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Lo1 no1 dau

Cac bai toan cyc tri 1a mot trong nhitng van dé quan trong ctia ca toan hoc
cao cap lan toan hoc so cap. Trong chuong trinh toan so cap & bac phd thong
trung hoc, gia tri bé nhat ho#c 16n nhat clia cac ham mot bién hoac nhiéu bién
trén mot mien nao dé duge tim bang mot trong cic phuong phap sau day:

- Duing dao ham khéo sat ham s6 trén mién da cho (d6i v6i ham mot bién).

- Dung Iy thuyét vé tam thitc bac hai (phuong phap mién gia tri).

- St dung céc bat ding thiic khac nhau.

Céac bai todn tim gia tri bé nhat hodc 16n nhat ctia ham nhiéu bién (theo
thuat ngit clia todn cao cap) rat thuong hay xuat hién & cau hoi phan loai clia
cac dé thi tuyén sinh dai hoc v& cao ding mon Toan hoc (xem dé thi tuyén
sinh dai hoc mon Toan cac khdi A,B,D tit nam 2002 dén nam 2012). Dé giai cac
bai toan nay thuong phéai van dung phuong phéap thi ba (phuong phap dung
bat dang thiic), hai phuong phap dau hau nhu khong phat huy tac dung. Vi
vay, dé nang cao kha nang gidi cac bai toan cuc tri ciia cac ham nhiéu bién,
hoc sinh phai rén luyén rat nhiéu vé cac bat ding thitc. Cac bat dang thiic ma
hoc sinh phd thong thuong st dung la bat ding thitc Cauchy, bat ding thic
Cauchy —Schwarz (hay con goi 14 bat dang thitic Bunhiacovski). Cac bat dang
thiic nay c6 cac dang tong quat khac nhau, chdng han tong quat hon bat dang
thiic Cauchy 1a bat déng thitc Cauchy suy rong, tong quat hon bat dang thic
Cauchy - Schwarz 14 bat déang thic Holder.

Tac gia Phan Huy Khai (xem [P.H.Khail]) da st dung bat dang thiic Cauchy

suy rong dé tim cyc tieu ctia mot 16p cac ham nhicu bién ma tac gid goi 1a céc
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phan thic chinh quy. Theo huéng nay, trong [H.V. Hung 1] tac gia Hoang Vian
Hung da ding bat ding thiic Holder dé tim gia tri bé nhat hoic 16n nhat cia
mot 16p cac ham nhiéu bién ¢6 dang ti s6 clia hai phan thitc dong dang. Huéng
nghién cttu nay cho thady méi mot bat dang thic chita nhiéu bién hau nhu cho
kha nang két luan ve cic tri cia mot 16p ndo d6 cac ham nhiéu bién. Van deé 1
céc 16p ham dua ra phai di don gian vé dang dé d& nhan biét, c6 nhu vay ngudi
stt dung méi c6 thé nhé va van dung dugce linh hoat.

Ban luan vin “Cuc tri cia mot s6 ham nhiéu bién cé cac dang dic
biét” nghién citu mot sé bat ding thiic chita nhiéu bién va dua ra két luan tuong
ing vé gia tri bé nhat hoac 16n nhat cia mot s6 16p ham nhiéu bién c6 dang dic
biet. Noi dung ctia ban luan vin gom Loi néi dau, 03 chuong va Phan két luan:

Chuong 1: Mot sb cac bat dang thic co dién

Chuong 2: Cuc tri ctia mot sé6 ham nhiéu bién dang dic biét

Chuong 3: Cuc tri ctia cac ham ctia hai da thic dbi xing hai bién

Trong chuong 1 tac gid dua ra cac bat dang thiic co dién Cauchy, Bunhia-
covski, Holder, Mincowski cling v6i mot s6 hé qua v md rong ciia chiing. Tat ca
cac bat déng thic duge dua ra déu duge ching minh chiit ché, theo cach ngin
gon nhat ma tac gid biét.

Chuong 2 danh cho cac dinh Iy vé gia tri bé nhat clia cac phan thic k- chinh
quy, gia tri 16n nhat va bé nhat clia cac ham c6 dang ty sd ctia hai phan thic
dong dang, suy rong két qua cho ty s6 clia cac ham mot bién c6 dang dic biét,
gia tri bé nhat va 16n nhat ctia cac ham ntta cong tinh. Sau mdi dinh Iy déu co
cac vi du minh hoa lay tit cdc dé tuyén sinh dai hoc moén Toan ciia céc khéi A,
B, D tit nam 2002 dén 2012 va mot s6 tai lieu tham khéo vé cac bai toan cuc
tri, bat déng thic. Tat ca cac dinh Iy déu dude ching minh chat ché.

Chuong 3 danh cho viéc xét bai toan gia tri bé nhat va 16n nhat clia cac ham
hai bién biéu dién dugc qua cac da thiic d6i xting ctia hai bitn u = x + y va v =

xy. TAc gid da dua ra va chiing minh hai dinh 1y vé gia tri bé nhat va 16n nhat
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clia cac ham dang nay. Mot s6 vi du minh hoa cho a4p dung ctia céc dinh Iy clia
chuong nay dugce lay tit cac dé tuyén sinh dai hoc mon Toan ctia cac khoi A, B,
D tit nam 2002 dén 2012. Cac vi du khac do tac gid sang téc.

Phan tai lieu tham khao gom 07 tai lieu.

Tac gid xin bay t6 long biét on sau sic t6i thay huéng dan TS. Hoang Van
Hung, Vien Khoa hoc Co ban, Truong Dai hoc Hang hai Viet Nam, thay da tan
tinh huéng dan tac gid trong sudt qué trinh chuan bi luan vian.

Tac gia cing xin chan thanh cam on cac thay co6 cong tac tai: Truong Dai
hoc khoa hoc, Truong Dai hoc su pham, Khoa cong nghé thong tin- Dai hoc
Thai Nguyen, Truong Dai hoc khoa hoc- Dai hoc Qubc gia Ha Noi, Truong Dai
hoc st pham Ha No6i, Truong Dai hoc Hai Phong, Vién Cong nghé Thong tin,
Vien Toan hoc- Vien Khoa hoc va Cong nghe Viet Nam da rat quan tam va tao
diéu kién cho tac gid hoan thanh chuong trinh hoc tap bac cao hoc trong sudt

thoi gian qua.

Hai Phong, ngay 10 thang 5 nam 2013
Tac gia

Lé Minh Tién



Chuong 1

Mot sb6 cac bat dang thiic co dién

Chuong nay chiitng minh mot sb cac bat dang thiic ¢ dién nhu bat ding thiic
Cauchy, bat déng thitc Cauchy — Bunhiacovski, bat déng thitc Holder va cic mé
rong ctia chung. Cac chiing minh dua ra trong chuong nay khong giéng cac cach
ching minh truyen théng clia cac bat ding thic néu trén trong cac sach pho

thong vé chi dé bat dang thiic.

1.1 Bét dang thic Cauchy va cac hé qua

Meénh dé 1.1.1: V6i moi s6 thiec x ta c¢6 bat ding thitc e* > z+ 1. Dau ding
thic xay ra khi va chi khi x = 0.

Chtng minh. Xét ham f(z) =e*—x—1taco f'(x) = e"—1, f'(x) =0+ = 0.
Khi x < 0 ta c¢6 f'(z) <0, khi x > 0 ta c6 f'(z) > 0. Vay f(x) dat cuc ticu thuc
sy va toan cuc tai x = 0. Ta ¢6 f(0) = 0. Vay f(x) > 0 v6i moi s6 thuyc x, dau
ding thitc x4y ra khi va chi khi x=0. Khang dinh nay tuong duong véi bat dang
thiic e > x + 1, dau ding thic xay ra khi va chi khi x = 0.

Dinh Iy 1.1.2 (b4t dang thiic Cauchy): Néu z; (i =1,2,..,n) la n s6 duong
thi:

dau dang thic xay ra khi va chi khi 21 = 29 = ... = 2,



12 n p 2
Chitng minh. Dat A = - > xi, G= | [] =i- Ap dung khang dinh ctia ménh
i=1 \/ i=1

dd 1.1.1 véi x = % —1(i=1,.n)tacé:ei !>

Vachikhi%zlexi:fl).

8

Z (dau déng thitc x4y ra khi

Vi cac z; déu la cac s6 duong nén tit bat dang thic trén ta suy ra:

r. Gn Gon _ Gn )
2y = el > =t >
Zl(A) An = An =

1 n n
SGA>GE" S A>G o =D 1> 1"/1_[351'
ni=1 i=1

Dau déng thic xay ra khi va chi khi z; =A v6i moi i <+ tat cd cac z; phai
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bang nhau.

Tiép theo ta ky hieu R 1a tap hop céc véc to x = (1, ...,1,) cia R" ma
moi thanh phan z; déu duong, Q7" 1a tap con ciia R}" ma moi thanh phan cta
cac vée to thude n6 déu la cac s6 hitu ti duong. Ta sé goi mdi véc to thuoe QY
1a mot vée to hitu ty duong n- chiéu. Ham thic n bién f(x)= f (21,..., 2, ) goi la
% _

lien tuc tai diem x* = (2%, ...,2%) € R" néu x* thuoc tap xac dinh clia f(x) va

véi moi day {& = (&g, -, Enr) } AM trong tap xac dinh clia f(x) thod man:
lim & =27 Mie{l,..,n}) (1.1)
k—o0

ta luon c6 lim f(g) = f(+*). Khi (1.1) ding ta n6i day {& = (€1p, - &)} hoi
tu téi x* va ky hiéu kli)r{)lo & = x*.

Néu D 1a mot tap con clia tap xac dinh ctia f(x) va f(x) lien tuc tai moi x €D
ta néi f(x) lien tuc trén D. Mot véc to p = (p1, ...,pm) € RY" goi 1a mot hé trong
lugng chuan néu f: p; = 1. Ta c6 ménh dé sau:

Meénh dé 1.1131: Gia stt F(p,x), G(p,x) 1a hai ham xac dinh tréen RY" x R}
va lien tuc theo bién p trén RY™ v6i méi x ¢6 dinh € RY". Khi d6:

1) Néu bat dang thiic F(p,x) > G(p,x) ding v6i moi (p,x) € Q" x RY" thi

né cing dung véi moi (p,x) € RY"™ x R



2) Néu bat dang thiic F(p,x) > G(p,x) ding véi moi cip (p,x) € Q5" x RY"
trong d6 p la mot hé trong lugng chuan thi né ciing ding véi moi cap (p,x) €
R™ x RY trong d6 p la mot he trong luong chuan.

Ching minh. 1) Gia st (p*,x*) la mot cdp tuy § thuoc RY" x RY". Ton
tai mot day {px} cac véc to hitu ty duong sao cho kli_)ﬂolopk = p*. Khi d6 theo gia

thiét ta co:
F(pg,x*) > G(pg,x™) v6i moi k nguyén duong. (1.2)

Cho k dan t6i vo cyc trong (1.2) va dung tinh lien tuc ctia cac ham F, G theo
bién p ta duge dieu can chiing minh: F(p* x*) > G(p* x*).
2) Chitng minh hoan toan tuong ti nhu phan 1). Chi can nhan xét rang néu
p* 1& mot heé trong luong chuan tuy ¥ thi bao gio ciing ton tai mot day cac hé
trong lugng chuan gom toan céac véc to hitu ty duong {ps} sao cho klggo pr = p*.
Dinh 1y 1.1.4 (bat ding thitc Cauchy suy rong):
Gia sit x= (1, 22...7,) 1a mot véc to thuoe RY" va p = (p1,...,pp) 1 mot he
trong luong chuan. Khi dé ta c6 bat ding thec:
n n
Zpixi > fo (1.3)
i=1 i=1
Chitng minh. Trudc hét ta chiing minh bat dang thitc (1.3) dang v6i moi
hé trong luong chuan hitu ty. Gia si p; 1a cac s6 hitu ty duong sao cho i pi = 1.

=1
X = £ £ 2 ~ - 2 my z
Quy dong mau s6 chung cho tat ca cac p; ta c6 thé xem p; = — trong do
m

n 7
mi(i = 1,2,...,n) va m 1a cac s6 nguyén duong thod man > m; = m. Ap dung
i=1
bat dang thic Cauchy cho m sé duong: mq s6 x1, ma S0 @2 ,..., m, SO x, ta
dugc:

EZmlxlzmeZHZExzznxl HZpleZHxl
=1 i=1 =1 i=1 =1 =1

Vay (1.3) ding véi moi cap (p,x) € QY x RY". Dat F(p,x) = > pizi, G(p,x)
i=1

n .
= ljlel
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R0 rang F(p,x) vd G(p,x) la cac ham lien tuc theo p = (p1,...,py) trén mién
R v6i mdi x ¢6 dinh thuoc R7Y". Ap dung khing dinh 2) ctia meénh dé 1.1.3 ta
suy ra tinh ding din ctia bat dang thic Cauchy suy rong (1.3).

Ménh dé 1.1.5: Néu z;(j = 1,2,....k) 1 cic s6 duong thod man ﬁ zj=1
va o/ > 1 thi: "

Ek::v?‘ > Ek::vf (1.4)
j=1 j=1
Nhan xét: Bat dang thiic (1.4) cho cau tra 16i khang dinh déi véi cau héi
dat ra bdi tac gid Le Thong Nhat trong bai bao “Nhitng suy nghi ban dau ve dé
thi tuyén sinh dai hoc mén Toan nam 2001” (Tap chi Toan hoc va Tudi tré sb
8/2001)
Chiing minh. Chitng minh bat dang thiic (1.4) dugc chia lam hai bude:
i) Budc 1: Ta sé chiing minh réng néu m, n 1a cac s6 nguyén duong va m>n
thi: i .
PO
j=1 j=1
V6i méi j € {1,2,...,k} ap dung bat dang thitc Cauchy cho m s6 duong: n s6
m/n

bang z7"" va m — n 80 bang 1 ta co:

nx;.n/n +m—-—n>mz; (j=12,..,k) (1.6)

k
Dat A= x;.n/”, cong cac vé clia k bat dang thitc trong (1.6) roi ap dung
j=1

bat dang thitc Cauchy cho k s6 duong x;(j = 1,2,....k) (ch

Q<\

k
H =1) ta suy
ra: B
k k k
nA+k(m—n)>md> xzj=n) xj+(m—n))
j=1 j=1 j=1

k k
>nY zj+k(m—n)—A>> z;
i=1 i=1
Vay bat dang thtic (1.5) ding, tic bat dang thitc (1.4) ding v6i a 1a sd hitu

L m N 2z A ~ N
ty @« = —, m, n la cac so nguyén duong, m > nva =1
n



ii) Budc 2: Gid stt v > 1 1a s6 vo t¥, chon day s6 hitu ty (r,,) sao cho r, > 1
va lim rp = 7. Béi vi (1.5) diing khi o = — 12 $6 hitu t§ > 1 ta cé:
n

n—oo

k
Yoy > x; (véimoin)
j=1 j=1

Ap dung meénh dé 1.1.3 véip =~ € R, x = (21,...,75) € R, F(p,x) = F(y,x)

k k
=Yz, G(px) = G(v,x) = Y z; (G khong phu thuoc vao v) do F, G déu lien
=1 j=1
tuc theo v ta co:

Két hop cac két qua ctia bude 1 va bude 2 ta suy ra bat dang thiic (1.7) ding
v6i moi s thuc v > 1. Thay trong (1.7) x; bdi xf va v béi % > 1 ta thu dugc
(1.4):

1.2 BAat dang thic Holder va cac hé qua

Ménh dé 1.2.1: Gia sit k, k’ 1 céc s6 duong thoad méan % + % = 1. Khi d6

v6i moi x, v duong ta c6 bat dang thc:
ok

y¥
Ty S ? + ? (18)

Dau déng thitc x4y ra khi va chi khi 2% = y*

/
[L’k k

Chitng minh. C6 dinh y va xét ham f(x) = 2y - = - yk—, Dao ham theo
bién x ta co :
fla)=y—a"" fla)=0ea" ="

Xét dau dao ham f'(x) trén mién x > 0 ta c6 £(x) > 0 khi x <y#/F=y¥~1 va
f'(x) < 0 khi x > y*~1. Vay ham f(x) dat cuc dai chat va toan cuc trén mién

x>0 tai x = y* 1. Ta ¢6 f(ykl*l) = 0. Vay f(z) < 0 v6i moi x > 0, dau dang



thiic chi xay ra khi v chi khi z = y* ! hay 2% = y*¥. Khing dinh nay tuong
duong v6i khang dinh ctia ménh dé 1.2.1 va (1.8) dugc chitng minh.

Nhan xét: i) Bat dang thic (1.8) van ding néu mot trong cac sb x, y hoic
cd hai déu bang 0. Néu x = 0, y > 0 hodc x >0, y = 0 thi trong (1.8) ¢6 dau
bat dang thitc thuc su.

ii) Bat dang thic (1.8) c6 thé suy ra tit bat dang thitc Cauchy suy rong (1.3).
Thuc vay, dat trong (1.3) n = 2, z; = 2F, 29 = ¥, Vi %4—% =1 ap dung (1.3)
vli p1 = l,pg = L ta co:

k K

ok
2 wh? < p1a1 + pawe < wy < T T

Ménh dé 1.2.2 (bat dang thiic Holder): Gia st a = (ay, ..., an),

. 2 N 1N . S 2 ~ 1 1
b= (by,...,by) 1a hai véc to cia R", k va k’ 1a hai s6 duong thod man i 1.
Khi d¢ ta co:
n n n
D aibil < O alVEO )Y (1.9)
i=1 i=1 i=1

Dau déng thitc x4y ra khi va chi khi cac vée t6 (Jai|®, ..., |an|®), (1b1]¥, ... [ba]*)
phu thuoc tuyén tinh.

Chitng minh. R6 rang néu mot trong hai véc to a hodc b 1a véc to khong
thi (1.9) hién nhién diing. Do d6 ta chi can chting minh (1.9) v6i gia thiét 1a vé
phai ctia (1.9) duong. Khong gidm tong quat ta c6 thé xem trong (1.9) tat ca
cac a; , b; déu khong am dong thoi it nhat mot a; vA mot b; nao dé duong. Thay

lan lugt trong (1.8) x va y bdi :

a; b;
T = Z 1/k’ Yi = n : 1/k" (i=1,..,n)
(> ab) (>0
=1 =1
ta dudc :
k K
T ‘
Ty < % + y;f/
b k br
< 1/612Z Z T S Zz +— (i=1.m) (L10)
S o k(3o ak) K0
() (o) ke HGE



Lay tong theo i cac bat dang thiic (1.10) ta co:

n n
n a2k
Zﬂﬁiyi < Z:;{

=1

n n

oY aib < (> ak) Zb’f’ VWK (1.11)
i=1 =1 =1

Dau dang thitc trong (1.11) x4y ra khi va chi khi c6 ddu dang thiic & tat ca cac
k bk'

bat dang thiic (1.10), tic 1a hodic a; = b; = 0 hodc nai = ni o af = \bF
doai b
i=1 i=1
> af
voi A = =L — & céc vée to (af,...,ak), (0, ., 0F), phu thude tuyén tinh.

Truong hop riéng ciia bat ding thiic Holder 1a bat dang thitc Cauchy- Bun-
hiacovski.

Ménh dé 1.2.3 (bat dang thitc Cauchy-Bunhiacovski): Gia sit
a=(ay,...,an),b = (b1,...,b,) & hai véc to cia R". Khi d6 ta co:

n

> aibi] < Z ZbQ (1.12)

=1 =1 =1

Dau ding thitc x4y ra khi va chi khi cac véc to (Jay], ..., |an|), (b1, ..., |bn]) phu
thuoc tuyén tinh.

Chitng minh. Ap dung bat ding thic Holder v6i k = k’ = 2 ta suy ra bét
d&ng thiic (1.12). Dau déng thitc x4y ra khi va chi khi cac véc to (|ai|?, ..., |an]?),
(1b1]?, ..., |bn|?) phu thudc tuyén tinh « cac véc to (|ail, ..., |an|), (|b1], ..., |bn]) phu
thuoc tuyén tinh.

Ménh dé 1.2.4 (bat dang thitc Mincowski): V6i s6 k > 1 va a =

(a1,...,an),b= (b1, ...,by) 1& hai véc to cia R" ta co:

n 1/k n 1/k n 1/k
(Zambﬁ) S<Zai’“> +<Zbﬁ> (1.13)

1=1 i=1 i=1
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Chitng minh. Ro rang (1.13) ding néu vé trai clia n6 bang 0. Ciing hién
nhién 1a (1.13) ding véi k = 1 do bat ding thiic |a + 5] < |a| + |§| ding véi moi
s6 thiic o, 3. Vay ta chi can chting minh (1.13) ding khi vé trai ctia n6 duong

va k > 1. Goi k’ 1a s6 thod méan % + % — 1. Ap dung bét déng thic (1.9) ta co:

n n

n n
Z ]ai + bilk = Z \ai + bi| |a¢ + bi|k71 < Z ’CLZ‘ \ai + bi|k71 + Z \biHai + biykil

1=1 i=1 =1 =1

Z|a| l/kZ|z+b‘ (k—1) 1/l<: Z|b‘ 1/kz +b| )1/k'
=1
= <Z \ai|k>1/k<z Ja; + bl )H + <Z |bi|k>1/k<z Jai + b )YF (114
=1 =1 =1 =1

Dung gi& thiét vé trai ciia (1.13) duong, tir (1.14) ta suy ra:

Z\aﬂrb! )ow < Z\a! YR (3 [baf ")
1=1
o (3 Jas + bl E < (32 aalF) + (32 [bafF) /%

=1 =1 =1

Vay (1.13) dugc ching minh.
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Chuong 2

Cuc tri cua mot s6 ham nhiéu bién
dang dac biét

Chuong nay st dung cac bat dang thiic da ching minh trong chuong 1 dé
dua ra cac két luan vé gia tri bé nhat hosic 16n nhat ciia mot s6 ham nhiéu bién

c6 dang dac biét.
2.1 Gia tri bé nhat cta cac phan thiic k- chinh quy

Dinh nghia 2.1.1. Cho k 14 mot s6 thie. Ham ciia n bién z1, ..., 2, dang:
m
f=>" caf ey afr  (2.1)
i=1

trong do ¢; 1a céc 6 duong, aj; (1= 1,...,m;j=1,...,n) la cac s thuc tuy ¥,
X = (21,...,2n) € R*Jr" goi 1a mot phan thitc k— chinh quy néu véi moi j = 1,....n

ta deu co:
m

Z Cilj; = k (2.2)

1=1

Nhan xét : Khi k = 0, tac gid Phan Huy Khéi (xem [P.H.Khai 1]) goi mot
ham n bién dang (2.1) 13 mot phan thitc chinh quy.

Dinh ly 2.1.1: Gia st f :i cir{V ey .o 1a mot phan thic k- chinh quy.
Dat: .

t = T172...Tn,
khi do:

13



1. Véi k = 0 gi4 tri bé nhét clia f tren R 14 S = 3 ¢; (xem [P.H.Khai 1]).

i=1
m
2. Vi k > 0 gia tri bé nhat ctia f trén mién {t > 1} A S =Y ¢
i=1
m
3. V6i k < 0 gia tri bé nhat clia f trén mien {0 <t <1} 1A S => ¢
i=1
m
4. Véi k tuy ¥, gid tri bé nhat clia f tren mien t = 114 S = > ¢
i=1

Chiing minh.
1) Gid st x = (z1,...,zn) € RY" Dat:

x4

¢ S
pi = EZ sy =atapm (i=1,...,m)

ta cop = (p1,p2, ..., pm) 12 MOt hé trong luong chuan va y = (y1,y2, ..., ym) € R
Ap dung bat déng thitc Cauchy suy rong (1.3) cho hé trong luong chuin p va
véc toy € RY™, dung diéu kien (2.2) v6i k = 0 ta dugce:

m
szyz > H W=1f= ZCZ Wi i > § =3¢ (trén mién x € RY").
i=1

Mat khac f(1,1,...,1) = Z ¢; = S. Vay:

=1

Min{f: 2 = (z1,..,2,) € R{"} = S.

2) Gid stk > 0, dat g = f—l—xl’k...x;k = f+t~*. Khi d6 g 14 mot phan thitc chinh
quy ctia n bién zy, ..., z,. Thuc vay, dat ¢py1 =1, ) (e1) = —k (j = 1,...,n) dieu

kien (2.2) doi véi g trd thanh:

m+1
Zciaﬁ =0 (] = 1,...,71)
i=1
) m+1 m
Theo ching minh khang dinh 1) ta c¢6 g(z1,...,z,) > S = Z =y ¢+1
i=1
Do d6 trén mieén {t > 1} ta c¢6 f(z1,...,2,) > ' —tF>8 —1=5= Z c¢; (chu y
i=1
rang trén mién t > 0 ham ¢=* nghich bién). Véiz; = ... =z, =1tacot =1 va

f(1,...,1) = S. Vay suy ra :
Min {f:¢>1} = S
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3) Gia st k < 0. Ly luan tuong ty nhu trong chiing minh phan 2) ta c6:
m
f@r, nan) > 8 —tF>8-1=8=%¢
i=1

(cht § rang trén mién {0 < ¢ < 1} ham ¢~* dong bién). Véi 21 = ...= 2, = 1 ta

c6t=1vaf(l,...,1) =S. Vay suy ra:
Min {f:0<t<1} =S

4) Bay gio gid st k 1a s6 thuc tuy ¥ va t = 1. Ly luan hoan toan tuong tu

nhu trong chiing minh phan 2) va phan 3) ta c6 :
F@n ) > S =8 1= =§c,-
Laidov6iaz =...=2, =1tacét =1vaf(l,...,1) =S. Vay suy ra:
Min {f:t=1} =S

Dinh Iy 2.1.1 dugc chiing minh hoan toan.
Nhan xét: i) Khi k # 0 mot phan thitc k- chinh quy c6 thé khong cé gia
tri bé nhat va 16n nhét trén mién RY" nhu céc vi du sau day ching t6:
1 1 P

a) Ham f(z,y) = —+ ” la phan thic (-1)- chinh quy cta 2 bién x,y. Ta c6
f(X,X)zg nén dé dang suy ra sup{ f : (z,y) € R’} = oo, inf{f : (2,y) € Ry} =0.
Nhung f(x,y)> 0 v6i moi x,y € R*?

N xy Z/Z T N ~ . s 2 < L
b) Ham g(x,y,2) = — Tt m l& phan thiic 1- chinh quy cua 3 bién x,y,z.

Ta c6 g(x,x,x) = 3z nén cang dé dang suy ra:
Sup{g (x,y,2) € Rf} = +oo0, inf {g (x,y,2) € Rf’} =0

Nhung g(x,y,2)> 0 véi moi (x,y,z) € R*>
ii) Trén mién t = 1, v6i moi s6 thyc k luon ton tai cac phan thic k- chinh
quy khong cé gia tri 16n nhéat trén mién nay. Chang han, néu k = 0, ham:

1 1
h _ 2 - 2 -
(x,y) =2z —l—xQ—i—y +y2
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la phan thic chinh quy ctia 2 bién x, y khong c6 gia tri 16n nhat trén mien
t=xy=1. Bdi vi trén mién nay tap gia tri ctia h trung véi tap gia tri clia ham
mot bién:
h(z,z) = 2(z? + %) (x> 0)
R6 rang sup{h (z,z) : z > 0}= +o0.
Néu k # 0, ham:
plw,y) ="+

la phan thiic k- chinh quy thoad man sup{p (z,y) : t =2y = 1} = +o0

iii) Trén mién {t = 1}, mot phan thic k- chinh quy ctia n bién c6 thé bién
doi thanh mot phan thic chinh quy ctia n — 1 bién trén Ri(nfl). Vi vay két luan
ctia khang dinh 4) trong dinh 1y 2.1.1 cfing ¢6 the suy ra tit khang dinh 1) ctia

dinh ly va nhan xét nay.
2.2 Mot s6 vi du ap dung dinh 1i 2.1.1

Ap dung dinh 1y 2.1.1 ¢6 thé tim gia tri bé nhit ciia mot sd cadc ham nhiéu
bién trén mdot tap con clia mién ma cac bién d6 chi nhan gia tri duong. Trude
hét ta chi ra mot vai vi du ap dung truc tiép cac khang dinh ctia dinh 1y 2.1.1,
sau d6 cac vi du phiic tap hon, xuat hién trong cac tai lieu khac vé cac bai toan
cuc tri hodc bat déng thic sé duge chi ra.

Vi du 1: Tim gia tri bé nhat ctia ham s6 sau trén mién ma cac bién chi nhan
gia tri duong:

f(z,y,2) = 2P0 + g g +J ( a, 8,7 la cac hing s6 duong)
Ty oz

Giai. Ham f 1a phan thic chinh quy ctia 3 bién x,y,z béi vi:
lLat+a(-1)=1+p6.(-1)=1y+~(-1) =0
Theo khang dinh 1) ctia dinh 1y 2.1.1 ta c6 min {f : (z,y,2) € Rf} =1l4+a+
B+
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Vi du 2: Tim gia tri bé nhat ctia ham g dué6i day trén mién cac bién x, y, z
nhan gia tri duong va thoa man xyz > 1:

plo+2 'y26+2 2 az2 1

e RV A

9(@,y,2) =
(o 1a hang s6 duong, 8 1a hdng s6 thuc tuy y).
Giai. Ham g la phan thic 2— chinh quy, béi vi :
1.(2a+2) . (1) + ( ) =2
L(28+2)+2.(— B)
L(—2a+2)+ a2
Theo khang dinh 2) ctia dinh 1y 2.1.1 gi4 tri bé nhat clia ham g trén mién
dugce chi ra la:

1+24a +1 =44+ «

Vi du 3: Tim gia tri bé nhat ctia ham h cho duéi day trén mién
D={z>0,y>0,z2>0;2+y+ 2 <3}
11 1 By
Wz, v, 2) >ty +z TYZ

==+=5+=+
x2 Y2 22 2

Giai. Ap dung bat ding thitc Cauchy véi (x,y,2) thuoc mién D ta co:

243+ 22 > 3ayz

Do d6: h(z,y, 2) > 12

1 1 3xyz — xYz 1 1 1
ot S ey = N(z,y,2)
y 2 y? oz

2 2

Ham N(x,y,z) 12 phan thic (-1)- chinh quy. Theo khang dinh 3) ctia dinh ly
2.1.1, trén mien G= = {z > 0,y > 0,2 > 0;ayz < 1} tacO N(x,y,z) > 1+ 1 + 1 +
1 = 4. Do d6 & trén mién G ta cling c6 h(x,y,z) > 4. Bat dang thtic (2.3) chiing

t6 mién D nam trong mién G. Vay trén D ta co:
h(xy,z) > 4
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Nhung diém (1,1,1) thuoc mién D va h(1,1,1) = 4 do d6 ta c6:
minfh (z,y,2) : (z,y,2) € D} =4

Vi du 4: Tim gia tri bé nhat cia ham k cho duéi day trén mién

E={z>0,y>02>0;zyz = 1}:

5 2 4
k(m,y,z):x?’—l—;—i-—-l-—

y vz

Giai. Dé thay ham k(x,y,z) 1a ham (-2)- chinh quy, do d6 theo khang dinh
4) ctia dinh 1y 2.1.1 ta c6 ngay min{k (z,y, 2) : (z,y,2) € E} = 1+5+2+4 = 12.

Ban doc khong khé khin c6 thé tu tao ra céc vi du véi cdc ham phiic tap
hon. Bay gio ta sé chitng minh mot s6 bat dang thiic nhd st dung dinh 13 2.1.1.

Vi du 5: Cho m, n 1a cac s6 nguyén duong va a > 0,b > 0. Chting minh bat
déng thic:

mx/a+nVb> (m+n)"Vab (2.4)

(bai toan 1.9 [Tr.Phuong ]).
Giai. Bat dang thiic (2.4) r6 rang ding néu ab = 0, do d6 ta chi can chiing
minh (2.4) khi a > 0, b >0. Xét ham:

1 1 —1 1 1 -1

f(a,b) = m,aﬁim+n'bm~l—n +n,bﬁim +n gm+n

f(a,b) 1a phan thiic chinh quy dbi véi hai bién a, b vi diéu kien (2.2) déi véi cac

bién a, b tuong tng la:

1 1 —1
m(— — )+ n.( =0
m m-—+n m+n
-1 1 1
m.( )+ n.(—— =0
m-+n n m-—+n

Theo khing dinh 1) ctia dinh ly 2.1.1 ta suy ra :

fla,b) >m+n (2.5)
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Nhung (2.5) tuong duong véi (2.4) do dé (2.4) duge ching minh.
Vi du 6: Cho a, b, ¢ 1a cac s6 duong. Chiing minh bat ding thiic :

bc ca ab
—+—+—>a+b+c
a b c

(bai toan 5.1 [Tr.Phuong)).
Giai. Xét ham sb: f(z,y,2) = bx +cy + az + g + 5 + g
Dé thay f 14 phan thiic chinh quy ctia 3 bién x,y,z nén theo khang dinh 1)

ctia dinh 1y 2.1.1 trén mién x, y, z duong ta co:
f(I,y,Z) Zb+c+a+b+c—|—a:2(a+b+c>

b .2 )
Thay x = —,y = %, z = - trong bieu thtc cua f ta dugc:
C

ST

cab bc ca ab ba cb ac bc ca ab
e ) e S T () > 2
f(a’b’c) a+b+c+c+a+b (a+b+c)_ (a+b+0c)
b b . oo 1 )
<o Ec + % + % > a+ b+ c (dieu phai chitng minh)

Vi du 7: Chitng minh réng:

a b c 3
+ > (2.6)
mb+nc mc+na ma+nb " m-+n

v6i moi a, b, ¢, m, n duong (bai toan 5.8 [Tr.Phuong)).
Giai. bat © = mb+ ne, y = me+ na, z = ma + nb, ta 6 x, y, z duong va:
m2z + n2y — mnx n%z + mix — mny m2y + n’x — mnz
31,3 b= 31,3 €= 31,3
me+n m°+n m° +n

a =

Thay bi¢u dién clia a, b, ¢ qua X, y, z vao vé tréi ciia (2.6) ta dugc:

1 m?z  nfy n’z mPr miy n’z 3mn
1 T T T + )=
me +n x T Y Y z z m2+n
1 m2z 2 n’z  mPx  m? n’x
Dat: f(z,y,2) = —5——( + Yy + + Y )
m°e +n x T Y Y z z

Dé thay f(x,y,z) 1a phan thitc chinh quy, do dé theo khang dinh 1) ctia dinh

Iy 2.1.1 ta co:
3(m? + n?)
f(z,y,2) > T
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3(m*+n?)  3mn
m3+nd  md+nd m+n
Vi du 8: Cho n s6 duong 1, ..., z, thod man : 21 + 29 + ... + 2, < S. Chiing

Vay vé trai cia (2.6) > (diéu phai chiing minh)

minh ring:
n

1 n
1+—)>(1+5)" (2.
[T+ =09 @7
=1
((2.7) 1a tong quat hoa clia bo dé trong 15i giai bai toan 295 trong [P.H.Khai 2]).
Giai. Dé thuan tien cho viéc trinh bay ta dua vao ky hiéu sau:
Néu ay, ..., a, 12 n bién thi ta ky hieu Y, x(a) 1a tong >° ] aj, trong dé6 Sy
Sk JESk
13 mot tap con gom k phan tit (k> 1) ciia tap hop {1,2,...,n}. Tong > duge lay
Sk
theo tat ca cac tap con Sj, gom k phan tit ctia tap hop {1,2,...,n} (c6 C¥ cac tap

Sy nhu vay). Vi dy, néu n =3 thi:

Z 31(a) = a1 + ag + as, Z 3.2(a) = a1a2 + agaz + aza, Z 3.3(a) = araza3

p 1 1 1
Véi day bien duong v, ..., y, ky hiéu — tuong ing véi day —, ..., — Phan thiec:
Y

n Yn
.fk = Z n,k(é)

Ia phan thic (—C*~1)- chinh quy. Do d6, theo khing dinh 3) ctia dinh ly 2.1.1
néu xét trén mién ¢t = yyy2..y, < 1 ta c6 fi, > CE.
Gia stt day s6 duong z1, ..., z, thod man x1+zo+... 42, < S dat y; = P ta 6

S
yi >0 va y1 +yo + ... + ¥, < n. Tit bat déng thitc Cauchy suy ra t = y1ys...yn < 1.

k() = (" Y nl) = Ch )"

H(1+%) = 1+i2n.k(%) > 1+Zn:q’§(%)k: (1+%>n
Z k=1 k=1

i=1
Nhu vay (2.7) duge chitng minh. Dau dang thiic trong (2.7) xay ra khi v& chi

. 4 > P N ) < ) S
khi tat ca cac z; déu bang nhau va bang —.
n
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Nhan xét (bai toan 295 trong [P.H.Khai 2]): Khi A,B,C la céc géc trong
cua mot tam giac va x1 =sin A, x9 = sin B, x3 = sinC ta c6 z; > 0 va:

sinA—l—sinB-l—sinCﬁ%zS

Do dé ap dung (2.7) v6i n = 3 ta co6:

1 1
sinA)(1+

2
1+ —=)°

e s e = 0

2.3 Tich cua phan thic k- chinh quy véi phan thiic
I- chinh quy
Dinh ly 2.3.1: Gia su:
f=> caftag®. 2% la phan thic k- chinh quy.
i=1
g=> dpa:f“’xgz”...xg”” la phan thiic I- chinh quy.
p=1

Khi d6 ham h(zy,...,z,) = f(z1,...,xn)g(x1, ..., zy) 1a phan thic r— chinh quy,

trong do r tinh theo cong thiic:
S m
r=kY dy+1)y ¢
p=1 i=1

No6i riéng, tich ctia hai phan thitc chinh quy lai 1a mot phan thitc chinh quy.
Chitng minh. Thuec hién phép nhan phan thiec f v6i phan thitc g va lap tong

dang (2.2) ddi véi ham h = f.g cho bién z; tuy ¥ ta dudc tong sau:

m m S S m
=) dp> ciogit Y Y dpBp=k> dyt+1Y e
p=1 p=1 i=1

i=1 i=1 p=1

Nhu vay r khong phu thudc j, do d6 h 1a phan thitc r— chinh quy.
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Hé qua 2.3.2: Gia thiét nhu trong dinh 1y 2.3.1. Khi dé:
1) Néur=4k> d,+1> ¢ =0 thi gia tri bé nhat ctia ham h = f.g tren RY"
p=1 =1

S m
2) Neur=k> d,+1> ¢; > 0 thi gid tri bé nhat ctia ham h = f.g trén mién
=1 =1

{t =miz9..xn <1} 1A (O] @) (D] dp).

=1 p=1
Vi du: Tim gia tri bé nhat trén mien D ={z >0,y >0,z >0:2+y+ 2 < 3}

ctia ham sé sau:

2012 2013 2014 .1 1 zy

_(..2013, 2014 _2015 1 1 wy
J(@y,2) = @0 == 1 S TN (G 5+ )
Giai: Dat:
2012 2013 2014 1 1 T
g(xvya Z) = $2013920142’2015 + + + X h({lj’,y, z) = —2 —|- _2 _|_ _y
x Y z x Y z

Dé thiy g 1a phan thitc 1- chinh quy con h 1a phan thitc (-1)— chinh quy, do
do f la phan thic r— chinh quy véi r = (1420124-201342014)(-1) + (1+1+1).1
=-6037 < 0. Tu diecu kien x > 0,y >0,z > 0vax + y + z < 3, dung bat
déng thiic Cauchy ta suy ra 0 < t = xyz < 1. Do d6 D dudc chita trong mién E
={r >0,y >0,z >0;t =zyz < 1}. Theo hé qua 2.3.2 ta c6 f(x,y,z) ¢6 gia tri bé
nhat trén mién E 1a m = ( 1420124+-2013+2014)(14+1+1) = 18120. Do d6 trén
mién D ta phai co: f(x,y,z) > 18120

Nhung diém (1,1,1) thuoe D va (1,1,1) = 18120 do do:

min{f (z,y,2) : (z,y,2) € D} =18120.
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2.4 Cuc tri cua ti s hai phan thic dong dang

Dinh nghia 2.4.1: Xét ham n bién cho bdi cong thiic (2.1) :

m

flxy, .y p) = Z R S s

i=1
Cac gia thiét vé ham f gidng nhu trong dinh nghia 2.1.1, ngoai trit dieu kién
k- chinh quy (2.2). Khi d6 ta néi rang cadc ham:

_f(xl,...,a:n)k C fah, .., ok

flah, .. ak) Foy, o mn)F
trong do k 1a s6 thuc tuy ¥, k > 1, 1a cac ham c6 dang ty s6 ctia hai phan thiic
dong dang.
T bat déng thitc Holder ta suy ra bat dang thic sau day:
Meénh dé 2.4.2: Gia st q = (q1,G2, ..., qn), Z = (21, 22, ..., z,) 1 cac véc to
thuoc R, k > 1, khi d6 c6 bat dang thic:
1

n n
Z%‘%S(Zqi qu )k (2.8)
i=1 i=1

(xem [Hardy, Littllewood,Polya], trang 85).

Nhan xét : Hién nhién (2.8) vAn con ding néu tong hitu han trong (2.8)
duogc thay bang chudi vo han va mot s cac ¢; hodc z bang 0, trong d6 ta xem
(2.8) 1a diing néu vé phai (2.8) bing +oco. Ta sé chi sit dung bat dang thic (2.8)
duéi dang chudi kem theo gia thiét 1a khong phai tat ca cac ¢; va z; déu bang 0.

Chitng minh. Dat q; = qil/k,,bi = qil/k.zi (i=1,...,n), trong d6 — ~|—% =1
Ap dung bét déng thiic Holder cho hai day sb (a;) va (b;) ta c6 ngay (2.8).

Dinh 1y 2.4.3 ([H.V.Hung 1]): Dat:

m

Frns o) = 3 ciafrageage

1=1
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z. *m *n .
trong do: ¢ = (c1,¢2,...,cm) € RY" x = (21,...,2p) € R g, a9, ., 05 (0 =

1,2,...,m) la cac s6 thuc tuy y, k > 1. Khi d6 ta c6:

flxy,...,xy K 1 S -

Chitng minh. Dat ¢; = ¢;, 2z = 27" .28, (1 =1,2,...,m). Ap dung bat déng
thic (2.8) ta duge:

Mat khac, ta co:

LD L) SN
FAk TR 1R T Of(11,.,1) (Zcz)

1=1
Vay:
f(x17"'7m’n)k *7 &
max{—————: = (x1,...,2,) € R} = )
e R

Vi du: Tim gia tri 16n nhat clia cic ham sau trén mién ma tat ca cac bién

déu duong:
(e+1 2013 o
1>y:x2T>—|—1 (Xlablen)
3 2 2 442
2) - = WMy VW (abed € (0:450)) (xy T bitn)

axb + baty? + cx?yt + dy

3) 1 — (232 + 2y%23 + 5xz6)10
23025 + 1024920230 4 571060

Giai. Xem céc don thitc khong chita bién ndo d6 nhu cac don thitc chita bién

(x,y,z 1a céac bién).

do6 v6i s6 mii 0, ta thiy tat ca cic gia thiét ctia dinh 1y 2.4.3 déu dugc thod man
d6i véi vi du 1 va 2 (cac gia tri tuong ting ciia k 1a: k =2013 trong vi du 1; k=2
trong vi du 2). D6i v6i vi du 3, dat t = 2y? ta viét lai ham u nhu sau:

(@4t 5x26)10
= 30,5 1 410,30 1 5,,10,60
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gia tri k tuong tng 13 10. Vay theo dinh 1y 2.4.3, gia tri 16n nhat clia cic ham
s6 tuong tng trén mieén tat ca cic bién déu duong la: max{y:z > 0} = 22012,
max{z:z >0,y > 0}= a+b+c+d, max{u:2 >0,y >0,z >0} =77

Nhan xét : Bing cach ddi bién ban doc c6 thé tim gié tri 16n nhat ctia céc
ham phitc tap hon cac ham dua ra trong cac vi du trén.

T dinh 1y 2.4.3 ta suy ra hé qua:

Dinh 1y 2.4.4 [H.V.Hung 1]: V6i céc gid thiét nhu trong dinh ly 2.4.3 ta co:

N Ry o m
min{ - ———=: r = (21,...,2,) € R} = ci)
f(Il,...,fL’n)k * ZZ—;
Chitng minh. V6i céc gia thiét nhu trong dinh 1y 2.4.3, dat:
_ Fly, o mn)F _ St )
f(Ilf,,SL’ﬁ‘;) ’ f(l’l,...,l’n)k

o s X 1 PP .
Khi d6 u > 0, v > 0 trén mien RY" va v =—. Do d6 trén mien R}" ta co:
u

min{vzl}: i

u maxu

Vi du: 1) Gid st x, y, z 1a cdc s6 duong thod man x+y+z = 3. Chting minh

rang v6i moi s6 k > 1 ta co6 :
b4y 4P >3
2) Tim gia tri bé nhat clia ham sb:
u=x+y+z+t

tréen mien D = {x > 0,y > 0,z > 0,t > 0 : xy + xz + ot + yz + yt + zt = 1}.
3) Cho n s6 duong z; (i = 1,...,n) c6 tong bang a va k > 1. Chiing minh
bat déng thiic:
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Giai. 1) Ap dung dinh 1y 2.4.4 trén mién D ta c6:

k k k k k k
¥+ Yyt 4z 1 + Yyt 4z

Y r 2 T yk > k_1<—>xk—|—yk+zk23
(x+y+2) 3 3 3

Dau ding thic xay rakhix =y =z = 1.
2) Ta co:

Py + P = (ty e +t)? 2wyt az+at+yz+yt+at) =u’ -2

Theo dinh 1y 2.4.4 (hoic theo bat dang thitc Cauchy-Bunhiacovski) ta co:

1 2 ’
Pyl 2> S (wty a4t = uz —>u2—22uz<%u2 >

w| oo

—u >

Wl co

. 1
Khix=y=2z=t :% ta co : xy+xz+xt+yz+yt+zt =1 vau = \/g Vay:

) 8
minu = —
D 3

3) Ap dung dinh 1y 2.4.4 cho ham f = 3 z; trén mién R*" ta ¢6 ngay:
i=1

Dau dang thitc x4y ra khi tat ci cic z; bang nhau va bang a/n.

Bay gio gid st (a,) (n € N) 1a mot day céac s6 thyc khong am nhung chita vo

o0
han s6 duong sao cho chudi duong > a, hoi tu. Xét chudi luy thia:
n=0

o0
Z apz”  (2.9)
n=0

Chudi (2.9) hoi tu tai x = 1 nén theo dinh 1y Abel, mién hoi tu ctia chudi

(2.9) chita khoang déng [0;1]. Goi tap cac diém hoi tu duong ctia chudi (2.9) 1a
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X*, ta c6 1eX*. Goi f(x) la téng ctia chudi (2.9) trén mién X*. Ap dung bét
dang thic (2.8) dusi dang chudi ta co:

00 00 00 1 00 1
=S < () Z ko L9 (S 6 E (@10

n=0 n=0 n=0

Trong dé ta xem vé trdi ciua (2.10) bang 0 néu chudi f(z*) =

3" a,zF phan ky (*). Bat dang thic (2.10) tuong duong véi bat dang thiic:
n=0

i < (i ap) L (Vo e X)) (2.11)

n=0

Khong kho khin c6 thé ching minh rang néu a;y 1a hée sé c¢6 chi s6 bé nhat

trong cac he s6 khac 0 ctia chudi (2.9) thi: lim jﬁg?j; = af!

a:—>0+

Do d6 néu zem o b1 la gid tri cia vé trdi bat ding thitc (2.11) khi

x = 0 (**) thi (2.11) dung cd véi trudng hgp x = 0. Mit khac, dé ¥ rang:

O e N e
s~ W= O an)t!

n=0

két hop véi (2.11) ta suy ra:

k 00
max{jzgz) e X"U{0}} = f(1 Zan

n=0

Nhu vay ta thu duge dinh Iy:
Dinh 1y 2.4.5: Gia stt chudi duong > a,, hoi tu va ¢ tong duong. Goi f(x)

n=0
la tong ctia chudi luy thita 3" a,2™ khi x thuoc tap X cdc diém hoi tu khong
n=0
am cua chudi do. Khi do ta co:
f(@)* x
max creX an
{f (90:) y=10 nz 0
min{f(x Iz xe Xp=f(1 an)?!
f(l’) n—()

(ta git nguyén céc quy ude (*) va (**)).
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Vidu:1) Taco:e® = > — (V2 € R) neén dp dung dinh 1y 2.4.5 ta 6

ngay:
maX{W cx >0} = 2009 (k = 2010)

—2010z 62010x

‘ —oi khi x> 0 két qua trén con cho

Néu nhan xét thém rang —szp
(&

khang dinh manh hon:

max{eexw cx e R} =€ (k=2010)

2) Ta 6 ~In(1 — 2) = 3 l(g)n (Vx € (=2:2)) . Ap dung dinh 1 2.4.5 ta
n=1"
co:
1n100(1 _ {
max{ 2 0<w< W2} =(n2)® (k=100).
~In(1 - ‘”T)

2.5 Cuc tri cia cac ham ntra cong tinh

Trong muc nay, giong nhu ¢ dau chuong 1 doi khi ta viét f(x) thay cho
f(z1,...,2,), trong d6 x = (x1,...,2,) 1& mot véc to ciia R". Ta ciing gia thiét
rang ham f(x) xac dinh trén tap con D ciia R" ¢6 tinh chat: x, y € D kéo theo
x +yeD.

Dinh nghia 2.5.1: Ham f dugc goi la:

- Duéi cong tinh trén tap xac dinh D clia né néu f ¢6 tinh chat:
f(x+y)< f(x) + f(y)

v6i moi cap véc to x, y € D.

- Trén cong tinh trén tap xac dinh D clia n6 néu f c6 tinh chat:

f(x+y) = f (x) + f(y)

v6i moi cap véc to x, y € D.

28



Cac ham dudi cong tinh va trén cong tinh trén mot mién ndo dé goi chung
14 ham ntta cong tinh trén mién dé.
n
Vi du: - Him u = (3 2F)/% 13 ham dudi cong tinh trén mién RY" véi k > 1,

i=1
bdi vi theo bat dang thiic Mincowski trén mién RY" ta co:

n 1/k n 1/k n 1/k
(o) = (2e) (5]
i=1 i—1

i=1
- Ham u = 22 1a trén cong tinh trén khoang (0, + oo), bdi vi v6i moi s6 thuc

X,y € (0, + 00) ta co:
(x+y)2:x2+2xy+y2>x2+y2

Meénh dé duéi day cho phép ta thu dugc nhiéu ham nita cong tinh tit mot
ham ntta cong tinh biét trudc.
Ménh dé 2.5.1: 1) Gia sit f(x) 1a ham mot bién x4c dinh trén khodng

(0,400). Néu ham @) 14 ham khong tang thi f(x) 1a ham dudi cong tinh trén

T
(0,4-00). Néu ham @ 14 ham khong gidm thi f(x) la ham trén cdng tinh trén
(0,40).

2) Gia stt f(u) 1a ham dudi cong tinh va khong gidm trén (0,4-00). Néu u=g(x)
la ham nhan gia tri duong va dudi cong tinh trén R thi ham hop f(g(x)) la
dudi cong tinh trén RY".

3) Gia stt f(u) 1a ham trén cong tinh va khong gidm tren (0,4-00). Néu u=g(x)
la ham nhan gia tri duong va trén cong tinh tréen R7" thi ham hop f(g(x)) la
trén cong tinh trén RY".

Ching minh. 1) Truéc hét ta ching minh rang néu c, d 14 cac s6 duong thi
véi cac s6 a, b tuy ¥ ta co:

min(g é) ath
c'd

IN

a b
< - = 2.12
c—i—d_max(c’d) ( )

That vay, khong giam tong quat gia st — <

b C i .z
<E.Kh1dococacsom,nzosao

ole
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b
ChO.E: T —E.Suyra
min(g é)_g_b—m_a—kb—m a+b
¢ d c d c+d c+d
a+n—|—b_a—|—n_é_ (g é)
=" cvd ¢ a4 "oy
Vay (2.12) dugce chiing minh.
Bay gig gia st x,y € (0,400). Vi ham @ la khong tang trén (0,+00) ta co:
flz+y) _J@) fly), _ fl@)+ fy)
RS < <
iy < min( i ) < v = flx+y) < flz)+ f(y)

Vay ham f(x) la dudi cong tinh trén (0,4-00).
f(x)

Néu ham — la khong gidm trén (0,+00) va x,y € (0,400) ta co:
faty max(f(l‘) f(y)> GRS (V)R

e Ty p— flx+y) > f(x)+ fy)

Vay ham f(x) la trén cong tinh trén (0,400).
2) Gia st x, y 1a hai véc to tuy ¥ ctia R . V6i cdc gia thiét néu trong khang

dinh 2) clia ménh dé 2.5.1 ta c6:

flg(x+y)) < fg(x)+e(y)) < f(g(x)) + f(g(y))

Vay ham f(g(x)) 1a dudi cong tinh tréen RY".
3) Gia st x, y 1a hai véc to tuy ¥ cia RY". Vi cac gid thiét néu trong khang

dinh 3) cia ménh dé 2.5.1 ta co:

f(g(x+y)) > f(g(x)+g(y)) > f(g(x)) + f(g(y))

Vay ham f(g(x)) la trén cong tinh tréen R

Vi du: - Ham f(x) = In(1 4+ x) la ham thod méan khong tang trén

f(z)
T
(0; +00), con ban than f(x) thuyc sy tang trén (0; +00) do d6 theo khang dinh 2)
ctia ménh dé 2.5.1 ham f(g(x)) 1a ham dudi cong tinh tréen R v6i moi ham g
dudi cong tinh tren R . N6i rieng, ham u = In (1 + (> xf)l/k) 1a duéi cong

i=1

tinh tréen R7".

30



n

- Trong R" dat: ||z||; = _ |#] v6i moi véc to x = (21, ...,2,) € R™. V6i moi
i=1
cap véc t6 x, y € RY" ta co:

lz +ylly = ll=lly + il

Vay ham g(x) = ||z, 1a cong tinh trén RY" (do d6 g(x) vita dudi cong tinh,
vita trén cong tinh tréen RY" ). Ham f(x) = 22 1a trén cong tinh va thuc su tang
trén (0,4 oo) nén theo khing dinh 3) ctia ménh dé 2.5.1 ta c¢6 ham ||z||? 1 trén
cong tinh tréen R

Dinh nghia 2.5.2: Ham n bién f(x) (x =(21,...,7,) € D cR") goi 13 thuan
nhat duong trén D néu D va f ¢6 cac tinh chat sau:

1) x =(x1,...,2,) € D kéo theo tx €D véi moi t > 0.

2) f(tx) = tf(x) v6i moi t > 0 va moi x € D.

Vi du : - Him u = (3 26)V% 1a thuin nhét duong tren mién R v6i moi
k>0. Khi k > 1 ham u la g&éi cong tinh (bat dang thitc Mincovski). Khi 0<k<1

ham u la trén cong tinh trén RY".
xn—!—l + yn—H
=R*? v6i s6 thuc n tuy .

-Ham 2z = la thuan nhat duong trén mién D={(z,y) : 2 > 0,y > 0}
- Néu z = ||x| 1a mot chuan tuy ¥ ctia vée to x € RY" thi z vita ¢6 tinh chat
dudi cong tinh, vita ¢6 tinh chat thuan nhat duong trén R", ||z|; 1a ham cong
tinh va thuan nhat duong tren RY".
Dinh ly 2.5.2: 1) Gia st w = f(u,v) la ham dudi cong tinh, thuan nhat

duong trén mién R*? va khong gidm theo v v6i méi u ¢d dinh. Dit:

G = {X: (z1,...wn) € RY" Y 2y SC:const>0} ;2= Zf(x“l)

=1 i=1 €Ty
Néu ham g(t) = f(t,%) khong tang theo t trén (0;C) thi:

n2
min {z:x = (z1,...,2n) € G}= f(C, 6)
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2) Gia sit w = f(u,v) 1a ham trén cong tinh, thuan nhat duong trén mién R

va khong tang theo v v6i moi u co6 dinh. Dat:

G = {X: (z1,..7p) € RY": zn::zzz §Czconst>0} ;2= Zn:f(a:l,i)

=1

Néu ham g(t) = f(t,%) khong giam theo t trén (0;C) thi :

max {z:x = (21,...,2,) € G}= f(C, %2)

Chitng minh. 1) Néu > ; < C, thay x; b6i x} > x; > 0 sao cho x} +
i=1
>~ 2;=C. Do gia thiét g(t) khong tang theo t € (0;C) va ham f la dudi cong tinh
i=2
ta co:
folv ] 331, _'_fo% ]

>f(w’f+i222xi%{+;%)=f(07xi,{+§:%)

=2 !

Vay véi x = (21,...,z,) tuy ¥ thudce G ta co:

n

z =Y fla, 1.) > inf{f(C 27_1:

i=1

1
x

n
Yy b =C x>0}
i=1

SN

Theo bat dang thitc Cauchy — Bunhiacovski, v6i x = (z1,...,z,) € G va

n
> x;=C taco:

D) DL ey SEU ) S S s
T4 — 1 — 1 — z;" — C
=1 =1 =1 1=1
B6i vi ham f khong gidm theo bién thit hai, ta suy ra khi >~ 2; = C' ¢6 bat
i=1
dang thic:
e s e
) — xz — ) C
n2
Vay: z > f(C, C) v6i moi X = (x1,...,x,) € G.
Khizi=29=..=2, = % do tinh thuan nhat duong ciia f ta c6 z= nf(% %)
2
n
= f(C, —=).
f( Y C)

32



2

o)

2) Néu le < C, thay x; bdi xj > x; > 0 sao cho lerZyz:Z = C. Do gia
=1 1=2

thiét g(t) khong gidm theo t € (0;C) va ham f 1a trén cong tinh ta co:

Vay min{z : x = (r1,...,z,) € G}= f(C

1 1 1 1
< f(at ,— —) = — —
< flay+ ‘E Tis — F §2 A Gy ‘E po

Vay v6i x = (1, ..., z,) tuy ¥ thudc G ta co:

2= 3 o, 0) < sup{F(C ; —Cal > 0)

-
@2%

Theo bat dang thic Cauchy — Bunhiacovski, v6i x = (z1,...,z,) € G va

n
> ;= C taco:

n
B6i vi ham f khong téng theo bién thit hai, ta suy ra khi Y z; = C ¢6 bat
=1
déng thc:

= 1
(6" =) < J(C, )
i=1""
2

Vay ta c6: z < f(C, %) véi moi x = (x1,...,x,) € G.
Khizi=22=..=2, = % do tinh thuan nhat duong ctia f ta c6 z= nf(% )

n2

- f(07 6) ,
Vay max{z : X = (1,..,2s) € G}= f(C, %).
Vi du: 1) Tren R*? ham f(u,v) = (uf + v*)V/* v6i k > 1 1a dudi cong tinh

Qls

va thuan nhat duong, khong giam theo bién v (suy tit bat dang thiic Mincovski

va biéu thic ctia f). Gia st
n
G= {x = (z1,.,p) e RY Y1 < 1}
i=1
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Ta co:

_ N ok gk
g(t)= 7 (t.7) = (¢ + )
—k
1 — -1
1a ham thyc sy gidm trén (0;1) béi vi ¢'(t) = (t* + t_k) k (W) <0khit e

(0;1). Nhu vay, tat ca cic gia thiét vé cac ham f, g trong khang dinh 1) ctia dinh
Iy 2.5.2 dugce théa man. Theo khang dinh 1) ctia dinh 1y nay ta co:
n 1 1/ n
min {Z (zF + —) <1l 3 >0(= 1,...,n)} = (1 + n2k)/k
i=1 i=1

Ly
Khi k = 2, n =3 ta nhan dudc ching minh ciia bai toan s6 V ctia dé thi tuyen
sinh dai hoc kh6i A nam 2003:

Cho 3 s6 duong x,y,z thda man x + y + z < 1. Chiing minh rang:

/ 1 / 1 / 1
2+ < PP+ 5 P25 > V82
T Y z
n

2) Cho n s6 duong 1, ..., 2, théa man Y x; < C. Tim gia tri 16n nhit ctia biéu
i=1
thitc:

Giai. Xét ham w = u — v. Khi d6 w 1a thuan nhat duong va cong tinh, do
d6 co6 thé coi w la trén cong tinh. Ham w thuc su gidm theo bién v v6i méi u cb
dinh. Ham g(t) = t—% thue su tang trén (0;C) bdi vi g'(t) = 1 +t12 > 0. Do d6
moi gia thiét trong khang dinh 2) ctia dinh 1y 2.5.2 dudc thoad man. Theo khang
dinh nay ta co6:

n n 2
max {z:z<xz—l> :inSC,xi>0‘v’i}:C—%
: T;

=1
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Chuong 3

Cuc tri cua cac ham cua hai da
thic déi xing hai bién

3.1 Cac da thic déi xing ctia hai bién

Dinh nghia 3.1.1. Mot da thic déi xiing ciia hai bién x, y 14 mot ham
dang f: ciz™iy™, trong d6 ¢; 1a cac sd thuc, m;, n; 14 cac sd nguyén khong am,
c6 tinZhZIChét bat bién khi hoan vi cac ky hiéu x, y cho nhau.

Vi du: s1= x+ vy, s9 = Xy, 0, = 2" + 3" (n 12 86 nguyén >1) 1a cac da thiic
déi xting ctia hai bién x, y.

Ta c6 khang dinh sau (xem [Kurosh]):

Meénh dé 3.1.1: Moi da thtc doi xiing ctia hai bién x, y déu la da thic cla
cac da thic déi xing si, so.

Do ménh dé 3.1.1, moi ham ctia hai da thiic d6i xitng ctia hai bién x, y déu
c6 thé xem 1 ham clia hai bién s; = x + y va so = xy. Vi vay ta sé xét cac ham
dang f(u,v), trong d6 u = x + y, v = xy. Chuong nay danh cho bai toan tim gia
tri 16n nhat va gia tri bé nhat clia cac ham dang f(x+y, xy) khi cac ham nay
duge xac dinh tren cac tap dang dic biet cia R?. Vé cac két qua lien quan xem

bai béo [H.V.Hung 2] .
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3.2 Cuc tri cia cac ham cua hai da thic déi xing
cuia hai bién

Trong muc nay ky hiéu <a,b> chi mot trong cac khoang (a;b), [a;b), (a;b]
[a;b], a > 0 v b 6 thé 1a +oo .

Dinh 1y 3.2.1: Gia st f(u,v) 1& ham cta hai bién u, v xdc dinh trén mién

2
D = {u e<ab>v< uz} va g(x,y) = f(x+yxy) xac dinh trén mién H =
{(z,y) :u=x+ye<ab>} cR® Dit N(x) = b> Khi do:

272
1) Néu trén mién D = {u e<a,b>v< uz} ham f(u,v) khong tang theo bién

v v6i mdi u ¢6 dinh va ham N(x) c6 gia tri bé

(Qxx) X eE< —

P b
nhat trén < 2 — > thi:

-1
2) Néu trén mién D= {u e<a,b>v< Z} ham f(u,v) khong gidm theo bién

Ca o Cs s PR b N
v v6i moi u ¢ dinh va ham N(x) ¢6 gia tri 16n nhat trén < 2.2 S thi:

min{g (z,y) : (z,y) € H} = min {

N S

a
27

max{g (z,y) : (x,y) € H} :max{N( )rx e< g,g>} .

Ching minh. 1) C6 dinh mot gid tri u € <a;b>. V6i moi (x,y) € H thoa
man x + y = u ta co:

€T 2 u2
( Zy) SRR

Vi ham f(u,v) khéng tang theo v, véi (x,y)€ H théa man x + y = u ta c6

xy <

")
g(x,y) = f(x +y,xy) = f(u,xy) 2 f(u, ) (3.2)

Khix =y =u/ 2 taco (x,y) € H va:

g(x,x)=f(2x,22)=N(x)=f(u,—)  (3.3)

P SR b S ez b
Vi ham N(x) c6 gia tri bé nhat trén < 2, 3> ton tai diem x*e< g; 5 > 840
cho:
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l\DIQ
| S

min{N( ) xe<

T (3.2), (3.3), (3.4) ta suy ra:
g(z,y) >N(x*) = f(2x*,af;*2) v6i moi (z,y) €H.

Lay u* = 2.x* vax = y = x* ta ¢ (z*,7*) € H va g(x*, x*) = N(x*). Vay:

min{g (z,y) : (z,y) € H}:min{N( )iz e<

l\DIQ

2) Néu f(u,v) 1a ham khong giam theo v thi tit (3.1) ta suy ra véi moi (x,y)
thod méan x+y = u € <a;b> ta cé:
2

g y) = fx + y.xy) = f(u,xy) < flu ) (35)

Khix =y =u/ 2 taco (x,y) € H va:

g(X,X):f(2x,a:2):N(X):f(u,u;) (3.6)

Vi ham N(x) c6 gia tri bé nhat trén < ;7 S >, ton tai diém x** €< g,g >
sao cho:
ab
maX{N( )z e< 375 >} = N (z*) (3.7)
T (3.5), (3.6), (3.7) ta suy ra:
g(x,y) < N (™) :f(2x**,x**2) v6i moi (x,y) € H.
Lay u** = 2.x% va x = y = x™* ta c6 (x** x**) € H va g(x™*, x**) = N(x**).

Vay:

7

N

max{g (z,y) : (z,y) € H} = max {N( )iz e<

>}: N (%),

l\DIQ

Dinh 1y 3.2.1 c¢6 thé ap dung dé gidi mot loat cac bai toan vé tim gia tri bé
nhat, gia tri 16n nhat clia ciAc ham ctia hai da thiic d6i xting ctia hai bién x, y

trén mién dang H. Nhitng bai toan nay thudng xuat hién trong cac ky thi tuyén
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sinh dai hoc va cac ky thi hoc sinh gidi toan bac trung hoc co s6 hoac trung hoc
pho thong. Dudi day 1a mot sé vi du:

Vi du 1: Tim gia tri nhé nhat cia biéu thitc A = 23+ +3(zy—1)(z4+y—2),
trong do x, y 1a cac s6 thuc thod man (z — 4)% 4 (y — 4)? + 22y < 32.

(Dé thi tuyén sinh dai hoc nam 2012, mon Toan-khoi D).

Giai. Taco: (r—4)2 +(y—4)2 + 20y <32 & (24+9)? -8z +y) <0+ 0 <

r+y <8,
A= (r+9y)3-3x+y)—6xy+6

Vay bai toan ¢6 dang: Tim gié tri bé nhat ctia ham f(u,v) = u? — 3u — 6v +6,
trong d6 u = x +y, v = xy trén mién H ={(z,y): 0 <z +y < 8}.

Ham f(u,v) ro rang giam theo bién v = xy va mién H ¢6 dang nhu trong dinh
1y 3.2.1 (khoing <a:b> trong trudng hop nay la khoang dong [0:8]). Ap dung
khang dinh 1) ctia dinh 1y ta co:

min{A:0<z+y <8 = min{N (z) =82% - 622 — 62 +6:0 <z < 4}.

1+ N
Ta c6: N'(x) = 2422 — 122 — 6, N'(x) = 0 <> 2 = 4\/5 . V1 xét trén mién
£ 1 1

0<x<4 nén ta chi lay gia tri z = +T\/S So sanh cac gié tri N(0) = 6, N( +4\/§>

17 —
= 7—5\/5 , N(4) = 398 ta suy ra:

4

. . 17 —5v5

mln{A:O§x+y§8}:mln{N(x) =8$3—6x2—6$+6;0§x§4}: . \/"

Vi du 2: Cho céac s6 thuc x, y thay ddi va thod man (z +y)* + 4xy > 2.
Tim gia tri nhé nhat ctia biéu thic A = 3 (a:4 + oyt + :1:23/2) -2 (12 + yz) + 1.

(Dé thi tuyén sinh dai hoc ndm 2009, mon Toan - khoi B).

Giai. bat H = {(x,y) Nz +y)? + Aoy > 2}. Béi vi (z 4 y)* 4xy > 0 nén ta

suy ra:
(@+y)’+ @+’ -2200x+y>1

Nhu vay mién H nam trong mién G = {(x,y) : (v +y) > 1}. Do do:
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inf{A: (z,y) € H} > inf{A: (x,y) € G} (3.8)

Taco: A =3(z+y)" — 12xy(z +y)* + 9222 - 2z +y)* + 4xy + 1. Dit u =

X 4+ y, v = xy ta nhan dugc:

A = f(u,v) = 3u* — 1200% + 9? — 20 + 4o + 1

0 4
a_i — 122 4 180+ 4 =4 (1 - u?) + 18 (v - 5u?)
S u? . Of ) , .
Trén mién D= u > 1,v < T ta ¢o 30 < 0, do dé6 f(u,v) gidm theo v véi
v

mdi u > 1 ¢6 dinh. Dat N(x) = £(22,2?) = 92 — 42?2 + 1 ta co:

N’(x) = 3623 — 8 > 0 trén mién x>

N | —

Do dé: min{N(x) x> %} N (%) - % Theo khéng dinh 1) cia dinh 1y
3.2.1 ta co:

min{A : (z,y) € G}zmin{N(m) x> %} = %
Do (3.8) ta co: inf {A: (x,y) € H} > % . Nhung v6i x =y = 1/2 ta ¢6
11

(z+y)° + day = 2 vay diém (—

11 9
2;5) e H va A(é;i) = — nén ta suy ra

16
. 9
min{A: (z,y) € H} = T
Vi du 3: Tim gia tri 16n nhat ctia ham so:
3+ yS

7=
3+ y3 —ay

tren mien H = {(z,y) 12 +y >a > 1}.

Gidi. Néu xy < 0 ta c6: 23 + 93 —ay = (x+y) (2 + 9> —ay) — ay

v

a(w2+y2—xy)—xy>0. Néu xy > 0 ta c6 22 + 3 = (v +9) (2% + y* — 2y) >

a(x? +y? — xy) > ary > xy trén mién H. Vay ham z c6 nghia trén H. Dat u = x
+ v, v =xy taco:

L (x+y)3—3:cy(x+y) B u? — 3uw ~ )
(@ +y)’ —3ey(z+y) —ay ¢ —3uw—v ’
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o
o (u3 — 3uv — v)

2>OkhiuZa>1.

2

Vay ham f(u,v) khong gidm theo v trén mién G = {(u,v) cv < uz,u >a > 1}
v6i méi u ¢6 dinh. Theo khang dinh 2) ctia dinh 1y 3.2.1 ta co:

max{z: (z,y) € H}= maX{N(x) =f (2x,x2) cx > g}
223 2z
Nhung N(x) = 58 3 = o T :1+2x—1 §1—|—a_1 v6i m01x>— Khi

a 3 a,
X—EtaCON(—)—l-l-a_l. 1

a—1
Dinh 1y 3.2.2: Gia st f(u,v) 1a ham cta hai bién u, v xdc dinh trén mién

Vay max{z: (z, y)GH}—maX{ () = (2xm) ng}zl—i—

D= {(u,v) u>0,ve<ahb>v< — “ }Vag x,y) = f(x+y, xy) xac dinh trén mién
H = {(z,y) : v =1y €< a; b>}cR2 Dat N(x) = f(2z,2%), x €< va; Vb > . Khi
do:
. X u?
1) Néu trén mien D :{(u,v) cu>0,ve<ab>v< Z} ham f(u,v) khong
gidm theo bién u véi mdi v ¢b dinh va ham N(x) c¢6 gid tri bé nhat trén mién

{z e</a;vb >} thi:

min{g (z,y) : (z,y) € H}= min {N (z) : x €< a; Vb >}.

2
2) Néu trén mién D :{(u,v) cu>0,ve<ab>v< uz} ham f(u,v) khong

tang theo bién u véi mdi v ¢d dinh vd ham N(x) ¢6 gid tri 16n nhat trén mién
{z e</a;vb >} thi:
max {g (z,y) : (z,y) € H}= max {N (z) : 2 €< Va; Vb >}.
Chiing minh. 1) C6 dinh mot gia tri v e< /a; vb >. V6i moi (x,y) €H thda

man Xy = v ta co:

—x+y>2y/v (3.9)

2
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Vi ham f(u,v) khong gidm theo u, véi (x,y) €H théa man xy = v ta co:
g(x,y) =f(x+y,xy) =f(x+y,v) > {(2y/v,v) (3.10)
Khi x =y = /v ta ¢6 (x,y) €H va:
g(x,x)=f(2z,2?)=N(x)=f(2\/v,v)  (3.11)
Gia st
min{N (z) : €< Va; Vb >} = N(x¥); (x*e< a;vb>)  (3.12)
T (3.10), (3.11), (3.12) ta suy ra:

g(x,y) > N(x*) = f(2x*,x*2) v6i moi (x,y) € H.

Z 2
Lay v* =x*

vax =y = x* ta ¢d (x*,x*) € H va g(x*, x*) = N(x*). Vay:
min{g (z,y) : (z,y) € H}= min {N(x) 1 €< a; Vb >}: N(x*).

2) Néu f(u,v) 1a ham khong tang theo u thi tiur (3.9) ta suy ra v6i moi (x,y)

thoa man xy = v > 0 ta c6:
g(x,y) =f(x+y,xy) =fx+y,v) <f2Vv,v) (3.13)
Khi x =y = /v ta ¢6 (x,y)eH va:
g(x,x)=f(2z,2?)=N(x)=f(2\/v,v)  (3.14)
Gia st :
max{N (z) : z €< y/a; Vb >} = N(x**); (x*e< ya;vb>)  (3.15)
Tu (3.13), (3.14), (3.15) ta suy ra:
g(x,y) < N(x**) = f(2xzz:) v6i moi (x,y)eH

Liy v¥* = 2" va x = y = x** ta c6 (x** x**)cH va g(x**, x**) = N(x*¥).
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max {g (z,y) : (x,y) € H}= max {N (z) : €< Va; Vb >} = N(x*¥)
Dinh Iy 3.2.2 dugc chiing minh hoan toan.
Ta dua ra mot s6 vi du minh hoa cho dinh 1y 3.2.2.
Vi du 4: Tim gia tri bé nhat ¢ trén mién H :{(x,y) LTy > l,x >0,y > 0}
clia ham sb:
. z3 + y3 -y
x3 43 + 2xy

Giai. batu=x+y, v =xy, ta co :

_ ($+y)3—3(x+y)xy—xy . ud — 3uv — v

(z + 3/)3 —3(z +y)xy + 2zy ud — 3uv + 2v

0z 9(u? — v)v
ou (43 — 3uw + 2v)?

2
Trén mién D = {(u,v) : % <wv< uz} ta c6 % > 0 do d6 ham z tang theo
u

bién u. Theo khang dinh 1 ctia dinh 1y 3.2.2 ta cé:

T 234222 20 +1)

: _ 20 —2? 221 1
mm{z:(x,y)eH}:mm{N(x) i ° :;1:25}

Lz . ) . 1
néu vé phéi ton tai. Ham N(x) ¢6 dao ham N’(x) > 0 trén mien x > 3 nén ta
1 1 1
O:ming N (z):x > -p = N( =) = —=. Vay:
c6 mm{ () 12> 3} ( 3) g Vay

3 3
. 0+ Yy’ =2y 1
mins 4 = —————:(r,y) €e H p = ——.
{ 23 + 3 + 2xy (z,9) } 3

Vi du 5: Tim gia tri 16n nhat ctia ham s6:

x4+ y4 + xy(:z:2 + y2)
2(zt + yt) — zy(2? + y?)

tren mieén H = {(z,y) : z > 0,y > 0}.

) 3y?
Giai. Taco: 2 (354 + y4) —xy (12 + y2): (22 +1)[(z — %)2+%]+($2 220
khi x > 0, y > 0 do d6 z hoan toan dugc xac dinh trén mién H. Dit u = x + v,

v = Xy ta ¢0 bieu dién:
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ut — 3vu?
2ut — Yvu? + 602

Z =

Lay dao ham z theo bién u ta dugc:

Oz 6uv (u4 — dou? + 61}2)
du  (2ut — 9ouZ + 602)>

%
ou
theo u v6i mdi v ¢6 dinh. Theo khing dinh 2 ctia dinh 1y 3.2.2 ta c6:

2
Trén mién D :{(u,v) tu>0,0<v < uz} ta co < 0, do do6 z la ham giam

4 4 2 2
max{z—Qx +y' +ay(e® +°)

x>0,y >0
@ty — oy + 7)) Y }

44
:maX{N(a:):ﬁ:2:x>0}:2.
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Két luan

Ban luan vian “Cuc tri ciia mot s6 ham nhiéu bién c6 cac dang dac biet” da
dua ra cong thitc tinh gia tri 16n nhat ho#c gia tri bé nhat clia mot s6 ham nhieu
bién c6 dang dic biet. Cac ham nhicu bién c6 dang dac biét nay bao gom: céc
phan thic k- chinh quy, cac ham c6 dang ty so ctia hai phan thic dong dang,
cac ham biéu dién qua céc ham nita cong tinh, cac ham ciia hai da thitc déi xiing
ciia hai bién. Mot s6 cac két qua dudc tac gia tong két tir cac tai lieu tham khéo,
cac két qua khac do tac gia ti ching minh dudi sy huéng dan ctia TS. Hoang
van Hung, Vién Khoa hoc Co ban, Dai hoc Hang hai Viét nam (céc khang dinh
vé cac phan thitc k- chinh quy khi k # 0 ctia dinh 1y 2.1.1, dinh 1y 2.5.2 va cac
dinh 1y 3.2.1, 3.2.2). Céac vi du minh hoa cho cac dinh 1y trong ban luan van chi
yéu ducgc lay tit cac dé thi tuyén sinh dai hoc mon Toan ctia cac khoi A, B, D
tit nam 2002 dén nam 2012 vh mot s6 sach tham khao vé bat dang thic. Dicu
nay chitng t6 céc két qua ciia ban luan van 1a hitu ich khi gidi mot s6 cac bai
toan vé gia tri bé nhat va 16n nhat trong chuong trinh pho thong.

Céc két qua ctia chuong 3 con c6 thé mé rong cho cac ham clia cac da thiic
doi xtng véi s6 bién 16n hon. Dé tien loi cho viéc dién dat, trong ban luan van
tac gia da sit dung cac thuat ngt va ky hiéu thudoc pham vi ctia chuong trinh
toan cao cap. Tuy nhién, cic ly luan trong cac chiing minh hoan toan so cap. Vi
vay ban luan vin nay hoan toan thuodc chuyén nganh Phuong phap Toan so cap
va c6 thé duge st dung lam tai lieu giang day cho gido vien ciing nhu lam tai
lieu hoc tap cho hoc sinh tt bac trung hoc c¢o sé tré lén trong cac chuong trinh

nang cao ve bat dang thic va cac bai toan cuc tri.
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