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L1 cam on

Luan van duge thyc hién va hoan thanh tai truong Dai hoc Khoa hoc -
Dai hoc Thai Nguyén duéi sy huéng dan khoa hoc cia GS. TSKH Ha Huy
Khoai. T khi duge nhan dé tai cho dén nay, tdc gid luon nhan duge su
gitp da, su chi bdo an can ctia Gido su. Véi dinh huéng 16 rang va phuong
phéap lam viéc khoa hoc, nghiém tuc, Gido su da gitip tac gia hoan thanh
luan vin nay. Khong nhitng thé, Gido su con cho ching toi nhiéu bai hoc
vé tinh than chii dong sang tao trong cong viéc, vé tinh phdi hop, tinh kien
trl va khoa hoc trong khi lam viéc, vé long bao dung, vé tinh cdm thay tro.
Qua day, tac gid xin duge bay té long biét on sau sac t6i GS.TSKH Ha
Huy Khoai, ngusi da giap tac gia hoan thanh luan van nay. Xin tran trong
cam on cac thay gido, co gido truong Dai hoc Khoa hoc - Dai hoc Thai
Nguyén da nhiét tinh gidng day va tao nhitng diéu kién t6t nhat cho ching
em hoc tap, nghién citu trong sudt 2 nam vita qua. Xin tran trong cam
on cac thay gido, co gido trong Hoi dong khoa hoc Dai hoc Thai Nguyeén,
cac thay giao, co gido trong Ban Giam hiéu, trong t6 Toan truong THPT
Trung Gia, cac ban hoc vién 16p cao hoc toan K4C da déng gép nhieu ¥
kién quy bau giip tac gid hoan thanh luan vin nay.

Mic dut da rat c¢6 gang nghién citu dé tai va viét luan van, nhung vi thoi
gian c6 han, kién thic va kinh nghiém con han ché nén khé tranh khéi
nhiing thiéu sé6t. Tac gid rat mong nhan duge sy chi bio, huéng dan cla
cac thay, cac co, su dong gép v kién clia ban be dong nghiép dé luan van
dugc hoan chinh va thiét thuc hon.

Tac gia
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MG dau

1. Li do chon dé tai.

Céc bai toan vé da giac rat thudng gip trong chuong trinh toan phd
thong. V6i nhiéu bai toan hay, dang toan phong pht nén da giac 1a dé tai
hap dan nhiéu nguoi, dic biet 14 d6i véi cac gido vien va cac em hoc sinh
dang gidng day va hoc tap trong cac truong pho thong. Cac bai toan ve
da gidc noi rieng va mon Hinh hoc néi chung thuong 13 rat khé doéi véi
cac em hoc sinh, bdi moén hoc doi hoéi tri tuéng tuong cao, mot tu duy
logic, chat ché va sang tao. Vi vay da c6 nhiéu phuong phéap tiép can va
nghién cttu nhu phuong phap véc to, phuong phap toa do, ... dé bai toan
trd nén don gidn hon. Dén nay, S6 phtic da dugc dua vao giang day trong
chuong trinh toan pho thong, mot mat cho hoc sinh thay dude ¥ nghia ra
doi va su phat trien ciia cac tap hop s6, mot mat ciing can goi ¥ cho hoc
sinh thay dugc nhitng ing dung to 16n ctia S6 phiic trong viéc nghién ctu
va hoc tap moén Toan, dac biét la nhitng ting dung trong Hinh hoc. Tuy
nhién, S6 phitc 14 mon hoc méi déi véi cac em hoc sinh, thoi luong cho
mon hoc lai rat han ché. Cho nén dé thuc hién nhitng yéu cau trén, ngudi
gido vien phai tim hiéu ki ludng noi dung chuong trinh. Hién nay toi dang
1a mot gido vien giang day 6 mot trusng THPT, dé thuc hién nhiem vu
ctia minh thi viéc nghién ctu dé tai la rat can thiét. Véi trach nhiem, véi
su dam meé nghién cttu khoa hoc va sang tao toi da lya chon dé tai nay. Vi
thoi gian c6 han, trong dé tai nay tac gia chi xin duge trinh bay mot s
ing dung clia s6 phic trong viéc nghién citu va gidi quyét mot so6 bai toan
ve da gidc. Cing chinh vi thé noi dung trong dé tai nay gom cac kién thiic
ve sO phiic, mot s6 kién thitc vé hinh hoc va mot sb ing dung ciia s6 phiic
trong viéc nghién citu gidi mot s6 bai toan vé da giac.

2. Muc dich nghién ctu:
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He théng va tong quét céc bai toan vé da gidc bing phuong phap s6
phtic va céc tng dung khéc nhau trong truong pho thong. Dong thoi ndm
duge mot s6 ki thuat tinh toan bién ddi hinh hoc lien quan dén s6 phiic.

3. Nhiém vu ctia dé tai: Dua ra dinh nghia va cac phép toan vé s6
phtic mot céch tong quéat c6 vi du minh hoa keém theo, ngoai ra dé tai di
sau md rong cac mang kién thic vé sé6 phiic ap dung trong hinh hoc, dic
biét 1& cac bai toan ve da gic.

Bén canh d6, qua viéc nghién citu dé tai trang bi cho ban than thém
mot so6 nguon tu lieu trong qua trinh gidng day va nghién ctu.

4. Pbéi tuong va pham vi nghién ciu:

Nghién cttu cac bai toan hinh hoc, dic biét 1a phan da giac trén tap
hop s6 phiic va xét cac ting dung lién quan.

Nghién cttu tut cac tai liéu, gido trinh cia GS — TSKH Ha Huy Khoai,
cac tai lieu boi dudng hoc sinh gidi, t sach chuyén toan, Tap chi toan hoc
va tudi tré, Tuyén tap S6 phtc tit A t6i Z cia Titu Andreescu va Dorin
Andrica,...

5. Y nghia khoa hoc va thuc tién cta dé tai

Tao dugc mot deé tai phit hop cho viée gidng day, boi dudng hoc sinh
Trung hoc phd thong. Déng gép thiét thuc cho viéc day va hoc cac chuyéen
dé toan trong truong THPT, dem lai niem dam mé sang tao trong viéc
day va hoc toan.

6. CAu tric cta luan vin:

Ngoai phan md dau va két luan, luan van gom 3 chuong:
Chuong 1: S6 phiic va cac dang biéu dién

Chuong 2: S6 phtic va hinh hoc

Chuong 3: Tich thuc, tich phiic va cac ting dung trong da giac.

Thai Nguyeén, 2012
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Chuong 1

S6 phitc va cac dang biéu dién cua
sO phuc

1.1 Pinh nghia sé phiic

Gia thiét ta da biét dinh nghia va cac tinh chat co ban cta tap sb6 thuc R
Ta xét tap hgp

R* = RxR = {(z,y) |2,y e R},
Hai phan tt (z1,%1) va (22,92) bang nhau khi va chi khi
T1 = T9
{ Y =12
Céc phép toan cong va nhan duge dinh nghia trén R? nhu sau :

214+ 2= (v1,01) + (22,92) = (T1 + 22, ¥1 + ¥2) € R’

R1.22 = (ffifb yl) . (302, y2) = ($1£E2 — Y1Y2, T1Y2 + 332191) € R’
v6i moi 21 = (x1,71) € R? va 20 = (12, 32) € R Phan 11 21 + 29 goi 1

tong clia 21, 22, phan t 2.2 € R? goi 1a tich clia 21, 2o.

Nhan xét
]) Néu 21 = (I’l, 0) € R? va i (SL’Q, O) € R? thi 2129 = (.Iflxg, 0)
2) Néu z1 = (0,71) € R? va 25 = (0,12) € R? thi 2129 = (—1132,0).
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Dinh nghia

Tap hop R? cuing v6i phép cong va nhan goi la tap sé phic, ki hieu C.
Madi phan tit z = (x,y) € C duge goi 1a mot s6 phiic.

Ki hieu C* dé chi tap hop C\ {(0,0)}.

1.2 Cac tinh chéat lién quan dén phép cong

Phép cong cac s6 phiic théa man cac dieu kién sau day:
Tinh giao hoan: 21 4+ 29 = 29 + 21 v6i moi 21, 20 € C;
Tinh két hop: (21 + 22) + 23 = 21 + (29 + 23) v6i moi 21, 29, 23 € C;
Phan ti don vi: V6i moi z = (x,y) € C, C6 duy nhat mot s6 phiic
0=(0,0) € Cdé z+0=0++ 2. S6 phtic 0 = (0,0) € C dugc goi la phan
tit don vi clia phép cong cac so6 phiic.
Phan ttt d6i: Mbi s6 phiic 2 = (z,y) € C ¢6 duy nhat sé phiic
—z=(—x,—y) €Csaocho z+ (—2)=(—2)+2=0

1.3 Cac tinh chéat lién quan dén phép nhan

Phép nhan cac s6 phiic théa man cac diéu kién sau day:
Tinh giao hoan: 2129 = 2921 v6i moi 21, 29 € C;
Tinh két hop: (2129)23 = 21(2923) v6i moi 21, 29, 23 € C;
Phan tt don vi: V6i moi z € C, ¢6 duy nhat s6 phiic 1 = (1,0) € C thoa
man z.1 = 1.z = z. S6 phitic 1 = (1,0), goi 1a phan tt don vi clia phép
nhan céc sé phiec.
Phan tif nghich dao: Méi s6 phitc z = (z,y) € C, z # 0 ¢6 duy nhat s6

1 12 =186 phiic 27! = (v, y)

phitc 271 = (z,3) € C sao cho z.271 = 2~
goi 1a phan tit nghich ddo ctia s6 phiic 2z = (z,y) € C.
Lity thita véi s6 mil nguyén ctia s6 phitc z € C* dugc dinh nghia nhu
0 1. 1 _ . .2_ 5 _ f 4 5
2=1; 22 =2z z2=2z.2z vaz" = gZ.z..z v6i moi so nguyén duong n
nlan
va 2" = (2717 v6i moi s6 nguyeén am n.
Moi s6 phtic z1, 22,23 € C* va moi s6 nguyén m,n ta c6 cac tinh chat

Sau:
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Khi 2 = 0 ta dinh nghia 0" = 0 v6i moi s6 nguyén n > 0.
Tinh phan phdi: 21 (20 + 23) = 2122 + 2123 V6i moi 21, 29, 23 € C*.

Trén day la nhitng tinh chat ctia phép cong va phép nhan. Tap hop C
cic sO phiic ciing véi cac phép toan trén lap thanh mot truong.

1.4 Dang dai s6 ctia s6 phiic
1.4.1 Dinh nghia va tinh chéat

M&i s6 phiic dude bicu dién nhu mot cip s6 sip thi tu, nén khi thuc
hién céc bién doi dai s6 thuong khong dude thuan lgi. D6 13 1i do dé ta di
tim dang khac khi viét.

Ta sé& dua vao dang biéu dién dai s6 méi. Xét tap hop R x {0} cling véi
phép toan cong va nhan dude dinh nghia trén R2,

Hamso f: R — Rx {0}, f(x) = (z,0)1a mot song anh;
ngoai ra (z,0) + (y,0) = (x +y,0) va (z,0).(y,0) = (zy,0).

Nguoi doc sé khong sai lam néu cht ¥ rang cac phép toan dai sd trén
R x {0} dong nhat v6i cac phép toan trén R; vi thé ching ta c6 thé dong
nhat cap s6 (z,0) véi s6 z, véi moi x € R. Ta stt dung song anh trén va ki
hiéu (z,0) = .

Xéti = (0,1) ta co

z = (v,y) = (#,0)+(0,y) = (2,0) + (y,0).(0, 1)
=z + yi =(z,0)+(0,1).(y,0)
T trén ta c6 ménh dé

Ménh dé 1.4.1. Méi s6 phiic z = (x,%y) c6 thé biéu dién duy nhdt dudi
dang
z=x 4+ y1,
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v x,y € R.

He thic 2 = —1 duge suy ra tu dinh nghia phép nhan P2 =44 =
(0,1).(0,1) = (—=1,0) = —1

Dinh nghia

Biéu thitc x + yi duge goi 1a bidu dién dai sd ctia s6 phiic z = (x,y).
Vi thé ta c6 thé viét C = {z +yilz € R, y € R, i* = —1}. T gio ta ki
higu z = (z,y) b6i z = x + yi. S6 thyc x = Re(z) dugce goi 1a phan thuc
clia 86 phiic z, y = Im(z) dugce goi 1a phan 4o ctia z. S6 phiic ¢6 dang
yi, y € R goi la s6 40. S6 phiic c6 dang yi, y € R* goi la s6 thuan Ao,
s6 phiic i goi 1a s6 don vi ao

Tit cac hé thic trén ta dé dang c6 cac két qua sau:

a) z1 = 2o khi va chi khi Re(z1) = Re(z2) va Im(21) = Im(29);
b) z € R khi va chi khi Im(z) = 0;
¢) z € C\R khi va chi khi Im(z) # 0.

Stt dung dang dai s, cac phép toan vé s6 phitc duge thire hien nhu sau:
Phép cong
21+ 29 = (Il + ylz’) + ($2 + ygi) = (5171 + $2) + (y1 + yz)i e C.

Dé thay tong hai s6 phtic 1a mot s6 phiic c6 phan thuc la tong cac phan

thuec, c6 phan 4o la tong cac phan ao:

Re(z1 4+ 22) = Re(z1) + Re(22)
Im(z; + 29) = Im(21) + Im(22).
Phép tru
21 — R9 = (xl + y1i) — (IQ + ygi) = (x1 — xg) + (y1 - yg)i e C.

Ta co
Re(21 — ZQ) = Re(zl) — RG(ZQ)

Im(2z; — 2z2) = Im(21) — Im(22).

Phép nhan

21.29 = (1 + y19). (2 + y2i) = (122 — Y1y2) + (T1y2 + 2201) @ € C

1086 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn



10

Ta co

Re(z122) = Re(21) Re(z2) — Im(21) Im(22)
Im(2122) = Im(21) Re(z2) + Im(22) Re(21)
Mbi s6 thuc A, s6 phitc z =z + yi, \z = Mz +yi) = Az + \yi € C la
tich ctia mot s6 thuc v6i mot s6 phitc. Ta c6 cac tinh chat sau
1) A(z1 + 22) = Azp + Azo;
2) M(A2z) = (MA2)z;
3)( A1+ A2)z = Az + Aoz
Liy thira ctia s6 i Cac cong thiic cho s6 phiic vé6i lity thita 1a s6
nguyén duge bdo toan doéi véi dang dai s6 z = x + yi. Xét z = 4, ta thu
dugc:

Ta c6 thé tong quat cac cong thic trén déi véi s6 mit nguyén duong n

-4n 1 : Z-4n—|—1 — ’L : 'i4n+2 — _1 : ,L'47H-3 — —'l

On

Vi thé i" € {1, 1,—i, i} v6i moi s6 nguyen n > 0. Néu n la s
nguyén am ta co:
_ 1\7"
N (—) = (—=i)™"
i

S6 phiic lién hop

M&di s6 phtic 2 = x + yi déu c6 sb6 phiic Z = x — yi, s6 phitc d6 dude goi
14 s6 phtic lien hop hgp ctia s6 phiic z.

Ménh dé 1.4.2. 1) Hé thitc z = Z diing khi va chi khi z € R;
2) Méi s6 phic z ta luon cé dang thic z = Z;

8) Moi s6 phiic z ta luon cé 2.Z la mot so thuc khong am;

4) z1 + 23 = Z1 + 73 (56 phiic lién hop ciia mot tong bang tong cdc s6 phitc
lién hop;)

5) Z1.23 = Z1.7Z3 (s0 phiic lién hop cia mot tich bang tich cac s6 phic lién
hop);

6) Mbi so phitc z khdc 0 dang thic sau luon ding 1 =z 1

)
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Z zZ1 N
7) (Z—;> = Z:; , 22 # 0 (lién hgp ciia mot thuong bang thuong cdc lién

hop); B B
8) Cong thic Re(z) = - _g ® v Im(z) = 22_,2, ding vdi moi so6 phic
i
z e C.
Ghi cha
a) phan t1t nghich dao ctia s6 phtic z € C* ¢6 thé dugc tinh nhu sau:
1 z T — Yt x y o
- = - = = — 1.
2 2z 224y B4y 2?4 y?

b) S6 phric lien hgp duge st dung trong viéc tim thuong ciia hai s6 phiic

nhu sau:
n o azk (1 4+ y1i) (x2 — y2i) _ ¥ Yy iyt Loy,
2% 73+ Y5 3+ 3 3+ 3

Modun ctia sé6 phiic
S6 |z| = /22 +y? dude goi 1a modun clia 6 phiic z = = + yi.

Ménh dé 1.4.3. 1) —|z| < Re(z) < |z]va —|z] < Im(z) < |z|;
2)|z| = 0,Vz € C,ngodi ra |z| =0 khi va chi khi z = 0;

3) 2] = \—ZQ\ = |zI;
4) 2z = |z[7;
5) |z122| = 21| |22| (M6 dun ciia mét tich bang tich cic mo dun);

6) |z1] — |zo] < |z1+ 22| < |z] + [2of;
7| = 1T 2 A0
1]

8) 3 :z_ , 22 # 0 (mo dun cia mot tich bang tich cdc mo dun);
29 Z9
9) |zl =zl < lan— 2| < fal+ [zl

Bai toan 1 Chiing minh réng véi moi s6 phiic 21, 29 ta luon co:
|Zl + 2’2‘2 + |2’1 — 2’2|2 =2 <|Zl‘2 + |2’2|2) .

Giai
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Stt dung tinh chat 4) clia ménh dé trén ta co:

21+ 2 + |z — 2 = (1 + 20) (B +3) + (21 — ) (71— 2)
= |Zl|2 + 2129 + 2129 + ‘22’2 + |Zl‘2 — 2129 — 2129 + |ZQ|2

=2 <|Zl|2 + ’ZQ|2> .

Bai toan 2 Chiing minh rang néu |z1| = |22| = 1 vd 2129 # —1 thi
21+29 0 4
— ]a mot so thue.
1+ 2129
Giai '
St dung tinh chat 4) ta c¢6 : 21.2] = \zllz = 1vaz; = —. Tuong
<1
1 1
1 21+ 2 — Z1+ % PN
twzm = — Dat A = 22 x¢t A= 12— A =2
22 14+ 2129 147212 1 11
+—=
21 %9
AT A Vi thé A T sb thuc,
14+ 2129
. 1
Bai toan 3 Cho a la so thuc duong va M, = {z ceC:|lz+—-| = a} .
z
Tim gi4 tri 16n nhat, gia tri nhd nhat cta gia tri |z|.
Giai .
Binh phuong hai vé dang thic |z + —‘ = a ta dugc
z
) 12 1\ /. 1 , 22427 1
a“=lz+—-| =|z+— Z 4+ = =|Z‘+—2+—2
2+ (2 +2) = 2]2)> + 1
p— 2 .
4 2|Z| 2
Do d6 |z|" — (a* 4+ 2) [2]"+ 1= —(2+2)" < 0;
9 a’>+2—+Vat+4a? a®+ 2+ Val + 4a?
Suy ra |z|” € :
2 2
o —a++Vat+4 a++va*+4
Vi thé |z] € :
2 2
a+va®+4 . —a+Va*+4
max |z| = , min |z| = :
2 2
Gia tri cuc tri dat duge khi s6 phic z thuoc M, thoéa man z = —7Z.
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1.4.2 Giai phuong trinh bac hai

a) Xét phuong trinh bac hai hai v6i hé s6 thuc ax’+br+c=0, a £ 0.
Ta ¢6 biét thitc A = b? — 4ac.
Khi A = b* —4ac khong am thi ta da biét ring phuong trinh c6 hai nghiem
—b+ VA

2a
Bay gio ta xét truong hop biét thic A am:

L2 2+_A
Yo 4a?

9 2
@(a}—l—i) —z““(”A) —0
2a 2a
—b+iv-A  —b—iv-A

y L2 =
2a 2a
Cac nghiém trén 1 cac sb6 phic lien hop ctia nhau va ta c6 thé phan tich

thanh thia s6 nhu sau

thuc T12 =

Ta c6 phuong trinh tuong duong a =0

Vi thé, phuong trinh c6 hai nghiem z; =

ax’ +br +c=a(x—x) (x — 239).
b) Bay gio chiing ta xét phuong trinh bac hai tong quat v6i he s6 phiic
az?+bz+c=0, a # 0

St dung cac bién déi dai sé nhu trudng hop phuong trinh bac hai véi hée

so thuc ta dugc:
L2 2 i
Z —_— JE—
2a 4a?

Ding thic trén tuong duong véi

L b 2 A
") T
hodic (2az +b)* = A

V6i A = b? — 4ac ciing duge goi 1a biét thiic clia phuong trinh bac hai.
Dat y = 2az + b phuong trinh trén duge rat gon vé dang

a =0

v’ = A = u—+ i,
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v6i u,v 1a cac so thuec

Phuong trinh trén c6 16i giai

yl’g—:l:< T+u+(sgnv) T;%’),

2

V6i r = |Al, va sgnov 1a dau ctia s6 thyc v.
Nghiém ban dau ctia phuong trinh Ia:

1
= — —b
21,2 %a ( + y1,2)

Ta c¢6 moi lien he gitta cac nghiem va hé s6: (He thiic Vi-ét)

b

21t 2=——, Z1.29=—
a a

@)

1.4.3 Y nghia hinh hoc cta céic sé phiic va modun

Y nghia hinh hoc ciia sé phiic

Chung ta dinh nghia s6 phiic z = (x,y) = x + yi 13 mot cip s6 thuc
sép thit tu (z,y) € R X R, vi thé hoan toan ty nhién khi xem mdi s6 phiic
z = x + yi 1a mot diém M (z,y) trong khong gian R x R.

Xét P 1a tap hop cac diém ctia khong gian [] véi he truc toa do xOy
va song anh

6:C = P o(z)=M(u,y)

Diém M (z;y) dugce goi 1a dang hinh hoc ciia s6 phiic z = = + yi. S6
phitc z = x + yi duge goi 1a toa do phiic (hay 1a nhan) ctia diém M (z;y).
Chiing ta ki higu M (z) dé chi toa do phitic ctia diem M 1a s6 phiic 2.

Dang hinh hoc clia s6 phtic lién hop 2z ctia s6 phiic z = = + yi la diém
M'(z, —y) doi xing v6i M(z,y) qua truc toa do Ox.

Dang hinh hoc ctia s6 d6i -z ctia s6 phiic z = x+yi 1a diém M” (—xz, —y)
doi xting véi M (z,y) qua goc toa do.

Song anh ¢ ti tap R lén truc Ox ta goi la truc thue, 1én truc Oy ta goi
1a truc do.

Khong gian [] cling véi cac diém duge dong nhat véi sé phitc goi la
khong gian phic.
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Ta ciing ¢6 thé dong nhat cac sé phitc z = x + yi véi véc to v = O—]\>47
voi M (z,y) 1a dang hinh hoc ciia s6 phiic z.

Goi Vj 1a tap hop cac véc to co diem gbc 1a goc toa do O. Ta co the
dinh nghia song anh

¢ C—Vy, ¢(2) :O—]\>4:;U7>—|—y7, véi_z'>, 7 14 cac véc to don
vi trén truc toa do Oz, Oy.

Y nghia hinh hoc ctia modun

Xét 56 phiic z = x+yi, bieu dién hinh hoc trong mit phang 1a M (z,y).
Khoéang cach Oclit OM cho bdi cong thiic

OM = \/(l’M — I0)2 + (ynmr — yo)Q.

Vi thé OM = /22 + 42 = |z| = || mo dun |z| clia s6 phic z = x#;gi
Ia do dai ciia doan thing OM hoac 1a do 1on cita véc t0 T =2 1 +y 7 .

Chi §

a) Mbi s6 thuc duong r, tap hop céc sd phiic ¢6 mo dun r tuong duong
v6i duong tron C(O;r) tam O ban kinh 7 trong mat phang.

b) Céc sb phiic z v6i |z| < r 1a cac diém nam bén trong dudng tron
C(O;r). Céc s6 phiic z véi |z| > r 1a cdc diém nam bén ngoai dudng tron

C(O;r).

1.4.4 Y nghia hinh hoc ctia cac phép toan dai sb

a) Phép cong va phép trir
Xét hai s6 phtic 21 = 1 + Y11 VA 29 = T + 197 tuong duong véi hai véc
— — - = — —

tovi =211 +1Y27 vVavya =291 + 1Yo J .

Tong ctia hai s6 phic 1a
21+ 20 = (21 +22) + (Y1 + o) 4,

Tong hai véc to
Prr Ay G (

v + U2

Vi thé z; + 2 tuong duong véi U_f + 9.
Hoan toan tuong tu ddi v6i phép trit
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Hiéu ctia hai s6 phtc 1a

21— 20 = (11 — @) + (11 — ¥2) 4,

Hiéu hai véc to

9

— —
W =05 = (x1—x9) @ +(yr—12)

Vi thé 21 — 29 tuong duong véi v — v3.

Chi §

Khoang cach gitta M (x1,y1) v Ms (29, y2) bang mo dun ctia s6 phric
21 — Zo hoac do dai cua véc to v_f — v_2> Vay:

MMy = |z — 2| = |v} — 03| = \/(332 — 1)’ + (2 — ).

Tich ctia s6 thuc va sbé phiic

Xét s6 phitc 2z = x + yi tuong duong véi véc to v = ri + y7 Néu
A 1a s6 thyc, thi tich clia s6 phiic z va s6 thuc A\ 1a Az = Az + Ayi tuong
duong véi tich clia vée t6 U v6i s6 thue A 1a AT = e 7+ Ay?.

Chi § .

Néu A > 0 thi véc to Ao va ¥ ciing huéng va [AT| = A | 7|, néu A < 0
thi véc t0 N0 va T ngudc huéng va [A7| = —A\|7|. Tat nhien A = 0 thi
AT = 0.

1.5 Dang lugng giac cua sbé phiic
1.5.1 Toa d6 cuc trong mit phing

Xét mat phang toa do véi M(x,y) khong trung goc toa do. S6 thuc
r=y/x? —I—@Qi 1a bdn kinh cuc ctia diem M. Géc dinh huéng t* € [0, 27)
gitta véc to OMvdi chiéu duong clia truc toa do Ox goi 1a argumen cuc clia
diém M. Cap s6 (r, t*) goi 1a toa do cuc ctia diem M. Ta sé viét M (r, t*).

Cha §

Ham s6

h : RxR\{(0,0)} = (0,00) x [0,27) , h((z,y)) = (r,t)

la song anh.
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Gdc toa do O 1a diém duy nhat sao cho r = 0, argumen t* clia goc
khong duge dinh nghia.

M&i diém M trong mat phang, c6 duy nhét giao diém P ctia tia (OM
v6i duong tron don vi gbe O. Diém P giéng nhut argument cic t*. Stt dung

dinh nghia ham sin va cosin ta c6
* : *
r=rcost , y=rsint

Vi thé ta dé& dang c6 toa do Dé cac clia mot diem tit toa do cuc.

Nguge lai, xét diém M (x,y). Ban kinh cyc 1a r = /22 + y2. Ta xéc
dinh argument cyc trong cac truong hop sau

a) Néu x #£ 0, tu tant* = % ta suy ra

t*:arctany—l—/mr
x
0 kht x>0,y >0
k=<1 khix<0,yeR
2 khix >0, y<0
b) Néux =0 vy # 0 thi

1.5.2 Toa dd cuc ctia s6 phic

MG&i s6 phiic z = z+yi ta c6 thé viét dudi dang cuc 2z = r (cost* + isin t*)
véi r € [0,00) vat* € [0,27).

D6 1a toa do cic dang hinh hoc clia s6 phiic z.

Argument cyc clia dang hinh hoc ctia s6 phtc 2z duge goi 1a argument
ctia 2z, ki hiéu 13 arg z. Ban kinh cyc ciia dang hinh hoc ctia s6 phitic z
bing mo dun cta 2. Khi 2 # 0 mo dun va argument ciia z duge xac dinh
mot cach duy nhat.

Xét z =r (cost* +isint*) va t = t* + 2kw v6i k 1a s6 nguyeén thi
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z =r(cos(t — 2km) +isin (t — 2kw)) = r (cost +isint)
Mbi s6 phiic z c¢6 thé biéu dién nhu 2z = r (cost +isint) véi r > 0 va
t € R. Tap hop Argz = {t =t* + 2kn, k € Z} dugc goi 1a arguent md
rong clia s6 phtc z
Vi thé, hai s6 phiic 21, 22 # 0 ¢6 dang

z1 =11 (costy +isinty) vad 29 = ro(costy +isints)
bang nhau khi va chi khi r; = ry va ] — ty = 2k, véi k 1a sd nguyen.
Chua y
Mot s6 dang dac biét:

.. . ™ .. m
1 =cos0+1isin0 , z:cos§—|—1sm§

.. . 3m .. 37
—1 =cosm +isin7m —Z:COS?—FISID?.

1.5.3 Cac phép toan s phiic trong toa doé cuc
Phép nhan Gid si ring
21 =11 (costy +isinty) vd 29 = ry(costy +isints)
thi
2129 = 1119 (cos (t1 + to) +isin (¢ + t2)) .

Liiy thita ctia mot s phitc (De moirve) Cho z = r (cost + isint)
van €N, ta co

2" =r" (cosnt + isinnt).

phép chia Gid st rang
21 =11 (costy +isinty) vd 29 =1y (costy +isints)

thi
Z T
A _ 1 (COS (tl — tg) + 1sin (tl — t2))
) )
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1.5.4 Y nghia hinh hoc ctia phép nhan

Xét hai s6 phiic 21 = rq (cost] +isint}) va zo = ro (costy +isinth).

Gia st bicu dién hinh hoc ctia ching 1a Mi(ri,t}), Ms(re,t3). Goi
Py, P, 1an lugt 1a giao diém ctia C'(O, 1) véi cac tia (OM; va (OM,. Lay
Py € C(O,1)v6i argument cuyc la t7 + ¢35 va chon M3 € (OP3 sao cho
OMs = OM;.OM>. Lay 23 c6 toa do Mz. Diem Mjz (rirs, t¥ + t5) 1a dang
hinh hoc 2z 29.

Lay A 1a dang hinh hoc ctia s6 phtic 1. Vi

OM; B OM, N OM; B OM,
OM; 1 OM, OA
\G) Mmg = Wl nén hai tam giac MoOM; va AOM; dong dang.
Khi biéu dién dang hinh hoc ctia mot thuong chi ¥ rang dang hinh hoc
cua = 1a diém M.
<2

1.5.5 Cac can bac n cua don vi

Cho s6 nguyén duong n > 2 va sb6 phtic zg # 0, gidng nhu trén truong
s6 thuc, phuong trinh
Z" — 20 — 0

duge st dung dinh nghia can bac n cia s6 zp. Vi vay mdi mot gia tri Z
théa man phuong trinh trén la mot can bac n cia 2.

Dinh ly 1.5.1. Cho zy = r(cost* + isint*) la so phic vdi r > 0 va
t* € 10,2m) . S6 phiic 29 c6 n can bac n phan biet cho bdi cong thiic
t* + 2km t* + 2k77>

7y = Ur (cos— + 7sin
n

n
voi k=0,n — 1.

Chiing minh
St dung dang cuc clia s6 phiic véi argument xac dinh
Z = p(cosp +1isin ).
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Theo dinh nghia Z" = z; hay
p" (cosng +isinng) = r (cost™ + isint”).

Ta c¢6 p" =r vang = t* + 2kw véi k € Z. Vi thé p = /r va

t* 2
dp = — + k22 v6i k € 7.
n n
Do d6 nghiém cia (1) la
t* + 2k t* + 2k
Z, = /r (COS: + isin u) ,
n n

véi k € 7.

Nhan thay ring 0 < ¢g < ¢1... < dp_1.

Vi thé cac s6 ¢ voi k € {0,1.....n — 1} chinh 1a cic argument va
¢ = ¢p. Ta c6 n gia tri can phan biét cta 2y : Zy, Z1, ..., Zp—1.

Cho k 1a s6 nguyen va r € {0,1,...,n — 1}, thi r dong du véi k theo
modn. Khi d6 k =nq+r € Z va

tx 2 tx 21
O = —+ (nq+7)—=—+7r—+271 = ¢ + 2q.
n n n n

Nhan théy Zx = Z. do dé
{Zk ke Z} = {ZO, Z1, ...,Zn_l} .

Vay c6 chinh xac n gia tri phan biét ctia cin bac n cua z.

Biéu dién hinh hoc cac gia tri cia can bac n 1a cac dinh cia mot n giac
déu noi tiép trong duong tron cé tam la goc toa do, ban kinh la /7.

Ta chitng minh diéu trén nhu sau, ki hieu My, My, ..., M, _; 1a cac diéem
¢6 toa do phuc Zy, Z1,..., 2, 1.

Vi OMy = |Z| = ¢/r vé6i k € {0,1,...,n — 1} nén cac diém M nim
tren duong tron C (O, v/n) . Bén canh d6, s6 do cia cung My M;. 1 bang

t"+2(k+1)7m— (t"+ 2k 2
arg L1 — arg Zy = F2ktYr - (¢ F W):—ﬂ,

n n
véoi k€ {0,1,....,n — 2} va s6 do cung M, M la
2 2
—W:27T—(n—1)—7r.
n n
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Vi tat ci cac cung MM, ..., M,_1M, déu bang nhau nén da giac
MoM...M,_4 1a da giac deu.
Can bac n cua don vi
Cac nghiém phuong trinh Z" — 1 = 0 dudc goi 1a cac can bac n cua
don vi. Vi1l = cosO +1sin0.
Nén tit cong thic can bac n clia sé phiic ta c¢6 cian bac n cia don vi
2k . 2km

e = cos— +isin— | k€ {0,1,....,n — 1}
n n

Cu thé ta c6
gg =cos0+1isin0 =1

2T . 27
€1 =COS— +1SIn— = ¢
n n
R ¥/ o 9
€9 =COS— +1SIn— = ¢
n n
2(n—1)m o 2n—1)7
E€p_1 = COS Q + 1sIn u — "1
n n

Tap hop {1, g,€% ..., 5”_1} ki hieu U,,. Ta c¢6 tap hgp U, dugc sinh bdi €,
mdi phan tit ctia U, 1a mot 1fiy thita clia e.

Gidng nhu trude, biéu dién hinh hoc céc can bac n clia mot s6 phic 1a
cac dinh ctia mot da giac déu n canh, noi tiép trong duong tron don vi ma
c¢6 mot dinh 1a 1. Ta xét mot vai gia tri cia n

i) v6i n = 2, phuong trinh Z? — 1 = 0 ¢6 cac nghiém 1 va —1 day la
cac can bac hai cua don vi.

ii) véi n = 3, phuong trinh Z% —1 = 0 c¢6 c4c nghiém cho bdi cong thiic

2kmr . 2kw
€ = COST +18In ——;

3
voi k € {0,1,2}.
Vi thé /3
2 2 1 3
eo=1, 61:COS§+iSin§ :—§—|—i7,
va
) 47r+_, 27 1 V3
— COS— 1s1M —=—= —— — 1——
2 3 3 2 2
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Day la cac dinh ciia tam gidc déu noi tiép duong tron C (O, 1) .
iii) v6i n = 4, cac cin bac 4 la

2kmwr . 2kw
Efp = COST + 18In i
voi k€ {0,1,2,3}
Cu thé nhu sau
™ i .
50:1,€1=cos§+1sm§:z
. 3m . . 3w :
€9 = cosT +isinm = —1 €3=COS?+181H7:—Z
Ta c6
Uy = {1,344} = {1,i,—1,—i}

Biéu dién hinh hoc clia cac can bac bon 1a cac dinh ctia hinh vudng noi
tiép duong tron C' (O, 1)c6 mot dinh 1a 1.

Can ¢, € U, dugc goi 1a can nguyén thiy néu moi sdé nguyén duong
m <mntacoel # 1.

Meénh dé 1.5.2. a) Néu n/q, moi nghiém cia phuong trinh Z" —1 = 0
la nghiém cia phuong trinh Z9 —1 = 0.

b) Nghiém chung cia phuong trinh Z™ —1 =0 va Z" —1 =0 la cdc
nghiém ciia phuong trinh Z¢ —1 = 0, vdi d=gcd(m,n) (d:udc chung lon
nhat), U, NU, = Uy

c) Cdc nghiém nguyén thiy cia phuong trinh Z™ —1 =0 la:

£ = 00821% +isin 22 06i 0 < k < moa ged (k,m) =1

m

Meénh dé 1.5.3. Néu ¢ € U, la mot can nguyén thiy cia don vi thi tat

i cac nghiem cia phuong trinh Z" —1 =0 la e, e, .., e wdin
la 56 nguyén duong tuy ¥.
Ménh dé 1.5.4. Cho gy, €1,...., En_1 la cdc can bac n ctia don vi. Vi

moi s6 nguyén duong n ta luon cé hé thic

ko
Zgj—

]:

n! n , khi n la udc cia k
0 , khin khong la udc cia k.
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Ménh dé 1.5.5. Cho p la so nguyén to va € = cos%7r + 4sin 2?”. Néu
ap, ai, ..., Gp—1 la cdc 50 nguyén khdc khong, hé thic
ap +aie+ ...+ ap_lspfl =0
dung khi va chi kht ap = a1 = ... = ap_1.

Bai toan 1 Hai da giac déu cling noi tiép trong mot duong tron. Da
giac thi nhat c6 1982 canh va da gidc thit hai c6 2973 canh. Néu cac da

giac do6 c6 dinh chung, héi sé ¢6 bao nhiéu dinh chung?

Giai
S6 dinh chung chinh 1 s6 cac nghiém chung ctia hai phuong trinh
2192 1 =00va 22 —1=0. Ap dung menh dé 1.5.2, 6 nghiem chung

la d=gcd(1982,2973)=991. Vay c6 991 dinh chung

Bai toan 2 Cho PyP;...P, 1a cic dinh ctia mot da giac déu noi tiép
duong tron ban kinh bing 1. Chiing minh ring:
a) PoP1.P\Py...PyP,_1 = n;

2 —1
b) sin - sin — ... sin (n=1lm -
n n n 2n-1
Giai

a) Khong mat tinh tdng quat ta gia st cac dinh ciia da giac déu 1 biéu
dién hinh hoc ctia can bac n cta don vi, va Py = 1.

Xétdathic f=2"—-1=(z—1)(z—¢)...(z —e" 1),
" 2r . 27
VOl € = coS— + 181N —.
n n
Tacon=f(1)=z2"-1=(1-¢)(1—¢&?)...(z—e").

Lay mo dun cta hai vé ta c6 dang thiic phai ching minh.

b) Ta c6
2k 2k k k k
1—8k:1—COS—7T—iSin—7TZQSiHQ—W—QiSin—ﬂ-COS—ﬂ-
n n n n n
. ]437T<, km k7r>
= 2s8in— | sin— —7¢cos — | .
n n n

Vithé |1 —eF| = QSin%”, k=1,n— 1. K& hop cau a), dé thiy ding
thic luong gidc can chitng minh.
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Chuong 2

S6 phitc va hinh hoc

2.1 Mot vai khai niém va tinh chét

Khoang cach giita hai diém
Gia st cac sd phiic 21 v 29 ¢6 biéu dién hinh hoc la cac diém M, va
M, khi d6 khoang cach giita hai diem M; va M, dudc cho béi cong thiic

M1M2 = |Zl — 22| .

Doan thing, tia, dudng thing
ChoA va B 1a hai diém phan biét, trong mit phing phiic ¢ toa do la
a va b. Ta néi diem M c6 toa do z ndm gita A va Bnéu z #a, z # b va

hé thuc sau thoa man
la —z| 4+ |z — b] = |a — b

Ta st dung ki hieu A — M — B.

Tap hop (AB) = {M : A— M — B} dugc goi 1a dogn thing md xac
dinh béi diem A va B.

Tap hop [AB] = (AB) U{A, B} dudc goi la doan thdang déng xéac dinh
bdi diem A va B.
Dinh Iy 2.1.1. Gid st A(a), B(b) la hai diém phan biet. Khi dé cdc trinh
bay dudi day la tuong duong
1) M € (AB);
2) C6 so thuc duong k sao cho z —a=0b(k — z);
3) C6 s6 thuct € (0,1)sao cho z = (1 —t)a+ tb, vdi z la nhan cia M.
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Dinh ly 2.1.2. Gid st A(a), B(b) la hai diém phan biet. Khi dé cdc trinh
bay dudi day la tuong duong
1) M € (AB;
2) C6 s6 thuc duong t sao cho z = (1 —t)a + tb, vdi z la nhan cia M;
3) arg(z —a) = arg (z — b) ;

2
4)

—a
€ R™.

b—a
Dinh 1y 2.1.3. Gid s A(a), B(b) la hai diém phan biet. Khi d6 cdc trinh
bay duoi day la tuong duong
1) M ndm trén duong thang AB;

Z—a
2) e R;

b—a
8) C6 s6 thuc t sao cho z = (1 —1t)a+ tb;
z—a zZ—a
4) b—a b—a =0
z z 1
5)la a l|=0.
b b1

Chia doan thing theo mot ti sb
Cho hai diém A(a), B(b) phan bigt. Mot diémM (z) nam trén dudng
théng AB chia doan AB theo t s6 k € R\ {1} khi hé thiic véc to sau thoa

man:

MA=kMEB

Stt dung toa do he thitc trén c6 thé viét a—z = k (b — 2) hodc (1 — k) .z =

a — kb. Vi thé ta co
_a—k:b

Tk

Khi k£ < 0 diéem M ndm trén doan thang néi A va B. Néu k € (0,1),
thi M € (BA\ [AB].

Truong hop con lai £ > 1 thi M € (AB\ [AB]

Go6c dinh huéng

Ta biét rang, mot tam gidc duse dinh huéng néu nhu cac dinh ctia né
dugce chi 16 thi tu. Tam giac c6 huéng duong néu huéng cac dinh ngugc
chiéu kim dong ho, huéng nguge lai 1a huéng am. Lay M (z1) va My (25)
14 hai diem phan biét khéc goc toa do trong mat phang phiic. Goc MTOT@
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duge goi la dinh huéng néu cac diem M; va M, c6 thi tu thuan chiéu
kim dong ho.
Meénh dé 2.1.4. S6 do géc dinh hudng MTOT@ bang

)

arg —.
21

Dlnh l}” 2.1.5. Cho ba dzém ph@n blét Ml (Zl), M2 (22), M3 (2’3) Sé do
goc dinh huong MMy Ms la

23 — 21

arg .
22 — <1

Chiing minh

Tinh tién theo véc to —z;, anh ctia cac diem M, , M, , Ms bién thanh
O, M}, M c6 toa do phicla O, zp — z1, 23— 21. Ngoai ra Mg/]\41\M3 =
MjOM,

Z3 — 21

Stt dung lai két qua trén ta c6 MjOM] = arg
22— 2

. Do 1a diéu phai

chiing minh.
Chu y

1) Sit dung biéu dién cue, tit trén ta c6 két qua sau:

23 — <1 23 — <1 23 — 21 . 3 — 21
= cos | arg +1s1n
29 — 21 29 — 21 29 — 21 29 — 21
z3 — <1 S .. e
= cos Mo My M3 + isin Mo My Msy
22 — <1
Z3 - Zl . N ? £ 2 z £ z,
2) V(z3,29,21) = gol 12 ti s don cua cic sO phic 21, 22, 23
22 — <1

(viét theo thit tu da chi ra)ﬂ> d6 argumen ctia V(z3, 29, 21) chinh la géc
dinh huéng gitta cac vécto Z12s va 2123

Bai toan 1 Cho hinh vuéng ABCD. Diém M la trung diém cta CD,
diém P nim tréen duong chéo AC sao cho |PC| = 3|PA|. Chiing minh
rang: MPB = 90°.

Giai

Dung hé toa do vuong géc sao cho A 1a goc toa do va véc to ﬁ 1a vécto
don vi ctia truc hoanh, vécto zﬁ la vécto don vi cia truc tung. Nhu vay,

2786 héa béi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



27

nhan ctia nhitng diem A, B, C, D tuong tnglaa = 0,b = 1,c = 1+i,d = 1.
, 1 1 ,
Suy ra diem M ¢6 nhan m = 5(0 +d) = 5(1 + 2i)

Vi AP = iz@, Nén P ¢6 nhan p = ic: i(l—l—z’).
T do6 ta tinh duge
1 L1 :

m—p 5(1—|—2Z)—Z(1+2) 143
b-p 1—%(1“) 31
Vi argi = g nen MPB = 90",

Hon nta, do |i| = 1, chiing ta nhan duge |PB| = |PM]|, nén tam giac
M PB vuong can tai P.

Bai toan 2 Cho ba hinh vuong bang nhau ABCD, BEFC, EPQF.
Chitng minh réang: ACD + AFD + @ = g

Giai

Dung hé toa do vuong goc véi A 1a goc toa do va zﬁ la vécto don vi
theo chiéu duong ctia truc hoanh. Suy ra, nhan cia A, B,C, D, E, F, P,
lan lugt s a =0,b=1lc=1+i,d=i,e=2,f =2+i,p=3,¢g=3+1i.
W@:W:arg(l—l—i),A/F‘T?:W:arg@—i—i)
va AQD = PAQ = arg(3 + ¢) nén
ACD+AFD+AQD = arg(141i)+arg(2+1i)+arg(3+i) = arg(10:) = g

Bai toan 3 Cho tam giac ABC. Trong ntta mit phang bd AB chita
diém C, dyng hinh vuong ABDE. Trong ntta mit phang bs BC' chia
diém A, dung hinh vuong BCFG. Chiing minh ring: GA vuong goc véi
CD va GA=CD.

Giai

Lay hée toa do vuong goc c6 goc 1a B, huéng ciia vécto B? 1a chiéu
duong cuia truc hoanh. Ky hiéu nhan ctia A, B, C lan luot 1a a, b, c. Khi

V(m,b,p) =

=1

do6, ta tinh duge nhan ctia G, D lan luct 1a g = ic,d = —ia. Goi 1a goc
gitta GA va DC thi:
—ia—cCc |—ia—c T
o = arg — | — —argi = —
a — ic 1a — ¢ 2
Vay GA vuodng goc véi DC. Mat khac, |GA| = |a —ic] = |—ia —¢| =

|C'D| nén ta c¢6 diéu phai chiing minh.
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Géc gitta hai dudng thang
Cho bén diém M; (z;) , i € {1,2,3,4}. S6 do gbc xac dinh béi dusng
th?zﬂlg M1M3 va M2M4 béng

23— X1
arg
Z4 — 22
hoac
Z4 — 22
arg
3 — 21

Phép quay mot diém

Xét géc o va s6 phiic cho bdi € = cosa + isin a.

Lay z = r (cost + isint) la s6 phitc va M 1a biéu dién hinh hoc ctia né.

Ta c6, tich ze = r (cos (t + ) +isin (t + «)), |re| = r va arg (ze) =
arg z + «.

Nén néu goi M’ 1a biéu dién hinh hoc clia ze, ta thay rang diem M’ 13
anh ctia M qua phép quay tam O( goc toa do ) géc quay la .

Meénh dé 2.1.6. Gid st diem C la dnh cia B qua phép quay tam A géc
quay o. Néu a, b, c la cic toa do cia A, B,C phan biét thi:

c=a+ (b—a)e vdi e = cosa + isin a.

Bai toan 1 Cho ABCD va BNMK la hai hinh vuéng khong trung
nhau. F la trung diém ctia AN, F'1a hinh chié¢u vuong géc ctia B len dudng
thang C K. Ching minh ring F, F, B thang hang.

Giai

Xét khong gian phiic goc F' cac truc toa do CK va FB véi FB 1a
truc do. Lay c, k, bi 1a toa do cac diem C, B, K véi ¢, k, b € R. Phép quay
tam B goéc quay 0 = g bién diem C thanh diém A vi thé A c6 toa do la

T

a =b(1—1)+ ci. Tuong tu N la anh ctia diem B géc quay 0 = —5 va

c6 toa do phruc la

n=">b(14+1)—ki
Trung diem E ctia doan thing AN c6 toa do phic la
_a+n c—k.

= =) .
e 5 —1—22
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Vay E nam trén dusng thang FB, ta c6 dpem.

Bai toan 2

Cho tit gidc ABCD, trén cac canh AB, BCO,CD, DA ta lan luct dung
ve phia ngoai clia t1 gidc cac hinh vuong c6 tam Oy, Oy, O3, O, phan biét.

Chﬁfng minh réng OlO3J_OQO4 va 0103 = 0204.

Giai

LayABMM', BCNN',CDPP', DAQQ)' lan luct 1a cac hinh vuong c6

tam O1, Oy, O3, Oy.

Diém M 1a anh ctia A qua phép quay tam B goc quay 0 = g; vi thé
m=>b+(a—10)1
Tuong tu
n=c+0b—ci,p=(c—d)i,g=a+(d—a)i.
Tu do ta co
a+m a+b+(a—0b)i b+c+(b—c)i

c+d+(c—d)i
_ ; Y

Vi

o3—01 c+d—a—b+i(c—d—a-+D)

2
_d4a+(d—a)i

04—0y a+d—b—c+i(d—a—b+c)

nén 01031050,

Ngoai ra

nén 0103 = 0204 .

2

= —i € iR",

Bai toan 3 Veé phia ngoai tam gidc ABC' ta dung cac tam giac

ABR, BCP,CAQ sao cho
PBC = CAQ = 45°
BCP = QCA = 30°
ABR = RAB = 15°
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Chtng minh rang 6]%3\]3 =90° va RQ = RP.
Giai
Xét mit phang phiic v6i goc toa do 1a R, goi M 1a hinh chiéu vuong
goc cua P len BC
TtxMP:MBvaM—C:ﬁtacé
MP

Vi thé

¢+ /3b b—c .
p= + 1.
1+v3  14+V3

Tuong tu
c—lr\/ga a—c .

= + 1.
TNV 1443
Diém B c6 dugc tit diém A bang cach quay quanh R mot goc 6 = 150°

vi thé /3
3 1.
b—a<7—|—§z>.

= ¢ € iR*, vi thé QRLPR . Ngoai ra
Ip| = lig| = |q| nén QR = PR. Dpcm

St dung bién déi dai sb ta c6

3

2.2 Dieéu kién thing hang, vuéng gbc va ciing thudc
mot dudng tron

Xét bén diem phan biet M; (z;) , i € {1,2,3,4}

Meénh dé 2.2.1. Cdc diém M, My, Ms thang hang khi va chi khi
3 — <1

€ R".
29 — %1
Meénh dé 2.2.2. Duong thang MMy va MsM,y vuong goc khi va chi khi
21— %
L2 ¢ iR".
23 — 24
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Mél’lh dé 2.2.3. Bén dzé?m phdn blé?f M1 (21) , M2 (ZQ) ) M3 (23) ,M4 (24)
thang hang hodc cung ndm trén mot duong tron khi va chi khi

3 —R2 R3— 24
k= : e R*.
21 —R2 21— 24

S6 k dugc goi la ti s6 kép ctia bon diem My (z1), My (29) , M3 (23) , My (24) .

Cha §
1) cac dlém M1 (Zl) , M2 (ZQ) ) M3 (23) ,M4 (24) théng héng khi va chi
khi
BT R v BT R
21— %2 1 T 4

2) Cac diem M (21), My (22), M3 (23) , My (z4) ndm trén mot duong
tron khi va chi khi
R3 T R2 k3T %4

k= : € R*,
21 —R2 21 — 24
vOi
3 — 22 . R3 T 24
¢ R va € R.
R1 — 22 R1 — %4

2.3 Tam giac dong dang

Xét sau dlém Al (CL1> ,AQ (CLQ) ,Ag (ag) ,Bl (bl) ,BQ (bg) , Bg (bg) tI‘OIlg
mit phang phitc. Ta néi ring tam giac A; Ay Az va By By Bs dong dang véi
nhau néu goc Ay bang goc By , k € {1,2,3}

Meénh dé 2.3.1. Tam gidc A1 AyAs va By By Bsdong dang va ¢ cting hudng
khi va chi khi

az—a; by —b

az —ai B by — by
Meénh dé 2.3.2. Tam gidc A Ay Az va By BsBsdong dang va ngudc hudng
khi va chi khi

ag — aj by — by

asz — a bg—bl
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Bai toan 1 Trén cac canh AB, BC,C A cua tam gidc ABC ta dung
cac tam gidc dong dang va c6 cuing huéng ADB, BEC, CF A. Chiing minh
rang tam giac ABC va tam gidac DEF c6 cung trong tam.

Giai

Vi cac tam giac ADB, BEC,CF A dong dang va c6 ciing huéng nén

d—a e—b f—c

=z

b—a c¢—b a—c

T day ta co
d=a+0b—-a)z,e=b+(c—b)z, f=c+(a—c)z

Suy ra

d+e+f a+b+c
33
Vay cac tam giac ABC va DEF ¢6 cung trong tam.
Bai toan 2 Cho tam giac ABC trung diém cac canh AB, BC,CA lan
luot 14 M, N, P. Trén duong trung tric ciia cac doan thang [AB], [BC],
|[CA] cac diem A’, B', C" dugc chon phia trong tam giac sao cho

MC" NA'  PB
AB  BC CA’

Chitng minh riang tam giac ABC va A'B'C’ ¢6 cung trong tam.
Giai

Tu

MC" NA'  PB
AB  BC CA°

—

Ta c6 tan(@) = tan(A/’B\C) = tan(C'B’'A). V1 thé cac tam giac AC'B,
BA'C, CB'A dong dang véi nhau. Ap dung két qua bai tren ta c6 101 giai.

Bai toan 3 Cho tam gidc ABO déu véi tam S, tam gidc déu khac
A'B’O ¢6 cing huéng véi tam giac ABO va S # A', S # B'. Goi M va N
lan lugt 1a trung diém A’B va AB’. Chitng minh rang hai tam giac SB'M,
SA'N dong dang.

( 30" IMO-Shortlist)
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Giai
Goi R 1a ban kinh duong tron ngoai tiép tam giac ABO va
2 . 27w
€= cos? —i—1sm?

Xét mit phang phiic véi géc S sao cho O nam trén chiéu duong ctia
truc thuc. Toa do ctia cac diem O, A, B 1a R, Re, Re?

Xét R+ z 1a toa do ciia B’ khi do6 toa do A’ 1a R — ze. Toa do trung
diem M, N la
zp+zy R+ R—ze

M= T 2
_ R(e*+¢e)—ze  —Re—ze —e(R+2)
N 2 N 2 N 2
va
s _zZatzy  Re+R+z R(e+1)+z
NTT T 9 - 9
_—R52+z_z—§_R—zs
N 2 2 =92

Khi do6 ta co

Zpr — % ZA — Zg R+ z R — z¢e
BT A _ZA TS — ser=1e|=1
M — 25 ZN — 23 —(R+2) R-—z¢

2 —2e

Vay giac SB'M va SA'N dong dang va ngudce huéng.

2.4 Tam giac déu

Meénh dé 2.4.1. Gid st 21, 22, 23 la toa do cdc dinh cia tam gide A; Ay As.
Khi dé cdac khang dinh sau tuong duong

1) A1Ay Az la tam gide deu;

2) |21 — 2| = |22 — 23] = |23 — 2]

3) 2 + 25 + 25 = 2120 + 2923 + 23215
| ”3 — 22

4) =

23 — 29 21—2’2’

1 . 21+ 29+ 2
5) + + =0 vdiz=22"75.
Z2—21 Z2—2Zy Z—23 3
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2 2
6) (21 + ez +€%23) (21 + %20+ £23) =0 vdi e = cos% + isin %;
1 1 1
7) Z1 R9 23 | = 0.
292 23 2

Meénh dé 2.4.2. Gid st 21, 22, 23 la toa do cdc dinh clia tam gidc cé hudng
duong A AyAs.Khi do cac khdng dinh sau tuong duong
1) A1AsAs la tam gidc déu;
. T .7

2) z3—21=¢(22—21) vdie = cosg + isin 3

T T
3) 29— 21 =€ (23— 21) vdi € = cos—- + isin 3

27 .27

4) 21+ €29 + 225 =0 vdi e = cos? + 7sIn 5

Meénh dé 2.4.3. Gid st 21, 22, z3la toa do cdc dinh cia tam gidc cé hudng
am AyAsAs.Khi do cac khang dinh sau tuong duong
1) A1AsAs la tam gidc déu;

- Sw . om
2) z3—21=¢(22— 21) vdie = 008?+zsm?;

) ™ L.
3) 20— 21 =€ (23— 21) vdi € = cosg + 7sin 3
5 N 2T .. 27
4) 21 +¢€ z2—|—523:0vdz<€:cos?—|—zs1n?.

Ménh dé 2.4.4. Gid st 21, 22, 23 la toa do cdc dinh cia tam gidc déu
A1 Ay As. Khi do cac khing dinh sau tuong duong
1) AyAsAs la tam gidc déu;
2) 2172 = 273 = 2371;
8) 23 = 223 va 23 = 223

Bai toan 1 Ve phia ngoai tam gidc ABC duyng ba tam gidc déu c6
huéng duong AC'B , BA’C, CB’A. Chiing minh réng cac trong tam cla
ba tam giac 1a cac dinh ciia mot tam giac deu

(Napoleon’s problem)

Giai
Goi a, b, c 1a toa do ba dinh A, B, C. Stt dung ménh deé 2.4.2 ta c6

a+cet+bs?*=0, btdet+ce®=0, c+betac*=0 (1)
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Vé6i ', b, ¢, 1a toa do cac diem A’, B',C’. Trong tam céac tam giac

A'CB,B'AC,C'B’A ¢6 toa do 1a

1 1 1
a'==(d+b+c), V' ==(a+V+c), c":§(a—|—b+cl).

3 3

Ta sé kiém tra ¢ + a”e + b"e? = 0. That vay

("+d"e+b'e)=(a+b+)+(d+b+c)e+ (a+b +c)e
= (b+a'5+ce2) + (a+c'8+b€2) + (c+b'€+a€2) = 0.

Bai toan 2 Trén cic canh clia tam giac, vé phia ngoai ta dung ba da

giac deu n canh. Tim tat ca cac gia tri cia n sao cho tam ctia cac hinh n

giac do6 1a cac dinh clia mot tam gidc déu.

(Balkan Mathematical Olympiad-Shortlist)

Giai

Xét Ag, By, Cy la trong tam cua cac n giac trén cac canh BC,CA, AB

£ — . —— 2
So6 do cac goc ACyB , BAC , AByC la “m

n
Kihieua, b, c, ay, by, cola toa do cac diem A, B, C, Ay, By, Cp. Stt dung

cac cong thitc phép quay ta co
a=co+ (b—cy)e;
b=ap+ (c—ap)e;
c=by+ (a—by)e.
Suy ra

b— ce C — ae a — be
3 bOZ , Co =
1—¢

ag = 1—8'

1—¢
Tam giac AgBoCy déu khi va chi khi

ag + b(Q) + Cg = aobo + boCO + Coao.

Thay cac gia tri ag, by, ¢ ta co
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(b—ce)® + (¢ —ae)’ + (a — be)* =
=(b—ce)(c—ae)+ (c—ae)(a—be)+ (a—be) (b—ce).
Ding thic trén tuong duong véi

(1+c+22) [(a—b)2+(b—c)2+(c—a)2] — 0.

2 2
Suyra1+5+62:0<:>—7rzgtacén:&Vayn:?)théaményéu
n
cau dé bai.

2.5 Dién tich tam giac

Dinh 1i Dién tich tam gidc A1A2A3z v6i cac dinh ¢6 toa do z1, 29, 23

bang mo dun clia s6

i 21 21 1
—| 29 Z9 1
4 Z3 23 1
Chiing minh

Stt dung hé toa do Dé Céac, dién tich tam giac ¢6 cac dinh (z1,y1) , (22, y2) ,
(x3,y3) bang gia tri tuyét ddi ctia dinh thitc sau

1|z oy 1
A= — ) y21 .

2 a3 y3 1

z 2k 2r — 2k
Vix, = i ka Yk = d -k 7k€{17273}
2 21
Ta co

21+721 s1—7z1 1 1|2 z1 1 N T
|tz 22— l|=——]2 2z 1|=7|2 z 1| Dpcm
8i| 247z z—-% 1 4 z3 z3 1 z3 z3 1

Dé thay rang néu tam gidc A A Az c6 hudng duong véi cac dinh co toa

do z1, 2o, 23 thi ta co

21 21 1
29 Z9 1
z3 z3 1

7

>0
4

Hé qua Dién tich tam giac dinh huéng A;A2A3 v6i cac dinh ¢6 toa
do 21, 29, 23 1a area [A1AsAj) = 5 Im (2125 + 29723 + 2377)

Bai toan 1 Cho tam gidc A;AAs va diém M;, My, M3 nim trén
duong thang AsAs, AsA;, A1 Ay. Gia st rang M, My, My chia doan thang
[AyA3], [A3A4], [A1As] theo ti s Ai, Ao, Ag. Chitng minh rang:
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area [MlMQMg] o 1-— )\1)\2)\3

area [AlAQAg] (1 - /\1) (1 - )\2) (1 - )‘3>
Giai
Toa do cac diem M, My, M5 1a

— )\1&1 as — )\2&1 ayp — )\3&2
m=———,My= ———"" ,M3 = —F————
L T Ve T Ve S T W
Ta c6 |

area [MyMyM;) = 5 (iyma + Tams + Tzmy)

_ L@ =) (a3 — Mpar) | (@ — D) (a1 = Maan)
20 (1=M)(1—=X) (1—Xo

) (1= 2A3)
( )\3a2) (a2 - )\1613)
R e D[y |
= (1 — )\1) (1 _1)\2) 21 — )\S)area [AlAQAg]
Chu ¥

T day ta c6 dinh i Menelaus : Céac diéem M;, My, M; thang hang khi
va chi khi A AoA3 = 1 tuong duong vdéi:
MiAy MyAs M3Ay

) ) = 1.
M As MyAy MsA,

Bai toan 2 Cho a,b, ¢ la toa do cac dinh A, B, cua mot tam giac.
7z S X . > s
Biét rang |a|] = |b] = |¢|] = 1 vA ton tai goc a € (O, §> sao cho:

a+ bcosa + csina = 0. Chitng minh rang

1+
2

I

1 < area [ABC| <
Giai
Ta co
1= la° = |bcosa + csinal’ = (becosa + csina) (beosa + sina)
= |b]* cos’a + |¢|* sin® o + (b€ + be) sin acosa
v’ + 2

=1
+bc

SIN (LCOS(X.

Tt trén ta c6 b + ¢ = 0 nen b = +ic. Ap dung heé thic trong he qua
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trén, ta co

area [ABC| = % |Im (@b + be + ¢a) |

= % ‘Im [(—bcosa — Esina) b+ be — ¢ (beos a + csina)”
1

=3 Im (—cosa — sina — besin o — be cosa + l_)c)‘
1 - 1 —
=3 IIm [be — (sina + cosa) be| | = 5 Im [(1 + sina + cosa) bel|
1 — 1
=5 (1 + sina + cosa) Im (be) = 3 (1 + sin a + cosar) Im (+ice)
1 1
=35 (1 + sin a + cosar) Im (£7) = 5 (14 sina + cosa)
1 2 2 1
= |1+Vv2 isinoﬂ—icosoz :—<1—|—\/§Sin<a+z>>
2 2 2 2 4
L s 3 . V2
Ta thiy ring — < a 4+ — < 2% Vi thé V2 (a + f) < 1. Nhut vay
4 \4}_ 4 2 4
1 2
1 < area [ABC| < +2 :

Bai toan 3 Cho tam gidc A; A3 As va diem O. Ky hieu M, M, Ms lan
lugt 1a trong tam cia cac tam giac OAs Az, OA3A;, OA;As. Chitng minh
rang dién tich tam giac M; M, M3 bang 9 dién tich ctia tam giac A;AyAs;.

Giai

Chon hé toa do goc O. Khi d6 ta co

my = g(CLQ + as), my = g(ag +ay), mg = %(al + as).

Suy ra:

1 _ _ _
SM1M2M3 = Elm (m2m1 + masmo + mlmg)

1 as+a; ax+as a;+ax as+a;  ax+ag a; + a
= —Im . + . + .
2 3 3 3 3 3 3
111 _ _ _
= 9 élm (asay + aras + agay )+

+ §Im (alag + a1a3 + a2a3 + a2a1 + azay + CL352) +

1
+5tm (Jarf + oo + |a3|2>] .
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Vi nhiing sO a1Gz+ a1az+ asar+asaz+ asai+azas va \al ‘2+ |CL2‘2—|— ‘CL3‘2 1a
cac sO thuce, vay nen Sy ann, = §§Im (a3@s + a1a3 + asay) = §SA1A2A3.

Bai toan 4 Cho mot diém P trén dudng tron tam O ngoai tiép tam
gidc ABC. Goi A;, By, C; lan luot 1a cac diém déi xiing ctia P qua OA, OB,
OC. Chtng minh rang dién tich ctia tam giac A;B;C; khong phu thuoc
vao vi tri diem P trén duong tron do.

Giai

Chon hé toa do goc tai O. Ky hieu P’ 14 giao diém ctia PC; va OC. Ta

co
1 1 _
P =gle—ctp=cp) =5 —cp).
1
p = 5(01 +p) suy rac; =2p — p hay la ¢ = —c*p.
Tuong tu ta ciing ¢6 a; = —a’p, by = —b?p.

Ap dung cong thitc ta co:
1 —2
Sapio, = 5Im (a’pb’p + b'pep + c*pa’p)
1 -
= 5Im ((ab)? + (b2)? + (ca)?).
R6 rang la dién tich tam gidc A; B1C, khong phu thudc vao vi tri cua
P trén duong tron ngoai tiép tam giac ABC.
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Chuong 3

Tich thuc, tich phic va cac tng
dung trong da giac

3.1 Tich thuc ctia hai sé phic

Khai niém tich vo huéng ciia hai véc to da trd thanh kinh dién. Ta sé
giéi thieu khai niem dé ddi véi cac s6 phitc. Trong nhiéu truong hop siu
dung tich nay lam cho 15i giai bai toan don gian di dang ké. Xét a va b la
cac sO phic

Dinh nghia

Ta goi tich thuc cia hai so phic la s6 cho bdi cong thic

a.b= = (ab+ ab).

N | —

Dé dang thay rang

a.b =

(aE + Eb) = a.b;

Vi thé a.b 1a s6 thuc, né thé da duge thé hién trong tén goi.
Nhitng tinh chat dudi day ta dé dang kiém tra.

Meénh dé 3.1.1. Moi sé phic a,b,c,z ta cé cdc hé thic sau

1) a.a=|al’.
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2) a.b = b.a (tich thuc cé tinh chat giao hodn)

8) a.(b+c) = a.b+ a.c (tich thuc phan phoi doi vdi phép cong)

4) (aa).b=a(a.b) =a.(ab) , Ya € R.

5) a.b =0 khi va chi khi OALOB, vdi A ¢6 toa do a, B cé toa do b.

6) (az).(bz) = |z|* (a.b).

Meénh dé 3.1.2. Gid sit A(a), B(b), C(c), D(d) la bon diém phan biét. Khi
do cac khang dinh dudi day la tuong duong:

1) AB1CD ;

2)(b—a)(c—d)=0;

9) 7% ¢ iR (hoiic 1a Re <b - a) =0 );
— C

d—c

Meénh dé 3.1.3. Cho tam gidc ABC' c6 tam duwong tron ngoai tiép la goc
toa do trong mat phing phic. Néu a, b, ¢ la toa do cia A, B, C'thi truc tam
H ¢6 toa do la h=a-+ b+ c.

Bai toan 1 Cho ABCD la cac dinh ciua mot ti¢ giac. Ching minh
rang
AB*+ CD? = AD? + BC?
khi va chi khi AC1BD.
Giai
Stt dung tinh chat tich thuyc ctia s6 phic ta c6
AB* + CD* = AD? + BC?
khi va chi khi
b—a).(b—a)+(d—c).(d—c)=(c—=b).(c=b)+ (a—d).(a—d)

& ab+cecd=bc+da
& (c—a).(d—=b)=0

Tuong duong véi AC LBD. Diéu phai chitng minh.
Bai toan 2 Cho M, N, P,Q, R, S 1a trung diém ctia cac canh
AB,BC,CD,DE,EF,FA ctia mot luc giac. Chitng minh rang

RN? = MQ* + PS?
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khi va chi khi MQLPS
Giai
Goi a, b, c,d, e, f 1a toa do cac dinh cta luc giac.
Céac diem M, N, P,Q, R, S c6 toa do la

_a+b b+t _c+d
m_ 2 Y n_ 2 9 p— 2 Y
d+e e+ f f+a
q: J T: Y S:
2 2 2

St dung tinh chat tich thuyc ctia s6 phiic ta c6
(e+f—b—c).(+f—b—¢)
=(d+e—a—-0b).(d+e—a—-b)+(f+a—c—d).(f+a—c—d)
hay
(d+e—a—-0b).(f+a—c—d)=0.

Vi thé MQLPS, dpem.

Bai toan 3 Cho AA,...A, 14 mot da gidc déu noi tiép trong duong
tron tam O ban kinh R. Chitng minh rang moi diem M trong mat phang
ta déu c6 he thiic

n
> MA; =n(OM>+ R?).
k=1
Giai
Xét mit phang phtc véi O 1a goc va Rej, 1a toa do dinh Ay, véi g, 1a
cac can bac n ctia don vi. LAy m 1a toa do diém M
St dung cac tinh chat tich thyc ctia cic s6 phiic ta co

n

Z MAZ = Z (m — Reg). (m — Rey,).
k=1 k=1

= (m.m — 2Rej.m + R’ey.ey,)
=1

=n \m\Q — 2R (Z Ek) .m —+ R2 Z |8k|2
k=1 k=1

=n.OM?> +nR>=n (OM*+ R?) o1 Y & =0.
k=1
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Chi ¥

n

Néu M nim trén dudng tron ngoai tiép da gidc thi > M A? = 2nR>.
k=1

Bai toan 4 Cho O la tam duong tron ngoai tiép tam giac ABC, goi

D la trung diém clia doan thing AB, va F la trong tam tam giac ACD.
Chiing minh rang C'D vd OF vuong goc khi va chi khi AB = AC.

Giai

Lay O la gbc toa do ctia mat phing phtc va a, b, ¢, d, e 14 toa do cac
diem A, B,C, D, E. Khi do6
_a+b . at+c+d 3a+b+2c

d :
2 3 3

Stt dung tich thyec clia cic s6 phitc, néu R 13 ban kinh duong tron ngoai
tiép tam giac ABC thi a.a = b.b = c.c = R?.
Duong thang C'D va OF vuong goc khi va chi khi (d — ¢) .e = 0 vi thé
(@+b—2c).(3a+b+2c) =0.
& 3a.a+ a.b+ 2a.c+ 3a.b+ b.b+ 2b.c — 6a.c — 2b.c —4c.c =0
& ab=ac (1)

Mat khac, AB = AC' tuong ducng véi
b—al* = |c—a*

s (b—a). (b—a)=(c—a).(c—a)

< bb—ab—ab+aa=cc—ac —a.c+a.a

& ab=a.c (2)
Tu (1) va (2) thay rang C'D vuong goc véi OF khi va chi khi AB = AC.

Bai toan 5 Cho E,F,G.H la trung diém cac canh AB,BC,CD,DA ctia

t gidc ABCD. Ching minh rang dudng thang AB va CD vuéng goc khi
va chi khi

BC? + AD* =2 (EG* + FH?).

Giai
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Ki hiéu chit thuong 1a toa do clia cac diém chit hoa tuong tng, ta co

_a—i—b
2

_b+c _c+d h_d—l—a
- 2 79_ 2 ) - 2 .

Y f

€

St dung tich thuc ctia s6 phic, hé thic
BC?* + AD* =2 (EG* + FH?) .

tré thanh

(c=b).(c=b)+(d—a).(d—a)=

1 1
:§(c+d—a—b).(c—|—d—a—b)—|—§(a—|—d—b—c).(a—|—d—b—c)

S ce+bb+dd+aa—2bec—2ad=aa+bb+cc+dd—2a.c—2b.d

< a.d+b.c=a.c+bd
& (a—10).(d - c) =0 khi va chf khi duong thang AB va CD vuong goc.

3.2 Tich phiic ctia hai sé phic

Tich c6 huéng ciia hai vécto 1a khai niém trung tam ctia dai sd vécto,
v6i nhiéu ing dung vao nhiéu nganh khic nhau ctia toan hoc va khoa hoc.
Chiing ta sé noi vé van deé nay theo cach méi, thuan lgi hon trong viéc giai
quyét nhitng bai toan phic tap vé dién tich hodic thing hang.

Cho a va b 14 hai s6 phiic .

Dinh nghia S6 phric

a x b= (ab—ab)

dugce goi la tich phiic ctia a va b.
Chi § rang

a X b+a x b = (Eb—ag)—l—%(ag—db):()

N | —

Vi thé Re (a x b) = 0, nén né da thé hién ngay trong tén goi.
Dé dang kiém tra cac tinh chat duéi day
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Meénh de 3.2.1. 1) axb=0 khiva chi khi a = 0 hodc b =0 hodc a = \b,
vdi \ la so thuc.

2) a x b= —b x a (tich phiic khong cé tinh chat giao hodn).

8)ax (b+c)=axb+axc (tich phitc phan phoi phoi doi vdi phép cong).
4) a(axb)=(aa) xb=ax (ab), Va € R

5) Néu A(a) va B(b) la hai diém phan biet khdc goc toa do thi a X b = 0
khi va chi khi O, A, B thang hang.

Cha §

a) Gia st A(a), B(b) 14 hai diém phan biét trong mat phang phiic khéc
gbc toa do. Tich phic ctia a va b dude st dung trong hinh hoc nhu sau
+ Néu tam giac ABC ¢6 huéng duong a x b = 2i.area [ABC]

+ Néu tam giac ABC ¢6 huéng am thi a x b = —2i.area [ABC]
That vay, néu tam giac OAB c6 huéng duong thi

—_— b
2i.area [ABC| = i.0OA.OB.sin (AOB) =1 lal.]b|.sin (arg —>
a

, _
il mm (2) 1 L (00
a) b 2 a a

1 _
:§(db—ab) =axb
Trong truong hgp khéc, tam giac OBA ¢6 huéng duong thi

2i.areq [ABC] =bxa=—axb

b) Gia st A(a), B(b), C(c) 1a ba diém phan biét trong mit phang phric.
Tich phtic cho ta cong thiic dién tich nhu sau:
+ Néu tam giac ABC c6 huéng duong

1
area[ABC]:?(axb+b><c+c><a)
i

+ Néu tam giac ABC c¢6 huéng am:

1
area[ABC’]:—?(axb+b><c—|—c><a)
i
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Ngoai ra, st dung bién doi dai so ta c6

1 _
area [ABC| = 3 Im (ab + be + ca)

néu tam giac ABC c6 huéng duong.

Ta chiing minh cong thiic trén. Tinh tién theo véc to -c, anh ciia A, B, C
1a A", B’,O véi toa do 1a a — ¢,b — ¢,0. Tam giac ABC va A’B’O bang
nhau va cé cing huéng. Néu tam giac ABC c¢6 huéng duong thi

1
area [ABC| = area [OA'B'] = % ((a—c) x (b—c))

(
1 1

:Z((a—c)xb—(a—c)xc)ZZ—Z_(cx(a—c)—bx(a—c))
1 1

:?(cxa—cXc—bXa—i—ch):?(axb—l—bXC—l—cxa).
i i

Dpcm

Ménh dé 3.2.2. Gid sit A(a), B(b),C(c) la ba diém phan biét, cdc khang
dinh dudr day la tuong duong

1) A, B, C thang hang.

2)(b—a) X (c—a)=0.

3)axb+bxc+ecxa=0.

Chiing minh
A, B, C thang hang khi v& chi khi
area [ABC]| =0 axb+bxc+cxa=0
Phuong trinh trén c6 thé viét vé dang (b — a) x (¢ —a) = 0. DPCM

Meénh dé 3.2.3. Cho bon diém A(a), B(b),C(c), D(d) trong dé khong cé
ba diém nao thang hang. Ching minh rang AB song song vdi CD khi va
chi khi (b —a) x (d—c) =0.

Chitng minh

Chon diém M (m), N(n) sao cho OABM va OCDN la cac hinh binh
hanh khi d6 m = b—a,n = d — c. Dudng thang AB va C'D song song khi
va chi khi O, M, N thang hang, theo tinh chat 5 ta c6
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O=mxn=(b—a)x(d—rc).

Bai toan 1 Cho cac diém D va E nam trén cac canh AB va AC clia
tam gidc ABC' sao cho

AD AE 3

AB AC 4

Goi E' va D' nam trén cac tia (B va (CD sao cho EE' = 3BE va
DD’ = 3CD’'.Chitng minh rang

1) D', A, E' thang hang.

2) AD' = AF'.
Giai
Cac diem D, E, D', E' ¢6 toa do la
3b 3
d:a—Z ,62%0, ¢ =4e—3b=a+3c—b,d =a+3b—3c

HVi(a—d)x(e—=d)
= (3¢ — 3b) x (6¢c — 6b)
=18(c—b) x (c—b) =0,
St dung tinh chat 2 ta c6 D', A, E' thang hang
2) Chtt § riing AD” _la—d| 1
D'E’ e —d 2

Vay A la trung diém doan thing D'E'

Bai toan 2 Cho ngi giac 16i ABCDE, goi M, N, P,Q, X,Y lan lugt
la trung diém cac doan thang BC,CD,DE, EA, M P, NQ. Chting minh
rang XY song song véi AB.

Giai

Goi a,b,c,d, e 1a toa do cac dinh A, B,C, D, E. Cac diem M, N, P, Q,
X.,Y c¢6 toa do la

b+c c+d d+e e+a
m = y = D= yq =

2 2 2 2

b+c+d+e ct+d+e+a

T = = )
1 g4 1

Ta co
a—b
Yy—x 4 1
= =—€cR

b—a b—a 4
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. 1
vi thé (y —x) X (b —a) :—Z(b—a) X (a—0)=0
Vay XY song song véi AB.

3.3 Dién tich da giac 16i

Ta néi rang da giac AjAs... A, c¢6 huéng duong (am) néu moi diem M
nam trong da giac cac tam giac MARAr 1, k = 1,2...n déu c6 huéng duong
(am), vl An+1 = Al.

Dinh 1y 3.3.1. Da gidc A1 As... A, 16i va c6 hudng duong, vdi toa do cdc
dinh la a1,ay, ...a,. Khi do

1
area [A1As... Ay) = 5 Im (@1ay + a2a3 + ... + @14, + Gra) -

Chiing minh

Ta dung phuong phap quy nap.

V6i n = 3, truong hgp nay da duge ching minh bang cach sit dung tich
phitc. Gia st ménh dé da dung véi n = k.

Ta co 1
area [A1As... A Akiq] = 5 Im (agas + agag + ... + a,_1a, + a,a1)

= area [A1As... Ag] + area [A Ap1144]

1
=3 Im (ajas + agag + ... + ag_ja; + agay) + o) (Bkak+1 + apr1ar + ajay)

1
::élm(aﬁ2+5ﬁ%+ﬂn+5@%+r+aMJM)‘F§Im(aﬁr+§mw

1
=5 Im (ajap + @za3 + ... + agag41 + apg1a1)

vi Im (aga; + ajag) = 0.

Chu §

Tit he thic trén ta thiy rang cac diém A; (a1), As(ag), ..., A, (a,)
thang hang khi va chi khi Im (atag + a3 + ... + @, 1a, + 8,a1) = 0.

Bai toan 1 Cho FyP,...P,_1 la mot da giac c¢6 cac dinh c¢6 toa do 1a
1e,....e" 1 va QuQ1...Qn_1 12 da gidc c6 toa do cac dinh 1a 1,1+¢, ..., 1+
e+ ...+l véie = cosQ—W +1isin —W. Tim ti s6 dién tich ctia hai da giac

n n
do.
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Giai
Ditay=14+¢ec+ ..+ k=0,1,...n—1, taco

< nol kL g k2
area [Qo@1.-Qn-1] = %Zlm (a—kakﬂ)% Im (Z () —1¢ 1)

— — E— 1 e—1
~1
— 1 5 Im ”z: (5 — (E)]“CJrl eht? 4 1)
2)e — 1| 0
1 1 . 2w
= ———Im(ne +n) = —————nsin —
2]e — 1| 2]e — 1] n
n S S ) T
= ———-28Iln —cos— = — cot —
8sin” ~ n n 4 n
n—1 n—1
viYEt =0 va Y M=o,
k=0 k=0
mat khac ta co
2
area [PyP...P,] = narea [PhOP;] = Psin 2" = nsin “eos™
2 n non
nén ta co
¢
area [PyPy...B,) MM COST Asin?
= — S —.
area [QOQlQn] E cot E n
4 n
Chua y
Ta ¢6 QrQri1 = |ag — ax| = [ =1 va
PyPryy = |t —eF| = |eF (e = 1)| = |€F] |1 —e] = |1 — €] = 2sin T véi
E=0,1,....n—1.
Tu dé
P.P
SRR ogin L k=0,1,....n—1.
QrQr11 n

Do d6 hai da giac PyPy...P,_1 v& QoQ1...Q,,—1 dong dang .

Bai toan 2 Cho A;As...A, (n > 5) 1a mot da giac 16i va By, 1a trung
diém cac doan thang [ApAr1],k=1,2,..n véi A, 1 = Ay. Khi dé ta co
bat déng thic sau: area [B By...By] > sarea[A;As.. A, .

Giai
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Dit ay, by, 12 toa do cac dinh Ay, B ,k = 1,2, ...,n. Ta thay rang da giac
B1Bs... By, 13 16i. Gia stt da giac A;As...A,, ¢6 huéng duong thi By Bs...B;
ciing c6 cliing tinh chat. Chon gbc toa do mit phang phic la diém nim
trong da giac A1 As... A, .

I

—_
no
S
5

Ta co bk:%(ak—l—akﬂ),k ,

‘ 1
areq [BlBQ...Bn] = —Im < kbk+1> = g Im (a_k + CL]H_l) (ak+1 + G]H_Q)
1
8

n 1 n
Im (Z (f1 1012 ) + 3 Im (Z a_kak+2>
k=1

1 1«
— §area [A1Ay. Ay] + 3 Z Im (@rag2)

k=1
1 1 — L 1
= éarea [A1As.. A, + 3 Z OA,.OAp 9s8in ALOAg o > éarea [A1As.. A,
k=1

Ching ta da st dung céac hé thic
Im (Z a_kakH) = Im (Z ma;ﬁg) = 2area [A1Ay... A,

k=1 k=1
va sin AyOAp. o >0, k=1,2,...n; v6i A, 0 = Ay

3.4 Bai tap

Bai 1 Trén mdi canh, vé phia ngoai cia mot hinh binh hanh ta dung
cac hinh vuong. Chiing minh rang tam cac hinh vuong nay tao thanh mot
hinh vuong.

Giai

Chon gbc toa do mat phing phiic tring v6i giao diem hai duong chéo
va a,b,-a,-b lan luot 1a toa do cac dinh A,B,C,D.

Stt dung cong thitc vé phép quay ta co:
b+ a

14+

b=z0, + (a— zp,) (—i) hay zp, =
Tuong tu
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a — bi —b—ai —a+ b
20, = 20, = 20, = :
I T Lhi
—— 20, — 2 a—bi—b—ai T
Ta c6 04,0109 = argM = arg , - =argli = — ,
20, — 20, —a+bi—b—ai 2
déng thoi 0102 = 0104 va
— 20, — 20O —a+bi+b+a .o
0,030, = arg ——= = ar =argi = — ,
2 g202—z03 & a—bi+b+ ai & 2

déng thoi 0304 = 030..
Vay 01050304 1a mot hinh vuong.
Bai 2 Cho ti giac ABCD noi tiép trong duong tron tam O, M 1a mot
diém nam trén duong tron. Hay ching minh:
d(M,AB).d(M,CD) = d (M, BC).d(M,DA) = d (M, AC) .d (M, BD) .
(Dinh li Pappu)
Giai
Goi a,b,c,d lan luot 1a toa do cac dinh A,B,C,D va chon gbc toa do mat

phang phiic tring véi O.
Phuong trinh dusng thang AB la:

o S Q
ol oo Qf
—_— =

phuong trinh nay tuong duong véi:
z(@—0b)—z(a—b)=ab—ab< z+abz =a+b.

Goi M; 1a hinh chiéu ctia M lén duong thang AB. Néu m 1a toa do M thi

_m—abm+a+b
2

ZM,

d(M,AB) = |m —my| = |m — :

2

m—abm+a+0b|  |[(m—a)(m—Db)
B 2m
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Tuong tu

100,50 - [B=DI=0) i oy _ (=)

d(M,DA):‘(m_dQ)T;m_a) ,d(M,AC):‘(m_C;)TELm_C)

d(M,BD):‘(m_b)(m_d)‘.
2m
dé thay
d(M,AB).d(M,CD)=d(M,BC).d(M,DA) =
d (M, AC) .d (M, BD).

Dpcm.

Bai 3 Trén cac canh AB, AC ctia tam giac ABC, ta dung vé phia ngoai
cac tam giac déeu ABM va CAN. Goi P, Q, R 1a trung diém ctia cac doan
thang BC, AM, AN. Chiing minh tam giac PQR I3 tam gi4c déu.

Giai

Chon goc toa do tring véi diém A va ki hiéu chit thuong la toa do cua
diém c6 chit in hoa tuong ting.

Phép quay tam A géc quay 60° bién N va C thanh B va M.

Dat € = cos60° 4 isin60° ta c6 b = n.e va m = c.e. Suy ra

_b+c m _ ce n b_b_§’__b_€2

y Q= 5= Q7 ,Ir'=5=5_= .
2 2 2 2 2¢ 2 2

Dé chitng minh tam giac PQR déu, sit dung ménh dé 2.4.1, ta thu dugc
p? 4+ ¢* +r* = pq + qr + rp. Suy ra diéu phai chiing minh.

p

Bai 4 Cho hinh vuong ABCD, dung vé phia trong hinh vuong cic tam
gidc déu ABK, BCL, CDM va DAN. Chiting minh réng trung diém céc
doan thang KL, LM, MN, NK, BK, BL, CL, CM, DM, DN, AK va AN la
cac dinh ctia mot thap nhi gidc déu.

(IMO-1977)
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Giai

Goi Py, Py, P3, Py, Q1,Q2,Q3,Qu, S1, 52,53, 5, lan lugt 1a trung diém
cua KL, LM, MN, NK, DM, AN, BK, CN, AK, BL, CM, DN.

Gia st hinh vuong ABCD dinh huéng duong. Chon tam O ctia hinh
vuong lam goc toa do. Goi cac chit in thuong 1a nhan ciia cac diém in hoa
tuong ing.

Khi d6 tacéa=1b, c = —a, d = —

Dt €5 = w ta co:

k= (iw+wa,l=(—w+iw)a,

m=(—iw—w)a, n = (w — iw)a.

Ta thay rang da giac P1Q151P2Q252P3Q353P4Q4S4 nhan O lam tam
déi xtng, do d6 véi f 1a phép quay tam O, goc quay —|—6 thi ta can ching

minh
foe) = ar, flar) = sk, f(sk) = pre1, voi (k =1, 2) 1a da.
Ta ¢
pr=g(k D) = S~ D+ (i + 1),
p2 =5 [=(i+ Dw+ (i - 1),
¢ = g[(1+w)+w] 2[1+z'w+w].

Khi dé, véi e = ei% thi
fp1) =ep1 = 5 [(i — Dew + (i + 1)eW] = qu,

flq) =equ = = lie + iew + W] = 31,

f(s1) =€s1 = 5 (e +icw + W) = po.

@wlm\ﬂ@

Mot cach tuong tu ta cling tim dugc:

f(p2) = @2, f(q2) = 52, f(s2) = ps.
Diéu phai ching minh.
Bai 5 Cho tam giac ABC. Lay diém P khéac phia déi véi C déi véi
duong thang AB, diém Q khac phia B déi v6i duong thang CA va diem R
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ciing phia v6i A d6i v6i duong thang BC sao cho tam giac BCR, ACQ va
BAP dong dang. Chiing minh réng t gidc APRQ 1a hinh binh hanh.
(SEA-MO 1998)
Giai
Gia st tam giac ABC dinh huéng duong va goi cac chit in thuong la
nhan ciia céc diém in hoa tuong ing.
.. BP _ A BR i
Dat B8 = 29 = BR — /ABP = Z/CQA= ZCBR = ¢, w = €.
Khi do, tir gia thiét suy ra:
p = (tw+ 1)b — twa,
q = (tw+ 1)a — twe,
va = (tw+ 1)b — twe.
Suy ra:
p+q = (tw+1)(a+b)—tw(a+c) = (tw+1)b—twe+ (tw+1)a—twa = a+r.
Diéu phai ching minh.
Cach khac:
Tu gid thiét suy ra cac tam gidac BCR, ACQ, BAP dong dang va cling

huéng. Vay
r—>b — —b
r—c qg—c p—a
T do,
b— za a— zc b— zc
_— N ey 'T:
pP=a_— 9771 1—2
Suy ra
b—zc+ (1 —2)a
pP+q= =a-+r.

1—z

Diéu phai ching minh.

Bai 6 Cho P, P, P;latrung diém ctia nhitng dusng chéo A Ay, AsAs,
Az Ag ctia luc giac 16i A; As Az Ay AsAg. Goi S, So la dién tich clia tam giac
P, P, P, dien tich luc giac v6i cac dinh 1a nhing trung diém ctia cac canh
cua luc giac A1 As A3A4A5Ag. va S la dién tich ctia luc gidc da cho. Chiing
minh réng S; + Sy = %S.
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Giai
Ap dung cong thitc tinh dien tich ta co:
St = SIm (p2p1 + psp2 + p1Ps)

2
1 as +asay +ag ag+agas+as ap + agas+ ag
= ;Im + +
2 2 2 2 2 2 2
11 o _ _ _ _ _
= Zélm (a2a1 + asas + aqa3 + asay + agls + a1a6)
11
+Z§Im (a9t + asas + asGs + asar + agaz + a1a3)
1 11 o _ _ _ _ _
= ZS + Zélm (ag@y + asas + a4as + asa; + agaz + a1as) .
1 as +asay +ay az+ agas + as a1 + as ag + aq
Se = =1
2= ( 2 > T3 y Tt 2

21
= Z§Im (agar + asaz + a4G3 + asas + asGs + a106)

J&%Im (asay + as@y + asas + acy + a1G5 + axag)
2 11 o _ _ _ _ _
= ZS + Zﬁlm (agay + asas + a5a3 + agly + a1a; + a2ag) -
Vi céc s6 (aszar + aqaz + asaz + agayg + a1as + asdg)
va (aoay + asas + a4Gg + a5a; + agas + a1az) lien hgp cuing nhau

suy ra:

1 2 3
S1+SQ—ZS+ZS—ZS.
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Két luan

Luan van da trinh bay dugec mot s6 van dé co ban vé sb6 phiic va cac
van deé lien quan dén hinh hoc. Tu sy lién quan d6, luan van tap trung
di sau vao mot s6 tng dung clia s6 phiic trong viéc nghién ctu gidi cac
bai toan vé da giac. Dac biét 1a cac bai toan lien quan dén tam gidc dong
dang, tam gidc deu, da gidc déu va dien tich tam giac.

Noi dung dé tai duge thé hién 6 3 chuong:

Chuong 1. S6 phiic va cac dang biéu dién. Trong chuong nay, luan van
dua ra dinh nghia sé phiic va cac dang biéu dién ctia s6 phitc. Ciing véi n6
1a cac phép toan, cic tinh chat va ¥ nghia hinh hoc ctia né.

Chuong 2. S6 phiic va hinh hoc. Luan vin dua ra sy lien he gitta S
phttc va Hinh hoc. Dong thoi cling c6 nhitng bai toan dé minh hoa.

Chuong 3. Tich thuc, tich phitic va cac tng dung trong da giac. Luan
van cho thay sy lién heé gitta tich vo huéng ciia hai véc to, tich c6 huéng
ctia hai véc to v6i tich thyc va tich phiic ciia hai s6 phitc. Qua dé ciing
muén thé hién mit manh clia sé phtic trong viéc nghién ctu gidi mot sb
bai toan vé da giac.

Thuc té mot phan nho ctia luan van da duge thuc hien qua mot sb tiét
gidng day chuyén dé ddi véi hoc sinh 16p 12 truong THPT Trung Gia, noi
tac gid dang cong tac. Cac dong nghiép va ban than nhan thay ring hoc
sinh rat thich tha véi chuyen dé; nam va hiéu dudc cac noi dung kién thiic
vé s6 phtic trong chuong trinh, dong thoi rat say sua tim hiéu cac tng
dung ctia n6 trong toan hoc néi chung va hinh hoc noéi riéng.

Vi diéu kién thoi gian c6 han, kién thic va kinh nghiém con han ché
nén chic chan luan van con c6 nhiéu thiéu sét. Tac gid rat mong nhan
dugc nhiéu v kién déng gép cia cac thay, cac co va cic ban dong nghiép
dé luan van hoan chinh va thiét thuc hon.
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