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LOI CAM OGN

Tru6c hét, toi xin gli 10i bi€t on chan thanh va sau sac t6i PGS.TS Lé
Thi Thanh Nhan. C6 da danh nhiéu thoi gian va tam huyét trong viéc huéng
dan. Sau qua trinh nhan dé tai va nghién ctu dudi su huéng dan khoa hoc
cua Co, luan van \Da thtic chia duong tron" cua téi da duoc hoan thanh.
C6 duoc két qua nay, d6 1a nhd su nhac nhd, don doc, day bao hét sic tan
tinh va nghiém khac cta Co.

Toi ciing xin gui 10i cam on chan thanh dén Ban Giam hiéu, Phong Dao
tao-Khoa hoc-Quan hé quoc t€ va Khoa Toan-Tin cua Truong Pai hoc Khoa
hoc - Pai hoc Thai Nguyén da tao diéu kién thuan loi nhat trong sudt qua
trinh hoc tap tai truong ciing nhu thoi gian t6i hoan thanh dé tai nay. Su
gitp d& nhiét tinh va thai do than thién cta cac can bo thudc Phong Dao
tao vd Khoa Todn-Tin da dé lai trong 1ong mdi ching t6i nhiing 4n tuong
hét stc tot dep.

Toi xin cam on Phong Gido duc va Pao tao Quan Lé Chan - thanh pho
Hai Phong va Truong trung hoc co s Nguyén Ba Ngoc - noi toi dang cong
tdc da tao diéu kién cho t6i hoan thanh khéa hoc nay.

Toi xin cam on gia dinh, ban bé dong nghiép va cac thanh vién trong
16p cao hoc Toan K5B (Khoéa 2011-2013) da quan tam, tao di€u kién, dong

vién ¢6 vii dé t6i c6 thé hoan thanh nhiém vu ctia minh.



LOI NOI DAU

Ta biét rang v6i moi s6 nguyén duong n, ¢6 ding n can bac n cla
2km

n

+isin 2Tk =0,1,...,n — 1. Chd ¥ ring ¢ 1a can

don vi: €, = cos ==
nguyén thiy bac n ctia don vi néu va chi néu ged(k,n) = 1. Vi th€ c6
ding p(n) can nguyén thily bac n cla don vi, trong d6 ¢ la ham Euler.
Goi €, - - ., €k, 12 cdc can nguyén thuy bac n cta don vi. Khi d6 da rhiic
chia duong tron thit n, ki hiéu 1a &, (), 1a da thic bac p(n) duge cho bai
cong thic ¢, (r) = (v — €,) ... ( — €x,,,)- Muc dich cta luan van nay l1a
trinh bay mot s6 két qua vé da thic chia duong tron, nhiing tng dung cua
da thac chia duong tron trong mot s6 bai toan so cip, va ching minh tinh
bat kha quy cua da thic chia duong tron.

Luan van gébm 3 chuong. Cdc kién thic chudn bi vé s6 phic va da thic
duoc nhic lai trong Chuong 1. Phin dau cia Chuong 2 danh dé trinh bay
mot s6 tinh chat quan trong cua da thic chia duong tron. Ching toi ching

t6 ring " — 1 = | | @a(z) (Pinh If 2.3.3), va tir d6 ta suy ra ,,(x) c6 cdc
dln
hé s6 déu nguyén (Hé qua 2.3.5). Hon nita, néu = € Z va p 1la mot udc

nguyén t6 ctia ®,(x) thi p = 1 (mod n) hoac p|n (Pinh Ii 2.3.11). Phan
cudi Chuong 2 trinh bay mot s6 ting dung cua da thitc chia dudong tron dé
ching minh lai mot Dinh ly cta Dirichlet va giai quyét mot s bai toan thi
hoc sinh gioi todn quoc t€ lién quan dé€n phuong trinh nghiém nguyén va
danh gia s6 uéc cua mot s6 tu nhién. Chuong 3 trinh bay mot s6 phuong
phap ching minh tinh bat kha quy trén Q cua da thac chia duong tron.
Chi ¥ rang da thitc bat kha quy déng vai trd quan trong giong nhu vai
tro cua sO nguyén to trong tap cac s6 nguyén. Véi n la sO nguyén duong,

da thic chia duong tron @, (x) 1a mot da thic bat kha quy dac biét, n6 1a
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mot uc cua " — 1 nhung khong 13 uéc ctia ¥ — 1 v6i moi k < n. Khi
p la s6 nguyén t6, tinh bat kha quy cta ®,(x) da duoc giai quyét vao dau
Thé ky thit 19, duoc ching minh 1an dau tién boéi C. E Gauss 1801 [Gau]
v6i cach chiing minh kha phtic tap va dai dong. Sau dé ching minh duogc
don gian hod di nhi€u bdi ciac nha toan hoc L. Kronecker 1845 [K] va F.
G. Eisenstein 1850 [E]. Con viéc ching minh tinh bat kha quy cta &, (x)
vGi n tuy y duoc giai quyét vao khoang giita Thé ky 19, dugc chiing minh
lan dau tién boi Kronecker 1854 [K2]. Sau dé, R. Dedekind 1857 [D] va
mot sO nha toan hoc khac da dua ra ching minh don gian hon.

Noi dung cua luan van duogc viét dua theo cuon sach \Ly thuyét Galois"
cua S. H. Weintraub [W1], bai bao \Elementary Properties of Cyclotomic
Polynomials" cua Y. Ge [Ge] va bai bao \Several proofs of the irreducibility
of the cyclotomic polynomial" cta S. H. Weintraub [W2]. Bén canh d6 c6
tham khao mot s6 bai bdo c6 dién cua C.F Gauss [Gau], E G. Eisenstein
[E], L. Kronecker [K] va R. Dedekind [D] vé tinh bat kha quy cta ®,(z).



Chuong 1

Kién thic chuan bi

Trude khi trinh bay cdc két qua vé da thic chia duong tron & Chuong 2,

chiing ta nhic lai kién thic co s& vé so phiic va da thic.

1.1 So phitc va cac phép toan trén so phiic

1.1.1 Pinh nghia. S6 phitc 1a mot biéu thitc c6 dang z = a + bi trong d6
a,b € R vai® = —1. Ta goi a 12 phdn thuc va b 12 phdn do cla z. S6 phic
i dugc goi 1a don vi do. Néu a = 0 thi z = bi duoc goi 1a s6 thudn do. Néu
b= 0 thi z = a la so thuc. Tap cac so phic dugc ki hiéu 1a C. S6 phiic

Z = a — bi dugc goi la so phic lién hop cha z = a + bi.

1.1.2 Cha y. (i) Hai s6 phiic bang nhau néu va chi néu phan thuc va phan
ao tuong ung bang nhau: a +bi = c+ di < a = ¢, b =d.

(ii) Néu 2z = a + bi thi z Z = a® + b 12 mot s6 thuc.

(i) Lién hop cta téng (hiéu, tich, thuong) bang tong (hiéu, tich, thuong)
7 :%Véimoi o 40.

cuacacliénhop: z 2/ =Z 42, 22/ =%Z 2 va

Z\z\|z\z

Biéu dién s6 phic z = a + bi dugc goi la bi€u dién dai s6 cua z. Cic



phép toan trén so phic dugc thuc hién nhu sau:

(a+bi) + (c+di) = (a+c) = (b+ d)i;

(@ + bi)(c+ di) = (ac — bd) + (be + ad)i;
a+bi  (a+0bi)(c—di) ac+bd+ bc—adi
c+di  (c+di)(c—di) E+d  E+d?

Tap C céac s6 phiic v6i phép cong va phép nhan 1a mot truong chira truong

s6 thuc R, trong d6 moi s6 thuc a dugc dong nhit vé6i s6 phic a + 0i.

1.1.3 Dinh nghia. Trong mat phang P vé6i hé truc toa do vuong géc 0y,
mdi s6 phiic z = a + bi duoc déng nhat v6i di€ém Z(a,b). Khi d6 tap s6
phiic 1dp diy P va ta goi P 1a mdt phdng phitc. Xét géc « tao bdi chiéu
duong truc hoanh véi véc to OZ va goi 1 do dai clia véc to OZ, khi d6

z=a+bi =r(cosa+isina).

Bi€u dién 2 = r(cos a + i sin ) duoc goi 1a biéu dién liugng gidc cua z. Ta
goi 7 1a modun cla z va ky hiéu 1a |z|. Géc a dugc goi 1a argument cua z
va ki hiéu 1a arg(z). Chd y rang modun cua mot s6 phic 1a xac dinh duy
nhat va argument cia mot s6 phiic 1a xac dinh sai khac mot bdi nguyén lan
cla 2, tic 1a r(cos o +isina) = r'(cos o +isina’) néu va chi néu r = 1’

vaa=do +2kw véi k € Z.

Vé6i méi s6 phic z = a + bi, 16 rang |z| = v a? + b?> = |Z|. Hon nita, véi

21,29 € Ctacod |21||22| = |21||22| va |Z1 + 22| < |21| + |22|

1.1.4 Chii y. Cho z = r(cos ¢ + ising) va 2z’ = r'(cos ¢’ + isin ') 1a hai

s6 phic. Khi d6 zz" = r1'(cos(p + ¢') + isin(p + ¢)) va néu 2’ # 0 thi
; = %(cos(gp —¢') +isin(p — ¢')). T day ta c6 thé nang lén liy thira
bang cong thitc sau (goi 1a cong thic Moirve):

2" =r"(cosnp + isinny).
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1.1.5 Pinh nghia. S6 phiic u 1a mot cdn bdc n cta s6 phic z néu u" = z.

Chd y rang mdi s6 phiic z = r(cos ¢ + isin ) khdc 0 déu c6 ding n
can bac n, do6 1a

k2 k2
Wi = \"/F(cosuqtisinu),k:0,1,...,n—1.
n n

Pac biét, c6 ding n can bac n ctia don vi, d6 1a

2k 2k
Gk:COS—W—f—iSin—W, k=0,1,...,n—1.
n n

1.2 Khai niém da thirc

Trong suo6t ti€t nay, luén gia thi€t K la mot trong cac truong C, R, Q.

1.2.1 Pinh nghia. Mot biéu thic dang f(z) = a,2" + ... + ag trong d6
a; € K v6i moi ¢ dugc goi 1a mot da thitc cta 4an z (hay bién ) véi hé
s6 trong K. Néu a, # 0 thi a,, dugc goi 1a hé s6 cao nhdt cha f(z) va s
tu nhién n dugc goi 1a bdc ciua f(x), ki hiéu 1a deg f(x). Néu a,, = 1 thi
f(z) dugc goi 1a da thitc dang chudn (monic polynomial).

Chi y ring hai da thic f(z) = > a;x’ va g(z) = _ bz’ 1a bing nhau
néu va chi néu a; = b; v6i moi 7. Ta chi dinh nghia bac cho nhiing da thic
khéac 0, con ta quy udc da thic 0 1a khong ¢6 bac. Ki hiéu K[z] 1a tap cac
da thic 4n z v6i hé s trong K. Véi f(z) = > ax’ va g(x) = > b,
dinh nghia f(x) + g(x) = Y (a; + b))z’ va f(x)g(x) = > cpa®, trong d6
Ch = 34—y aibj. RO rang néu f(z) # 0 va f(x)g(z) = f(z)h(z) thi
g(x) = h(x). Hon nita ta c6

deg(f(z) + g(z)) < max{deg f(z), deg g(z)}
deg f(v)g(r) = deg f(x) + deg g(z).
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1.2.2 Pinh nghia. Cho f(x),g9(z) € K[z]. Néu f(x) = g(z)g(z) véi

T
q(r) € Klx] thi ta néi rang g(z) 1a udc cta f(x) hay f(z) 1a boi cua g(x)

la
va ta vi€t g(z)|f(z). Tap cac boi cla g(z) duge ki hiéu 1a (g).
Ta c6 ngay cac tinh chat don gian sau day.

1.2.3 B6 dé. Cdc phdt biéu sau la diing.
(i) Véi a € K va k la s6 t nhién ta ¢6 (x — a)|(zF — o).
(ii) Néu f(x) € K[x] va a € K thi ton tai q(z) € K|[z| sao cho

f(x) = q(z)(z — a) + f(a).

Dinh 1i sau day, goi l1a Dinh 1i chia véi du, dong mot vai tro rat quan

trong trong 1i thuyét da thuc.

1.2.4 Dinh ly. Cho f(x),g(z) € K|[x], trong do g(x) # 0. Khi dé ton tai
duy nhdt mot cdp da thic q(x),r(x) € K[z]| sao cho

f(z) = g(x)q(x) + r(x), vdi r(x) = 0 hodc degr(x) < degg(x).

Chitng minh. Truéc hét ta chiing minh tinh duy nhat. Gia st

f(@) = g(x)q(x) +r(z) = g(@)q(x) +ri(z),
trong d6 r(x),r1(z) bang 0 hodc cé bac nhd hon bac cta g(x). Khi d6

9(x)(q(x) — qu(x)) = r(z) —r(z).
Néu r(z) # r(x) thi
deg(r — 1) = deg (9(¢ — q1)) = deg g + deg(q — q1).

Diéu nay mau thuan vi

deg(r — r1) < max{degr,degr;} < degg < degg + deg(q — ¢1).
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Do vay, r(z) = r(x). Suy ra g(z)(q(z) — ¢1(x)) = 0. Vi g(x) # 0 nén
q(z) — qi(x) = 0, tic 1a g(z) = q:(z).

Bay gio ta chiing minh sy ton tai. Néu deg f(z) < deg g(x) thi ta chon
q(x) = 0 va r(x) = f(x). Gid st deg f(x) > degg(x). Viét f(z) =
amx™ + ...+ ag va g(z) = bz + ...+ by V6i ay,, by, # 0 va n < m. Chon
h(z) = C;—mxm—”. Pat fi(z) = f(z) — g(x)h(x). Khi d6 fi(x) = 0 hoac
fi(z) co lgac thuc su bé hon bac cta f(x). Trong truong hop fi(z) = 0,
ta tim dugc du cua phép chia f(x) cho g(x) 1a r(x) = 0 va thuong la
q(x) = h(z). Néu fi(x) # 0 thi ta ti€p tuc lam tuong tu véi fi(z) va
ta dugc da thic fo(x). C@ ti€p tuc qua trinh trén ta dugc didy da thic
fi(z), fa(x), ..., néu ching déu khac O thi ching c6 bac giam dan. Vi thé
sau hitu han budc ta dugc mot da thic c6 bac bé hon bac cta g(x) va dé
chinh 1a da thic du r(x). Néu mot da thic cta day bang 0 thi du r(x) = 0.
Thé vao ro6i nhom lai ta tim duoc ¢(x). ]

Trong dinh 1y trén, ¢(z) dugc goi la thuong va r(x) duoc goi l1a du cta
phép chia f(x) cho g(x). Néu du ctia phép chia f(x) cho g(x) la 0 thi ton
tai q(z) € K|[z] sao cho f(z) = g(z)q(x). Trong truong hgp nay ta ndi
rang f(x) chia hét cho g(x) hay g(x) 1a udc cta f(x).

1.2.5 Pinh nghia. V6i méi f(z) = 2™ +...+ax+ap € K[z] vaa € C,
dat f(a) = a,a”+ ...+ aja+ag. Néu f(a) = 0 thi ta néi o 1a mot nghiém
cta da thic f(z) hay l1a nghiém cua phuong trinh f(z) = 0.

1.2.6 Hé qua. Phan tit a € K la nghiém cua da thitc f(x) € K[x] néu va

chi néu ton tai da thiic g(x) € K[x] sao cho f(x) = (x —a)g(z).

Gia stt a € K. Ta ndi a 1a nghiém béi k clha f(x) néu f(x) chia hét cho
(z — a)* nhung f(x) khong chia hét cho (z — a)**!. Néu k = 1 thi a dugc
goi la nghiém don. Néu k = 2 thi a dugc goi la nghiém kép.
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T Hé qua trén ta c6 két qua sau day.

1.2.7 Hé qua. Cho ay,as,...,a, € K la nhiing nghiém phdn biét cua
f(x) € K[z|. Gid st a; la nghiém boi k; cua f(x) voi i =1,2,... r. Khi
do f(z) = (z —a)"(z —ao)* ... (v —a,)u(x), trong dé u(x) € K[z] va
w(a;)) #0vdimoi i =1,...,7.
1.2.8 Hé qua. Cho 0 # f(x) € Klz| la da thiic. Khi dé sé nghiém cua
f(x), moi nghiém tinh vdi so boi ciia né, khoéng vuot qud bdc cia f(x).

Chitng minh. Gia st aq, ..., a, 1a cdc nghiém cta f(z) v6i s6 boi lan luot
1a k1, ..., k.. Theo Hé qua 1.2.7, ton tai g(x) € K|x| sao cho

fla) = (= a)™(x —a2)™ ... (z —a,)"g(2).
Vi th€ deg f(x) = degg(x) + > k; > > _k;, di€u can chiing minh. ]
i=1 i=1

1.2.9 Hé qua. Cho f(x),g(x) € Klz|, trong dé deg f,degg < n. Néu
f(z) va g(x) 6 gid tri bang nhau tai n + 1 phdn tit khdc nhau ciia K thi
f(x) = g(z).

Chitng minh. Pat h(z) = f(x) — g(z). Theo gia thiét, h(z) ¢ it nhat n + 1
nghiém phan biét. Néu h(x) # 0 thi

deg h(x) < max{deg f(x),degg(z)} < n.

Vi thé, theo Hé qua 1.2.8, h(x) c6 nhicu nhit n nghiém. Diéu nay la vo Ii.
Vay h(x) =0 vado d6 f(x) = g(x). O

1.2.10 Pinh nghia. Mot da thic dang chuén d(z) € K[z] duge goi 1a udc
chung lon nhdt cla f(x), g(x) € K|x] néu d(x) 1a mot udc chung cia f(x)
va g(x), va néu h(x) 1a mot uGc chung cua f(z) va g(x) thi h(x) 1a udc cta
d(x). Ta ki hiéu udc chung 16n nhat cta f(x) va g(z) la ged(f(z), g(x)).
Néu ged(f(z),g(z)) = 1 thi ta néi f(x) va g(x) 1a nguyén t6" cung nhau.
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Vé6i 0 # d(z) € K|[z], ki hiéu d*(x) = d(x)/a, trong d6 a,, 1a hé s6 cao
nhat ctia d(z). Chd y ring d*(x) 1a da thic dang chuin. Dé tim udc chung

16n nhat ta ¢ thuat toan sau:

1.2.11 Ménh dé. (Thudt todn Euclid tim udc chung lon nhdt). Gid su
f.g € K[z] va g # 0. Khi dé ton tai mot so tw nhién k sao cho khi thuc
hién lién tiép cdc phép chia ta cé

(f=gq+7“, r#0,degr < degg

g=rq +ry, r1 #0,degr; < degr

< r=11q2 + 19, To # 0,degry < degr;

Th—2 = Th—1Qk + T, T 7 0,degr, < degry_;

(Tk—1 = Tkqk+1-

Trong truong hop nay, r; la udc chung lon nhdt cua f va g.

Chitng minh. Chia f cho ¢ ta dugc du . Néu r # 0 thi chia ¢ cho r
ta dugc du . Né&u r; # 0 thi chia r cho r; ta duoc du . Qua trinh
trén phai ding sau mot s6 hitu han budc vi ddy giam cac sO tu nhién
degg > degr > degr; > ... khong thé kéo dai vo han. Xét tir dang thic
cudi ngugc trd 1én ta suy ra r; 1la mot udc chung cta f va g. Gia st t(x)
12 mot wdc chung clia f va ¢g. Xét tir dang thifc trén cling tré xudng ta suy

ra t(x) la udc cua ri(x). Vi th€ r; 1la uéc chung 16n nhat cha f vag. [

1.2.12 Hé qua. Gid st f(x),g(z) € K|x] va d(x) = ged(f(z), g(x)). Khi

do ton tai u(x),v(x) € K[z] sao cho

d(x) = f(x)u(x) + g(x)v(z).

Chitng minh. Trong cac phép chia lién ti€p & thuat toan Euclid tim udc

chung 16n nhat, d(z) = r;(x) = ri(x)/a,, trong d6 a, 1a hé¢ s6 cao nhat
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cua r(z). Pat uy(z) = 1,v1(x) = —qi(x), tir dang thic giap cudi ta c6
1
d(x) = a—(Tk—z(SI?)M(SU) + rp_1(z)vi(z)).

n

Thay rj_1(z) tir dang thic truéc gidp cudi ta dugc

rp—1(x) = ri—3(x) — rp—2(@)qr—1(2).

1
Vi thé ta ¢6 d(z) = a—(rk_g(:z:)uz(:z:) + rp_o(x)va(x)), trong d6 us(z) =

v(x) va va(z) = uy(z) — vi(2)gr_1(z). C ti€p tuc di tir dudi lén dén dang
thic dau tién ta c6 két qua. []

1.2.13 Hé qua. Cho p(z), f(z),g(x) € Klz]. Néu ged(p(x), f(x)) =1 va
p(@)|f(x)g(x) thi p(x)]g(x).

Chitng minh. Theo gia thiét, 1 = p(z)a(z) + f(z)b(x). Suy ra
g(x) = p(z)a(z)g(z) + f(2)b(z)g(z).

Do p(x) 1a uéc cua da thic & v€ phai nén p(x)|g(z). I



Chuong 2

Mot so tinh chat co so cua da thic chia
duong tron

2.1 Cong thiic nghich chuyén Mobius

2.1.1 Pinh nghia. Ham Mobius i : Z+ — {—1,0,1} dugc dinh nghia nhu
sau: Pat u(1) = 1. Cho n > 1. Néu d? khong 1a udc clia n v6i moi s6
tu nhién d > 1 thi ta dat u(n) = (—1)*, trong d6 k 1a s6 cdc u6c nguyén
t0 clia n. Néu ¢ so tu nhién d > 1 sao cho d? 1a udc cla n thi ta dat

p(n) = 0.

Tir dinh nghia trén ta ¢6 1(6) = (—=1)% = 1, u(9) = 0, u(12) = 0. Hién
nhién g 12 ham nhan, tic 1a u(mn) = p(m)p(n) véi moi s6 nguyén duong

m,n nguyén td cung nhau. Sau day la mot so tinh chat cia ham Mobius.

2.1.2 Ménh dé. Cho n la so nguyén duong. Khi dé

a) Néeun=11thi > u(d) =1.
dln

b) Néun > 2 thi Y u(d) = 0.
dln

Chitng minh. a) V6i n = 1 thi uéc duong duy nhat ctia n 1la 1. Do d6, theo

dinh nghia ham Mobius ta ¢6 > u(d) = u(1) = 1.
dln

13
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b) Cho n > 2. Ta dat T la tich tat ca cac sO nguyén to p la udc cua

n, tic 1a T' = [[p. Chd y rang néu ¢ 1a uGc cta n c6 chia thira s6 binh
pln
phuong thi 1(q) = 0. Do d6 ta c6 thé bd nhitng chi s6 ¢ nhu thé ra khoi

S utd) =3 uld)

dln d|T

tong. Do dé6 ta co

Goi p 1a mot udc nguyén t6 bat ky cua 7. Chd y rang mdi uéc cua T 1a
mot udc d cua T'/p hoac 1a pd véi d 1a u6e cua T'/p. Vi thé, tr tinh chat

ham nhan cta p ta c6

> () = (u(d) + plpd)) =Y (u(d) + p(p)p(d))

T i
=D (uld) + (=1)'u(d))
|z
=Y (uld) — p(d)) = 0
4z
Ta c6 diéu phai chiing minh. O

Mot két qua quen biét trong s6 hoc ndi ring néu f 12 ham nhan thi
F(n)=>_f(d). Tk Ménh dé 2.1.2, ta c6 mot két qua quan trong cia ham
dln
Mobius, d6 1a cong thitc nghich chuyén ham Mobius sau day.
2.1.3 Ménh dé. Ki hiéu Z" la tdp cdc so nguyén duong. Cho hai ham

F,f:Z" — Z* sao cho F(n) =>_f(d). Khi dé ta cé
dln

- S,
dln
Chitng minh. Theo gia thiét ta c6

> uld)F(n/d) = 3 (uld)d_f(1)).

dln dln |5
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Vi moi uéc ¢ cta n/d déu la uéc cua n nén ta c6

dDoudd F=> f) > nd.

dln |G tn dn, t|%
Dé thay rang véi hai uGc ¢ va d clia n ta c6 d 1a uGc ctia n/t khi va chi khi
t 1a uéc ctia n/d. Do vay ta c6

DI® DY pd = f®)> nld)

tn din, t|% tn d| %

Theo ménh dé 2.1.2, néu n/t = 1 tic la t = n thi Y u(d) = 1 va néu

d|%
n/t > 2 thi > u(d) =0. Vivay ta c6
e
S F®)Y uld) = f(n),
tn d| %
ménh dé duoc ching minh. ]

2.1.4 Ménh deé. Gia su F, f : Zt — Z* la hai ham thoa man diéu kién
F(n) =[[f(d). Kni d6 ta 6 f (n) =[] F(n/d)"?.
dln dln
Chitng minh. Ching minh cia ménh dé nay tuong tu nhu chiing minh cua
Ménh dé 2.1.3, trong d6 mdi téng dugc thay bing tich vd mdi phép nhan
lién quan dén ham g duoc thay boi liy thira cua ham do.
Gia st t 1a udc cta n/d. Theo gia thiét ta c6 F (n/d) =[] f (t). Suy ra

t1q

p(d)

[[Fe/ay =TT 11 ®

dln dn \ t|5
Vi moi uéc ¢ cta n/d déu la uéc cua n nén ta c6

1l

)
[Trm/ay =TI {ITr @) =TT sw>=me.

dln dn \ t|5 tn
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Chd ¥ rang néu d va ¢t déu 1a udc cua n thi d 1a uGc cua n/t khi va chi khi
t 1a uéc ctia n/d. Do vay ta c6

p(d

)
[Tre/d =TT (TIF @) )  =TIF@>=mas® =TT re=.

dln dn \ t|5 tn tn

Vi th€ theo Ménh d¢ 2.1.2, néu n/t = 1 tdc la t = n thi > u(d) = 1, va

df ¢
néu n/t > 2 thi > u(d) =0. Do dé6
d| ¢
p(d)
[TFre/a" =TT {11 ®
dln dn \ t|%
_ _ f(t)de,q% p(d)
tn
_ ld
= [ r@w>=+"" = f (),

tn

ménh dé duoc ching minh. ]

2.2 Can nguyén thuy bac n cua don vi

2.2.1 Pinh nghia. Cho n la mét s6 nguyén duong va € la mot can bac n
ctia don vi. Khi dé s6 nguyén duong nhd nhét k sao cho €* = 1 duoc goi

1a cdp cua e va duge ki hiéu 1a ord(e).
2.2.2 Vi du. Cac can bac 4 ctadon vi la 1,—1,4, —i. Cap cua 1 1a 1, cép

cua —1 1a 2, cap cua ¢ la 4, cdp ctia — 1a 4.

2.2.3 Bo dé. Cho n la s6 nguyén dicong va € la cdn bdc n ciia don vi. Khi
dé € =1 néu va chi néu ord(e) la wéc cia k, véi moi s6 nguyén k. Pdc

biét cdp cua € ludn la udc cua n.
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Chitng minh. Dat d = ord(e). Gia st ¢¥ = 1. Ta can chiing minh d 1a udc
cua k. Theo dinh 1i chia vé6i du ta ¢c6 k& = dg + r, trong d6 ¢,r € Z va
0 <r<d. Suyra

1= =t = ()1 = ¢

Vi d 1a s6 nguyén duong bé nhat c6 tinh chat ¢ = 1 nén ta ¢c6 r = 0. Do
d6 d la u6c cta k. Nguoc lai, gia s d 1a uéc cua k. Ta can ching minh
e = 1. Viét k = dg, trong d6 q € Z. Ta c6 ¥ = (¢?)? = 1. O

2.2.4 Hé qua. Cho n la s6 nguyén duong va € la mot can bdc n cua don
vi. Gid sit d = ord(e). Khi d6 €* = €' néu va chi néu k = t(mod d) véi moi

sO nguyén k,t.

Chiing minh. Cho €® = ¢'. Can ching minh k — ¢ chia hét cho r. Ta c6
€"~t = 1. Theo B3 dé 2.2.3, k — t 12 boi cua d. Nguoc lai, néu k — t 13 boi

ctia d thi €t = 1 va do d6 ¢F = €. N

2.2.5 Pinh nghia. Cho n 1a s6 nguyén duong va € 1a mot can bac n ctia don

vi. Khi d6 e dugc goi 1a cdn nguyén thity bdc n cua don vi néu ord(e) = n.
2.2.6 Vi du. a) Cac can bac 3 ctua don vi la

1 V3 1 V3

a=lba=-gte= gy

Ta ¢6 ord(ey) = 1,ord(e;) = 3,0rd(e3) = 3. Vi thé cdc can nguyén thuy
bac 3 cua don vi 1a €; va e,.
b) Trong cac can bac 4 cua don vi: 1,—1,4, —%, cac s6 ¢, —i la cac can

nguyén thuy bac 4 cua don vi.

2.2.7 Chi y. Néu € 1a mot can bac n cta don vi va d = ord(e) thi € 1a can

nguyén thuy bac d cua don vi.
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2.2.8 Bo dé. Cho € la cdn nguyén thuy bdc n ciia don vi. Khi dé tdp cdc

cdn bdc n ciia don vi la {e, é?,€3,... €"}.

Chitng minh. V6i moi s6 duong k ta c6 (€¥)" = 1. Vi thé €* 1a mot can bac
n cua don vi. Theo dinh nghia can nguyén thuy bac n cta don vi, nhiing
sO €,€2, €3, ..., " 1a doi mot khac nhau. Chid y ring c¢é ding n can bac n

ctia cua don vi, vi thé ta c6 di€u phai chiing minh. O

2.2.9 B6 dé. Cho n, k la hai s6 nguyén dwong va € la mot can nguyén thuy
bdc n cia don vi. Khi dé € la mot cdn nguyén thuy bdc n ciia don vi khi
va chi khi ged(k,n) =1

Chitng minh. Pat d = ord(e*). Khi d6 (¢*)? = 1, tic 1a ¥ = 1. Do ¢ Ia
can nguyén thlly bac n ctia don vi nén theo B6 dé 2.2.3, ord(e) = n 1a ude
cua kd. Néu ged(k,n) = 1 thi n phai 1a u6c cta d. Theo B6 dé 2.2.3, d
luon 13 uéc cta n. D6 d6 d = n, tic 1a €* 14 can nguyén thuy bac n cia
don vi.

Neuoc lai, gid sit ged (k,n) # 1. Khi d6 ——

ged(k, n)
Do vay d < n, tic 1a €* khong 1a can nguyén thuy bac n ctia don vi. [

< nva (F)mmm = 1.

2.2.10 Pinh nghia. Ham Euler o : N* — N dugc dinh nghia nhu sau:
(1) = 1. Cho n > 1. Khi d6 ¢(n) la s6 cdc s6 tu nhién nhd hon n va

nguyén t6 cung nhau véi n.
Chang han, ¢(2) = 1,¢(3) = 2,¢(4) = 2,¢(5) = 4,¢(6) = 2.

2.2.11 Hé qua. Cho n la sé nguyén duong. Khi dé cé diing p(n) cdn

nguyén thuy bdc n cua don vi.

Chitng minh. Pat ¢, = cos 2% + isin 2T trong 46 k = 0,1,...,n — 1.

n n

Ta chi can ching ¢ 1a can nguyén thuy bac n cua don vi néu va chi néu
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ged(k,n) =1 v6imoi k=0,...,n — 1. Gia sl ¢; 1a can nguyén thily bac
n cua don vi. Khi d6 ord(ex) = n. Gia stt ged(k,n) =d > 1. Ta ¢6
n/d 2k . 2km n/d 2k . 2km

€, = (cos—— 4+ 18In —— = coS—— +128in — = 1.
& ( n n) d d

biéu nay la vo 1i. Vay d = 1. Ngugc lai, cho ged(k,n) = 1. Goi ¢ 1a cap

cua e, tdc t 12 s6 nguyén duong bé nhat dé e} = 1. Ta ¢6

. 2ktm . 2ktm
€, = COS + ¢sin = 1.
n n
2kt .. . A . L S Tear o
Suy ra = m27 v61 m 1a mot s6 nguyén. Do dé Lkt 1a boi cua n. Vi
ged(k,m) = 1 nén ¢ 1a boi cua n. Suy ra t = n, tic la ord(e;) = n. O

2.2.12 Vi du. Do ¢(3) = 2, ¢6 2 can nguyén thuy bac 3 ctia don vi, d6 la
1 V3 1 V3

A= —gtignae=—g—io-

C6 p(4) = 2 can nguyén thuy bac 4 cua don vi la i va —i.

2.3 Tinh chat co so cua da thirc chia duong tron

2.3.1 Pinh nghia. Cho n 1a s6 nguyén duong. Da thiic chia duong tron thir
n 1a da thic dang chudn (tdc 12 ¢6 hé s6 cao nhat bing 1) va c6 ding o(n)
nghiém la cic can nguyén thuy bac n cua don vi. Ta ki hiéu da thic chia

duong tron thi n 1a ®,,(x). Nhu vay @, (z) cé bac ¢(n) va

O ()= ][ (x—oe.

en=1

ord(e)=n
2.3.2 Vi du. Cac can bac 3 cua don vi la

2k 2k
ek:cos%qtisin%,kzo,l,z
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1 3 1 3
Cac can nguyén thuy bac 3 cua don vi la ¢; = —5 + z’\/?—; €= —5— Z\/T—
Do dé da thiic chia duong tron thit ba la
1 3 1 3
Bafe) = (0 + (2= + (4L = a4 ar L
2 2 2 2
Cac can bac 4 cua don vi la
2k 2k
er = cos 8 L isin ot g =0,1,2,3.
4 4
Cac can nguyén thuy bac 4 ctia don vi la ¢, = i va e3 = —i. Da thiic chia

dudng tron tht tu 1a
dy(z) = (x —i)(x +i) = 2® + 1.
2.3.3 Pinh ly. Cho n la so nguyén duong. Khi doé

2" —1=]] Pal).
dln
Chitng minh. D& ching minh dang thic trén, ta chi can chitng minh hai da
thic 2 — 1 va [, Pa(z) déu c6 dang chuin, déu khong c6 nghiém boi,
va c6 cung tap nghiém. Theo dinh nghia, mdi ®,(z) 1a mot da thic dang
chuin. Vi thé€ da thitc phia bén phai c¢6 dang chudn. Do d6 hai da thic &
hai v& déu c6 dang chuin. Chi y rang mot da thifc c6 nghiém boi néu va
chi néu da thitc d6 va dao ham clia né phai c6 nghiém chung. Vi thé z" — 1
khong c6 nghiém boi (cadc nghiém ctua 2™ — 1 déu khac 0, trong khi d6 dao
ham ctia né 12 naz" ! chi ¢é duy nhdt nghiém bing 0). Véi mbi uée d cia
n, céc nghiém clia ®,4(x) déu la nghiém cta 2 — 1 va do dé né khong c6
nghiém boi. Gia st d va d’' 1a hai udc khac nhau ctia n. Khi d6 méi nghiém
cta ®4(x) cb cdp la d, trong khi d6 mdi nghiém cta 4 () c6 cap la d'.
Vi th¢, cdc nghiém cua da thic ][, ®a(z) déu la nghiém don. Gia st € la

nghiém ctia 2" — 1. Goi d 12 cap clia e. Khi d6 € = 1 va d 12 s6 nguyén



21

duong bé nhat c6 tinh chat nay. Vi thé e 1a can nguyén thuy bac d cua don
vi. Suy ra e la nghiém cua da thic cta ®4(x). Nguoc lai, cho d 1a ude ctua
n va e 1a nghiém ctia ®4(z). Khi d6 ¢/ = 1. Suy ra ¢” = 1 tifc ¢ 1a nghiém

cua da thuc 2™ — 1. ]

2.3.4 B6 dé. Gid st f(x) = 2™ + ap 2™ + ... 4+ a1+ ag va g(x) =
2" 4+ b, 12"V 4 ..+ bix + by la hai da thitc voi hé sO hitu ti. Néu cdc hé
sO ciia fqg déu la so nguyén thi cdc hé so cia f va g ciing nguyén.

Chitng minh. Bang cdch quy déng miu s6, ta c6 thé chon duoc m va n la
hai s6 nguyén duong nho nhat dé tat ca cdc hé s6 cta hai da thic m f(z) va
ng(x) 1a cac s6 nguyén. Pat A; = ma; v6ii=0,...,m — 1 va B; = nb;

voit=0,...,n—1. bat A,, = m va B, = n. Khi d6
mnf(z)g(x) = ApBpx™™ + ... + AgBy.

Do f(x)g(x) € Z[x] nén tat ca cac hé s6 ctia mnf(z)g(x) déu chia hét cho
mn. Gia st raing mn > 1. Goi p 12 mot udc nguyén t6 cta mn. Khi dé
ton tai mot s6 nguyén i € {0, ...,m} sao cho p khong la udc ctia hé s6 A;
cua mf. That vay, néu p khong la udc cua m thi p khong 1a uéc cua hé
sO cao nhat A,, cia mf; con néu p la udc ctia m thi p la udc cta A; véi
moi i € {0,...,m} va do d6 = = q; € Z, diéu nay 12 mau thuin véi gia
thiét m 1a s6 nguyén duong nhd nhat c6 tinh chat cdc hé s6 ctia m f déu la
s6 nguyén. Tuong tu, ton tai mot s6 nguyén j € 0,...,n sao cho p khong
la uéc cua hé s6 B; cla da thic ng. Goi ¢y va j, tuong tng 1a s6 nguyén
16n nhat trong cac s6 ¢ va j thoa man tinh chat p khong la uéc cua A; va
p khong 12 udc clia B;. Khi d6 hé s6 ctia 20/ trong da thic mn f(z)g(z)
la A;,Bj, + pt trong d6 ¢ 1a s6 nguyén. R rang hé s6 nay né khong 1a boi
ctia p. Vi cac hé s6 cua fg déu nguyén nén cac hé s6 cua mnfg déu chia
hét cho mn va do d6 déu chia hét cho p, di€u nay la vo 1i. Vay mn = 1.

Suy ra f, g c6 cac hé s6 déu nguyén. []
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2.3.5 Hé qua. Vi moi s6 nguyén duong n, cdc hé sé cua da thiic chia
duong tron ®,(x) déu la so nguyén, ticc la Y,(x) € Z|x].
Chitng minh. Ta ching minh hé qua nay bing phuong phdp quy nap theo
n. Khang dinh nay ding véi n = 1 vi ®; (z) = x — 1. Gia st khang dinh
trén ding v6i moi k£ < n. Khi dé tu Pinh 1y 2.3.3 ta c6 duogc:

" —1
o, (z) = .
)= T @)
d|n,d#n

bat f(z) =@, (z) vag(x) = [] Pq(x). Theo gia thiét quy nap, cic hé
d|n,d#n
s6 cta da thic &, (z) déu la s6 nguyén v6i moi udc d cla n véi d # n.

Do d6 g(x) c6 cac hé s6 déu nguyén. Suy ra f(x) c6 cac hé s6 hitu ty. Vi
" — 1 = f(x)g(x) 1a da thic v6i hé s6 nguyén, trong d6 f(x) va g(x) cé
hé s6 cao nhat bang 1 va ¢6 cdc hé s6 déu nguyén nén theo B6 dé 2.3.4,
cac da thic f va g déu c6 hé s6 nguyén. Pac biét f(x) = &,,(x) c6 cac hé

sd déu la s6 nguyén. ]

2.3.6 Hé qua. Cho n la s6 nguyén duong. Khi doé
®, (x) =[] (« - 1)"".
dln
Chitng minh. K&t qua nay suy ra ngay tut cic Ménh dé 2.1.4 va 2.3.3.
That vay, v6i mdi s6 tu nhién z, dat F,, f, : ZT — Z" 1a cdc ham xdic
dinh bdi F,(n) = 2" — 1 va f,(n) = ®,(z). Theo Dinh ly 2.3.3 ta c6

Fy(n) = [Ty f2(d). Do d6 theo Dinh Iy 2.1.4 ta ¢6 f, (n) = [T F, ()"
dln
Nghia 1a v6i moi s6 tu nhién z ta c6

P, (z) = H (zi — l)ﬂ(d).
dln
Nhu vay, hai da thic & hai vé€ ctia déng thic trén c6 bac 1a p(n) va nhan

gid tri bang nhau tai moi sO tu nhién z. Lai chd y thém ring hai da thic
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nay c6 bac p(n) nén nhan gid tri bang nhau tai khong quéd ¢(n) diém. Do

d6 chiing 1a hai da thic bang nhau. O

2.3.7 Bé6 dé. Cho p la s6 nguyén t6'va n la s6 nguyén dwong. Khi dé
a) Néu p|n thi ®,,(z) = @, (aP).

b) Néu p khong la uéc ciua n thi @,,(x) =

Chitng minh. Trude hét, gia st p|n. Ki hiéu [,,, 1a tap cic udc d cla pn
sao cho d khong 1a uéc ctia n. Theo Hé qua 2.3.6 ta c6

Bpn(o) = [T (¥ - 1)

d|pn
pn (d) pn (d)
(e ) (e
d|7’L dGIpyn
pn p(d)
= o, (") ] (:z:T - 1) .

del,n
Lay d € I,,,. Khi d6 d|pn va d khong la udc ctia n. Viét d = p"m,n = p'l
v6i m, | khong chia hét cho p. Vi d|pn nén p*m|p'™l. Suyra k <t+1va
m|l. Do d khong la uéc cia n va m|l nén k > t. Do p|n nént > 0. Suy ra
k> 2, tiic 1a p?|d nén p(d) = 0. Do vay [] (27 — l)ﬂ(d) =1 va do d6
del,n
By (1) = B (a7).

Ngugc lai, gia st p khong 1a uéc cua n. Theo Hé qua 2.3.6 ta co:

@) = [ (=5 —1)"" = (T] (=% =)} [TT (o5 -1)"™"

d|pn dln dln
i3 d n
— (T (-0 ) [T -
dln dln
b, (2P)
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Tir day ta suy ra di€u phai ching minh. ]

2.3.8 Hé qua. Cho p la s6 nguyén té va n, k la cdc so nguyén duong.
a) Néu p|n thi @, (x) = &, (:z:pk) :
P, (:z:pk)

b) Néu p khong la woc ciia n thi @, (v) = m.
n(x

Chiing minh. Theo B6 dé 2.3.7, ta c6
(I)pkn (ZU) = ®pkfln (ggp) — (I)pk*Qn (pr) S — (I)pn (;Epkl) .

Vi thé, cling theo B6 dé 2.3.7, néu p|n thi @, (:z:pkl) =, (:z:pk) va néu

D, (:z:pk
p khong 12 uéc cla n thi @, (:Epkl) = m, h¢ qua da dugc ching
(T

minh. []

Cho f(x) = apa"+...+az+agvag(x) = bya"+.. .+ bx+by € Z[z].
Néu a; = b; (mod p), v6i moi i = 0,1,...,n thi tanéi f(x) va g(z) dong
du vdi nhau theo modulo p va ta viét f(z) = g(x) (mod p).

2.3.9 B6 dé. Cho p la s6 nguyén té' va k > 2 la mot s6 tw nhién. Gid
su da thitc " — 1 ¢6 nghiém boi k modulo p, nghia la ton tai a € Z va
f(x) € Z[x] sao cho 2" — 1 = (x — a)*f(z) (mod p). Khi dé p|n.

Chitng minh. RO rang p khong la uéc cua a. Thay y = x — a, ta co:

(y+a)"—1=y"f(y+a) (mod p).

So sdnh cédc hé s0, ching ta thdy rang ciac hé s6 bac nhit cua y & v€ bén
phai 1a bang 0. Theo dinh 1y nhi thitc, hé s6 bac nhét cua y & v€ bén tréi la
bang na™ 1. Chinh vi vay ta c6 na™ ! = 0(modp), do d6 p|na™!. Nhung

n—1

p khong 12 udc ctia @ nén p khong 12 uéc cua o™ ', vi vay p|n. B6 dé da

dugc ching minh. ]
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2.3.10 Hé qua. Cho n la so nguyén duong va d < n la mot uéc cua n. Cho
x la s nguyén. Gid sut rang p la mot udc nguyén to chung cia ®,, (x) va
O, (x). Khi doé p|n.

Chitng minh. Theo Dinh 1y 2.3.3 ta ¢6 X" — 1 = ][, ®:(X). Do d|n va
n > d nén X" — 1 chia hét cho ®,,(x)®4(x). Do &,(x) = 0 (mod p) theo
gia thiét nén ¢,(X) = (X — z)f(X) (mod p). Ching minh tuong tu ta
duge ¢4(X) = (X — 2)g(X) (mod p). Suy ra X™ — 1 nhan x lam nghiém
boi k > 2. Do d6 theo B6 dé 2.3.9 ta ¢6 p|n. O

2.3.11 Dinh ly. Cho n la so nguyén duong va v € 7. Gid sit p la mot uoc
nguyén to cua ,(x). Khi dé p =1 (mod n) hodc p|n

Chitng minh. Gia st p 1la mot uGc nguyén t6 cua @, (x). Do p|P,(x) va
®,(z)|z" — 1 nén p|z™ — 1. Do d6 p khong la udc cha x. Vi th€ theo
Dinh 1i Fermat bé ta ¢c6 2~ = 1 (mod p). Do d6 ta c6 thé chon dugc
s6 nguyén duong k bé nhit thod man ¥ = 1 (mod p). Vi plz" — 1
ta suy ra 2" = 1 (mod p). Vit n = kg +r v6i 0 < r < k. Khi d6
1 = 2" = (2%)92" = 2" (mod p). T cdch chon k ta c6 r = 0. Do dé
kln. Viet p—1 = kt + s, trong d6 0 < s < k. Khi d6 1 = Pl =
(#%)tz® = 2 (mod p). Tur cach chon k ta c6 s = 0, tic 1a k|(p — 1).
Néu k = nthinlp—1. Do dép =1 (mod n). Gid st k < n. Vi

0=a2"—-1=]]®;(x) (mod p) nén tén tai mot wéc d cha k sao cho
dlk

p|®q(x). Do d|k, k|n va d < n nén theo Hé qua 2.3.10 ta c6 p|n. O

2.3.12 Hé qua. Cho p la mot s6 nguyén t6 va x € Z. Gid sit q la udc
nguyén to ciia 1 +x + ... + 2?71, Khi dé6 ¢ =1 (mod p) hodc q = p.

Chitng minh. Ta c6

o —1 ol —1
r—1 @ (z)

14+ .. +aP =
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Chi y rang trong cdc can bac p ctia don vi
2km 2km
€. =cos—— +isin— k=0,...,p—1,
p p
cac can ¢ v6i (k,p) = 1 1a cdc can nguyén thuy. Vi p 1a s6 nguyén t6 nén
(k,p) =1v6imoi k=1,...,p—1. Do do, ¢, v6i k=1,...p—11a céac

can nguyén thiy bac p cua don vi. Vi thé

D,(x) = [[(x— ) = L1

x—1"

Suyraz? —1=®,(z)(x—1)vadodé 1 +z+ ..+ 2! = d,(z). Theo
gia thiét ta ¢6 ¢|P,(x). Vi th€ 4p dung Dinh 1y 2.3.11 ta c6 ¢ = 1 (mod p)

hoac ¢|p, tic 1a ¢ = 1 (mod p) hoac ¢ = p (do p, g 1a nguyén t6). ]

2.3.13 B6 dé. Cho a va b la hai s6 nguyén duong va x € 7.. Khi dé
ged (:z:a —1,2"— 1) = ‘angd(a’b) — 1‘ :

Chitng minh. Pat T = ged (% — 1,2° — 1) va t = ged(a,b). T gia thiét
ot —1|x% —1 va 2! — 1|2® — 1 ta suy ra 2! — 1|T. Rd rang, ged(z,T) = 1.
Vi thé 297) = 1 (mod T), trong d6 ¢ 12 ham Euler. Do d6 ton tai s6
nguyén duong d bé nhit sao cho 2¢ = 1 (mod T). Do d6 T|z? — 1. Vi
2* = 2" = 1 (modT') nén ta c6 d|a va d|b. Do dé d|t. Vi vay 29 —1|z" —1.

Vi thé T|2' — 1. Suy ra T = |2' — 1], ta c6 két qua. O
2.3.14 Pinh ly. Cho a va b la hai so nguyén duong va ton tai mot so nguyén
a ;
x sao cho ged (P, (z), Dy (z)) > 1. Khi do 5 la luy thiva voi s6° mii nguyén
. . a . . .
cua mot s6 nguyén to, nghia la — = P~ véi p la so nguyén to va k la mot

b
SO nguyén.

Chitng minh. Vi ged (@, (x), P, () > 1 nén ton tai mot udc nguyén to
chung p cta ®, (z) va &, (x). Ta chiing minh rang % phai 1a mot luy thira
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clia p. Vit a = p*A va b = p’B vé6i o, 3 1a cic s6 nguyén khong am va
A, B la céc s6 nguyén duong khong chia hét cho p. Ta sé chiraring A = B.
That vay, vi p|®,(x) va ®,(z)|x*—1 nén p|z, —1, do d6 p khong la udc cta

x. Trudc tién ta ching minh p|® 4 () . Diéu nay 1a hién nhién néu o = 0.
(I)A (:Upa)

@a (:Epafl)
Vi thé &4 (2#") = 0 (modp). Nhung 27" = z.2P"~! va tir p* — 1 chia hét

cho p — 1 nén theo cong thitcc Ham Euler ta suy ra dugc 27" ! = 1 (modp)

Néu o > 1 thi theo Hé qua 2.3.8 ta c6 0 = P, (z) = (modp) .

nén z.27" ! = 2.1 (modp) va do d6 z*" = z (modp). Vi vay
0=y (2") = @4 (x) (modp) .

Vi vay p|®4(x). Tuong tu chiing minh, ta ciing c6 duoc két qua p|Pp (x).
Khong mat tinh tong quat, ta c6 thé gia thi€t A > B. Dat t = ged(A, B).
Khidét < A. Vip|® 4 (z) va Py () |[22—1, p|Pp (2) va @p (z) |zP—1 nén
plged (2 — 1,27 — 1). Theo B3 dé 2.3.13 ta c¢6 ged (2! — 1,27 — 1) =

|zt — 1], i th€ p|z’ — 1. Suyra 0 = 2’ — 1 = [[ @4 (z) (modp), do d6 ton
dt
t, t|A, d < A va p|®y (z), nén

theo Hé qua 2.3.10 ta c6 p|A, di€u nay la mau thuin vé6i diéu gia st ban

tai mot udc d cha t sao cho p|P, (). Vid

dau p khong 1a uéc cia A. Do d6 A = B, vi vay % = p* 7, []

2.4 Mot so ing dung cua da thirc chia duong tron

Mot ing dung phé bién clia da thitc chia duong tron 1a ching minh Dinh
ly Dirichlet

2.4.1 Pinh ly. (Dirichlet). Cho n la s6 nguyén duong. Khi do ton tai vé sé
sO nguyén té p sao cho p =1 (modn)

Chitng minh. V6i n = 1, két qua hién nhién ding. Cho n > 1. Gia su chi

ton tai hitu han s6 nguyén td p sao cho p = 1 (modn). Dat 77 1a tich cta
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cac s0 nguyén t6 p cé tinh chat p = 1( mod n) va T; 1a tich cia tat ca
cac uéc nguyén té cuna n. Pat T'=T\T,. Don >1nénT' —2 > 1 va vi
th€ T" > 1. Dat k£ la mot s6 nguyén duong du I6n sao cho &, (Tk) > 1
(v6i @, (X) 1a da thic dang chudn c¢6 bac ®(n) > 1 nén k ton tai). Ldy g
la mot uGc nguyén to cua o, (T’“) Vi ¢ 12 u6c cta T — 1 nén ¢ khong
la uéc cua T, vi th€ g khong la uéc cua T va ¢ khong 1a uéc cta T nén
q Z 1 (modn) va g khong 1a udc clia n. Diéu nay 1a mau thuan véi Dinh
ly 2.3.11. L

Mot ung dung khac rit hay cua da thic chia duong tron la giai quyét

cac bai tap trong cac dé thi hoc sinh gioi Quoc té.

2.4.2 Bai toan. (Pé thi hoc sinh gidi Quoc té 2002) Gid sit p1,p2, ..., pp ld
cdc sO nguyén to phdn biét Ion hon 3. Chitng minh rdang 2P*P2-Pn + 1 ¢4 it

nhdt 4™ udc.

Dé giai quyét bai todn 2.4.2, ta s& chiing minh mot bai todn téng quat
hon. Cu thé, v6i gia thiét nhu trong bai todn 2.4.2 ta chitng minh dugc
oPip2--Pn 4 1 ¢ it nhét 22 ude. R rang 22" > 4" (khi n dd 16n). Do dé6

Bai tap 2.4.2 1a truong hop dac biét cua bai toan sau:

2.4.3 Bai toan. Ddt p, po, ..., p, la cdc s6 nguyén t6 phdn biét lon hon 3.
Chiing minh rdng 2072~ + 1 ¢6 it nhdt 22" udc.

Chitng minh. Ta chiing minh ring 2PP2P» 41 ¢6 it nhat 2" ! udc doi mot
nguyén t6 cung nhau va do d6 ta suy ra 2°P2~P» + 1 ¢6 it nhat 2" ! u6e

nguyén t6 phan biét. Theo Dinh ly 2.3.3 ta c6:

(2p1p2...pn o 1) (2p1p2...pn + 1) — 22p1p2...pn _ 1 — H (I)d (2)

d|2p1p2...pn
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bat A ={d| d1a ubc cta 2p; ...p,} va

B={de A|dlauéccha p;...p,}
C'={2d|dlaudc chap;...p,}.

Ta thdy BUC = Ava BNC = (. Do d6

I 2= [] ®© ] @2

d|2p1pa2...pn d|p1p2-.-pn k|p1ip2...pn
=[] 2«2 ][] 24(2)
deB deC
=[] 22 ][] @w(©®
d|p1---pn 2d/|p1---pn

=@ -1 I 2w (2)

k |p1p2 -Pn

Do vay
QP1P2-Pn | | — H Doy, (2).

klp1pz...pn

Do dé c6 bao nhiéu udc clia py ... p, thi tich & v€ bén phdi cta dang
thitc trén ¢6 bay nhiéu nhan tir. Chd y rang moi uGc m cla py ... p, 1a tich
clia cdc phan tu trong mot tap con cuta tap {p1,...,p,}. Vi thé, s6 cac udc
cla p; ...p, chinh la s6 tap con cua tap {p1,...,p,}. Vi tap nay cé 2" tap
con nén py ...p, c6 2" uéc khic nhau, moéi uéc déu la tich cta hitu han s6
nguyén t6 phan biét trong tap {p1,...,on}

Goi FE la tap cac uéc d cta p; ... p, sao cho d la tich cua mot s6 chan
thira s6 nguyén t6 va F' la tap cac udc d cua p; ...p, sao cho d la tich cua
mot s 1€ thira s6 nguyén t6. Khi d6 £ va F' ¢6 s6 phan tir nhu nhau, moi
tap c6 2" phan ti. Cho a # b, a,b € E. Gia st ®, (2) va &, (2) khong
nguyén to cung nhau. Theo Pinh 1y 2.3.14 ta suy ra % l1a lu§ thua nguyén
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ctia mot s6 nguyén t6. Nhung vi a va b déu la tich cia mot s6 chan thira s6
nguyén t6 phan biét nén diéu nay 1a khong thé. Vi th€ @, (2) va ®, (2) 1a
hai uéc nguyén té cung nhau cua 2P*P2Pr» + 1 v6i moi a,b € E v6i a # b.

Do E ¢6 27! phan tlr nén ta c6 két qua. []
2.4.4 Bai toan. (Pé thi hoc sinh gidi Qudc té 2006) Tim tdt cd cdc cdp s6
nguyén (x,y) thod mdn phuong trinh

=1

= y5 — 1.
Loi giai: Phuong trinh da cho tuong duong véi
l+z+.. +25=@w-D)0+y+... +9").

Tir Hé qua 2.3.12 ta biét ring moi u6c nguyén té p cta 1 +x + ... + 2% déu
thod man p = 7 hoic p = 1 (mod 7). Néu p nguyén t6 va p|1 +x + ... + 28
thi p = 7 hoac p = 1 (mod 7) (Theo Hé qua 2.3.12). Lay d 1a mot udc cua
l+az+..+20% Vietd = pi*...p}" v6i p; 1a s6 nguyén 6, a; € N. Do
d|1+x+...+2%nén p;|1+x+...+2% Do dé p; = 7 hodc p; = 1 (mod 7) véi
moi i = 1,..., k. Suy ra d chia hét cho 7 hodac d = 1 (mod 7), tic la tat ca
cac uéc ctia 1+x+...+2% hoac chia hét cho 7, hoac dong du 1 modulo 7. Nhu
vay, (y — 1) = 0(mod 7) hoac (y — 1) =1 (mod 7). BPé1lay =1 (mod 7)
hodc y = 2 (mod 7). Néuy =1(mod 7) thi 1 +y+ ... + y* =5 (mod 7)
vadodé 1+y+...+y* 1a uéc cha 1+ + ... + 2% nhung khong dong du véi
0 (mod 7) va khong dong du v6i 1 (mod 7). Diéu nay la mau thuin. Néu
y=2(mod 7) thi 1+y+..+y*=31=3(mod 7) vadodé 1 +y+...+y*
khong dong du vé6i 0 hoac 1 theo (mod 7). Diéu nay ciing mau thuin. Do
vy, phuong trinh nay khong c6 nghiém nguyén.



Chuong 3
Tinh bat kha quy

3.1 Pa thirc bat kha quy

Cho K 1a truong con cla truong s6 phiic C (chang han Q, R, C)

3.1.1 Pinh nghia. Mot da thic f(x) € K[z] dugc goi la bdt kha quy néu
deg f(x) > 0 va f(x) khong phan tich dugc thanh tich cta hai da thic c6
bac bé hon. Néu deg f(x) > 0 va f(x) la tich cla hai da thic c6 bac bé
hon thi ta n6i f(x) 1a kha quy.

3.1.2 Vi du. Cho f(z) € K[z] va a € K. Khi d6
(i) Néu deg f(z) = 1 thi f(x) ludn bat kha quy.
(ii) f(x) 1a bat kha quy néu va chi néu f(z + a) 1a bat kha quy.
(iii) Néu deg f(z) > 1 va f(x) c6 nghiém trong K thi f(x) kha quy.
(iv) Néu deg f(x) 1a 2 hoac 3 thi f(x) la bat kha quy néu va chi néu né
khong c6 nghiém trong K.

Ti€p theo, ching ta dinh nghia khai niém da thic bat kha quy cia mot

phan tir dai s6. Trudc hét, ta can két qua sau.

3.1.3 Pinh nghia. Cho a € C. Ta néi a la phdan tit dai s6 trén K néu ton
tai mot da thic 0 # f(z) € K[z] nhan a lam nghiém. Néu a khong dai s6

trén K thi ta néi a 1a siéu viét trén K.

31
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3.1.4 Pinh 1y. Cho a € C la phan ti dai s6 trén K. Khi dé ton tai duy
nhdt mot da thiic p(x) € K|[x] bdt khd quy dang chudn nhdn a lam nghiém,

va moi da thitc g(x) € K|x] nhdn a lam nghiém déu la boi cua p(x).

Chitng minh. Vi a la nghiém cua mot da thic khac 0 v6i hé s6 trong K
nén chon dugc da thic khac 0 véi hé so trong K c¢é bac bé nhit nhan a
lam nghiém. Goi p(z) € K|[z] 1a dang chudn ctua da thic nay. Khi dé6
a 1a nghiém cta p(x). Ta ching minh p(x) bat kha quy. Gia st p(x)
khong bt kha quy. Khi d6 p(x) phan tich dugc thanh tich cta hai da
thitc trong K [x] v6i bac bé hon, va do d6 mot trong hai da thiic nay phai
nhan a 1lam nghiém, di€u nay la mau thuan véi cach chon p(x). Gia st
g(x) € K[x] nhan a lam nghiém. Né&u p(x) khong la uGc clha g(x) thi vi
p(x) bat kha quy nén ged(g(x), p(x)) =1, do d6 1 = p(x)q(x) + g(z)h(x)
v6i q(z), h(z) € K[z]. Thay x = a vao ca hai v€ ta dugc 1 = 0, dicu nay la
vo 1i. Vay g(x) chia hét cho p(x). Gia st ¢(z) € K[z] cling 1a da thic bat
kha quy dang chuédn nhan a 1am nghiém. Theo ching minh trén, ¢(x) 1a boi
cta p(z). Viét q(x) = p(x)k(z). Vi ¢(z) bat kha quy nén k(x) =b € K.
Do d6 ¢(x) = bp(x). Dong nhat hé s6 cao nhét cta hai v€ v6i chi y rang

q(x) va p(x) déu c6 dang chudn, ta suy ra b = 1. Vi th€ p(z) = q(z). O

3.1.5 Pinh nghia. Da thic p(z) € K[x] bat kha quy dang chuin xac dinh
nhu trong ménh dé trén dugc goi 1a da thitc bdt khd quy cia a.

3.1.6 Vi du. Pa thiic 2° — 7 € Q[z] 12 da thic bat kha quy cta v/7 € R;
da thic 22 + 1 € R|x] 1a da thic bat kha quy cua i € C.

Tiép theo, Dinh 1i co ban ctia S6 hoc néi rang moi s6 tu nhién 16n hon
1 déu phan tich duoc thanh tich cac thira s6 nguyén t6 va su phan tich nay
12 duy nhit néu khong ké dén thit tu cdc thira s6. K&t qua sau day 1a mot
su tuong tu cua dinh 1i nay doéi vé6i da thic.
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3.1.7 Dinh ly. Méi da thitc dang chudn bdc duong cé thé phan tich duoc
thanh tich cdc da thitc bdt khd quy dang chudn va su phan tich nay la duy
nhdt néu khong ké dén thir tu cdc phdn tir.

Chitng minh. Trudc hét, ching ta ching minh su ton tai phan tich bang quy
nap theo bac clia da thic. Gia st f(z) € K[x] 1a da thic dang chudn bac
d > 0. Néu d = 1 thi f(x) la bat kha quy nén su phan tich bat kha quy
cua f(z) la f(z) = f(x), két qua ding cho truong hop d = 1. Cho d > 1
va gia st két qua da ding cho cac da thitc ¢6 bac nho hon d. Néu f(x) bat
kha quy thi f(x) c6 su phan tich bat kha quy 1a f(x) = f(x). Vi th€ ta
gia thiét f(x) khong bat kha quy. Khi d6 f(x) = g(z)h(z) v6i g(x), h(x)
deu c6 bac bé hon bac ctia f(z). Dat g*(x) = g(x)/ay v6i aj 1a hé s6 cao
nhit cta g(z). Khi d6 ta c6 f(x) = g*(x)(arh(x)). Dong nhat hé s6 cao
nhit & hai v€ ta dugc 1 = ayb;, trong d6 b; 1a hé s6 cao nhit cta h(zx). Dat
h*(z) = aph(x). Khi d6 f(x) = ¢"(z)h*(x) v6i g*(x), h*(x) 1a cac da thic
dang chudn ¢6 bac nho hon d. Theo gia thiét quy nap, ¢*(x) va h*(x) phan
tich dugc thanh tich cdc da thic bat kha quy dang chuédn. Vi th€ f(x) phan
tich duoc thanh tich cta hitu han da thic bat kha quy dang chuén.

Bay gio ta ching minh tinh duy nhat cua phan tich. Gia st f(x) c6 hai su
phan tich thanh nhan t& bt kha quy dang chuan f(z) = p1(x)pa(z)...p. () =
q1(2)q2()...qm (). Ta ching minh bang quy nap theo n rang n = m va sau
mot phép hodn vi ta ¢6 p;(x) = ¢;(z) véi moi ¢ = 1,...,n. Cho n = 1. Khi
dé ta c6 pi(z) = q1(x)qa()...qm (). Suy ra

p1(@)|q1(%) g2 (). g ().
Do pi(x) la bat kha quy nén pi(x) 1a udc cuia mot nhan tir ¢;(x) nao
d6. Khong mat tinh tong qudt ta c6 thé gia thiét pi(z)|qi(z). Bi€u dién
q1(x) = pr(x)ti(x). Vi ¢i(x) bat kha quy nén t1(x) = a € K. Dong

nhdt hé s6 cao nhat clia hai v€ cla dang thic qi(z) = api(z) v6i chd y
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rang pi(z) va ¢i(z) 1a dang chuén, tac6 1 = l.a. Suy ra a = 1 va do d¢
pi(z) = qi(x). Neum > 1thi 1 = g2(2)...q,n (), di€u nay la vo 1i. Vay ket
qua ding cho n = 1.

Cho n > 1. Vi pi(2)|q1(x)ge(2)...qm(z) va pi(x) l1a bat kha quy nén
khong mat tinh tong qudt ta ¢ thé gia thiét pi(z)|qi(z). Lai do ¢i(z) 1a
bat kha quy va p;i(z), q1(z) déu c6 dang chudn nén tuong tu nhu lap luan
trén ta c6 p1(z) = ¢i1(x). Gian udc ca hai v€ cho p;(x) ta duge

pa()p3()...pn () = q2(2)q3(2)...Gm ().

Theo gia thiét quy nap ta c6 n — 1 = m — 1 va bang viéc ddnh s6 lai céc

nhan tr ¢;(x) ta suy ra p;(z) = ¢;(x) v6i moi i = 2, ..., n. O

3.2 Tinh bat kha quy cua da thic chia duong tron

Da thic chia duong tron ®,,(z) luon la da thic bat kha quy véi moi s6
nguyén duong n. Pay la mot két qua co s& cua li thuyét s6. Ching minh
tinh bat kha quy cta da thic chia duong tron ¢6 mot lich str kha dai.

Vé6i n nguyén td, tinh bat kha quy cta da thic chia duong tron ¢, (x)
lan dau tién dugc ching minh bsi C. E Gauss [Gau] nam 1801. Hon 40
nam sau, nam 1845, L. Kronecker [K] da dua ra mot chiing minh don gian
hon. Ngay sau do, T. Schonemann [Sch] nam 1846 va F. Eidenstein [E] nam
1850 da dua ra hai chiimg minh don gian hon nita. Cho dén bay gio, chiing
minh cta Eidenstein [E] vAn 1a chiing minh chuidn muc nhit. Vé6i n tiy §
(khong nhat thiét nguyén t0), tinh bat kha quy cua da thic chia duong tron
®,, () l1an dau tién duge ching minh boi L. Kronecker [K2] vao nam 1854.
Cac chung minh don gian hon dugc dua ra béi R. Dedekind [D] nam 1857,
E. Landau nam 1929 va I. Schur nam 1929. Cho dén nay, chitng minh cua
Dedekind [D] van la ching minh chuin muc nhat.
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Muc dich cua ti€t nay 1a dua ra mot s6 chiing minh c6 dién cho tinh bat
kha quy cua da thdc chia duong tron ®,(z) khi n nguyén t6. Do giéi han
vé khuon khé mot luan van thac si nén tdc gia luan van xin phép khong
trinh bay chiing minh tinh bat kha quy cho da thdc chia duong tron ¢,,(x)
khi n bat ki.

Nhac lai rang mot da thiac f(xq,...,x;) duge goi la da thic doi xiing
néu f(x1,...,2x) = f(x50),- .-, Tsx)) V6i moi hodn vi § cla tap hop &
phan tir {1,2,...,k}. Chang han, 22 + 3zy + y? 1a da thic déi xding, 223 +
2y + 223 + xyz + 2y + vz + yz 12 da thic d6i xing. Vé6i n bién 1, ..., z,,

cac da thic sau la doi xding va ta goi 1a cdc da thitc doi xiing co bdn

sz_gjl_f— .tz

E TiTj = T1T2 + ... + 1Ty + T2T3 + ... + Tp_1Ty

1<i<y<n

5n:331...33n.

B6 dé sau day, con goi 1a \Dinh Ii co ban cua da thic d6i xiing" 12 mot két
qua quan trong vé da thdc doi xung.

3.2.1 Bo dé. Ki hiéu A = 7Z hodc A = Q. Cho f(x1,...,x,) la da thiic
doi xiing voi hé s6 trong A. Khi dé ton tai da thicc g(xq, ..., x,) vOi cdc
hé so trong A sao cho f(x1,...,x,) = g(d1,...,0n).

3.2.2 Pinh ly. Cho p la sé nguyén t6. Khi dé da thiic chia duong tron
() la bdt khd quy.

Chitng minh. (Chitng minh ciia Gauss nam 1801) V6i p = 2 ta c6 $o(x) =
x + 1 1a da thac bat kha quy. Gia st p 1a s6 nguyén t6 1¢. Trude tién, dat
f(z) 1a mot da thic dang chuin bat ky v6i hé s6 hitu ti ¢6 cdc nghiém
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T1yeeosTm, tacod f(z) = (z—11)...(x — 7). Goi g(x) la da thic dang
chuéin ma cdc nghiém 1a cdc Iu§ thira bac k cta cdc nghiém cua f(z). Khi

d6 g(x) = (x —r¥) ... (x —rF). Vi thé cdc hé s6 clia g(x) 1a cdc da thitc

doi xing cta r¥, ... r* va do d6 cdc hé s6 clia g(x) cling 1a c4c da thiic
doi xing cua r,...,7,. Theo cong thic Viet, mbi da thic d6i xing co
ban cta 71, ...,r, déu dugc bi€u dién theo cic hé s6 cua f(z) thong qua

céc phép todn cong, trir, nhan, chia (cho phan tir khic 0). Vi th€, theo B6
dé 3.2.1, cdc hé s6 cta g(x) dugc biéu dién theo cdc hé so cha f(x) thong
qua cdc phép todn cong, trir, nhan, chia. Vi téng, hiéu, tich, thuong cta hai
s6 hitu ty lai 1a s6 hitu ty nén cdc hé s6 cua g(x) déu la s6 hitu ti.

Tiép theo, goi ¢ (x1, T2, ...) 1a mot da thitc v6i hé s6 nguyén va e 1a mot

can nguyén thuy bac p cta don vi. Thay z; = €* v6ii =1,..., ta cé
gp(ekl, 2. L) =Ag+ Are+ ...+ Ap_lep_l
voi Ay, ..., Ap—1 1a cdc s6 nguyén nao dé. Vi thé véi moi ¢ ta co
(e k2 ) = Ag+ Al + ... + Ap_le(p_l)t.

Dic biet, ta ¢6 o(1,1,...) = @(ePF1 ePh2 ) = Ag+ A + ... + Ay_qva
(e ez ) (R, ek ) 44 (PR, ek L) = pAy, va do d6 tdng
nay chia hét cho p.

Bay gio ta ching minh ®,(x) bat kha quy. Gia sa ®,(x) khong bat
kha quy. Khi d6 ®,(z) = f(x)g(z) v6i f(x) va g(z) la cic da thic
dang chuidn bac duong va c¢6 hé s6 hitu ty. Dat deg f(z) = d. Vi f(z)
va g(x) c6 hé s6 cao nhit bang 1 va tich ®,(x) = f(x)g(z) la da thic
v6i hé s6 nguyén nén theo Bo dé 2.3.4 ta suy ra f(z),g(z) € Z[x]. Viét
f(x) =29+ ag_ 129 + ...+ a1z + ap. Ki hiéu Q 1a tap cdc can nguyén thuy
bac p clia don vi, F' 1a tap cdac nghiém cta f(x) va G la tap cic nghiém
ctua g(x). Khid6 FUG =Q va FNG = (). Ki hiéu F’ 1a tap cac nghich



37

dao cta céc phan tir ciia F' va GG’ 1a tap cac nghich dao cac phan tlr ctia G.
Khi d6, tuong tu ta c6 F' UG’ = Q va F' NG = (. Ki hieu f*(z) 1a da

thitc dang chudn ma cdc nghiém ctia né 12 cdc phan tir cua F’. Khi d6

f(x) = ¢+ <ﬂ> AR <%> x + <i> .
ap ap ap

Ta xét 4 truong hop sau:

(i) Truong hop 1: F' = F. Khi d6 f*(x) = f(x). Trong truong hop nay,
cac nghiém cta f(x) xuat hién thanh ting cap véi nhau, do d6 f(x) la tich
clia d/2 nhan tlt, mdi nhan tir c6 dang (z —¢)(z—¢ 1) = 2% — (e+e Do +1,
chi y ring 22 — (e+ e 1)z +1 1a s6 duong v6i moi s6 thuc z. Ki hiéu F}, 1a
tap cdc luy thira bac k cla cac phan tir ctia F' va fi.(z) 1a da thic dang chuan
ma cdc nghiém cta né la cac phan tu cua Fj, v6i méi k = 1,...,p — 1.
Khi d6 fi(z) cling c6 tinh chat giong nhu tinh chit cta f(z), nghia la
n6 la tich clia nhitng da thdc clia bién x ma moi da thic déu nhan gia tri
duong v6i moi s6 thuc x. Pat g, = fr(1) v6i k = 1,...,p — 1. Khi d6
¢, ---, @p—1 12 cdc s0 hitu ty duong. Theo 14p luan trén, moi da thic f(x)
déu c6 cdc h¢ s6 nguyén, vi th€ ¢y, ..., ¢,—1 1a cdc s6 nguyén duong. Néu
o1,y tg) = (1 —21).(1 —24) thi g = p(eh, .., eb) véi bk =1,....,p— 1.
Chd y rang F' = {ey,...,eq} va (€], ..., éh) = ¢(1,...,1) = 0, do d6 tir déng
thic thit hai & trén ta thdy rang ¢; + ... + g1 chia hét cho p. Nhan xét
rang f1(z)...f,_1(z) = ®,(z)? vi mdi can nguyén thuy bac p cta don vi 1a
nghiém boi d cha da thic & vé& bén trai clia dang thitc ndy. Do dé khi thay
r =1 tacé dugc qi,...,q,-1 = p’. Vi p 1a s6 nguyén t6 va d < p — 1 nén
trong cac s nguyén ¢z, ..., ¢,—1, ludn ton tai g s6 (v6i g > 0) bang 1 va cac
s con lai déu la luy thira cua p, tic 1a ¢ + ... + ¢p—1 = g(modp). Chu y
raing 1 < 0 < g < pnén ¢ + ... + g,—1 chic chan khong chia hét cho p,
diéu ndy 12 mau thudn v6i khang dinh ¢; + ... + g, chia hét cho p & trén.

(ii) Truong hop 2: F' # F'vaT = FNF' # (). Goi t(x) 1a da thic dang



38

chuén ma nghiém ctia n6 1a cdc phan tir cha 7. Khi d6 t(x) 1a udc chung
lon nhdt cua f(z) va f*(x). Do d6, v6i 1ap luan cta trudong hop 1 ta suy ra
t(x) c6 it nhat mot hé s6 khong 1a s6 hitu ty. Vi f(z) va f*(x) 1a cac da
thitc ¢6 cac hé s6 hitu ty nén theo thuat todn tim udc chung 16n nhat, ¢(x)
phai ¢6 hé s6 hitu ty. Di€u nay 1a mau thuan.

(iii) Truong hop 3: GN G # (). Lap luan tuong tu nhu trong truong hop
1 hoac trudong hgp 2 doi véi g(x) ta cling tim ra mau thuan tuong tu.

(iv) Truong hop 4: g = F' va F' = G’. Khi d6 ta c6

Op(x) = f(2)f'(x)

a d— 1
= (27 + ag1 2"+ o ax +a) (@t St L e ),
ao ao aop

Thay = = 1 vao ta ¢6 dugc agp = (1 + ag—1 + ... + ag)®. Chd y rang f*(x)

c6 cac hé so nguyén. Vi vay ayp = +1, di€u nay 1a vo Ii. []

Chitng minh. (Chitng minh cua Kronecker ndm 1845). Truéc tién ching ta
ching minh B6 dé sau: Cho f(x) 1a mot da thic bat ky v6i hé s6 nguyén
va € 12 can nguyén thuy bac p ctia don vi. Khi d6 f(e)...f(e?71) va f(1) 1a

hai s6 nguyén va

F€)f(e ) = F(1)P (modp).
Dé chiing minh tich f(e)...f(¢?~1) 12 mot s6 nguyén, ta quan sét thdy ring
fle)...f(e’71) 1a mot da thic doi xding cla {e,...,e#1}. Ki hiéu r(x) la
da thitic dang chudn c6 cdc nghiém {e, ..., e’~!}. Khi d6, theo BS dé 3.2.1,
f(e)...f(e#71) 1a mot da thic hé s6 nguyén theo cac hé s6 cta da thic r(z).
Chd y rang r(z) chinh la da thic chia duong tron

r(z) = ®,(r) =P 1+ ..+ 1.

Bay gid ta chitng minh dong du thic & trén. Pat g(z) = f(z)...f(2P1) =
S A,x™ va xét tdng S (). Biéu thic thi nhat cla g(z) cho gid tri
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1a téng f(1)P1 + (p — 1) f(e)... f(e#~1), trong khi d6 biéu thic thd hai
cta g(x) cho gid tri Y A,p v6i tong chay trén céc boi n cla p. Do dé
fP L+ (p—1)f(e)... f(e¢™1) = 0(modp), B6 dé dugc truc tiép suy ra.

Bay gio gia st rang ¢, () khong bat kha quy. Khi d6 @,(z) = f(z)g(x)
la tich cua hai da thic c6 bac duong. Chu y rang ca hai da thic f(x) va
g(x) déu c6 hé s6 nguyén. Vi th€ p = ¢,(1) = f(1)g(1) va do d6 mot
trong hai thira s6 f(1) hoac ¢g(1) phai bang +1. Gia su rang f(1) = +1.
Vi €* 12 mot nghiém ctia ®,(x) v6i moi k nén f(e*) = 0 véi k& 0(modp).
Mait khéc ta lai ¢6 f(1)P~! = 1(modp), diéu nay mau thuan. []

Chitng minh. (Chitng minh cuia Schonemann ndm 1846) Ching ta c6 thé
kiém tra duoc tiéu chudn bat kha quy sau day: Cho f(z) € Z[z] 1a da
thitc bac k. Néu ton tai s6 nguyén t6 p va s6 nguyén a sao cho f(x) =
(x — a)* 4 pg(x) véi g(x) € Z[x] théa man g(a) khong chia hét cho p,

. ! - 2
thi f(z) la da thic bat khd quy trén Q. Ki hi¢u C) = P a5 t6

(p — 1)ld!

hop chép ¢ cua p phan tr. Vi p la s6 nguyén t6 nén C) 1a boi cua p véi

moi i = 1,...,p—1. Vith€ ta c6 2 — 1 = (z — 1)’(modp). Suy ra
P 1

o, (z) = = = (¢ — 1) (modp). Vi vay thi @, () =2/ + ... + 1
:E JR—

Do d6 ®,(1) = p va vi th€ ®,(x) thoa man gia thiét cla tiéu chuén bat kha

quy O trén. ]

Chitng minh. (Chitng minh cua Eisenstein nam 1850). Chung ta c6 thé kiém
tra dugc tiéu chudn bat kha quy sau day, goi 1a tiéu chudn Eisenstein. Cho
f(z) = cpa® + ...+ ¢y € Z[x] 1a mot da thitc va p 14 s6 nguyén td sao cho
hé s6 cao nhat ¢, khong chia hét cho p, cac hé s6 khic ¢;_1,...,¢cy déu
chia hét cho p va hé s6 tu do ¢y khong chia hét cho p?. Khi d6 f(z) la da
thitc bat kha quy trén Q. Bay gid ta d4p dung tiéu chuin nay dé chitng minh
tinh bat kha quy cua da thic chia duong tron ®,(z). RO rang da thic nay
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la bat kha quy khi va chi khi ®,(z 4 1) 1a bat kha quy. Ta c6

(x+1)P -1
T

D, (r+1) = =P a, 2P L ayw .

R& rang cdc hé s6 cua ®,(z+1) thoa man gia thiét cha tiéu chuén Eidenstein

doi vé6i s6 nguyén td p nay. Vi thé @, (z) bat kha quy trén Q. ]

3.2.3 Chi y. Tiéu chudn bat kha quy ctia Schonemann va céch chitng minh
cua Schonemann vé tinh bat kha quy cua da thic ®,(z) bay gio it dugc nhé
dén, con tieu chuin bat kha quy cua Eisenstein va cdch ching minh cua
Eisenstein vé tinh bat kha quy cua da thic ®,(z) rit ndi ti€ng, da trd thanh
chiing minh chudn muc cho dén tan ngdy nay. Nhung trong thuc t€ thi tiéu
chudn va cdch chiing minh ctia c4 hai ong 1a tuong duong nhau. Khéng
dinh nay duoc D. A. Cox dua ra trong mot hoi nghi nam 2011 vé Toan hoc

va Lich st Toan.
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KET LUAN

Trong luan van nay, ching t6i da trinh bay cdc noi dung sau day vé da
thitc chia duong tron:

- Trinh bay khai niém da thic chia duong tron ¢, (x) va mot s tinh
chit co s& cua da thic chia duong tron. Ching t6i chiing minh cong thic

"t —1= H ®4(x) va tir d6 suy ra @, (r) € Z[z]|, déng thoi chi ra raing néu
dln
xr € Z va p 1a mot uéc nguyén t6 cta ®,(z) thi p =1 (mod n) hoac p|n.

- Trinh bay mot s6 tng dung cua da thiic chia duong tron. Ching toi st
dung cdc tinh chat cua da thic chia dudong tron dé ching minh mot Dinh
1y cua Dirichlet va giai quyét mot so bai toan thi hoc sinh gidi toan qudc
t€ lién quan dén phuong trinh nghiém nguyén va danh gia s6 udc cua mot
sO tu nhién.

- Pua ra mot s6 phuong phap xét tinh bat kha quy cua da thic chia
duong tron ®,(z) vé6i p la s6 nguyén té nhu phuong phap cua Gauss 1801,
phuong phap cua Kronecker nam 1845, phuong phap ciia Schonemann nam
1846, va phuong phap cua Eisenstein nam 1850.
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