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L.OI CAM ON

Qua day tac gia xin bay t6 long biét on dén TS. Doan Quang Manh da tan
tinh gitup dd va an can chi bao cho t6i hoan thanh ban luan van nay. Dong thoi
tac gia ciing xin chan thanh cadm on td6i cac thay, co trong hoi dong khoa hoc
thuoc Dai hoc Thai Nguyén, cac thay, co giang day trong 16p cao hoc toan K5B
truong Dai hoc Khoa hoc — Dai hoc Thai Nguyén da tao diéu kién cho toi duge
hoc tap, nghién citu va dinh huéng cho t6i trong qua trinh hoc tap va nghién

7,

cuu.

Tuy da c6 gang nghién ctu ki vé van dé trong luan vin song khé tranh
khéi nhitng sai sot. Tac gid rat mong nhan duge sy chi bdo, huéng dan clia cac
thay co va sut déng gép ¥ kién clia cac ban be, dong nghiép dé ban luan vin cta
toi duge hoan chinh va y nghia hon.

Thai Nguyén, thang 05 nam 2013.

Tac gia

Pham Quéc Hieu



111

LOI CAM DOAN

To6i xin cam doan cac két qua nghién ciu trong luan vin 1a trung thuc va
khong tring lap véi cac de tai khéac. Toi cling xin cam doan rang moi sy gitp
dd cho viéc thuyc hién luan van nay da duge cam on va thong tin trich dan trong
luan van da dude chi 16 nguon goc.

Tac gia

Pham Qudc Hicu



MG dau

1. Ly do chon dé tai.

S6 phiic duge dua vao giang day & 16p 12 trudsng trung hoc pho thong nhu
mot diéu tat yéu do noé cé vai tro rat quan trong trong thyc tién ciing nhu trong
toan hoc.

Nhitng bai toan vé s6 phiic thuong xuyén c6 mit trong cac de thi dai hoc,
cao dang trong nhiing nam gan day.

S6 phtic c6 nhiéu tng dung trong giai toan pho thong, noé la cau noi giita
cic phan mon dai s6 - giai tich - luong gidc va hinh hoc. Tuy nhién chua c6
nhitng cong trinh nghién citu mot cach sau sic va toan dién vé tng dung clia s6
phtic dé giai cac dang toan: Hé phuong trinh, bat dang thic, to hgp, luong giac
trong cac dé thi dai hoc.

Dé gitp cho gidao vien va hoc sinh & truong trung hoc pho théng cé cach
nhin sau rong hon vé sé phiic va ting dung né trong viéc gidi mot sé6 dang toan
thudng gip trong cac dé thi dai hoc — cao dang, cac dé thi hoc sinh gidi. Vi vay
toi chon dé tai: “Giai mot s6 dang toan thi dai hoc, cao ding bing cong cu s6
phitc”.

Dé tai: “Giai mot s6 dang toan thi dai hoc, cao dang bang cong cu sé phiic”
nham dip ting mong mudn clia ban than vé mot dé tai phit hop ma sau nay c6

thé phuc vu cho viéc gidang day ctia minh & truong trung hoc phd thong.



2. Muc dich nghién ciu.

Nham khai thac ng dung ciia s6 phtc trong viéc gidi mot s6 dang toan
thuong gip trong cac dé thi dai hoc, cao déng ciing nhu thi hoc sinh giéi. Phan
tich cach giai c6 sit dung s6 phtic va so sanh véi nhitng cach giai thong thuong
(khong stt dung s6 phtic) dé rit ra wu, nhuge diém trong titng cach giai.

3. D6i tuwong va pham vi nghién ciiu.

Nghién citu ting dung ctia s6 phitc dé giai cac dang toan thuong gap trong
chuong trinh toan trung hoc phé thong: gidi hé phuong trinh, chiing minh bat
déng thiic, tinh gia tri biéu thic luong giac, giai phuong trinh luong giac, chiing
minh cac dang thiic lugng giac, tinh tong céc s6 CF.

Nghién citu tir cac tai lieu, gido trinh ciia cac thay: Nguyén Van Mau, Tran
Nam Diing, Tran Phuong..., cac tai lieu on thi dai hoc, boi dudng hoc sinh gioi,
tt sach chuyén toan, tap chi toan hoc tuoi tré,...

4. Y nghia khoa hoc va thuc tién ctia dé tai.

Xay dung duge mot dé tai phu hgp cho viéc giang day, boi dudng hoc sinh
trung hoc pho thong.

Dé tai dong gop thiét thuce cho viec gidng day va hoc tap céc chuyen dé
toan trong truong trung hoc pho thong, dem lai niém say meé, sang tao cho gido
vien va hoc sinh trong viéc day hoc mon Toan & trudng trung hoc pho thong
5. Cau tric luan van.

Ngoai phan mé dau, két luan va tai lieu tham khéo, luan vin gom 5 chuong:
Chuong 1. Céc kién thiic co ban vé s6 phiic
Chuong 2: Ung dung sb phic giai he phuong trinh dai s6
Chuong 3: Ung dung s phic ching minh bat déng thic

Chuong 4: Ung dung sb phic trong luong gidc



Chuong 5: Ung dung sb phic trong dai s6 t6 hop



Chuong 1

Céac kién thic co ban

1.1 Sbé phic

Dinh nghia 1
Mot sb phiic 1a mot biéu thic c6 dang a + bi
trong do6 a,b la nhung s6 thiyc va i 14 s6 thod man 2 = —1 .
Ki hiéu s6 phtic 1a z va viét z = a + bi
i goi la don vi ao.
a goi 1a phan thuc, b goi 1a phan 3o.
Tap s6 phitc ki hieu 1a C.
Dac biét:

S6 phiic z = a+0i c6 phan ao bang 0 dudc coi 1a s6 thuc va vict 1a z = a+0i = a

S6 phtic z = 0 + bi c6 phan thuc bang 0 dugce goi 1a s6 4o (hay s6 thuan 4o0) va
viet 1& z = 0 + bi = bi

1=04+1i=17.

S6 0 =0+ 07 vita 1a s6 thue, vita 1a s6 4o.

Dinh nghia 2:

10
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/

Cho 2 s6 phtic 23 = a + bi va 20 = a’ + Vi (a,b,d’,V/ € R), = :zgﬁ{ Zfb’

1.2 Biéu dién hinh hoc ctia sé phtc trong mit phing

toa do Oxy.

M&i s6 phiic z = a + bi dugc biéu dién bdi diém M (a;b) trong mit phang
toa do.
M&i diém M (a,b) biéu dién mot s6 phiic z = a + bi khi d6 ki hieu M (a;b) hoic
M (z) .
Mit phing toa do véi viec biéu dién s6 phiic dude goi 1a mat phang phic:

Ox la truc thue, Oy la truc ao.

1.3 Phép cong va phép trir sé6 phiic

1. Phép cong
Dinh nghia:
VOi z=a+bi va 2/ =d + Vi tadinh nghia 2+ 2 =a+d + (b+ V).
2. Tinh chéat
Tinh chat két hop:
(z4+2)+2" =24+ +27)Vz,2,22 € C
Tinh chat giao hodn: z + 2/ = 2/ 4+ 2; V2,2 € C
Cong v6i 0: 2+0=0+z2; Vz € C.
Véi moi s6 phitc z = a + bi , ta goi s6 doi clia z 1a —z, ki hieu —z = —a — bi , khi

dé tacod z+ (—2) = (—2) + 2z =0.

11



3. Phép tru.

Dinh nghia 4:

v6i 2 s6 phiic z, 2/ ta dinh nghia z — 2/ = 2z + (—2/) néu 2z = a + bi va

7 =d +Vi(a,b,d, b €R)thi: z— 2 =a—d +(b-V)i.

4. Biéu dién hinh hoc ctia phép cong va phép trir.

Trong mat phang phiic ta ciing coi vecto @ = (a,b) biéu dién sé phitc z = a + bi.
Nhu vay s6 phtic z duge biéu dién béi diem M ciing c6 nghia la dude biéu dién
béi vecto OM .

Néu vecto 0, o lan lugt biéu dién s6 phic z, 2’ thi:

o U+ W bidu didn s6 phtc z + 2 .

—/> : 2 X £ 7, /
e W — «/ bidu dién s phiic z — 2.

1.4 Phép nhan sé phic

1.Tich hai sé phrc.
Dinh nghia 5:
V6i z =a+bivaz =d +Vi, (a,b,d',b € R) ,
ta dinh nghia z-2' =a-ad' —b-0 + (a-V +d -b)i.
2. Cha ¥.
voik e Rvaz=a+bi; (a,b€ R) thik-2=Fk- a+k-bi.
-0z=0,Vz e C.
3. Tinh chat ctia phép nhan.
Tinh chat giao hoan: z- 2/ = 2/ - 2;V¥z,2/ € C |
Tinh chat két hop: (z-2/)- 2" =z (¢/ - 27) Vz,2,2" € C.

Nhan v6il: z-1=1-2 Vze C,

12
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Nhu vay ta cé thé thuc hién céc phép tinh cong, nhan céc sé phiic nhu phép
cong, nhan cac sb thue. Dic biét cac hing déng thiic van ding trong truong hop

s6 phiic.

1.5 S6 phic lién hop va médun cua sé phiic

1.S6 phic lién hop
Dinh nghia 6:
S6 phitic lien hop ctia s6 phtic z = a + bi; (a,b € R) 1a s6 phiic a — bi ki hieu 13 z .
z=a+bi=7Z=a-—bi.
Tinh chét:
1.z=2VzeC.
2.z2=z&z€R.
3. Z = —z = 7 la s6 thuan 4o
4. %2 =a® + b2
5. 21t =71+
6. 2123 =71 - 2.
7. @: %,sz # 0.
2.Médun ctia s6 phic
Dinh nghia 7:
Modun ctia s6 phiic z = a + bi; (a,b € R) 1a s6 thyc khong am va? + b2 . Ky hieu

mo dun clia s6 phiic z 1a |z|.

e Néu 2z = a +bi; (a,b € R) thi |2| = V2 -Z = Va2 + b2.
e Néu z la s6 thuyc thi modun clia 2 1a gia tri tuyet doéi ciia s6 thue do.

e Néu z = 0 thi

z| = 0.

13



Tinh chét:

1|z =27

2.Z| = |2|.

3.02| > 0,Vz € C: |z| =0< 2z =0.

_ |=
z—; —1V2’27£O.

=2’

4.V21,22 € C; ‘21 ~22| = |Zl‘ . |22|;

5. Vz1, 22 € C; |21 + 22| < |z1| + |22]; ||21] — |22]] < |21 — 22] -

1.6 Phép chia cho s6 phic khac 0

Dinh nghia 8:

S6 nghich dao clia s6 phiic z khac 0 1a s6 phic ky hiéu 1a 2~! xac dinh bdi

l= 2
|2
Phép chia s6 phiic z’ cho s6 phiic z khéc 0 : %/ =2 l=22Z

2|

x|

1.7 Dang luong giac ctia s6 phiic

Trong mit phang phtic: 2z = a + bi duge bieu dién bdi diem M (a,b) .
Goc dinh huéng ¢ = (Oxz, OM) goi 1a argument ctia z. Néu ¢ 14 mot argument
cua z thi tap hgp cac argument cua z la {¢ + k27, k € z} .
r=+va2+b2tacéa=r-cosp;b=r-sing, nén z =r- (cos$ + isin¢) goi la dang
luong giac ciia s6 phic z.
Tinh chét:
l.z=r-(cos¢p+ising);z =r1-(cosp; + isin¢y).
2. z9 =1y - (cos g +isin ).

3. 2129 =11 19 [cos (1 + ¢2) + isin (Pp1 + P2)].

14
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4.2 = L cos (¢1 — éo) +isin (¢1 — ¢2)], 22 # 0.

z2 7,2
5. 2" = 1" (cosng + isinng).
¢ K2 . (¢ k27
6. /2= < -+ — -+ — k=0,n—1.
z \/F{cos (n—l— - + isin n+ " , N

7. (cos ¢ +isin )" = cosné + isinng,n € N.

1.8 Phuong trinh bac hai

Dang AZ? 4+ BZ 4+ C =0 trong d6 A,B,C € C,A # 0.
Cach giai:

eNéu A # 0 thi phuong trinh c6 2 nghiém phan biét:

( Trong d6 ¢ 1a mot can bac 2 cia A )
p —-B
e Néu A =0 thi phuong trinh c¢6 nghiém kép: z; = 29 = OV
e Dinh 1y Viet 21, 29 1a 2 nghiém ctia phuong trinh ta co:
—-B

Zl+22:7

C
21~22:Z

15
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Chuong 2

Ung dung sb phic gidi hé phuong

trinh dai so

2.1 Kién thic st dung

1. Mot phuong trinh an phiic f(z)=0 véi z=x-+yi c6 thé giai bang cach tach
phan thyc, phan 3o .
Nghia la ta dua phuong trinh vé dang:
. h =0
fr)=0e hxy)+alx)iz0 = { 070
g(z,y)=0
Nhu vay viéc gidi phuong trinh an phic ta quy vé giai hé phuong trinh dai s6
(*).
T nhan dinh trén |, ta c6 thé tién hanh theo cach ngudc lai:
Hé phuong trinh
A(z;y) = B(z;y) : :
& Az y) +iC(xy) = Bla;y) +iD(z;y)
{ C(z;y) = D(x;y)
Trong phan nay ching toi dua ra ba dang toan vé giai hé phuong trinh c6 thé
giai theo cach thong thuong (khong sit dung s6 phtic) va giai bang cach sit dung

sO phiic.

16
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2.2 Bai tap ap dung

Dang Toan 1: Stt dung linh hoat céc hing dang thic lien quan dén s6
phitc dé giai mot s6 hé phuong trinh thusng gip: hé déng cap, hé déi xing.

Bai toan 2.1:

3 —3ay? = -2(1
Giai hé:{xz 3oy = —2(1)
3y —y° =2(2)

Loi gidi:
Cach 1:(Khong stt dung s6 phiic)
Ta thay hé phuong trinh trén 6 dang hé dang cap bac ba. St dung phuong phéap
giai he dang cap:
Tu he: = 23 — 3 + 322y — 32?2 =0 ()
e Xét y = 0 thay vao phuong trinh = x = 0 (khong théa man he)
e VGi y # 0 chia ca hai vé clia phuong trinh (*) cho 33, ta c6:
3 2
DRORORS
Y Yy Yy
Dat § =t = Phuong trinh: ¢ +3t* =3t —1=0
& (B-1)+3t(t-1)=0

t=1
St-1)(P+4t+1)=0« | t=-2++3 thay vao (1)
t=-2-13

t=1=y==x

S>r=ler=1=y=1

t=-2+V3=z=(V3-2)y

Thay vao (2):

[3(\/3—2)2—1}y3:2<:>(1—\/§)3y3:1
1 _—1—\/§:$$_¢§—1

1-V3 2 2

t=-2-V3=uz=(-2-V3)y

Thay vao (2) ta co:

Sy =

—-1-+/3

V3-—1
2

17
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Vay tap nghiém cua hé la

T= {(1;1); (_M;ﬁ; — 5 ﬂ) ; (_1 5 \/g; \/32_ 1)}
Nhan xét 2.1

Ngoai cdch gidi trén, ta c¢é thé gidi hé phuong trinh bing cdc cich sau:

- Dua phuong trinh (*) thanh phuong trinh tich bang cdach phan tich vé trdi ciia
(*) thanh nhan ti.

- St dung cach gidi hé doi xiing logi 11.

Cach 2:(Stt dung s6 phiic)

Nhan thiy : (z + yi)® = 23 + 322yi — 3ay® — 3 va—2+ 2i = (1 +4)°

Nhan 2 vé ctia (2) v6i i roi cong véi (1) ta co:
a3 — 3xy? + 32%yi — P = -2+ 2i

& (r+yi) =—2+2=(1+i)

Dit z=z+yitaco 23— (1+i)° =0
S(—1-i)[2+(1+i)z+2i]=0

r=y=1
z=1+41 (x:_l"'\/g
—1+vV3 1+3. 4 2
Y= ——FH—
—1-+/3 3—1 2
= V3 V31, (13
2 2 T = 5
< V321
y:
L \ 2

Vay tap nghiém ctia hé la

T= {(1;1); <_1;\/§; -1 ; \/§> : (_1 ; \/g; \/§2_ 1)}
Nhan Xét 2.2

So vdi cac cach gidi thong thuong, phuong phdp st dung s6 phic cing dé dang
thue hién do cdc phép todan st dung tuong doi co bin. Dong thoi cdch gidi gon
nhe,dung so phitc gitp hoc sinh c¢é thém mot phuong phdap mdi, tao su linh hoat,
167 cudn , hap dan cho nguoi hoc.

Bai toan 2.2:

18
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3_ a2 _an
Gidi he: xS 3x2y 6x2y 31:2 0(1)
y® — 3x°y — 32+ 3y° + 3y +9=0(2)
Loi giai:
Cach 1:(Khong stt dung s6 phiic)
(22 = 3y* — 6y —3) =0(1)

Ta bién dbi he phuong trinh can giai vé dang { v+ 1) — 322 (y 4 1)+ 8= 0(2)

rz=0
“”@leZay+n2

2 =0 thay vio (2) = (y+1)° = 8y = -3

22 = 3(y + 1)*thay vao (2):
(y+1)7°—=9(y+1)°+8=0
sy+1)P=leyt+rl=1cy=0
Véiy=0=22=3<2==+V3

Vay tap nghiém ctia hé phuong trinh la:
T= {(0;-3); (v3;0) ; (—V3;0) }
Cach 2: (st dung s6 phiic)

Ta nhan thay:
(x + yi)3 = 23 + 32%yi — 3zy® — i
(x + yi)2 = 22 + 2zyi — >
Nén nhan 2 vé cia (2) v6i —i r6i cong véi (1) ta co:
(x?’ + 3a2yi — 3xy? — ygi) + 3t (:102 + 2xyi — yQ) —3(r+yi)—9% =0
& (x+yi) +3i(z+yi)* —3(x+yi) — 9 =0
Dat z = x + yi ta co:
243122 —32-9i =0
s+ =8ie(z+i)+20)° =0
& (2+i+2i) [(z+4)° = 2i(z+i) — 4] =0
z+31 =0
[z2+2iz—1—2iz+2—420

z=0
{y=—3
@{22—3@ lz:—Si N {x:\/§
22 =3 z =43 y=20
V3
=

Vay tap nghiém cua hé la:

19
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T= {(0:-3): (VA0): (VA1)

Bai toan 2.3:
3 _ 2 2 2 _
Gidi he: { 7, 3“/’3 +322 =3y +32+3=0
y® —3z*y —6zy — 3y +2=0
Loi giai:
Cach 1:(Khong sit dung s phiic)
A ]' 5 - 2 1 2 —
Ta duwa hé ve dang: (ﬁ +1)" =3y 2($ +1) + 0
v =3y +1)"+2=0
batx+1=a.
. 3_ 3,2 4+9—0(1
Hé phuong trinh can giai c6 dang: a3 3a3/2 + 0(1)
y® —3ya”+2=10(2)

= a® — 9% + 3ya® — 3ay®> = 0

_ 2 2\ _ a=y
< (a y)(a +4ay+y)—0<:>[a:(_2i\/§)y
e a =y thay vao (1)
:>y3:1:>y:1:>a:1:>:c:()
:(—2+\/§)y:>y3(1—\/§)3:1
1 —V3-1 ~3+3

=y = =

13 7 YT T
=(-2-V3)y=14(V3+ ) =
\/3_1$x_—_3_\/§

2 2
Vay tap nghiém cua hé la:

T {(0;1); <—3+\/§;—1—\/§> ; (—3—\/3;\@—1)}
2 2 2 2
Cach 2: (St dung s6 phiic)

=y =

Hé can giéi tuong duong véi he

(w+1)* = 3y? ( +1)=-2(1)
y(x+1)° —y* =2(2)
Nhan 2 vé ctia (2) véi i 161 cong véi (1) ta co:

(41 =32 (x+1)+3y (x+1)%i — iy = =2+ 2
& (@+14yi) =144

Dit z=a+1+yitacoz3—(1+i)°=0

20
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p—1—i) [2+(1+i)z+(1+i)°] =0
z—1—i)[22+ (141i)z+2i] =0
z=1+1

24+ (1+i)z+2i=0

(
(

=
=
=

[ =0
y=1
-1 3 1 3 2
ol oz ;Jﬁ»gfiﬁ <y__1_\/g
—-1—-+/3 3—-1 2
z = \/_-I—\/_ i ( —3—-4/3
< V321
y:
L \ 2

Vay tap nghiém cua hé la:

T:{mﬂ%<—3+v§fﬂ—»@>;(—3—¢§v@—1)}

2 2
Bai toan 2.4:

Gidi ho { ot oyt —62%y? = —7(1)

Loi giai

Cach 1:(khong st dung s6 phiic)

Ta dé& dang nhan ra hé phuong trinh ¢ dang hé dang cap bac 4
o Xét x=0(1)

o v #0dat y=tx hé
ot that — 6120t = -7 (t4 — 612 + 1) rt = —7(1)
tet — Pzt = 6 t(1—1*)a*=6(2)

th—6t2+1 -7
————i;~——-@6#—7#—3&1+n+6:0

t(1—t2) 6

[ t=3

.

t=—

2

| t= -2
o t=3= —242* = 6 = khong ton tai =

o I .
ot::7;—:>—§—~§'x4::6:>khéngt@ntalx

r=1=y=-2
r=—-1=y=2

ot="2=3t=1=

21



16

1 1 3 =2=9y=1
et=—-=_—-pt=6=1t=16< v y
2 2 4 r=-2=y=-—1

vay tap nghiém cua hé la:
T={(21):(-2:-1);(-12);:(1; -2)}
Cach 2: (Sit dung sb phic)

Nhan thay:

(x + yz’)4 = 2% 4yt — 622y + daByi — dyPai

Nhan 2 vé ctia (2) v6i 4i roi cong véi (1) ta co:

at + oyt — 62%y? + dxdyi — dyPri = —T 4+ 24i

& (x+ yi)4 =(2+ i)4

Dat z = x + yi ta co:

A-@2+it=0e [2+2+)’] [2-2+i)*] =0

z=2+1
22 = (2+1)? 2=—2—i
= 2 N2 - .
2% = (—1+ 2i) z=—1+42i
z=1—-2

Tr =
L Ly=—2

Vay tap nghiém cua hé la:
T={(21);(=2;-1);(-1;2);(1;, -2)}
DANG TOAN 2

e Dang co ban:

Loai 1:
mr+ — s = b(1)
. d’g}y (a,b,c,m,n € R)
my R =c(2)
R P s xs A o . ~ . alz —yi) .
Nhan 2 vé ciia (2) v6i i roi cong véi (1) ta c6: m (z + yi) + o b+ ci.
x Y
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bat z =z +yi tacé:mz—i—g:b—i-ci
z

=phuong trinh: mz? — (b+ci)z +a =0

e Loai 2:
a
m + — o = b(1)
] ) (a,b,c,m,n € R)
my+m—c()
Nhan 2 vé ctia (2) v6i i roi cong véi (1) ta co
, a(y + i ,
m(x—l—yz)—i—%:b—l—cz
it i)
~ o ai(r —yi ,
ok SR A2/ &
m(x + yi) + PR + ci

bat z =z + yi ta co: mz+%:b+ci
z
e mz?— (b+ci)z+ai=0

Bai toan 2.5:

3r —
v+ 5% =31
Ciéi heé: i (Tap chi Kvant)
— =02
e e

L&i giai:

Cach 1:(Khong stt dung s phiic)

Dk: 22 + 42 #0 .
3
rT+—-=3 .
Xét y=0 = 2 # 0 he 1 7 = khong ton tai x ; tuong tu x=0 (loai).
P
V6i xy # 0 hé phuong trinh can giai tuong duong véi hé:
3zy — 12
Y 33
ry + 2y y(3)
<+ 3y
——F =04
A Ny (4) o
Lay (3)+(4) ta dugc 2xy-1=3y = z = 5.t 3
Y

Thay vao (2) ta cé

2
1 3 5 1 3
—+3 —(=+z)-3y=0
(2y+2>y+y (2y+2> Y
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:¢ﬁ+;+2y+f—§§—;—%=0
sS4yt —32-1=0

<:>(y2—1) (4y2—|—1):O
y=1=x=2
y=—-1=z=1
Vay tap nghiém cta hé la :

T={2Z1);1;-1)}
Cach 2:(Stt dung sb phiic)

syr-1=0s

Dk : 22 + 42 #0

Nhan 2 vé ctia (2) v6i i roi cong véi (1) ta co :
3(x —yi) — (y+ x1)

: _ 3
T+ yr+ (x2+§2 ( |
o 3 —y) —i(x—yt
& =3
T+yr+ 21
Dat z=x+yi = 2 #0
Ta dugc phuong trinh :
3_ i3 3
S Gt R S DR Sk
2| z

&22-324+3-i=0
A=9—12+4i=4i—3=(1+2i)?

Phuong trinh c¢6 nghiém:
T 341+

z =2+1
3—%—2i .
z2=——=1—1
B 2
Ta suy ra:

=2

y=1

rz=1

y=-1

Vay tap nghiém cua hé la:

T={(2;1);(1;-1)}

Nhan xét 2.3: Vdi dang todn nay viéc gidi hé phuong trinh cé sit dung so phiic

don gidn, gon nhe va doc ddo hon rat nhiéu, hoc sinh dé nam bat , dé bién doi

va dé nhd dang todn hon cdc phuong phdp bién doi thong thuong.
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Bai toan 2.6:
12
-3 V7 =2
Giai he Y
=6
3T +y VY
Cach 1 :(khong sit dung s6 phric)
x>0
Dk:< y>0
3z +y#0
Tﬁhééx,y%o.vay{x>0
y>0
Hé phuong trinh c¢6 dang
12 2 1 3
1- =—(1) l=—+—
3z +y T x Y
. _\/i_()(:} 12_{1
3t+y /Y 3r+y Jy V*

i(i_i> (i+i>_L
x/§1 \/512 Vi Vz) 3r+y

9
& 92 (3x+y) —y(Br+y) =122y

Y x:?):z:—l—y
& 2722 + 9zy — 3vy — y% = 122y
& 2722 — 6y — Yy’ =0 & (3v —y) (97 +y)

- {y:?)a:
y=—9

y=-9x loai do x>0 va y>0

y=3x thay vao (1)
2 2 2
—el-t==

vt i
Sr—2y/r—2=0

& (Ve-1-V3) (Ve -1++3) =0
SVr=1+Vv3 do (Va+v3-1)>0
<:>x:4+2\/§:>y:12—1—6\/§

Vay tap nghiém ctia hé la:

T={(4+2V3;12+6v3)}

Cach 2: (Sit dung s6 phic)
>0

Dk ¢ y>0
3x+y#0
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Tirhe = 4 *7 0 Vaytaxet 4 © 70
y#0 y>0
Dat{ VIT=a b 0)
Vi=b
12a
5 cor — 07 =2V3(1
Hé phuong trinh can giai c6 dang T2y V()
b+ =20 =6(2)
Nhan 2 vé clia (2) v6i i 161 cong véi (1) ta duge :
12(b
a+bz+%—2\/_+62
bat z=a+bi=2#0.
Phuong trinh :
127 12
z—| |§—2\/_+61<:>z———2\/_+6z
z z
& 22— (2V346i)z—12=0
— (3+3i)°

;5[ =V3+3i+3+v3i=(V3+3)+ (3+V3)i

=V3+3i—3—3i= ( ) ( \/§)Z
(Loai z9 do a>0, b>0)

Tﬁdétacé{a_3+\/_ {x/S_:c—SJr\/_

b=3+3 y=3+3

@{\/_:fﬂ @{x—4+2\/_
VI=3+V3 =12+46v3

Vay tap nghiém cua heé la:

T={(4+2V3;12+6V3)}
Bai toan 2.7:

V3 =2
Giai he PT : ! T v (D& thi HSG QG nam 1996)
Ty | 1— =44/2
VTy e V2
Loi giai

Cach 1:(Khong stt dung s6 phiic)

x>0
Dk: ¢ y>0
r+y#0
Nhan thay r=0 khong 1a nghiém ciia he = v>0
=0 y>0

Heé phuong trinh can giai c6 dang:
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1 2
1+ ) Lo 2ve
a:—i—y V3T \/333 7
. 4\/_(> 1 2\/5_ 1
X fgr’y \/17y 3z Ty ozt
T o7 —24 =21
TR y(z+y)— 24z (z+y) Yy
& Toy + Ty? — 242° — 24ay = 21y
y = 6z

& (6 — e+ Ty) =0 <
(6 —y) (dz + Ty) 4z + Ty = 0()

.y = 6z thay vao (1)

1
=l+—=—=&TV3z-14y/2+V3=0
Tx  \/3x Ve
A’ =49 — 21 = 28
_TH2VvT 12
N V3 V3 V2l
x_7—2ﬁ_i_ 2
i V3 V3 V21
LS SR
21 3\/7 T 7
- 1 %— 22 \é_
o1 37 T T 7

Vay tap nghiém cua hé la:

o f(n, 4 2 8 (1 4 2 8
ol "3 7 i) \2l 3T T T
Cach 2: (Sit dung sb phic)
Disu kien: 4 © 70 patd VE= @ (a,b > 0)
y>0 VYy=>o
Hé phuong trinh can gidi ¢6 dang
1 a 2
- =
\/_a(1+ b2)—2 - a+a2+b2 \/g()
b 42
fb( ) 4v2 b— = 2Y2(2)
a4+ 7
Nhan 2 vé clia (2) v6i i 101 cong véi (1) ta co:
atbie LTV 2 4\f
R A

bDat z=a+bi=2#0
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z 2 42 12 42,
z+ =—+—F—1o2zt+t-—=—F7+—=1
|z|2 V3 VT z 3 7
1 2v2
S22 -2 —=+"Fi)z+1=0
(\/5 ) 2
gLl 428 4B (2 o
3 V21 7 V2l 21 21
[ 1 2v2 2 1 2 22
pm e i — V2= [ =4+ — | + [ ==
N R AR AR RS (75 v) (57
1 2v2 2 1 2 2v/2
=t i = = 2= —= - ——= | + | ==
i V3 7 V21 V3 V21 VT
[ 1 2 r
) 3 21 21 37
2v/2 ) 22 '8
\/??:W-i-\/? y—7+ﬁ
= >f " 2 = ¢ 11 4
(’L’:——— e —
V3 21 21 37
. 2E \ 22 8
=— —V2 Yy=—-
B \\/g \/7 L \ 7 \/7
vay tap nghiém cua hé la:
11 4 22 8 11 4 22 8
T=9ls+tz7=+t =)\l 7575 =
{(21 3T T \/7) (21 3T T ﬁ>}
Bai toan 2.8:
5
- V2y=14
Giéi he pt Y +542“°
y+ 42x Ve =2
(Dé thi Olympic 30-4 lan thit VI nam 2000)
Loi giai
Cach 1:(Khong stt dung s6 phiic)
x>0
Dk ¢ y>0
y+ 422 #0
R P T = ) i , x>0
Nhan thay { (loai). Vay ta xét {
= y>0
50 2V2

Heé phuong trinh can gidi c6 dang:

i e

3 — =
y+ 42z Y
AR
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1 V2
L vEt Y
1 V2 5
i vi vram®
r 2 57
= - -2 = & (y—2x) (y + 42x) = 152y

r oy y+42z
& y? — 8412 + 251y =0 < (y — 37) (y +282) =0

y =3z
& dox >0,y >0
y+ 282 = 0/(1) (do x>0,y >0)
e y = 3z thay vao (1)
L \/_—3<:>\/_+\/_—3\/3x
MV \/3_
V2 5426 54 2v6
o /i= = =

— o r=———=y=
B D T S 9
Vay tap nghiém cua hé la:

[ (2+2/6 5+2V6
B 21 79

Cach 2:(Stt dung s6 phiic)
x>0
y>0

bat v42z = b; \/y = a(a,b > 0)

Dieu kién: {

Heé phuong trinh can gidi c6 dang:
30— 50 5a —2v2(1)

5
3b+ = 2V/42(2)
Nhan 2 vé clia (2) véi 1 101 cong véi (1) ta co:
, a—bi ,
Dit z = a + bi = 2z # 0, phuong trinh tré thanh
)
32— = =2v2(1+v21i)
&322 =22 (14+V21i) 2—5=0

A= =25+ 4210 = (V3 + 2V7i)’
V24 VA2 + V32V

| vE Yo
z= ; + ; i(1)

(do a,b > 0)
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SRCESERRCRE Y

\f+\f

- b:mHﬁ
\/__\/_—3#[ y:5+2¢6
42:6_\/:L+2f x:5+92\/6

27
vay tap nghiém cua he la:

[ (2426 5+2V6
B 21 79

DANG TOAN 3

La cac hé phuong trinh phiic tap hon , bang phuong phap tach, nhém khéo 1éo

ta dua dan ve dang toan 2. Két hop cach giai & dang 1 va dang 2.

Bai toan 2.9:
3 2 _ 52 2 _
Giai hé pt: { 3:3 + ny 72 — Ty? + 52 + TV/5y =0
Y3 + 22y + 7Vbr — 5y =0

Loi giai

Cach 1: ( Khong stt dung s6 phiic)
2,2 (2 2

He phuong trinh da cho tuong duong véi { (x2 + y2) + 52 +TV5y =7 (2% +97)

y(x +y)+7\/5x—5y:0
e Xét =y =0 (théa mén)

o Xét 22 + 4% #0
52 + Tv/5y
Tt T
(*) < ()
7\/_90—5y
Y+ =0(2)

z? + y?
Xét 2 =0 ta co
V5

Y <y =+/5 (thda man)

T+
Xét y=0 hé : 5 = Hé v6 nghiém
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e Xét zy # 0 he

5xy + 7v/5y?
Y+ —5——5 = Ty
(x%) & =y
o V522 — Sry 0
Y 22+ 42
75

éQnyr?\/g:?y@x:%——y

Thay vao (2) ga co:

y<;—72—\z//g> +y3+7\/5<;—%3> —oy=20
Ayt +29y7 —245 =0 (y2 —5) (492 +49) =0
y=vV5=1=0()
y=—5ex="7(/m)

Vay tap nghiém cua hé la:

T= {(0;0); (0;v5) ; (7: —V5) }
Cach 2:(Stt dung s6 phiic)

@y1:5@l

ex=y=0(t/m)

e 22 4+ y? # 0 hé phuong trinh can gidi c6 dang:
n S5r + 7\/§y

=7(1

i ()
7V5x — 5y

V9T 0(2

Yt 0(2)

Nhan 2 vé ctia (2) vdi i 16i cong véi (1) ta co
5(x — yi) + 75 (y + xi)

. _
T+ yr+ x2+y2\/_
o o b(x—yi)+7Vhi(z —yi
ooyt ( y)2 2( i) _ -
4 +y

Dat z=ax+yi=2#0

Khi do ta co:
5 7v5i

Z+ -+ =7
zZ Z
22— T24+5+7V/5i=0
A = 49 — 20 — 28/5i = 20 — 28/5i = (7 —2v/5i)”

_ . r=17
_THToA L e {

|7 2 & y=-v5
7— 74250 , =15
z:—:\/gz

Vay tap nghiém cua hé la:
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T= {(0;0); (v5;0); (7: —v5) }
Bai toan 2.10:

3 2
oo |7+ ay® =10y (1)
Giai he s 5
y° + x%y = 10z (2)
Loi giai

Cach 1:(Khong sit dung s6 phiic)

(1)-(2)
=~y +ay(y—2) =10(y — x)
& (v —y) (:1: +:cy—|—y)—|—:cy x)=10(y — x)

& (x—vy) (:1: + 42 +10)—0<:>y—x
Thay vao (1)

r=0=y=0
=23 =10z & $:\/5:>y:\/5
r=—-/5=y=-5

Vay tap nghiém cua hé la:
T= {(0;0); (V5 —-v5); (V5 V5) }
Cach 2: (St dung s6 phiic)

Xét x = 0 thay vao hé = y = 0. Tt d6 (0;0) la mot nghiém cua hé phuong trinh.

_ 10y (1)
) R T 2.2
Néu: 22 + y? # 0 hé phuong trinh can giai c6 dang v 16}3/
Yy=— 2 (2)
x4+
Nhan 2 vé clia (2) véi i roi cong véi (1) ta co:

. 10(y + xi) . 10i(z — yi) _ .
x+yz:W©x+yz:W (x). Dat z=ax+yi=2#0.
Phuong trinh (*) tré thanh:

0=

z:|—|f<:>z2:1ou:>z2:5.2i
z

=5+ Vbi
z=—5—/5i
z=+5

y =5
.vaiz:_ﬁ_ﬁi;»{ - ?
Vay tap nghiém cua hé la: T= {(0,0);(—\/_;—\/3);(\/5; \/3)}
Nhan xét 2.4

s2=5(1+i) < l

oVéiz:\/5+\/5i:>{
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Trong qud trinh gidng day ta cé thé tu sing tao ra nhiéu bai tap mdi cho hoc
sinh luyén tap.

Vi du nhu khi ta can mot phuong trinh cé 3 nghiém z; = —3i; 20 = V/3; 23 = —V/3.
Ta zét (z+3i) (22 —3) =0

Bién doi tuong duong ta dugc phuong trinh: 25 + 3iz2 —32 — 9i =0 (1)

Ddt z = x + iy thay vao (1) va khai trién ra ta dugc:
(23 = 3wy? + 6wy — 3x) + (3a?y —y® — 32 + 3y =3y +2)i=0
23 — 3zy? + 6xy — 32 =0
{ 322y —y3 =322 + 32 -3y +2=0
Nhu vay ta dugc hai bai toan mdi do la :

1. Gidi phuong trinh 23 +3iz? — 32 —9i =0
2. Ghiai hé phuong trinh:

23 — 3xy? + 6y — 32 =0
3%y — 12 — 322 + 3y — 3y +2=10

Hodc mudn c6 mot hé phuong trinh ¢ tap nghiem Ia:

T ={(1;0);(3-1);(-1;1)}

Ta xuat phat tit cac s6 phiic sau:
z=1,z2=3—1,2=—-1+4+1

Ta xét tich:
(z—=1)(z—=34+4)(z+1—-i)=0

23 —322 4 4i2—4i4+2=0
2—42’_0

z
Dat z = x + yi ta co:

20 —4 dr + 2
x2—y2—3$—|—%>+<2xy—3y+4—u>i:0
e 4y

<22 32440+

2 + y?
2¢ — 4
xz—y2—3x+2—g
o T +3é
201 — 3 +4_M
y—3y N

ot —yt =323 —3xy? + 20 — 4y =0
Y 9,3 2 3 3 2 _ 2
Yy — 3y + 2xy° — 3y + 2 — 1) =1+ 2y — 4y
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Vay ta dugc hai bai toan mdi:

Giai cac hé phuong trinh sau:

2x — 4
22—yt -3+ S— i
1.
4x—|—%y
20y — 3y +4 —
Yy —oy 2+y
5 gt —yt — 323 —3xy? + 22 — 4y =0

{

phiic tap, tit cic bai danh cho thi Dai hoc dén céc bai tap danh cho thi hoc sinh

gioi.

Bai tap: (St dung kién thiic vé s6

Giai cac hé phuong trinh sau :

223y — 3%y + 2xy3 — 3y3 + (22 —
Nhu vay ta c6 thé sang tao dude ra rat nhiéu hé phuong trinh tit don gian dén

1)% =1+ 2y — 492

phiic, giai cac hé phuong trinh sau:)

x 6
gt o -2
22° — b6zy” =5 3 T4y
Tty
L2+ 1ly
r+y+ —x2—+y2 x4—|—y4—6x2y2:\/§
3. 11z — 12y L9 By e — 1
—r4+3=——" Y =y
Y 22+ o2
5{x3—3xy2:—1 G{x(xQ—Syz):—Z\/g
P3Py =—V3 | y(B2? —y?) =2
. zt — 622y + oyt =4 8 z(z* — 1022y + 5y4) = V3
| 2y — e =—V3 | y(yt — 102292 4 52t) = —1
3
v10x [ 1 =3 2
9 :v( +5x+y) 10 ﬁ( +2.:1:~|—5> 32
) 3 ' 7
1— =-—1 Voyl2—
ﬂ( 5x+y> y< 2z +5> v3
( 15 ( -
\/E - 12y :2+\/§ $+M 7
1154 5y s 2y 11 1 Yoy 1
— -1 -——— =
\\/ﬂ x+ 2y ( ) . x2—|—y
( 9z 4+ v 10y 3,2 ( 78y _ 20
2 1 .2 T2 4 a2
13. 4 Tty 14. 4 w2ty
' \/ 0z + 9y 0 ' ) 78 _ 15
\ m2+y2 . z2 + y?
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Chuong 3

Ung dung sé phitc chitng minh bét
dang thic.

3.1 Kién thic st dung.

Cho 86 z = a + bi ta c6 |z| = Va2 + b?

e Cho 21 = a1 + byi; 29 = ag + bai , ta cO: |21 + 29| < |21] + |22]
as = kay
by = kby
e Tong quat: cho ay,as, ...,an; b1, ba, ..., by .

Dau = x4y ra < { (k> 0)

Chting minh rang:

Va0 aE 0 A a2 02> \/((l1+a2—|—...+an)2+(bl—|—bg—|—...—|—bn)2

Ta xét cac so phiic , 21 = ay + bii; 21 = ag + bai, ..., 21 = ap + byi

Ta ludn co
1]+ [22] + oo fzn] 2 |21+ 22 + 4 2

& JET R+ 2R+ .+ a2 > \/(al+a2+...+an)2+(b1+b2+...+bn)2

a; = kijay

bi = kib1

Suy ra dicu phai chitng minh. Dau = xdy ra < { - (k; > 0)
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3.2 Bai tap ap dung.

I. Chitng minh bat dang thic

Bai toan 3.1: CMR Vz € R ta ¢o

Va2 + 25+ 54122 —22+5> 25

(Phuong phap toa do dé gidi cac bai toan so cap - Phan Huy Khai.)
Loi giai:

Cach 1:(Khong stt dung s6 phiic)

Dit P = /(z+ 1> +44 /(1 —2)> + 4 Ta cé:

VEP = \/[(x+1)2+22} [12+22]+\/[(1—a;)2+22} 12 4 22
>(@+1+4)+(1—2+4)
= V5P >10= P > 25

x+1_1
D= el 23 easg
- 1—2z r=

2 2

Cach 2: (St dung s6 phiic)

Ta viét lai bat dang thic duéi dang:

\/(x+1)2+22+\/(x—1)2+2222\/3
Xét cac s6 phiic
z21=(x+1)+220=(1—2)+2i
VT = |z1| + |22| > |21 + 22| = |2+ 4i| = VA + 16 = 2V/5

Diu“="xdyrael+rz=1-zc2=0
Nhan xét 3.1: Vdi hoc sinh viéc st dung duoc bat dcfng thiic voi viéc them bot
khéo léo la diéu rat khé khan, song khi dua vé cin bac hai cia tong cdc binh

phuong thi cac em dé dang nhan ra né la modun cia mot so phite. Chinh vi vay
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ma cdch st dung so phite trong bai todn trén gon nhe va don gidn hon rat nhiéu.

Bai toan 3.2: CMR Vz,y € R ta ¢o

Va2 +4y2 + 6z + 9+ /22 +4y2 — 20 — 12y + 10 > 5
(Phuong phap toa do dé gidi cac bai toan so cap - Phan Huy Khai.)
Loi giai
Cach 1: (Khong sit dung s6 phric)

Dt 7= /(e +3) + (20)° + 1/ (z = 1 + (25 — 3)°

— 5T = \/[(x+3)2+(2y)2] (42 +32) + \/[(1—x)2+(3—2y)2} (42 + 32)
>[4z + 12+ 6y[ + [4 (1 —z) + 3 (3 — 2y)|
> A+ 1246y +4(1—2)+3(3—2y)] =25

=T2>5
Dau “=" xdy ra
r+3 2y
- $£1:23y_3 @{3x—8y—|—9:0
4 3 —-3<z<1

(4z + 6y + 12) (13 — 42 — 6y) > 0

Cach 2: (Sit dung sb phic)
Ta viét lai bat dang thiic dudi dang:
\/(:c+3)2+(2y)2—|—\/(1—x)2+(3—2y)2 > 5

Xét cac s phiic:

2=@+3)+2y)i ,zo=0-2)+3-2y)i

=21+22=44+3i= |21+ 22| =5

Co VT = |z1]| + |22] > |21 + 22| = 5 = dpem
Z1 =0

Dau“="xdyra | 20=0
z1 = kzo (k} > O)
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k—3

_ r=1 T =
@{ v 03 hoéc@{ 3 hoac & k+3]£, (k> 0)
y= y=3 = _
2 YTok+ 1)

Nhan xét 3.2: Cung nhu bai todn trén viéc phdi ddnh gid qua nhiéu bat ddang

thic la rdt phic tap song cdc em cé thé dé dang nhan ra vé trdi la tong cdc
modun cia hai s6 phic nén viéc st dung so6 phic don gidn hon rat nhieu. Viéc
st dung so phitc gitp cac em dé nhan dang todn va nhd dang hon rat nhiéu.

Bai toan 3.3: CMR Vz,y € R ta c6

\/400323700823/ +sin? (z — y) + \/4sin2xsin2y +sin?(z —y) > 2
( Dé thi dai hoc cong doan nam 1995)
Lai giai
Cach 1:(Khong stt dung s6 phiic)
Dit a=2cosxcosy, b=sin(x-y), c=2sinxsiny, d=sin(x-y)

Khi dé bat dang thic tré thanh:

Va2 + 12+ +d? > \/(a+c)2+(b+d)2

Bét dang thic tuong duong:

a + 0%+ 2+ d? + 21/ (a? + b2) (2 + d?)
> a? 4+ b2+ c? + d? + 2 (ac + bd)

Theo bat dang thiic bu nhiacépxki ta co:

& /(a2 + %) (2 + d?) > ac+bd

VT= /(a2 +b2) (2 + d2) > y/ (ac+ bd)* = |ac + bd| > ac + bd

a=b=0
Dau “=" xay ra khi ¢c=d=0

a = kc

(k> 0)
b=kd
T

r=Z+mn r=nm -
Thay vao ta tim dugc p hoac T hoac z+y = = +mm

Yy=+nrw y=§—|—m7r 2

Cach 2: (Sit dung s6 phic)

\/46052x0032y +sin? (z —y) + \/4Sin2xsin2y + sin?(z — y) > 2
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21 = 2cosxcosy +sin(x —y) i
29 = 2sinwsiny +sin (x — y) i
xét: = 21+ 220 =2cos(z—y)+ 2sin(x —y)i
VT = |z1]| + |22] > |21 + 22| = \/4 [cos? (z — y) + sin® (z — )]
=4 =2 = (dpcm)

Dau “=" xay ra khi

T
r=—=+mn

21:0
29 =120 <=>{ 7?‘
2 =k (k> 0) y=gtnm

y:§+m7r

Bai toan 3.4: CMR Vz,y,2 € R ta ¢6

Va2 tay+ 2+ Val+az 422 >\ y? +yz+ 22

(500 bai toan chon loc vé bat dang thiic - Tran Phuong.)

r=km T
hoac T hodc x—l—y=§+k7r

L&i giai

Cach 1:(Khong stt dung s6 phiic)

A=/ +ry+y>+ Va? + xz + 22
2

1\2 3 1 3
A= : S 9 ( _) S 9
\/(:1:+2y2 +4y ~|—\/ :B~|—gz +4z

1 3
Azz(x+—y) +—y2+(a:+§z> +122+

1\? 3, 1\? 3,
+2 <m+§y> +z_1y <—x—§z> —I—Zz
1\2 3 1\2 3
= A% > (x+§y) —i—é—lyQ—l— T+ =z +122+

#2[(r+50) (== 57) + o]
z+ 5y T =5z 1Y*
2 2 1

1 1 1 3
= A2 > (:1:+§y) +(:c—|—§z> —2(:1:+—y> (:c+—z)+—(y2+22+2yz)

2 2 4
1 1 3
:>A22(37+§y—9€—§2’> +Z(y+z)2=y2+z2+yz
= A>\JyP+22+yz
—k
A w_» 2 r=-——Zz
Dau “=" xay ra < E+1 (k> 0)
y=kz

Cach 2: (Stt dung sb phiic)
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Bat ding thic da cho tuong duong
) 2
1\? 3 2 3
\/<x+§y> + (%y) + \/(—x— g) + (%z) > Y2 Fyz+ 22

Xét s6 phiic

1 3 3
1 o) o= (o)«

V3 .
VT=|21\+\22|2\z1+zz\=‘—(y—z)+—(y+z)z

VT > \/y*+yz+ 22 =VP = dpcm

Dau “=" xay ra
1 1
:B+§y:k‘(—x—§z> — _k’z
S y=kg y =k

Bai toan 3.5: Cho a,b,c,d thoa man:

a2+ +1=2(a+b);c®+d*+36=12(c+d)

Chitng minh ring: (a —¢)” + (b —d)* < (V2 + 1)6

(Céc phuong phép giai toan - Nguyén Thai Hoe - NXB Gido duc)

Lai giai

Cach 1:(Khong stt dung s6 phiic)

A(a;b) nam trén duong tron(Cy) tam I;(1;1);R1=1 B(c;d) nam trén dudng tron(Cy)
tam I5(6;6);R2=6 Khi d6 :do I1Io = 5v/2 > Ry + Ry = 7 =(C1),(C) khong cit

nhau. Vé6i hai diém A,B bat ky trén dudng tron ta ludn co:

AB < Ri+ Ry + 11 15

Vi vay: \/(a—c)2+(b—d)2:AB§R1+R2+1112:7+5\/§: (\/§+1)3
= @-c’+(0-d)° < (V2+ 1)6 DAu bing x4y ra khi A va B 1an lugt 1a cac

giao diém ngoai clia dudng thang I I lan lugt véi (C1), (Cz). Tim toa do giao
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diem ta suy ra:

1
a=b=1—-—
V2
c=d=3vV2+6

Cach 2:(Stt dung s6 phiic)

Tt gid thiét ta suy ra
(a—1P2+b-12=1(c—6)*+(d—6)* =36
Xétizp=1—a+(1-b)i;zo=c—6+(d—06)i;23 =5+ 5i

=z21+2+z3=(c—a)+(d—"0)i

Ta co:|z1| + |22] + |23] > |21 + 22 + 23]

S 14+6+5/2> \/(c—a)2+(d—b)2
Se—a)+d—b? < (V2+1)°

Dau “=" x4y ra
(11— a="5k
1—5b6=>5k
& < ¢c— 6 =5k (kl,kQZO)
d— 6 =5k
2 2 2 2
| @= 1)+ (-1 =1,(c—6)*+(d—6)° =36
1
a=b=1———
& V2
c=d=3V2+6

Bai toan 3.6: CMR véi z,y,z > 0 ta co:

V2t ay+ 12+ VP +yz+ 24V 2oz + a2 > V3 (@ +y+ 2)
(Dai hoc quan hé qudc té nam 1997)
Loi giai

Cach 1:(Khong stt dung s6 phiic)

VT = \(3+1) (m—l—%y)2+<§y)2 +
+,1(3+1) [(y—f—%z)Q—i—(?z)? + . (B+1) <z+§x)2+(\/7§x)2]
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[t o s (oe i) i (o )+ 4
:VTE%[2\/§(x+y+z)} =V3(x+y+2)

Cach 2:(Stt dung s6 phiic)

Bét dang thic da cho tuong duong

e () o™ G o™ (5

> V3 (z+y+a)

Dit
1 3 )
21:x+—y+£yi
L 3 3 V3
zz=y+%z+73zz’ >=>21+Z2+23=§($+y+2)+7($+y+z)i
1 3
23—z+§x+\/7_m'
Khi do
VT = |z1] + |22| + 23] > |21+ 20+ 23] = A3 +y+2)> = V3 (z +y + 2)
(dpem)

II. Tim gia tri 16n nhat, nhé nhat.

Bai toan 3.7: Cho céac s6 thuc a,b,c thod man

a,b,c>0
a+b+c=abc

Tim gi4 tri nhé nhat cia biéu thic:
1 1 1
T = 1+—a2+ 1+b—2+ 1+C—2

Cach 1:(Khong stt dung s phiic)

L&i giai

Gia thiét suy ra
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I+ —+ 14
c2
1 1
3+ = +b2+ Lo (1+ )(1+ﬁ)+
1 1 1 1
+2 (1+b2>(1+—2)+2 <1+a—2)<1+c—2>
11 1 1 1 1
:»T2>3+—+ + +2(1+—+1+ +1+ )
b2 b be ca
) 11 12 11 1
=T 29+(—+—+—) 29+3( + -+ ):12
a b ¢ ab  be
=T >2/3
Vay MinT = 2v/3 dat dugc khi a=b=c=+/3

Cach 2:(Stt dung s6 phiic)

Tt gid thiét ta co
1 1 1
ab  bc ca

1 1 1
Xét cac so phiic 21 =1+ zz2—1+gzzg—1+—zTaco
c

1 1 L
T_\/1+¥+\/1+b2+\/1+C—2—|Zl|+122|+\23|

1 1 1y, 1 1 1\2
TZ|21+22+23|=‘3—|—(—+—+—)@: 9+<——|——+—)
a b ¢ a b ¢

1 1 1
:>T2\/9+3< b+—+—>:\/ﬁ:2\/§

be

Vay MinT = 2v/3 dat dugc khi a =b=c=+/3
x,y,z >0
r+y+2<1

. 1 1 1
TimmlnF:,/x2+_2+ /y2+_2+‘/22+_2
x Yy z

(Dé thi Dai hoc khoi A-2003)

Bai toan 3.8: Cho {

Loi giai
Cach 1:(Khong stt dung s6 phiic)

Ta co:
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V82.F = \/(12+92) (x2+%) +\/(12+92) (y2+y—12>—|—
+¢u?+W)@I+%)

9 9 9
>r+—-—+y+-—+z+-
T Yy z

9 9 9
= \/82.F > (——|—81x) + (—+81y> + <—+8lz) —80(z+y+2)
x Yy z

> 21/9.81 + 2¢/9.81 + 21/9.81 — 80
= V82.F >82=F > /82

Cach 2:(Stt dung s6 phiic)

P 1 1 1 . oal
Xét cac so phiic:zy = o+ —i;20 =y + —1; 23 = 2z + —i Khi do:
x y z

F =|z1|+ ||+ |23 > |21 + 22+ 23] =

1 1 1Y\,
(x+y+2)+ bl I

y oz
2
= <$+y+2)2+\/<1+1+1> > 93(:Uyz)2+L
\ vy oz Jepe)?
= 19y/ (zyz)* + ! + 20 > /2 +80 = /82
\ 9¢/(zyz)*  9¢/(zyz)?

Dau bang xay ra khi

W

a,b,c>0
ab + bc + ca = abc
Tim gi4 tri nhé nhat ciia biéu thic

Bai toan 3.9: Cho {

B Vb2 + 2a? N V2 + 2b2 N Va2 + 22

ab cb ca

( Dé thi Dai hoc Qubc Gia Khéi D - 2000)

T

Lai giai
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Cach 1:(Khong sit dung s6 phiic)

Ta co:

V302 +202) = /(1 +1+1) (P +a2+a2) >\/(b+a+a)’=b+2a

Tuong tu ta co:

V3 (2 +20%) > c+2b
V3 (a2 +2c2) > a+2c
1 (b+2a c+2b a+2c 1 3(ab+ bc+ ca)
T>— = — =
~ \/_< ba * be * ca ) V3 abc V3

Gia tri nho nhat cia T=v/3 dat dugc khia=b=c¢=3
Cach 2 :(Stt dung s6 phiic)

Bét dang thic tuong duong

/ 12
b—2 —+ +\/ +5>V3

Xét
1 2 1 2 1 2
21:—+\/——i;22:—+£i;23:—+£i
a b b c c a
1 1 1 2 2 2
satamen- (Ceie )y (L2 2,
a b ¢ b c a
Co

1 1 1
T = a1l + [zl + [zl 2 |21+ 22+ 28l =3[ (5 + 5 + 2

b

11 1

sz/§(—+—+—>:\/§
a b c

Gia tri nho nhat cia T= /3 dat dusc khia=b=c=3
x,y,z >0
ryz =8

:\/log%m—l—l—ir\/log%y—l—l—k\/log%z—l—él

Bai toan 3.10: Cho

Tim min
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(Tuyén chon theo chuyén dé Todn hoc Tudi trd)
Loi giai
Cach 1:(Khong stt dung s6 phiic)
a = logyx; b = logyy; ¢ = logez
= a+ b+ c=logy (xyz) =logy8 =3
P=vVa2+1+ V02 +1+Vc +4
Dit = P2=a?+ 02+ 2 +6+2y/(a2+1) (02 +1) +2/(b2+1) (2 +4)+
+2¢/(c2 +4) (a® + 1)
=S P2>a? 402+ +6+2(ab+1)+2(bc+2)+2(ca+2)
= P2>(a+b+c¢)’+10+6=9+10+6=25=P >5

g:l a:b a:b:§
Min P=5<<{ b =S e=2b = 5
1_7:2 a+b+c=3 625
L r=y=v8
Thay lai ta tinh duge:
ay lai ta tin ,6{222\/5

Cach 2:(Stt dung s6 phiic)
Xét cac s6 phiic z1 = logyx + i; 20 = logyy + i; 23 = logyz + 2i;

Khi d6

P =|z1| + |22| + |23] > |21 + 22 + 23] = [(loga + logoy + logyz) + (1 + 1+ 2) 4]

= \/(bgﬂ?yz)2 +16 = \/(log28)2 +16=v9116=5

Min P =5 khi >0
x, Y,z 222\/§
logyr = logyy = =5+

III. Ung dung giai phuong trinh

Tyz = 8
Y {x:y:%
=
log,2

Bai toan 3.11: Giai phuong trinh:

V/cos2z — 2cosx + 3+ \/coszx+4cosx+6 =17

L&i giai

Viét lai phuong trinh dudi dang:

\/(1—cosx)2+2+ \/(COS$+2)2+2:\/ﬁ
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zlzl—cosx—i-ﬂi
22:2+cosx+\/§i
Khi doé 21+22:3+2\/§i$121+22]:\/17

Xét cac so phiic

Phuong trinh tré thanh:

2+cosz =k (1—cosx)
- N k>0
|21] + [z2] = |21 + 22 {\/izk\/i (k= 0)

T do ta suy ra
27
CosSX + 2 = 1—cosx(:>cosx:—§(:>$:j:?+m27r

) 2
Két luan: = = i% +m2r

Bai toan 3.12: Giai phuong trinh:

Va2 =20+ 2+ Va2 +22+2=2V2
Lai giai

Viét lai phuong trinh dudi dang:

\/(x—1)2+1+\/(x+1)2+1:2\/§

z1=1—x+1
z=14+x+1
Khi do Z1+22:2+2i:>|21+22’:2\/§

Xét cac so phiic:

Phuong trinh tré thanh:
21+ || =1+ znlel-z=1+ze2=0

Két luan: x=0.

Bai toan 3.13: Tim nhitng cip s6 (x,y) thoa man diéu kién

Va2 + 42 + 6z +9+/a2+4y2 — 20— 12y +10=5
Loi giai

Viét lai phuong trinh dudi dang:

\/(x+3)2+(2y)2—|—\/(1—x)2+(3—2y)2:5
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21 =x+ 3+ 2yt
zp=1—24+(3—2y)i
Khid6 z1 +20=4+3i = |21 + 22| =5

Xét cac so phiic:

Phuong trinh tré thanh:

21:0
|z1] + |22| = |21 + 22| & | 22 =0
290 = k= <k>0)

2120(:){ v=-3
y=20
rz=1
29 =0& _3
V=3
k—3
r = ——
lekZQ(kJ>0)<:> k+3]£ (k?>0)
y:2( +1)

Két luan: Tap nghiém

3\ (k-3 3k 3 .
T:{(_?”O)’(l’ﬁ)’<k+1’2(k+1))} vaLk € Ry
Nhan xét 3.3

Trong qud trinh gidng day ta cé thé tu sing tao ra nhiéu bai tap mdi cho hoc
sinh luyén tap.

Vi du : Ta xét s6 phitc z1 =a+bi , 2 =c+di

Khi d6 z1 4+ 2z = (a+b)+ (c+d)i

Ta luon co :

|21| + 22| > |21 + 22| © Va2 + b2+ V2 +d? > \/(a+c)2+(b—|—d)2 (1) Tw (1) ta
cho a,b,c,d nhimg gid trj thich hop, hodc bién doi (1) bing cach liy thia, chuyén
vé sau dé thay gid tri a,b,c,d bdi nhing gid tri thich hop ta dudc cdc bai todn

mdi. Chang han ti (1) ta chob=3—a, c=4—a,d=a

Ta duoc : v/2a? —6a+9+v2a2 —8a+ 16> 5

Khi do ta duogc cac bai toan:

1.Chatng manh rang: v2a%> — 6a + 9+ V242 —8a+16>5, YVa€ R .
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2.Tvm gid tri nhé nhat cia ham so f(x) = V222 — 6z + 9+ /222 — 8z + 16 .

3. Gidi phuong trinh : V222 — 6z +9+ V212 -8 +16 =5
Néuléy:a:x—l—%y; b:\/Tgy; c=—T—5; d:‘/ng

Ta dugc bat déng thic:
Vii+ry+y2+vVai+az+ 22> \/y2 +yz + 22

Nhu vay ta c6 thé sang tao dudc ra rat nhiéu hé phuong trinh tit don gian dén

phtic tap, tit cic bai danh cho thi Dai hoc dén cac bai tap danh cho thi hoc sinh

gioi.
Bai tap. St dung kién thiic vé s6 phiic gidi cac bai tap sau
. =2 . N
Bai 1. Cho { ¢ Tote . Chiing minh rang:
ar + by +cz=6

V16a? + a?x? + /1602 + b2y? + V/16¢2 + 222 > 10
Bai 2.Cho a, b thod man: a® + b? + 16 = 8a + 6b
Chitng minh ring: 7b < 24a

Bai 3.Cho céc s6 thuc x, y, z doi mot khac nhau. Chiing minh rang
[z —y| ly — 2| |z — 2|

+ >
VIt /1492 J1+2-V1i+22 Vida? V1422

Bai 4.Chting minh rang: Vz,y, z > 0 ta co:

Va2 —ay+y? Y2 —yz 22 > Val oz 22

Bai 5. Cho 22 +4? =1

Chtng minh ring:

VI—4A(z+y)+/3+2x+y) >3V2

Bai 6. Giai phuong trinh:

Va2 420+ 1+ a2 +y2—2r+1=2

Bai 7. Cho x,y 1a céc s6 thuc thay doi.Tim gia tri nhé nhat ctia biéu thic :

f%:¢@—if+y%+¢@+&f+ylﬂy—m
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Chuong 4

Ung dung s6 phiic trong lugng giac.

4.1 Phuong phap giai toan.

1. St dung cong thitic Moa- Vro.
2. St dung cac phép toan thong thudng ctia s6 phitc (cong, trir, nhan, chia).
Thuec hién phép so sanh phan thie, phan 4o cho nhitng déng thitc luong giac.
Chi ¥ réng, cac tinh chat ctia s6 thyc duge bao toan nguyén ven cho sb phric,
dic biet cac phép toan khai trién luy thita, cong thiic Niu- ton, cap s6 nhan,...
Mat khac viéc sit dung s6 phiic cting mot s6 phép bién ddi c6 thé chiing minh
nhiéu dang thiic khac nhau. Sau day ta xét mot sé vi du ap dung s6 phiic dé
chiing minh mot s6 cong thiic luong giac thuong gap va tim ra mot s6 cong thiic
tong quat ctia nhing cong thic luong gidc khéc, tit d6 thay ré hon xuit phat
diém hay gbc 1é ctia nhiéu bai toan quen thudc trong trusng sb thuc.
Sau day, chiing toi sé sit dung nhitng kién thiic ctia s6 phiic dé gidi quyét mot
sO dang toan sau:
- Dang 1. Tinh gid tri cia biéu thic luong gidc
- Dang 2. Giai phuong trinh lugng gidc

- Dang 3. Ching minh cic ding thic luong gidc
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C. Phan bai tap ap dung
I. Ung dung tinh gia tri bidu thitc lugng giac
Bai toan 4.1: Chitng minh rang

T 1++5

COS— =

) 4

Lai giai:

Cach 1 :(Khong sit dung s6 phiic)

Ta co :
.27 3T
sin — = cos—
10 10
& 2s81n 110005;—0 = 40053% — 3 cos %
& 2sin110 = 4(3082110 -3 (do 008110 #0)
T T
& 25 —:4(1— i 2—)—3
sin 10 sin 10
o 2sin— — —4sin? =~ + 1
10 10
T T
& 2sin — = —4sin?— + 1
Sin 10 s 10 +
T T
& 4sin®? — +2sin— — 1 =0
sin 10 4+ 2Z2s1n 10

10 4 10 4

o T —1++5
n—=——
"0 1

<:>4<sinl—ﬂ> (s,m1 1+\/§) —0

(do sin Z s 0)

10
\/5—1)2_1+¢5

10 4 4

Cach 2 :(Stt dung s6 phiic)

Tir d6 cosg:1—2sin21:1—2(

< m . . T .. 7
Data::cosg,y:sm—; Z =2+ 1y = coS— +18In —

5) 5} 5)
Tacé:25:—1hay(z+1)(z4—z3+z2—z+1):0
Viz#—1nén 2 —23422—2+1=0do z#0 nén chia hai vé cho 22 ta dugc:

1 1
(22+—2)—(z+—)+1:()
z 2
1\2 1
(:)(z—l——) —(z+—)—1:0
: 1 ; 1
Ta déyréng:p:§<z+—> Tu déng thic trén ta co:
z
14++/5
4

42 —2r —1=0s 1=
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1+
4
Bai toan 4.2 : Tinh gia tri biéu thic

R T
Dox>0nen:z::cosg:

T 3 57
A = cos—= + cos— + cos—

7 7 7
( Dai hoc phong chéy chita chay nam 2001)
Loi giai:

Cach 1: (Khong stt dung sb phiic)

3 5
Ta co: A= COS% + 00577-r —+ co377T
T, T T, T om . T
2cos = sin = + 2cos —sin = + 2 cos — sin =
A= 7 7 7 7 7 7
B T
28i1’l7
-27T_|_.47T .27T+.67r 4w
sin — —+ sin — — sin — 4+ sin — — sin —
= A= 7 7 771' 7 7
2sin —
sm7
. bm .o
S —- sin —
IR e S
o LT . 7T_2
2sin — 2sin —
1 7
Vay: A= -
ay 5

Nhan xét 4.1 Néu ta xét so phic z = cosg + z’sing thi ta nhan thay ngay
3 5 2 ? A /. < A , 2 Lo

cosg + cos%r + 00577T la phan thuc cia s6 phic z + 2% + 2% v vy ta cé thé gidi

bav toan theo cach sau:

Cach 2:(Stt dung sb phiic)

Xét s6 phiic z = cosg +i sing

Ap dung cong thitc Moa-vro co:

24+ 23420 = (cosz + cosg—ﬂ + 0055—7T) + (sin T 4 sin S + sin 5—7T) i(1)
B 7 7 7 7 7 7

Mat khac

—Z

z ..
z+ 23+ 2° = . Do 27 = cost +isinm = —1 , suy ra:

Z j—
1 1 1
z+ 283+ 2° = = §+§c0tf—4i(2) Tu (1) va (2) ta co:
A 7T+ 37T+ or 1
= c0S$— + C0S— + COS— = —
7 7 7 2
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Nhan xét 4.2: St dung cach gidi cé st dung kién thic so phitc ta con thu dudc

két qud:

,7r+,37r+,57r1t7r

sin — + sin — + sin — = — cot —
7 7 7 2 14

Ngodi ra ta nhan thay st dung so phite gitp hoc sinh tu duy hudng gidi theo mot

cach tu nhién hon so vdi cach gidi thong thuong.

2 27\ 2 2
Bai toan 4.3: Cho u,, = (cos%) + (cos—w) + ...+ (cos%)

6
Tinh UuU2012

(Dé thi hoc sinh gi6i thanh ph6 Hai Phong - 1998)

Laoi giai:
Cach 1: (Khong sit dung s6 phiic)
™ T 3 20127
1+cos— 1+4+cos— 14 cos— 14 cos
Ta c6: Uggra = 5 3 + 5 3 + 3 + ...+ 3
1 2 3 2012
= Usp12 = 1006 + 5 (cosg + cos?7T + COS?’]T + ...+ cos "
T . T . T 2012 .«
2c08— sin — + 2cos— sin —... + 2¢os sin —
= Usp1o = 1006 + —. 3 6 3 ﬂ.6 3 6
4 Sin g
T . 7r+ . b . 7T+ L 40257 . 40237
sin — — sin — + sin — — sin — + ... + sin — sin
= Usorz = 1006 + 7.—2—0 6 2 6 6
4 sin —
6
LT . 40257
—sin — -+ sin
= Usp12 = 1006 + —. 6 = 6
4 sin —
0 5
—sinZ + sin (6707T + —W)
= Usp12 = 1006 + T 6
4 sin —
6
. T . om . L
—sin — -+ sin — —sin — -+ sin —
= Uso1a = 1006 + 6 6 — 1006+ —0 — 1006
4sin — 4sin —
6 6
Vay . U2012 = 1006
Cach 2:(Stt dung s6 phiic)
™ T T 20127
1+cos— 14cos— 14 cos— 14 cos
Ta co: Uz12 = 5 3+ 5 3+ 5 3+...+#3
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1 2 3 2012
Usop12 = 1006 + 5 (cosg + cos?7T + cos% + ...+ cos 3 7T)
Xét s6 phiic z = cosg + 1. sin%
2 2012
24224 .. 4 22012 = (cosz + cos—7T + ... +cos 3 7T)
. .27 . 20127
+ (smg—i-smg—i-...—l—sm i(1)
22013 1
Lai c6: 14 2+ 22 + ... + 22012 — :
2013 2013
22013 — (os T + ¢.sin T _ cos671m +7.sin 671w = —1
Suy ra
T .. T
9 9 2 (1 — cosg—H sin 5)
T+z+22+.. 422012 = = - = =1+/3i
1—-=2 9T

™ .. 2
1— cos g —isin o (1 _ cosg) + sin2Z

3
Nén ta c6 z + 22 + ... + 22012 = /3i (2)

2 2012
T (1) va (2) ta co: cos% + cosZL + ...+ cos 0127

=0
3 3

Tu do suy ra U2012 = 1006 .
Nhan xét 4.3:

Ngoai viéc gidi duge bai todn trén ta con thu dugc két qud:

2 2012
sing—i—sin%—i—...—i—sin 3 T =43

Bai toan 4.4: Tinh gia tri biéu thic A = i’/cos%r + i/COS477T + §/008877r
(Tuyén tap cac chuyén dé luyén thi Dai hoc mon Toan - Tran Phuong)

Loi giai

Cach 1:(Khong stt dung s6 phiic)

Nhan thay 277T, 477T, 877T la ba nghiém ctia phuong trinh cost + cos2t + cos3t = —%
& 4cosdt 4 2cos’t — 2cost — % =0

& 8cosPt + 4cos?’t —4cost —1 =0

Dat © = cost khi do6 ta ¢6 coszg, cos47ﬂ, 608877]- la ba nghiém ctia phuong trinh:
823 +4a? —4x —1=0

Theo dinh 1y viet ta co:
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1
r1t+r9+23=—2=
2 1
T1T9 + x2x3 + 301 = — =
2
1
123 = —
14243 3

Dat A = ¥J/x1 + 2o + 3
B = Y1119 + 10273 + Y1371

Khi do :

A3 = (11 + x9 + 23) — 3712023 + 3AB = —2 + 3AB

B = = a9 (94 953) (95 ) (95 + 9)
1

B3 = ——+ [2y/@132w3 + a1ae (Va1 + 12) + Ya1as (Va1 + T3) + /Taws (32 + /23) |
:—1+ (AB—W) ——+2(AB—%>:§A —g

Ta co:

A3 =3AB -2

5_3 45 0

BY = SAB -1

Tu do ta co:
4A3B3 = (3AB — 2) (6AB — 5)
< 4A3B3 = 18A4%2B2 — 27AB + 10

= 8A3B3 — 36A%2B2 + 54AB — 27 = —7

_3
@(2AB—3)3:—7<:>2AB—3:—€/?@AB:3 2\/7
Ta co:
3 3
- - 1
A:\3/3AB—2:§/9—3\/7_2:§/5 23\/7: 3 5(5_3\3/7)

Vay: A \/cos— \/os— \/ %5—3\3’/7)

Cach 2:(Stt dung sb phiic)

Tinh gia tri bieu thic T = i’/cos— + i/cos,? + i/cos%r

k2 k2 . .
Xét s6 phiic zj, = cosTW + 1. sinTW (k=0,1,2...,6) la cac nghiém ctia phuong

trinh: 27 = 1 tit d6 suy ra 2(k = 0,1,2,...,6) 1a nghiém ctia phuong trinh:
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W+t B3+ 22+ +1=0
. 1\3 1\? 1
Phuong trinh tuong du’dng(er —) + (:z:+ —) -2 (m+—> —1 =10 (Do x=0
xr xr T

khong 1a nghiém)
. 1 sl 1 o k27 . .
Dat y = x+; , khi do6 vy, = xk+z— =xp + T = QCOST(]{Z: 1,2,3) la nghiém
k

clia phuong trinh: ¢+ -2y —1=0.
y1+y2+tys=-—1
Theo dinh 1y Viet ta co: Y1y + Youy3 + y3y1 = —2
N1y2ys =1
Dat A= /1 + vz + /53
A

Va B = yy1y2 + /y2y3 + ¢ysyr Khi do T = NG

Ta co:

A3 = (y1 4+ y2 +y3) — 3YY1y2ys + 3AB = —4+ 3AB

B = =2+ 3/5ys (v + /=) (v + /s) (Y95 + /)

= B3 = —2+3 [2yy1yays + Yy (VU1 + v2) + Yoy (VU1 + 3) + Yvaus (V92 + /3) |
=—2+3(AB— yyiyays) = —2+3(AB—1) =3AB -5

Ta co:

A3 =3AB —4

B3 =3AB —5 Tu do6 ta co:

A3B3 = (3AB — 4) (3AB - 5)

& B3B3 —9A2B2 4 2TAB-2T= -7 (AB—3)° = -7 AB-3= -7 AB =
3-TTaco A= 3AB—4=13/9-3YT—4=1/5-3Y7

. 2 4 A 1
Vay: T = i/cos%rjti/cos?ﬂ#—(’/cos%r:%: \3/5(5—3\3/7)

Nhan xét 4.4: Qua mot s6 vi du trén ta nhan thay ring dé tinh cdc tong

cosa + cos(a + b) + cos(a + 2b) + ... + cos(a + nb)
hodc sina +sin(a+ b) +sin(a + 2b) + ... +sin(a+nb) (Trong dé cdc géc lien tiép lap
thanh cap so cong cé cong sai bang b) thi viéc st dung so phiic gitp hoc sinh tu

duy theo mot cdach tu nhién hon nhiéu so vdi cdc cach gidi thong thuong khdc,
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dong thoi hoc sinh cing dé nhd, dé thuc hien do cdc phép todn bién doi don gidn.

I1.Ung dung gidi phuong trinh lugng giac

Bai toan 4.5: Giai phuong trinh :
tanz + cot?z = 6

Lai giai

Cach 1:(Khong stt dung s6 phiic)

sin?z  cos’x

cos’x  sin’x

=6

DK: z # %T Phuong trinh tuong duong:

4 2

& sinz + cos*x = 6sinZzcos?z

. 2 .
& (81n2x + cos? x) — 8sin?zcos?x
& 1= 2sin%2z
& cosdr =0

T km
<:>x—§+Z(tmfk)
2 T s
Két lugn: = = & + -0
et luan: « 8+4

Cach 2:(Stt dung s6 phiic)
Xét z =cosz+isinx (2 #0)
Khi do ta co:

L d (-
cosz =g (24~ ) isinx = o (2 — -
Khi d6 phuong trinh tré thanh:

(2’2—1)2 (22+1)2_6

2241 22 -1

—(2-1)" = (24 1) =6(4 = 1)
@—(28—42’64—624—4,22%—1)—(z8+426—|—624+4z2+1) :6(28—224—{—1)
&884+48=0s28=—1

8

Lai ¢6 : 2° = cos8x + i.sin 8x

k
Tfid(’)tacécosSx:—lﬁx:g_F%

Bai toan 4.6: Giai phuong trinh:
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cosS ¥ + cos2x — cos3x =1

Loi giai

Cach 1:(Khong stt dung s6 phiic)
cos T + cos2x — cos3x =1
& cosx — 2sin’x — 4cosPz + 3cosx = 0
& 4cosx (1 — cost) — 2sin’z =0

& 2sin’z (2cosz —1) =0

[ sinx = 0
= 1
=cosx—2
x=kmw
< x:ig+2k7r
Két Tua r=krm
b uan: xz:l:%—i—k:%r

Cach 2:(Stt dung s6 phiic)

Xét s6 phtic z = cosx + i.sinx (z # 0)

1 1 1
5 <22+?);Cos3x:§(23+§)

Thay vao phuong trinh ta co6:
241 241 P41
_ -1
2z 222 223
A2, 61228320
<:>(26+23)—(Z5+22)—(Z4+Z)+23+1:0
<:>(23+1)(23—22—z+1):0
& (P+1)(z-1)%(z+1) =0

Khi do ta co:

1 1
COST = — (z—i— —) ;cos 2x =
2z

Q N

2 4+1=0
=
_z::lzl
z==+1
<~ 1
z:—:lzﬁz'
L 2 2
cosr = +t1
& 1
CoOST = —
L 2
r=km
=
x:ig+k%

58



23

x=km

Két luan :
eL luan x:j:g+k27r

Bai toan 4.7: Giai phuong trinh:

sin 3z sin bx

3 5

(D& thi Dai hoc Thity Ldi - 2000)
L&i giai

Cach 1:(Khong stt dung s6 phiic)

sin 3z sin bx

Phuong trinh =
ng trin 5 3

- sinx (3 — 4sin2:v) B sinx. [2 cos 3x cos x + cos2x (3 — 4sin233)}

. 3 , 5
sinx (2cos2z 4+ 1)  sinx. [cos4x + cos 2z + cos2z (2 cos 2z + 1)]

3 5
sinx (2cos2z +1)  sinx. (4(30822(1} + 2cos2x — 1)

5
& sinx. (12cos?2z — 4cos2z — 8) = 0

sinx = 0

o | cos2r =1
2
cOS2x = ——

L 3
x=kmw

Rl P ( 2)+k:
Tr = 2CL’T‘CCOS 3 ™

r=kn

1 2
T = j:§ arccos (—g) + km
Cach 2:(Stt dung s6 phiic)

Két luan:

Xét s6 phtic z = cosx + i.sinx (z # 0)
o3 L. 1 1 . 1 1
Khi do6 ta c6 sin3x = — (z3 — —) ;sinbr = — (25 — —)

20 23
Thay vao phuong trinh ta dugc:

1 1 1 1
(3 — [, —
6(Z 23> 10 (z 25)
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o528 —522=3210_3
=320 _5:815:2_3=—0
& (z2—1)3 (3z4+422+3) =0

2 =1
= 9 \/g
2 .
— 24 Y-
z 3 3 7
cos2x =1
COS2x = ——
Mat khac ta c6: 22 = cos2x+i. sin 2z Tt d6 ta suy ra : " 3
r=krm
dl ( 2) iy
T = 5 arccos 3 T
. r=kr
Keét luan: 1 2
T = j:§ arccos (—g) + km

Bai toan 4.8: Giai phuong trinh:
32cos8z — cosbr = 1

Loi giai
Cach 1:(Khong sit dung s6 phiic)

32cosbz — cosbr = 1
& 32cos8z = 1 4 cosbx
& 16cosbz = cos?3z
& 16c0s0z — cos?3z =0
& (4cos3x — 00533:) (40083:16 + cos3x) =0
& cos?x. (800823; — 3) =0

& cosw. (deos2x +1) =0

cosx =0
& 1

c;s2x— 1
r=—+km
21 1
x—:|:2arccos( 4) + km
T = E+k7r
Két luan: 2,

— (-7)+*
Tr = 5 arccos 1 ™
Cach 2:(Stt dung s6 phiic)

Ta c6: (cosz + i.sinx)° = cos6x + i.sinbx
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Mit khéc ta c6: (cosz + i.sinx)’ = cdcosbz + cheosPx. (i.sinx) + ... + cg(i.sinx)6

6 4 -6

= (cos
vay ta co:
cosbx = cosbz — 15costx (1 — cos x) + 15cos x(l — COS2£E)2 — (1 — cos.233)3

Thay lai phuong trinh ta dugc:
32cos8 — 32cos0z + 48costr — 18cos?zr +1 =1
& 48costz — 18cos?z =0
& 6eos?x (8(:05 T — 3) =0
& cosw(4cos2c+1)=0

[ cosxz =0
& 5 1
i COSz2XL — Z_]:
k
2 —l— s
Mg 1 1
j: arccos + km

=— + k:7r
Két luan: 1
T = j: arccos ( 4) + k7

Bai toan 4.9: G1a1 phuong trinh:

sin 2z cos & + sin X cos x = cos2x + sinxX + cos &
(Dé thi dai hoc khéi B-2011)

Loi giai
Cach 1:(Khong stt dung s phiic)
Phuong trinh viét lai thanh:

2 sin zcos?x + sinx cos x = 2cos?x + cos x + sinx — 1
& sinxcosz (2cosz+ 1) = (2cosx + 1) cosz + sinx — 1

< cosz. (2cosz + 1) (sinx — 1) = sinx — 1
& (2608233 + cosx — 1) (sinx — 1) =0

61
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sinx = 1
o | cosr=—1

COSx =

I
N | —

s
=~ + k2
X 2+ T

S | x=m+ k21
x:ig+k%

.I:g—i-kQ?T

Két luan: | 2 =7 + k27
T = j:% + k2w

Cach 2:(Stt dung s6 phiic)
Phuong trinh viét lai thanh: sin 3z 4 sin 22 — sin2 = 2cos2z + 2cosx
Xét z = cosx + i.sinx (z # 0)

Ta co:

—_

1 1/,
cosxT = — (z—l——) ;cos 2 = — (z

z +z
1 op — (2 1) ap o L (3 1)
sin2r = — (2° — —= | ;sin3z = — _
21 22)’ i
Thay vao phuong trinh ta c6:

) (Ba) ()] =2 ares

— (2= = =)= |z==)| =2+ +2+-

2i 23 22 z 22 z
1 1 1 1

< = z——) <z2+—2+z+—)222+—2+z+—

[\
[\
[\~

21 z z z z z
5 1 1 )
S|+t z+tz+- z———21) =0
z z z
1\?2 1 2
& (z+—) +(z+—)—2 (z—9)"=0
i z z
z=1 )
1
s |zt-=1 & -1
V3.
24 =_9 z2==—F—1
L > 2
sinx = 1 l’:g—l-kQﬂ'
Tu do6 ta dugce: cosle—l S | z=nm+ k27
T
cosx-i x:j:§+k27r
x:g—l—k%r
Két luan: | z =7+ k27
m:j:%—kk%r

Bai toan 4.10: Giai phuong trinh:
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8cos? (:c + g) = cos3x
(Dé thi dai hoc QG nam 1999)

Loi giai

Cach 1:(Khong stt dung s6 phiic)

bat y =z + g khi d6 phuong trinh tré thanh:
8cosdy = —cos3y

Phuong trinh
& 8cosdy = — (4cos3y — 3cos y)
& 12cos%y — 3cosy =0
& Cos Y. (4cos2y — 1) =0
& cosy. (2cos2y+1)=0

cosy =0
A 1
cosz:—§
- T
y=—-+knm
& 24
$:%—|—/€ﬂ'
Thay vao x ta duge: | =k
Tk
r=——+km
- 3
=—=+4k
/ x 6+7r
Két luan: | z =Fknm
Tk
r=—-—-—
3 ™

Cach 2:(Stt dung s6 phiic)

bat y =2 + g khi d6 phuong trinh tré thanh: S8cos®y = —cos3y

Xét z =cosy+i.siny (2 #0)

Thay vao phuong trinh ta co:
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1 1
2
(z—l——) =1 2t =-1
z z
CoSyY = y=—=+km
Tu d6 ta duge: 1 2
cos2y = —— y=4+—+kr
2 3
=—+%k
T= T
Thay vao x ta duge: | = = km
27T+k
r=——+4kn
- 3
/ $:g+/€77
Két luan: | z=Fknm
Tk
r=——+4kn
3

Nhan xét 4.5: So vdi cic cich gidi thong thuong thi viec s dung s6 phitc dé
gidi phuong trinh luong gidc khong may khd quan hon song viéc st dung so phic
dé gidi phuong trinh luong gidc gitdp cho hoc sinh ¢é thém mot cich lua chon khi
ditng trude mot bai toan, dong thoi tao su linh hoat, tim toi, sdng tao, hiing thi

trong hoc tap .
ITI.Ching minh cic ding thitc luong giac luong giac

Bai toan 4.11: choa#g+k7r,b7ég+lm,caég+lm,k62 . CMR:
a. tana + tan b + tan c = tana.tanb.tanc < a+b+c = km .

b. tanatanb + tanbtanc +tanctana=1<a+b+c = g + km .

Loi giai

Cach 1:(Khong sit dung s6 phiic)

a. Ta co:
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tana + tanb + tanc = tanatanbtanc

& tanb + tanc = tana(tanbtanc — 1)
tanb + tanc

1 — tanbtanc

< tan(—a) = tan(b + ¢)

< —tana =

Sb+c=—a+krm

Sa+b+cec=km

b. Ta c¢6:

tanatan b+ tanbtanc 4+ tanctana =1

< tanb (tana + tanc) = 1 — tanatanc

1 tana + tanc

tanbd 1 —tanatanc
& cotb = tan(a + ¢)

& tan(a + ¢) = tan (% — b)

Sa+c= g —b+km

Sa+bre=Z+kn

Nhan xét 4.6: Ta dé dang nhan thay

a+b+c=kn<sin(a+b+c) :0;a+b+c:g+k7r<:>cos(a+b+c) =0
Mt khéc sin (a + b+ ¢) ; cos (a + b+ ¢) la phan do va phan thice clia tich (cosa + isina) (cosb 4
vl vay ta co cach gidi thia hai.

Cach 2:(Stt dung s6 phiic)

Xét s6 phtic z = (1 +itana)- (1 4itanbd) - (1 +dtanc)

Khai trién s6 phtic z trén theo quy tac nhan 2 s6 phtc ta dugc:

z = (1 —tana.tanb — tanb. tanc — tanc. tana)

+ (tana + tanb + tanc — tana. tanb. tanc) i (1)

Mt khac st dung cong thitc Moa-vro cho s6 phic z trén ta dugc:

(cosa+isina) - (cosb+isinb) - (cosc+ isinc)

N cos a. cosb. cos ¢
cos(a+ b+ c) sin(a + b+ ¢)

= + i(2)

cosa.cosb.cosc  cosa.cosb.cosc
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Tt (1) va (2) suy ra:
a. tanattanb+tanc=tana.tanb.tanc < sin(a+b+c)=0 < a+ b+ ¢ = krw
(dpcm).

b. tana.tanb+ tanb.tanc+tanc.tana = 1 < cos(a+b+c)=0 & a+b+c = = +

| N

km(dpem).

Nhan xét 4.7 Vdi nhing bai ching minh diang thic nhu trén viéc st dung so
phiic giip cho hoc sinh c¢é hudng di tu nhién, don gidn, gon nhe thu duge két qud
tong qudt hon so vdi cdc cach gidi thong thuong.

Bai toan 4.12: Cho: a # kr,b # km,c # km,k € Z . CMR:

a. cota.cotb+ cotb.cotc+cotc.cota=1<a+b+c=knm

b. cota.cotb.cotc = cota+ cotb+cotc=a+b+c= g + km

Loi giai:

Cach 1:(Khong stt dung s6 phiic)

a. Ta co

cotacotb+ cotbcote+ coteccota =1

& cota(cotb+ cotc) =1 — cotccota
1 —cotccoth

cot b+ cotc

& cota = cot(—b—c¢)

& cota =

Sa=-b—c+kn
Sa+bt+cec=knm

B. Ta c6

cot a.cot b. cot ¢ = cot a + cot b + cot ¢

& cota.(cotb.cotc — 1) = cot b+ cot e
cot b+ cot c
cotbcotc—1

< cota = tan (b+ )

& cota =
T
< cota = cot (§—b—c)
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a= g —b—cH+km

Sa+b+c= g + km

Cach 2:(Stt dung sb phiic)

Do dang lugng gidc clia sd phiic 1a cosa + isina nén ta xét so phic:
z = (cota+1).(cotb+1).(cot c + )

Khai trién s6 phtc z trén theo quy tac nhan 2 s6 phic ta dugc:

z = (cot a.cot b. cot ¢ — cot a — cot b — cot ¢)

+ (cot a. cot b + cot b. cot ¢ + cot c.cot a — 1) i (1)

Mt khéac stt dung cong thitc Moa-vro cho sé phiic z trén ta co:

(cosa + isina).(cosb+ isinb).(cos ¢+ isinc)

B sina.sin b. sin ¢
_ cos(a+b+c) N sin(a 4+ b+ ¢)

sina.sinb.sinc  sina.sinb.sinc

T (1) va (2) suy ra:

i (2)

a. cota.cot b+ cotb.cotc+ cotec.cota =1
ssinfa+b+c¢)=0<a+b+c=knr (dpem)
b. cot a.cot b. cot ¢ = cota + cot b+ cot ¢ < cos(a+b+c¢) =0
(:)a~|—b+c:g~l—k7r (dpem)
Nhan xét 4.8: Tu két qud cia hai bai todn trén ta tim lai duoc cdc ding thice
quen thuoc trong tam gidc: Tam giac ABC co:
1. tanA + tan B 4 tan C' = tanA.tan B.tan C' .
2. tanétanE + tan — tan — + tan — tan — = 1
2 2 2 2 2 2

3. cot A.cot B+ cot B.cotC +cotC.cot A =1
C

4 ¢ 2 4ot B 4ot € = cot t t
. CO B CO 9 CO 2—CO 2.CO 2.CO 5

Bai toan 4.13: Va,b € R,b # k27 .CMR:

) n+1 .nb
sin (a + Tb) sin o)
a. y_ sin(a+ kb) =

k=1

sin —
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n+1 .nb
n cos (a + b) sin —
b. > cos(a+ kb) = 2 2
k=1 sin —
2
Loi giai

Cach 1 :(Khong sit dung s6 phiic)

a. Ta c6: VT =sin (a + b) + sin (a + 2b) + ... + sin (a + nb)

b b b
2sin (a4 b)sin — + 2sin (a + 2b) sin = + ... 4+ 2sin (a + nb) sin -
= VT = 2 2 2

2s8in —

b 3b 3b (2n+1)b
coS a+§ — COS a+§ + cos a—l—; — ... — COS G+T

2s8in —

( b> ( (2n+1)b>
cOS a+§ — COS a—i—T

281n5
. n+1 .nb . n+1 .nb
2 sin (a—|— —b) .sin — sin (a—f— —b) .sin —
_ 2 2 _ 2 2
94 b
sin — sin —
2 2
n—|—1b> .nb

S —

n sin (a +
Vay: > sin(a + kb) = 2

k=1

sin —
b. Ta c¢o:

VT = cos (a+b) + cos (a + 2b) + ... + cos (a + nb)
b b b
2cos (a + b) sin 3 + 2cos (a + 2b) sin 3 + ... + 2cos (a + nb) sin 5

= VT =
2sin —
sin a+3—b — sin a—i—é + sin a+5_b 4 ... —sin a+(2n_1)b
2 9 5 —
2sin —
SIH2
sin Q+M — sin a+9
_ 2 2
QSimé
2
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n+1 . nb n+1 . nb
2008( +Tb).sm? cos(a+ 5 b).sm—

_ _ 2
N N b
2 sin 3 sin 3
1 . nb
n cos ( 5 ) sin 5
Vay: Y cos(a+ kb) = 2
k=1 Sin 5

Cach 2:(Stt dung s6 phiic)

Xét s6 phiic >~ cos(a + kb)+ (Z sin(a + kb)) i
k=1 k=1

Dat zg = cosa +isina , 2 = cosb+isinb

Theo cong thitc Moa-vro ta co:

20.2F = (cosa + isina) (cos kb + i sin kb)

= cos(a + kb) +isin(a + kb),Vk =1,2,....n

Nhu vay > cos(a + kb)+ (Z sin(a + kb)) i dugc bién déi nhu sau:
k=1 k=1
> cos(a + kb)+ (Z sin(a + kb)) i

n

= Y [cos(a+ kb) + i.sin(a + kb)] ZZ()Z
-1

=20(z+ 22+ 23+ .. 4+ 2") = 2.2

o

2" —1 "=1((z-1)
20.2

=1 -1z -1) )
Mat khac: o(z2 —1).(Z—1) =2Z—(24+zZ—1) =2(1 — cosb) = 451112%

b
ez 1= —2sin2§ — 12 8in 5.0055
. b T—b .. wm—b
= —2sin — | cos + 1s1n
2 2 2
b
e 2" —1=—2sin %—i—zQsm% cos%

. nb T+nb .. w+nb
= 2sin — | cos + 18t
2 2 2

Ap dung cong thitc Moa-vro thu duge:

zz(z"—l)(?—l)
oD E-1
.nb
_Sm7 n+1 o n+1
= {cos (7T+a+—b>+zsm<7r+a+ b)]
) 2 2
SIH§
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. nb . nb
Sin — 1 Sin — 1
12) .cos <a + %b) + 1. 12) .81 (a + ib) (*)
sin 3 \ sin 5 \ q \
T (*) va (**) so sanh phan thyc phan 4o ctia tong ban dau ta c6:
b
n sin (a + Tb) ' n2
a. y_ sin(a + kb) 7
k=1 sin =
n+1\ . nb
n cos (a + 5 b) sin —
b. > cos(a+ kb) = 2 . (dpcm)
k=1 sin 3

Nhan xét 4.9: Vdi mdi gid tri cia a,b cho ta mot cong thic, chiang han cho

a=—x,b=2x# k21 ta co:

n-+1 . n2x

n cos (—:U + 2x) sin -
];1 cos (2k — 1)z = T
- Sln;

cosS nx. sin nx sin 2nx

sin x 2sinx

Nhan xét 4.10: Vdi moi gid tri cia n, x sao cho sin2nx = sinz # 0 thi ta luén

PR 1 5 s

co: kz::lcos(aqtkb) =3 Vi du ta chon z = T

T dé ta c6 mot so két qud quen thuoc nhu sau: Vi n = 2 chon x = g , ta co
T 3r 1

0053 + 005? = 3

Voin =3 chonng , ta co Cosg—i—cos?%ﬂ—l—cas%r :%

Véin = 4 chon x = T ta c6 cos~ + 0053—7T + 0055—7T + 0037—7T = E

' 9’ 9 9 9 9

Vor n = 5 chon cosg + cos% + cos%r + cos%7T = % , ta co
s 3 o s Ir 1

cosﬁ + cosﬁ + cosﬁ + cosﬁ + cos 12

Nhan xét 4.11: Thong qua phép lay dao ham hai vé ta duge két qud mot cong
thitc mdi:

Do la voi x # k2w ta co:

.onx!
n sin (%x) Sin 7
a. Y kcoskr = i
k=1 sin —
2
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(n+1 ) . nx !
n cos z | sin —
b. Y ksinkx = — 2

k=1 sin —

Bai toan 4.14: Chtng minh :

Va € R sin3x = 3sinz — 4sin®z ; cos3z = 4cos®x — 3cos z.

Loi giai

Cach 1:(Stt dung s6 phiic)

Stt dung cong thitc cong cung, cong thitc goc nhan doi ta co:
cos3x = cos(x + 2x)

= COS ¥ €OS 22 — sin X sin 2x

= COoST (260s2x — 1) — 2sin®x.cosz

= 2co0s>x — cosx — 2 (1 — cost) CoS T

= 4cosxr — 3cosx

Mat khac ta c6: sin3z = sin(z + 22)

= sin x cos 2z + cosx sin 2z

=sinx (1 — 28in2x) — 2sinx.cos’x

= sinx — 2sin®z + 2sinz (1 — Sin2x)

= 3sinz — 4sin®z

Nhan xét 4.12 Ta nhdan thay z = cosx + isinz thi 23 = cos 3z + isin 3z
Nén dé ching minh cong thic trén ta cé thé si dung viéc khai trién (cos z + i sin z)®
theo hai cach

Cach 2:(Stt dung s6 phiic)

Xét s6 phiic duéi dang luong gidc z = cosx + isinx .
Theo cong thitc Moa-vro ta co:

23 = (cosz + isinz)® = cos3x + isindz (1)

Miit khac khai trién:

(cosz +isinz)’ = (400831’ — 3 cos x) + (33mx — 4sin3:p) i(2)
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Tu (1) va (2) suy ra cos3z = 4cos3x — 3cos .

sin 3x = 3sinz — 4sin®z (dpem).

Nhan xét 4.13: Néu van dung khai trién Niu-ton, ta cé thé khai trién sinnz,
cosnz theo cdc goc boi ciia z. Sau day ta zét dén cong thic ha bac.

Bai toan 4.15: Chiing minh:

a. Vo € R,cos's = é (cosdx + 4cos2x + 3) .

1
b. Vz € R,sin’z = 16 (sinb5x — 5sin3z + 10sinz) .

Loi giai
Cach 1:(Khong stt dung s6 phiic)
1 20\% 1
a. ta co: costr = w =1 (1 + 2cos2x + 0082213)
1 1 4
- (1 + 2cos 2z + m)
411 2
— (cosdx + 4 cos 2x + 3)
8 2
1 1 — cos2
Vay: Vz € R, cos'z = 3 (cosdx + 4cos2x + 3) . b. sin®z = sinx.sin*z = sinx. (%)
1 2
Z—lsmx (1 — 2cos 2z + cos 2:10)
1 1 4
= —sinx. (1 — 2cos2x + w)
411 2
=3 sinx. (3 — 4 cos 2z + cosdx)
1
=15 (6sinz — 8.cos2z sinx + 2 cos 4z sin x)
1
=16 (6sinz — 4sin 3z + 4sin x + sin 5x — sin 3z)
1
=1 (10sinx — 5sin 3z + sin bx)

1
Vay: Vo € R, sin’z = T (sinbx — 5sin3z 4+ 10sinz) .

Nhan xét 4.14: Xét s6 phic z = cosx + isinz ta ¢6 2" = cosnx + isinnr va
1 S 2 5 n 1 n 1 S ) 1 n 1 5
= = cosnx — isinnx nén ta co cos"x = = (z +—) ;sin"r = — <z — —) do do
# 2 2" 21 2"

ta 6 suy nghi dé gidi bai todn trén theo soé phic.

Cach 2:(Stt dung s6 phiic) Xét s6 phiic dudi dang lugng gidc: z = cosz + isinz

. Ta co:
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1 1 .
Z"+ — =2cosnr;z"t — — = 2isinnz.
AL 2"

Do vay:
4

1 1 1 1 1
coste= |5 (= 42)| =g [ m (24 5) + A

(cosdx + 4cos2x + 3)

1 1\1° 1 1 1
SI”‘[Q—Z-(Z—;H 7 (- 5) - (F-5)+ 3 (:-2)]
— 116 (C’O sin bz — C5 sin 3z + C’5 sin a:)

1
=1 (sinb5z — 5sin 3z 4+ 10sinz) . (dpem)

Mot cach tong quét ta xét vi du sau:

mool»—l

Bai toan 4.16 : Chiing minh: Vo € R,Vm € N ta co:

9 1

1
a. cos™Mx = [C’gmws?mx +CY cos (2m —2)z + ... + CI cos2x + 56’%

22m—1
m—1

1
T |:02m+ > cos (2m — k) ]
2 k=0

amtl, _ (="

b. sin 53m

=)™ &

- 92m Z Cécm—i—l(_l)k sin (2m — 2k + 1) T
k=0

[O§m+1 sin (2m + 1)z — C3,,,;sin(2m — )z + ... 4+ (=1)"CZ, . sin

Loi giai
Cach 1:(Khong sit dung s6 phiic)

a.Diéu can chiing minh tuong duong

0

Com

1 m
icgnm = 92m—1,45g2m gy — 92m—1 (20082x)

1
& Y cos2mz + ¢}, cos (2m — 2)x + ... + ¢t teos2w + §c§”m = 22m=l(cos 22 +1)"

cos2ma+cy, cos (2m — 2) a-+...+c L cos2a+

Ta chiing minh dang thic trén bing phuong phép quy nap V6i n=1 ta c6
VT = c%cos?x + %C% =cos2x +1=VP

V6i n=2 ta ¢6 VT = c{cosdx + cicos2z + %ci = cosdx + 4 cos 2z + 3

= 2c08%2z + 4 cos 2z 4 2 = 2(cos 2z + 1) = VP

Gia stt déng thiic ding véi n = k (k > 2)
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Ta co
1
¢9,,cos2kx + b cos (2k — 2) x + ... + ch; Lcos2x + icgk = 22h1(cos 22 + 1)"
Ta can ching minh dang thic dang véi n = k + 1 ,tic ta can ching minh:

1
Cgk+2005 (2k +2)z + C%kJFQCOS?k.T +.+ C§k+20082$ + 5651—@:{2 = 2F(cos 22 + 1)k+1

That vay :

VP = 25"1(cos 2z + 1)".2 (cos2z 4 1)

= (CgkCOSQk’$ + chcos (2k — 2)x + ... + %cgk) 2 (cos2x + 1)

= [2cgk0082kx.cos2x + 2¢}, cos (2k — 2) x.cos2x + ... + clgkcos2:r;]

1
+2 [cgkcos2km + cyc08 (2k — 2) x + ... + 50’54
= [C(Q)k: (cos (2k + 2) x + cos (2k — 2) x) + ... + cgk_l (cosdz + 1) + cé’kcost]
+2 [co cos2kx + ¢k, cos (2k — 2) x + ... + & eos2a + lck ]
2k 2k 2k 2 2k
= 5, cos (2k +2) z + (c%k + 2cgk) cos2kx + (cgk + 2cl, + cgk) cos (2k —2)x + ...
+ (c’zc,;2 + 20’2“,;1 + cgk) cos2x + clzck_1 + clgk
VéineZne{l;2;3;4;...;n — 2}
Ta co:
+1 +2 _ +1 1 n42) _ n+2 +2 _ n+2
A+ 20 ey = (chy gy ) + (e ) = el et =

0o _ .0  _
Cop, = Coppo = 1

c%k + QCgk =2k+2= C%k+2
& (2k +1)! k+1)!12k+2) (2k + 2)!

k-1 koo _ _
Cop, T Cop = Copyy = =

Hok+ D 2+ DR k- D 2k+ DI (k+1)!

L k1

5 C2k+2

Vay:

VP = C%,H_QCOS (2k +2) © 4¢3, ycos2kz + ... + c§k+20082x + %ngﬂz =VT
Bai toan dugc chiing minh.

b. Phan b dudc ching minh tuong ti.

Cach 2:(Stt dung s6 phiic)

a. Xét s6 phiic du6i dang luong gidc: z = cosx + isinz . Ta co:

1 1 .
Z"+ — =2cosnx; 2" — — = 2isinnx.
FAL AL
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R o 1 1Y\ 12m 1 2m Lk 1 2m—k
Do vay: cos*™x = [5 (z+ ;)} = 22_m];)02mz <;)

Vi C’lc = sz_k nén thu gon cong thic trén ta dugc:

1 B 1
cos®My = 22m [C ( + ,ZQ_m) + C21m (22m 2 + W) + ...+ Cg:ni|

1
= ST [OQmCOSQMZL' +CY cos(2m —2)z + ... + C%lcos2x + 505’}4

m—1
= 2773 {Z C¥ cos(2m — 2k)z + C'Qm] (dpcm).

1
b. Tt cong thic: 2" — — = 2isinnz. ta co:
z

1 1 2m+1 ( l)m 2m—+1 -1 2m+1-k
22 1
i le= |z (=) = w5 e (5)

z z
Vich = C%ﬁ_k nén thu gon céng thlI'C tren thu dugc:

m (_1)771 m 1 m - m 1
sin 2 +1£L’ W [Cgm+ (22 1 22m+1> + ...+ (—1) szJrl <Z — ;>:|
(1)

ST [C’gmH sin(2m + 1)z + ...+ (=1)"CY | sin x}
=)™ &

= o kX:OC'gm_H(—l)kcos(Qm — 2k + 1)z . (dpcm)

3

Nhan xét 4.15: Thay mot so gid tri dic biét cia m: m=1, m=2,...cho ta mot
50 két qua quen thuoc sau:

) 1
Vdi m=1: cos*x = 3 (C’ cos2x +

—1
sindz = % [C’g sin 3z — C1 sin x} = — (3sinz — sin 3x)

) coSs2x + 1
1
4
Vai m=2:

ty = = (Scosdx + Cleos2e + 2
COS T = 2—3 4008 i 4COS x 5 4

1
=3 (cosdx + 4cos2x + 3)

1

sin’z = o (Cg sin bxr — C’g sin 3z + Cg sin :c)
Nhan xét 4.16: Dé chiing minh mot sé cong thic luong gidc, dac biét doi vdi
cdc cong thic tong qudt thi phuong phdp st dung sé phic té ra lgi thé hon rat
nhiéu so vdi cdc phuong phdp khdc , hoc sinh dé dinh hudng , dé bién doi va dé

nhd hon .
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BAI TAP THUC HANH

Bai 1: Chiing minh rang:

T 3T 51 T 9 117 1
a. COSE + 6081—3 + 0031—3 + cosﬁ + 6081—3 + COSF = 5
b. sin—7T —|—s.1115—7T —|—s.in1 —51113—7T —sin7—7T —sinll—7T = —1
26 26 26 26 26 26 2
Bai 2: Chitng minh rang:
2 4 2nm 1
6052n+1 +6082n+1 +...—|—COS2n+1 = )

Bai 3: Chitng minh rang:
_ (n +1 ) . nw
sin | ——2 ) sin -~

a. sinz + sin2x + ... + sinnx = 7 , VO x # k27

in (20 + 1 ,
b. 1+ cos2x + cosdx + ... + cosnx = sn1(2n——|—):13 VO T £k
sin x
. 2 )
C. sin 2z 4 sinde + ... 4 sin2ne — sinnz.sin(n + 1)z

- , VOl © # km
sinz

Bai 4 : Chitng minh rang:
sini.sinzi.... sin (m _ 1) il = \/ﬁ
2m 2m 2m om—1

Bai 5: Chitng minh rang:

a.l+acosx + a?cos2x + ...+ a"cosnx

a" 2 cosnx —a"lcos(n+1)x —acosw + 1

a2 —2acosx + 1

b. asinz + a?sin2x + ... + a" sin nx
an+2

sinnz —a"lsin(n+ 1) 2 —asinz + 1

a? —2acosz + 1
Bai 6: St dung cong thitc Moa-vro bién déi tan 5z qua tanz .

Bai 7: Giai cac phuong trinh sau:
a. cos’x + cos?2x + cos?3x = g

b. 2cos®z = sin 3x

c. sin®2x + cos?3z = 1

d. 1+ sinx + cosx + sin 2z + cos2x = 0

€. cosx + cos3z + cosbx + cosTx + cos9z = 0
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Chuong 5

Ung dung ctia sb6 phiic trong viéc

tinh tong cac sb Cf?b

5.1 Kién thic st dung.

oz =1-(cos¢ +ising) goi la dang luong giac cia s6 phiic z.
o 2" =7 (cosng+isinng) .
e (cos¢ +ising)" = cosng +isinng,n € N
. Cong thitc nhi thic Niu-Ton

n
(a+b)" = CkanFpF
k=0

.Can bac ba clia don vi Giai phuong trinh 2% — 1 = 0 ta dudc cac nghiem la
1 3 1 3 . s o . .
1 =109 =—=+ %i;xg =—35- 72’ cac nghiém do la cac can bac ba cua 1

3
Dét E = —E—I—Tl ta C(/):

l+e+e2=0;e%% =1;e3%+1 = ¢, B3h+2 = 2

5.2 Phuong phap giai toan.

1. Nhan dang dang toan

Thong thuong ta st dung sd phitc dé tinh tdng ctia cac CF (0 < k < n;k,n € N)
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trong cac truong hgp sau:

. Cac dau trong tong xen ké déu nhau

Khi chia k cho ciing mot s6 ta luon duge cing mot s6 du ( vi du nhu k=3I,
k=311, k=31+2)

2. Phuong phap giai toan

Dang 1: Heé s6 ctia cac s CF c6 gia tri tuyet ddi bang nhau thi thong thuong
ta khai trién (14 2)" theo hai cach:

- Cach thit nhét khai trién (1 + )" theo cong thitc nhi thitc Newton sau d6 cho
x nhan gia tri thich hgp

- Stt dung cong thiic Moa-vrd dé tinh (1 + z)".

So sanh phan thyc , phan 4o clia cing mot so6 phiic trong hai cach tinh ta sé
thu duge két qua can tim.

Dang 2: He s6 ctia cac s6 C¥ c6 gia tri tuyet ddi tang dan dudi dang 1,3,4,7,...
hodc 2,4,6,8,... thi ta khai trién (1 + z)" sau d6 lay dao ham hai vé r6i tién hanh
theo hai cach nhu trén.

.Dang 3: Khai trién (14 )" , cho x nhan lan lugt nhiing gia tri 14 can bac ba

ctia don vi , cong ting vé cia ba dang thic thu duge ta thu duge két qua can tim.

5.3 Phan bai tap ap dung.

Dang 1: Khai trién (1+ )" , cho x nhan gia tri thich hop hoac
khai trién tryc tiép sb phiic (a +b)" ( a,b 1a cac sé thuc).
Bai toan 5.1
Tinh cac tong sau:

— 0 2 4 2010 2012
A= 02012 - C(2012 + 02012 T B C’2012 + 02012
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B = Cyyy5 — C1a + Coprz — o — Cliia

Nhan xét 5.1 Nhan thdy trong cic tong A,B:

. Cdc chi s6 chap clia cic s6 to hop cach nhaw hai don vi

. Hé s6 ctia cdc so to hop c6 gid tri tuyét doi bang nhav va dan ddu nhau nén
ta dé dang nhan ra A,B la phan thuc va phan do khi khai trién (1 + i)2012

Loi giai

Xét khai trién:

(1+ )" = Chpy + Clort + Choppe” + e + O30 4 C313.22012(1)

Thay x=i vao khai trién ta dugc:

(14 712 = Oy 4 Clorgi + Clprgi + o+ RN 4 €302 01

Lan luct thay i*F = 1;i%+1 = j; j4+2 = 1. 44%+3 = _j ta dugc

(1+ )™ = (Bo12 = Bora + Borz — - + 3013) + (chorz — Bora + - — 3013) i
Mat khac

2012
(1414)%012 = [\/5(008% +i.sin %)] = 21006( 055037 + 4. sin 5037) = —21006

So sanh phan thiuc , phan 4o cta (1 + 1) trong hai cach khai trién ta dudc
két qua:

A = Cp1p — C3ypp + Coorg — - — Oty + O3 = —210%

B = Cyy13 — Co1a + Cprg — oo — Cihig = 0

Nhan xét 5.2:
Ta c6 thé tinh
1+ = [(1+9)

. Néu tir khai trién (1) ta thay z lan ligt bdi 1 va -1 ta dugc:

g 1006 _ ;1006 _ 21006 (12)°%% _ 91006

Co12 + Coo1a + Cpra + Cigpo + - + C301s + C515 = 22012 (x)
0 1 2 3 2011 2012 __
C012 — Co012 + Cdp1a — Cip19 + - — Cigig + Cipia = 0(%x)
Tu (%) ; (+*) néu ta dem cong hodc tru cho nhau ta thu duge két qud

0 2 4 2010 2012 _ 92011
C = Chp10 + Cp10 + Cog19 + v + Csp19 + Cap15 = 2
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D = C3p15 + Ciing + Cog1a + - + Cliy = 2201
Néu lay A+C ta thu dugc két qua
E = Cgy15 + Coory + Clonp + --onee + C15 + O3 = 22010 — 21000
Néu lay B+D ta thu dugc két qua
_ 1 9 2009 _ 92010
F = Cp13 + Cna + Coprg + - + ity =2
T dé ta cé thé sing tao ra nhiéu bai todn mdi vi du nhu yéu cau tinh cdc tong
C.D,E,F.
Bai toan 5.2
Tinh cic téng sau:
A=CY —C3 +C4 — ..+ (-1)"C
B=Cl, — G+ Chy — ot (-1
Loi giai
Ta c6 (14 2)*" = CY + C,x + C3,22 + ... + O 1yl 4 CFng2n
Cho z =1 ta dudc

(1+0)" = [0, = C3, + ..+ (-1)"CT] + [C3, — C3, + ..+ (=1)" 'O 14 (1)

Mat khac

14+i=+2 (cos%%—isin%) = (1 +i)2n =2" (cosn; +Z'Sinn§)
= (1+ Z-)Qn = 2" cos % + 2" sin% (2)

T (1) va (2) ta duge
A:(@n—c§,+0;;<“+(—nﬁggzznam%§

B=Cl, — O+ C5,— ot ()" Ol = 2nsin

Nhan xét 5.3:

Tw két qud tréen néu ta cho n nhing gid tri cu thé ta duge két qud cdc tong tuong
ung

. n=1000 ta co

_ A0 2 4 2000 _ 51000
A = Cy00 — Cn00 + Cap00 — -+ + Cppo = 2
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o 3 5 1999 _
B = Ca000 — C5000 + C2000 — -+ — Cagp = 0
. n=1006 ta co:
A0 2 4 2010 2012 _ 51006
A = C519 — Cp19 + Cop19 — woonv — Cso15 + Cp15 = —2
o 3 5 2011 _
B = Cyp19 — Csp19 + Cp12 — -ovee = C12 =0

Bai toan 5.3 Tinh tong:
A =3100Y, — 3903, + 38C4, — 37C8, + ...32C38 — 3C38 + CR

Nhan xét 5.4
Trong tong A Cdc chi s6 chdp cia cdc so to hop cdch nhau hai don vi Va cdc s6
to hop dan ddu nhau, dong thoi s6 hang dau tién la Sy <\/§)20 nén ta khai trién
50 phaic: (\/§—|— z’)20
Loi giai Xét khai trien:
20 20 , 19 18 :

(V3+i)" = (V3)7Ch +i(V3) "Cay— (V3) C3— ... —iv/3C37 + C3
= (319CG, — 39C3, + 38C3, — 37CS, + ... + 32038 — 303§ + C30) +

19 17 3 :
+[(v3) el - (v3)TCh + .+ (vB) 'l - vaCK)

Mat khac: 2
20 V3 o1

. _ 220 L

(V3 +14) (—2 +z2>
20 2 2
= 920 (cos il + 7 sin %) = 920 (COS 67r + ¢sin %)
4 4 1 3

— 920 (cos % +isin %) — 920 <—§ _ §z> — 919 _919./3;

So sanh phan thyc cta (v/3 4 4) ** trong hai cach tinh tren ta co:

31009, — 3903, + 33C5, — 37C%, + ... + 32038 — 3038 + O3 = —219

Nhan xét 5.5:

Ngoai két qud tren ta con thu duoc két qud cia tong

(v3)cly — (vV3)C3 + .. + (V3) T — VBCE = —219./3

Dang 2: Khai trién (1 +2)" , tinh dao ham va cho x nhan gia tri thich
hop .

Bai toan 5.4: Tinh céc tong sau
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A= Cyg13 = 3C5013 + 5C5015 — TC015 + ... + 2013C503
B = 2035 — 4C5013 + 6C5015 — 8C5015 + ... — 2012C5013
Nhan xét 5.6
DE tao ra cdc hé so tang dan 1,3,5,7... hay 2,4,6,8..., la hé s6 ma sau khi ta khai
trién mot nhi thiic Niu-Ton sau dé lay dao ham hai vé.
Lai giai:

2013 _ 0 1 2 .9 3 .3 2012,.2012 2013,.2013
) = C013 + Cn13% + Cp132° + Chpy32” + .. + Copa™ = + Chgp3

14z
Lay dao ham hai vé ta co:
2013(1 4 )% = Clyys + 203 157 + 305, 322 + ... + 2012020122011 | 9013(3013,,2012

Thay x=i vao 2 vé ta co:

2013.(1 + i)' = O3 + 203150 + 3C31582 + ... + 2012.0291242011 4 2013030372012

Lai co:
T T 12012
2013(1 +4)2012 = 2013 [\/é(cos 4 +isin Z)]

= 2013.2109 (¢0s5037 + 4. sin 5037) = —2013.21906

So sanh phan thiyc va phan 4o ctia 2013(1 +4)*"'? trong hai cach khai trién ta

dugc:
B = 2C3y5 — 4C315 + 6C515 — 8C 5 + ... — 201205513 = 0
Nhan xét 5.7:

Ta c6 thé tinh

1006 503

2013.(1 +14)*""* = 2013.[(1 +4)*] " = 2013(2:)'""° = 2013.21006_(;2)”™ = —2013.21006
. Néu tir khai trién (1) ta thay z lan higt bdi 1 va -1 ta dugc:

Clois + 2035 + 3C5y15 + ... + 2012C303 + 2013C205 = 2013.22012(x)

Caorg — 202513 + 3C5013 — - — 201202012 + 2013C301L3 = 0(x)

Tt (x); (%%) néu ta dem cong hodc tric cho nhau ta thu dugc két qua

C = Cly1s + 3C3015 + 5C501 + ... + 2013C3913 = 201322011

D = C3)15 + 20505 + 3CSy 5 + ... +1006C3013 = 2013.2201
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Néu lay A+C ta thu dugc két qua

E = C3y13 4+ 5C50153 + 905013 + .. + 2013C3015 = 2013 (22010 — 21005)

Néu lay B+D ta thu dugc két qua

F = C3y5 + 6C%15 + 10030 5 + ... +2012C3013 = 2013.22010

Qua dé ta cé thé sing tao ra nhiéu bai todn mdi dé la tinh cic tong C,D,E,F

Bai toan 5.5 Tinh tong

Nhan xét 5.8: Trong tong A

. Céc chi sb6 chap cta cac sb6 t6 hop cach nhau hai don vi

. Cac s6 hang trong tong dan dau nhau

. He s6 clia cac hang ti c6 gia tri tuyet doéi tang dan 2,4,6...

Trong tong chita s6 hang c35,,(V/3) ?* Tit céc nhan xét trén nén dé giai bai todn

ta c6 thé xuat phat tit khai trién (1 + \/§x) 2012

Lay dao ham hai vé roi thay z =i , hofic xudt phat tit khai trién (1 + z)*°** Lay

dao ham hai vé rdi thay =z = v/3.i

Loi giai

(1++/3) P = O Clyia VB4 Chy (\/§$)2+C§012 (\/§$)3+~--+02281121 (v3z) P

22 (1/30) 2012

Lay dao ham hai vé ta co:

2012.v/3. (1 + V32) ™" = Cl1o- V3420215 (V3) 243C315 (V3) 224 4201203012 (v/3) 220!
Thay x=i vao 2 vé ta co:

2012.v/3. (1 + V3i) ™ = Clypy (VB) 420215 (V) “i43C315 (V3) 'i2+..4+2012.0012 (v/3) 220
_ [05012\/3 — 31 (V3)" + .. — 2011.(V3) 20110385}

+ [2.3¢%5 — 432315 + 6.33¢515 — ... — 2012.31000:2012]

Lai co:
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]2011

2012.v/3(1 + v/30) 201! = 2012.\/3[2.(@% +i.sin — = 503.1/3.22012.4 1539.22012;

3)

So sanh phan thuc va phan 4o ctia 2012.4/3. (1 + v/3i 2O ¢ rong hai cach khai trién
g

ta dugc:

A =23.031 — 4.32C3y + 6.33C8)5 — 2012.31006- 02012 — 1539,22012

Bai toan 5.6 Tinh céc tong sau

A=0) —3C% +5Ct — 705 + ...+ 13C12 — 15C2

B =2C}; — 403, + 6C75 — 8C[s + ... + 14013 — 16C
L&i giai
Xét khai trién:

(14 2)" = CY% + 2CL, + 22C% + 2303 + ... + 23013 + MO + 215013
Nhan hai vé véi x ta dugc:

15,.16

15
r.(1+2)” =52+ clga® + cs.a® + dg.at + .+ 2w

Pao ham hai vé ta co:
(1+2) +152(1 + 2)" =
= OV + 22C15 + 32°Cly + 423C% + .. + 14213012 + 15211 CH + 16215012
Véi x=1 ta co :
(14+0)" +15i(1 + i)' = (€% — 302 + 5C% — 7C6 + ... + 13C13 — 15C14)+
+ (2015 — 4C%; + 605 — 8CT; + ... + 14013 — 16C18) i
Mat khac:

(14 + 1511 + )" = (v2)(cos T+ isin T) " + 151 (v2) " (cos T +isin T)

- (\/ﬁ) 15 (cos 1‘2” + 4 sin 15”) +15.27 (Cos 1? + 4 sin 147’)

- (v2)" (_VT5 - \/751) +15.27

= 27 27 +15.2T =14.2" — 27 =728 — 27;

So sanh phan thic va phan &o ctia (1 +14)™ +15i(1 +4)'* trong hai cach tinh trén
ta co:

A=0C) —3C% +5C — 708 + ...+ 13C12 — 15C1d = 7.28

B =2C{; — 4C}; + 6C75 — 8CT; + ... + 1402 — 16C|2 = —27

Dang 3: Khai trién (1+ )" , cho x nhan nhitng gia tri 1a can bac ba

cua don vi
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Bai toan 5.7 Tinh tong:

_ 0 3 6 2010
T = cy011 + 3011 + 2011 + -+ o1
Nhan xét 5.9: Nhan thay cdc chi so to hop cach nhau ba don vi nén ta dua

vao cdc can bac ba cia don vie = —3 + ‘/ng ta c6:1+¢e+e?=0;e% =1,k =

£: 3kt — 2

T dé khai trién nhi thic (1 +x)2011 sau dé thay x lan lugt cdc cin bac ba cia
1, cong tung vé ciia ba diang thic thu duge ta c¢é két qua can tim.

Loi giai

Xét z = cos%7T + 1. sin%7T

Khi dé6 ta co :

1+2+422=0
2 =1

vag 28ntl =2 (neN)
Z3n+2 ::22

2011

Khai trién nhi thite Newton (14 1)*"; (1 +2)"" (14 22)7 ta duge:

2011 _ o 1 2 2010 | 2011
(1+1) = Cyo11 T Co011 T Coo11 T+ -+ Cop11 T+ o1

2011 _ o 1 2 2 20102010 , 20112011
(14 2) = Cyo11 T Co011% t C01127 + o+ Co01127 T+ €011 2

_ 0 1 2 2 2010 , 2011
= C9011 T Co011% T Co011%° T - T G011 T 20117

2011
2 _ 0 1 2 2 4 2010 .,4020 2011 4022
(1 +z ) = Cyo11 T Co011%° + 50112 + - T 50117 + 50117

_ 0 1 .2, .2 2010 , 20112
= Cyo11 T Co011%° T €30112 -+ T C3011 T 20112

Cong ba dang thic trén vé véi vé ta dudc:

2011 2011 2011
3 (B0 + Borr + Sy + -+ BN =1+ + (1427 + (14 22)
Ngoai ra
(14 1) = 2201

9 9 2011 2011
1+ 2P = (14 cos% +4.sin %) = (cosg +4.sin %)
201170 . 2011w ™ . .7
1.81n = cos— + .80 -

3 3

= COS
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(1 n 2)2011 14 47 s 47?)2011 ( T 7T)2011
. z = cos— + ¢.Sln — = (cos=— —¢.81In —
3 3 3 3
20117 o 2011w ™ .T
—7.81n = cos§ —7.8ln —

3

2011

2
L+ + (1 4+2)*" 4 (14227 = 2201 4 2c0s ?ﬂ = 22011 4 1

Tu do ta suy ra :

T = cyo11 + Con + Con + -+ 311 = 2201;—+1

Bai toan 5.8 Chiing minh rang:

1+C+CS+ .. +cF =3 (2"+2cos™) (neEN,keN,n—2<3k<n)
Loi giai:

Xét: z = cos%T —|—isin%7r =223=1

Tt khai trién:

(1+2)"=CY+Clo+ C2a% + ... + Cla™

Lan luot thay z = 1;2 = z;2 = 2% vao khai trién trén ta dugc
1+1)"=L+cl+E+c+ct+cd+8+.. +c

(I+2)" = +ele+ 22+ 38+t + B8+ 826+ .+t
e S e s A Rl M RO €A S

(1 + 22)n = tel? 42 A 38+t B0 8212 4 2
= cg +c711z2 —i—c%z—l—c% +c%22 —i—cgz—l—cg + ... —1—021“ + ...

Cong ba dang thtc trén ta dugc:

3 (0(2)011 + o1+ Sony + o+ C?zk) =(1+1)"+(1+2)"+ (1 + 22)”

Ngoai ra
(14 1)" = 2"
2 2\ "™ n
(14 2)" = (1 + cosér + i.sin g) = (cosg + i.sin g)
= cosnl + ¢.sin nr
3 ’ 3 .
(1 + zz)n = (1 + 0084—7T + 7.sin 4—7T) = (cosz —7.8In E)n
' 3 ' 3 3 ’ 3
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nm .. nm
= CcOS—— + 1.81n —

3 3
Do dé (14+1)" + (1+2)" + (1+Z2)”:2n+2cos%”
Khi do: i
2" (142)"+ (1+2%) =3(CQ+C3+CY+ ...+ F)
<:>2”+2cos%:3(02+CS+CS+...+C§L’“)

1
<:>1+C,?;+C,§‘+...+c%’f:§ (2”—1—2(}08%)
Nhan xét 5.10:

Bai todn trén la bai todn tong qudt, vdi moi gid tri n cho trude ta duge két qud clia
220 —1

mot tong: Cho n=20 ta c6 S = C+C3y+CSy+... + O3k + ...+ O30 + O3 = -
92011 4 |
n=2011 ta c6: S = Sy; + g1y + Sopp + -+ A =

2012 _ 4

— 5.0 A0 3 6 2010 _

2012 _ o

3
Tu trén vdi moi gid tri ciua n ta lai tao ra mot bai todn mdi.

— 5.0 D0 3 6 2013 _
n=2013 ta ¢ : S = cyp13 + Co13 + Cop13 + - T Cop13 =

Bai toan 5.9 Tinh tong:
S=cly+chot+chy o FeS 2

Loi giai
Xét khai trién:
(1+2)% = CY + Cloa + C2ya? + C3a® + ... + €393
Nhan hai vé véi 22 ta dugc:
22.(1+2)" = So- 2 + .13 + 3.2% + 328 + ... + 3023?
Xét: z = cosQ—W —|—isin2—7r =23=1
3 3
Lan lugt thay z = 1; 2 = z;2 = 22 vho khai trién trén ta duge
(14 1) = g + ey + Gy + o + o + o + o + - + €30
2(1+42)0 = 3022 + 32 + Bzt + 3020 + 32 + " + St + .+ 39232
= 08022 + c:l))o + cgoz + cgoz2 + Cgo + cgoz + cgoz2 + ...+ cggzz

30
24 (1 + z2) = cg0z4 + 05026 + c§028 + cgozlo + c%oz12 + 020214 + cgoz16 + ...+ 038264
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30
z(l + 22) = cgoz + c:l),o + c§0z2 + cgoz + C%o + 02022 + chz + ...+ cggz

Cong ba ding thtc trén vé véi vé ta duge:

30
3(chy+chytchpt o+ ) =1+1)"+ 221+ 2)" +2(1 +22)
Lai c6
2(1+42)%0 =202 = 52 = cos4—7T + isin4—7T — —cos~ —isin~
ST T3 3 B E 3
z(l + 22)30 = z(—z)30 =3l=z= cosg + 1sin g = —cosg + ising
Vay :
30 7r
3 (czlg)O + o+ ely + o+ c?))(g)) =1+ DY +2201 4 2)30+z(1 + 22) =230 —20085 =
250 —1
Suy ra :
3k+1 2% —1
S=cly+cdy+clg+..+ep +.+d= 2

Bai toan 5.10 Tinh tong :
S =Y+ 3c3y + 65y + ... + 3kcSE + ...+ 18cLd

Nhan xét 5.11:

Do trong tong S cic s6 to hop cé cdc hé so tang dan 1,3,6,.. nén khi khai trién
nhi thic Niu-Ton ta lay dao ham hai vé .cdc chi s6 to hop cach nhau ba don
nén ta su dung ba can bac ba cua don vi nhu hai bai toan trén.

Loi giai

(14 2)*° = CYy + Clox + C3yz% + C3yz + ... + €200

Lay dao ham hai vé ta co:

20(1 + 2)" = O3y + 2032 + 3052 + ... + 20059219

Nhan hai vé v6i x ta c6 :

20.2.(1+ 2)" = Clyx + 203,22 + 3032 + ... + 20CH 2

Xét: z = COSQ?T( +isin2—7T =23=1

3
Lan lugt thay z = 1;2 = z;2 = 22 vho khai trién trén ta dugc
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20.219 = C%O + 20%0 + 30%0 + 4030 + 5030 + 6030 + ...+ 206%8
20.2.(1 4 2)" = Cloz + 203,22 + 305,23 + ... + 20039220

= CJyz + 203,22 + 3C3, + ... + 20050 22

20.22.(1+ 22) " = Cly22 + 202,24 + 3C3)20 + .. + 200240
= C3y22 +2C3)2 + 3C3) + ... + 20C3)~

Cong ting vé clia ba dang thiic trén ta dugc:

19
3 (3c3y + 6501y + - + 18ch3) = 20.219 +20.2(1 + 2)" +20.2%.(1 + 22)

Co:
Z(]. + 2)19 — Z.<—22)19 _ _239 — _1
22(1 + 22) - 2 (=) =22 =1

Tu do ta co :

3 (3c3) + 6c51, + - +18c35) =20.219 — 40

Suy ra :

36, + 6k, + o + 180k — w

Vay: S = ¢y + 3¢y + 65 + ... + 3kc3k + ... + 18ci = 0 (215 1> +1
BAI TAP:

Bai 1:Tinh tong: S = CL —3C8 + ... — (8n — 1)CE1

Bai 2.Chitng minh dang thiic :

(1—C2+ci- ) +(C—C3+co—.) =2,

Bai 3: Tinh tong:

A= o (O =508+ 20— — gl + ic - o)

Bai 4 : Tinh tong:

T = Chy+ Cy + Cly 4 o+ O35 4 CJ6 + O3
Bai 5. Tinh tong:

A = Cio09 — C3o09 + Coong — -+ Cop

o 3 5 2009
B = —Ca009 + Cs009 — Co09 + -+ — G009
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Bai 6. Tinh tong A = C}, + 42C, + 72CI, + ... + 372C50 + 40%CY

Huéng dan: Khai trién (1 + 2)*, dao ham hai vé, nhan hai vé véi x, sau d6 1ay
dao ham hai vé tiép , cho x nhan cac gia tri 1an luct 1a 1;¢; €2

Bai 7:Tinh tong A = 2C% + 5C3; + 8C5: + ... + 20020 + 23023

Huéng dan: Khai trién (1 + 2)** , dao ham hai vé, nhan hai vé véi 22 , cho x
nhan cac gia tri 1an lugt 1a 1;¢; £

Bai 8:Tinh tong A = CY, + 403, + 7CS, + ... + 37C35 + 40C3)

Huéng din: Khai trién (1 + 2)*™ ;nhan hai vé véi x, dao ham hai vé, cho x nhan

cac gia tri lan lugt 1 1;¢; 2
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Két luan

Tu nhitng van dé da trinh bay c6 thé rit ra mot s6 két luan nhu sau:
S6 phiic 1a mot trong nhitng chii dé toin hoc mdi trong chuong trinh toan trung
hoc pho thong, dong thoi cac dang toan vé s6 phiic va ting dung ciia né ciing rat
da dang. Tuy nhién trong khuon kho ctia luan van nay chi nghién ctu vé mot
mang nhoé trong cidc dang toan ting dung ctia s6 phiic , d6 la tng dung sd phiic
dé gidi mot s6 dang toan trong dé thi dai hoc (hé phuong trinh, bat dang thric,
tinh gia tri biéu thic luong giac, giai phuong trinh luong giac, chiing minh dang
thitc lugng gidc , tinh cac tong lien quan dén C*). Luan van da hé thong dugc
mot s6 dang toan thuong gap trong cac dé thi dai hoc ma c¢é thé gidi nho cong
cu s6 phtic , dong thoi so sanh véi cach giai thong thuong (khong st dung s6
phiic) dé rit ra wu, nhuge diém trong ting cach giai. Cac vi du minh hoa trong
luan vin cht yéu duge lay tit cac dé thi tuyén sinh dai hoc mén toan ctia Bo
GDDT va mot s6 sach tham khao on thi dai hoc. Diéu nay chitng t6 cac két qua
cua luan van la httu ich cho viéc giang day cta gido vién ciing nhu viéc 6n luyén
ciia hoc sinh dé chuan bi cho k¥ thi dai hoc. Sau mdi chuong tac gia ciing duoca
ra phuong phép sang tao bai tap mdéi gitp gido vien c6 thé tu ra nhidu bai tap
méi theo mitc do tit d& dén kho cho hoc sinh luyén tap. Luan van cé thé lam
tai lieu giang day cho gido vién, tai lieu hoc tap cho hoc sinh trong qua trinh
gidang day , hoc tap on thi dai hoc. Qua luan vin ciing cho thay dugc mdi quan

heé gitta s6 phiic véi dai s6, gidi tich, luong gidc. Qua luan van, ta thay dugce viec

91



86

khai thac dinh nghia v cic tinh chat co ban clia s6 phiic , da gitup cho ngudi
hoc stt dung s6 phtic nhu mot cong cu dac Iuc , gidi quyét hiéu quéd nhiéu bai
toan trong dai s6 , gidi tich, luong giac, tit d6 gitp ngudi hoc c6 thém phuong
phap méi trong gidi toan, c6 sy linh hoat hon trong tuu duy v nang cao chat

lugng day hoc, dap tng dude yéu cau doi méi trong day hoc.
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