dugc he thic 2n+1 = [ (2—2cos T )= ][ 4sin T
k=1 Qn—l— k=1 2n 1
n km
Do do 2" 1 =/2 1. []
o do kl;llstn—l—l V2n +
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n
Vi du 2.3.22. Vi s6 nguyén duong n, tinh tong T = > sin k.
k=1
n n
Bai giai: Dat S = ) coskx. Xét S+iT = > (coskx +isinkz). Dat
k=1 k=1

n -1 .
u:cosaz+z’sinx.KhidéS+z’T:Zuk:uu 1.Tfrdaydédang
k=1 u—
. nr . (n+ 1)z
sin — sin ————
suy ra ' = T 2 : []
Sin§

Vi du 2.3.23. Vdi s6 nguyén duong n, tinh tongT = > (Z) sin(k+1)z
k=0
va S =Y (})cos(k + 1)x.
k=0

T 2 3T 4 ST or . Tmw
Vidu 2.3.24. Tinh S = sin — sin — sin — sin — sin — sin — sin —
15 15 15 15 15 15 15
T 27 3T 4 5% o T
va T = tan — tan — tan — tan — tan — tan — tan —.
15 15 15 15 15 15 15

V1
Bai giai: Theo Vidu 2.3.21,v6in =7c6 S = 2—75 Theo Vidu 2.3.3,

3 13 1 7
v6in = 15 c¢6 sin® — il sin? o sin? o hay cos? — il - cos? T
30 30 5 30 2174 15 Sl5
e Tu day c6 P = cos%cos% -cosl—g = o va T = 5 =

V15. []

.oz k
Vi du 2.3.25. Ching minh rang ] tan 5 2: =+2n+1.
k=1 n

R x?n-l—l -1
Bai giai: Theo Ménh de 2.3.2, =
x J—

—_

k2w

2
-2
(x xc032n+1+
k2m
) =

( 2n + 1
= V2n+1. Cho z = —1 ta

km
= 4 cos?
1) kHI o

=+v2n+1. ]

=

e
I
—_

©
|
)
o
O
n

1). Cho x — 1 dugc hé thic 2n + 1 =

n k n k
[] 4sin? W hay 2" [] sin T
k=1 2n + 1 k=1 2n -|—

n

nhan duge hé thic 1 = J](2 + 2cos
k=1 2n

n km
— 1. Dovay ] ¢
on + 1 ovay Il tanorm

||’,:]:

hay

2" H oS
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) . plr) 1 x4 ap 1
Vi du 2.3.26. Tu | = —— —p(0
idu a luon ¢6 — anz::lx_akp(ozk) + 2p( ),
2k + 1 2k + 1
trong do oy = cosu +isinu,k =1,2,...,n, va da

n n

no (2k+1)r (2k+ )7

thitc p(x) c6 degp(x) < n. Tu dé suy ra hé thic ) cot oS

2n n
k=1
( ) sin( ) 1 —( ) = 0.

0, cot =n va cot
,;1 2n n kz:l 2n

plz) _ 3 plo) 1 S agp ()

m+1 [ nozZ_l(x — ay) ConiS -
060 = L s b e P
Cho 2 =0 ¢6 p(0) = — Z p(ag). Khi dé ta ¢6 hé thic sau: 1
=1 "
1 J L 2ozkp(ozk) noT+

—p(0) = — LI o O R z p(ax)- Do

2 2n =1 T — Qg 2n [ 1T — Qp

_ plx) 1 &+ ay 1
=—— —p(0).
ey "+ 1 2n kzlx—akp(o%) + 2p( )

1 1 21
Khichonp(x):xvaa::1tacé§:—%k_11izz
.. 1 2k + 1 2k + 1 2k + 1
d61 +&k(yk:icotu(cosu+isinu)
1 — qy 2n n
n 2k +1 2k +1 n 2k 2k + 1
Zcot( i )Wcos( +1m Z ( + r sin( + r
k=1 2n n k: 2n n

1 n 1
n.Khip(z)=1,2=1,c6 Z §h Z o
— —Oék;

5 1 — Ok
a1 2k + 1) n 2k
Bién doi A icot u Vay > cot u
— n =1 2n

Bai giai: Hien nhién

ay.. Dé dang bién

. Vay

= 0. []

) o p(x) 1 oo+ oy 1
Vi du 2.3.27. Tu | = =3 — =p(0

2k 2/<3
trong do oy = cos — + zsin—w k=1,2,...,n, va da thic p(z) co
n

n
4km 2k Y e o 2km
o QCOST—COS— n 281117—81117
degp(z) <n. Vay o= = 22 S 2 S

k=1 5 —4cos — k=1 5 —4cos —
n n

0.

) n 1 n
Bai gii: Hién nhien 20 — s plaw) 1 g~ awplon)
" =1  Zinal (T — o) ni=] T— Qg
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1 1
Cho x = 0 ¢6 p(0) = — > plag). Khi dé ta co6 p(x) + —p(0) =
n j—1 " —1 2
1 2 20pp(ag) 1 & 1 2 x4+ oy p(x)
— — = — .D =
2n = T — g +2n k;p(&k) 2n kz::l T — ozkp( ). Dovay zn —1
1 2 x4+ o
— — —p(0
on 2o &kp(ak) 2p( )
. x 1 ozz ~
Khi chon p(z) = z ta ¢6 =—> . Cho z = 2 ta nhan
" — 1 n =1 T — Qy
4k 2kn
9 12 o ZQCOST—COST
dugce = — . Tuday co =
2" — nrp—1 2 — (075 2n —1 k=1 5 _ 4 cos 2k7T
n
Y e o 2km
n 28D —— — sin ——
va y n n_ —o,. ]
2k
F=1 5 feos ot
n

Vi du 2.3.28. Vdi s6 nguyén duong n va géc o hdy tinh tich dudi
day:

2s — 1
T = (1 + 2n )
. (2s—1)m
2n
Bai giai: Xét phuong trinh " = —1 = cosm + ¢sinw. Khi d6 moi
- sT .. sm . .. . Ts+cosa+1sina
nghiém ¢, = cos —+isin— véis = 1,2, ..., n. Giasu — =
n n Tg+ COSQ — 781N«
2s — 1
sin (a + —( i )W)
t,. Khidozy = — 2n . Vimoi x, 1a nghiém ctia phuong
. (2s—1)m
sin ~———
2n
trinh f(z) = (r+cosa+isina)"+ (x4 cosa—isina)” = 0 nén ta co
2s — 1
v sinfat <$2_>77)
—2]] ( n—).
o) =2]](z+— 25— 1)n
s=1 Sin ————
2n
Do vay 27 = (1 + cosa +isina)” + (1 4+ cosa — i sina)™ hay ching
a  no
ta c6 T = 2" cos” 5(3087 ]
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Vi du 2.3.29. Vdi mbi s6 nguyén duong n hay tinh cdc tong dudi day:

. 2k7T . Qkﬂ'
n 3+ 2sin° — n sin —
_ n n
=3, — 5= 2 e
k=19 4+ 16sin” — k=1 9 + 16 sin® —
n n
n 2k 2k
Bai giai: Viz" — 1 = [[(z — ozk) VOi ap = oS — + isin — va
k=1 n n
n—1 n 2k 2k
k=12,....n, nen - LR V6i o = cos o8 4 jsin 2L
k=1L — O n n
Vak:1,2,...,n,\/0133—4t c6 hé thic
n4n—1 B - 1
g —1 _Z 2k . . 2kmw
k::1 k=1 4 — coS —— — 7 8In ——
n n
2k 2kmw o km - 2km
n 4 —cos—— +18in —— n 34 2sin® — + isin —
_ n n_ _ n n
2k k
k=1 17 — 8 cos 1 k=1 0+ 16sin? -8
n n
2k
n 3—|—281n2—7r ,’,L4n 1 n sin—ﬂ
Do vay )’ Zﬂ = Z 1 — =0 O
k=19 1 16sin? — k=19 4 16sin® —
n n

Vi du 2.3.30. Vdi moi sé6 nguyén duong n, hdy tinh cic tong dudi
day:

k 2k
n n—1—|—251n2—7r n s.ilrl—7r
_ n _ n
I'= lmT’S_ o kT
k=1 (n —1)2 + 2nsin® — k=1 (n — 1)2 + 4nsin® —
n n
n 2k 2k
Bai giai: Vi2" — 1 = [[(z — o) V6l o = COS - 4 isin — vA
:1 n n
n n 1 2k 2k
k=1,2,...,n, nén ne => Véiozk:(308—7T+z'sir1—7T
=1 r—ay n n
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n

vak=1,2,...,n, V6i x = n ta nhan dugc hé thic I = n T
n" —
I = ” L
k= k=1 n — cos — — i8in —
n n
2km . 2km o km . 2km
n o —CoS—— + 1Sl —— n n—1+2sin? — + isin —
Sy ey ——
2km o km
k=1 n?+1—2ncos — k=1 (n —1)2 + 4nsin® —
n n
W n—1+42sin?"" o
Tiu day suyra T = ) nlm — 1VaS:. O
F=l(n—1)2 4 2nsin2 = " T
n
72k+2
Vi du 2.3.31. Tinh tong T = ZCﬁijLQ

7
Bai giai: Tinh tich phan [, = [z(1 4+ z*)"dx. Dat y = 1 + 2%
0

Khi d6 I 17) "d L1 hay ta o6 1 o -1
1 (0] n — = = —— a a coO = ——.
23V Y T oY W 2(n+ 1)
Khai trién tich z(1 + 22)" = i CF 2?1, Vay 01 = I, =
= o 2(n+1) "
n 7 72k‘—‘r2
S CE [a%+ldx = Z CF [
=0 0 2k +
9 n 1
Vi du 2.3.32. Tinh tong T = kgo( LY G — T

1
Bai giai: Tinh tich phan I, = [(1 — 2%)" dx véi s6 nguyén duong n.
0
Stt dung cong thitc tinh tich phan tiing phan ta nhan dugc

1
I, = z(1 — %) \0+2n/x2 )" Vdx = —2n(I, — I,_)
0

2n

- 1]n_1. Véi cong thic truy hoi ndy ta nhan duge
n

hay ta c6 [, = 5
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2.4.6...2n 2.4.6...2n !

I, = . Va =1, =Y (-1)FC} [2%d
357...2nt1 V357, (2n+ 1) 2 (=1) "{x *
2.4.6...2n n 1

h = S (P Ck O

W5y ey =Y Yapi

Vi du 2.3.33. Phan tich 2** + 2" + 1 ra thanh tich cdc nhan ti bat
7 e = B+ D
kha quy trong Rlx] va tinh tich P = [] sin ————.
k=0 n
Bai giai: Da thitc 23" — 1 ¢6 3n nghiém phan biét nén tap nghiem
clia 2" + 2" 4+ 1 v clia 2" — 1 khong giao nhau. Phan tich da thiic
f=a%"—1:

3n—1 n—1

2k 2k 3k2 3k2
f = H (x — COSS—TZT — ising—;) = H(x — cos Snﬂ — i sin Snw)
k=0 k=0
n—1
3k +1)2 3k+1)2
kH_O(:U — cos(—g# — isin %)
ﬁ(x L BEE22r L (Bk 2)27)
P 3n 3n '
n=1 2k 2k n=l 3k2 3k2
Vig"—1= H(x—cos—ﬂ—isin—ﬂ) = [] (x—cos T _isin 7T)
=0 n n =0 n an

nén ta dugc biéu dién thanh tich 22" + 2" + 1 = g(z)h(x) véi

n—1 k—+1)2 k—+1)2

g(x) = [ (z - cog SR 1)2m _Z'Smw)
k=0 3n 3n
n-l Bk+2)2r . (3k+2)27

h(x) = ] (& — cos or 220 g R 22T

(x) k];[ﬂ(:c Ccos ™ isin ™ )
h.2 h.2
Dit a5 = oS o — jsin " va Tj = (2 — T3k11) (T — Ty(n—t-1)+2)

3n 3n )
véi h =0,1,...,3n — 1. Khi do6 ta c6 ket qua duéi day:

(3k +1)27 » (3k +1)27
—— —isi

T = (r— W AR
ks (x — cos ™ n ™ )
3n —3k—1)2 3n —3k—1)2
(x—cos(n 0 >7T—Z'Sin(n . )W)
(3k+1)2m

hay T}, = 2> — 2z cos + 1 va nhan dugc phan tich thanh

n
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tich 1
g 4"+ 1= H(;U2 — 2xcosM +1).
n
k=0
: nl (3k +1)27 o Bk + 1)
Véixz=1c63 = 9 92 cos o LIy yn CFTIT p
ix co kl;lo( oS ™ ) Ho sin’ ™ 0
n—l 3k+1 3
vay [] sin( il = \/_ O
k=0 3n 2n

Vi du 2.3.34. Phan tich x®" — 22" 4 2 ra thanh tich cdc nhan t bac

n—1 8k +1
hai trong Rx] va tinh tich P = [] Sin%
k=0 n

Bai giai: Da thic 22" —22"42 = (2"—1)*>—4* = (x —144) (2" —1—1).

T 22" — 22" +2 = (:1: —\/§(cosz+zsmz )( COSE—iSinZ))
4 4 4 4
n—1 E+2k7r E+2k7r
= [J}— 2\775((3084——|—z’sin4—)]
k=0
n—l T okn "4 okn
[x— %(COS—4 _isind )]
k=0
—1 —+2k7r
= H 9% 2wcos A ¢ \"/5}
n
n—1 Rk + 1 2—12
Vax:%suyransin( + )W: \/_ ]

k=0 8n 2n
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Két luan cua luan van

Trong luan van ching toi da trinh bay dudc cac két qua sau day:

1.
2.

Xay dung truong C va nhung duge truong R vao truosng C.

Trinh bay lai hai cAch chiing minh dinh 1y co ban ctia dai so.

. Mé rong dong nhat thitc va Bat dang thiic ciia Ptolemy va Bat

déng thic Hayashi cho da giac.

. Chttng minh lai Bat dang thic Erdos-Mordell cho da giac.

Chiing minh lai dong nhat thitc va Bat dang thic (M,N) va mot
vai bat dang thic méi.

Trinh bay duge phép quay qua sd phic va md rong mot vai bai
toan hinh da biét tur lau.

Xay dung dugec mot s6 hé thitc méi va tinh mot vai tong, tich
trong lugng giac.
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